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Double plumbings of disk bundles over spheres

Eva HORvAT

We consider double plumbings of two disk bundles over spheres. We
calculate the Heegaard—Floer homology with its absolute grading
of the boundary of such a plumbing. Given a closed smooth 4-
manifold X and a suitable pair of classes in Hy(X), we investigate
when this pair of classes may be represented by a configuration of
surfaces in X whose regular neighborhood is a double plumbing of
disk bundles over spheres. Using similar methods we study single
plumbings of two disk bundles over spheres inside X.

1. Introduction

Given a smooth closed connected 4-manifold X and a finite set of classes
C' C Hy(X), an important question is what is the simplest configuration of
surfaces in X representing C'. By simple we mean that each class should be
represented by a surface of low genus and that the surfaces should have a
low number of geometric intersections. Since it is always possible to remove
canceling pairs of intersection points by increasing the genus of a surface,
both properties should be taken into account. Considerable work has been
done to investigate the minimal genus of a given class in Hy(X), first by
proving the Thom conjecture (Kronheimer-Mrowka [6]) and then its gener-
alizations by Morgan, Szabé and Taubes [9] and Ozsvath and Szabd [10].
When considering a configuration of surfaces, the sum of their genera is
closely related to the number of their geometric intersections, as shown by
Gilmer [2]. He showed that the minimal number of such intersections can
be estimated using the Casson—Gordon invariant. This estimate has been
improved by Strle [16] for configurations of n = b3 (X) algebraically disjoint
surfaces of positive self-intersection by an application of the Seiberg—Witten
equations on a cylindrical end manifold.

Multiple plumbings of two trivial disk bundles over spheres have been
investigated by Sunukjian in his thesis [17]. He calculated the Heegaard-
Floer homology of the boundary of such plumbings in cases where the two
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spheres are plumbed either once or zero times algebraically and n times
geometrically.

We investigate the double plumbing N, ,, of two disk bundles with Euler
classes m and n over spheres, which represents the simplest case of a con-
figuration of two surfaces with algebraic (and geometric) intersection 2. We
calculate the dp-invariants of the Heegaard-Floer homology of 0N, , [12]
and use an obstruction theorem [11, Theorem 9.15] to see when N, , can
indeed be realized inside a given 4-manifold X with b3 (X) = 2.

Denote by Y, the boundary of Ny, . For two integers ¢ and j, denote
by t; ; the unique Spin® structure on Ny, , for which

(1) (c1(tij), s1) +m = 21,
(2) (c1(tij), s2) +n = 27,

where s1, 59 € Hg(Nmyn) are the homology classes of the base spheres in the
double plumbing. Let s; ; = t; jlv,. ...

Throughout the paper, we denote by F the field Zs and by 7 the
quotient module F[U, U~!]/UF[U]. Our main result is the following:

Theorem 1.1. LetY =Y,,, be the boundary of a double plumbing of two
disk bundles over spheres with Euler numbers m and n, where m,n > 4. The
Heegaard—Floer homology HF T (Y, s) with F coefficients is given by

HE (Y, 8mm_1.1) = T(:lr(mfl,l)) ® ,T(jl-(mfl,l)fl) ® Fa(m-1,1)-1),
HET(Y, 5i5) = T0,.50) © Taging)-n),
HE (Y, 50.0) = 700, ket 1)) @ Lo (mokb1)-1),
HF'(Y,8,0) = T(;rl(mlﬂ)) ® T(;Z (nl+1)—1)

for1<i<m—-1,1<j<n-1,0<k<n—-20<1<m-—2and(i,j) ¢
{(m—1,1),(1,n — 1)}, where the subscripts denote the absolute gradings of
the bottom elements and

m2n +mn? — dmn(i + 7 + 1) + 4n(i% + 2i) + 4m(52 + 25) — 16ij
4(mn —4) ’
m2n +mn? — dmni + 4ti% — 4t
4(mn — 4)

di(t,i) =

The action of the exterior algebra A*(H,(Y,Z)/ Tors) on HF'(Y,s) maps
the first copy of T isomorphically to the second copy in each torsion Spin®
structure s, dropping the absolute grading of the generator by one.
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We use this result to determine whether the double plumbing Ny, , can
occur inside some 4-manifolds X with H; (X) = 2. If it can, the complement
W = X\ Int(N,,,) is a negative semi-definite 4-manifold and [11, Theorem
9.15] gives an obstruction depending on the correction terms of Yy, , = 0W.

In the manifold X = CP2#CP?2, every homology class (1, z2) € Ha(X)
with (z1,22) € {0,41,4£2}2\{(0,0)} has a smooth representative of genus
0. Choosing two such representatives with algebraic intersection number 2,
we check if they can have only 2 geometric intersections.

Next we consider the manifold X = 82 x S%2#52% x S2. According to
Wall [18], every primitive homology class (x1,z2,x3,24) € H2(X) can be
represented by an embedded sphere. We choose two such representatives
with algebraic intersection number 2 and determine when the number of
their geometric intersections has to be strictly greater than 2, thus not allow-
ing the chosen homology classes to be represented by a double plumbing.
We obtain the following estimates.

Theorem 1.2. (a) Any two spheres representing classes (2,2),(2,—1) €
Ho(CP*#CP?) intersect with at least 4 geometric intersections, and
there exist representatives with exactly 4 intersections.

(b) Lett € N\{1} and let a be an odd positive integer. Any two spheres re-
presenting classes (a,2,0,0),(1,0,t,1) € Hy(S? x S2#S5? x S?) inter-
sect with at least 4 geometric intersections for all a > 5.

By a similar method we study single plumbings of disk bundles over
spheres inside a closed 4-manifold. An obstruction to embedding such con-
figurations is based on the d-invariants of lens spaces.

Theorem 1.3. Let k be a positive integer. Any two spheres representing
classes (2k +1,2,0,0), (—k, 1,2k, 1) € Ha(S? x S?4#52 x S?) intersect with
at least 3 geometric intersections for all k > 1.

This paper is organized as follows. In Section 2.1, we describe a Hee-
gaard diagram for Y,,, ,, = 0Ny, . In 2.2, we present the corresponding chain
complex CF (Y:,.n) along with its decomposition into equivalence classes of
Spin¢ structures and calculate the homology HF ™ (Yon,n,5) in all torsion Spin®
structures on Y, . In Section 2.3, we compute the absolute gradings gr of
the generators of these groups which in turn determine the correction term
invariants dy (Y, n, s) for all torsion Spin® structures s on Yy, ,,. The first part
of Section 3 describes the general homological setting in which the double
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plumbing N,,, arises as a submanifold in a closed 4-manifold X. In Sec-
tion 3.1, we consider the case X = CP?#CP? and in Section 3.2 the case
X = 5% x 82452 x S%. In Section 4, we investigate single plumbings of two
disk bundles over spheres. We consider such configurations inside the mani-
fold CP?#CP? in Section 4.1 and inside the manifold S? x S?#5? x S? in
Section 4.2.

2. Heegaard—Floer homology of the boundary of a double
plumbing

Let Ny, be the double plumbing of two disk bundles over spheres, where
m and n denote the Euler numbers of the disk bundles contained in the
plumbing. The base spheres of the bundles intersect twice inside the plumb-
ing and we assume both intersections carry the same sign. Denote by Y, ,,
the boundary of NN, ,. Throughout this paper we assume m,n > 4. In this
section, we calculate HF 1 (Y}, ,,) with FF coefficients and prove Theorem 1.1.

2.1. Heegaard diagram

Considering a Kirby diagram of the plumbing NV, , as a surgery diagram
for Yy, n, we derive the Heegaard diagram of its boundary. A disk bundle
over a sphere is given by a single framed circle, and a double plumbing
of two such bundles is represented by the Kirby diagram in figure 1. The
second plumbing contributes a 1-handle. Instead of adding the 1-handle one
can remove its complementary 2-handle with framing zero. The boundary
of the resulting manifold remains unchanged if we replace the 1-handle by
its complementary 2-handle with framing zero and obtain a Kirby diagram
which is a link of three framed unknots K1, K» and K3 in S3.

To obtain the Heegaard diagram of the boundary, we split the 3-sphere
into two balls along the sphere S? shown in figure 1. Surgery along the
three framed circles K; gives us two handlebodies of genus 3. The Heegaard
diagram is drawn on the plane with three 1-handles added. The lower han-
dlebody is a boundary connected sum of regular neighborhoods of the three
circles K1, Ko and K3. We denote by u; and A; the meridian and longitude
of the regular neighborhood of Kj;, respectively. Each of the curves «; is
homologous to A;, and the curve ; corresponds to the framing of K; for
i=1,2,3 (see figure 2).
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Figure 1: The Kirby diagram of a double plumbing.

Thus, the first homology group Hi (Y, ) is given by

Hi(Yin) = (1, pi2, g3 mpn + 2p2 = 0, 2p1 + npug = 0)
= Z{ps) ® T(p1, p2)-

If at least one of the numbers m,n is odd, the torsion group T is cyclic
and we get T(u1, p2) = Zmn—a{pi) (if m is odd and n is even then ¢ = 1, if
n is odd and m is even then i = 2, if both m and n are odd then ¢ could
either be 1 or 2). If both m and n are even numbers, then T'(uq, u2) =

Limnzs(p1) © Lo + piz)-
2.2. The chain complex

We denote the intersections between the v and 3 curves as follows (see fig-
ure 2):

a1 NG ={z1,22,.. ., Tm}, a1NPo={y1,52}, o1NPs={u,uz}, azN
B ={a1,a2}, aaN Py ={b1,ba,....b}, a2NPz3={c,c2}, azNp=
{di,da}, asn Ba = {e1,e2}, az N B3 = { f1, f2}-

The chain complex CF(Y) is generated by unordered triples

ToNTg = {{zi, b, fi}, {zs, crs et} {yws ans fr b {un, c, die }, {un, ars e},
{ug, bj, di}}
for k,l,r € {1,2} andi=1,...,mand j=1,...n.

The complement of the o and § curves in the Heegaard diagram is a
disjoint union of elementary domains. There are two regions in the diagram



230 Eva Horvat

where a curve ; winds around a hole in the direction of u;; we denote
the elementary domains in the winding region of 8; by Ay,..., An_3 and
the elementary domains in the winding region of 3, by Bi,...,B,_3. The
remaining elementary domains of the Heegaard diagram are denoted by
Dq,...,D16. They consist of five hexagons D1, D4, Dg, Dg and D, one
dodecagon Ds and one bigon Dj3; all the remaining elementary domains
are rectangles. We put the basepoint z of the Heegaard diagram into the
elementary domain Ds. There is a single periodic domain in our diagram,
bounded by the difference ag — B3 of the two homologous curves, which is
given by the sum

P = D3+ Dy + Dg+ Dg + D11 + D12 — D13+ D1s + D16 + B1 + Bo
+--+Bys.

Applying the first Chern class formula [12, Proposition 7.5] we obtain

(c1(s:(x)), P) = x(P) + 2 Z Nz, (P)
:3<1—2) +(=1) (1—i> +2 ) M (P)

T;EX
=2 ( Mg, (P) — 1) ,
TiEX

based on which we can determine the torsion Spin® structures. A generator
x € ToNTg belongs to a torsion Spin® structure if and only if
(c1(s2(x)), P) = 0, which happens exactly when > 7, (P)=1. Thus,
the torsion Spin® structures of our chain complex contain the following gen-
erators:

{{xiv ij fk}7 {.’Ei, (&7 67’}7 {yka ag, fr}v {yh Ck, d'r’}7 {Uk, az, er}}

for k,r € {1,2}and i =1,...,mand j = 1,...n. There are 2(mn + 2m + 6)
generators of the torsion Spin® structures on Y, .

2.2.1. Notation for Spin® structures. There is a one-to-one correspon-
dence

672 Spin‘(Yonn) — H*(Yimn)

[13, Section 2.6]. Thus, we may identify the Spin® structures on Y, ,, with
cohomology classes, or even with their Poincaré dual homology classes in
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Figure 2: The Heegaard diagram of Y, ,.
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Hi(Yy5). Then the natural map c1: Spin®(Yy,,) — H2(Yinn) assigning to
any Spin® structure its first Chern class is connected to 07 by ¢;(s) = 267 (s).

Similarly, a Spin® structure on a 4-manifold W has a determinant line
bundle whose first Chern class is a characteristic element in H?(W). For
every characteristic element ¢ € H2(W) there exists a Spin® structure on W
with determinant line bundle whose first Chern class is equal to ¢ [3, Propo-
sition 2.4.16]. If H?(W) contains no 2-torsion, then such a Spin® structure
is unique. If W is a 4-manifold with boundary Y, ,, we will identify the
restriction Spin®(W) — Spin®(Y,, ) with the corresponding restriction map
on cohomology H?(W) — H?(Y,,) after making an appropriate choice of
origins in the sets of Spin® structures.

Let s1, s2 € Ha(Ny, ) be the homology classes of the base spheres in the
double plumbing. As we will see in Section 3, all the torsion Spin® structures
on Yy, », extend to Spin© structures on N, . For two integers ¢ and j, denote
by t; ; the unique Spin® structure on N, , for which

(c1(tij), 81) +m = 2i,
(c1(ti), s2) +n=2j

and let S5i5 =14 ;

Yinn-

Corollary 2.1. All the torsion Spin® structures on Yy, ,, are uniquely deter-
mined by

gijfor1<i<m-—1, 1<j<n-—1,
s9; for 0<j<n—2,
s;0 for 0 <i<m —2

with identifications $,,—20 = Son—2 and Sp;m—1,1 = $1,n—1-

Proof. Denote by s}, s5 the basis for H?(N,, ) which is Hom-dual to the
basis s1, sg. Then the restriction map H?(Ny,,) — H?(Yynn) maps s} —
PD(u;) for i = 1,2. Remember the presentation of the first homology group

Hi(Yin) = (1, p2, p3| mpn + 2p2 = 0, 241 + npo = 0) .

Its torsion subgroup is uniquely determined by the classes iuy + jus for
1<i<m-1land 1<j<n-—1, du for 0<i<m—2 and jus for 0 <
Jj < n — 2 with identifications (m — 2)u; = (n — 2)ug and (m — 1)uy + pe =
p1+ (Tl — 1)/12. ([
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The set T, NTg is decomposed into equivalence classes according to
the e-relation [13, Definition 2.11]. Furthermore, by the map s.: T, N Tg —
H 2(men), every equivalence class of generators together with a fixed base-
point z determines a Spin® structure and its corresponding cohomology class.
By [13, Lemma 2.19] for any two generators x,y € T, 0Ty the following
holds:

s5:(y) — 5:(x) = PD[e(x,y)].

From the Heegaard diagram we obtain

6({1’@4.1,-} {‘Tzﬂ }
E({l‘m, }{l’m 1, = }

)= for 1 <i<m-—2,
) = €({bn; =}, {bn-1,—}) = p1 + pa2,
c{zm, =} {z1, —}) = (m = D1 + p2 = —p1 — pio,
e({bit1, =}, {bi,—}) =pefor 1 <i<n-—2,
€({bn, =}, {b1,—}) = (n — Dpa + p1 = —p1 — p2,
e({az, =}, {a1, —}) = pa + p2 — s,
e({y2, =1y, —}) = 1 + po + pa,
e({c2, =}, {c1,—}) = e({ea; —} {er, —}) = ma,
e({di, =} {d2, —}) = e({uz, =}, {w1, —}) = po.

Suppose that m,n > 4. The equivalence classes of generators in the tor-
sion Spin® structures, given by the e-relations above, are given below. For
now, we will choose the origin for the Spin® structures arbitrarily and call it
so. We will show later that sg is in fact the Spin® structure s1,—1 = $;m—1,1
(see Lemma 2.8).

S0+ 1+ po: {zm_1,c1,e2} ~ {xm_1,c2,€1} ~ {Tm_2,c2, €2}

~ {'Imfl)bnvfl} ~ {xmflabnny} ~ {xmabnfla fl} ~ {xmab’nfla f2}
~{y1,c1,d2} ~ {y1, a1, fi} ~ {y1,a1, f2},

S0+ p1: {xm—2,01, fi} ~ {zm—2,b1, fo} ~{y1,c1,di} ~ {xm,c1,e1},
50 + po: {I’m_l,CQ,€2} ~ {l'labn—Z,fl} ~ {1‘1,bn_2,f2} ~ {y17627d2}7
501 {Zm,c1,e2} ~ {axm,ca,e1} ~ {xm, by, f1} ~ {xm, by, fo}

~A{xpm—1,01, fi} ~ {&m—1,01, fo} ~ {x1,bn—1, fi} ~ {x1,bn—1, fo}
~{y1,c2,d1} ~ {u1,a2,e1},
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so — p2: {x1,c1,e1) ~ {xm—1,b2, fi} ~ {xm—1,b2, fo} ~ {u2,a2,e1},
§0 — p1: {@m,c2,ea} ~{x2,bp_1, f1} ~ {x2,bp—1, fo} ~ {u1,a2,e2},

S0 — p1 — p2: {1, c1,e2} ~ {xo,c1,e1} ~ {z1,¢e0,e1} ~ {x1,bp, f1}
~ {xla bn7f2} ~ {xmabbfl} ~ {xmabbe} ~ {92>a2’f1}
~ {y27a27f2} ~ {’LLQ,CLQ,@Q},

so — g — p2: {@i, by, f1} ~ {xi, by, fo} ~{xi,c1,ea} ~{zi,co,e1}
~A{zip1,c1, e} ~{zi—1,c0,e2} for2<i<m-—2,

other classes: {z,,b;, fi} ~ {x,,b;, fo}

for  (r,)e{l,....m}x{l,....,n—1}\{(m,n—1),(m—2,1),(1,n —2),
(m-1,1),(1,n—1),(m—1,2), (2,n—1),(m,1)}.

We require m,n > 4 so that the Spin® equivalence classes listed above
are all distinct. This is still true if m > 4 and n = 3 or vice versa. By this
requirement we also make sure that the intersection form of the double
plumbing NN,, ,, is positive definite, which will be important in Section 3.

Now we consider the differentials of the chain complex CF*(Yy,).
For every torsion Spin® structure s € Spin®(Y;, ), we draw a schematic
depicting the generators of CF (Yonn,s) vertically according to their rel-
ative Maslov grading. Then we list the non-negative domains of Whit-
ney disks with Maslov index 1 between the generators. If between two
generators there is only one such domain of a disk which has a unique
holomorphic representative, we denote it by an arrow in the schematic.
When neccessary, we also list some domains of Whitney disks with nega-
tive coefficients. We denote the action of A*(H1(Y,,.n,Z)/ Tors) by a dotted
arrow in each schematic. Using this information we calculate the homology
HF* (Yinn,5).

When the first Betti number of a 3-manifold Y is at most 2, the homol-
ogy HF*°(Y,s) in a torsion Spin® structure s is determined by the integral
homology of Y [12, Theorem 10.1]. Since H (Y, n;Z) = Z, it follows that
for every torsion Spin® structure s, the homology HF* of our manifold is
given by

HF>® (Y, 0,5) 2 F[U, U] @7 A*F

and has two F[U, U~!] summands.
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Classes with two generators

{:L'Tv ij f2}
v
{377«, b]a fl}

{_)_7f2} - {_7_7f1}: D13 and D13+P)
{= = h}—={-— fo}: ¢ =D1+ Dy + D5 + D7 + Dg + D1g + D13
+Dis+ A1+ A2+ -+ A3 and ¢ + P.

As observed above, HF*(Y,, », ) has two F[U, U~!] summands, so the dif-
ferential 0°° in this class has to be trivial. This means there is an even
number of holomorphic disks from [{z,,b;, f2}, 4] to [{zr,b;, f1},4]. There is
a disk from {z,,b;, fa} to {x,,b;, fi} with a bigonal domain D;3. By the
Riemann mapping theorem, this disk has a unique holomorphic represen-
tative. The domain of any disk ¢ from {z,,b;, fa} to {x,,b;, fi} is given
by D(¢) = D13 + aP + bX for two integers a and b. Such a disk has Maslov
index p(¢) =14 2b and n,(¢) = b. It follows that the Maslov index equals
1 if and only if n,(¢) = b = 0, which implies that the domain D3 + aP has
only non-negative multiplicities when a € {0,1}. Thus the domain of the
second holomorphic disk from {z,,b;, fa} to {z,,b;, fi} is D13+ P. This
disk has an odd number of holomorphic representatives. The differential of
the chain complex CEF* (Y, ) in this class is trivial: 9% [{x,,bj, fo},i] =
Ot {zy,bj, f1},7 = 0 and it follows that

HF Y (Yyun,s) =T @7+
is freely generated by the elements [{z,,b;, fo},] and [{z,, b;, f1},1] for i >

0.
Class sg + (1

{Zm,c1,e1}
{yi,c1,d1} {Zm—2,b1, fo}

v
{Zm—2,b1, f1}
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{Tm,c1,e1} — {Tm—2,b1, f2}: D1+ D2+ D3+ Dg + D7 + Dy — D
+ Do —Dig+Dig+A1+--+An,_3+B1+ -+ By_3,n0 holom.
representatives

{xm,c1,e1} — {y1,c1,d1}: D7, rectangle

{y1,e1,d1} — {zm—2,b1, fi}: D1+ D2+ D3+ Dg + Dg — D19 + D12
+Dyg+A1+---+ A3+ B+ -+ By_3,n0 holomorphic
representatives

{y1,e1,d1} — {xm,c1,e1}: D1+ Do+ Ds + Ds + Dy
+2D13—|—D15+A1+---+Am_3,¢—|—'P and ¢ + 2P

{——, fa} = {—,—, fi}: D1z and D3+ P

{Tm—2,01, fo} = {zm,c1,e1}: ¢ = Dy + D5 + Dg + 2D10 + D11 + 2D13
4+ D1y + Di5,0+ P and ¢ + 2P

{= = f}t—={-— fo}: ¢=D1+ D2+ D5 + D7 + Dg + D1o + D13
+Dis+ A1+ +A,3and ¢+ P

{Tm-2,01, f1} = {y1,c1,d1}: ¢ = Dy + D5 + D7 + Dg + 2D1o + D1y
+ D13+ D14 + D15 and ¢ + P.

There is a disk from {z,,,c1,e1, } to {y1,c1,d1} with a rectangular domain
and a unique holomorphic representative. There is no disk from {z,,,c1,e1}
to {xm—2,b1, fo} whose domain would be non-negative, so these disks have
no holomorphic representatives. Thus % [{x,, c1,e1},1] = [{y1,c1,d1 }, 1] and
Ot [{y1,c1,d1},4] = 0. Similarly we have 0% [{z,, c1,e1}, 1] = [{y1,c1,d1}, 1]
and O0®[{yi,c1,di},i] =0, so HF*(Y,,,,s0+ 1) is generated by
{@m—2,b1, fo},i] and [{xm—2,b1, f1},7]. We already know there is an even
number of holomorphic disks from {z,,—2,b1, fa} to {z;,—2,b1,f1}, so
O {xm—2,b1, fo},i] = O [{wm_2,b1, f1},i] = 0. It follows that

HEH(Y, 50+ ) 2 T @ T

is freely generated by the elements [{x,—2,b1, fo},i] and [{@m—2, b1, f1},1]
for i > 0.
Class sg + po

{zm-1,c2, €2}

{3/17027652} {xlabn‘—27f2}

v

{z1,bn—2, f1}
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{Tm—1,c2,e2} — {21,bp—2, fa}: =D2 — Dg — D7 + D1o + D11 + D12

— D13+ D14+ D15 + D1g + By + - - - + B,,_3, no holomorphic
representatives

{Zm-1,c2,ea} — {y1,c2,da}: Dy ,rectangle

{y1,c2,da} — {x1,bn—2, f1}: =D2 — D¢ — D7 + D11 + D12 + D14 + D15+
D1+ B1 + - - - + Bp—3,n0 holomorphic representatives

{y1,c2,do} — {xm—_1,c2,€2}: ¢ = D1 + Do+ D5 + D7 + Dg + 2D13+
Dis+A1+---+Ap—3,0+P and ¢ + 2P

{z1,bn—2, fo} = {xm-1,c2,e2}: & = D1 +2D9 + D3+ Dy + D5 + 2D
+2D7+ Dg+ Dg+2D13+ A1+ -+ Ap_3,0+ P and ¢ + 2P

{— = fo} = {—— fi}: D1z and D13+ P

{z1,bp-2, fi} = {y1,c2,d2}: ¢ = D1 +2D3 + D3 + Dy + D5 + 2D+
2D7+ Dg+ Dg+ Dig+Dis+ A1 +---+An_sand ¢+ P
{71,bn—2, f1} = {21,bn-2, fo}: ¢ = D1 + Do+ D5 + D7 + Ds + Dio+
Dis+Dis+ A1+ -+ Ap—s and ¢ + P.

Using analogous reasoning as above gives the homology HF (Y, 50 + po) =
Tt @®TT, freely generated by the elements [{x1,b,_2,f2},i and

[{x1, b2, f1},14] for i > 0.
Class sg — 2

{xla C1, 61}

|

{’U,Q,CLQ,@l} {.I'm_l,‘bQ,fQ}

v
{Zm—1,b2, f1}

{z1,c1,e1} — {ug,as,e1}: Dy, rectangle

{w1,c1,e1} = {Zm-1,b2, fo}: Do+ D3+ D¢ + D7 + Dy — D1g + D12~
D3 — Dyy — D15+ B1 + - - - + B,,—3,n0 holomorphic representatives
{ug,az,e1} — {z1,c1,e1}: ¢ = D1+ D5 + D7 + Dg + Dig + 2D13 + D15+
Ai+--+An—3,0+P and ¢+ 2P

{ug,a2,e1} = {xm-1,b2, f1}: D3+ Dg + D7 + Dg — D1 + D12 — D14—
Dy5+ By + - -+ + B,,—3,n0 holomorphic representatives
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{Tm-1,b2, fo} = {z1,c1,€1}: ¢ = D1 + Dy + D5 + Dg + 2D10 + D11+
2D13+2D14+2D15+ Dig+ A1+ -+ A3, +P and ¢ + 2P
{Zm-1,b2, fo} = {wm-1,b2, fi}: D13 and D13+ P

{Zm—1,b2, f1} — {u2,a2,e1}: ¢ = D1+ Dy + Dy + D5 + Dg + 2D1p+
D1+ Di3+2D1y+2D15+Dig+ A1+ -+ Ap_3and o+ P
{Zm=1,b2, fi} = {@&m—1,b2, fo}: ¢ = D1 + Dy + D5 + D7 + Dg + Dio+
Dis+Dis+ A1+ -+ Ap—3 and ¢ + P.

By an analogous reasoning as in the class 59 + p; we conclude that HF (Y,
50 —p2) £ TH@TT is freely generated by the elements [{Z,—1, b2, fo},1]
and [{zm—1, b2, f1},1] for i > 0.

Class sgp — 1

{zm, c2, €2}

|

{u1, a2, e} {z2, bn‘fla fa}
v
{z2,bn-1, fi}

{Zm,co,ea} — {u1,a2,es2}: Di5,rectangle

{@m,ca, €2} — {x2,bn-1, f2}: =D2 — D3 — Dy — Dg + Dg + D19 + D15+
Ay + As + -+ + A;—3,n0 holomorphic representatives

{u1,a2,ea} — {xm,c2,€2}: ¢ = D1+ Do + D5 + D7+ Dg + Do+ 2D13+
Ar+As+ -+ Ap—3,0+P and ¢ + 2P

{ur,az,e2} — {x2,by-1, f1}: — Do — D3 — Dy — D¢ + Dg + D10 + D13+
A1+ Ay +---+ A,_3,n0 holomorphic representatives

{z2,bn-1, fo} = {@m,c2,e2}: ¢ = D1+ 2Dy + D3 + Dy + D5 + D¢ + Dy
4 2D13,6+ P and ¢ + 2P

{z2,bn-1, fo} — {22,bp—1, fi}: D13 and Dy3 + P

{z2,bn—1, i} — {u1,a2,e2}: D1 + 2D+ 2D3+ 2Dy + Ds + 2Dg + D7+
Dg + D11 + D12 + D14+ D15 + D1g + By + -+ + B3

{w2,bn—1, f1} = {22,bn-1, fo}: # = D1 + Do+ D5 + D7 + Ds + Dio+
Dis+ Dis+ A+ + Ap_s and ¢ + P.
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Again we use an analogous reasoning as in the class sy + p1 to obtain
HF*(Y,80 — ) =T @ T,

freely generated by the elements [{z2,b,—1, f2},i] and [{x2,bn—1, f1},14] for
1> 0.

In the following calculations, we apply the change of basepoint formula
using [13, Lemma 2.19]:

Lemma 2.2. Let (X, (ou,...,0q), (B1,...,08),21) be a Heegaard diagram.
Denote by zs € ¥ —ay — -+ —ay — 1 — - -+ — B4 a new basepoint, for which
the following holds: there is an arc z; from z1 to z9 on the surface X, which
is disjoint from all curves 3; and from all curves oy apart from oj. Then for
any generator x € T, N Tg we have

Sz, (X) — 5z (X) = Oé;f?

where o € H?(Y;Z) is the Poincaré dual of the homology class in Yimn
induced by the curve vy in X, for which aj-~v =1 and whose intersection
number with any other curve ay; for j # i equals 0.

Class sg + 11 + p2

We change the basepoint z; € D5 for a new basepoint z9 € Dy. By Lemma
2.2 the Spin® structure sg + p1 = s, ({Tm—2,b1, f1}) changes to sg + 1 +
p2 = 5z, ({Xm—2,b1, f1}). In the new Spin® structure we have the same gen-
erators as in the class sg 4 p1, but with a new relative grading, induced by
the basepoint zo:

{xm—27 b1, fa}
v
{xm,c1,e1} {xm—2,01, f1}
{y1,c1,d1}.

We already know from the class sg + p1 that the only nontrivial differen-
tial of HF* in this class is 0 [{xm, c1, €1}, 4] = [{y1, c1,d1}, i]. It follows that
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Ot {zm,c1,e1}t,i] = [{y1,c1,d1},i]  and  also 0T [{wm_2,b1, fa},i] =
Ot [{xm—2,b1, f1},i] = 0. The resulting homology

HF " (Vi 80 +p1 +p2) =TT & T

is freely generated by the elements [{x,—2,b1, fo},i] and [{@m—2, b1, f1},1]
for i > 0.

Class sg — M1 — M2

We change the basepoint z; € D5 for a new basepoint zo € Ds. By Lemma
2.2, the Spin® structure sg — 1 — 212 = 5, ({Tm, b2, f1}) changes to s¢ —
w1 — p2 = 55, ({&m, b2, f1}). In the new Spin® structure, we have the same
generators as in the Spin® structure sy — g1 — 22, but the relative grading
is now induced by the basepoint zs:

{ﬂ?m, 627 f2}

v
{ﬁm, b25 fl}

We already know that in the classes containing only two generators, the
differential 0% is trivial. Therefore the resulting homology is

HE Y (Y, 50 — 1 —p2) =TT @ T,

freely generated by the elements [{z,, b2, f2}, 7] and [{@,, be, f1},4] fori > 0.
Classes sg — i1 — pg for 2 <i<m —2

We change the basepoint z; € D5 for a new basepoint 2o € Ds. By Lemma
2.2, the Spin® structure sg — i1 — 2u2 = 5., ({zi—1,b1, f1}) changes to 5o —
ipy — po = 85, ({wi—1,b1, f1}). In the new Spin® structure, we have the same
generators as in the Spin® structure s9 — i1 — 22, but the relative grading
is now induced by the basepoint zs:

{infl,‘bl, fQ}

v
{.Tifl, bla fl}

We already know that in the classes containing only two generators, the
differential 9% is trivial. Therefore the resulting homology is

HF+(Ym7TL)50 - /L/’Ll - M?) = T+ 2 TJru
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freely generated by the elements [{z;—_1,b1, f2},7] and [{z;—1,b1, f1},]] for
J=0.

Class s

We change the basepoint z; € D5 for a new basepoint 29 € Dy. By Lemma
2.2, the Spin® structure sy — pg = 6., ({Tm-1,b2, f1}) changes to sy =
Sz, ({Zm-1,02, f1}). In the new Spin® structure, we have the same gener-
ators as in the Spin® structure sy — e, but with a new relative grading,
induced by the basepoint zs:

{uz,a2,e1} {@m—1,b2, fo}

v
{z1,c1,e1} {Zm—1,b2, f1}.

From our calculation in the Spin® structure sg — po, we deduce that the only
nontrivial differential of C'F"*° in this class is

800[{m1, Ci, 61}, l] == HUQ,CLQ, 61},i — 1}

In the complex CFt, we have 0% [{x1,c1,e1},1] = [{uz,a2,e1},i — 1] for i >
1 and 0% [{z1,c1,e1},0] = 0. It follows that

HF+(Ym,n,50) ~ 7+ @T+ @F[{xl,cl,el},O],

where the first two summands are freely generated by the elements
{xm-1, b2, fa},1] and [{zm—1,b2, f1},7] for ¢ > 0. The homology group
HF*° (Y0, 50) however equals

HF*® (Y0, 50) 2 FU, U @ F[U,UY.

We have thus calculated the Heegaard-Floer homology HF™ (Y, ,5)
for all torsion Spin® structures s on the manifold Y, ,. In the following
subsection, we calculate the absolute gradings of the generators and finish
the proof of Theorem 1.1.

If b1 (V') > 0 then there is an action of the exterior algebra A*(H1(Y;Z)/
Tors) on the groups HF*°(Y, s) and HF (Y, s) for every torsion Spin® structure
s on Y [13, Proposition 4.17, Remark 4.20]. Let v be a simple closed curve
on the Heegaard surface ¥ in general position with respect to the « curves
and let [y] be its induced homology class in H;(Y,Z). Then the action is
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given by

Ay (i) =" > a(y,) - [y,i—n=(9)];

Y {¢em(xy)| n(¢)=1}

where
a(y,¢) = #{u € M(¢)|u(l x 0) € (y x Sym?~'(£)) N Ta}.

The value dp(Y, s) is the least grading of an element of HF*°(Y, s) that is in
the kernel of the action of A*(H;(Y’;Z)/ Tors) and whose image in HF (Y, 5)
is nongzero.

In the case of Y =Y,,, and s any torsion Spin® structure on Y, p,
the image of HF " (Y, 1, 5) in dHF (Y, n,5) is generated by two elements of
the form {z,,b;, fo} and {x,,b;, fi}. As we have shown in the beginning
of this subsection, there are two homotopy classes of disks ¢ and ¢9 from
{zr,bj, fo} to {z,,b;, f1} (represented by the domains Di3 and Di3+ P)
and they both have an odd number of holomorphic representatives. Thus,
we have # M (¢1) = #M(¢p2) = 1. The group Hi (Y, n;Z)/ Tors = Z is gen-
erated by the simple closed curve u3 on the Heegaard diagram (see figure 2),
so a(y,¢1) = 0 and a(vy, ¢2) = 1. It follows that

A[’y}([{xra bj, fo},i]) = [{zr, bj, Ji},]

and the action on {z,,b;, f1} is trivial. So dp(Yon n, s) is given as the absolute
grading of the generator {,,b;, f1} and d¢(Yy, n,5) is the absolute grading
of the generator {xz,,b;, fa}. For the definitions of the bottom and top cor-
rection terms, see [8, Definition 3.3].

2.3. Absolute gradings

The absolute grading of the generators of HF( 'm.n) can be calculated using
the cobordism W from Y,,,, to the simpler 3-manifold —L(m, 1)#S1 x 52
whose absolute grading is known. To construct the cobordism, we use a
pointed Heegaard triple (3, &, 5, 7, z). Here the first two sets of the curves
d’,ﬁ stay the same as before, so Y, 3 =Y, . The curves 71 and 73 are
parallel copies of the curves 31 and (33, respectively, and the curve -5 is
homologous to the meridian 5 (see figure 3). This means Yg ., = = #2581 x 52
and Yy, = —L(m, 1)#S! x S2.

Filling the second boundary component #251 x S? by #25' x B3 we get
the surgery cobordism W from Y, ,, to —L(m,1)#S' x S%. The cobordism
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W equipped with a Spin® structure s induces a map
Fy.s: HF(Y,,,) — HF(—L(m, 1)#5" x S2).

Under this map, the absolute grading of a generator ¢ € Iﬁ’(Ymn) is changed
by [11, Formula (4)]:

c1(s)? — 2x(W) — 30(W)
1 :

The intersections between the a and § curves are denoted in the same
way as before. New intersections between the «, # and v curves we will
need are denoted by: a; Ny = {a), 2z, ..., 2.}, aa Ny = {s}, asN~y3 =
{F1, o}, By = {t1, 417}, BaNye = {r}, B3 Nys = {t3, 15 } (see figure 3).

We express the a, 8 and « curves of the Heegaard triple in the standard
basis of the surface Y as:

(3) gr(Fws(C)) —er(¢) =

a; ~ N\ fori=1,2,3,

Br~ 1~ mpa + 2p2 — A,
B ~ 241 + np2 — Az,

B3 ~ vz ~ A3,

Y2 ~ p2.

The elementary domains in the winding region of the curve (3; are denoted
by A; fori=1,...,2m — 5, the elementary domains in the winding region of
the curve 32 are denoted by B; for j = 1,...,n — 3 and the other elementary
domains of the Heegaard triple are denoted by D; fori = 1,...,34. There are
four hexagons D1, D3, Dg and Dy, three pentagons Dos, Doy and Dos, five
triangles D1, D23, Dsg, D32 and D33, two bigons Dog and D34, one octagon
D15 and a domain Dg with 14 sides. All the other elementary domains are
rectangles. We put the basepoint into the elementary domain Dg, which
corresponds to the basepoint z € D5 of the Heegaard diagram on Figure 2.
We have a triply periodic domain

Q :(m — 2)(D1 + Dy + D3) — 2(D4 + Ds + Dg + D7) — m(Dg + Do
+ Dy1 + Di2) + (2 = m)D15 + (m — 2)D1g + m(D17 + D1g + Dyg)
+ 2D99 + (mn — 2)D23 + (m(n — 1) — 2)D24 + (2 — m)D25 + 2D9g

m—3
—mDs3 + (2 —m)Day + > (m—2(i + 1))(Agi—1 + Ag)
=1
n—3
+> ((i+1)m—2)B;.

J=1
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Figure 3: The pointed Heegaard triple.
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The orientation of the curves in the Heegaard triple is denoted on the dia-
gram. The boundary of the triply periodic domain is equal to

0Q =2a1 + 2061 — mag — mfa + (mn — 4)7s.

We calculate the Euler measure of the triply periodic domain [14, Lemma
6.2]:

w-sm-(1-8)n{i-S1- w1
+2(1—i>+(mn—2)(1—i>+(m(n_1)_2) <1_i)
+(2—m)<1—i>—m<1—i>+(2—m)<1—i)—0.

We have n,(Q) =0 and #(0Q) = m(n + 2). The self-intersection number
H(Q)? is calculated by counting the intersections of a and 3 curves in the
boundary of the triply periodic domain (according to the chosen orienta-
tion of the boundary). We get a1 - 81 = —m, aq - B2 = —2, ag - f1 = —2 and
a9 - B = —n, which gives us

H(Q)? = 0,Q - 03Q = —m(mn — 4).

Since the self-intersection number is negative for mn — 4 > 0, the signature
of the associated cobordism equals o(W) = —1. W is the surgery cobordism
from Yy, to Yo, = L(m, 1)#S! x 2, thus x(W) = 1.

Next we investigate the domains of Whitney triangles on the Heegaard
surface. A Whitney triangle connecting x, y and w is given by amap u: A —
Sym? ¥ for which u(vy) = x, u(ve) =y, u(vg) = w and u(ey) C Ty, u(eg) C
T3, u(ey) C Ty. The dual spider number of a triangle u and a triply periodic
domain Q is defined in [14] by

o (u, Q) = ny()(Q) + #(a NI, Q) + #(bN Q) + #(cN d,Q),
where x € A is a chosen point in general position and a, b, ¢ are chosen

paths from = to the respective edges eg, e; and es of the triangle A. We
show the following;:

Lemma 2.3. Let the basepoint of the Heegaard diagram 2 lie in the elemen-
tary domain Ds. For 1 <i<m—1and 1 <j <n—1, there is a Whitney



246 Eva Horvat

Figure 4: The first component of a Whitney triangle: two versions.

triangle
u: {fL‘Z‘,bj,fZ} - {tii_vn t;—} - {IL';,S,fé}

with o(u, Q) = —mn + jm — 2i.

Proof. For a Whitney triangle u: A — Sym?(X), the image u(A) is a triple
branched cover over a triangle. In some cases, this is a trivial disconnected
cover consisting of three triangles ui, ue and wsg on the surface . For
1<i<m-—-1and 1<j<n-—1, we can find a triangle with the follow-
ing components.

The first component is a triangle between the points x;, tf and z} (for 1 <
i <m — 1) with domain D33 + Agp,—5 + Aopm—7 + -+ - + Agi—1 (see figure 4).
The dual spider number of this component equals o1 (u;, Q) = m — 2(i + 1).
There is also a triangle between the points xm,t{r and z/, with the dual
spider number o (u, Q) = —2.

The second component of the Whitney triangle (figure 5) is a triangle
between the points b;, r and s (for 1 < j <n—1) with domain

(n—7j)D2s+ (n—j—1)Das+ (n—j—2)Bp_3
+(n—=j—3)Bp-a++ By,
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V2

Figure 5: The second component of a Whitney triangle: two versions.

where all the coefficients of the domain have to be positive. The dual spider
number of this component is equal to oa(uj, Q) =2 —mn + (j — 1)m.

The third component of the Whitney triangle is a triangle between the
points fo, t2+ and f} with domain D3 (figure 6). The dual spider number of
this component is equal to o3(u, Q) = 0.

Combining the above we obtain

a(u, Q) = Ul(uv Q) +U2(U7 Q) +03(u, Q) =—mn+ jm — 2i.

g

We are now prepared to compute the absolute gradings of the generators
of HF (Yynn)-

Proposition 2.4. If the basepoint of the Heegaard diagram 2 lies in the
elementary domain Ds, then the absolute grading of the generator {x;,b;, f2}
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t; 63 f2
0 o

V3
5

Figure 6: The third component of a Whitney triangle.

18 given by

gr({zi, b, f2})
~m2n+mn® —dmn(i + j + 1) + 4n(i® + 20) + 4m(5% + 2j) — 16ij
N 4(mn — 4)

fori<i<m-1landl<j<n-—1.

Proof. By Lemma 2.3, the generator {z;,b;, f2} is connected to a generator
of HF(—L(m,1)#S! x S?) by a Whitney triangle

w: {x, by, fo} — {t,r 3} — {2}, s, f5}

with o(u, Q) = —mn + jm — 2i. Now we apply the grading shift formula
(3). The absolute grading of the generators of HF(—L(m, 1)#S! x S?) can
be calculated from [11, Proposition 4.8]. The i-th torsion Spin® structure on
—L(m, 1)#S* x S? contains two generators: {x}, s, f3} with absolute grading

e 2i —m)? — 1
(el 5, ph) = By

and {z}, s, f{} with grading

(2i —m)®>—m 1

Q({%ﬁ;f{}) =  am

where ¢ = 1,...,m. We calculate

(4)  (c1(sz(n)), H(Q)) =m(n+2) +20(u, Q) = —mn + 2(j + 1)m — 44,
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(e1(s:(w), H(Q))*

01(5Z(U))2 - —m(mn—4)
1—m 2 m i —m 2
@"({xgasafé}) = (2472 —+ % = i + (247n)’
C 2lu 2 _ — 30
G (w0, by, fo}) = & ({5, f3}) — LB ZZ(W) 30 ()

m?n 4+ mn? — dmn(i + j + 1) + 4n(i® + 2i) + 4m(5% + 25) — 16ij
4(mn — 4) '

Observe the symmetry gr({@m—i, bn—;j, f2}) = gr({zs, b, f2}). The above
formula calculates the absolute grading gr({x;, b;, f2}) for 1 <i <m —1and
1<j<n-1

To calculate the absolute grading of the generators {zp,b;, fo} and
{zi,bp, fa} of I—ﬁ‘(Ym,n), we use the method of Lee and Lipshitz [7]. Their
idea is as follows. If two generators x,y € ﬁ\F(Y) represent different torsion
Spin® structures s.(x) and s.(y) on a 3-manifold Y, then there exists a cov-
ering projection 7: Y — Y such that 7*s,(x) = 7*s,(y) on Y. Thus, there
exist lifts X of x and y of y whose relative grading difference is given by
the domain bounded by a closed curve representing ¢(X,y). The projection
of this domain onto the Heegaard diagram for Y is bounded by some mul-
tiple of a closed curve representing €(x,y). We can reconstruct the relative
grading difference between x and y from this projection, as described in [7,
Section 2.3].

Proposition 2.5. If the basepoint of the Heegaard diagram 2 lies in the
elementary domain Ds, then

m?n + mn? — 4mnj + 4mj% — 4m

o1 ms b'7 = )
(5) gr{wm, by, f2} H(mn - 4)
m2n + mn? — 4mni + 4ni? — 4n
or{x;, by, fo} = d
(6) gr{z fa} T — ) an
m+n—4

gl“{l’mabme} = 4

for1<i<m-1landl<j<n-—1.
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Proof. In the Heegaard diagram 2, we find a domain

S = (m+n — 4)(D1 +D16) + (m — 2)(D2 -+ Dg) + (TL — 2)<—D6 — Dy
+ D14+ Di5) + (mn — m —n)(Dg + Dg) + (mn —m — 2)(Dyo + D11)

m—3 n—3

+) (m+ i+ Dn—20+2) A+ Y (n+(i+1)m—2(i+2)B;
i=1 =1

for which 00,5 = (mn — 4)(b,—1 — b,). Thus we can compute

gr{zi, by, fr} — gr{zi, bn_1, fi}
1
= (e(S) + N, v, 1} (9) + g, 13 (9))

mn
(—mn+4)+ (mn—m—n)+2(m+ni—2(i+1))
mn — 4

m+ (20 — 1)n — 44
mn — 4

fOI' 1 S 1 S m — 1 and gr{xm7bn>fk’} - gr{xma bn—l’fk} = 477;””:4’”'
Similarly, the domain

T =(m+n—4)(Dy+ Dis) + (m —2)(D2 + D3 — Dig — D11)
+ (mn —n —2)(Dg + D7) + (mn —m — n)(Ds + Do)
m—3
+ (n—2)(Dia+ Di5)+ Y (m+ (i+1)n—2(i+2)) A;

i=1
n—3
+3 (4 (i+1)m —2(i +2)) B;
i=1

has 00,T = (mn — 4)(zym—1 — o). A calculation gives us

n+(2j —1)m —4j
mn — 4

gt{Tm, bj, fr} — gt{zm_1,bj, fu} =

for 1 < j <n — 1. Combining this with Proposition 2.4, we get formulas (5)
and (6). O

In some torsion Spin® structures on Y, , we calculated the homology
HF* (V) by moving the basepoint z into another elementary domain. In
those Spin® structures, we need to perform the calculation of the absolute
gradings using the moved basepoint.
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Proposition 2.6. Let the basepoint of the Heegaard diagram 2 lie in the
elementary domain Do. Then

gr({zi, by, fo})
m?n +mn? — dmn(i + j) + 4n(i® + 2i) + 4m(5% — 1) — 16i(j — 1)
4(mn — 4)

fori1<i<m-—-1landl1<j<n-1, and

m(mn +n? — 4nj + 4n + 452 — 85)
4(mn —4)

gt({zm, by, fo}) =
for1<j<n-—1.

Proof. When calculating HF ' (Y}, ,) in the Spin® structures sq, so + p1 +
W, 50 — (1 — e and sg — iy — po, we moved the basepoint z € Dy of the
basic Heegaard diagram 2 over the curve «q into the elementary domain
D5. Doing the same thing on the triple Heegaard diagram, the basepoint
z € Dg moves to zg € Dy7. The triply periodic domain Q now changes to
the triply periodic domain Qs = Q — mX, for which we have 0Qs = 90.
As in the previous calculation, we obtain #9Qs = m(n + 2), n,,(Q2) =0
and H(Q2)? = —m(mn — 4). The Euler measure of the new triply periodic
domain is equal to X(Qz2) = 4m. We can apply the same Whitney triangles
as described in Lemma 2.3, but now their spider number changes due to the
different multiplicities of the elementary domains in Qy. For 1 <i<m —1
and 1 < j <n — 1, the Whitney triangle

w: {x;, b, fo} — {t7, 1,13} — {2}, 5, 2}
has the spider number

o(u, Q2) = o1(u, Q) + 02(u, Q2) + 3(u, Q2
=-20+1)+2—-(n—j5+2)m—m
=—mn+ (j — 3)m — 2i,

while for i = m we have o(u, Q2) = —mn + (j — 4)m. Since the basepoint of
the triple Heegaard diagram was only moved over the curve as and not over
a1, the torsion Spin® structures of —L(m, 1)#S! x S? (and their gradings)
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remain unchanged. We calculate

(c1(s2(u)), H(Q2)) = m(n+2) + 4m — 2mn + 2(j — 3)m — 4i
= —mn + 2mj — 41,

i—m)?—m i 2
(el s fpy) = B o i+<24m>
gr({zs, b5, fo}) = gr({x}, s, fa}) — c1(s:(u)? — 4 x(W) — 30 (W)
~ mPn+mn?® —4dmn(i + j) + 4n(i® + 20) + 4m(j% — 1) — 16i(j — 1)
- 4(mn — 4)

forl<i<m-land1<j<n-—1,and

m(mn +n? — 4nj + 4n + 452 — 85)

gr({xm, by, f2}) = A(mn — 4)

for1<j<n-—1. O

Corollary 2.7. The absolute grading of the generator {x,,—2,b1, fo} in the
Spin® structure so 4 pu1 + pa2 s given by

mn(m +n — 4)

gr({xm—2,b1, fo}, 22) = A(mn — 4)

C

The absolute grading of the generator {xm,—1,be, fo} in the Spin® structure

50 s given by

mn(m+n—4) —4(m+n) + 16

gNr({$mflabQ,f2}722) = 4(7’)’”’],—4)

The absolute grading of the generator {x,,bs, fo} in the Spin® structure
50 — 1 — M2 1S given by
mn(m +n —4)

4(mn —4)

évr({xma b27 f2}7 22) -
The absolute grading of the generator {x;—1,b1, fa} in the Spin® structure
S50 — i1 — Mo @S given by

n(m? +mn — 4mi + 4i% — 4)
4(mn — 4)

gr({xi—1,b1, fo}, 20) =
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Proof. We use the formulas from Proposition 2.6 for the generators {z,—_2,

bl,fg}, {xm_l,bg,fg}, {xm,bg,fg} and {I‘i_l,bl,fQ} to obtain the desired
gradings. O

We have calculated the absolute gradings of the homology generators in
the torsion Spin® structures on Y, ,. Now we identify the Spin® structure

corresponding to a given generator with a Spin® structure s; ;, defined by
(1) and (2).

Lemma 2.8. Let the basepoint of the Heegaard diagram 2 lie in the ele-
mentary domain Ds. Then

si; = s.({xi, b5, fr})
for1<i<m-—1and1<j<n-—1, where k € {1,2}.

Proof. We will show that the two Spin® structures are both restrictions of the
same Spin® structure on the cobordism W from Yy, ,, to —L(m, 1)#S! x S2.
In Lemma 2.3 we described a Whitney triangle

w: {x;, by, fo} — {tf,r 5} — {2}, s, f5}

defining a Spin® structure s.(u) on W for which s, (u)|_rm 1451 x5> = 5=
({«}, s, f.}) represents the ith Spin° structure on —L(m,1)#S* x S? as
defined by Ozsvath-Szabé in [11, Section 4.1]. On the other hand, s.(u)ly,, .,
= sz({zi, bj, fi})-

Recall that s; ; = t; j|v,, ., where t; ; is the Spin® structure on the mani-
fold N, defined by the Equations (1) and (2). Since the homology group
Hy(Npp) = 72 is generated by the base spheres s; and s of the plumb-
ing Ny, the Spin® structures t; ; are well defined. The Kirby diagram
of Np,n on the figure 1 describes the surgery cobordism from S3 to the
3-manifold Y;, ,. In the first step of the surgery cobordism, we add a 1-
handle and a 2-handle along the unknot K to S, obtaining the 3-manifold
—L(m, 1)#5S"* x S2. The core of the 2-handle union the disk spanned by K3

in B* represent the base sphere s;. Since by definition

(c1(tij), s1) = 20 —m,

the restriction t;j|_r(m 1)#s1xs> is exactly the i-th Spin® structure on
—L(m, 1)#S* x S? as defined by Ozsvath-Szabé in [11, Section 4.1]. Thus,

"i,j|—L(m,1)#SleZ =s.({z}, 8, fr}) = 5z(U)LL(m,1)#S1xsz'
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The second step of the surgery is given by the cobordism —W from
—L(m,1)#5S* x S? to Yy, n. The cobordism —W is given by adding a 2-
handle to the boundary of the previously constructed manifold. Let us find
a generator of the homology group Ha(—W') = Z. Writing down the inter-

section form
m 2
ONow = (2 n)

for Ny, and denoting by F' = asj + bsa the generator of Ho(—W), we use
the fact that F' has to be orthogonal to the sphere s1. Thus, (as; + bsa, s1) =
ma + 2b = 0 and we can take F' = 251 — msy. We calculate

(c1(tiy), F) =2(2i —m) —m(2j —n) =mn —2(j + 1)m + 4

F? = 45 — dmsysg +m?s3 = m(mn — 4).
The first Chern class ¢;(s,(u)) of the triangle
u: {xi7 bj? f2} - {tii_v T, t;—} - {(L';, S, fé}
from the Heegaard triple diagram had the same evaluation on the generator
H(Q) of Ho(W) (with the opposite sign because of the opposite orientation
of the cobordism), see Equation (4). Since also F? = H(Q)?, it follows that

the Spin® structures coincide on W: s, (u) = t; j|w. Now we have s.(u)ly,, , =
s.({xi, bj, fr}) and b 5|y, . = 5;j, which gives us the desired equality. [

Corollary 2.9. Let the basepoint of the Heegaard diagram 2 lie in the ele-
mentary domain Dys. Then

50,5 = 52’({$ma bj—i—la fk})7
$;.0 =5:({Zit1,bn, fr})

for0<i<m—2,0<j<n-2andkec{l,2}.

Proof. We use [13, Lemma 2.19] to evaluate the cohomology class in H?
(Yn) corresponding to the difference of two Spin® structures. We calculate

sij — Si+1,; = 5:({%i, b5, fe}) — s:({wit1, by, fi}) = PD[pa],
555 — Sij+1 = 5z({l‘i, bj, fk}) - 52({xi7 bj+17 fk}) = PD[MZ]
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and by linearity it follows that s; ; + aPD[u1] + bPD[us] = s;—q j—p. Thus

s:({@m, bjv1, fr}) = 5:({71, 041, fi}) + PDJpa + pa] = 50,5,
s.({zit1, bn, fi}) = 5:({zit1, b1, fi}) + PD[u1 + po] = sip

for0<i<m-—20<j<n-—2andk € {1,2}. O
We have thus obtained:

Proof of Theorem 1.1. In Section 2.2, we have shown that HF* (Y}, ,,s) has
two 7+ summands in each torsion Spin® structure s on Y;, ,,. In one torsion
Spin® structure, HF* (Y}, ,s) has an additional F sumand. We have also
shown that the action of A*(H;(Y,Z)/ Tors) maps the generator of 7% with
the higher absolute grading to the generator with the lower absolute grading.
In Proposition 2.4, we have calculated that

gr({zi, bj, fo})
~ mn+mn? —4dmn(i+ j 4 1) + 4n(i® + 2i) + 4m(5% + 25) — 163
4(mn — 4)

= d(i, j)

for1<i<m—1and 1<j<n-—1. By Lemma 2.8, for those indices we
have 5i5 = 52({1'1', bj, fk})

The Spin® structures sg; for 0 < j <n —2 and s;9 for 0 <7 <m —2
are identified with the generators of ﬁf‘(Ymn) in the Corollary 2.9, and the
absolute grading of those generators has been calculated in Proposition 2.5.

The absolute gradings of the generators in the Spin® structures sq, 5o +
w1+ po, So— 1 — po and sg — iug — puo are given in Corollary 2.7. By
Lemma 2.8, Corollaries 2.9 and 2.1 we have sg = §1,—1 = $m—1,1, S0 + 41 +
M2 = S0pn—2 = Sm—20, S0 — M1 — M2 = S0,0 and Sg — iy — p2 = 5;_19. By
Corollary 2.7 we can ascertain that the top correction terms in those Spin®
structures are given by

dt(Yon,81,n—1)

dt(Ym,m 507n_2)
dt(Yim,n,50,0) = di(m, 1),

dt(Ymn,5i-1,0)

It follows that d¢(Ym n,5i) =d(i,j) for 1<i<m—1and 1 <j<n-—1.
Moreover, di(Yimn,0,j) = di(m,j+ 1) for 0 < j <n —2and d¢(Yomn, 5i0) =
di(n,i+1) for 0 <i<m-—2. O
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3. An application

Let X be a closed smooth 4-manifold with H(X) = 0 and b3 (X) = 2. Con-
sider two classes «, 5 € Ha(X;Z) for which the following holds:

a-f=2,
oz2:m>0,
B2=n>0,
mn—4>0

Thus the restriction @ x|zq+z of the intersection form @ x to the sublattice
spanned by « and 3 is positive definite.

The classes a and 3 can be represented by embedded surfaces 1, Yo C
X meeting transversally. Suppose that it is possible to choose X1 and Yo
to be spheres whose geometric intersection number is 2. Then the regular
neighborhood of the union ¥; UX,y is a double plumbing of disk bundles
over spheres N,,, with boundary Y,,, that has been the object of our
investigation in the previous section. The submanifold N,,, C X carries
the positive part of the intersection form @ x. Denote by W = X\ Int(Ny, »,)
its complement in X. Thus W is a 4-manifold with boundary —Y,,, which
carries the negative part of the intersection form @Qx. The following result
[11, Theorem 9.15] describes the constraints given by the Spin® structures
on W which restrict to a given Spin® structure on —Y, ,,.

Theorem 3.1. LetY be a three-manifold with standard HF® | equipped with
a torsion Spin® structure t, and let dy(Y,t) denote its bottom-most correction
term, i.e., the one corresponding to the generator of HE*(Y,t) which is in
the kernel of the action by Hi(Y). Then, for each negative semi-definite
four-manifold W which bounds Y so that the restriction map HY(W;Z) —
HY(Y;Z) is trivial, we have the inequality:

(7) c1(s)? + by (W) < 4dy(Y, ) + 2b1(Y)
for all Spin® structures s over W whose restriction to Y is t.

According to [12, Theorem 10.1], every 3-manifold Y with b(Y) =1
has standard HF*°. Theorem 3.1 can thus be applied in our case for the pair
(W, =Y n). Correction terms of the manifold Y;, , have been calculated in
the previous section. In order to apply inequality (7), we have to identify
the restriction map H2(W) — H?(—Y;,,) and see how Spin® structures on
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W restrict to Spin® structures on —Y, ,. Before considering particular cases
we establish the following;:

Proposition 3.2. With notation as above, HY(W) =0, H?(Np,n) = 72,
H>(W) =2 72b X+ @1 and H>(Y,) 2 Z® T, where T and T are torsion
groups and T has order mn — 4. In the special case when by (X) =0, we
have T /T = T.

Proof. Consider the Mayer—Vietoris sequence in cohomology of the triple
(X, Npm, W) (all coefficients will be Z unless stated otherwise):

0— H' (W) & H (Npp) 2 H (V) & H2(X) B HXW) @ B (N,00)
5 B2 (V) — 0,
0-HWaezlzlmO2h poaye2 Lzer o

At the beginning and the end of the sequence we have zeros since H;(X) = 0.
Since H1(Yinn) = Zlus] ® T[p1, pe], it follows from Poincaré duality and
the universal coefficient theorem that H?(Yy,,) = Z®T and H (Y, ,) =
Z. The torsion elements p; and us are the boundary circles of the fiber
disks in the plumbing N, ,. The generator p3 of the free part comes from
the 1-handle of the plumbing, which means that fi|g(n,, .): HY(Npn) —
HY(Y,, ) is an isomorphism. Thus H'(W) =0 and the restriction map
filerowy: HYW) — HY(Y,,,) is always trivial, satisfying the assumption
in Theorem 3.1. Since f; is an isomorphism, by exactness fo is a trivial
map. It follows that f3 is injective. To understand the homomorphism fy,
recall the long exact sequence in homology of the pair (Np, n, Yo n):

(8) e HQ(Nm,n) A H2(Nm,na Ym,n) g Hl(Ym,n) g Hl(Nm,n)
- Hl(Nm,naym,n)a
9 —z2272 707 %7 0.

As described above, the restriction C|z: Z[ug) — H1(Np,n) is an isomor-
phism. It follows that the image of the map B: Ha(Npn, Yin) — Hi(Ymn)
is equal to T. The same is true for the Poincaré dual map filg2(n,, )
H?(Npp) — H*(Ym,n) in the Mayer—Vietoris sequence above. So there must
be a free sumand Z C H?(W) which is mapped by f; isomorphically onto
the free sumand of H?(Y;,,) (this is the part dual to the part of Ho(W)
which comes from the boundary). Now since f3 is injective, the free sub-

group 7P (X) € H?(X) maps into H2(W) and it follows that the free part
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of H*(W) has dimension b, (X) + 1. Since HY(W) = 0, it follows from the
universal coefficient theorem that Hy(W') = 7 is torsion and consequently

H2(W) =2 7b: (+1 g 1,

Based on our conclusions above, a part of the cohomology Mayer—Vietoris
sequence of the triple (X, Ny, », W) looks like

10) - -5 HAX) L B2 @ HA(Np) 25 H2(Yi ) — 0,
(11) LD g0 B g O gy e 72 S e L,

The restriction fa|p>(n, ,) can be described by its Poincaré dual
B: Hy (Npmn, Ymn) — H1(Np,n) in the long exact sequence (8). Consider
now the restriction fi|g>(w) in (10). The sumand 7 C H?(W) maps by
f1 injectively into the torsion group T'C H?(Yy,,). We can observe the
Poincaré dual of the restriction fy| m2(w) in the long exact sequence of the
pair (W, Y, n):

H3(W,Ymn) — Hy(Yinn) 2 Hy(W) 25 Hy(W, Vi) -2 Hy(Yin)
AN H(W)— -,
0

0— 7 2 gb (X)+1 92, 7by ()41 g 0 B g ap 94 0, .

Since H3(W,Yymn) = HY(W) =0, the map g; is injective. The homomor-
phism go: Ho(W) — Ho(W,Y,, ) is given by the intersection form Qw of
the manifold W. Qy is trivial on the sumand Z C Hy(W') which corresponds
to the image of g1. The restriction Q| 755 (%) is negative definite. The map
g3 maps the free sumand of Ha(W,Y;, ) which comes from the boundary
isomorphically onto the free sumand of H;(Y}, ). In the special case when
by (X) = 0, the intersection form Qyy is trivial and from the exact sequence
above it follows that

(12) T/t =71 (when b, (X)=0).
(]

We have described the map fy in the Mayer—Vietoris sequence (10) which
tells us how cohomology classes on W and N, , restrict to cohomology
classes on the boundary Y,, . As remarked in Section 2.2.1, Spin® structures
on 3- and 4-manifolds may be identified by cohomology classes. Using this
identification we may study the restrictions of Spin® structures on W and
Ny n to Spin® structures on the boundary Y, .
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When the 4-manifold X has b, (X) = 0, the obstruction Theorem 3.1
implies the following result.

Proposition 3.3. Let X be a closed smooth 4-manifold with Hi(X) =0,
by (X) =2 and by (X) = 0. Suppose there are two spheres ¥1,% C X with
Y2 =m, Y2 =n and 1 -Xo = 2. Denote by Yinn the boundary of a reg-
ular neighborhood of 1 UXy and let T'= Hy(Yy,n). Then for some sub-
group T C T with |7'\2 |T'| and some Spin® structure so on Yy, n, we have

dy(Yom, S0 + ¢) = for every ¢ € T.

Proof. Denote as usual by N,,,, C X the regular neighborhood of ¥ U X
and by W = X\ Int(N,, ) its complement. It follows from Proposition 3.2
that H2(W) = Z & 7 for some torsion group 7 C T and that T//7 = 7, thus
IT| = |7]. Recall the Mayer—Vietoris sequence of the triple (X, Ny, n, W) we
discussed in Proposition 3.2:

0

LN H2(X) fa

HQ(W) ® H*(Np) L5 H2(Yi) — 0,

2 B zenerr Lzer —0.

The Spin® structures on W which restrict to the Spin® structures on —Y,;, ,,
correspond to the image f4(7) C T. Since b, (X) = 0, the intersection form
Qw of the manifold W is trivial and thus ¢;(s)? = 0 for any Spin® structure
s on the manifold W. From Theorem 3.1 it follows that if indeed —Y,
bounds a negative semi-definite submanifold W inside X, then the inequal-
ity dp(—Ymm,t) > —% holds for any torsion Spin® structure t on —Y,,
which is a restriction of a Spin® structure on W. The bottom and top
correction terms are defined in [8, Definition 3.3], where also the duality
dy(=Ymn,t) = —di(Yimn, t) is shown [8, Proposition 3.7]. By Theorem 1.1
we have dt( mmn,t) = dpy(Yimn,t) + 1. So for any such Spin® structure we
have dy(—Ymn, t) = —dt(Yimn, t) = —dp (Ym0, t) — 1, and consequently

1
db(Ym,m ) = _db( mn;t) -1 S _5

Since the intersection form on W is trivial, Theorem 3.1 can also be
applied for the pair (=W, Y, ,,) to give the inequality dy(Yon,n,t) > —3. Both
inequalities amount to the equality

1
db(Ym,mt) = _5
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for any torsion Spin® structure t on Y, , which is a restriction of a Spin®
structure on W. O

3.1. Double plumbings inside CP?#C P?

We consider double plumbings inside X = CP?#CP2. Our question is
whether a chosen pair of classes a, 3 € Ho(CP?#CP?) with a- 3 =2 can
be represented by a configuration of two spheres with only two geometric
intersections. We will find suitable classes «, 8 and apply Proposition 3.3.
Now Hy(CP?#CP?) = 72 has a standard basis (eq,ez) with e; repre-
senting the class of the cycle CP' € CP2. The intersection form Qx of the

manifold X is given by (é (1)> and by (X) = 0. We need to choose homo-

logically independent classes «, 3 € Ha(X) that are both representable by
spheres and for which a- 3 =2. A class ( = (a,b) € H2(X) has a smooth
representative X of genus

o(%) = (la] = 1)2(!a| —2) (b= 1)2(\b! ~2)

This representative is obtained by the connected sum of minimal genus rep-
resentatives for classes of divisibility a and b in CP?. Thus, nontrivial classes
with smooth representatives of genus 0 are given by ae; + bey € Ho(X)
where (|al, |b]) € {0,1,2}2\{(0,0)}. Up to isomorphism, there are three pos-
sible cases for a and :

2e1 + 2e9 and 2e; — es,
2e1 and eq + 2es,

e1 and 2eq + es.

We will investigate two cases: a = 2e1 + 2e9, 6 = 2e1 — e and o = 2¢e1, 3 =
e1 + 2eo. For the final case o = e; and 8 = 2e7 + eg, the two classes can be
represented by a pair of spheres intersecting in two points.

3.1.1. First case: a = 2e; + 2e2,3 = 2e1 — e3. We have m = a2 =

8,n=p%=5and
Hl(Ym,n) =7 ZSG-

We will prove here the first part of Theorem 1.2, which says that any two
spheres representing the classes a and 3 intersect with at least 4 geometric
intersections, and that there exist representatives with exactly 4 intersec-
tions.
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Proof of Theorem 1.2 (a). Suppose there are spheres representing a and 3
which have only two geometric intersections. Then the regular neighborhood
of their union is the double plumbing Ngs with boundary Ygs. Applying
Theorem 1.1 we calculate the bottom-most correction terms dp in all torsion
Spin® structures on Yg 5:

Spin“structure  dy(Yinn,8i5)  Spinstructure  dp(Yon n, 5i ;)

543 *17/18 50,2 19/18
533 —3/4 574 1/4
523 —5/18 56,4 —5/18
51,3 17/36 554 —19/36
56,0 3/2 54,4 —1/2
550 29/36 534 —7/36
54,0 7/18 524 7/18
53,0 1/4 51,4 5/4
520 7/18 56,1 7/18
510 29/36 551 —7/36
50,0 3/2 54,1 -1/2
572 17/36 531 —19/36
56,2 —5/18 591 —5/18
552 —3/4 511 1/4
542 —17/18 50,1 19/18
532 —31/36 573 5/36
522 —1/2 56,3 —1/2
512 5/36 553 —31/36

There are only four Spin® structures on Ygs for which the equality
db(Yg75,t) = —% is Valid, namely 522, 544, 54,1 and 56,3- It follows from
Proposition 3.3 that the two spheres which represent the classes «a,f €
Hy(CP?#CP?) have to intersect with a geometric intersection number
greater than 2.

It is possible to construct genus zero representatives for o and 3 with 4
geometric intersections. We use the following construction of Ruberman [15]:
we represent CP2#CP? as a handlebody with two 2-handles with framing
1 and denote by hy and ho the cores of the 2-handles. By adding to h; a
disk its boundary spans in B*, we obtain a sphere representing e;. Now
let us represent the class a = 2eq + 2es: first we take two copies of h; and
resolve their double point to get a single disk for ¢ = 1,2. Then we make
a boundary connected sum of both disks (with coherent orientations) and
add a disk in B* to the resulting surface. Similarly, we represent the class
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Figure 7: Attaching circles of the 2-handles representing classes 2e; +
2e9,2e1 — e € CP?#CP? with four geometric intersections.

Figure 8: Attaching circles of the 2-handles representing classes 2eq,eq +
2ey € CP?#CP? with two geometric intersections.

B = 2e1 — eg: first we take two copies of h1 and resolve their double point,
then we boundary connect sum the obtained disk and ho with the reversed
orientation (this means the connected sum is made via a band with a half-
twist) and add a disk in B* in the end. In this way, we get the two spheres
representing classes o and 8 in CP?#CP?. Figure 7 shows the two repre-
sentatives in CP?#CP?. The right loop of the dark curve can be slightly
pulled left by an isotopy so that it intersects the light curve only twice, thus
there remain only four intersections between the two spheres. It follows that
4 is the minimal number of geometric intersections. O



Double plumbings of disk bundles over spheres 263

3.1.2. Second case: a = 2e1,3 = e; + 2e3. The squares m =a? =4
and n = 8% = 5 imply that Hy(Yy5) = Z ® Z14. The bottom-most correction
terms dj, of Yy 5 are given by

Spinstructure  dp(Yinn,8i5)  Spin“structure  dy(Yinn, 5i)

523 —15/16 50,2 1/16
51,3 -1/2 53,4 —1/2
520 9/16 524 —7/16
51,0 1/4 51,4 1/4
50,0 9/16 521 —7/16
53,2 —1/2 51,1 —1/2
599 —15/16 50,1 1/16
51,2 —3/4 533 —3/4

There are the requisite four Spin® structures on Y} 5 for which dy is equal to
1

L.
1
dy(Yas,813) = dp(Yas,832) = dp(Yas,634) = dp(Yas,8611) = —5

Indeed, one can choose the two spheres representing classes o and 3 so that
their geometric intersection consists of two points; see figure 8.
3.2. Double plumbings inside §2 x S?#82 x §2

Let wus investigate double plumbings inside the 4-manifold X =
S? x S?452% x S2. Since X is simply connected and its intersection form

01 00
1 0 0 0. . . . .

Qx = 0 0 o 1|iBeven it follows that X is a spin 4-manifold. Accord-
0 010

ing to [18, Theorem 3], if M is a simply connected closed oriented 4-manifold
with an indefinite intersection form, then every primitive noncharacteristic
class of Hay(M#(S? x §%)) is represented by an embedded sphere. More
specifically, Hirai showed that every primitive element of Ho(#252 x S?)
can be represented by a smoothly embedded sphere [4, Theorem 1]. A class
r € Hy(X) is primitive if it cannot be written as dt for any class t € Ha(X)
and any d € Z\{—1,1}.
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Denote by (e1, e, €3, e4) the standard basis of Ha(S? x S?#52 x S?) and
consider the classes

a=ae1 +2ey, (B =e1+tez+ ey,

where a,t € N and « is an odd number. We have m = a? = 4a, n = 3> = 2t
and « - = 2. Since a is odd, the classes a and 3 can be represented by
spheres. We will prove the second part of Theorem 1.2, which says that
if @ > 5, then the spheres representing o and [ intersect with at least 4
geometric intersections.

Proof of Theorem 1.2 (b). Suppose these two spheres have exactly two geo-
metric intersections. We denote by N, , the regular neighborhood of the
union of the spheres and let W = X\ Int (N, ) be its complementary sub-
manifold in X. While N,,,, is the double plumbing of two disk bundles
over spheres whose intersection form is positive definite, the submanifold
W C X carries the negative part of the intersection form. We have defined
Spin® structures t; ; on N, , and denoted by s;; = t; 5|y, the restriction
of each Spin® structure to the boundary 3-manifold. Now we would like to
define a Spin® structure u; ; € Spin®(X) for which u; ;|n,, , = t;;. Then we
will find the restriction u; j|y and use Theorem 3.1 for the pair (W, =Y, ),
equipped with the Spin® structure u; ;| for some ¢ and j. By definition of
t;j € Spin®(Ny,n), we have (ci(t;;),a) = 2i —m and (c1(t;), 8) = 25 —n.
For an odd ¢, define a Spin® structure u; ; on X by

(c1(uij), er) = (e1(uij), es) = =2,
(c1(uij),e2) =i—a,
<c1(ui7j), e4> =275+ 2.

Then we have (c1(u;5), ) = 2i —m and (c1(1;5), 3) = 2j — n, which means
that u; j|n,, . = ti; and consequently u; j|y, . = s;;. We can calculate that
the orthogonal complement of Hy(Ny, ) in Ho(X) is spanned by the vec-
tors v = —ae; + 2es — 2e3 and § = —tes + ey, for which we have v2 = —m,
62 = —n and -6 = —2. Thus, v and § are generators of Ho(W) and its

. : L . - -2
intersection form is given by the matrix Quw = ( _ZL ) We calculate

(e1(wijlw),v) = 2i + 4,
(c1(uijlw), 0y =n
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It follows that the square of the first Chern class ¢1(u; j|w) is given by

1 (uijlw)? = ———— (n(2i + 4)2 + m(n + 25 + 2)?

— 4(2i + 4)(n +2j +2)).

Now the restriction of u; jlw to the boundary —Y,, is the Spin® struc-
ture s; ; and Theorem 3.1 implies 4dy(—Yim n, 5i) > c1(u; jlw)?. Recall from
Theorem 1.1 the correction terms dp(Y,y,n) and compare

. 2
—dy(Ymn,sij) — 1 = dp(—Ymn,5i5) > Cl(ulim])

o . 2
_aluiglw)” > dp(Ym,n,5i5) +1

n(2i +4)2 +m(n+ 25 +2)% —4(2i +4)(n+2j +2)
4(mn — 4)
m2n +mn? — dmn(i + j) + 4n(i® + 2i) + 4m(5% + 25) — 16ij — 16
4(mn — 4)

>

By simplifying this expression, we get the inequality

4mn —4)(i+2j+1—-a) >0,
i+2j+1>a,

where 1 <i<4a—1land1<j <2t—1andiisodd.Ifa > 5, this inequality
does not hold for the Spin® structure s1 1. The higher the value of a, the more
Spin® structures s; ; do not satisfy the above inequality. Therefore the two
spheres representing o and # must have at least 4 geometric intersections
for all a > 5. O

It might be interesting to compare our result with [1, Proposition 3.6].
According to the Proposition in the case n = 2, the classes (p1,q1,0,0) and
(0,0, p2,q2) (where p;,q; > 2 and (p;,q;) = 1 for i = 1,2) are not disjointly,
smoothly, S%-representable inside the manifold S? x S?#52 x S2.

The application of dp-invariants in the Section 3 is similar to the d-
invariant obstruction that is used for concordance applications, e.g., in [5]
and many other papers.
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4. Geometric intersections of spheres with algebraic
intersection one

Now we investigate a configuration of two spheres which intersect only once
inside a closed smooth 4-manifold X with H;(X) = 0 and b3 (X) = 2. Such
a configuration is a (single) plumbing M,, , of disk bundles over spheres
with Euler numbers m and n. The Kirby diagram for M,, , is a Hopf link of
two framed unknoted circles, which can be changed by the operation called
slam-dunk [3, page 163] into a single unknoted circle with framing %71 The
boundary of M,y, , is the lens space L(mn — 1,n) with Hi(L(mn —1,n)) =
Zmn—1. For labeling lens spaces, we use notation from [11]. By the results of
[12, Proposition 3.1], the Heegaard—Floer homology of HF (L(p, ¢)) has one
generator in every torsion Spin structure and its absolute grading is given
by a recursive formula from [11, Proposition 4.8]:

pg—(2i+1—p—q)?
4pq

-2, = ( ) - di-Liar).d)

where 7 and j are the reductions of p and 7 modulo ¢, respectively. In our
case p=mn —1 and g =n, so r =n — 1. In the special case when n =1,
we need only one application of the recursive formula to obtain

(m—2i—-1)2 1

(13) d(—L(m —1,1),i) = — R

In another special case when n = 2, we need two applications of the recursive
formula to obtain

B B N (m=ar 1
(14) d(—L(2m —1,2),i) = 2@em=1) + 5 if 4 is even,
N~ (m=9r
(15) d(—L(2m —1,2),i) = “2@m—1) if 4 is odd.

When n > 2, starting with d(—L(n — 1, 1), ) we apply the recursive formula
three times to obtain

(2i+2—mn—-n)?> (2j+2-2n)% (2t+1—n)?
Inmn—1) | dnn—=1)  4n-1)

d(—L(mn —1,n),1)
1
i
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where j is the reduction of i(mod n) and ¢ is the reduction of j(mod (n — 1)).
In the special case when 0 <4 <n — 1 and thus ¢ = j = ¢, we get a simpli-
fication

d(—L(mn —1,n),1)

1 2
(16) = —m(nm2+m(n—2i)2 = 2m(n — 2i)) + 3.
Denote L = —L(mn — 1,n). Let us derive the formula (16) in another way:
by defining a Spin® structure s; on the plumbing —M,,, and using the
Formula (3) from [11, Formula (4)] to compute d(L, s;|1,). By removing a 4-
ball from —M,, ,, we get a cobordism C from 53 to L. Since the intersection

-m -1
1 —n)’ we have
X(C) =2 and o(C) = —2. Define a Spin® structure s; on —M,, ,, by

form of —M,,, is given by the matrix Q_yp,, , =

(17) <Cl (51‘), 81> =m, <Cl(5i)7 82> =n— 2i,

where s1, sp € Hy(—M,y, ) are the classes of the base spheres in the plumbing
—My, . It follows that

nm?2 4+ m(n — 2i)2 — 2m(n — 2i
o) — (n—20)? = 2m(n - 20

mn — 1
and the formula (3) gives us

nm? +m(n — 2i)% — 2m(n — 2i) = 2
Losilr) = — =
d(L, i) 4(mn — 1) s

which coincides with Formula (16).
From Theorem 3.1, we obtain the following obstruction for the d-
invariants:

Proposition 4.1. Let X be a closed smooth 4-manifold with H,(X) =0,
by (X) =2 and by (X) = 0. Suppose there are two spheres X1,%s C X with
2 =m>0,33=n>0 and ¥ - Yo = 1. Denote by L the boundary of a
reqular neighborhood of X1 U Xy. Then for some subgroup T C Hy(L) with
7|2 = mn — 1 and some Spin® structure s on L, we have d(L, o+ ¢) = 0
for every ¢ € T.

Proof. Denote by M,,,, the regular neighborhood of ¥; U¥s and let V' =
X\ Int(M,, ). We study the Mayer—Vietoris sequence in cohomology of the
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triple (X, V, M, »):

0— H'(V) @ H (My,,,) 2 HY(L) 5 H2(X) &5 H2(V) @ HA(M,0,)

I H2(L) = 00 — H'(V) @ H' (M) 205 22 5 22(v) @ HX (M)
fa

= Zmn—1 — 0.

At the beginning and at the end of the sequence we have zeroes since
Hy(X) = 0. Since L is the lens space L(mn — 1,n), we have H?(L) = Zyn—1
and HY(L) = 0. It follows from the sequence that H*(V) = HY(M,, ) = 0,
so Hi(V) =7 is a torsion group by the universal coefficient theorem. The
group Hy(Mp,,) = Z? is spanned by the homology classes of the spheres
31 and Y9, so the cohomology group HQ(Mmm) has rank two. It follows
that H?(V) = 7 and Ho(V) = 0. Now we can write down the homology long
exact sequence of the pair (V, —L):

— Hy(—L) 2% Ho(V) L5 Hy(V, L) 25 Hy(~L) 2% Hy(V) — - --

g1 g2 g3 ga 0
—0—=0">7">5Znpp-1—T— -

It follows from this sequence that 7 is a subgroup of Z,,,—1 with quo-
tient group Zp,_1/7 = 7, thus |7|2 = mn — 1. Those Spin® structures on
—L which are restrictions of Spin® structures on V' correspond to the image
of the map H?(V) — H?(—L), which is the monomorphism 7 — Z,,,—1. For
every Spin® structure on —L which is the restriction of a Spin® structure on
V' we can apply Theorem 3.1 to obtain the estimate d(—L,s) > 0 and con-
sequently d(L,s) <0 . Since V has a trivial intersection form, we can also
apply the same theorem for the pair (—V,L) to obtain d(L,s) > 0, from
which the equality follows. O

4.1. Single plumbings inside CP2#C P?

Let X = CP2#CP? and denote by (e1,ez) the standard basis for Ho(X).
As remarked in Section 3.1, the classes in Hy(X) which are representable
by spheres have the form xje; + xoes with (z1,22) € {0, 41, 42}12\{(0,0)}.
Consider a pair of such classes with algebraic intersection 1: a = 2e; + es
and B =e; —ey. We have m =a? =5 and n=(3?> =2 so L = L(9,2) and
the d-invariants are given by

(i-5?% (-1

d(L(9,2),i) = TR 5
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Figure 9: Attaching circles of the 2-handles representing classes 2e; +
€9,61 — €9 € CPZ#CP2.

for 0 <4 < 8, where j is the reduction of i (mod 2). We calculate

d(L,0) = d(L,1) = g d(L,2) = d(L,5) = d(L,8) = 0,
d(L,3) = d(L,7) = % d(L,4) = d(L,6) = —g.

We can see that there are three Spin® structures with d-invariant equal to
0, in accordance with Proposition 4.1. Thus, the spheres representing classes
a and 3 can have only one geometric intersection inside CP?#CP?. Indeed,
the two spheres can be chosen in such a way, following the construction
of Ruberman [15] described in Section 3.1.1. We represent the class o =
2e1 + e2 by taking two copies of hj, resolve their double point to get a
single disk, then make a boundary connected sum with he (with coherent
orientations) and add a disk in B* to the resulting surface. Similarly, we
represent the class § = e; — eg by taking a boundary connected sum of h
and hy with reversed orientations and adding a disk in B*, see figure 9. The
attaching circles of the 2-handles thus achieved can be moved by an isotopy
to form the Hopf link, which shows that the two representatives have only
one geometric intersection.

4.2. Single plumbings inside S% x S2?#52% x §?

Now we investigate the 4-manifold X = S? x S2#S5? x S? and two classes
a = (2k 4+ 1)e; + 2ep and 3 = —key + ez + 2kez + e4 in Ho(X), where k is
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a positive integer. We have a? = 4(2k +1) =m, 82 =2k =nand a- 3 = 1.
Since o and [ are primitive noncharacteristic classes, they are represented by
embedded spheres in X by [18, Theorem 3]. We will prove here Theorem 1.3
which says: Any two spheres representing the classes a and § intersect with
at least 3 geometric intersections for all £ > 1.

Proof of Theorem 1.3. Suppose the two spheres intersect with only one geo-
metric intersection; then a regular neighborhood of their configuration forms
the plumbing M,, ,, inside X. Denote by V' = X\ Int(,, ;) its complemen-
tary submanifold and let L = 0V

We would like to define a Spin® structure t; on X, for which the restric-
tion t;|pr,,,, = 8;.- Then we will find the restriction t;|y to the complementary
submanifold and apply Theorem 3.1. Let t; € Spin®(X) be the unique Spin®
structure for which the following holds:

(c1(t;),e1) = 0,
(er(), ea) = 2(2k + 1),
(ci(ti), e3) = =2,
(c1(t;),eq) =2(k —i—1).

Then we have (c1(t;), @) = 4(2k + 1) = m and (¢1(t;), 8) = 2k — 2i = n — 24,
which means that t;[5,, , concides with the Spin® structure s; defined in
(17). As we have shown, the correction term d(L,s;|r) is given by the
Formula (16). Now let us find the restriction t;|y. The image of the inclu-
sion homomorphism Hs (V') — Hy(X) is spanned by the two classes v =
—(2k + 1)e1 + 2ea + (4k + 1)es and 6 = —2kes + e4 which are both orthog-
onal to o and 3. We calculate

(er(ti), ) =2,
(c1(t;),0) =6k —2i —2=3n—2i — 2.
Since 2 = -m, 6°= 2nand y-6 =4k + 1 = mT—27 the intersection form

_ m—2
on V is given by the matrix Qv = (m’_?; —22n> with det Qy = mn — 1.

2
The square of ¢1(t;|y) is then calculated by

8n +m(3n — 2i — 2)2 +2(m —2)(3n — 2i — 2)
mn — 1 ’

a(tlv)? =
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Now Theorem 3.1 gives us the inequality c1(t;|y)? + 2 < 4d(L,i). Using
Equation (16), we compare

8n+m(3n —2i —2)* +2(m — 2)(3n — 2i — 2)

mn — 1
nm? +m(n — 2i)? — 2m(n — 2i)
- mn —1

and by simplifying we get the inequality
(mn—1)(k—i—1) >0,

which is not valid for ¢ > k. When applying Formula (16) we assumed that
0 <i<n—1=2k—1. Thus, the Spin® structure si|z; does not satisfy the
inequality in Theorem 3.1 whenever k > 1. Therefore, the two spheres rep-
resenting the classes a and (§ have at least three geometric intersections for
all £ > 1. O
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