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A Picard modular fourfold and the Weyl
group W (FEjs)

BERT vAN GEEMEN AND KENJI KOIKE

We study the geometry of a Picard modular fourfold which param-
etrizes abelian fourfolds of Weil type for the field of cube roots of
unity. We find a projective model of this fourfold as a singular,
degree ten, hypersurface X in projective 5-space. The Weyl group
W (FEg) acts on X and we provide an explicit description of this
action. Moreover, we describe various special subvarieties as well
as the boundary of X.

Introduction

The Picard modular fourfold which we consider parametrizes principally
polarized abelian varieties of dimension four with an automorphism of order
three. The period matrices of these abelian varieties are the fixed points of
an element M of order three in Sp(8,Z) which we define in Section 1.1. As
far as we know, the elements of finite order in this group have not been
classified, and there might, a priori, be other conjugacy classes of elements
with properties similar to M. The fixed point locus 'ny is a connected
submanifold of the Siegel space H4. The second order thetanulls map the
Siegel space to P'® and we show that the image of Hﬁ/f is a hypersurface
in a projective space of dimension five. To find the equation for the image,
we use classical relations between thetanulls (and a computer!). It turns out
that the closure of the image, denoted by X, is a hypersurface of degree ten.

The elements in Sp(8,Z) which normalize the subgroup generated by
M act by projective transformations on X. We show that they generate a
subgroup of Aut(X), which is isomorphic to the Weyl group W (Ejg) of the
root system Eg. Actually the action of W (Eg) on the P is induced from its
standard representation.

After having established these basic facts, we consider fixed point loci in
X of elements of W (Eg). These correspond to abelian fourfolds with further
automorphisms. To describe these automorphisms, we had to find explicit
elements in Sp(8, Z) which represent these automorphisms. Equivalently, we
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had to find elements, of finite order and up to conjugacy, in the normalizer
of M which map to a given subgroup in W (Eg). There seems to be no
systematic way to proceed, but in all the examples we succeeded in finding
them.

In one case we found a fixed point locus Wiy which is the intersection of
X with a hyperplane in P°. It is defined by a degree ten equation which is the
determinant of the 5 x 5 matrix whose entries are the second partial deriva-
tives of a quartic polynomial. This quartic polynomial defines a threefold
known as the Igusa quartic, it is the Satake compactification of the moduli
space of abelian surfaces ([vdG], [H]), and Wjg is known as the Hessian vari-
ety of the Igusa quartic. It was conjectured by Bruce Hunt [H, p.7-8] that
Wig is a Shimura variety, and in fact we show that it is the quotient of the
Siegel upper half space Ho by an arithmetic group. We also find a projective
model of a moduli space of abelian fourfolds whose endomorphism algebra
contains the field of 12-th roots of unity.

The methods we used are based on those from [vG]. The computations
involved in this case are however rather more demanding and we used the
computer algebra system Magma [M] extensively.

More intrinsically, the Picard modular fourfold we study is the moduli
space of abelian fourfolds of Weil type for the field of cube roots of unity.
In fact, M induces an automorphism of order three which has two distinct
eigenvalues, each with multiplicity two, on the tangent space at the origin
of these abelian fourfolds. Such abelian fourfolds are interesting since they
have exceptional Hodge classes, shown to be algebraic in this case by C.
Schoen [S]. Moreover, the second cohomology group of these abelian four-
folds has a Hodge substructure of K3-type (see [L]). It is not yet known if
the Kuga-Satake correspondence is realized by an algebraic cycle. The sin-
gular variety X is a projective model of a Shimura variety associated to the
group SU(2,2). It is an interesting problem to find the Hodge numbers h?*,
which are birational invariants, for a(ny) desingularization of X'. The regu-
lar four-forms (if any) on such a desingularization would provide examples
of holomorphic modular forms on an arithmetic subgroup of SU(2,2). We
hope to return to these matters in the future.

1. Abelian varieties and theta functions

1.1. The automorphism. The group Sp(8,Z) (also written as I'y) of 8 x 8
symplectic matrices with integer coefficients, is defined as
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Sp(8,Z) :={M € Ms(Z) : ME'M = E}, E = ( _OI é >
where [ is the 4 x 4 identity matrix. For 7 € Hy, the Siegel space of 4 x
4 complex symmetric matrices with positive definite imaginary part, one
defines the principally polarized abelian variety (ppav)

A, = CH(Z2Q,), Q= ( ; ) , (T € Ha),

where we consider the elements of Z®, C* as row vectors. The symplectic
group Sp(8,Z) acts on Hy, the action of a matrix N with blocks a, b, ¢, d on
Hy is given by N - 7 := (a7 + b)(cT +d)~! as usual.

To define the abelian fourfolds with an automorphism of order three we
introduce the matrices:

A= < }I I)I ) (€ GL(4,Z)), M := ( 13 t£_1 ) (€ Sp(8,2)),

where now [ is the 2 x 2 identity matrix. Both A and M satisfy the equation
22 + 2 + 1 = 0. The fixed point locus of the matrix M above is denoted by

b+  —b
H%:{TG%‘“M'T:T}:{( 1 b+tb>€H4}’

where b is a 2 X 2 complex matrix, and we used that M - 7 = 7 is equiva-
lent to AT'A = 7, which again is equivalent to A7 = 7(*4)~! and that 7 is
symmetric. The connectedness of H}! follows from [Fre, Hilfsatz 11, 5.14].

For 7 € H}!, the abelian variety A, has an automorphism ¢ of order
three, in fact ¢? + ¢ + 1 = 0, defined by the following commutative diagram

0—Z8 A, ——0  (use MQ, = Q1471
o
0—>2Z8 > Cl—> A, ——0

1.2. Abelian varieties of Weil type and the Hermite upper half
space. Identifying C* with TyA,, the holomorphic tangent space in 0 to
A, we see that the differential of ¢ is given by the matrix ‘A~!. This
matrix has eigenvalues w, @, where w € C is a primitive cube root of unity,
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each with multiplicity two. Thus A, is an abelian variety of Weil type for
the field Q(w). The moduli space of such abelian varieties is isomorphic to
SU(2,2)/S(U(2) x U(2)) (cf. [vG, Prop. 5.5]) and this symmetric domain is
known as the Hermite upper half space Ha ».

1.3. Remark. In the paper [vG] matrices M, were used to investigate
projective models of Picard modular varieties. The matrix M o is conjugated
in Sp(8,Z) to M (where each matrix has 2 x 2 blocks):

0 0 —I 0
o -1 0o 1| _ .
Myzi=| 1 o ;o | =TMT
0 -1 0 0
I I 0 -I
I 0 -I
r=| o, ;7 | (€2
0 -I 0 I

Thus 7 maps HY to Hi/lz‘z, and this allows us to apply the results from

[vG].

1.4. The theta functions. We introduce the theta functions needed to
find the projective model of the Picard modular variety. For 7 € H4 and
z € C* the classical theta function with characteristics [S], €,€ € {0,1}, is
defined by the series

0[2,](7_’ Z) ,_ Z 6(m+e/2)7—"(m+e/2)+2(m+e/2)t(z+e’/2).

meZ4

The second order theta functions are the linear combinations of the 16
functions 0[§](27, 22), € € {0, 1}*. These functions define a holomorphic map
A; — P which factors over the Kummer variety A,/{%1}.

We will study the map given by second order thetanulls:

0:Hy — P, T (- 0[5](27,0) = -+ ).

This map factors over A4(2,4) := Hq/T'4(2,4), where I'4(2,4) is a (normal)
congruence subgroup of Sp(8,Z) ([I, V.2, p.178]):

I'y(2) :={M € Sp(2¢9,Z) : M =1 mod 2},

I,(2,4) := {< ‘C” Z > € T,(2) : diag(a'h) = diag(c'd) = Omod 4} .
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The image of © is a quasi-projective variety. The map © extends to a map
from the Satake compactification A4(2,4) of A4(2,4) to P whose image is
the closure of ©(H,).

1.5. The classical theta nulls and quadrics. We define quadrics in P
whose intersection with the Picard modular variety will provide information
on special subloci.

The following formula, known as Riemann’s bilinear addition formula,
relates the 0[5 ] to the second order theta functions: (cf. [I, IV.1], [vG, (3.3.2),

(3.5.1)]):

€’

0l](r,2)* =) (=) G[](2r, 0)0[5 ] (27 22).

g

Since 0[%](1, —2) = (—=1)€'“0[5](, 2), the 136 theta functions with e‘¢’ =0
are even functions of z, the remaining 120 are odd.

For an even characteristic [¢] and for z = 0, the formula above can be
rewritten as

0[2)(7,0)* = Q[(..., 0[3](27,0), ...),

where the functions 6[5](7,0) on Hy are called thetanulls, and where

Q[g’] = Z(_l)(g+6)t€’XJXJ+E

(e

is a quadratic polynomial in the 16 variables X,, with o € (Z/2Z)*. These
quadratic polynomials define quadrics Q[%] = 0 in P1°.

The points in the intersection of the closure of ©(H4) and these quadrics
correspond to (limits of ) abelian varieties with vanishing thetanulls. The fol-
lowing table summarizes the information we will need in this paper (cf. [vG,
3.6, 3.7, Lemma 3.8] for similar results).

moduli point # vanishing thetanulls
E x A, F elliptic curve, A abelian 3-fold 28
B1 x By, B abelian surfaces 36
(C*)2 x B, B abelian surface 96
(C*)*,  boundary point 120
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2. The Picard Modular variety X

2.1. The action of M on P'. The map O is equivariant for the action
of M on Hy. In fact, from the definition of the theta functions it is obvious
that

O[51(2(M - 7),0) = 6[G')(2, 0).

For p,o € Z* one has [ 7](27,0) = 6[3](27,0). Thus the action of M on
these 16 functions is determined by the action of A on (Z/2Z)*. We will
write

0:(t) == 0[p)(27,0),
with i:= €122 + €22+ €32+ ¢4, €= (e1,...,€4) € {0, 1}4.

For example ¢ has characteristic € = (1,0, 1,0), which we simply write as
[1010]. As €A = (0,0,1,0) mod 2 we see that M maps 019 to 0. With this
convention, the action of M is as follows: M6y = 6y, and M has 5 cycles of
length three:

(91 g 94 — 95 e 91, (92 — 98 — 910 g 92,
(93 g 912 — 915 e 93, ‘96 — 013 — 911 g 96,
97 — 99 — 914 — 97.

Denote the coordinates on P by X, € € (Z/2Z)*, or by X;, with the
relation between € and i as above. Then we define an action of M on P
by a projective linear transformation as follows:

M:PB P M Xt )= Xeatooo),

so M permutes the coordinates in the same way as it permutes the theta
functions. Obviously, we then have ©(M7) = MO(7), so the map O is equiv-
ariant for the actions of M on H4 and P! respectively.

2.2. The eigenspace P°. We are now interested in the image of Hiw in
P15, As the map O is equivariant for M, this image must lie in an eigenspace
for the action of M on P¥. In fact, as 0[5](2(M - 7)) = 0[¢"](27), the image
lies in the M-eigenspace, simply denoted by P?, defined by the linear equa-
tions

0:HM —XxcP® (cPY), P :X.=X., (ec(Z/22)").
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This eigenspace P> C P! can thus be parametrized by

Xr— (Xo: X1 : Xo: X3:X1:X1: Xg: Xr: Xo: X7t
X2:X62X3ZX6:X7:X3),

where X = (Xo: X7 : Xo: X3: Xg: Xy).

2.3. The variety X. The fourfold ©(#H}) thus lies in this P°, and we
recall how one can find the equation for its closure X. There are identities,
valid for all 7 € H4 and for some choice of signs, between even thetanulls of
the form

3 3 3 3

[Towo @) = TToE o + Lol = [T o) =0

=0 =0 1=0 =0

for suitable even g = 2 characteristics ['] (cf. [vG, 4.4],[vGS, 1.8]). Actually
the characteristics given in [vGS, 1.8] contain a misprint (one of them is
odd!), below are two sets of four g = 2 characteristics for which we have
identities as above:

loo)> [], fool, [ial,  and [gol, [iol, fools [on]

By taking the product of the eight expression on the left hand side for all
choices of signs, one obtains a polynomial in the #[%]?. Using the formula
from Section 1.5, this can be written as a polynomial of degree 32 in the
sixteen second order theta constants 6[J](27,0). The zero locus of this poly-
nomial in P contains the image of H4, and thus restricting it to the P?
gives an equation for X. Taking the GCD of two such equations of degree
32, we found that the image is defined by a polynomial I’ of degree 10. Thus

X = O(HY) = 0(As(2,4)) NP° = Z(F)

where A4(2,4) is the Satake compactification of A4(2,4) = H4/T'4(2,4) and
Z(F) is the zero locus of F in P°.

The polynomial F' defining & is homogeneous of degree 10 in the six
variables Xo, X1, X9, X3, Xg, X7, which give the coordinate functions on
P®, and it has 147 terms. It is symmetric in X7, ..., X7, and can be written
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as
F = F10 — XOX1X2X3X6X7F4

where the homogeneous polynomials Fy, Fg of degree 4 and 10 respectively,
are given by

Fy:= —6S] + 165, + 451 X7 + 2X¢,
Fip = 51522 — 35%53 + 125754 — 4855
+ (=52 + 25,53 + 454) X2 + S3X¢,

where S;(X1,...,X7) = s;(X?, .. .,X%) and s; is the degree i elementary
symmetrical function in the five squares X?,. .., X%.

2.4. The singular locus of X. The polynomial F' defining X is rather
complicated. We relied on Magma to show that the singular locus Sing(X’) of
X has dimension two and degree 320. It was then not hard to find 120 quadric
surfaces and 80 planes in Sing(X'), using Magma again, so we accounted for
all two-dimensional components of Sing(X). The general points of these
components all correspond to decomposable ppav’s, see Propositions 4.3
and 4.5 below. These singular points are in fact quotient singularities in
A4(2,4). We do not know if there are components of lower dimension in

Sing(X).
3. Automorphisms of X

3.1. The Weyl group W(Es) and Aut(X). The subgroup of Sp(8,Z) of
elements which map H}! into itself acts by projective transformations on
the eigenspace P® of M in P and maps X = @(’Hi\/l ) into itself. We recall
the results from [vG] on this subgroup and we show that it acts as the Weyl
group of the root system Fg on P°.

3.2. Centralizers and normalizers. The normalizer of the subgroup
(M) ={I,M, M~} in Sp(8,Z) is the subgroup

Ny :={Ac Sp(8,Z): AMA™' = M*},
whereas the centralizer of (M) is the subgroup:
Cr:={A € Sp8,Z): AM = MA}.

An element A € N, will either permute M, M ~! or it will fix both of them
and in that case M € (). Thus the index of C'ys in N,y is either one or two.
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In fact, the index [Ny : Cyy] = 2 since MBMM§1 = M, where

B = ( ? é ) (e GL(4,7)), Mp := < ]g g ) (€ Sp(8,7Z)),

here I is the 2 x 2 identity matrix.

3.3. The action of the normalizer. Notice that the normalizer Nj; maps
the Hermite upper half space H}! into itself: if 7 € H) then M7 = 7, hence
also M~'7 = 7 and:

M(AT) = A(M*'7) = A1 (A€ Ny, 7€ 1.
So we have biholomorphic maps
AHY — HY (Ae Ny).

In the projective representation of Sp(8,Z) on P, any A € Ny will
permute the eigenspaces for the action of M on P'5. As M has a unique
5-dimensional eigenspace P°, we must have A(P°) C P° and thus

A:P5 — P> (AeNy).

Obviously, X is mapped into itself and thus we have a homomorphism N; —
Aut(X).

3.4. A Hermitian form. The action of M € Sp(8,Z), with M2 + M +
I =0, on Z® defines the structure of Z[w] = Z[z]/(2? + = + 1) module on
Z8, where w acts as M. Using the alternating form on Z® defined by the
matrix F, which we denote also by E, we define a Hermitian form on Z® with
values in Z[w] as follows (cf. [vG, Lemma 6.2] and the proof of Proposition 3.5
below):

HM(x7y) = E(.Z', My) - WE(x7y)'

Let e; be the i-th standard basis vector of Z8. Then we have the Gram
matrix:

(HM(fl)f])) :diag(lvlv_la_l)a fl = ei+€i+47 (Z7j: 17"'74)7

so the f; are an orthogonal Z[w]-basis of Z® and the signature of Hj; is
(2,2).

The quotient ring Z[w]/2Z[w] = (Z/2Z)[x]/(z? + = + 1) is isomorphic to
the finite field F4. The Hermitian form Hj; on Z® defines a Hermitian form
on F} & (Z[w]/2Z[w])* by reduction modulo 2.

We recall the following results.
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3.5. Proposition.

1) The centralizer Cf(R) of M in Sp(8,R) is isomorphic to U(Hps) =
U(2,2), the unitary group of the (R-bilinear extension of the) Hermi-
tian form Hyr on Z8 @z R.

2) The reduction modulo 2 map induces a surjective homomorphism from
Cyn C Sp(8,Z) onto U(4,F4).

3) The center of U(4,F4) is cyclic of order 3 and is generated by the
scalar multiplication v — wv. The quotient group PU(4,Fy) is a finite
simple group of order 25920.

4) The reduction modulo 2 map followed by the quotient by < M >-map is
a surjective homomorphism of Nyy onto W (Eg). In particular, PU (4,
F,) is isomorphic to a subgroup of index two of the Weyl group W (Eg)
of the root system Eg.

5) The map © : HYT — P® factors over HI /Cr(2) where

CM(2) = {AGCM: AEImOdQ} = CMﬂFg<2)

Proof. The isomorphism Cp/(R) = U(Hys) is proven in [vG, Prop. 5.5.2].
The reduction map is studied in [vG, Lemma 6.2.3], the structure of U (4, Fy4)
and its relation with W (Eg) can be found in the Atlas [At]. The last item is
obtained from [vG, Proposition 6.4]. For the sake of completeness we check
that Hps is Hermitian. Using that F is alternating, E(Mx, My) = E(x,y),
M?=—-1—M,and 1 +w = —w? = —@ we have

Hy(y,z) = E(y, Mx) —wE(y,z) = —E(Mz,y) + wE(x,y)
= —E(M?%z, My) + wE(zx,y)
= E(x, My) + E(Mxz, My) + wE(x,y)
= E(x, My) — w’E(z,y)
= Huy(z,y) -

We also have

Hy (Mz,y) = E(Mz, My) — wE(Mz,y) = E(z,y) — wE(M?z, My)
= E(z,y) + w(E(z, My) + E(Mxz, My))
= —w?E(z,y) + wE(x, My)
= wHpy (2, y),

so Hyy is indeed Z|[w]-linear in the first variable. O
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3.6. The invariant quadric. The action of Nj; on P® thus induces an
action of W(Es) on P°. We will show in Proposition 3.8 that this action
is obtained from the standard reflection representation on the root lattice
R(Eg) by complexifying and projectivization:

P® = P(R(Eg) ®z C).
Among the 136 quadratic forms Q,,, only one is M-invariant. It is Q[3] =
> X2, which restricts to (cf. Section 2.2) XZ + 3(X? + X3 + X3 + X2 +

X2) on P5. The bilinear form defined by this quadratic form, for convenience
multiplied by a scalar, will be denoted by b:

b(X,Y) := %X()Yo 4+ X1V + XoYs + X3Ys + XeYs + X7Y7.
We will use b to define the inner product on the root lattice Eg.

3.7. The root system Fjg. The root system Fjg is defined by the Dynkin
diagram:

(6 %) Qs (67} (0759 (67
O i O
a1

The Dynkin diagram of Ejg

(so b(ev, ;) = 0,—1,2 if o; and «j are not connected, are connected or i = j
respectively). The following basis of the simple roots of the root system Eg
will be related to action of Nj; on P°:

a1 = (07 _1a _1707070)7 a3 = (07 17 _1707070)7 Qg 1= (070707 17 _170)7
as = (3,—-1,1,1,1,1)/2, as:=(0,0,1,-1,0,0), ag:= (0,0,0,0,1,—1).

The root lattice of Eg is R(Eg) = 69?:1Zo<i. A root a of Fg defines a reflection
on CY := R(Fg) ®z C:

50100 — C8, s (X)=X - Y = X —b(X,a)a

where we used that b(«, «) = 2. The reflections in the simple roots generate
the Weyl group W (FEjg) of Eg, which is a finite group of order 51840.

The following proposition gives explicit matrices in Ny, C Sp(8,Z) whose
action on P? generates the group W (FEg).
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3.8. Proposition. Let Mp € Ny be as in Section 3.2 and define My, M., My €

1000 20 -1 0
0100 00 00
0010 -1 0 20
0001 00 00
Maz=1 6 000 10 00|
0000 O1 00
0000 OO0 10
0000 OO0 01
-1 0 00 01 0 =2
01 00 -1 0 -1 0
00 -1 0 01 0 1
00 01 20 -1 0
M = 00 00 —-10 0 0
00 00O 01 0 0
00 00 00 -1 0
00 00 OO0 0 1
- 0 By (T 0
Mf.—<_Bf 0) with Bf'_<O—I>

where I is the 2 x 2 identity matriz.
The action of these elements in Ny; on P® is induced by the following
linear transformations in W (Eg):

Mp : (Xo, X1, X2, X3, X6, X7) —> (X0, X1, X2, X3, X7, X¢)
Mg : (Xo, X1, X2, X3, X6, X7) —> (X0, X1, — X2, — X3, —X¢, —X7),
Me : (XO’X17X27X3’X67X7) — (X07X17X27 _X37 _X67X7)7

1 3 3 3 3 3
1 -1 3 -1 -1 -1
1 3 -1 -1 -1 -1
. 1
Mf X — 1 1 -1 -1 3 —1 -1 X,
1 -1 -1 -1 -1 3
1 -1 -1 -1 3 -1
where X = (X, ..., X7) is viewed as a column vector. In particular, Mp acts

as Sag. Moreover, W(Eg) is generated by these four linear transformations
on CS.
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Proof. The action of Mp on P is very similar to the one of M which we
found in Section 2.1, it is simply Mp : X, — X,p. Thus under the action
Mp the coordinates Xy, X5, X10, X15 are fixed and the remaining ten are
permuted as follows:

X1 Xy, Xoe Xg, X3¢ Xio,
Xe < Xo, X7 Xyq3, X1 ¢ Xus

On the eigenspace P° of M, parametrized as in Section 2.2, we then have

Mg : P’ — P,
MBZ(X01X12X2:X31X6:X7)>—>(X02X11X21X32X7:X6),

for example Mp : Xg — Xg, but on P? we have X7 = X9 = X14.

The action of My and My is easy to compute using the series expan-
sion of the theta functions. To find the action of My, one can use that
My = diag(I,—1,1,—1)E where we take 2 x 2 diagonal blocks and F is as
in Section 1.1. The action of F on the second order thetanulls is well-known,
on P it is given by X, — Zp(—l)"tf’Xp (cf. [R, p.60]). By restricting to
P5 we find the matrix in W(Fg). A Magma computation shows that the
matrices which define the action on P? indeed generate W (Ejg). ]

3.9. Invariants of W(Es). The equation F for X, which we determined
in Section 2.3, is an invariant for the W (FEs)-action. The ring of W (Eg)-
invariant polynomials in C[Xy, ..., X7] is generated by invariants of degree
k, for k =2,5,6,8,9,12 (cf. [C], Chapter 9 and Proposition 10.2.5). Exam-
ples of invariants are the [, defined as the sum of the k-th powers of
the hyperplanes perpendicular to the 27 vectors vy, ...,ve7 in the W (Eg)-
orbit of the vector vy = (1,0,...,0), so Iy = 212;1 b(X,v;)k. For example,
I, = (3/2)b(X, X). A computation shows that, with ¢ = —2/675, the poly-
nomial F' defining X' can be written as

F = ¢(1152013T5 — 41601613 — 460817 + 2513).

3.10. The quotient X := X /W (Es). The quotient variety P°/W (Ejg) is
the weighted projective space WP% := WP5(2,5,6,8,9,12) and the quo-
tient map is given by the invariants Ij. The projection of X /W (Eg) C WP?
onto WP*:= WP*(2,6,8,9,12) is then a 2:1 branched cover with covering
involution given by Is +— —I5. Note that the branch locus is reducible, one
component is defined by I = 0, the other by 115201 — 4160112 + 25I§ = 0.
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4. Decomposable abelian varieties

4.1. The two cases. We consider the case that the abelian fourfold A,
for 7 € H}, is a product of lower dimensional ppav’s. We will show the
following:

1) The closure of the locus in X of ppav’s which are products of two
abelian surfaces consists of 120 (smooth) quadric surfaces (see Sec-
tion 4.2).

2) The closure of the locus in X of ppav’s which are products of an elliptic
curve and an abelian threefold consists of 80 projective planes, we refer
to these as Hesse planes (see Section 4.4).

In both cases, the surfaces which parametrize these products lie in Sing(X).

4.2. The products of abelian surfaces. The moduli space of two dimen-
sional ppav’s with an automorphism of order three (of type (1,1)) and a level
two structure has a model which is a P! C Ay(2,4) = P3 ([vG, Theorem
8.4]). There are 3 points on this P* where the abelian surface degenerates
to (C*)? and there are two points where it decomposes into E32, where the
elliptic curve Ej3 is defined as

Es:=C/(Z + WwZ).

The product of two such abelian surfaces is a fourfold of the type we consider
here, so we expect to see copies of P! x P! inside X. In fact, the quadric
(D22 in the next proposition parametrizes such products.

The roots a5 = (0,0,0,1,—1,0), ag = (0,0,0,0,1,—1) € Eg define the
hyperplanes ag- : X3 = Xg and aé- : X¢ = X7. Thus the projective 3-space
Z in the following proposition is Z = aé; N oaé-. These two roots span the
root system{+as, tag, (a5 + ag)} in Eg which is isomorphic to Ay. There
are 120 such subsystems and W (FEjg) acts transitively on them, so we get
120 quadrics like Q22 in X.

4.3. Proposition. Let Z C P° be the projective 3-space defined by
Z: X3=X¢=Xr (CP?).

The intersection of Z with X C P® has two irreducible components, denoted
by Qa2 and Saa, of degree two and six respectively,

XNZ = QU Sy,

and the quadric Qa2 lies in Sing(X).
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The quadric Qoo parametrizes products of abelian surfaces, each with
an automorphism of order three of type (1,1). The surface Saa, which is
birationally isomorphic to a K3 surface, parametrizes abelian fourfolds which
are isogeneous to a product of abelian surfaces.

Proof. An explicit Magma computation shows that the restriction of F' to
Z factors as

F(Xo, X1, X2, X3, X3, X3) = ¢35 fo2, g22 = X0 X3 — X1 Xo.

As Q99 is a smooth quadric, it is isomorphic to P! x P!, A parametrization
is given by

P' xP' — Qu (C 2),
((s:t),(u:v))— (Xo: X1:Xo: X3) = (su:sv:tu:tv).

Substituting this parametrization in the partial derivatives of F' with Magma,
one finds that they all vanish on @22, hence Q22 C Sing(X). We checked that
exactly 36 of the quadrics @, vanish in a general point of ()22, so such a
point corresponds to a product of two abelian surfaces.

To find a subdomain in H}? which maps to Q22, we consider the following
matrix (found by trial and error):

—1

A 0 0

Mpr = ( Op tAil > (6 Sp(& Z))a AP = 1
P

0

O O = O
o O O
— o O O

so A, acts as A (the (1, 1)-block of M) on the first and the third coordinates,
but it acts as the identity on the second and fourth coordinates. One has
M, M = M M,,, so My, € Cjps acts on the Hermite upper half space HY.
The fixed point set of M, in H}! consists of the block matrices (with indices
1,3 and 2,4 respectively) of the period matrices of abelian surfaces with an
automorphism of order three. In particular, HQ/I’M’" parametrizes products
of ppav’s. The map © will map this 2-dimensional domain to an eigenspace
of the action of M, on P5. The action of M, on P’ is given by X, XoA,,
and one easily checks that M, fixes Z pointwise and that it has two other
isolated fixed points in P°. For dimension reasons, we get that @(’HiVI’M’”) C
7, and the closure of the image must be Qos.

Recall that the reflection defined by ag is induced by Mp, as in Sec-
tion 3.8. The matrices Mp and M, generate a subgroup of order six in
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Sp(8,Z) which is isomorphic to W(Asz) = Ss. One reason for this is that an
abelian surface with an automorphism of order three of type (1, 1) actually
admits S as automorphism group (the case III in [BL, Section 11.7]).
Now we discuss the other component Sos. To see a subdomain of the
Hermite upper half space which maps to S22 we consider the matrix

0 -2 0 0
—( A Bip ip = 2 ooy

sz.—< 0 tAp1> (€5p(8.2),  Bw=| ¢ o o o |
2 0 2 0

where A, is as above. In particular, M,, and M;, have the same image in
['y/T4(2,4) and thus Z is also an eigenspace of the action of M;, on P°. The
matrices M;, and Mp also generate a subgroup of Sp(8, Z) isomorphic to Ss.
However, the fixed point loci Hiw’M” and Hi\/l’Mi” are not conjugate under
the action of Sp(8,Z). In fact, consider the sublattices A, := ker(M,, — I)
and A;, := ker(M;, — I), both isomorphic to Z*. The alternating form E
restricts to an alternating form with determinant 1 on A,,, but its restriction
to Aj, has determinant 9, which implies the matrices cannot be conjugate
in Sp(8,Z). As © also maps Hiw’M”’ to Z, the image @(’ny’M””) must be
the other component Sso of the intersection of X with Z.

The surfaces Q22 and S99 intersect along a curve of degree 12, which is
the union of six lines, each with multiplicity two. These lines are also the
singular locus of S9s. A better model of Sos can be obtained as the image
of the birational map

Say —+ PY (Koo 1 Xp) > (Xog2a(X) : -+ 1 Xagaa(X) : 73(X)),

with
r3(X) 1= X3(Xo — X1 — X2 + X3)(Xo + X1 + X2 + X3).

All coordinate functions vanish on the six lines and are homogeneous of
degree 3. The birational inverse of this map is induced by the projection on
the first four coordinates. The image of this map was found with Magma. It
is a complete intersection of a quadratic and a cubic hypersurface. The image
is smooth except for 9 ordinary double points. Thus the minimal model of
the image, and hence of Sso, is a K3 surface. O

4.4. The Hesse planes. In [vG, Theorem 8.5], it was shown that the
moduli space of three dimensional ppav’s with an automorphism of order
three (of type (2,1)) and a level two structure has a projective model which
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is a P2. Taking the product of such a threefold with the elliptic curve F3
(see Section 4.2), we obtain an abelian fourfold of the type we consider here.
The decomposable ppavs, products of a abelian surface with the elliptic
curve Fj3, form a configuration of 12 lines. These are the 12 lines in the four
reducible curves in the Hesse pencil 23 + y3 + 23 + Azyz = 0 (cf. [AD]). A
Hesse plane will be a copy of a P? with a Hesse pencil. Thus we expect to
find such Hesse planes inside X.

4.5. Proposition. There is a unique conjugacy class C in W (Eg) consist-
ing of 80 elements, each of order three, whose characteristic polynomial in
the siz dimensional representation is (2 + x + 1)3.

Fach g € C has two eigenspaces in P, both are planes P? C X. More-
over, each of the two planes lies in Sing(X') and in this way we get 80 planes
in Sing(X). Each plane parametrizes products of an abelian threefold and
an elliptic curve.

Proof. The conjugacy class C' can be found from [Fra, Table IT, p.104] or [At].
The 80 elements in C come in pairs, g, g2, which have the same eigenspaces.
The group W (Ejs) thus acts transitively on the set of 2 - 40 = 80 eigenspaces
of the elements of C'.

Magma provided one element g3 € C' and one of its eigenspaces Wis:

-1 0 0 0 0 -3
0 -1 -1 1 1 0
1| 0 1 -1 1 -1 0
=51 0 -1 -1 -1 -1 o0 |’
0 -1 1 1 -1 0
1 0 0 0 0 -1
3 0 0
0 1 0
0 0 1
Ws = 0 w  —w? |’
0 —w? —w
-1 — 2w 0 0

where the columns of W3 span the eigenspace of g3 with eigenvalue w. Substi-
tuting a parametrization of Wj in the partial derivatives of F', using Magma,
we verified that W3 C Sing(X') and similarly that 28 of the quadrics Q,, van-
ish on W3. Hence W3 parametrizes products of an abelian threefold and an
elliptic curve. The other quadrics @), intersect each plane in two lines. [J
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4.6. Remark. The centralizer of g3 in W (Eg) acts on the eigenspace PW3
as in the proof of the proposition. With Magma we found that it is a group of
order 648 which coincides with the group denoted by Ga16 in [AD] acting on
the Hesse pencil. The W (Eg)-invariants Iy, for k = 2,5, 8 restrict to zero on
PWs3, whereas I, Ig, I19 restrict to invariants of Gaig. We checked that the
restrictions of I and I12 are linearly independent degree 12 polynomials. The
ring of invariants of Gai6 is thus generated by the restrictions of Iy, Ig, I12

(ct. [AD]).

5. Some fixed point loci in X

5.1. Fixed points. In this section, we consider the fixed point loci in X
of one reflection and of two commuting reflections in W (Es). The case of
two non-commuting reflections was already described in Proposition 4.3.
We show that the Hessian variety Wig of Igusa’s quartic threefold is an
arithmetic quotient. This was conjectured by Hunt ([H, p.7-8]), based on
an analogy with the Nieto quintic. We also find a projective model of a
two-dimensional moduli space of abelian fourfolds with an automorphism of
order 12.

5.2. Proposition. Let H, C P° be the projectivization of the reflection
hyperplane defined by a root o € Eg. Then the intersection of H, with X
s an irreducible 3-fold of degree 10, which is Whg, the Hessian of the Igusa
quartic:

Wio :=H,NX.

This 3-fold parametrizes abelian fourfolds of Weil type which are isogeneous
to the selfproduct of an abelian surface.

Proof. As W (Eg) acts transitively on the roots of Fg, it suffices to consider
the case that o := (—3,1,1,1,1,1)/2. Then H, C P? is defined by the linear
equation

H, ={XeP’: b(a,X)=0}
:{X€P5: —X0+X1—|—"'+X7:0}.

The equation of the intersection H, N X is thus F(X; + -+ X7, X1,
..., X7) = 0 C P*. This polynomial is quite complicated, it has 591 terms.
However, an explicit computation with Magma shows that it can also be
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obtained as follows. Let Z; be Igusa’s quartic threefold in P*, with coordi-
nates X1, Xo, X3, Xg, X7, which is defined by the equation

Ty: G:=s3—4s,=0, (CPh

where the s; are the elementary symmetric functions of degree ¢ in these
variables (cf. [vdG, Theorem 5.2, Theorem 4.1], [H, Section 3.3]). Then we
have, for a non-zero constant c:

F(X1+--+X7,X X7) =c-det 827(;
1 TyAlyeeeyAT) = aXlan )

(with 4,7 € {1,2,3,6,7}) so the intersection H, N X is the Hessian W of
Igusa’s quartic.

The symmetric group Sg = W (As) also acts on Wyg. In fact, one has
b(a, ;) =0 for : =2,...,6, hence the root system of type As defined by
aa, ..., aq is perpendicular to «. Thus the Weyl group W (As) acts on the
hyperplane section Wyg = H, N X.

Now we find a 3-dimensional subdomain of H}! which maps to Wio.
As W (Eg) acts transitively on the roots of Eg, so for convenience we may
redefine « := ag. The reflection s, acts as Mp € Sp(8,Z) (see Section 3.8),
thus the fixed points of Mp in Hiw map to an eigenspace of s, in P°.

The fixed points in H4 of the involution Mp are the 7 € H4 such that
Mp -7 =7, that is, BTB~! = 1, equivalently, BT = 7B, so

T T
7‘[243:{< ! 2)67‘[427’1=t7’1,7'2:t7'2}.

T2 T1
The intersection of Hi\/l’MB =HM N ’Hi\/‘[B is three dimensional, because,
as in Section 1.2, we find that a period matrix in ”Hfle is fixed by M iff
71 = —(72 + ') = —27. Thus, changing the sign of 7, we get

/HQ/I’MBZ{< 2 T > € Hy: 7'267'[2},

—Ty 2Ty

in fact, 70 must be symmetric and its imaginary part must be positive def-
inite, conversely, given o € Ho we get an element in Hy since the matrix
with rows 2, —1; —1,2 (the Cartan matrix of Ay) is positive definite. For
TE Hi\/‘[’MB, the abelian fourfold A, is isogeneous to 2 copies of the abelian
surface A,,, since one has, similar to Section 1.1, the following commutative
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diagram:
Q-
0 z! C? A, 0 (so NQ=Q,N'),
NJ( N’l wl
0 78 . ! A, 0

where the maps are defined by matrices with 2 x 2 blocks and the vectors
are row vectors:

2’7’2 —T9

o I I 0 0 o —1T9 27’2
N_<OOII>’QT I 0 |

0 I

Qﬁ::(?) N=(TIT).

This shows that there is a non-trivial holomorphic map ¢ : A, — A-. Apply-
ing the automorphism ¢ of order three of A, to the image of 1, one obtains
another copy (up to isogeny) of the abelian surface A;, in the fourfold A,
and thus A, is isogeneous to A2 . O

5.3. Another reducible section of X'. In Proposition 4.3 we showed that
X N Z, where Z = P? is subspace of P? perpendicular to a root subsystem
of Eg of type Ao, was reducible. Now we consider the intersection of X with
a P3 which is perpendicular to two orthogonal roots, so a root system of
type A7.

Up to the action of W (FEjg) such a subsystem is unique, and there are 270
of these. We take the perpendicular roots (0,0, 0,0, 1,1) and (0,0,0,0,1, —1),
then the P? perpendicular to both roots is defined by Xg = X7 = 0.

5.4. Proposition. Let W C P® be the projective 3-space defined by
W: X¢=X;=0 (CP®).

The intersection of W with X C P> has two irreducible components, X N
W = Qg7 U Se7, where Qg7 is a smooth quadric and Sgr is a degree 8 (sin-
gular) rational surface.

The quadric Qgr parametrizes abelian fourfolds whose endomorphism
algebra contains the field of 12-th roots of unity. The surface Sg7 parametrizes
abelian fourfolds each of which is isogeneous to a product of elliptic curves.



A Picard modular fourfold and the Weyl group W (Eg) 943

Proof. We found by explicit Magma computation that
XNW = Qer U Ser, Qe7: Xg— X7 — X5 — X3 =0,
and the degree 8 surface Sg7 is defined by

XEXEX3X2 - X1 Xy — X1 X5 — X59X5
+ X{X2X2 4+ X2XIX2 + X2X2X4 =0.

The intersection of these two surfaces consists of 8 conics. These conics are
also the intersection of Qg7 with the planes Xg = +X; + X5 + X3, for any
choice of signs.

The singular locus of Sg7 consists of the three lines X; = X; =0 for
i,j € {1,2,3}. Let S be the double cover of P? (with coordinates Zy, Z1, Z)
given by

S: T*=7Z3+ 7} + 25— 737} — 7373 — ZiZ3 (S c WP(1,1,1,2)).
Then there is a birational isomorphism between Sg; and S given by
Ser —-+ S, (Zo:Z1:Z9:T) = (XoX3: X1X3: X1X5: XoX1X2X3),
with birational inverse
S -+ Sg7, (Xo:X1:X9:X3):=(T:21Zy: ZoZs : ZnZy).
Notice that the branch locus of S — P? is reducible:

Zg+ 21+ 24 — 7272 — 7272 — 7272
= (Z2 + W22+ wZ3)(Z2 + wZ? + W Z2).

The conics defined by the two factors intersect in the four points (1:+1:
+1). It is now easy to see that Sg7 is rational: the inverse image of a general
line through the point (1:1:1) is again isomorphic to P! and each conic
gives a (ramification) point on this double cover. Thus one can parametrize
the double cover.

We now show that the quadric Qg7 parametrizes abelian fourfolds X
whose endomorphism algebra contains the field of 12-roots of unity, Q(¢{12) C
E?’LdQ (X ) .

For this, it is convenient to change the pair of perpendicular roots to
ag =(0,1,-1,0,0,0) and ag = (0,0,0,0,1,—1). The projective 3-space W’
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perpendicular to both of these roots is defined by X; = X9, Xg = X7. We
write

XﬂW’ZQ36U536

where (Y36 and Ssg are surfaces of degree 2 and 8 respectively.
To find a subdomain of ’Hflw which maps to (Q36, we define an element
Mc € Sp(8,7Z) as a block-matrix with four diagonal 2 x 2 blocks C' = 'O~

C = < Y (1) ) (€ GL(2,7)),
Mc = diag(C,C,C,C) (€ Sp(8,Z)).

One easily verifies that McM = M Mc, so Mg lies in C)y, the centralizer
of M. Thus Mc maps HM into itself. As M has order 3 and M has order
four (in fact MZ = —I so M has eigenvalues =i with i = —1), the matrix
My := M M¢ is an element of order twelve in Sp(8,Z). As My, = M, M3, =
Mc, we get

(HM)Me = Mz My = M M.

Using a commutative diagram as in Section 1.1, one finds that for 7 € H =
the matrix M5 induces an automorphism ¢12 of order 12 the abelian variety
A;. Thus the field Q(¢12), where (12 is a primitive 12-root of unity, is con-
tained in the endomorphism algebra of A, for any 7 € H2. The eigenvalues
of ¢12 on the tangent space ThA, = C* are (12, (D, Clo, (ia.

From [BL, Section 9.6] one then obtains (with d =1, ¢g = 2, m = 2 and
(ry,s,) = (1,1) for v = 1,2 and notice that their disc H; ; is biholomorphic
to H1) that abelian fourfolds with such an automorphism are parametrized
by H2. In particular, dim HM:> = 2. From [BL, Exercise 9.10 (4)] it follows
that for 7 € HM2 the endomorphism algebra of A, contains an indefinite
quaternion algebra over the field Q(v/3).

Now we show that the closure of the image of HM12 under © : H} — P
is the quadric Q3¢ C Z'. The image is contained in the fixed points of Mg
acting on P® ¢ P, The action of Mc on P'® can be found as we did in
Section 2.1 for M (now with A replaced by diag(C,C)), one finds that the
coordinates Xg, X3, X129, X15 are fixed and that Mg interchanges X7 <> Xo,
X4 <~ Xg, X5 <~ X10, X6 <~ Xg, X7 <~ XH, X13 <~ X14. Thus:

M : P° — PP,
(XQZXl2X2ZX32X62X7)P—>(X01X2:X1:X32X71X6),

hence (HM)Me = HM2 maps to the subspace W' = (P%)Me ¢ P,
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The image of HM2 is thus Qs or Sss. We checked that none of the
quadrics Q,,’s is identically zero on W' and that there are exactly six which
vanish on Q3¢ (and as S3¢ has degree 8, none of the @, can vanish on it).
Now we show that six of the Q,, vanish on the image of H*2  hence Q3¢ is
the closure of the image of H=.

For this we use the action of M¢ on the 0[], similar to [vG, Proposition
10.7.3]. Using the series defining these theta constants and the fact that
C'C = I one has, with now A = diag(C,C):

ﬂﬂ@@~ﬂ=ﬂ$«ﬂze{*2“‘“6ﬂ0ﬂ

/ / / /

— (-1 525’2-1-545& €2 €1 €4 €3 )
e[ 002 |0
It easily follows that if My -7 = 7, then there are six 6,,(7) which satisfy
Om(Mc - 7) = —0,,(7) and thus they vanish. Therefore six @, vanish on the
image of O(H2) C Q.

Finally we identify the period matrices mapping to the octic surface Ssg.

We define an element Mp € Sp(8,Z) as a block-matrix with four diagonal
2 x 2 blocks D =D~

D= < - ) (€ GL(2,7)),
Mp = diag(D, D, D, D) (€ Sp(8,Z)).

One easily verifies that MpM = M Mp, so Mp lies in Cj, the centralizer of
M. Thus Mp maps HM into itself. Moreover, MgMp = MpMp, thus Mp
maps ’Hi/[’ Z into itself.

The fixed point set Hiw’MB Mp has dimension two because it consists

of the matrices 7 = 7(m2) € Hi\/l’MB as in the proof of Proposition 5.2, with
diag(D, D)7 = rdiag(D, D), so

2 MM Mp _ 219 —To CHy: = Tl Ti12 € My
4 —Ty 2Ty ’ Ti2  Ti1 ’

In particular, dim Hf’MB’MD = 2. As Mp = Mg mod T'4(2,4), these matri-
ces act in the same way on P® and thus @(’H%MB’MD) is a surface in W'.

For 7 € ’Hi\/l’MB, the abelian variety A, is isogeneous to a selfproduct Y;?
where Y, is an abelian surface. The map Mp induces an involution on the
abelian variety Y;, and thus Y is isogeneous to a product E; X Es. There-

fore if 7 € H%’MB’MD, the abelian variety A, is isogeneous to a product



946 B. van Geemen and K. Koike

(E1 x E3)?, where the E; are elliptic curves depending on 7 and, for dimen-
sion reasons, the moduli of these two elliptic curves vary independently over
H,. This implies that Endg(A;) = M»(Q)? for a general 7 € HQ/I’MB’MD.
The minimal polynomial of an element in this Q-algebra cannot be irre-
ducible of degree 4, and thus Q((12) ¢ Endq(A;). Therefore the closure of
@(’Hi\/[’MB’MD) is not (Q3g, but it is the octic surface Ssg. O

6. The boundary of X

6.1. The boundary components. The quotient of the Satake compacti-

fication A4(2,4) of A4(2,4) by the group I'y := Sp(8,Z) is the Satake com-
pactification Ay = H4/Ty. This variety has one boundary component of
dimension k(k +1)/2 for k =0,1,2,3, whose closure is isomorphic to the
Satake compactification Ay := Hj,/T'y. Therefore the group I'y acts transi-
tively on the boundary components of a given dimension of 44(2,4). The

boundary of X = @(A4(2, 4)) NP3, is, by definition, the intersection of P?

with the boundary of ©(A44(2,4)).

6.2. Proposition.

1) The boundary of X consists of 45 lines, which we call the boundary
lines. They are the W (Eg)-orbit of the line

l: Xo=X3=X¢=X7=0.

2) There are 27 points of intersection of the boundary lines. These points
are called the cusps of X. The group W (Es) acts transitively on the
CUuSPS.

3) The cusps correspond to degenerate ppav’s (CX)4. A point on a bound-
ary line which is not a cusp corresponds to a degenerate ppav (C*)? x
B, where B is an abelian surface with an automorphism of order three.

4) Each boundary line contains 3 cusps and each cusp is on 5 of the
boundary lines. The 3 cusps on l are:

(1:0:0:0:0:0), (1:1:0:0:0:0), (1:—=1:0:0:0:0).

Proof. We recall some facts on the action of I'y on P'°. The normal subgroup
[4(2)/T4(2,4) = (Z/2Z)8 of Sp(8,Z)/T'4(2,4) is generated by block matrices
with a,d = I, and ¢ =0 and b a diagonal matrix with even entries or the
transposed of such a matrix. These matrices act as elements of a finite
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Heisenberg group on P'°. The matrix Mg with ¢ =0 and b = diag(23)
acts as X, +— (—1)%7X, and My, with b =0 and c = diag(2y), acts as
Xo = Xojqy.

From [vG, section 3.7] (but note that we interchanged the diagonal
blocks in 7(t)) it follows that a k(k + 1)/2-dimensional boundary compo-
nent of ©(A4(2,4)) is contained in the linear subspace defined by X, =0
for those o € (Z/2Z)* with (04—, ...,04) # (0,...,0). This P2~ is a com-
mon eigenspace of the elements in the Heisenberg group with ¢ = 0. Thus
to find all boundary components of X one determines the intersection of X
with the eigenspaces of the elements of the Heisenberg group.

For k=0, one finds a zero dimensional boundary component of the
image of A4(2,4) in P'®, it is the point p:= (1:0:---:0), so only X # 0.
This point is fixed under the action of the subgroup in the Heisenberg group
of matrices with ¢ = 0. The point p actually lies in X € P° and we checked
that all 0-dimensional boundary components of X are in the W (Es)-orbit
of p, which has 27 elements.

In terms of the FEg root system, p can be described as follows. The
fundamental weight \; of Fg is defined by the equations Bg()\;, a;) = 6ij,
where 0;; is Kronecker’s delta. It is easy to check that Ay = (2,0,0,0,0,0),
thus p is the image of this fundamental weight in P° = P(R(Fg) ® C).

The P3? C P defined by by Xupeq = 0 if (c,d) # (0,0) € F3 is the clo-
sure of a 3-dimensional boundary component of O(A4(2,4)). Using the
action of I'y, one finds that also the P3 defined by Xpe.q = 0 if (a,c) #
(0,0) € FZ is the closure of a boundary component. On this P2, only the
coordinates Xg, X1, X4, X5 are non-zero and the other 12 are zero. Using
the results from Section 2.1, one finds that this P? intersects the eigenspace
P’ in the line  defined by X3 = X3 = Xg = X7 = 0.

By restricting the quadrics @, to the line [, one finds that there are
only three points in which 120 of them vanish, thus there are exactly three
cusps, the ones listed in the proposition, on [. The other results stated in
the proposition follow from further Magma computations. O
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