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1. Introduction

Fix a compact 7-manifold Y together with a positive 3—form ¢ satisfying a
certain non-linear partial differential equation; see (2.3) and the discussion
preceding it. The 3—form ¢ canonically equips Y with a metric (and orien-
tation) such that the holonomy group Hol(g) is contained in the exceptional
Lie group Go; hence, (Y, ¢) is commonly called a Ge—manifold and ¢ is called
a torsion-free Go—structure.

Given a G-bundle E over Y, Donaldson and Thomas [DT98| noted that
there is a Chern—Simons type functional on #(FE), the space of gauge equiv-
alence classes of connections, whose critical points [A] satisfy

(1.1) « (FAN@) = —Fu.

Solutions of (1.1) are called Go—instantons. These are the central objects in
gauge theory on Ge—manifolds. The moduli space of Go—instantons

M(E, ) = {[A] € B(E) : «(Fa A p) = —Fu}

can, in general, be a very complicated space. However, after gauge fixing,
(1.1) has an elliptic deformation theory of index zero, i.e., .#(E,®) has
virtual dimension zero. Thus one can try to “count” .#Z(FE,¢), say, by a
suitable perturbation scheme or via virtual cycle techniques and arrive at a
number

n(E,¢) = #4M(E, ).

How does n(F, ¢) depend on ¢? Since the deformation theory of Gao—
instantons is very well-behaved, the key question one needs to understand
is: how can Go-instantons degenerate as ¢ varies? Consider a family of Ga—
instantons (A¢).e(o,r) over a family of Go—manifolds (Y, @)y (0,7 and assume
that ¢; converges to a torsion-free Gy—structure ¢g as t — 0. From classical
results due to Uhlenbeck [Uhl82a|, Price [Pri83] and Nakajima [Nak88| and
more recent progress by Tian [Tia00] and Tao and Tian [TT04] one can
conclude the following:

e There is a closed subset P of Y of finite 3-dimensional Hausdorff mea-
sure and a Go-instanton B over (Y \ P, ¢p) such that up to gauge
transformations a subsequence of (A;) converges to B in C7°. on Y \ P
ast — 0.

e B can be extended to the complement of a closed set sing(B) of van-
ishing 3-dimensional Hausdorff measure. However, sing(B) might very
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well be non-empty, that is: one might encounter non-removable singu-
larities.

e P supports an integral current calibrated by ¢g, or more informally:
P is a, possibly wildly singular, associative submanifold in (Y, ¢o).
At almost every point x € P, the degeneration of (A;) is modelled
on (a bubbling tree of) ASD instantons bubbling off in the direction
transverse to P.

This, of course, represents the worse case scenario. One would expect
that a generic deformation is less wild. In this article we only consider the
case when B extends to all of Y and P is smooth. Moreover, we form a bun-
dle 99t over P whose fibres are moduli spaces of ASD instantons, as explained
in Section 4, and assume that the ASD instantons bubbling off transverse to
P give rise to a section J € I'(9). Since the ASD instantons bubbling off do
not have a canonical scale, J is unique only up to the action of C*°(P, R~q).
Donaldson and Segal [DS11] noticed that J cannot be arbitrary but should
satisfy a non-linear p.d.e. called the Fueter equation, provided scalings are
chosen appropriately; see Section 4 for more details. This equation is elliptic
of index zero; however, since 90 is a bundle of cones, one only expects solu-
tions to appear only at isolated values in 1-parameter families. In particular,
for a generic torsion-free Go—structure ¢, no Fueter section J € T'(91) ought
to exists. Hence, the bubbling phenomenon for Gao—instantons should only
occur in codimension one.

The main result of this article is to prove that given the data (B, P,J)
and assuming certain “acyclicity /unobstructedness conditions” (which are
expounded in Definitions 2.9, 2.16 and 4.9), we can produce a family of
Go—instantons yielding (B, P,J) in the limit.

Theorem 1.1. Let Y be a compact 7T-manifold equipped with a family of
torsion-free Ga—structures (¢¢)ie(—7,7)- Suppose we are given:

e an acyclic Gy—instanton B on a G-bundle Ey over (Y, ¢y),
e an unobstructed associative submanifold P in (Y, ¢o) and

o a Fueter section J of an instanton moduli bundle YN over P associated
Ey|p which is unobstructed with respect to (¢py).

Then there is a constant A >0, a G-bundle E together with a family of
connections (Ax)xeo,a] and a continuous function t : [0, A] — (=T, T) with
t(0) = 0 such that:
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o Ay is a Ga—instanton on E over (Y, ¢yy)) for all X € (0, A].

e Ay converges to B on the complement of P and at each point v € P
an ASD instanton in the equivalence class given by J(x) bubbles off
transversely as A — 0.

As was already pointed out by Donaldson and Segal [DS11], an immedi-
ate consequence is that n(E, ¢) has no reason to be invariant under (large)
deformations of ¢. They suggest that one should try to construct a counter
term, say m(FE, ¢), as a weighted count of associative submanifolds and Ga—
instantons on bundles of “smaller” topological type than F, so that the sum
n(E,¢) +m(E,¢) is invariant under deformations. The crucial point is to
find out what these weights should be. A candidate for the definition of
these weights in the “low energy” SU(2)-theory, which was hinted at by
Donaldson-Segal [DS11], is explained in more detail in the author’s PhD
thesis [Wall3a, Chapter 6]. A more systematic approach, based on gener-
alised Seiberg—Witten equations and the ADHM construction, is currently
being developed by Haydys and the author; see [HW14] for a first step.

Remark 1.2. It would be interesting to see a concrete example of the input
required by Theorem 1.1. Unfortunately, no such example is known currently.
The main difficulty with constructing such examples is to ensure that J is
unobstructed with respect to (¢¢). It should be pointed out, however, that
a construction closely related to Theorem 1.1 has been used by the author
to construct Spin(7)-instantons from a Fueter section of a bundle of moduli
space of ASD instantons over a Cayley submanifold [Wall4].

Remark 1.3. The proof of Theorem 1.1 is based on a gluing construction
and the analysis involved is an extension of that required for the construction
of Ga-instantons on generalised Kummer constructions in [Wall3b|. As such
there are some similarities with Lewis’ construction of Spin(7)-instantons
[Lew98], unpublished work by Brendle on Spin(7)-instantons [Bre03| and
Pacard-Ritoré’s work on the Allen-Cahn equation [PRO3|.

Acknowledgements. This article is the outcome of work undertaken by
the author for his PhD thesis at Imperial College London, supported by
European Research Council Grant 247331. I am grateful to my supervisor
Simon Donaldson for his encouragement and for sharing some of his ideas
with me.
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2. Review of geometry on Gs—manifolds

We begin with a terse review of the basic notions of Go—geometry. This is
mainly to fix notation and conventions, and also recall a few results which
we will make use of later. The reader who is interested in a more detailed
exposition is referred to Joyce’s book [Joy00], which is the standard reference
for most of the material in this section.

Definition 2.1. A 3—form ¢ on a 7-dimensional vector space is called posi-
tiwe if for each non-zero vector v € V' the 2-form i(v)¢ on V/ (v) is symplec-
tic.

Example 2.2. The 3-form ¢g € Q3(R") defined by
(2.1) o = dz'? — Az — 4z167 — 4z26 4 4227 — 4z — 44556
is positive.

This example is representative in the sense that for any positive 3—form
¢ on V there exists a basis of V' with respect to which ¢ is given by ¢g; see,
e.g., [SW10, Theorem 3.2|. Hence, the space of positive 3—forms on V' is a
GL(V)-orbit. The stabiliser of a fixed positive 3-form is isomorphic to the
exceptional Lie group Gs. The choice of a positive 3—form ¢ equips V' with
a canonical metric g and orientation on V such that

(2.2) i(v1)p Ni(va)p A ¢ = 6g(v1, va)vol.

In particular, if 22(V') denotes the space of positive 3—forms on V', then there
is a non-linear map © : 2(V) — A*V* defined by

Definition 2.3. A Gs—structure on a 7-manifold Y is a positive 3—form
¢ € T(2(TY)) C Q3(Y). It is called torsion-free if

(2.3) dp=0 and dO(¢)=0.

A T-manifold Y equipped with a torsion-free Go—structure ¢ is called a Go—
manifold.

Remark 2.4. From the above discussion is clear that a Gy—structure is
equivalent to a reduction of the structure group of the tangent bundle from
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GL(7) to Ga. A theorem of Fernandez and Gray |[FG82, Theorem 5.2| asserts
that (2.3) is equivalent to V,¢ = 0; hence, for a torsion-free Ga-structure,
the holonomy group Hol(g) is contained in Gb.

Examples of Go—manifold with Hol(g) strictly contained in Gg are easy
to come by. For our purposes the following very trivial example will play an
important role.

Example 2.5. Choose coordinates (931, 22 a3yt ,y4) on R"=R3a®
R* and set

wi =dy? +dy*, we =dy'? —dy** and wsg = dy* + dy®.

Then
o= dz'® — dz! Awy — dz? A wsy —de/\wg

is a torsion-free Go-structure on R”.

There is by now a plethora of examples of Ga—manifolds due to Bryant
[Bry87], Bryant and Salamon [BS89|, Joyce [Joy96], Kovalev [Kov03], Ko-
valev and Lee [KL11|, and Corti, Haskins, Nordstrom and Pacini [CHNP15].
The construction techniques (especially in the latter cases, which yield com-
pact examples) are quite involved and we will not go into any detail.

2.1. Gauge theory on G2—manifolds

Let (Y, ¢) be a compact Ga—manifold and let E be a G-bundle over Y where
G is a compact Lie group, say G = SO(3) or G = SU(2). Denote by <7 (E)
the space of connections on E.

Definition 2.6. A connection A € &/ (F) on E is called a Ga—instanton on
(Y, ¢) if it satisfies (1.1), i.e.,

*(FA/\¢) = —F}y.

Since ¢ is closed, it follows from the Bianchi identity that Gs—instantons
are Yang—Mills connections. In fact, there is an energy identity which shows
that Ge—instantons are absolute minima of the Yang—Mills functional.

Example 2.7. The pullback of an ASD instanton over R* to R” = R?* @
R*, as in Example 2.5, is a G-instanton.
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The first non-trivial examples of Gy-instantons (with structure group
G = SO(3)) where recently constructed by the author in [Wall3b|. Those
live on manifolds arising from Joyce’s generalised Kummer construction. A
method to produce Go—instantons on GGo—manifolds arising from the twisted
connected sum construction was presented by S& Earp and the author in
[SEW15] and used to produce concrete examples by the author in [Wall5].

From an analytical point of view equation (1.1) is slightly inconvenient to
work with, because its linearisation supplemented with the Coulomb gauge
is not elliptic. However, we can make use of the following result whose proof
can be found, e.g., in [Wall3b, Proposition 3.7].

Proposition 2.8. Set ¢ :=0(¢). Let A€ &/(FE) be a connection on E.
Then the following are equivalent.

1) A is Go—instanton.
2) A satisfies Fa N = 0.
3) There is a &€ € Q°(Y,gg) such that

(2.4) Fa A+ #daé = 0.

From Proposition 2.8 one can see that Go—instantons are in many ways
similar to flat connections on 3-manifolds. In particular, if Ay € &/ (F) is a
Go—instanton, then there is a Go—Chern—Simons functional

CSY(Ag +a) == /

1
<a/\d,40a+a/\[a/\a]>/\z/z
y 3

whose critical points are precisely the Ga—instantons on E. Very roughly
speaking the conjectural G2 Casson invariant, suggested by Donaldson and
Thomas [DT98|, should be a signed count the critical points of C'S¥ on a
suitable completion of &7 (E)/¥(FE). Here 4 (F) denotes the group of gauge
transformations of F.

The infinitesimal deformation theory of Go—instantons around A € &7 (E)
is governed by the self-dual elliptic complex
(25)  Q(V.gr) “ Q(Y,88) L QY 95) 5 Q7(Y, 1),
Definition 2.9. A Gy-instanton A € &7/ (E) is called irreducible, rigid or
unobstructed if (2.5) has vanishing cohomology in degree zero, one or two
respectively. It is called acyclic if the cohomology of (2.5) vanishes com-
pletely.
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Remark 2.10. Since (2.5) is self-dual, rigid and unobstructed are the same
thing; in particular, A is acyclic if and only if it is irreducible and rigid/
unobstructed.

For any A€ &/(E) we define La=Lagy:0Y,gr)® QN (Y, 98) —
QY. gp) ® Q' (Y, gp) by

0 d*
(2.6) Lao:= (dA cWA dA)>

where 1) := O(¢). This is a self-adjoint elliptic operator. It appears as the
linearisation of equation (2.4) supplemented with the Coulomb gauge and
therefore controls the infinitesimal deformation theory of Go—instantons. Al-
ternatively, L4 is obtained by folding the complex (2.5).

As an immediate consequence of the implicit function theorem we have
the following result.

Proposition 2.11. Let Y be a compact T-manifold and let (¢1)ic(—1 1) be
a family of torsion-free Go—structures on Y. Suppose that A € o (E) is an
unobstructed Go—instanton on a G-bundle E over (Y, ¢o). Then there is a
constant T" € (0, T] and a unique family of Ga—instantons (A¢)ie(—1 17y on
E over (Y, ¢t) with Ag = A.

2.2. Associative submanifolds in Go—manifolds

Let (Y, ¢) be a compact Gy—manifold. The 3—form ¢ is a calibration in the
sense of Harvey—Lawson [HL82|, meaning that ¢ is closed and that for each
oriented 3—dimensional subspace P of T, Y the following inequality holds

volp < ¢|p.

Definition 2.12. An oriented submanifold P of Y is called an associative
submanifold in (Y, ¢) if it is calibrated by ¢, that is, for each € P we have

volr, p = ¢|r, p.

Example 2.13. R? x {0} ¢ R3 @ R*, as in Example 2.5, is an associative
submanifold.

Associative submanifolds also arise as 3—dimensional fixed point sets of
orientation reversing involutions of Y mapping ¢ to —¢. For concrete exam-
ples we refer the reader to Joyce [Joy96, Part II, Section 4.2|. The recent
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work of Corti, Haskins, Nordstrom and Pacini [CHNP15]| gives a number of
concrete examples of associative submanifolds in twisted connected sums.

The importance of associative submanifolds in the study of gauge theory
on G manifolds is due to the following fact: Consider (R7,#g) and any
orthogonal decomposition R” = R? @ R*. Let I be a connection on a bundle
over R*. Then the pullback of I to R” is a G-instanton if and only if there
is an orientation on R? with respect to which it is calibrated by ¢¢ and I
is an ASD instanton on R*. This is the underlying reason why the bubbling
locus of a sequence of Ga—instantons is associative and why the connections
bubbling off transversely are ASD instantons.

In the following we will discuss some results due to McLean [McL98|
concerning the deformation theory of associative submanifolds. If P is an
associative submanifold, then there is a natural identification

(2.7) TP=A"N*P:vw— —i(v)o

given by (the negative of) inserting tangent vectors to P into ¢ (and restrict-
ing to NP). Thinking of ATN*P as a sub-bundle of so(NP) this yields a
Clifford multiplication v : TP — End(N P). Denote by V the connection on
N P induced by the Levi-Civita connection on Y.

Definition 2.14. The Fueter operator Fp = Fpg4 : I'(NP) — I'(N P) asso-
ciated with P is defined by

3
(2.8) Fpg(n)=>_ +(e;)Vin
i=1

with (e;) a local orthonormal frame on P.

Remark 2.15. The Fueter operator Fp can be identified with a twisted
Dirac operator as follows. Pick a spin structure s on P. Because of the
identification (2.7) there is a unique SU(2)-bundle u over P such that s x u
is a spin structure on NP. The bundle u also comes with a connection,
such that the resulting connection on s X u is a spin connection. If 5 and U
denote the quaternionic line bundles corresponding to s and u, then 8 ®c U
has a natural real structure and its real part can be identified with NP.
With respect to this identification Fp becomes the twisted Dirac operator
D :T(Re(f ®@cU)) = I'(Re(f @c U)).

The importance of Fp is that it controls the infinitesimal deformation
theory of the associative submanifold P. In particular, the moduli space of
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associative submanifolds near P is modelled on the zero set of a smooth map
from a neighbourhood of zero in the kernel of Fp to its cokernel.

Definition 2.16. An associative submanifold P is called rigid (unobstructed)
if Fp is injective (surjective).

Remark 2.17. Since Fp is self-adjoint, unobstructed and rigid are the same
thing. So unobstructed associative submanifolds are also rigid.

Using McLean’s setup for the deformation theory of associative subman-
ifolds developed in [McL98| the following is a simple consequence of the
implicit function theorem.

Proposition 2.18. LetY be a compact T-manifold and let (¢1)e(—1,1) be a
family of torsion-free Go—structures on'Y . Suppose that P is an unobstructed
associative submanifold in (Y, ¢o). Then there is a constant T' € (0,T] and
a unique family of associative submanifolds (P;)ie(—1 vy in (Y, ¢t) with
Py=P.

3. Moduli spaces of ASD instantons over R*

In the next section we will explain the construction of the bundle 9t of
moduli spaces of ASD instantons, the Fueter equation and provide more
detail for the discussion preceding Theorem 1.1. As a preparation we quickly
recall some basic facts about moduli spaces of ASD instantons over R?.
Fix a G-bundle E over S* = R* U {co}. Denote by M the moduli space
of ASD instantons on FE framed over the point at infinity. These moduli
spaces are smooth manifolds, because ASD instantons over S* are always
unobstructed as a consequence of the Weitzenbock formula; see, e.g., [Tau82,
Proposition 2.2|. By Uhlenbeck’s removable singularities theorem [Uhl82b,
Theorem 4.1] we can think of M as a moduli space of framed finite energy
ASD instantons on R*. In a suitable functional analytic setup incorporating
decay conditions at infinity, see, e.g., [Tau83] or [Nak90|, the infinitesimal
deformation theory of a framed ASD instanton I over R* is governed by the
linear operator d; : Q' (R, gg) — QO(R*, gp) ® QT (R*, gg) defined by

(3.1) §ra == (dja,d}a).

From the work of Taubes [Tau83] it is known that d; is always surjective and
that its kernel lies in L?. More precisely, we have the following result whose
proof can be found, e.g., in [Wall3b, Proposition 5.10].
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Proposition 3.1. Let E be a G-bundle over R* and let I € o/(E) be a
finite energy ASD instanton on E. Then the following holds.

1) If a € ker &y decays to zero at infinity, that is to say

lim sup |a] =0,
T—00 8B-,(0)

then |V¥a| = O(r=3=%) for k> 0. Here r: R* = [0,00) denotes the
radius function r(x) = |z|.

2) If (&, w) € ker 87 decays to zero at infinity, then (&, w) = 0.

In particular, this implies (once more) that M is a smooth manifold
and that it can be equipped with an L? metric arising from the standard
metric on R*. Clearly, At := AT(R*)* 2 50(4) acts SO(4)-equivariantly on
R* and on R @ AT, It is a straight-forward computation to verify that the
corresponding actions of A* on Q' (R*, gg) and on Q°(R*, gg) @ QT (R*, gp)
commute with ;. Hence, we obtain an SO(4)-equivariant action of A™ on
TM.

Remark 3.2. If we fix an identification R* = H and correspondingly At =
Im H, then the above defines a hyperkéhler structure on T'M. However, for
our purpose it is more natural not to fix such an identification.

M has carries an action of R* x Rt where R* acts by translation and
R acts by dilation, i.e., by pullback via sy : R* — R* where

sa(z) = Az

for A\ € RT. Since the centre of mass of the measure |F7|2dvol is equivariant
with respect to the R* action, we can write

M = M x R4

where M is the space of instantons centred at zero. The action of AT pre-
serves this product structure and A1 acts on the factor R* in the usual
way.

Example 3.3. If F is the unique SU(2)-bundle over S* with co(E) =
1, then E carries a single ASD instanton I, commonly called “the one-
instanton”, unique up to scaling, translation and changing the framing at
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infinity. We can naturally write the corresponding moduli space as M =
M x R* = ($1\ {0})/Zs x R*. Here ST is the positive spin representation
associated with R*.

Example 3.4. In general, if F is an SU(r)-bundle over S*, then M can
be understood rather explicitly in terms the ADHM construction [DK90,
Section 3.3|.

4. Fueter sections of instanton moduli bundles

Let (Y, ¢) be a Go-manifold and let P be an associative submanifold in Y.
Fix a moduli space M of framed finite energy ASD instantons on R?, as in
Section 3, and let E, be a G-bundle over P together with a connection A.
In the context of Theorem 1.1 we take E := Ep|p and Ay, := B|p.

Definition 4.1. The instanton moduli bundle 99 over P associated with
FE+ and M is defined by

M = (FI‘(NP) X Eoo) XSO(4)><G M.
Similarly, we define M with M instead of M.

Example 4.2. Let M = ($+\ {0})/Z2 x R* be the moduli space of framed
ASD instantons from Example 3.3. If we pick s and u as in Remark 2.15,
then

M = (s x uX Exo) Xspin)xsuz) M = (Re(f ® Exo) \ {0})/Z2 x NP.
Here we used the fact that the SO(4) action on M lifts to an action of
Spin(4).

Denote by Neo P := Fr(NP) xg04) S4 the sphere-bundle obtained from
NP by adjoining a section at infinity.

Theorem 4.3 (Donaldson—Segal [DS11| and Haydys [Hay12]). 7o
each section J € I'(IM) we can assign a G-bundle E = E(J) over Noo P to-
gether with a connection I = 1(3) and a framing ® : E|oc — Ex such that:

e For each x € P the restriction of I to N, P represents J(x).

o The framing ® identifies the restriction of I to the section at infinity
with As.
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The actions of Rt on R* and M lift to fibre-wise actions on NP and 90t.
The construction in Theorem 4.3 is equivariant with respect to this action.
In particular, I(s3J) = s31(J). It will be convenient to use the shorthand
notations

Iy :=1(s7,,3) and T, :=s7,,J.

If a section J € I'(M) does arise from a sequence of G'a-instantons bub-
bling along P, then it is reasonable to expect that in the limit as A — 0 the
connection Iy is “close to being a Go—instanton”. To make sense of that no-
tion we define the 4—form g on N P to be the zeroth order Taylor expansion
of 1 := ©(¢) off P. More explicitly, we can write 1y as

(4.1) ¥ = volyp — e! A e? A Wey — e? A e’ A We, — e3 A el A We, .

Here (e;) is a local positive orthonormal frame on P, (e') is its dual frame,
volyp is the fibre-wise volume form on NP and v € TP — w, € ATN*P
is given by the identification (2.7). With this notation set up the natural
requirement is that

(4.2) /l\li% )\72511(}7’1A A w0> =Fr A (wo —volyp) = 0.

If we introduce a bi-grading on k—forms on N P according to the splitting
TNP =n{TP ® n5;NP corresponding to the connection on NP with m :
TP — P and 7 : NP — P denoting the canonical projections, then it is
easy to see that equation (4.2) splits into two parts. The first one is simply
the condition that the anti-self-dual part of FIO’2 must vanish, while the
second part is given by

FPY Aapo = 0.

This condition can be understood as a partial differential equation on J as
follows. Define the vertical tangent bundle VI to 9 by

Vo .= (FY(NP) X Eoo) XS0(4)x G TM.

If 7 is a section of 9, then the action of A™ on M induces a Clifford multipli-
cation v : TP — End(J*V9N) in view of the identification (2.7). Moreover,
the connections on NP and F, induce a connection V on I assigning to
each section J its covariant derivative VJ € QY (J*VIN).
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Definition 4.4. The Fueter operator § associated with 9 is defined by

3
JETM) - FT = +(e)ViJ € T(T*VIM)
=1

with (e;) a local orthonormal frame on P. A section J € I'(I) is called a
Fueter section if it satisfies §J = 0.

Example 4.5. If M is as in Theorem 3.3, then the Fueter operator § lifts to
the twisted Dirac operator [P : I'(Re(S ®¢ (Foo ® U)) = ['(Re(S ®c (Ex ®
U)), cf. Remark 2.15.

The Fueter operator § is compatible with the product structure on
M =M x NP

corresponding to M = M x R, Tts restriction to the second factor is given
by the Fueter operator Fp associated with P.

Theorem 4.6 (Donaldson—Segal [DS11] and Haydys [Hay12]). If
J € T'(IM), then we can identify T(I*VIN) with a subspace of Q! (NP, gE(;j)).
With respect to this identification we have the identity

§J = *O(F;(’;lg) A o)

where xq is the Hodge—x—operator on N P. In particular, I(J) satisfies equa-
tion (4.2) if and only if J is a Fueter section.

Definition 4.7. The linearised Fueter operator Fy = Fy5 4 : I'(T*VIN) —
L(T*VIM) for 3 € I'(IM) is defined by

(4.3) EM@:ZH@Wﬁ

with (e;) a local orthonormal frame on P.

Example 4.8. If M is as in Example 3.3, then the linearised Fueter op-
erator Fy lifts to the twisted Dirac operator P : T'(Re($ ®c (Ex @ U)) —
['(Re(f @c (Fx @ U)). In particular, it only depends on the spin structure
s and not on J.
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The operator F5 is self-adjoint and elliptic; however, it can never be
invertible if J is a Fueter section J. This is because Fueter sections come in
1-parameter families (J)) er+. In particular, taking the derivative at A = 1
yields an element in the kernel of F5. If o € T'(VIN) denotes the vector field
generating the action of R* on 91, then we can succinctly write this element
of the kernel as v 0 7.

Let (¢t)ie(—7,1) be a family of torsion-free Go—structures on Y, let By be
an unobstructed Ga-instanton on a G-bundle E over (Y, ¢g) and let Py be an
unobstructed associative submanifold in (Y, ¢¢). Then by Proposition 2.11
and Proposition 2.18 we obtain a family of Go—instantons (B).e(—7v 1) over
(Y, ¢¢) and a family of associative submanifolds (F;);c(—7 7y in (Y, ¢¢) for
some T" € (0,T]. Now, carry out the above construction with P = P, Eo, =
E|p,, Asoc = By|p, and a fixed moduli space M of framed finite energy ASD
instantons to obtain a family of instanton moduli bundles (9)ic—7 1)
along with a family of Fueter operators (§¢)ie(—7 7). If Jo is a Fueter section
of My with

dim ker F5, = 1,

then, using the implicit function theorem, we obtain a family (J¢)ic—7/ 1)
of sections of M, satisfying

where p: (=77, T") — R is a smooth function vanishing at zero.

Definition 4.9. In the above situation we say that Jg is unobstructed with
respect to (¢) if

o
— 0.

It |y ’
Remark 4.10. One can work with a slightly weaker notion of unobstruct-
edness where one only requires that p is strictly monotone near t = 0. A
slight variation of Theorem 1.1 still holds in this case. We will pick up this
thread again in Section 10.

Example 4.11. If M is as in Example 3.3, then equation (4.4) can be
viewed as the spectral flow of a family of twisted Dirac operators and Jg is
unobstructed if and only if this spectral flow has a regular crossing at Jg.
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5. Pregluing construction

In this section we begin the proof of Theorem 1.1 in earnest. Suppose that
Y, (¢t)te(—1,1), B, P and J € I'(IM) are as in the hypothesis of Theorem 1.1.

Convention 5.1. We fix constants 7" € (0,7 and A > 0 such that all of the
statements of the kind “if ¢t € (=7",T7") and A € (0, A], then ...” appearing
in the following are valid. This is possible since there is only a finite number
of these statements and each one of them is valid provided 77 and A are
sufficiently small. By ¢ > 0 we will denote a generic constant whose value
depends neither on t € (—=7",7") nor on A € (0, A] but may change from one
occurrence to the next.

As discussed at the end of Section 4, By := B and P, := P give rise to:

e a family (B;);c(—1 1) of Ga-instantons on Ejy over (Y, ¢y),
e a family of associative submanifolds (7).~ 7 in (Y, ¢;) and, hence,

e a family of instanton moduli bundles (90;),c(_7+ 7+) with My = M and
Fueter operators (§t)ie(—7, 1) together with sections (Jt),c(—7 7y sat-
isfying Jg = J and

(5.1) Stjt + /L(t)’f) o) jt =0

where p: (=7",7") — R is a smooth function vanishing at zero with

Ou
|, 0.

The proof of Theorem 1.1 proceeds via a gluing construction. As a first step
we explain how to construct approximate solutions.

Proposition 5.2. For each t € (=T",T") and X\ € (0,A] we can explicitly
construct a G-bundle Ey; ) together with a connection Ay = Ai#2\Ty from
Ey, Ay € o/ (Ey) and 3. The bundles E; \ are pairwise isomorphic.

Before we embark on the proof, let us set up some notation. Fix a con-
stant o > 0 such that for all ¢ € (=T, T") the exponential map identifies a
tubular neighbourhood of width 8¢ of P, in Y with a neighbourhood of the
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zero section in N P;. For I C R we set
Urpg:={ve NP, :|v|el} and Vi;:={xeY :r(z)el}.

Here ry :=d(-, P;) : Y — [0, 00) denotes the distance from P;. Fix a smooth-
cut off function x : [0,00) — [0, 1] which vanishes on [0, 1] and is equal to
one on [2,00). For t € (=1",1") and A € (0,A] we define x;, : Y — [0, 1]
and x;" : Y — [0,1] by

Xoa(@) = x(ri(2)/20) and X" (2) =1 = x(re()/20),
respectively.

Proof of Proposition 5.2. Via radial parallel transport we can identify E(J;)
over U(g o), for some R > 0 with the pullback of E(J¢)| to said region and
similarly we can identify Ey over Vi ), with the pullback of Ep|p,. Hence,
via the framing ® we can identify ST/AE(’Jt) with Eo on the overlap V() )
for A € (0, A]. Patching both bundles via this identification yields Ey y.

To construct a connection on F; ) note that on the overlap I; ) :=
s’{//\I(Jt) and B; can be written as

Iin = Bi|lp, +iyn and By = By|p, + by

Here and in the following, by a slight abuse of notation, we denote by By|p,
the pullback of By|p, to the overlap. We define A; 5 by interpolating between
I, and B; on the overlap as follows

(5.2) At)\ = Bt|Pt + X,;)\bt + erit)\.

0

Now, in view of Proposition 2.8, the task at hand is to solve the equation

(5.3) ¢, (Fa,ta At) +da, ,4a€ =0

where ¢y 1= O(¢y) = *¢,¢1, t = t(N), a = a(\) and £ = {(N). If we could find
an appropriate analytic setup in which (a,&) = 0 becomes closer and closer
to being a solution of equation (5.3) while at the same time the linearisa-
tions Ly \ := L4, , ¢, as defined in (2.6), possess right inverses that can be
controlled uniformly in t and A, then it would not be too difficult to solve
equation (5.3) for all t € (=7, T") and X € (0,A]. Since the properties of
Ly are closely linked, among other things, to those of F3, and since Fj,
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has a one-dimensional cokernel, however, we will only be able to solve equa-
tion (5.3) “modulo the cokernel of F5,”. More precisely, when t € (=7",T")
and A € (0, A] we will be able to solve the equation

(5.4) Lipa+mn-1ux00J;+Qia(a) +en=0

for a = (¢,a) € Q°(Y, 9E,,) ® QLY gg,,) and n € R with Q; ) and e, de-
fined by

(5.5) Quale) = 5 * (fa A a] Agh) +[€a].

and
et 1= *(Fa, , Ah) +p(t) - uat o Ty,
respectively. Here the map ¢, 5 : D(J;VO,) — QY(Y, g, ,) is defined by

A.—vte* A
Lt7)\J — Xt 81/)\‘]

where we first identify J € D(3¥V0N,) with an element of Q' (NP, E(J;)),
then view the restriction of its pullback via 3;1 to Upp,)s as lying in
QI(V[OJN, gE,,) and finally extended it to all of Y by multiplication with
x; . After solving (5.4) we are left with the residual scalar equation

p(t) +n(t, A) = 0.

It will turn out that n and 9yn go to zero as A — 0. Since dyu(0) # 0, finding
t = t(\) such that equation (5.3) is satisfied is then a simple consequence of
an implicit function theorem.

Let us now discuss some aspects of the analysis. First of all we will intro-
duce appropriate weighted Holder spaces in Section 6. One should think of
these weighted spaces as a convenient framework to deal with different local
scales simultaneously. In our case they are constructed to counteract the fact
that the curvature of the connection A;  around P; becomes larger and larger
as A — 0. We will see in Section 7 that the amount by which our approximate
solutions A y fail to be solutions of equation (5.3) “modulo the cokernel of
F5,” measured in our weighted Holder norms goes to zero at a certain rate as
A — 0. The key difficulty then lies in analysing the linearisation L; ). As is
the case in most adiabatic limit constructions, the linearisation L, y is rather
badly behaved on an infinite dimensional space: For every J € T(TF V) the
appropriate norm of Lw\ﬁ is essentially independent of A, while the appro-
priate norm of Ly, ,\ﬁ tends to zero as A — 0. To overcome this issue it is
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convenient to split the problem at hand into a part coming from I'(J;V9t,)
and the part orthogonal to it. We define m;  : Q'(Y, gg, ,) — D(J;VIN,) by

TFt/\CL E / a Lt)\l‘i
N, P

for x € P;. Here s runs through an orthonormal basis of (V)5 with
respect to the inner product (i -, x-). Clearly, m i » = id; hence, 7, ) 1=
tg T\ 1S a projection. We denote the complementary projection by p; \ :=
id — 7 5. If we define

Ay = Q%Y g5, ,) ®kerm
then we can write
QO(Y’ gEt,A) D Ql(Y7 gEt,A) - Q[t7A ® F(jrvmt)

and decompose Ly accordingly into a 2-by-2 matrix of operators. We will
see in Section 8 that the diagonal entries can be controlled in terms of cer-
tain models on R, L4, and the linearised Fueter operator F5,, while the
off-diagonal terms are negligibly small. In Section 9 we discuss how to con-
trol the non-linearity @ ) in equation (5.4). The completion of the proof of
Theorem 1.1 in Section 10 will then be rather straight-forward.

6. Weighted Holder norms

Fort € (=1",T") and X € (0, A] we define a family of weight functions wg s.¢
on Y depending on two additional parameters £, € R as follows

o )\5()\ + rt(x))_z_‘s if r(z) < VA
5t (@) = 7y ()0 if r¢(z) > VA

and set wy g, (2,y) := min{wy 5. A (), w1 (2)}. For a Holder exponent
a € (0,1) and ¢, € R we define (semi-)norms

I, ) = llweseafll =)

Ulegs, o) = sup We—ag0.A (75 Y)
, rAYEU:
d(ay) A+ min{r.(z) . (3)}

k
HfHCfff Nk Z ”kaHL;ij,é;,”A + [V fleoe
j=0

— ]5t>\
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Here f is a section of a vector bundle over U C Y equipped with an inner
product and a compatible connection. We use parallel transport to compare
the values of f at different points. If U is not specified, then we take U =Y.
We will primarily use this norm for gg, ,—valued tensor fields.

Remark 6.1. The reader may find the following heuristic useful. Let f be
a k—form on Y. Fix a small ball centred at a point x € P, identify it with a
small ball in T,,Y = T, P, & N, P; and rescale this ball by a factor 1/\. Upon
pulling everything back to this rescaled ball the weight function w_g s 1
becomes essentially A*(1 + |y|)*~%, where y denotes the N,P;—coordinate.
Thus as A goes to zero a uniform bound | fillr=,,,, on a family (fy) of
k—forms ensures that the pullbacks of fy decay like |y|~%9 in the direction
of N,P;. At the same time it forces f) not to blowup at a rate faster than
Ty k=0 along P;. The “discrepancy” in the exponents can be seen to be rather

natural by considering the action of the inversion y — Ay/|y|?.

Proposition 6.2. If (f,g) — f-g is a bilinear form satisfying |f - g| <
| fllgl, then

I1f - gllgre < fllgre lgllore

£1+09,51 4595t A £9,515t,2 £9,895t,A

Proof. This follows immediately from the above definition. O

Corollary 6.3. If§ < 0, then there is a constant ¢ > 0 which is independent
oft € (=T'",T") and X € (0, A] such that

§
IFlgre, . <X fllgre  and [flre | < el fllges

£,85t, A £,05t,\ 0,85\

Proof. Use Hl”@’i’éﬁ,x < eM/2 and ”1”Cf’f,‘i‘5;t,x < cfor § <O0. O

Proposition 6.4. For{ < —1 andé € R such that ¢ — o+ > —3 and £ +
d < —1 there is a constant ¢ > 0 such that for allt € (=T",T") and X € (0, ]
we have

laTlicos, <A 3 coe  and

Zf
|7 aal|coe < AT a||chg;;m(v[0,a);t)~

In particular, m x = 1 2m.x and pg ) are bounded by cA™* with respect to the
C’?’(soft \~noTms.
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Proof. From Proposition 3.1 it follows at once that
A 2114
Is1aTllcoe, . (Viom . < A 1T llcoe

The first inequality thus is a consequence of Prop. 6.2 since ||x; ||C§f£ .
A3l for 046> —3. o

To prove the second inequality, note that by Proposition 3.1 for x €
(VON)3,(z) we have [s] k() < cA? /(A + |z])3|k||> and thus

VA
/N . <a,xjs>'1‘/)\/<a> < C/o )\2—5()\ + r)“‘s_?’r‘gd’r . H@HL,??&MH“HB

(o
te / NS\ + 1) Pr3dr - lal| s, |62
B -

¢
<N Hallng,, s 22
since £ < —1 and ¢+ 6 < —1. If 5 is an element of an orthonormal basis of
(V) 5, () With respect to (14 x-,tex-), then [[k][z2 < /A since for k1, ko €
(V) 5, (2)

2 + ¥ + g
A (K1, K2) 2 ~ <Xt S1/A01, Xy 31/>\“2>L2

where ~ means comparable uniformly in ¢ and . Therefore,

Imepallz~ < A lallz

oo .
2,852

The estimates on the Holder norms follow by the same kind of argument. [

7. Pregluing estimate

In the following we will need to differentiate various tensors over Y and N P;
depending on t € (=T, T). For tensors over Y we could simply differentiate
using O¢; however, 0; does not drag P; along in a parallel fashion, which causes
some additional error terms to show up, and also it is preferable to differen-
tiate tensors over Y and IV P; in way that is consistent with the identification
Vit =Ury for I C [0,20). Therefore we use a fixed set of connections con-
structed as follows: For each t € (=1",T") we can write P, = {exp,(v) : p €
Py} for some unique normal vector field v, € I'(Py, N Fp); hence, the bun-
dle Jlye_qv ) Pt — (=1",T") comes with a canonical connection. Pick a
connection on A" := [[,e gy NP — (=1",1") such that for each paral-
lel path ¢ — p; € P, its lift to the zero section ¢ — 0,, € N F; is also parallel.
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Moreover, we pick a connection on Y x (=T",T") — (=T",T") which agrees
with the connection on .4 on Ute(fT’,T’) Vio2o)t = Ute(fT“T,) Ujo,20),+ and
with 9, on Y\Ute(fT’,T’) Vio,40),.- These connections induce various con-
nections on bundles of tensors over Y and NFP;; we denote the associated
covariant derivatives by V..

Proposition 7.1. There is a constant ¢ > 0 such that fort € (=T",T") and
A € (0, A] we have

1,0 1,0
Het,)\HCE’;o;t,A <ch oand ||V yllgos <A

2,05, A
and
0,1 2 0,1 2
||et,>\||03’2",g;t,A <cA* and ||Vtet7)\||Cg,50;M < e

Here we use the bi-grading introduced after (4.2).

Remark 7.2. We will later improve this error term further by performing
one adjustment “by hand”, see Proposition 10.1.

The proof of this result requires some preparation.

Proposition 7.3. In the tubular neighbourhood Vig 4y, of P; we can write

P i= O(dr) = x¢,01 as
P = Yo + Y1y + P>ou

where oy is defined as in equation (4.1), 1y takes values in AN’T*P, ®
ATN*P,. Moreover, Yo, Y1 and P>o,4 depend continuously differentiably
on t, and there is a constant ¢ > 0 such that for all t € (=T",T") we have

[boillcoe, (Vo T 1utllcos v 0 T 1¥220llcs, | vion <€

0,03t A

and

| Vitoitl co.e

0,0;t, X

Vo) T IVl coe v T IViV222llcoe . (v, ) S €
Proof of Proposition 7.3. Let P = P, and v = ;. If we pull the identity map
of a tubular neighbourhood of P back to a tubular neighbourhood of the
zero section of IV P via the exponential map, then the Taylor expansion of its
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derivative around P can be expressed in the splitting TN P = n{TP @ m5N P
as

(z,y) = (z,9) + (y(2),y) + O (ly*)

where II is the second fundamental form of P in Y which we think of as a
map from NP to End(TP). This immediately yields the desired expansion
of 1 near P, with v taking values in A?T*P ® ATN*P, since we know
that ¢ is given by 1o along P. Moreover, we have V¥¢; = O (|y|'™*) and
VFsy = O (|y|*7%) for k = 0,1 which implies the first estimate and, since
everything depends smoothly on ¢, also the second estimate. ([

The same reasoning also proves the following result.

Proposition 7.4. There is a constant ¢ > 0 such that for all t € (=T',T")
and X\ € (0,A] we have

0 = lle, Vo + 1V = e, (Vo <

1,05t,A

Proposition 7.5. There is a constant ¢ > 0 such that for all t € (=T",T")
and X\ € (0,A] we have

P + || (F70 = Fr,) <A
I Fp o E\r B o -
H &2 t|Pf Coﬁz,o;t,)\(v[o,o);t) A tIPt 0312,0#,)\(‘/[0“’):‘)
L P K PR
b C,’B)Ugtyk(‘/'[o,a):t) - CJs,o;t)\(V[O,U)?‘)
R I L IR
CZr o x(Vo,oy:t) CZi oA (Vo))

Proof. Theorem 4.3 asserts that the restriction of I; = I(J;) to the section
at infinity agrees with By|p,. Hence, F I2t Y _F B,|», Vanishes along the section
at infinity which when viewed from the zero section in N P, means that

m| = .
T 14yl

2,0
F[t — Fp,

The first estimate now follows from a simple scaling consideration and by
realising that the above reasoning also applies to V, (F Izt Y F By|r,

The last two estimates follow from Theorem 4.3, Proposition 3.1, the fact
that the curvature of a finite energy ASD instanton decays at least like |y~

and simple scaling considerations. O
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Proposition 7.6. There is a constant ¢ > 0 such that for all t € (=T',T")
and A € (0, A] we have

) + Hdlt,xit,kHc‘}a (Vir,oyit) < c\? and

4,058,

lieallcoe

3 o;t,A(V(%v);t

| Vet n

‘ngzo;t,x(v(%a);t) + Hvt(d]ﬁ*kit’)‘)"oga (V(A,a):t) S C)\2

4,05t, A

as well as

1bell o, (Viow) T 1dBuin bellcoe, | (v, S ¢ and
IVibell o

1,05t,A

(V[Oﬁ);t) + Hvt(dBt|Pt bt)||08:g;t,>\(v[016);t) S ¢

Proof. The first two estimates follow from the fact that we put I; into radial
gauge from the section at infinity in Ny, P; and a simple scaling consideration,
while the last two estimates follow from the fact that we put B; into radial
gauge from the zero section in N FP;. O

Proof of Proposition 7.1. We proceed in four steps. First we estimate €; 5, an
approximation of e; . Then we estimate the difference e; y — €; \ separately
in the three subsets Vig »).4, V|x0/2) and Vi /2 ), constituting Vig )., which
contains the support of e .

It will be convenient to use the following shorthand notation

[flle = [fllcoe

£2,05t, X

o+ Ve loz, oy

Note that if (f,g) — f - g is a bilinear map satisfying |f - g| < |f||g| and the
Leibniz rule with respect to Vi, then it follows from Proposition 6.2 that

1f - glles+e,0 < I flleo - llglleu-
Step 1. The term

e = [(F,, — FBt‘Pt) Aaby] + pult) -5 0 Ty
satisfies |6,V 2.vio oy + 1603 =210, < €.

Because of Theorem 4.6, the fact that F' 2 ’i is anti-self-dual and Propo-
sition 7.3 we can write €, ) on Vjg o), as ,

~ 2,0
e = [ (Fros = Fp, )™ M) 5 [FEE A @+ 22|
+ * <F£’§ A T/}ZQ;t) + (* — *0) <F11t’1 A wO;t> .
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Using Proposition 7.3 and Proposition 7.5 as well as [[1]-1,v;,,,, < ¢ we
estimate Héu)\H_Q’V[O)G);t by

2,0
[P = o)™, o,
1,1
FE L Ul UV 521 )
sy V[0,0);t
0,2
L 5 I =1 e

1,1
1 = 50 Vi ||

- 1I%0; < e
3V 1%0:t10,Vig oy <

This proves the first part of the assertion. To prove the second part, note
that all but the first term can be bounded by A2. The first part arises from

’ |:(F1t1>\ a FBt'Pt)2’O A wt:| = %0 |:(F1t’>‘ - FBt|P1)2’0 A ¢O§t:|
+ % |:(FIt,)\ - FBt|Pt)27O A (wl;t + w22;t)}

4 (% — %) [(F,M — P )0 A wt)] .

Again, all but the first term can be bounded by A? with respect to
Il - I-2,vi.,..- The first term, however, is of type (1,0).

Step 2. We prove that |lesx — €y < A2,

0,\);t

Since

HFBtlpt A th—ZV[ < H]'H*Q,V[o,x);t . HFBt|pt A thO,V{ < C)\Q’

0,\);t 0,\);t

it suffices to estimate Fy, , — Fy, , in V]g y),;- Now, in Vjg )y, the curvature
of Ay ) is given by

_ 1, _ _
FAt,A = F]t,k + Xt,)\dft)\bt =+ §(Xt,)\)2[bt A bt] + dXt,/\ A bt'

Using Proposition 7.6 and the fact that the cut-off functions x,, where

constructed so that |x;,,llo,vio.., + [[dx; \ll-1,Vi.., < ¢ we obtain

0,0)
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||FAt,A - FIt,A ||_27‘/[0,>\);t
< =20 - Xz
+ Xz lloViewye -

’07‘/[0,>\):t : HdBt\Pt bt ”07‘/[0,>\);t

|it,A"—3,‘/[A/2,a);t ) Hbt ‘17‘/[0,>\);t

1 — 112 2
=+ §||1‘|—41W0,A);t ’ HXt,)\’ 0,Vio,n)5¢ ||bt||17‘/[0,>\);t

- 2
+ ||1”—2,V[o,,\);t : dety)\H_lJ/[O,/\);t : ||bt||1,V[o,,\);t <)
Step 3. We prove that [le,x — €l[viy., oy < CAZ.
This is an immediate consequence of Fg, Ay = 0 and Proposition 7.6

since in V] 5/2);¢ the curvature of Ay is given by Fa, , = Fp, + [igx A b] +
FIt,A - FBt‘Pt .

Step 4. We prove that |le; ) — €\, sy, < A2

In Vig/2,6);¢ the curvature of A is given by
+ . Lo tyep - + A
Fa, = Fp, +x; dp,it + i(Xt )7liean Adea] +dxg Adgae
Since ||X{ leviy 20y + 19X 16V 20y < €5 it follows that

”FAt,/\ - FBt ||*27V[a/2,a);t
S ”X;’_H27‘/[0/2,U):t ’ Hdlt,kit:)‘“_47‘/[0/2,0'):1:
X3 0.V 2.0y 1102

11,Vie2one * it =3,Vi0 2,000

1
+112 C2
+ §||Xt H2a‘/[0‘/2,0‘);t ’ | Zt7>\ |_37‘/[o‘/2,0);t

+ ||dXt+||1,V[<r/2,a);t : ”Z.t,/\||*3,v[a/2,o);t < C)‘2'

We are thus left with estimating

et a® 0T — 00 Tyall=2,i0jomre < IXE = L1V oy - 180 Tenll=3,010 e

To conclude the proof we observe that ||x;” — 1|1,y ,...,.. < ¢ and that

(7.1) 1slless,  omy < A2 13lcre

as a consequence of Proposition 3.1 and a simple scaling consideration. [J
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8. Linear estimates

We denote by X;, and ), the Banach spaces Ch* @R and C'*@ R
equipped with the norms
@ mlx.r = X2 ppallns,  + Mimagllons + Mgl and

-0
Ny, r = A lpeaalcos .+ Almaalicos + Alnl,

respectively. Here we fixed § € (—1,0) and 0 < o < |d|. For concreteness one
may take § = —% and o = ﬁ. It will become apparent in the course of this
section that the choice of the relative weights between terms involving p; ya
and those involving m; ya is not completely unnatural. We consider the linear

operator Ly y : Xy x — 2y x defined by
Lix(a,n) = (Lix+ 1 tux00Ty, (maa,00Ty)).

Proposition 8.1. For all t € (=T",T") and X € (0,A] the linear operator
Ly ) is invertible, Lt_){ depends continuously differentiably on t and continu-

ously on \ and, moreover, there exists a constant ¢ > 0, which is independent
of t € (=T",T") and X\ € (0,A], such that

(82) VL3 (8 Oz < el [l,a-

The key to this proposition is the following estimate which we will prove
in the course of this section.

Proposition 8.2. There exists a constant ¢ > 0, which is independent of
te (=T",7") and X € (0,A], such that

(8.3) @z, < cllLia(an)ly. -

Proposition 8.3. The family of operators Ly x : X x — Y ) depends con-
tinuously differentiably on t and continuously on \ and there exists a constant
¢ >0 such that for allt € (=T",T") and X € (0, A] we have

[Lea(a, .\ < cll(@n)lx,, and
HvtLt,)\(Qa n)HQJt,)\ < CH(Qa 77)||xt,>\’

Proof of Proposition 8.1. By Proposition 8.2 the operator L; ) is injective
and has closed range. Hence, we can identify its cokernel with the kernel of
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L} ,- Since Ly ) is formally self-adjoint, it follows from elliptic regularity that
the kernel of L: y agrees with the kernel of Ly #.» and thus is trivial. Therefore,
Ly is invertible. Now, (8.1) follows at once from (8.3). Since Ly ) depends
continuously dlfferentlably on t and continuously on A, so does L; ). Since
VtL;i =L, VtLt )\Lt/\, (8.2) follows from (8.1) and Proposition 8.3. [

8.1. The model operator on R7
Let I be a finite energy ASD instanton on a G-bundle E over R*. By a slight

abuse of notation we denote the pullbacks of I and F to R” = R? ® R* by
I and E as well. We define L; : Q°(R7, gg) @ Q'(R7,gg) — Q°(R7, gg) ©

521(1{71 gE) b}
d[ *(1!)0/\(1[)

1
Py 1= §w1 Awp —dzP Awp —dz? Awy — dz'2 Aws  and

wy = dz® + dx67, wy = dz — dz*"  and w3 = dz*” + da®.

where

Denote by 7rs : R @ R* — R? the projection onto the second summand
and define weight functions

(8.4) w(z) =1+ |mra(x)] and w(z,y) = min{w(z),w(y)}.

For a Holder exponent v € (0,1) and a weight parameter 8 € R we define

[f(z) = f(y)|
flooa i == sup w(x,y)* 5—,
| ]Cﬁ ) d(z,y)<w(w,y) k2 d(x, y)*
Ly = lw ™ fll =) and

k
1lleroy = 31V Fllzg @) + [V fleos o,
=0

Here f is a section of a vector bundle over U C R equipped with an inner
product and a compatible connection. We use parallel transport to compare
the values of f at different points. If U is not specified, then we take U = R,
We denote by Cg’a the subspace of elements f of the Banach space C*® with
| fllcre < 00 equipped with the norm || - Hclg,a.

he linear operators L; can serve as a model for L; ) in the following
sense: Fix t € (0,7"] and x € P,. Set I :=1(J)|n,p, and E := E(J;)|n,p,-
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Identify T,Y = T,P, & N, P, with R” = R?>@® R* in such a way that the
summands are preserved and 1|7,y is identified with vy. For €1,e2 > 0 we
define V¢, ,.+ to be the open set which under the exponential map based
at x is identified with U, ., := B, (0) x B,,(0) ¢ R* ® R*. With respect
to this identification a gg, ,~valued tensor field f on V¢ ., is identified
with a 51/,\915 —valued tensor field f on U61 e\, and if £ € N is a scaling
parameter, then with f we can associate a gg—valued tensor field s ) f on

Uel,eg;)\ = )\_1051752 defined by

(Sk,Af)(xv y) = )\ka(AZE, )\y)
Proposition 8.4. There is are constants c,ey > 0 such that for e € (0, €],
€ (=T",T") and X € (0,A] we have
L < Nkt <
Mseaflliee 0, zn) S AT W s, vz S Cllsinfllig . )

1 ket
EHSk Af”c’m <A Hf”c’m

Hé(Ue,ﬁ;Ai) zatx( NNt ) < CHSk )‘f”Cka(U VRN )

and

< cle+ V) lalcre

cgv;w‘k(v&ﬁ;t) 1,6:t, A(Ve,ﬁ;t) ’

-1
HLt,)\Q - 827,\L151,,\Q‘

To better understand Lj it is useful to rewrite it as follows.
Proposition 8.5. If we identify T*R? with AT via da* — —w; and ac-

cordingly Q° (R, gg) ® Q' (R7, gg) with Q°(R7, (R & T*R?* & T*R?) ® gg),
then the linear operator Li can be written as Ly = F' + Dy where

F(§ w,a) = Z Oiw, wi) , 0i€ - wi, *4(0ia A wi))

S QY RY gp) — QURA, gp) @ QN (R, gg) is as defined in (3.1). More-
over,

5,0%
L:L; = Ags 1 .
=t R+< 5}‘51>

Proof. This is easy to verify by a straight-forward computation. O
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Let us now recall a key result from [Wall3b, Appendix A].

Definition 8.6. A Riemannian manifold X is said to be of bounded geom-
etry if it is complete, its Riemann curvature tensor is bounded from above
and its injectivity radius is bounded from below. A vector bundle over X
is said to be of bounded geometry if it has trivialisations over balls of a
fixed radius such that the transitions functions and all of their derivatives
are uniformly bounded. We say that a complete oriented Riemannian man-
ifold X has subexponential volume growth if for each x € X the function
r +— vol (B,(x)) grows subexponentially as r — oo.

Lemma 8.7. Let E be a vector bundle of bounded geometry over a Rie-
mannian manifold X of bounded geometry with subexponential volume growth
and suppose that D : C°(X,E) — C>®(X, E) is a uniformly elliptic opera-
tor of second order whose coefficients and their first derivatives are uniformly
bounded, that is non-negative, i.e., (Da,a) > 0 for all a € W?2(X, E), and
formally self-adjoint. If a € C°(R™ x X, E) satisfies

(ARn + D)a - O

and ||a||p= is finite, then a is constant in the R™—direction, that is a(zx,y) =
a(y). Here, by slight abuse of notation, we denote the pullback of E to R™ x
X by E as well.

Remark 8.8. The statement in [Wall3b, Appendix A] also requires ||Va||z
to be finite. This, however, can be deduced from ||a||f~ < oo, elliptic esti-
mates and the equation (Ar~» + D)a = 0.

Corollary 8.9. Ifac Q°(R", gg) ® QY(R, gg) satisfies Ly = 0 and ||a| L~
18 finite, then a is the pullback of an element in the kernel of dy.

Proposition 8.10. For 8 € R there is a constant ¢ = ¢(I) > 0 depending
continuously on I such that the following estimate holds

lallgye < e (ILrallcse, + lallzz ) -

Proof. This is a standard result. The argument we use goes back to work of
Nirenberg-Walker [NW73, Theorem 3.1].
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The desired estimate is local in the sense that is enough to prove esti-
mates of the form

lallcrew, < c(lLialloge + lallzy)

with ¢ > 0 independent of i, where {U;} is a suitable open cover of R? x X.

Fix R > 0 suitably large and set Uy := {(z,y) € R* x X : |rrs(7)| < R}.
Then there clearly is a constant ¢ > 0 such that the above estimate holds
for U; = Up. Pick a sequence (x,7;) € R® x X such that r; := |mr«(y;)| > R
and the balls U; := B, g(;, y;) cover the complement of Up. On U;, we have
a Schauder estimate of the form

lall L=,y + rilalconw,) + rill Viall L=, + ri T [Vidcoew,
< ¢ (rillLrall g vy + 73 P [Lralcoe vy + lall < v;))

where V; = B, /4(7i,yi) and a = (£, a). By rescaling the balls V; to a ball of
fixed radius one can see that the constant ¢ > 0 can be chosen to work for all
1 simultaneously. Since on V; we have %m < w < 2r;, multiplying the above

B

Schauder estimate by r, " yields the desired local estimate. O

8.2. Schauder estimate

Proposition 8.11. There is a constant ¢ > 0 such that for allt € (=T",T")
and X € (0, A] the following estimate holds

(8.5) lallore, ., < e (ILualloog, ,, + lalli=, ., ) -

1,8:t,2

Proof. Tt suffices to show that there is a constant ¢ > 0 such that for all
te (=T7",7"), A € (0,A] and = € Y there exist open sets U and V such that

lallere,, o) < e (1Eeadliens,, )+ lalls, ,, ) -

1,8;t,A 2,

For x € Y with r¢(z) < /A such an estimate follows from Proposition 8.4 and
Proposition 8.10. For x € Y with 74(z) > VA one can take U = B,,(;)/3(7)
and V' = B, (;)/4(7) and argue as in the proof of Proposition 8.10. O
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8.3. Estimate of ||pra|/ 1=

1,85t

Proposition 8.12. There is a constant ¢ > 0 such that for allt € (=T',T")
and X € (0, A] the following estimate holds

(8.6) lallzx, ., < e (ILialeog, +ITaales,,,,)-

2,55, A

Proof. If not, then there exist sequences (¢;), (A;) and (g;) such that
lim; 500 Aj = 0,

laillr=, ., ., =1

Bm [|Lg 3 il o, =0 and
(8.7) Lim 17t il ,, . =0.

After passing to a subsequence we can assume that (¢;) converges to a limit
t. From Proposition 8.11 it follows that

(8.8) laillcre <c

1,855,

Pick a sequence (z;) of points in Y such that
w1 gt ()]l (2i) = 1.

After passing to a subsequence we can assume that one of the following cases
occurs. We will show that each of them leads to a contradiction, thus proving
the proposition.

Case 1. The sequence (x;) accumulates away from Py: lim;_o0 1, (z5) > 0.

By (8.8) the sequence (g;) is uniformly bounded in C%® on each compact
subset of Y\ P;. Arzela—Ascoli and a diagonal sequence argument thus yield
a subsequence of (g;) which converges to a limit a on Y \ P, in Cllo’f‘/ ?. Since
we can also arrange that the corresponding subsequence of (z;) converges
to a limit = € Y\ P; for which 74(2)'*|a|(z) = 1, it follows that a cannot
vanish identically. However, a also satisfies

(8.9) |71~ <1 and
(8.10) Lp,sa=0 onY\P.

Since 6 < 2, it follows from (8.9) that a satisfies (8.10) on all of Y in the sense
of distribution and hence is smooth by elliptic regularity. This contradicts
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the hypothesis that Ag and hence B; is acyclic, i.e., that Lp, 4, has trivial
kernel.

Case 2. The sequence (x;) quickly accumulates near Py: lim; o0 ¢, (2;) /A
< Q.

After passing to a subsequence we can assume that (z;) converges to a point
x € P;. With the notation of the paragraph preceding Proposition 8.4, set

b@ = 81,)\1' <Q1|V\/X1,\/th> .

This sequence satisfies

”Q"HCi’i’M(Um,mm) <c and Zli)l)go HLIbiHCS‘;*M =0,

and if (y;) denotes the sequence of points in U VX /noa, corresponding to the
sequence (z;), then

w(y:) 0 |b;|(ys) >

DN | =

where w =1+ [7ra| as in (8.4). Since the sequence of subsets U ;5 /5 .\ C
R is exhaustive, Arzela-Ascoli and a diagonal sequence argumént yield
a subsequence of (b;) which converges to a limit b on R7 in Cllo’;l/ 2. By
translation we can arrange that the R3-component of y; is zero and thus |y;|
is bounded. After passing to a further subsequence (y;) converges to a limit
y € R7. At this point we must have w(y)'~°|b/(y) > 1/2 and thus b cannot

vanish identically. It follows from Proposition 8.4 that b satisfies
|w'=%b||z~ <2 and Lb=0.

Moreover, using (8.7) and arguing as in the proof of Proposition 6.4, making
use of the hypothesis 0 < 0, one can show that each restriction of b =0
to a slice {x} x R* is L?-orthogonal to ker §;. This, however, contradicts
Corollary 8.9.

Case 3. The sequence (x;) slowly accumulates near Pp: lim; oo 1, () /Ni =
00.
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In a similar manner as in the previous case we set

Qi =S (Qi|vﬁi)m,,>

and denote by (y;) the sequence of points in U V3 ooy, - Again, we can assume

i

that the R3component of y; is zero. After passing to a subsequence we can
assume that one of the following two cases occurs.

Case 3.1. We have |y;| < 1/V/\; for alli € N,

Set
b=l bl ) and o= wi/ bl
Again, Arzela-Ascoli and a diagonal sequence argument yield a subsequence
of (b;) converging to a limit b on R”\ (R? x {0}) which cannot vanish iden-
tically, since |g|'°|a|(7) > 1/4 with § := lim; . 9. However, b also satisfies

(8.11) | %b|| 1~ <4 and
(8.12) Lb=0 onR"\ (R?x {0}).

Here w := |rRa| and L is defined by
(8.13) La := (d*a,d¢ + x(¢ Ada)).

Since § > —2, it follows from (8.11) that b solves (8.12) on all of R” in the
sense of distributions and hence is smooth by elliptic regularity. Moreover,
using standard elliptic estimates one can show that b is uniformly bounded
near R? and therefore by (8.11) on all of R” since § < 1. Because L*L =
ARz + AR+, we can now apply Lemma 8.7 to conclude that b is invariant
under translations in the R* direction. We can thus think of é as a vector
of harmonic functions on R*. Since ¢ < 1 it follows that the components of
b decay to zero at infinity and thus vanish by the maximum principle. This,
however, contradicts the fact that b cannot vanish identically.

Case 3.2. We have |y;| > 1/V/\; for alli € N,
If we set
by = Nl b (Jyil - =) and i == wi/|yil,

then we obtain the desired contradiction by arguing, mutatis mutandis, as
the previous case. The relevant constraint on § is easily seen to be that
Je(—1,2). O
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8.4. Comparison with F5,

The connection on Hte( T O)N P; induces connections on the bundles over
(=T.T) whose fibres are C™*(J; ,VIN;) and Cla(”*kvmt) respectively.
We denote the corresponding covariant derivatives by Vt

Proposition 8.13. There is a constant ¢ > 0 such that for allt € (=T",T")
and X € (0, A] the following estimate holds
1ZepeenT = upF3 Sl s, < eX?|Tcre and

H(vtLt?)\)Lt)\fj — Lt7)\(vtth)jHCg,;0;t,A < C/\2||'j||cl,a.
Proof. Consider the operator
Et : QO(NPtngt) ©® Ql(NPtygEt) - QO(NPtygEt) ©® Ql(NPtygEt)

defined by

Lipa = (d,  a,dy, & + xo(thoy Ady, ,a)).
If we 1dent1fy € I'(J;VI,;) with an element of Q'(NP;, gg,), then since
03, (x (J|N p,) = 0 we have

t

L) = (0 *Q [%t A(dg, , 3) 1})

which is the same as 7, o F, o s5(3).
In order to prove the first estimate it thus suffices to control the following
terms

Liatind — 10 F5,3 = Lia(00T = T3) 4 (Lex — Lix) 3
+ (12 © F3,9 — unF3,7)
= I+ 1T +1II

on Vjp ) It is easy to see that

(Vo,o)5¢) < C/\QHJHCL(’

2,0;t,

Mlcog (Vo) T T o

by using that fact that I and III are supported in V|, /2 ).+ and the estimates

||Lt )\CLHCO;O /\(V[O,UN) C”CLHCI {XOtA(V[Uwﬂ):t) and ||thj||CO,(x S CHjHCl,a.
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as well as

leenT = Tnllere Wi aon)

£2,05t, A\
+ ~
<= s, Viossm) “1TAexz,, (Vo)
< C/\2HjHCk,a.

To estimate II we expand it as

I =« (1/1,5 AN (Agy — Iey) A ﬁA) + ((@Zq;t + P>24) A dIMﬁA)

+ (% — #0) (Yo Ady, ,Tn)
=: IIl —+ IIQ =+ IIg

It follows from Proposition 7.6 that

(8.14) [[Agx — Il oo

1,05t,A

Vowre) = IXeabe + 06" = Dieallogg, (o) <€
which in conjunction with (7.1) yields
Mleos, < eX2[Bcre.

From Proposition 3.1 and simple scaling considerations it follows that
H<d1t=kj)‘)171”Cg’g,o;t,x(v[o,o%t) + ”(dlt’AjA)072HCEYZU;LA(V[O,U);’&) < CAQHJHCLQ'
Since 53t(x)(ﬁ|prt) = 0, we have

Yo A (dr, I3 = b1y A (dg, ,T3)% = 0.
These facts together with Proposition 7.3 imply that

M2flop = [[T3]| o

2,05t, 2,0;t,

< eN[Tne.

This finishes the proof of the first estimate. To prove the second estimate
note that the individual terms of

(VeLiatn)I — ViF5,3 = (VL)) (a3 = 33) + Vi(Lix — Lin) 3y
+ (53,0 ViFa, 3 — 110 ViF5,3)

can be estimated just as above. ]
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Proposition 8.14. There is a constant ¢ > 0 such that for allt € (=T',T")
and X\ € (0,A] we have

llcne < e (ImaLotenTlicos +

(3,903, D .
Proof. By hypothesis we have

13lore < e (B3, o +

(3,0 Jt)D
for ¢ = 0 and thus also for ¢t € (=T, T"). Together with
|F5. 3o < e (Hﬂt,ALt,ALt,AﬁHCO«a + Al*allﬁllcw) ,

which is an immediate corollary of Proposition 6.4 and Proposition 8.13, this
immediately implies the asserted estimate by rearranging. O

8.5. Cross-term estimates

Proposition 8.15. There is a constant ¢ > 0 such that for allt € (=T',T")
and X\ € (0,A] we have

||Pzt,/\Lt,/\bt,>\jH(;(};MA < eATYT||gre  and

||Plt,A(VtLt,A)bt,AjHc‘};o;t,A < eAIore
as well as

e xLiapeaallcoe < eA™%[pgrallcre and

1,05t,A
ITeA(ViLia)peaallcoe <A™ piaalgre -
Proof. The first two estimates are immediate consequences of Proposition 6.4
and Proposition 8.13 because

P ALt 2T = pt,)\(Lt,)\Lt,)\j - Lt,AFﬁtj)

and similarly for ViL; .
To prove the last two estimates first note that we can assume without
loss of generality that a is supported in V|, and that a = p ra. Define
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ﬁ't)\ : Ql(NPt,gEt) — F(J;Vﬂﬁt) by

where, at each point x € P, k runs through an orthonormal basis of
(VO)3,(z) With respect to 1/)\ , 1/)\ > and set p; ) :=id — 7, . One can
check that m; ya = 0 implies that 7 ALt aa =0 where Lt 2 is as defined in
the proof of Proposition 8.13. Therefore

TexLiapera = mp a (L y — it,)\)pt,)\ﬁ + (mn — ﬁt,A)it,)\Pt,/\Q
+ T aLea(pey — Prr)a
—: I+ I1 + 1L,

Define 7, 2 like 7 \ but take the inner product with ¢\ instead of s} AR
and let x run through an orthonormal basis with respect to (¢, A LA °) L2 If
11 and III denote the same expressions as II and III but with 7,y in place
of 7y » and id — 7\ in place of p; x, then II and IIT are supported in Vio/2,0)
and one can argue as in the proof of Proposition 8.13 to show

e + 1T cne < A~ aflcos .
The eigenvalues of the quadratic form (¢ x-, ¢, x-) with respect to < 51/ 751/>\ >

differ from one by~O()\4); hence, the differences between II and II as well as
between III and III are negligibly small.
To estimate I we write it as

L= (o A (Agxn — Ip) A peaa) + (Y1 + Usoy) Ady, , pera)
+ (¥ = *0) (1/10 A dlt,mt,xg) .

Using Propositions 6.4, 7.3 and 7.4 as well as and (8.14) it follows that

Hﬂt,/\IHC’“-"‘ < C)‘_OCHIHC'E?(” A(Vo,0)5t) <A HaHOlfm A

This finishes the proof of the third estimate. The last estimate is proved
along the same lines. O
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8.6. Proof of Proposition 8.2

Applying Proposition 8.11 and Proposition 8.12 to p; xa and using Proposi-
tion 6.4 yields

lpeaallcre < cl[Liapeaal coe

1,85t 2,8;t,\
< c(lpaLinalcog, |+ loaLeamaallcog

+ Al_aH7Tt,/\Lt,/\,0t,>\Q||co.a).
By Proposition 8.14
[meaallcre < ce(([meaLleaallcos + [(maa, © 0 Te)| + [lme AL apraal coe) .

Recalling the definitions of || - %, || - |lv., and L;x, and using Proposi-
tion 8.15 it follows that

H(Qv 77)”xt,>\ <c (”Lt,)\(gﬂ n)HQJrA + Alia”(@a 77)H3€M)

which yields (8.3) by rearranging. O
8.7. Proof of Proposition 8.3

It is clear that L; y depends continuously differentiably on ¢ and continuously
on \. By Proposition 8.13 and Proposition 8.15 as well as Corollary 6.3 and
Proposition 6.4 we have

lpealiallcog  <c <”Lt,/\Pt,/\QHCEv;&M + M m ALy apeaal oo

HlaLeameaaleos, )

<c(lloeaalery,, , + A2 magllon)

1,856,A

and

e L pallcoe < ||Fy,minallcoe + |7 aLiapiaal coe
+ CAl_aHWtM\QHCO,a

<c <||7Tt,>\Q||Cl,a + )\_O‘HPL/\QHC{,%;LA> .
This yields ||L;xally, , < cllal|z, . In a similar way one shows that

HvtLt,)\QHQ)t‘A S CHQ”xf/\ .
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This completes the proof. ]
9. Quadratic estimate

By a slight abuse of notation we denote by (); » the quadratic form defined
in (5.5) as well as the associated bilinear form.

Proposition 9.1. The bilinear form Q) depends continuously differen-
tiably on t and continuously on \ and there exists a constant ¢ > 0 such that
fort e (=T",T") and X € (0, A] we have

llpeaQex(ay, as)lcoe

2,55t
<A™ (lloeaa llcos + loeaaillcos,, - Imeagsllon-

1,85t

[t aasll co.e

1,8;t, A 1,8;t,A

+Hmeaa oo - lpeaasllcoe  + llmera;llcoe - H?TmA%HOM)

1,8;t,A

and

PeAViQr(ay,a9)l o

2,55t
<A™ (lloeaa llcos

1,658,0 : ”ﬂ-t)\QQHCO’“

+ [|peraq [ oo

1,85t

|l peaasl co.e

1,85t,A

Himaarloos - lpagalieos, , + Imaailioos - lmaalon)

1,858,

as well as

>\”7Tt,)\Qt,>\(Q17Q2) [co.e

<eA (”Pt,x\%”(}?“ lpeaasllcoe A llpeaarllgos - llmeaascos

1,85t 1,85t,A 1,8;t,X

Himeaarlleoe - llpeaaslicop, |+ Almaafcoe - Hm,xgzllco,a)

1,85¢,2

and

>\H7Tt,)\tht,/\(Q17 Qz) HCU*‘*

<eA (”Pt,Aﬁlncif& : Hpt,/\QQ“cﬂva + HPt,/\Qchiﬂ ) Hﬂ—t,)\QQHC“*”

1,85¢,A 1,8;t,A 1,8:t,2

Hmeaaq ||coe - ||l peras HCE“"

1,85¢,A

+ Al [l coe - ”7rt’>\g2||co,a) ,

Proof. The first two estimates are immediate consequences of Proposition 6.2
and Proposition 6.4. For the last two estimates we only have to explain why
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we get a factor A (instead of one) in front of |7 xa;||co.e - || aay]|co«. Note

that
0,1

)

[*0 (Lt,)\jl A tgpJIa A ¢0;t):| =0

on grounds of simple bi-degree considerations. Therefore, using Proposi-
tions 6.4, 7.3 and 7.4,

7 AQen (162 T1, 112 T2) | o
<ex e (H(* — %0) (et T1 A g2 T2 A )| o

1,8;t,A

+ [ 0 [teT1 A tenTa A (1 + ¢22;t)]||03=;f&m)

< A" flone - [Falcoe.

10. Conclusion of the proof of Theorem 1.1

As promised earlier we first explain how to improve the pregluing error.

Proposition 10.1. Fort € (=T",T") and X € (0, A] there exists a, € ker m; 5
depending continuously differentiably on t and continuously on A such that

piaLlz,  ag+ piaey =0

o <cA. The 1 )
and HgHCim/mum < ¢\. The improved pregluing error

e =Lz, ag+ Qalag) + exn
satisfies

lperesallcos <A and  |mpae)yllooe < ATFO/10247e

2,85\

and so does Ve .

Proof. It follows from Propositions 8.12, 8.15 and 6.4 that p; yLy x|kerr, ,

1« 0, . . . . . . .
07175/1024#,)\%072’5 102460 1S invertible and its inverse is uniformly

bounded. From this the existence of ¢ with the asserted bound follows since
Hpt,)ﬁt,kHcﬂ*;’,é/wmw < eAIF0/1024 1y Proposition 7.1 and Corollary 6.3

The first part of the estimate follows from Proposition 9.1 and Corol-
lary 6.3. The second part also makes use of Propositions 8.15, 6.4, 9.1

and 7.1. 0
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Now instead of working with 121,57 \ we can work with flt, A + ap. The initial
error term is then e; - In order to not make the notation even more cum-

bersome, at this point, we replace jlt, A with flt’ A + ag and correspondingly
er\ with e;’A. In this new notation

”et,)\HQ_]p,)\ < c)\2+5/10247a

and similarly for Vyej .

Proposition 10.2. There is a constant ¢ >0 and for t € (=T',T") and
A € (0,A] there are a(t,\) € C* (Y, (A" @A) ® gp, ) and n(t,\) € R de-
pending continuously differentiably on t and continuously on \ such that the
connection flt,)\ = A )+ a(t, \) satisfies

(10.0) o (Fa,, At) +dg &06N) + (u(t) +n(t, ) - 1exd 0T =0
and
Hg(t, /\)th)A < C)\2+6/1024—oc and ’n(t, )\)| + ‘&577(@)\)‘ < C)\1+6/1024_a.

The proof relies on the preceding analysis and the following simple con-
sequence of Banach’s fixed point theorem, cf. [DK90, Lemma 7.2.23].

Lemma 10.3. Let X be a Banach space and let T : X — X be a smooth
map with T'(0) = 0. Suppose there is a constant ¢ > 0 such that

[Tz = Tyl| < c(llz]l + [lyl) [l = yl-

Then if y € X satisfies ||y|| < %(ch there exists a unique x € X with ||z|| < é
solving

x4+ Tx=y.

The unique solution satisfies ||x|| < 2||y||. Moreover, if T and y depend con-
tinuously or continuously differentiably on a parameter in an open subset of
R, then so does the solution x.
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Proof of Proposition 10.2. We solve (10.1) with the additional constraints
di,,a=0 and (maa,003;) =0.
This can be written as

Lia(a,n) + Qe x(a) +en = 0.

With (a,n) = Lt_)\1 (b, ¢) this becomes

(10.2) (b, Q) + Qt,/\(by ()+er=0

where Qt,A =Qa0 Lt_Al It follows from Proposition 8.1 and Proposition 9.1
that

HQt,A(@p Cl) - Qt,A@2> CZ)H?JM
< AT (1 by, )l s A+ 1By G2l s) 1(Brs G1) = (B )l -

Since
leeally, , < eAZHo/1024—a

we can solve (10.2) using Lemma 10.3 since § € (—1,0) and 0 < a < |0].
The solution satisfies [|(b,{)ly, , < cA2F/1024=2 and (V;b, 3;() solves the
equation

(10.3)  (Vib, 0C) +2Q:x((b,€), (Vib, 3:C)) + (ViQi) (b, C) + Viesx = 0.

Since

~ 1
||2Qt,>\(b’ ')Hﬁjt,x < 5” : H?Jt,A and

1(ViQe2) (5, ) + Viep sy, , < eA?Ho/1024-a

it follows that [|(Vib, 0:C) ||y, , < eA2+9/1024=a This implies the desired es-
timates on (a,n) = L, (b,¢) and its derivative by Proposition 8.1. O

The problem of finding Ay is now reduced to constructing a continuous
function ¢ : [0, A] — (=7",T") such that ¢(0) = 0 and

p(t(A) +n(t(A), A) =0
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for t € (0,A]. Since p(0) = 0 and 9;14(0) # 0, we can invert p locally around
t = 0 and rewrite this equation as

(10.4) AN + (" 0 i(X),A) = 0

with ji = p o t. Because |n| + |9yn] < eA1T0/1024=a thig equation on the other
hand can immediately be solved for ji and thus ¢t = u~! o i by appealing to
Lemma 10.3.

Remark 10.4. If we assume the situation of Remark 4.10, that is, u is just
monotone (but possibly d;(0) = 0), then one can still find a continuous in-
verse 411 find solutions of (10.4) using Brouwer’s fixed point theorem. How-
ever, these solutions might not be described by the graph of a function; e.g.,
if u(t) =3 and n(t, \) = —tA?, then the set of solutions of u(t) + n(t,\) = 0
is a union of three graphs: t =0 and t = £\.

The resulting connection Ay := At(A),A will be smooth by elliptic regu-
larity. That Ay converges to By on the complement of Py and that at each
point z € Py an ASD instanton in the equivalence class of J(z) bubbles off
transversely is clear, since we constructed A; \ accordingly and A, is a small
perturbation of A; ». This concludes the proof of Theorem 1.1. ]
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