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A strong Harnack inequality for graphs

FAN CHUNG AND SHING-TUNG YAU

We introduce the curvature (and the flow curvature) for graphs,
which allow us to prove several Harnack inequalities for general
graphs (which are not necessarily regular). We first show that for
a graph with curvature k, the combinatorial eigenfunction f asso-
ciated with eigenvalue X satisfies, for any edge {x,y},

1f(@) = F(W)]? < (8\ + 4K)dimas

where max, |f(z)| = max, f(z) =1 and d,q, denotes the maxi-
mum degree. The above inequality is used to prove a a strengthened
inequality which implies that the ‘stretches’ of edges determined
by eigenfunctions are particularly ‘small’ (in terms of the associ-
ated eigenvalue and curvature) near the maximum point. Namely,
for a graph with curvature s, the combinatorial eigenfunction f
associated with eigenvalue A satisfies, for any edge {x,y},

2 _ 1A+ 2K 2
|f(@) = )l < 51 (8= f(x))

where c5 > 8 > 1+ c3\ + ¢4k and ¢’s are constants depending only

on the maximum degree of the graph.
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1. Introduction

In spectral graph theory, the main subjects of study are eigenvalues and
eigenfunctions. Compared with eigenvalues, the treatments of eigenfunctions
are relatively scarce. One of the main tools for dealing with eigenfunctions is
the Harnack inequality. In [5], it was shown that for a d-regular homogeneous
graph, the eigenfunction f associated with eigenvalue A satisfies, for a vertex
x and a neighbor y of x,

(1) /(@) = f)* < 8Admax |f(2)|”

provided that the graph is so called “Ricci flat”.

In this paper, we consider general graphs which are not necessarily regu-
lar. We define “frames” on graphs which are used to define the notion of the
Ricci curvature for general graphs. Different from several existing notions
of Ricci curvatures for graphs, the definitions of Ricci curvatures for graphs
here are crucial for proving the strong version of the Harnack inequalities. It
is desirable to show that the stretches |f(z) — f(y)| of any given edge {z,y},
where f is a combinatorial eigenfunction, can be upper bounded by a linear
combination of the associated eigenvalue and the curvature. In particular, for
edges incident to vertices close to the vertex which achieving the maximum
value of f in absolute values, the bound can be shown to be even tighter.
An example of a cycle C}, on n vertices is useful for illustrating such effects.
Namely, for the eigenfunction f(j) = cos(27j/n) associated with eigenvalue
A =1 — cos(2n/n), the stretch of any edge is bounded above by ¢v/A which
is of order 1/n while at the maximum point f(0) =1, the stretch of any
incident edge is of order 1/n%. Our goal is to establish general Harnack
inequalities of a similar flavor for general graphs.

We will first establish the following Harnack inequality. For a graph with
curvature k, the combinatorial eigenfunction f associated with eigenvalue A
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satisfies, for any edge {z,y},

(2) 1F(2) = F()]* < (8\ + 4K)dpmas

where max, |f(z)| = max, f(x) = 1 and dpqs denotes the maximum degree.

The above Harnack inequality will then be used to derive a sharper
inequality for edges close to the maximum point. We will show that for
every vertex x and a neighbor y of x,

A+ ok

T (B f@)

(3) f(@) = fly) <

where ¢5 > 5> 1+ c3\ + ¢4k and ¢’s are constants depending only on the
maximum degree.

We note that (3) provides a much sharper upper bound than (2) when
f(z) is close to 1. If we choose 8 = 2, then (3) essentially implies (2) albeit
with different constant factors. We remark that (3) is essentially a discrete
version of the gradient estimates given by Li and Yau [8] in the corresponding
problem for compact Riemannian manifolds.

The paper is organized as follows: In Section 2, we examine Ricci flat
graphs which provide the motivation for defining the Ricci curvature for
general graphs. In Section 3, we define frames which will then be used to
define two notions of Ricci curvature for graphs. We briefly survey several
previously known notions of Ricci curvature for graphs and comparisons are
given among different notions of curvature. In particular, the curvature and
flow curvature for graphs that we define here are motivated and required in
the proofs of the main theorems for establishing the Harnack inequalities.
In Section 4 we deal with the tedious but essential ways for bounding lower
order terms which usually can easily be eliminated in continuous settings by
taking limits but in the discrete cases, various estimates depend on control-
ling the lower order terms which need to be taken account carefully (and
delicately). In Section 5, we give the main proof for the strong Harnack
inequality for Ricci flat homogeneous graphs upon which the subsequent
proof for general graphs is based. In Section 6, we give the Harnack inequal-
ity for general graphs and the proof for the strong Harnack inequality is
given in Section 7. In Section 8, we illustrate some consequences of Harnack
and strong Harnack inequalities by deducing several eigenvalue-diameter in-
equalities.
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2. Laplace operator and Ricci flat homogenous graphs

Let G denote a graph with vertex set V' and edge set E. For a vertex z in
V', the degree d, is the number of neighbors y such that {z,y} is in E. We
write z ~ y if {z,y} is an edge in E.

The Laplace operator A acting on {f : V' — R} is defined by

An eigenfunction f with associated eigenvalue A satisfies

(4) Af(x) = Af(x).

A homogeneous graph I' refers to a graph whose vertex set consisting of
elements or cosets of a group G. The edges in [ is determined by a subset S
of G such that z ~ y if and only if y = gr where g is in S. We say that the
edge generating set S is symmetric if a € S if and only if e~ € S. When
S is symmetric, then I' is an undirected graph. It is well known that the
eigenvalues of a homogeneous graph can be explicitly expressed (see [3]).

Lemma 1. In a homogeneous graph I determined by a symmetric edge
generating set S of a group G, the eigenvalues \; of the Laplace operator can

be written as
1
ANi=1-— @Zpi(a)
acs
where p; is a character of G.

A homogeneous graph I' with edge generating set S is said to be Ricci
flat if for every x € V and for a € S, we have

(5) {abx : b e S} = {bazx : b e S}

For f,g:V — R and a € S, we define

(6) Vaf(2) = f(z) - f(az)
1
(7) / o) = 5 aezsgmx).

Therefore we can write Af = [ V. f(x).
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Lemma 2. In a Ricci flat homogeneous graph I' with a symmetric edge
generating set S, for any function f:V — R, we have, for a fixred a € S

and any vertex x,
/vavbf = /vaaf.
b b

Proof. For a fixed a € S, we consider

ViVaf (@) = [ (#(0) = flaw) = (£2) - flabo)))

b

Lemma 3. In a homogeneous graph I' with a symmetric edge generating set
S, for an eigenfunction f:V — R with associated eigenvalue \, we define

(5) = 5 o) ~ )

Then, for a fived a € S and a vertez x, we have

(9) AF(z) = 22F(x // (VaVo/(2))? +2Q(x)
where

(10) Q) = [ [ G @)(TuVf @) = VTt (@),

Proof. We consider

Vo f (@) = Vo f(az)]* = (f(z) ( )) — (f(
=2(f(x) — f(ba)) (f(z) -
— (f(= b:c) flazx) + (ba:r:))

— 2V, f(a ) VoV (@) = (VaVof(@))*
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Since F(x) = [, |Vyf(x)|?, we have

/\be — Vo f ()
:/(Qbe( )+ VaVif(z)) —/(Vavbf(ac))2
b b

Therefore we have

/ VoF(
/ / 2V, f(x) - VoV f(z) — (Vabe@«“))Q)

- (i (f ) - [

From the definition of @ in (10), we have

AF(@) = [29,f(@)V (/ ) | [ a5er@)+ 200
/wa // Vil (@)? +2Q(x)
:2)\/\be // VaVu (@) +2Q(x)

=27 - [ [(V.9@)" +200)

as desired.
Another useful identity is the following;:

Lemma 4.
(1) AfA ) = 20 f2 () — F(2).
Proof. We note that

AS3 () = /v £2(x)

[ [

= 2Af2< ) —
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3. The Ricci curvature for a general graph

Our strategy for defining the curvature for a general graph is based on
Lemma 2 and Lemma 3. We will define frames on a general graph so that
the methods for homogeneous graphs can be applied. In addition we will use
the function Q(z) as defined in (10) to define the curvature.

We consider a general weighted graph I" and the weight of an edge {u, v}
in E(T") is denoted by w,, ,. For a vertex v, the set of neighbors of v is denoted
by N (v).

N@w)={ue V() :{u,v} € EI)}.

The degree of v is denoted by d,,, which is the sum of edge weights w,, , over
all u.

3.1. Defining frames

Before we proceed to define the Ricci curvature for a general graph I', we
will first define frames on a graph G. Let A be a set and p be a probability
distribution on A. We say a graph I' has an (A, p)-gravitation via ¢ = {p, :
veV()}if g, : A— N(v) is an onto mapping satisfying the property for
each vertex u in N(v), the pre-image of u in ¢, denoted by ¢, ! (u), satisfies

(12) ulpy (w) = <.
v

We call A a frame of the gravitation and ¢ a set of frame maps. For exam-
ple, for the grid graph as the cartesian product of two cycles, we can take
the frame to be A = {east, south, west, north} and each of the four edges
incident to a vertex v is assigned a direction accordingly. For a homogeneous
graph with edge generating set S, we can take A = S and, for a vertex =z,
we define p,(a) = ax.

In general, A is not necessarily finite. For example, we can choose A
to be the unit interval [0,1] for the graph which consists of two cycles
intersecting at one vertex, as illustrated in Figure 1. We can define ¢ so
that, for ¢ # 1,20,21,22,41, ¢, (vi41) = [0,1/2) and ¢, (vi—1) = [1/2,1].
In addition, we set ¢, (v2) =1[0,1/2) = @, ! (v21) = @, (va3) = @5t (var),
Yot (v21) = [1/2,1] = ¢ (v19) = @y 1 (v21) = @i, (va0), and @y} (v1) = [0,
1/4)’ 90;21 (U20) = [1/47 1/2)7 30172{ (U22) = [1/27 3/4]7 and 901721 (041) = [3/47 1]'

For a graph I' with an (A, p)-gravitation via ¢, we can define the gradient
Vof for f:V(I') = R as follows: For v € V(I),

Vaf(v) = f(v) = f(pu(a))-
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Figure 1: A graph which consists of two cycles intersecting at one vertex.

For g : A — R, we write

Jo@= [ _ slauta).

The Laplace operator A for a general graph can be rewritten as follows:

We will consider

(13) F(z) = / Vo f(z)]?
= xr) — 2 a
§ (f(x) = f(y)) /%(a)_yu( )

[
]

= (f(x) = f(y)) way-

Therefore for two adjacent vertices x and y, we have

dy
(14) |f(z) = f(y)]® < F(2) < dmaaF ()
Wy
where
dy
(15) dmaz = Max
Y Wgy

For a simple graph, d,,q; is just the maximum degree. We will call d;,qz
the maximum degree for general weighted graphs as well.
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A graph with an (A, p)-gravitation via ¢, is said to be Ricci flat if for
every vertex v, we have

(16) /b VoV f(v) = /b VoV f(v).

From the graph in Figure 1 and the set of framing maps as defined
above, the graph is almost Ricci flat in the sense that for a and for v;
where i # 1,20,21,22,41, equation (16) holds. However, for a € [1/2,3/4]
and 7 = 1, we have

(17) /bVabe(Ul) - /bvbvaf(’vl)

= ) + 17 (om) ~ 3Fom) + 1F(on).

3.2. Defining two notions of curvature

We say that k is the curvature of a graph if « is the least value such that

(18) / Vol / ViVaf(x) ~ VaVaf (2)) < / Vaf(x

holds for all x and eigenfunctions f : V' — R. We remark that this definition
could be defined for all functions f, although in later proofs only eigenfunc-
tions are required.

We note that x can be positive or negative. Sometimes we write k =
— K7 where K is consistent with the notion of Ricci curvature in spectral
geometry. We remark that we mostly are dealing with curvature K; negative
(i.e., the discrete version of Ricci curvature of the negative type).

A direct consequence of the definition in (18) is the following fact which
will be useful later:

Lemma 5. Let I' be a graph with curvature x and frames A and let f :
V — R denote an eigenfunction with associated eigenvalue X. Then for a
fized a € S and a vertex x, the function F, as defined in (13), satisfies

(19) AF(z) < 2\F(z // (VaVif(2))® + 26F(2).

Proof. The proof is quite similar to that of Lemma 3 and will be omitted.
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For two measures f,g on V, the transportation distance tdist(f, g) of f
and g is defined by

(20) tdist(f,g) = ilgf/dist(f(z),g@(z)))dz

z

where the infimum ranges over all measure preserving maps ¢ : [0, 1] — [0, 1].

We say a graph I' has flow-curvature ' if there exists an (A, p)-
gravitation with frame maps ¢ such that for every vertex v € V(I') and
a € A, we have

1) 1 [ disteueno).ouoao) < .

where dist denotes the graph distance.

Remark 1. 0 <k’ < 1 since

dist(atpp(v), popa(v)) < dist(papp(v),v) + dist(paps(v), v)
=2+2=4.

Remark 2. If a graph is Ricci-flat, then it follows that k = ' = 0.
Remark 3. For the graph in Figure 1, let us define

ti = tdist(@aps(vi), Pppa(vi))
for i =1,2,...,41. Tt is easy to check that for any a € [0,1/4], we have
ti =0 for 1 75 1, 20, 21, 22,41, tl == tQQ == t21 == t22 == t41 = 2. Therefore the
curvature of the graph is &' = 1/2.
Remark 4. For a special function such as an eigenfunction g(v;) =
sin(2mj/21) for j=1,...,41, it is easy to check that g satisfies (21) for
k' =1/4.

A function f: V(I') — R is said to be e-Lipschitz, if for any edge {z,y}
in E(I"), we have

(22) [f(z) = fly)| <€

From the definition of the curvature, we can have the following:
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Lemma 6. Suppose a graph I' has a flow-curvature k'. Then an e-Lipschitz
function f:V — R satisfies

(23)
b

(24) and Q < K'é.

/ (VaVif(v) — vaa,f(v))' < Ke

Proof. From the definition of the flow-curvature and e-Lipschitz, we have

[ (5010 - ¥i9100)
=| [ (0= 1teat) = (Fouto) = Fnpae))
- [ (1) = Flea) = (Fe0)) = Fleugnle)

b

< /b F(or2a(®)) — F(@agn())]

< /b dist (opa(v), Pas(v))e

< K'e
as desired. O

Remark 5. From Lemma 6, we have

k< K €2

if the eigenfunctions are e-Lipschitz.

3.3. Comparing several notions of curvature for graphs

In the recent literature, there are several definitions of the curvature for
a graph. One notion of the graph curvature is a discrete version of the
Ricci curvature defined by Bakry and Emery (see [6] and also in [7]). The
original definition of the Bakry-Emery curvature is somewhat complicated.
A simplified version of the discrete Bakry-Emery curvature in [6] can be
stated as follows: For all functions f: V(I') — R and for all v € V(I'), the
graph is said to have curvature —K and the dimension m if for all vertices,
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we have
(05) (AR +2A(F@)AT(@) 2 (@) AAS() ~ 2(Af()?)
BN

where F'(x) is as defined in (13).

Remark 6. The above definition is quite strong. For example, in the graph
in Figure 1, for the function f with f(vi) = f(va) = f(v21) = f(ve2) and
f(var) = = f(v1) = a for any a > 0, then for v =v; we have Vo f(v) =0 so
that the inequalities (25) implies that K < 0.

Remark 7. By using Lemmas 3 and 4, we can rewrite (25) as follows:

(AF@) 28 (F@)AF() - 27 (@)AAf () ~2(Af (1))

- i (—2/G/Z7(Vabe(x))2 +4Q($)> :

Thus, the Bakry-Emery curvature is just

1 / / (9. < - BIE ))? Ky

Hence, we see that the Bakry-Emery curvature —K is quite close to 2k as
defined in (18).

Another notion of curvature of a graph was defined by Ollivier [10]. For
two vertices x and y in a graph, the probability distributions on the neigh-
borhoods N(z) and N(y) are denoted by p, = P(z,-) and p, = P(y, ), re-
spectively, where P = D~!A is the transition probability matrix. The coarse
Ricci curvature is defined in [10] by

tdist(pz, py)

(26) fe(@,y) =1 - dist(z, y)

where tdist denotes the transportation distance between two measures as
defined in (20), (also see [10]).

Remark 8. The definition of curvature in (21) can be interpreted as hav-
ing the frame map ¢, serving a similar role as the transportation distance.
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Suppose we assume that the frame map ¢, achieves the transportation dis-
tance for every vertex v between the measure p, (on the neighborhood of v)
and p,, where u = ¢,(v) is a neighbor of u. Under this assumption, we have

A&w%%wwwmm=wmmmm—l

= —ke(u,v).
4. Useful facts for graphs with frames

In a graph G, suppose the combinatorial eigenfunction f is associated with
eigenvalue ), satisfying max, |f(z)| = max, f(z) = 1. For some positive 3 >
1, we define, for each vertex x,

F) _ [Vl @)
(B-f@) (8- f@)?

In this section we assume a graph G has an (A, u)-gravitation and a
function f, defined on the vertex set of G, is e-Lipschitz. Different from
the usual methods in differential geometry, the ‘lower-ordered’ terms do not
‘vanish and have to be dealt with. Here we use several useful identities.

(27) Flx) =

Lemma 7. For

1 1 1
‘X‘V“Qﬁ—ﬂmﬁ>‘«ﬁ—ﬂwv‘xﬂ—fm@V’

we have

Vof(@) \*  2Vaf(z) | |[Vaf(2)?
(28) X<1+ﬁ—f@0 B i@P B fa@)
Proof.

v 1 1
TG 1@)? (B fan)?
(@) ~ flax)) (26 — f(x) — f(ax))
(B~ F(@)2(5 — f(ax))?
(Vaf (@) (28 — £(x)) + f(x) — f(az))
(B~ F(2)?(6 — f(az))?
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NESCNLACAN.
B—flx) (B- f(ﬂﬁ)g2 (8 — flax))?
_ (2Vaf(x) | Vaf(z)| 1 _
N <B—f(fﬂ) ’ (ﬁ—f(x))2> ((5-]“(96))2 X) '
Therefore (28) is proved.
We set
_ 2Vaf(x) | [Vaf(@)
29 B R R o))
Then (28) can be rewritten as:
Y
0 XY= Gy
Lemma 8.
Vaf(z) \*
(31) Va]:(:r)<1 + 5 f(x))

Proof. We follow the notation in Lemma 7 and consider

B F(x) B F(ax)
(32) V”“”‘(w—fxﬁ (B—ﬂm%Q
_ F(z) — F(ax) i 1 B 1
= G-T@) +F()(W—f@D2 w—fmwﬁ>
_ (ﬁv_al; z 7+ (F@) - VaF (@) X
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by using Lemma 7. From (35), we have

Vo F(z)(1+Y)
_ VaF(x)(1+Y)

G—f@p @ Val@) <<§ o Y>)2 —XY(Ly Y)>

— f(2))
CVF@OY) (YY) Y
= e @ - varw) (o)
Vo F(z) + F(z)Y
(B f(@)?
and (31) follows. O
Lemma 9.
)\ Vaf ()
@* i) (-5)
() | 2F(x)Vaf Vaf(z)

x) aF(
3

. ( )
< <»2 (6 f(x) (5 f(2))?
F(@)|Vaf (@) F@)(Vaf (@)’
B—F@) (B f@)y

Proof. From the definition of Y in (29), we note that

14+Y = <1+ gjf]f(zz)))z > 0.

From (31) and (35), we have

v (1 5255) (- 775)
VL F@)(14Y) ( V“Cfé”)

15} 9:

V.F(x x)Y Vaf(x)

Qﬂ flz 2+KB—H@P>< @)

_ VlF(@) +NWVJM_FxWJUP VoF (2)Vaf(2)
B—f@)? " (B-f@)P (B flx)] (B f(2))?

F(2)(Vaf(z))®

(8= f(x))°
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5. A strong Harnack inequality for Ricci flat homogeneous
graphs

We will prove the following theorem for homogeneous graphs which are Ricci
flat. This is a special case of Theorem 5. Although homogeneous graphs are
special, the proof of Theorem 1 captures the essence of the proof for the
general case without the extra complication. In the subsequent sections, we
will deal with general graphs with non-zero Ricci curvature later.

Theorem 1. Let I' be a Ricci flat homogeneous graph with a symmetric
edge generating set S with |S| =d, and let eigenfunction f be associated
with eigenvalue X satisfying max, |f(z)| = max, f(z) = 1. Then, for a vertex
x and a neighbor y of x, we have

(33) |f(@) = ) < eA(B — f(x)
(34) and - F() =5 [ [VF@)P < 506 - f(@)?

where ¢ = 243d? /(B — 1) and B > 1+ 32Xd>.

Before proving Theorem 1, we note that Theorem 1 is best possible in the

sense that for the cycles Cyy,, we consider the eigenfunction f(v;) = cos(%)

for j =0,1,...,2n — 1. In this case, the eigenvalue A =1 — cos(%’r) ~ 27%2
We consider the edge {vg,v1} and note that |f(vg) — f(v1)] ~ 27%2 which is

of the same order as A. This illustrates that (33) is tight up to a constant
factor.

Proof of Theorem 1. For 8 > 1+ 32\d?, we consider F:

_ F(x) _ fa ’vaf|2(‘r)
@ = G e = G i@r

Let x denote a vertex which achieves the maximum of F. Without loss of
generality, we assume f(z) > 0 (since otherwise we consider —f instead).
We also have V,F(x) > 0 for all a € A. Now we use Lemma 9 and we have
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8- f(x) 8- f(x)

_ _VuF@) | 2P@)Vaf(z)  F@)Vaf(2)?
(B—f(x)?  (B—f(2))? (8 — f(x))
| VuF(@)Vof(x)  F(2)(Vaf())’

o

Now we average over a € A.

J,VaF(z) [ VaF(@)Vaf(x) Fa) [, [Vaf ()}
B s rme T BT G @)
L FWw / 2Vof(2)  (Vaf ()"
B-f@2 J\B=F@) B—f@))
We assume
_ o [Vaf(2)

Using the result in [5] as in (1) and the assumption for 8, we have § <
1/(4d) < 1.
Using (9), we continue from (35):

JuVaF(z) [, VaF(@)Vaf(x) F(x)[,|Vaf(2)?
(B — f(x))? (B— f(x))3 (B — f(x))*
2F ()N f () N 5F(z) |, |vaf(x)|2.

(8- f(x))? (8= f(x)*

37) 0<

We now use Lemma 2 and (9) for (37).
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(33)
(o LYVF@ [ V@Vl @) (1= )F@) [, [Vaf ()P
SB—I@Y B-I@P (B - f@)7
@@
(B f@)
_2F(@) — [, (VaVof @) (1= 9F@) [, IVaf@)F | 2Mf(@)F(@)
(5 - f@) (- f@) (5 - f@))?
//2wavm>(VWﬂ»)Jm

(8- f(2))?

<o (54
B (Vaf(2))* (Vs f (@
//2V/bf/ vaf 4 a)f4(fﬁ)‘

Now, continuing from (38), we have:

(39) 0< —Af // (1-5) <V be af(x)be(x)5)>2

T @) -

// be4 2(1i5_1+5>
Swﬁbwww PRI

2 [

We note that
T 2
[ LG B“ﬁ$yﬁ)>)2
AV Vo f(z
//ba< —bf ﬁ (())2(()5)>

7(a)
2
—dL(EY%%”u )
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We continue from (39) and we have

4B 1=6 [ (ViVaf(2) Vaf @)\
(40) 0< AF () / < + )>

p—1 d B—flx) (B—f(x)?*(1-0d

2

T

48 1-6 ([,VaVaf(z)  Flx)\> 20
e ( 5= () +1—5> e

From Lemma 1, we can write A = [ (1 — p(a)) for some character p of
G and we have

Af(z) I/Vaf(l‘) Z/(f(x)—f(ax)) Z/(l—p(a))f(w) =M (x).

a

Since the edge generating set A is symmetric, we can rewrite

A= [(=p@) = [(1=Re pl@)

where Re z denotes the real part of z.
Hence,

2 Re pla) + 2(Re p(a))?) {(2)

> —2/aRe pla)f(z) +2 </ Re p(a))Qf(:c)

~ 9 </ Re p(a)) (1 - /QRe p(a)) f(@)

= —2(1 — M)A f(2).

We now consider two possibilities:
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Case 1: Suppose [ VoV f(z) > 0. From (40), we have

43 1-6 20\

Case 2: Suppose fa VaVaf(z) < 0. Expanding (40) and using (41), we have

48 2[,VaVaf(@)F(x) Fx) 20
(43) 0< ﬁ)\}"(:c)f A6 = (@) ~ 1 s +1_5]: (x)

486 +4(1—N)/d 1-46 20 )
< @ - (1 - 5) P

63 1-96 20 9

since d > 1.

Now, we see that (43) implies

1-5 2 63

By the assumption on /3, we have 6 < 1/(4d) which implies

1-6 0 1
L I ey
d 1—-0) — 4d

Hence, we have, for any =,

2456d
Fz) < -1
From the definition of §, we have
52
— < F(x) < 6%
d
Therefore
245d?
2 < <
0 < F(z)d < 51 A
This proves
2
52 < %/\_
5—1
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6. A Harnack inequality for general graphs
We first prove the Harnack inequalities for general graphs with bounded cur-
vature. This will later be needed in our proofs for strong Harnack inequalities
in Section 7.
Theorem 2. Let I' be a graph with curvature k and frames A, and let f :

V — R be an eigenfunction satisfying sup, |f(z)| = sup, f(z) =1 and with
associated eigenvalue \. Then

/|Vaf(x)2 <844k

and for any edge {x,y}, f satisfies
(@) = f@)* < 8X\dmaz + Ahidmas
where dpae denotes the maximum degree.

Proof. From Lemma 5, we have

(44) AF(x) < 2\F(x // V oV f(z —l— 2KkF(z).
We consider

A(F(2) + (4X + 2k1) f2(2))
< 2AF(z) + 26F(z) + (4X + 26) (2Af?(2) — F(2))
< (8\+4K)\ — 20F ().

Let z denote the vertex which achieves the maximum of F(z) + (4 +
2k)f2(z) over all x € V(T'). Then we have

0<A + (4X + 26)Af(2))

< A(F(2)
< (BA+4Rr)A — 2XF(z).

Therefore we have

(45) F(z) < 4\ + 2k.



578 F. Chung and S.-T. Yau

For all x, we have
F(z) + (4) + 2r) f?(x)
F(z)+4X+ 2k
8\ + 4k

F(z)

I/\ I/\ I/\

The bound for |f(z) — f(y)|? follows from (14). This completes the proof of
Theorem 2. O

In the remainder of this section, we deal with graphs with bounded
flow-curvature,

Lemma 10. LetT be a graph with a flow-curvature ' and frames A, and let
an eigenfunction f : V — R have associated eigenvalue . Then, the function

(46) F@) = [ IVar(@)?
satisfies, for a fited a € A and a verter x,
(47) VaF(x) <2 /b (Vof(a) - VoVaf())
- /b (VaVif (@) + 26| Vaf (2)
and
(48) AF(z) < 2\F(z // (VaVof(2))* + 25 e/F(z),

provided that f is e-Lipschitz.

Proof. The proof is quite similar to that of Lemma 3. By using Lemma 6,
we have

AF@) = [ VuF@) <2 [Vif@) [ Vi¥ar@) = [ [ (9910

—|—2/b]be z)|Ke.

By the Cauchy-Schwarz inequality, we have

JIZCIE ( / |vbf<x>|2>1/2 — VF(@).
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Thus, we have

AF(z) < 2/bef($)Vb </a Vaf(@) - /a/b(vavbf(ﬂf))2 + 2r'e/F(x)
_5 /b Vil @)V (M () - / /b (VaVif (2))® + 26'e\/F(@)
:2)\/b|be(x)|2 —/G/b(vavbf(x))2+2/£/6 F(x)

—oAF(z) — / /b (VaVo/(2))? + 26 e\/F (@)
as desired. 0

Theorem 3. Let I’ be a graph with a flow-curvature k' and frames A and
let an eigenfunction f:V — R satisfying sup |f(x)| = sup f(x) = 1 have an
associated eigenvalue X. Then F = [ |V f(xz)|* satisfies

26" d 0w

(49) F(z) <8\ + 8k'/dmaz + 3

where dpa. denotes the maximum degree.
Proof. We use Lemma 10 and for d’ = \/d,4., we consider

A(F(z) + (4N +26'd) f2(2))
< 2AF(z) + 26'e\/F(z) + (4N + 26/'d') (2 f?(z) — F(z))
< (BA+4K'd )\ — 20F(x) + 2K'e\/F(z) — 2k'd' F (z).

Let z denote the vertex which achieves the maximum of F(z) + (4\ +
2k'd") f%(x) over all x € V(I'). Then we have

0 < A(F(2) + (4N + 2/ d )N f?(2))
< (BA+4K'd )N — 2\F(2) + 2K e\/F(2) — 2k'd F ().

Therefore we have
(50) A+ Kd)F(2) — K'e\/F(2) < M4+ 2K'd).

Let y denote a vertex which achieves the maximum value of F'(x). Then, we
have

F(2) < F(y) < F(y) + (4\ + 26'd) f2(y) < F(2) + 4\ + 2x'd’.
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Substituting into (50), we have
A+ kd') (F(y) — 4X — 26'd") — K'ey/ F(y) < A(4X + 26'd').

Since € < \/dma F(y) = d'\/F(y), we have
MF(y) —4x —26'd') — k'd (4N + 2kd) < A(4X + 2K'd').

This implies
2k dmas

F(y) < 8\ 4 8t"\/dmaz + 3

As an immediate consequence of Theorem 3, we have the following:

Theorem 4. In a graph G with a flow-curvature k' with frames A, for an
eigenfunction f : V. — R satisfying sup |f(x)| = 1 and with associated eigen-
value A, then for any edge {x,y}, [ satisfies

2/€l2d2

max

(51) £ (@) = () < 8\dmaw + 8k(dmaz)* + \

where dpq. denotes the maximum degree in G.

7. A strong Harnack inequality for general graphs

Theorem 5. Let I be a graph with curvature s and frames A. Let f :
V — R denote an eigenfunction with the associated eigenvalue X\, satisfy-
ing max, |f(z)| = max, f(z) = 1. Assume fa VoVaf(z) > =21 = )\)f(x).

Then for a vertex x and a neighbor y of x, we have

(52) |f(x)— ()P < (md

and F / |Vf |2 <2 Bdmam)\ + 4/{dmaaz) (5 - f($))2

2B 4ﬁdfm> (6 1))

where § > 1+ 32)\de and dpa. denotes the maximum degree.

X
Proof. The proof follows a similar line as in the proof of Theorem 1 for
homogeneous Ricci flat graphs. Because of the frames A, the treatment for
general graphs is not so different from the case for homogeneous graphs.
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Instead of being Ricci flat, we will deal with the additional contributions
from our definition of curvature. We sketch the proof here.

All notations are the same as in the proof of Theorem 1 and in particular,
we also have (37). However, (38) is to be replaced by the following:

(53) Osfﬁv 1_5//<V oVof(x )
_(1_5)// af fv;)Jl( ))

(B —
//2be$vavbf( )V f(x ) F(x)
B—f( /J’ f(x))?

)
(

< 7/\}“ —(1— /(V aVo/( )
(

S5

_ _ va ) (vbf( ))
a 5%41 B~ @)

2V f( V be( WVaf(z)
// @) + 26F (z).

The additional terms involving s also appear in (39), (40) and (41).
Instead of (43), we have the following:

(54) 0< ;fle( ) — <1;5 - 12_55> F2(x) + 26F(2).

This implies

1-6 26 63
(dl—é)F()<ﬁA+2

From the definition of ¢ and (14), we have

52

dmax

< F(z) < 6%

By the assumption on 3, we have 0 < 1/(4dnq4,) which implies

1-9 20 1
— > .
(55) <dmax 1- 5) o 4dmax
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Therefore we have

F(x) < Mﬁﬁimlax/\ + 8kdmaz
and
6% < F(x)dpmaz < %A + 8kd>,,,
This proves
§° < %)\ + 8kd?,

0

We note that the assumption [ VoVaf(x) > —X(1—\)f(x) can be

weakened. As long as the absolute value of M

of F(z), some modified version of Theorem 5 can still be derived.
We can also establish the following strong Harnack inequality for graphs
with bounded flow-curvature.

is less than a fraction

Theorem 6. Let I' be a graph with flow-curvature —K = k' and frames
A. Let f:V — R denote an eigenfunction with the associated eigenvalue
A satisfying max. | f(z)| = max. f(z) = 1. Suppose [ VoVaf(x) > —2X(1 -
A). Then for a vertex z, we have

485 dmaz K'? dmaz K3 d%{fﬂ: K d?
< max
(56) Flo) < ey g Kgpen (Kt 5o

and for y adjacent to x, we have

(f(2) = f(1)? _ 4882y | K2y | KP3doae WA,
G0 T Fayey = B-1 0T Ea T T oopa

where d denotes the mazrimum degree.

Proof. The proof here is a modified version of the proof of Theorem 5. We
follow the notations used previously. (53) is to be replaced by the following:
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(58) 0<ﬁ45)\]_— (1-6 //(V S )
5) // (Va fﬁ be)f4 )
/ /wa )V vbf af(x) N 25(';& ;Z{)(;N

Eom--of (574
_(1‘5)//w5 fvz)){* =

//Qbe x)V be V f(x)+2f£’e\/.7-"(:c).
B—f(z)

Instead of (54), we have the following:

6 1-94¢ 26 2k e/ F(x)
(59) 0< ﬁ/\}'( x) — (d_1—6> Fi(z) + 2
From (55), we have

2(x — K'er/F(x
(60) Ly < <1d5— 12_65> f2(:v)§ﬂ)\}"(:v)+72 Fa)

‘We now consider two cases:

Case 1: Suppose

5—1 - 5—1
We then have
F(x) 128 48 3dmaz
< — < .
e _B_l)\]:(x) and F(z) < 51 A

Case 2: Suppose

60 2k'e\/ F(x)
ﬁ)\}"( z) < 51

In this case, we have

68X/ F(z) < 2K'e
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which implies

(/22 1of2 91"2 2

< < /133/2 max
Flz) < 0N S o (8)\dmaz +8k'dE + T — )
< "f/2dma$ filgdi’{ga: ﬁl4d%1ax
= B2) 32)2 23273
by using Theorem 4.
Together, we have
186 | KPdmas | KPden KD
< max

-7:(13)—5_1)‘_‘_ 32\ + 8272 232\3

and for y adjacent to x, we have

(f(@) = f)? _ 48Bdmar | K20y | KPdlew KD,
G-Tw2 = B-1 "7’ T o

8. Eigenvalue inequalities using Harnack and strong
Harnack inequalities

For a graph G with diameter D, we can use the theorems in the preceding
sections to establish lower bounds for eigenvalues as follows: Suppose that
the combinatorial eigenfunction f associated with A satisfies max, |f(z|) =
max; f(z) =1 and ), f(2)d, = 0. We consider two vertices u and v with
f(u) =1and f(v) < 0 We choose a path P joining u and v of length at most
D, say, P = (xg,x1,...,x¢) where u = z¢ and v = x; where t < D. We will
use such a path together with the Harnack and strong Harnack inequalities
to establish lower bounds for eigenvalue A

8.1. Eigenvalue inequalities using the Harnack inequalities

Theorem 7. For a graph with curvature k, mazximum degree dpq.: and
diameter D, we have

1 K

A> —— — —.
~ 8D%d e 2
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Proof. We consider the path P as above. We have

|
—

1< f(u) - f(v) < (f(xl) - f(xl+1)) < D\/SAdma:v +4Kkdmaz

i

Il
=)

by using the Harnack inequality in Theorem 2. This implies

1 K

A

> — .
~ 8D%dpmar 2
]

Theorem 8. For a graph with flow-curvature k', maximum degree dp,qz
and diameter D, we have

1 1 — 128k"2 D4d3
A > min { + \/ 16 " maz | /ﬁ'd%ﬁx}

Proof. We following the notation in the proof of Theorem 7. We have

1< f(u) — f(v)
t—1
<> (f(@i) = f(xig))
1=0
12 42
< D\/ 8\dmaz + SK'doL2, %

by using the Harnack inequality in Theorem 4. We consider two possibilities:
Case 1: Suppose SKd?T{gx > % Then we have A > &’ d},{gx
Case 2: Suppose SHd%Zx < % Hence
0 < 8D%dmaz\’ — A + 462 D%dy0z
and A\ > v 112(),8’€/2D4d%m’”.

Together we have

1 1 — 128x"2D4d3
)\Zmin{ vV 1GH mw,fﬁ'd%gx}.
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8.2. Eigenvalue inequalities using the strong Harnack inequalities

We can slightly improve the eigenvalue inequalities in Section 8.1 by using
the strong Harnack inequalities. The method follows from the results of Li
and Yau in [8].

Theorem 9. For a graph with curvature k, mazximum degree dpq.: and
diameter D, we have

A > 1 o~ VI=46D% 0
24D%d, 4

Proof. We follow the previous definition given at the beginning of Section 8.
In addition, we consider the function

H(z) =log(B — f(x)).

Along the path P, we have

IB t—1
log <,6’—1> = ZO (log(B — f(x:)) —log(B — f(zi+1)))

=0
24Bd a2\
<Dy —— 4 dmaz‘
= \/ -1 + 4K

by using Theorem 5. This implies

g—1 B\ 2
> — .
A\ > 548, D log 51 dkdmazD

We choose 8 so that

log <ﬂ‘i1> =/1—4kD2d,, 4.

Therefore we have

A> 1 VI ARD? .,
24D2d, 0
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