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We find a Weitzenböck formula for the Fueter-Dirac operator which
controls infinitesimal deformations of an associative submanifold
in a 7–manifold with a G2–structure. We establish a vanishing
theorem to conclude rigidity under some positivity assumptions
on curvature, which are particularly mild in the nearly parallel
case. As applications, we find a different proof of rigidity for one
of Lotay’s associatives in the round 7-sphere from those given by
Kawai [14, 15]. We also provide simpler proofs of previous results
by Gayet for the Bryant-Salamon metric [11]. Finally, we obtain an
original example of a rigid associative in a compact manifold with
locally conformal calibrated G2-structure obtained by Fernández-
Fino-Raffero [9].
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1. Introduction

The theories of Riemannian holonomy and calibrated geometry are related
by the fact each Riemannian manifold with reduced holonomy is equipped
with a calibration. In particular, a reduction to the exceptional holonomy
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group G2 can only occur in real dimension 7, in which case the relevant
calibrations are a 3–form φ and its Hodge dual 4–form ψ := ∗φ, and their
calibrated submanifolds are called associative and coassociative, respectively
(cf. Definition 2.8). In this article, we propose a computational tool to study
the deformation theory of associative submanifolds, in favourable cases of
interest.

Let (M7, φ) be a smooth manifold with G2–structure. In [19], McLean
proved that a class in the moduli space of associative deformations corre-
sponds to a harmonic spinor of a twisted Dirac operator, under the torsion-
free hypothesis∇φ = 0. Then, Akbulut and Salur [2, 3] generalized McLean’s
theorem for a general G2-structure, identifying the tangent space at an as-
sociative submanifold Y 3 in (M7, φ) with the kernel of

(1.1) /DA : Ω0(Y,NY ) → Ω0(Y,NY ),

where A = A0 + a, for A0 the induced connection on NY and some a ∈
Ω1(Y, ad(NY )). We obtain a Weitzenböck formula for the operator (1.1),

that is, a relation between the second-order elliptic square /DA
2
and the

trace Laplacian ∇∗∇ of the induced Levi-Civita connection on NY . Un-
der suitable positivity assumptions on curvature, this implies rigidity, i.e.,
that Y has “essentially” no infinitesimal associative deformations, in the
following sense. Denote by G := Stab(φ) ⊂ Aut(M) the group of global au-
tomorphisms preserving φ. The infinitesimal associative deformations of Y
consist of:

(i) trivial deformations given by the action of G on Y (see [15] and [21]);

(ii) non-trivial deformations, which depend intrinsically on the geometry
of the associative submanifold.

For instance, in [15], an associative submanifold is considered rigid if all
infinitesimal associative deformations are trivial; in the particular case of the
homogeneous space M = S7, the symmetry group of φ is G = Spin(7). On
the other hand, Gayet [11] and McLean [19] consider a generic G2–structure,
i.e., without symmetries. So, G is 0–dimensional and Y is rigid if the space
of nontrivial infinitesimal deformation vanishes.

The exposition is organised as follows. Section 1 is a proactive back-
ground review. We apply results from 4-dimensional spin geometry to obtain
the explicit identification

NY ⊗R C ∼= S+ ⊗C S
−,
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between the normal bundle of Y and a spinor bundle S = S+ ⊕ S− → Y , in
order to describe the Fueter-Dirac operator in detail. We then deduce some
useful identities in G2–geometry, following Karigiannis [13].

In Section 3, we calculate the general Weitzenböck formula for the op-
erator (1.1):

/DA
2
(σ) = ∇∗∇σ +

1

4
k · σ + ρ(F−)σ + P1(σ) + P2(σ) + P3(σ),(1.2)

where P1, P2 and P3 are first order differential operators on NY , involving
the torsion of the G2–structure, and ∇∗∇ is the connection Laplacian

∇∗∇n = −
∑

∇⊥
i ∇⊥

i n−∇⊥
∇iei n

in a global frame {ei} on the associative submanifold Y . The scalar curvature
of Y is denoted by k, and the bundle map

ρ : Ω2(Y,End(S−)) → End(S+ ⊗ S−)

is defined by

(1.3) ρ(F−) := ρ(
∑

(ei ∧ ej)⊗ F−
ij ) =

∑
Γ0(ei)Γ0(ej)⊗ F−

ij ,

where F− ∈ Ω2(Y,End(S−)) is the curvature of a connection on S− and
Γ0 : TY → End(S+) is the spin structure on Y .
In Section 4, we specialise to the nearly parallel case, in which dφ and
ψ are collinear and the formula (1.2) simplifies significantly. For a generic
nearly parallel G2–structure, we obtain a vanishing theorem (Theorem 4.4)
to conclude rigidity under suitable intrinsic geometric conditions on Y . As
immediate applications, we propose alternative proofs of rigidity for the
known cases of an associative SU(2)-orbit 3-sphere for Lotay’s cocalibrated
G2-structure on S7 studied by Kawai [14, 15, 17] and the associatives S3 ×
{0} of the Bryant-Salamon metric studied by Gayet [11].

Finally, we obtain a hitherto unstudied rigid associative submanifold
(Corollary 4.17) in a compact manifold S with locally conformal calibrated
G2-structure obtained from the 3-dimensional complex Heisenberg group
by Fernández-Fino-Raffero [9]. In view of the systematic nature of their
construction, our method lends itself to the production of many more such
examples.
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2. Spin geometry, G2–structures and the Fueter-Dirac

operator

2.1. Spin geometry of four dimensional space

We begin by recalling some background and fixing notation, so the reader
familiar with e.g. [22, Chapter 2] and [8, Chapter 3] may just skim through
upon a first read.

On an inner product space (V n, ⟨·, ·⟩), the Clifford algebra Cl(V ) is a
2n-dimensional associative algebra with unit 1, generated by the elements
of some orthonormal basis e1, ..., en of V with relations

e2i = −1, eiej = −ejei for i ̸= j.

A basis for Cl(V ) is given by

e0 = 1, eI = ei1 · · · eik

where I = {i1, ..., ik} ⊂ {1, ..., n} for i1 < · · · < ik, and Cl(V ) admits a nat-
ural involution

α : Cl(V ) → Cl(V )

defined by α(x) = x̃ :=
∑

I ϵIxIeI , where ϵI := (−1)k(k+1)/2 and xI ∈ R are
the components of x in the basis {eI}. Denote by deg(eI) := |I| the degree
of an element eI ∈ Cl(V ), by Clk(V ) the subset of elements of degree k, and
by Cl0(V ) and Cl1(V ) the subspaces of elements of even and odd degree,
respectively.

Example 2.1. On V = R4 with the Euclidean inner product, we have
Cl(V ) =M2(H), the 2× 2 matrices with entries in the quaternions H =
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⟨i, j, k⟩. The elements of Cl(V ) are 1, ei, {eiej}i<j , {eiejek}i<j<k and
e1e2e3e4, with i, j, k = 1, 2, 3, 4, with generators

e1 =

(
0 1
−1 0

)
, e2 =

(
0 i
i 0

)
, e3 =

(
0 j
j 0

)
and e4 =

(
0 k
k 0

)

and the involution α(A) = A∗ is the transpose conjugation.

Denote the set of units of Cl(V ) by Cl×(V ). Considering the twisted

adjoint representation Ãd : Cl×(V ) → Gl(Cl(V )) given by

Ãd(x)y = ((x)0 − (x)1)yx̃,

where (x)0 ∈ Cl0(V ) and (x)1 ∈ Cl1(V ) are the even and odd parts of x,
respectively. We define the Spin group of V :

Spin(V ) := {x ∈ Cl0(V )| Ãd(x)V = V, xx̃ = 1}.

For dimV ≥ 3, Spin(V ) is a compact, connected and simply connected Lie
group, fitting in a short exact sequence [22, Lemma 4.25]

0 → Z2 → Spin(V ) → SO(V ) → 1.

In particular, the following results hold in dimensions 3 and 4:

Lemma 2.2. [22, Lemma 4.4] For every x ∈ Sp(1), there is a unique or-
thogonal matrix ξ0(x) ∈ SO(3), such that ξ0(x)y = xyx̃, for all y ∈ Im(H) ∼=
R3, and the map ξ0 : Sp(1) → SO(3) is a surjective homomorphism with ker-
nel {±1}, hence

SO(3) ∼= Sp(1)/Z2 and Spin(3) ∼= Sp(1).

Lemma 2.3. [22, Lemma 4.6] For every x, y ∈ Sp(1), there is a unique or-
thogonal matrix η0(x, y) ∈ SO(4), such that η0(x, y)z = xzỹ, for all z ∈ R4 ∼=
H, and the map η0 : Sp(1)× Sp(1) → SO(4) is a surjective homomorphism
with kernel {±(1, 1)}, hence

SO(4) ∼= Sp(1)× Sp(1)/Z2 and Spin(4) ∼= Sp(1)× Sp(1)
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The last lemma provides two natural surjective homomorphisms ρ± :
SO(4) → SO(3) and, therefore, two exact sequences

1 → Sp(1)
ι±
−→ SO(4)

ρ±
−→ SO(3) → 1

where ι+(v) = η0([v, 1]) and ι
−(v) = η0([1, v]), interpreting η0 as the induced

homomorphism on the quotient Sp(1)×Z2
Sp(1). Those sequences are related

to the SO(4)-action on the spaces of self-dual and anti-self-dual 2-forms of
a 4-dimensional inner-product space.

An element q ∈ H in the canonical basis q = t+ xi+ yj + zk = (t+
xi) + (y + zi)j can be identified with the 2× 2 complex matrix

A =

(
t+ xi −y + zi
y + zi t− xi

)
,

with

detA = t2 + x2 + y2 + z2 = |q|2.

Since A∗A = (detA)I2, every q ∈ Sp(1) ∼= S3 is identified with a unitary
matrix with determinant 1, that is, SU(2) ∼= Sp(1).

Definition 2.4. Let V be a real inner product space of dimension 2n ≡
2, 4 mod 8 or 2n+ 1 ≡ 3 mod 8. A spin structure on V is a quadruple
(S, I, J,Γ), where S is a 2n+1-dimensional real inner product space, I and J
are two anti-commuting orthogonal complex structure

I−1 = I∗ = −I, J−1 = J∗ = −J, IJ = −JI,

and Γ : V → End(S) is a real linear map such that for any v ∈ V holds the
following properties:

Γ(v)∗ + Γ(v) = 0, Γ(v)∗Γ(v) = |v|2✶, Γ(v)I = IΓ(v), Γ(v)J = JΓ(v).

Example 2.5. For a vector space V of real dimension 4, using the identifi-
cation V ∼= H and defining S = H⊕H, we have the maps Γ : H → End(H⊕
H), I, J : H⊕H → H⊕H defined for v, x, y ∈ H by

Γ(v)(x, y) = (vy,−vx), I(x, y) = (xi, yi), J(x, y) = (xj, yj).

It is interesting to note that

Γ(v) =

(
0 γ(v)

−γ(v)∗ 0

)
,
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where γ : H → End(H) also satisfies

γ(v)∗ + γ(v) = 0, γ(v)∗γ(v) = |v|2✶, ∀v ∈ H.

Given a spin structure on a 4-dimensional space V , consider S = S+ ⊕
S−, where S+ and S− are copies of C2 with standard Hermitian metric ⟨·, ·⟩.
The associated symplectic form compatible with the almost complex struc-
ture I : S± → S± is defined by ω(x, y) := ⟨x, Iy⟩. Now, consider the (real)
4-dimensional space HomI(S

+, S−) = Re(Hom(S+, S−)) of linear maps over
the quaternions, where Hom(S+, S−) are complex linear maps. Unitary ele-
ments of HomI(S

+, S−) preserve the Hermitian and symplectic structures,
and γ : V → HomI(S

+, S−) defined above acts on the standard basis by

γ(e1) =

(
1 0
0 1

)
, γ(e2) =

(
i 0
0 −i

)
, γ(e3) =

(
0 −1
1 0

)
γ(e4) =

(
0 i
i 0

)
.

Up to isomorphism, the above generate SU(2) ∼= Spin(3), since the sym-
metry group SU(2)+ × SU(2)− of (S+, S−) is connected. Thus γ fixes the
orientation of V and, using the sympletic form to identify S+ with its dual,
we have

(2.1) V ⊗R C ∼= S+ ⊗C S
−.

Moreover, given v ∈ V , consider the Hermitian adjoint γ(v)∗ : S− → S+ of
the map γ(v) : S+ → S−. Then, for orthonormal vectors v, v′ ∈ V , the map
γ(v)∗γ(v′) defines an endomorphism of S+ which satisfies

γ(v)∗γ(v) = 1 and γ(v)∗γ(v′) + γ∗(v′)γ(v) = 0.

In particular, we have a natural action ρ of Λ2(V ) on S+ defined by

ρ(v ∧ v′)s := −γ(v)∗γ(v′)s for s ∈ S+.

Now, with respect to the Euclidean metric, the 2–forms split as Λ2(V ) =
Λ2
+(V )⊕ Λ2

−(V ), where Λ2
+(V ) and Λ2

−(V ) denote the self-dual and anti-self-
dual forms, respectively:

Λ2
±(V ) := {β ∈ Λ2(V ) | ∗β = ±β}.

We observe that Λ2
−(V ) acts trivially on S+, by direct inspection on basis

elements:

Λ2
−(V ) = Span{e1 ∧ e2 − e3 ∧ e4, e1 ∧ e4 − e2 ∧ e3, e1 ∧ e3 − e4 ∧ e2}
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ρ(e1 ∧ e2 − e3 ∧ e4) = −γ(e1)
∗γ(e2) + γ(e3)

∗γ(e4)

=

(
−1 0
0 −1

)(
i 0
0 −i

)
+

(
0 1
−1 0

)(
0 i
i 0

)
= 0,

ρ(e1 ∧ e4 − e2 ∧ e3) = −γ(e1)
∗γ(e4) + γ(e2)

∗γ(e3)

=

(
−1 0
0 −1

)(
0 i
i 0

)
+

(
−i 0
0 i

)(
0 −1
1 0

)
= 0,

ρ(e1 ∧ e3 − e4 ∧ e2) = −γ(e1)
∗γ(e3) + γ(e4)

∗γ(e2)

=

(
−1 0
0 −1

)(
0 −1
1 0

)
+

(
0 −i
−i 0

)(
i 0
0 −i

)
= 0.

Thus we get the isomorphisms Λ2
+(V ) → su(S+) and Λ2

−(V ) → su(S−).

2.2. G2–manifolds and associative submanifolds

We first present some algebraic and geometric proprieties of manifolds with
G2–structures which can be found e.g. in [7, 12].

The octonions O = H⊕H ∼= R8 are an 8-dimensional, non-associative
division algebra. On the imaginary part Im(O) = R7, the cross product

× : R7 × R7 → R7

(u, v) 7→ Im(uv)

corresponds to a 3-form φ0 ∈ Ω3(R7), defined by φ0(u, v, w) = ⟨u× v, w⟩
with the Euclidean inner product. In coordinates (x1, ..., x7) ∈ R7, we fix
the convention

(2.2) φ0 = e123 + e145 + e167 + e246 − e257 − e347 − e356

and accordingly its dual 4–form

ψ0 := ∗φ0 = e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247.

The Lie group G2 can be defined as the stabiliser of φ0 in Gl(7,R).

Definition 2.6. Let M be a smooth oriented 7–manifold. A G2–structure
is a 3–form φ ∈ Ω3(M) such that, around every p ∈M , there exists a local
section f of the oriented frame bundle PSO(M) such that

φp = (fp)
∗φ0.
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The G2–structure φ determines a Riemannian metric and a volume form
by the relation (cf. [13])

(2.3) (u⌟φ) ∧ (v⌟φ) ∧ φ = 6gφ(u, v) volφ .

Consequently, φ induces a Hodge star operator ∗φ and the Levi-Civita con-
nection ∇φ, though for simplicity we omit henceforth the subscripts in
g := gφ, ∗ := ∗φ and ∇ := ∇φ. Moreover, the model cross-product on R7

induces the bilinear map on vector fields

(2.4)
P : Ω0(TM)× Ω0(TM) → Ω0(TM)

(u, v) 7→ P (u, v) = u× v.

The G2–structure φ is called torsion-free if ∇φ = 0, in which case we say
that (M,φ) is a G2–manifold. This condition is equivalent to ∇P = 0.

Remark 2.7. Regarding orientation conventions, some authors adopt the
model 3-form to be

φ0 = e567 + e125 + e136 + e246 + e147 − e345 − e237,

(cf. [19, Chapters 4 and 5]), which relates to (2.2) by the orientation-reversing
automorphism of R7




I3
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1



.

In this case, relation (2.3) becomes

(u⌟φ0) ∧ (v⌟φ0) ∧ φ0 = −6g0(u, v) volg0 .

Unless otherwise stated, we adopt throughout the convention (2.2).

Definition 2.8. Let (M,φ) be a 7–manifold with G2–structure. A 3–
dimensional submanifold Y ⊂M is called associative if φ|Y≡ vol(Y ).
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The etymology of Definition 2.8 stems from the associator χ ∈
Ω3(M,TM), defined by

(2.5) ψ(u, v, w, z) = ∗φ(u, v, w, z) = ⟨χ(u, v, w), z⟩.

In a local orthonormal frame {ei}i=1...7 of TM , one has χ = −
∑7

i=1(ei⌟ψ)⊗
ei. Expressing χ in terms of the cross product (c.f. [12]),

(2.6) χ(u, v, w) = −u× (v × w)− ⟨u, v⟩w + ⟨u,w⟩v,

and using the relation (c.f.[12])

φ(u, v, w) +
1

4
|χ(u, v, w)|2= |u ∧ v ∧ w|2,

we see that the associative condition is equivalent to χ|Y≡ 0.

Remark 2.9. In the sign convention of Remark 2.7, the associator is writ-
ten as

χ(u, v, w) = u× (v × w) + ⟨u, v⟩w − ⟨u,w⟩v

Lemma 2.10. If Y is an associative submanifold, then there is a natural
identification TY ∼= Λ2

+(NY ).

Proof. Fix local orthonormal frames e1, e2, e3 and η4, η5, η6, η7 of TY and
NY , respectively, about a point p ∈ Y :

(2.7) φp = e123 + e1(η45 + η67) + e2(η46 + η75)− e3(η47 + η56)

and

e1⌟φ = e23 + η45 + η67,

e2⌟φ = e31 + η46 + η75,

e3⌟φ = e12 − η47 − η56.

Denote ω1 = (e1⌟φ)|NpY , ω2 = (e2⌟φ)|NpY , ω3 = −(e3⌟φ)|NpY and define on
each fibre the isomorphism ej ∈ TpY 7→ ωj ∈ Λ2

+(NpY ), which obviously
varies smoothly with p. □
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2.3. The twisted Dirac operator

The oriented orthonormal frame of TY has the form {e1, e2, e3 = e1 × e2}.
So, with respect to the splitting TM |Y= TY ⊕NY , the cross product in-
duces maps

Ω0(TY )× Ω0(TY ) → Ω0(TY ), Ω0(TY )× Ω0(NY ) → Ω0(NY ),

Ω0(NY )× Ω0(NY ) → Ω0(TY ).

In particular, the map γ : Ω0(TY )× Ω0(NY ) → Ω0(NY ) endows NY with
a Clifford bundle structure.
Since the Levi-Civita connection of (M,φ) induces metric connections on
the bundles TY and NY , the composition

(2.8) Ω0(NY )
∇A0−−→ Ω0(TY )⊗ Ω0(NY )

γ
−→ Ω0(NY )

defines a natural Fueter-Dirac operator /DA0
(σ) := γ(∇A0

(σ)), where A0 ∈
Ω1(Y, so(4)) denotes the connection induced on NY by the Levi-Civita con-
nection ∇φ of the G2-metric of (M,φ). To simplify the notation, the twisted
Dirac operator induced by the normal connection A0 will be denoted just
by /D.
The normal bundle NY of an associative submanifold is trivial [7, Lemma
5.1, arXiv version: 1207.4470v3]. In particular, the second Stiefel-Whitney
class w2(NY ) vanishes, so there exists a spin structure on NY [16, Theorem
1.7]. This is equivalent to the existence of a map Γ : NY → End(S) such
that

Γ(σ) + Γ(σ)∗ = 0 Γ(σ)∗Γ(σ) = ⟨σ, σ⟩✶ σ ∈ Ω0(Y,NY ),

where S is a vector bundle of (real) rank 8 and it splits into Γ–eigenbundles
S+ and S− of rank 4. We saw in the last Section that the Spin structure
induces an isomorphism

ρ± : Λ2
±(NY ) → su(S±),

so, by Lemma 2.10, the spin structure Γ0 : TY → End(S+) on TY coin-
cides with the spin structure on NY via the projection Spin(4) = Spin(3)×
Spin(3). Defining the Clifford multiplication

τ := Γ0 ⊗ ✶S− :TY → End(S+ ⊗ S−)
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and using the spin connection ∇ on S+ ⊗ S−,

∇(σ ⊗ ε) = ∇+σ ⊗ ε+ σ ⊗∇−ε,

we form the Dirac operator D : Ω0(Y, S+ ⊗ S−) → Ω0(Y, S+ ⊗ S−) by

D(σ ⊗ ε) :=

3∑

i=1

τ(ei)∇i(σ ⊗ ε).

Proposition 2.11. Under the isomorphism (2.1), we have NY ⊗R C ∼=
S+ ⊗C S

−, the Spin connection ∇ and the Clifford multiplication τ agree
with the induced connection ∇⊥ on NY and γ, respectively.

Proof. In fact, each section σ ⊗ ε of S+ ⊗C S
− induces a section ν = σ∗ ⊗ ε

on Hom(S+, S−) ∼= (S+)∗ ⊗ S− such that ν(σ) = σ∗(σ)⊗ ε = ε, then

∇ν = ∇(σ∗ ⊗ ε) = (∇+)∗σ∗ ⊗ ε+ σ∗ ⊗∇−ε,

where ∇ν is a section on T ∗Y ⊗Hom(S+, S−), so, for each σ section on S+

(∇ν)(σ) = (∇+)∗σ∗(σ)⊗ ε+ σ∗(σ)⊗∇−ε

= [dσ∗(σ)− σ∗(∇+σ)]⊗ ε+ σ∗(σ)⊗∇−ε

= −ν(∇+σ) +∇−(ν(σ)).

On the other hand, the Spin connection ∇ is compatible with the induced
connection ∇⊥, in the following sense. Given sections n of NY and σ of S+,
under the isomorphism Γ : NY → HomJ(S

+, S−) induced by (2.1), one has
∇−(Γ(n)σ) = Γ(∇⊥ n)σ + Γ(n)∇+σ, or, equivalently,

Γ(∇⊥ n)σ = −Γ(n)∇+σ +∇−(Γ(n)σ).

Therefore, ∇⊥ agrees with the Spin connection ∇ via the isomorphism Γ.
Finally, with respect to the Clifford multiplications we have

TY End(S+) End(S+ ⊗C S
−)

End(NY ⊗R C)

Γ0

γ

⊗✶End(S−)

∼=

and by Schur’s lemma γ and τ are the same. □

In conclusion, (2.8) defines a twisted Dirac operator.
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2.4. Torsion tensor and local description of ϕ

We will briefly review the intrinsic torsion forms of a G2–structure and define
the full torsion tensor Tij , using local coordinates, following [13]. Our goal
is to derive Lemma 2.16, a set of ‘Leibniz rules’ for the covariant derivative
and curvature operators with respect to the vector cross-product, which will
be instrumental in Section 3.

As before, let (M,φ) be a smooth 7–manifold with G2–structure. In a
local coordinate system (x1, ..., x7), a differential k–form α on M will be
written as

α =
1

k!
αi1···ikdx

i1 ∧ · · · ∧ dxik

where the sum is taken over all ordered subsets {i1 · · · ik} ⊂ {1, ..., 7} and
αi1···ik is skew-symmetric in all indices, i.e. αi1···ik = α(ei1 , ..., eik). A Rieman-
nian metric g on M induces on Ωk := Ωk(M) the metric g(dxi, dxj) := gij ,
where (gij) denotes the inverse of the matrix (gij).

A G2–structure φ splits Ω• into orthogonal irreducible G2 representa-
tions, with respect to its G2–metric g. In particular,

Ω2 = Ω2
7 ⊕ Ω2

14 and Ω3 = Ω3
1 ⊕ Ω3

7 ⊕ Ω3
27,

where Ωkl ⊂ Ωk denotes (fibrewise) an irreducible G2–submodule of dimen-
sion l, with an explicit description:

Ω2
7 = {X⌟φ;X ∈ Ω0(TM)}

Ω2
14 = {β ∈ Ω2;β ∧ ψ = 0}

Ω3
1 = {fφ; f ∈ C∞(M)}

Ω3
7 = {X⌟ψ;X ∈ Ω0(TM)}

Ω3
27 = {hijg

jldxi ∧

(
∂

∂xl

)
⌟φ;hij = hji, trg(hij) = gijhij = 0}

(2.9)

The analogous decompositions of Ω4 and Ω5 are obtained from these by
the Hodge isomorphism ∗φ : Ωk → Ω7−k. Decomposing dφ ∈ Ω4 and dψ ∈
Ω5, we introduce the four torsion forms (cf. [5])

τ0 ∈ Ω0
1, τ1 ∈ Ω1

7, τ2 ∈ Ω2
14, τ3 ∈ Ω3

27,

defined by

dφ = τ0ψ + 3τ1 ∧ φ+ ∗τ3 and dψ = 4τ1 ∧ ψ − ∗τ2.
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Naturally, these forms arise from the theorem of Fernandez and Gray [10],
asserting that a G2–structure is torsion-free (∇φ = 0) if, and only if, φ is
closed and co-closed. So, if either condition fails, the torsions ∇φ ∈ Ω1 ⊗ Ω3

and ∇ψ ∈ Ω1 ⊗ Ω4 can be expressed in terms of the four torsion forms.

Lemma 2.12 ([13], Lemma 2.24). For any vector field, the 3-form ∇Xφ
lies in the subspace Ω3

7 of Ω3.

Proof. It suffices to consider a coordinate vector X = el and check that
g(∇lφ, η) = 0 for an arbitrary η ∈ Ω3

1 ⊕ Ω3
27. □

In a local frame {e1, . . . , e7}, denoting ∇lφ := 1
6∇lφabcdx

a ∧ dxb ∧ dxc

and identifying Ω3
7
∼= Ω1, we see from (2.9) that ∇lφ is spanned by interior

products en⌟ψ, which defines a 2–tensor Tlm by

∇lφabc =: Tlmg
mnψnabc

called the full torsion tensor.

Proposition 2.13 ([13], Theorem 2.27). The full torsion tensor Tlm is

(2.10) Tlm =
τ0
4
glm − (τ3)lm − (τ1)lm −

1

2
(τ2)lm,

where τ0 is a function, glm = g(el, em), τ1 = (τ1)ldx
l is Ω1

7-form which can be
written as a Ω2

7-form τ1 =
1
2(τ1)abdx

a ∧ dxb with (τ1)ab = (τ1)lg
lkφkab, τ2 =

1
2(τ2)abdx

a ∧ dxb and τ3 =
1
2(τ3)img

mlφljkdx
i ∧ dxj ∧ dxk is a Ω3

27-form.

In [13, Lemma A.14], Karigiannis compiles several useful identities among
the tensors g, φ and ψ:

ψrstuψabcdg
ragsbgtcgud =168(2.11)

ψrstuψabcdg
sbgtcgud =24gra(2.12)

Differentiating (2.11) and (2.12), one obtains

(2.13) ∇lψrstuψabcdg
ragsbgtcgud = 0,

(2.14) ∇lψrstuψabcdg
sbgtcgud = −ψrstu∇lψabcdg

sbgtcgud.
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Lemma 2.14. For any vector field X, the 4-form ∇Xψ lies in the subspace
Ω4
7 of Ω4.

Proof. The proof is, basically, the same as in Lemma 2.12. Considering X =
el and applying (2.13), we have

g(∇lψ, ψ) =
1

24
∇lψrstuψabcdg

ragsbgtcgud = 0,

so ∇lψ ⊥ Ω4
1. To see that ∇lψ ⊥ Ω4

27, consider some η ∈ Ω4
27 in local form,

η =
1

3!
hijg

jlψlabcdx
i ∧ dxa ∧ dxb ∧ dxc,

and take the inner product with ∇lψ:

g(∇lψ, η) =
1

3!
∇lψrstuh

l
iψlabcg

rigsagtbguc =
1

3!
hlr∇lψrstuψlabcg

sagtbguc = 0,

using that, hlr = grihijg
jl is a symmetric (0, 2)-tensor (since hij is a sym-

metric (2, 0)-tensor), while ∇lψrstuψlabcg
sagtbguc is skew-symmetric in r and

l, by (2.14). □

Using Lemma 2.14 above and the identity ∗(X⌟ψ) = φ ∧X♭ (X ∈ Ω0(M)),
where X♭ is the 1–form defined by X♭(Y ) = g(X,Y ), one has:

Corollary 2.15. With the above notation,

∇lψrstu = −Tlrφstu + Tlsφrtu − Tltφrsu + Tluφrst.

For a torsion-free G2–structure, the cross-product (2.4) is parallel, so it
satisfies the Leibniz rule

∇(u× v) = ∇u× v + u×∇v, ∀u, v ∈ Ω0(TM).

In general, the action of ∇ on the cross product can be expressed in terms
of the total torsion tensor:
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Lemma 2.16. For the vector fields u, v, w, z ∈ Ω0(TM), we have

(i) ∇z(u× v) = ∇zu× v + u×∇zv +

7∑

m=1

T (z, em)χ(em, u, v).

(ii) R(w, z)(u× v) = R(w, z)u× v + u×R(w, z)v + T (w, z, u, v), where T
is given, in an orthonormal local frame {e1, ..., e7} of TM , by

T (w, z, u, v) :=

7∑

m=1

T (z, em)(∇wψ)(em, u, v, ·)
♯

− T (w, em)(∇zψ)(em, u, v, ·)
♯

+
(
(∇wT )(z, em)− (∇zT )(w, em)

)
χ(em, u, v).

(2.15)

Proof.

(i) The proof goes along the lines of [11, Lemma A.1], using the fact that
the torsion ∇φ takes values in Ω3

7 (c.f. Lemma 2.12). Consider normal
coordinates x1, ..., x7 about a given p ∈M and an orthonormal frame
e1, ..., e7. At the point p, we have:

∇z(u× v) =

7∑

i=1

∇z(⟨u× v, ei⟩ei) =

7∑

i=1

∇z(φ(u, v, ei)ei)

=

7∑

i=1

z(φ(u, v, ei))ei + φ(u, v, ei)∇zei

=

7∑

i=1

(
φ(∇zu, v, ei) + φ(u,∇zv, ei) + φ(u, v,∇zei)

+ (∇zφ)(u, v, ei)
)
ei

=

7∑

i=1

(
φ(∇zu, v, ei) + φ(u,∇zv, ei)

+

7∑

m=1

T (z, em)ψ(em, u, v, ei)

)
ei

=∇zu× v + u×∇zv +

7∑

m=1

T (z, em)χ(em, u, v).

Notice that we used (∇jei)p = 0 in the third and fourth equalities.
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(ii) Using the first part, we have

∇w∇z(u× v) =∇w∇zu× v +∇zu×∇wv +∇wu×∇zv + u×∇w∇zv

+

7∑

i,m=1

(
T (w, em)

(
ψ(em,∇zu, v, ei) + ψ(em, u,∇zv, ei)

)

+
(
(∇wT )(z, em) + T (∇wz, em)

)
ψ(em, u, v, ei)

+ T (z, em)
(
ψ(em,∇wu, v, ei) + ψ(em, u,∇wv, ei)

+ (∇wψ)(em, u, v, ei)
))

ei.

Using symmetries of the curvature R(w, z) = ∇w∇z −∇z∇w −∇[w,z]

and the fact that ∇ is torsion-free, one has [w, z] = ∇wz −∇zw, and
we compute

R(w, z)(u× v) =R(w, z)u× v + u×R(w, z)v

+

7∑

i,m=1

(
T (z, em)(∇wψ)(em, u, v, ei)

+
(
(∇wT )(z, em)− (∇zT )(w, em)

)
ψ(em, u, v, ei)

− T (w, em)(∇zψ)(em, u, v, ei)

)
ei,

which concludes the proof.

□

3. The Fueter-Dirac Weitzenböck formula

We now address the general framework proposed by Akbulut and Salur [2, 3],
in which the role of torsion in the associative deformation theory is captured
by a twisted Fueter-Dirac operator. Given an associative submanifold Y 3 in
(M,φ), the G2–structure induces connections on the bundles NY and TY .
Moreover, Proposition 2.11 gives an identification NY ∼= Re(S+ ⊗C S

−),
with the respective reductions Λ2

±(NY ) ∼= su(S±) = ad(S±). We will refer to
elements in the kernel ker /D of the Dirac operator (2.8) as harmonic spinors
twisted by S−, or simply, twisted harmonic spinors.

Denote by A(S±) the space of connections on each spinor bundle S±,
and let A0 ∈ Ω1(Y, so(4)) be the induced connection on NY , so that the
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isomorphism so(4) ∼= so(3)⊕ so(3) gives a decomposition A0 = A+
0 ⊕A−

0 ,
with A±

0 ∈ A(S±). Fixing these reference connections, each A(S±) is an
affine space modelled on Ω1(Y, ad(S±)), so a connection A± ∈ A(S±) is of
the form

A± = A±
0 + a± for a± ∈ Ω1(Y, ad(S±)).

Thus a connection on NY has the form

A = A0 + a = (A+
0 + a+)⊕ (A−

0 + a−) for a ∈ Ω1(Y, ad(NY )).

Now, using the Clifford multiplication (indeed the cross-product), we define
the twisted Dirac operator

/DA :=

3∑

j=1

ei ×∇ei : Ω0(NY ) → Ω0(NY )

where ∇ := ∇A is given by a connection on NY and the normal sections
in ker( /DA) are called harmonic spinors twisted by (S−, A). The following
Definition is adopted from [2]:

Definition 3.1. Let Y be an associative submanifold of (M,φ). The Fueter-
Dirac operator associated with Y is

(3.1) /DA σ :=

3∑

i=1

ei ×∇⊥
ei σ − ei × a(ei)(σ),

where a ∈ Ω1(Y, ad(NY )) defined by a(ei)(σ) = (∇σ(ei))
⊥ is the normal

component of ∇σ(ei), and ∇ is the Levi-Civita connection on M .

We know from [2, Theorem 6] that the linearisation of the deformation
problem for an associative submanifold Y of (M,φ) at Y is identified with
ker /DA, so this space is called the infinitesimal deformation space of Y . Our
motivation is precisely the expectation that a Weitzenböck formula for (3.1),
in favourable cases at least, can give information about the deformation
space ker /DA.
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3.1. The general squared Fueter-Dirac operator

Lemma 3.2. Let {e1, e2, e3} and {η4, ..., η7} be orthonormal frames of the
vector bundles TY and NY , respectively. Then

(3.2) /DA σ =

3∑

i=1

ei ×∇⊥
ei σ −

7∑

k=4

(∇σψ)(ηk, e1, e2, e3)ηk

Proof. Since A0 is the connection induced on NY by the Levi-Civita con-
nection on M given by the G2 metric gφ, we have ∇A0

= ∇⊥. Now, for each
σ ∈ Ω0(NY ),

3∑

i=1

ei × a(ei)(σ) =e1 × (∇σe1)
⊥ + e2 × (∇σe2)

⊥ + e3 × (∇σe3)
⊥

=(e2 × e3)× (∇σe1)
⊥ + (e3 × e1)× (∇σe2)

⊥

+ (e1 × e2)× (∇σe3)
⊥

=χ((∇σe1)
⊥, e2, e3) + χ((∇σe2)

⊥, e3, e1)

+ χ((∇σe3)
⊥, e1, e2)

=(♢).

Since Y is associative exactly when χ|TY= 0, this implies

χ((∇σei)
⊥, ej , ek) = χ(∇σei, ej , ek).

Furthermore, the section χ(∇σ(ei), ej , ek) lies on the normal component, so

(♢) =

7∑

k=4

(⟨χ(∇σ(e1), e2, e3), ηk⟩+ ⟨χ(e1,∇σ(e2), e3), ηk⟩

+ ⟨χ(e1, e2,∇σ(e3)), ηk⟩)ηk

=

7∑

k=4

(−(∇σψ)(e1, e2, e3, ηk) + σ(ψ(e1, e2, e3, ηk))

− ψ(e1, e2, e3,∇σ(ηk)))ηk

=

7∑

k=4

((∇σψ)(ηk, e1, e2, e3)ηk.
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To obtain the second equality we used the covariant derivative of ψ:

(∇σψ)(e1, e2, e3, ηk) = σ(ψ(e1, e2, e3, ηk))− ψ(∇σe1, e2, e3, ηk)

− · · · − ψ(e1, e2, e3,∇σηk)

and equation (2.5), and for the last one we used the skew-symmetry of ∇σψ
and the associativity condition χ(e1, e2, e3) = 0. □

Corollary 3.3. If φ is torsion free (i.e. ∇φ = 0), then a = A−A0 = 0.

The purpose of this Section is to study in detail the expression for the
squared Fueter-Dirac operator obtained from (3.2). Fix p ∈ Y and choose
local orthonormal frames {e1, e2, e3} and {η4, η5, η6, η7} of TY and NY ,
respectively, such that

(3.3) (∇eiej)p = (∇eiηk)p = (∇ηlηk)p = 0

for all i, j = 1, 2, 3 and k, l = 4, 5, 6, 7. Observe that, for any sections σ, η ∈
Ω0(TM |Y ), one has

(3.4) ∇σ(η) ∈ Ω0(TM |Y ) = Ω0(TY )⊕ Ω0(NY ),

so both tangent and normal components of (3.3) vanish at p. Then the
following holds at p:

/DA
2
σ =

3∑

i,j=1

ei ×∇⊥
i (ej ×∇⊥

j σ)−

3∑

j=1

7∑

k=4

(∇ej×∇⊥
j σ
ψ)(ηk, e1, e2, e3)ηk

−

3∑

i=1

7∑

l=4

ei ×∇⊥
i {(∇σψ)(ηl, e1, e2, e3)ηl}(3.5)

+

7∑

k,l=4

(∇(∇σψ)(ηl,e1,e2,e3)ηlψ)(ηk, e1, e2, e3)ηk,

and we organise that expression in five components:
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/DA
2
σ =

3∑

i,j=1

ei × (ej ×∇⊥
i ∇⊥

j σ)

︸ ︷︷ ︸
(I)

+

3∑

i,j,l=1

7∑

m=4

Tilψ(el, ej ,∇
⊥
j σ, ηm)ei × ηm

︸ ︷︷ ︸
(II)

−

3∑

j=1

7∑

k,n=4

φ(ej ,∇
⊥
j σ, ηn)(∇ηnψ)(ηk, e1, e2, e3)ηk

︸ ︷︷ ︸
(III)

−

3∑

i=1

7∑

l=4

ei(∇σψ(ηl, e1, e2, e3))ei × ηl

︸ ︷︷ ︸
(IV)

+

7∑

k,l=4

(∇σψ)(ηl, e1, e2, e3)(∇ηlψ)(ηk, e1, e2, e3)ηk

︸ ︷︷ ︸
(V)

.

To obtain (I) and (II) we used Lemma 2.16 (i) and the property (∇iej)p = 0,
whereas (IV) follows from the Leibniz rule for ∇⊥ and (∇iηk)p = 0.

Lemma 3.4. Denoting by ∇∗∇ the Laplacian of the connection ∇⊥, by k
the scalar curvature of Y , by F− the curvature associated to the spin bundle
S−, and by ρ the natural extension ρ⊗ ✶End(S−) of ρ : Ω2(Y ) → End(S+),
one has

(I) = ∇∗∇σ +
k

4
σ + ρ(F−)σ.
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Proof. In terms of an orthonormal frame {e1, e2, e3} of TY ,

(I) =

3∑

i=1

ei × (ei ×∇⊥
i ∇⊥

i σ) +

3∑

i,j=1
i ̸=j

ei × (ej ×∇⊥
i ∇⊥

j σ)

= −
∑

i

∇⊥
i ∇⊥

i σ −
∑

i ̸=j

(ei × ej)×∇⊥
i ∇⊥

j σ

= −
∑

i

∇⊥
i ∇⊥

i σ −∇⊥
∇⊤

i ei
σ

−
∑

i<j

(ei × ej)× (∇⊥
i ∇⊥

j −∇⊥
j ∇⊥

i −∇⊥
[ei,ej ]

)σ

= ∇∗∇σ −
∑

i<j

(ei × ej)×R⊥(ei, ej)σ.

Here R⊥ ∈ Ω0(Λ2T ∗Y ⊗ End(NY )) is the normal curvature of Y :

(3.6) R⊥(ei, ej)σ = (∇⊥
i ∇⊥

j −∇⊥
j ∇⊥

i −∇⊥
[ei,ej ]

)σ.

To obtain the second equality, we used (2.6) in each term of the form

ei × (ei ×∇⊥
i ∇⊥

i σ) = −χ(ei, ei,∇
⊥
i ∇⊥

i σ)

− ⟨ei, ei⟩∇
⊥
i ∇⊥

i σ + ⟨ei,∇
⊥
i ∇⊥

i σ⟩ei = −∇⊥
i ∇⊥

i σ.

Moreover, for i ̸= j,

ei × (ej ×∇⊥
i ∇⊥

j σ) =− χ(ei, ej ,∇
⊥
i ∇⊥

j σ)− ⟨ei, ej⟩∇
⊥
i ∇⊥

j σ

+ ⟨ei,∇
⊥
i ∇⊥

j σ⟩ej

=− χ(∇⊥
i ∇⊥

j σ, ei, ej) = ∇⊥
i ∇⊥

j σ × (ei × ej)

=− (ei × ej)×∇⊥
i ∇⊥

j σ.

Since ∇ := ∇S+⊗S−

= ∇+ ⊗ ✶S− + ✶S+ ⊗∇− agrees with the induced
connection ∇⊥, one has R⊥ = F∇ = F+ ⊗ ✶S− + ✶S+ ⊗ F−, where F± is
the curvature of the connection∇±. Now, using Proposition 2.11, we identify
the normal section σ with the section κ⊗ ε ∈ Ω0(S+ ⊗ S−), and recall that
the Clifford product of the normal bundle γ(ei)σ = ei × σ coincides with
Clifford multiplication

τ := Γ0 ⊗ ✶S− : TY → End(S+ ⊗ S−),
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where Γ0 is the spin structure on TY . Defining

R(κ⊗ ε) :=
1

2

∑

ij

τ(ei)τ(ej)F
∇
ij (κ⊗ ε),

and using (2.6), we have

−
∑

i<j

(ei × ej)×R⊥(ei, ej)σ =
∑

i<j

ei × (ej ×R⊥(ei, ej))σ

=
1

2

∑

ij

γ(ei)γ(ej)(R
⊥(ei, ej)σ)

=
1

2

∑

ij

τ(ei)τ(ej)F
∇
ij (κ⊗ ε) = R(κ⊗ ε)

Therefore,

R(κ⊗ ε) =
1

2

∑

ij

(Γ0 ⊗ ✶S−)(ei)(Γ0 ⊗ ✶S−)(ej)F
∇
ij (κ⊗ ε)

=
1

2

∑

ij

(Γ0 ⊗ ✶S−)(ei)(Γ0 ⊗ ✶S−)(ej)(F
+
ij κ⊗ ε+ κ⊗ F−

ij ε)

=
1

2

∑

ij

(Γ0(ei)Γ0(ej)F
+
ij κ)⊗ ε

︸ ︷︷ ︸
(I′)

+
1

2

∑

ij

(Γ0(ei)Γ0(ej)κ)⊗ F−
ij ε.

︸ ︷︷ ︸
(I′′)

Each endomorphism F+
ij : Ω0(S+) → Ω0(S+) is given by the formula (c.f.

[16, Theorem 4.15.])

F+
ij κ =

1

2

∑

k<l

⟨Rij(ek), el⟩Γ0(ek)Γ0(el)κ,

where Rij = R(ei, ej) is the Riemann tensor of the induced connection on
Y , with components Rlijk = ⟨Rij(ek), el⟩. Then, for the first term,



✐

✐

“3-SaEarp” — 2022/7/21 — 20:13 — page 176 — #24
✐

✐

✐

✐

✐

✐

176 A. Moreno and H. Sá Earp

(I′) =
1

8

∑

ijkl

RlijkΓ0(ei)Γ0(ej)Γ0(ek)Γ0(el)κ

=
1

8

∑

l

( ∑

ij,(i=k)

RlijiΓ0(ei)Γ0(ej)Γ0(ei) +
∑

ij,(j=k)

RlijjΓ0(ei)Γ0(ej)Γ0(ej)

+
1

3

∑

i ̸=j ̸=k ̸=i

(Rlijk +Rljki +Rlkij)Γ0(ei)Γ0(ej)Γ0(ek)

)
Γ0(el)κ

=
1

8

∑

l

(∑

ij

RlijiΓ0(ej)−
∑

ij

RlijjΓ0(ei)

)
Γ0(el)κ

=
1

4

∑

ijl

RlijiΓ0(ej)Γ0(el)κ =
1

8

∑

ijl

Rliji(Γ0(ej)Γ0(el) + Γ0(el)Γ0(ej))κ

= −
1

4

∑

ijl

Rlijiδ
l
jκ = −

1

4

∑

ij

Rjijiκ =
1

4
kκ,

where k denotes the scalar curvature of Y . For the second term, recall that
Ω2(Y,End(S−)) ∼= Ω2(Y )⊗ Ω0(End(S−)), so

F− =
∑

i<j

(ei ∧ ej)⊗ F−
ij .

Moreover, observe that Γ0 (also γ) induces a map ρ : Ω2(Y ) → End(S+)
defined by

ρ(
∑

i<j

ηijei ∧ ej) :=
∑

i<j

ηijΓ0(ei)Γ0(ej)

and consider the extension

ρ := ρ⊗ ✶End(S−) : Ω
2(Y,End(S−)) → End(S+ ⊗ S−)

given by

ρ(
∑

i<j

(ei ∧ ej)⊗ F−
ij ) :=

∑

i<j

(Γ0(ei)Γ0(ej)⊗ F−
ij ).

Then,

(I′′) =
1

2

∑

ij

(Γ0(ei)Γ0(ej)⊗ F−
ij )(κ⊗ ε)

=
1

2
ρ(
∑

ij

(ei ∧ ej)⊗ F−
ij )(κ⊗ ε)

= ρ(F−)(κ⊗ ε). □
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3.2. First-order corrections

The correction terms (II),...,(V) can be conveniently organised into three 1st

order differential operators P1, P2, P3 on sections of NY .

Lemma 3.5.

(II) = P1(σ) :=

3∑

i,j=1

Tiiej ×∇⊥
j σ − Tjiej ×∇⊥

i σ − 2

3∑

(i,j,k)∈S0
3

Cij ∇
⊥
k σ,

where S0
3 are the even permutations in S3, Tji is the full torsion tensor and

Cij the anti-symmetric part of Tij.

Proof. By Lemma 2.12, we have

(II) =

3∑

i,j,n=1

7∑

k=4

T (ei, en)ψ(en, ej ,∇
⊥
j σ, ηk)ei × ηk = (∗).

Since χ(en, ej ,∇
⊥
j σ) ∈ Ω0(NY ), then using (2.6) we have

(∗) =

3∑

i,j,n=1

T (ei, en)ei × χ(∇⊥
j σ, en, ej)

=

3∑

i,j,n=1

−T (ei, en)ei × (∇⊥
j σ × (en × ej))

=

3∑

i,j,n=1

T (ei, en)(χ(ei,∇
⊥
j σ, en × ej)− ⟨ei, en × ej⟩∇

⊥
j σ)

=

3∑

i,j,n=1

T (ei, en)(∇
⊥
j σ × (ei × (en × ej))− φ(ei, en, ej)∇

⊥
j σ)

Using relations e1 × e2 = e3 and ei × (en × ej) = −χ(ei, en, ej)− ⟨ei, en⟩ej +
⟨ei, ej⟩en. The first term of the sum is equal to

3∑

i,j=1

Tiiej ×∇⊥
j σ − Tjiej ×∇⊥

i σ.
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Moreover, since φ(e1, e2, e3) = 1, the second term becomes

(3.7) − 2

3∑

(i,j,k)∈S0
3

Cij ∇
⊥
k σ.

where 2Cij = Tij − Tji. □

Lemma 3.6. With the above notation

(3.8)

7∑

k=4

(∇nψ)(ηk, e1, e2, e3)ηk = −

7∑

k=4

Tnkηk.

Proof. Since Y is associative, Corollary 2.15 gives ∇nψk123 = −Tnk. □

Denote the following two operators on NY , involving the full torsion
tensor

P2(σ) =

3∑

i=1

7∑

l=4

((∇iT )(σ, ηl) + T (∇⊥
i σ, ηl))ei × ηl,

P3(σ) =

7∑

k,l=4

(
T (σ, ηl) +

3∑

i=1

φ(ei,∇
⊥
i σ, ηl)

)
Tlkηk.

With this notation, we arrive at one of our main theorems:

Theorem 3.7. The Weitzenböck formula for (3.1) is

/DA
2
(σ) = ∇∗∇σ +

1

4
k · σ + ρ(F−)σ + P1(σ) + P2(σ) + P3(σ)(3.9)

Proof. We examine the five components of /DA
2
as on page 172. Compo-

nents (I) and (II) have been studied in Lemmata 3.4 and 3.5. Now, applying
Lemma 3.6, we have

(III) =

3∑

i=1

7∑

k,l=4

φ(ei,∇
⊥
i σ, ηl)Tlkηk.

As to (IV), for each i = 1, 2, 3 and l = 4, 5, 6, 7, we use Lemma 3.6 to
find

ei((∇σψ)(ηl, e1, e2, e3)) = −ei(T (σ, ηl)) = −(∇iT )(σ, ηl)− T (∇⊥
i σ, ηl).
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Then, indeed,

(IV) =

3∑

i=1

7∑

l=4

((∇iT )(σ, ηl) + T (∇⊥
i σ, ηl))ei × ηl = P2(σ).

Finally, a simple calculation gives (V) =

7∑

k,l=4

T (σ, ηl)Tlkηk, and

(V) + (III) =

7∑

k,l=4

(
T (σ, ηl) +

3∑

i=1

φ(ei,∇
⊥
i σ, ηl)

)
Tlkηk = P3(σ)

□

Corollary 3.8. Let (M7, φ) be a G2-manifold. Then,

/DA
2
= /D

2
= ∇∗∇+

1

4
k + ρ(F−)

In [11], Gayet obtains aWeitzenböck-type formula when the G2-structure
is torsion-free:

(3.10) /D
2
= ∇∗∇+R−A.

The term R(σ) = π⊥
∑3

i=1R(ei, σ)ei can be seen as a partial Ricci opera-
tor, where R is the curvature tensor of g on M and π⊥ is the orthogonal
projection to NY , and

A : Ω0(NY ) → Ω0(Sym(TY )),

defined by A(σ) = St ◦ S(σ), is a symmetric positive 0th–order operator de-
termined by the shape operator S(σ)(X) = −(∇Xσ)

⊤. With these data,
Gayet formulates a vanishing theorem for a compact associative subman-
ifold Y of a G2–manifold and proves that Y is rigid when the spectrum
of the operator R−A is positive. The advantage of formula (3.10) lies in
the relation between the intrinsic and extrinsic geometries of the associative
submanifold, because R−A is obtained from a curvature term

(3.11) −

3∑

i<j

(ei × ej)×R⊥(ei, ej)σ.

While one cannot entirely apply his proof to the general case (because the
full torsion tensor is nonzero), we are able to adapt some of its steps.
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Given u, v ∈ Ω0(TY ), and their respective local extensions u, v to TM ,
the TY -valued 2–form B(u, v) := ∇uv −∇⊤

u v relates to the shape operator
by ⟨B(u, v), σ⟩ = ⟨Sσ(u), v⟩, for σ ∈ Ω0(TM). These data define a natural
0th–order operator

(3.12) B(σ) :=

3∑

i,j=1

(ei × ej)×B(ej , Sσ(ei)).

Proposition 3.9. The curvature term in (3.11) can be rewritten as

(3.13) −

3∑

i<j

(ei × ej)×R⊥(ei, ej)σ = R(σ) + B(σ)

− π⊥
(∑

i∈Z3

ei × T (ei+1, σ, ei, ei+1)

)
,

where R(σ) = π⊥
∑3

i=1R(ei, σ)ei is the partial Ricci operator defined in
(3.10) and T is defined in (2.15) by

T (ei+1, σ, ei, ei+1)

:=

7∑

m=1

T (σ, em)(∇i+1ψ)(em, ei, ei+1, ·)
♯

− Ti+1m(∇σψ)(em, ei, ei+1, ·)
♯

+
(
(∇i+1T )(σ, em)− (∇σT )(ei+1, em)

)
χ(em, ei, ei+1).

Proof. Expanding the summands in the frame {η4, . . . , η7} and using anti-
symmetry of the mixed product and the Ricci equation, we have

−

3∑

i<j

(ei × ej)×R⊥(ei, ej)σ = −
1

2

3∑

i,j=1

7∑

k=4

⟨(ei × ej)×R⊥(ei, ej)σ, ηk⟩ηk

=
1

2

3∑

i,j=1

7∑

k=4

⟨R⊥(ei, ej)σ, (ei × ej)× ηk⟩ηk
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=
1

2

3∑

i,j=1

7∑

k=4

⟨R(ei, ej)σ, (ei × ej)× ηk⟩ηk

+ ⟨[Sσ, S(ei×ej)×ηk ]ei, ej⟩ηk

= −
1

2
π⊥

3∑

i,j=1

(ei × ej)×R(ei, ej)σ

︸ ︷︷ ︸
(⋆)

+
1

2

3∑

i,j=1

7∑

k=4

⟨[Sσ, S(ei×ej)×ηk ]ei, ej⟩ηk

︸ ︷︷ ︸
(⋆⋆)

.

Applying the Bianchi identity R(ei, ej)σ = −R(σ, ei)ej −R(ej , σ)ei to the
first term, expanding the sum and using Lemma 2.16, we have:

(⋆) = π⊥
3∑

i,j=1

(ei × ej)×R(ej , σ)ei

= π⊥(e3 ×R(e2, σ)e1 − e2 ×R(e3, σ)e1 − e3 ×R(e1, σ)e2

+ e1 ×R(e3, σ)e2 + e2 ×R(e1, σ)e3 − e1 ×R(e2, σ)e3)

= π⊥(−e1 × [R(e2, σ)e1 × e2 + e1 ×R(e2, σ)e2︸ ︷︷ ︸
(I)

+T (e2, σ, e1, e2)]

−e2 × [R(e3, σ)e2 × e3 + e2 ×R(e3, σ)e3︸ ︷︷ ︸
(II)

+T (e3, σ, e2, e3)]

− e3 × [R(e1, σ)e3 × e1 + e3 ×R(e1, σ)e1︸ ︷︷ ︸
(III)

+T (e1, σ, e3, e1)]

+ e3 ×R(e2, σ)e1 + e1 ×R(e3, σ)e2 + e2 ×R(e1, σ)e3).

Using the identity

u× (v × w) + v × (u× w) = ⟨u,w⟩v + ⟨v, w⟩u− 2⟨u, v⟩w,

we check that

(I) = −e3 ×R(e2, σ)e1 − (e2, σ, e1, e2)e1 + 2(e2, σ, e1, e1)e2 +R(e2, σ)e2

(II) = −e1 ×R(e3, σ)e2 − (e3, σ, e2, e3)e2 + 2(e3, σ, e2, e2)e3 +R(e3, σ)e3

(III) = −e2 ×R(e1, σ)e3 − (e1, σ, e3, e1)e3 + 2(e1, σ, e3, e3)e1 +R(e1, σ)e1,
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where (e1, σ, e3, e1) := ⟨R(e1, σ)e3, e1⟩. Cancelling terms and taking the or-
thogonal projection on (I) + (II) + (III), we find

(⋆) = R(σ)− π⊥
(∑

ei × T (ei+1, σ, ei, ei+1)
)
.

Finally, by the symmetry of Sσ and S(ei×ej)×ηk , the second term is

(⋆⋆) =
1

2

3∑

i,j=1

7∑

k=4

(
⟨S(ei×ej)×ηk(ei), Sσ(ej)⟩ − ⟨Sσ(ei), S(ei×ej)×ηk(ej)⟩

)
ηk

=

3∑

i,j=1

7∑

k=4

(
⟨S(ei×ej)×ηk(ei), Sσ(ej)⟩

)
ηk

=

3∑

i,j=1

7∑

k=4

(
⟨B(ei, Sσ(ej)), (ei × ej)× ηk⟩

)
ηk

=

3∑

i,j=1

7∑

k=4

φ(ei × ej , ηk, B(ei, Sσ(ej)))ηk

= −

3∑

i,j=1

(ei × ej)×B(ei, Sσ(ej))

= B(σ).

□

4. The nearly parallel case and applications

The torsion-free condition for a G2-structure is highly overdetermined, so
examples are difficult to construct and seldom known explicitly. In terms of
the Fernández-Gray classification recalled in Section 2.4, the next natural
‘least-torsion’ case consists of the so-called nearly parallel structures, for
which the torsion forms τ1, τ2, τ3 vanish and the remaining torsion is just a
constant:

Definition 4.1. Let (M,φ) a manifold with a G2–structure, φ is called
nearly parallel if

dφ = τ0ψ,

with τ0 ̸= 0 constant.
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Regarding the deformations of associative submanifolds, our approach
unifies previously known results by means of a Bochner-type vanishing the-
orem. This technique requires a certain ‘positivity’ of curvature, which can
in practice be found in cases of interest studied by several authors.

4.1. Proof of the vanishing theorem

Following Proposition 2.13, the full torsion tensor in the nearly parallel case
is given by Tij =

τ0
4 gij , which drastically simplifies the Weitzenböck formula

(3.9):

Proposition 4.2. The Weitzenböck formula for the Fueter-Dirac operator
(3.1) in the nearly parallel case is

(4.1) /DA
2
(σ) = ∇∗∇σ +

1

4
k · σ + ρ(F−)σ + τ0 /D(σ) +

τ20
16

· σ.

Proof. Given the orthonormal frame {e1, e2, e3, η4, ..., η7}, it suffices to prove
that the last three terms in (3.9) satisfy

(P1 + P2 + P3)(σ) = τ0 /D(σ) +
τ20
16

· σ.

At a point p ∈ Y , for P1, we have Cij = 0, because τ1 and τ2 are zero, then

3∑

i,j=1

Tiiej ×∇⊥
j σ − Tjiej ×∇⊥

i σ =
3

4
τ0

3∑

j=1

ej ×∇⊥
j σ −

1

4
τ0

3∑

j=1

ej ×∇⊥
j σ

=
1

2
τ0 /D(σ).

The next two components are

P2(σ) =

3∑

i=1

7∑

l=4

((∇iT )(σ, ηl) + T (∇⊥
i σ, ηl))ei × ηl

=
τ0
4

3∑

i=1

7∑

l=4

g(∇⊥
i σ, ηl)ei × ηl

=
τ0
4

3∑

i=1

ei ×∇⊥
i σ =

τ0
4

/D(σ),
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P3(σ) =

7∑

k,l=4

(
T (σ, ηl) +

3∑

i=1

φ(ei,∇
⊥
i σ, ηl)

)
Tlkηk

=
τ0
4

7∑

k,l=4

(
τ0
4
g(σ, ηl) +

3∑

i=1

φ(ei,∇iσ, ηl)

)
g(ηl, ηk)ηk

=
τ0
4

7∑

l=4

(
τ0
4
g(σ, ηl) +

3∑

i=1

φ(ei,∇iσ, ηl)

)
ηl

=
τ20
16

· σ +
τ0
4

/D(σ).

□

Corollary 4.3. Equation (4.1) can be rewritten as

(4.2) /DA
2
(σ) = ∇∗∇σ +R(σ) + B(σ) + τ0 /D(σ) +

τ20
4

· σ.

Proof. For a nearly parallel G2-structure, the full torsion tensor is Tij =
τ0
4 gij , thus ∇T = 0 and so:

∑

i∈Z3

ei × T (ei+1, σ, ei, ei+1) =
τ0
4

∑

i∈Z3

7∑

m,l=1

(
g(σ, em)(∇i+1ψ)(em, ei, ei+1, el)

− g(ei+1, em)(∇σψ)(em, ei, ei+1, el)
)
ei × el

=
τ0
4

∑

i∈Z3

7∑

l=1

(
(∇i+1ψ)(σ, ei, ei+1, el)

− (∇σψ)(ei+1, ei, ei+1, el)
)
ei × el

=
τ0
4

∑

i∈Z3

7∑

l=1

(
(∇i+1ψ)(σ, ei, ei+1, el)

)
ei × el

=−
τ0
4

∑

i∈Z3

7∑

l=1

T (ei+1, ei+1)φ(σ, ei, el)ei × el

=−
τ20
16

∑

i∈Z3

g(ei+1, ei+1)ei × (σ × ei) = −
3

16
τ20σ

Here we used the skew-symmetry of∇σ ψ for the third equality and Corollary
2.15 for the fourth one. Equation (4.2) now follows from Proposition 3.9. □
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Theorem 4.4. Let (M,φ) be a 7-manifold with a nearly parallel G2–
structure. If Y ⊂M is a closed associative submanifold such that the op-
erator ρ(F−) associated to the curvature of the bundle S− (c.f. (1.3) and
Lemma 3.4) is bounded below by −(k4 − 3

16τ
2
0 ), then Y is rigid.

Proof. Let σ be a section of NY ,

∆|σ|2 =
∑

i

eiei⟨σ, σ⟩ = 2
∑

i

ei⟨∇
⊥
i σ, σ⟩

= 2
∑

i

⟨∇⊥
i ∇⊥

i σ, σ⟩+ ⟨∇⊥
i σ,∇

⊥
i σ⟩

= −2⟨∇∗∇σ, σ⟩+ 2|∇⊥ σ|2

= −2⟨ /DA
2
(σ), σ⟩+

k

2
⟨σ, σ⟩+ 2⟨ρ(F−)σ, σ⟩

+ 2τ0⟨ /D(σ), σ⟩+
τ20
8
|σ|2+2|∇⊥ σ|2.

Taking σ ∈ ker /DA, equation (3.2) gives

⟨ /D(σ), σ⟩ =

7∑

k=4

(∇σψ)(ηk, e1, e2, e3)⟨ηk, σ⟩(4.3)

= −

7∑

k=4

T (σ, ηk)⟨ηk, σ⟩ = −
τ0
4

7∑

k=4

⟨σ, ηk⟩
2.

By Stokes’ theorem, it follows that

0 =

∫

Y

(
k

4
|σ|2+⟨ρ(F−)σ, σ⟩ −

τ20
4

7∑

k=4

⟨σ, ηk⟩
2 +

τ20
16

|σ|2+|∇⊥ σ|2
)
d volY

=

∫

Y
(

(
k

4
−

3

16
τ20

)
|σ|2+⟨ρ(F−)σ, σ⟩+ |∇⊥ σ|2)d volY .

By assumption, ⟨ρ(F−)σ, σ⟩ ≥ −

(
k
4 − 3

16τ
2
0

)
⟨σ, σ⟩, so ∇⊥ σ = 0 and this

implies /D(σ) = 0. Notice from Lemma 3.6 that the Fueter-Dirac operator is

/DA = /D+
τ0
4

with τ0 ̸= 0.

Then, from /DA(σ) = 0 it follows that σ = 0, i.e. ker /DA = {0}. □
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4.2. The associative submanifolds of the 7-sphere

In [17], Lotay defines a G2–structure φ on S7, writing R8 \ {0} ∼= R+ × S7,
such that

Φ0|(r,p)= r3dr ∧ φ|p+r
4 ∗ φ|p,

where Φ0 is the Spin(7)–structure of R8, r the radial coordinate on R+ and
∗ the Hodge star on S7 induced by the round metric. Since Φ0 is closed, it
follows that dφ = 4 ∗ φ i.e. φ is a nearly parallel G2–structure.

Consider the 7–sphere as the homogeneous space Spin(7)/G2, viewing
Spin(7) as the G2 frame bundle over S7. From the structure equations of
Spin(7) [17, Chapter 4], the second fundamental form B ∈ Ω0(Sym2(TY )∗ ⊗
NY ) (c.f. [17, Definition 4.5]) satisfies

(4.4)

3∑

i=1

ei ×B(ei, ej) = 0.

Using (4.4), the operator B(σ) from (3.12) is given by

B(σ) = −

3∑

i=1

ei ×

( 3∑

j=1

ej ×B(ej , Sσ(ei)

)
−

3∑

i,j=1

⟨ei, ej⟩B(ej , Sσ(ei))

= −

3∑

i=1

B(ei, Sσ(ei))

Taking the inner product with the section σ itself, one obtains the non-
positivity property

⟨B(σ), σ⟩ = −

3∑

i=1

⟨B(ei, Sσ(ei)), σ⟩

= −

3∑

i=1

⟨Sσ(ei), Sσ(ei)⟩ = −

3∑

i=1

∥Sσ(ei)∥
2 .

Consider the action of SU(2) on S7 given by

(4.5)




z1
z2
z3
z4


 7→




az1 + bz2
−bz1 + az2
az3 + bz4
−bz3 + az4


 for

(
a b

−b a

)
∈ SU(2).
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By Corollary 4.3, we have,

/DA
2
(σ) = ∇∗∇σ +R(σ) + B(σ) + 4 /DA(σ),

or, in terms of the operator /D,

(4.6) /D
2
= ∇∗∇σ +R(σ) + B(σ) + 2 /D(σ) + 3σ,

which coincides with the formula given by Kawai [15]. Consider the orbit
S3 ⊂ S7 of the point (1, 0, 0, 0) under action (4.5). The tangent space to S3

at a point (z1, z2, 0, 0) is spanned by the vectors

X1 = (z2,−z1, 0, 0), X2 = (iz2, iz1, 0, 0), X3 = (iz1,−iz2, 0, 0).

As the induced metric on S3, from the round metric on S7, coincides with
the round metric of constant curvature 1, the following results of [4] can be
adapted to our case.

Lemma 4.5. The normal bundle NS3 can be trivialized by parallel sections
σ1, . . . , σ4 of the connection ∇⊥.

Proof. It suffices to show that the curvature operator R⊥ vanishes (c.f.
(3.6)). Let u, v be tangent vector fields of S3, and σ a section of NS3,
then the Ricci equation gives

R⊥(u, v)σ =

7∑

k=4

⟨R⊥(u, v)σ, ηk⟩ηk

=

7∑

k=4

(⟨R(u, v)σ, ηk⟩+ ⟨[Sσ, Sηk ]u, v⟩)ηk

=

7∑

k=4

(⟨u, σ⟩⟨v, ηk⟩ − ⟨v, σ⟩⟨u, ηk⟩)ηk = 0.

At the third equality we used the well-known facts that the metric on S7

has constant sectional curvature equal to 1 and that S3 ⊂ S7 is a totally
geodesic immersed submanifold. □

The following Weitzenböck formula relates the operatorD = /D− Id with
the Laplacian of the connection ∇⊥ on NS3.
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Lemma 4.6. On the normal bundle NS3, the following formula holds:

(4.7) D2 = ∇∗∇+ Id .

Proof. In a local orthonormal frame e1, e2, e3 around p ∈ S3, we compute

D2(σ) = /D
2
(σ)− 2 /D(σ) + σ = ∇∗∇σ +R(σ) + 4σ

= ∇∗∇σ +
( 3∑

i=1

⟨σ, ei⟩ei − ⟨ei, ei⟩σ
)⊥

+ 4σ

= ∇∗∇σ + σ.

□

Consider a basis 1 = f0, f1, f2, . . . of L
2(S3,R), consisting of eigenfunc-

tions of the Laplace operator:

∆fi = λifi.

As a direct consequence from Lemma 4.5 and (4.7), we obtain a natural
eigenbasis for the operator D2 on sections of NS3:

Lemma 4.7. D2(fiσk) = (λi + 1)(fiσk).

Since the metric on S3 has constant curvature 1, the eigenvalues of the
Laplace operator on S3 are

λk = k(k + 2) k ≥ 0,

with multiplicities mk = (k + 1)2 [25, Proposition 22.2 and Corollary 22.1].
Together with Lemma 4.7, this gives:

Corollary 4.8. D2 has eigenvalues (k + 1)2 with multiplicities 4(k + 1)2,
k ≥ 0.

In general, for an operator T and a vector u such that T 2u = µ2u, if

v± := (T ± µ)u ̸= 0

then v± is an eigenvector of T with eigenvalue ±µ. Let us apply this principle
to T = D, with µ2k = (k + 1)2 and uk = fkσj , for j = 1, . . . , 4.
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Let us first look at the case k = 0, in which f0 = 1 and λ0 = 0, so u0 = σj
and µ20 = 1, i.e.,

v± = (D ± µ0)σj = Dσj ± σj .

Now, /Dσj = 0 by Lemma 4.5, so Dσj = −σj and therefore v+ = 0 and v− =
−2σj . Accordingly, v

− is an eigenvector of D with eigenvalue −µ0 = −1.
Since v− = −2σj , for j = 1, . . . , 4, the multiplicity of −µ0 = −1 is at least
4, but the multiplicity of (−µ0)

2 = µ20 = 1 is already 4, by Corollary 4.8,
therefore the multiplicity of −µ0 = −1 is exactly 4.

Now, for k ≥ 1, we take uk = fkσj and µk = k + 1, and use the trivial
fact that ei × σj and σj are linearly independent for all i, j:

v±k =(D ± µk)uk = /Duk − (1∓ µk)uk

=

3∑

i=1

ei(fk)ei × σj − (1∓ µk)︸ ︷︷ ︸
̸=0

fk︸︷︷︸
̸=0

σj ̸= 0.

Thus v±k is an eigenvector of D with eigenvalue ±µk, and it follows that v±

is an eigenvector of /D with eigenvalue 1± µk, such that m(1 + µk) +m(1−
µk) = 4(k + 1)2. It remains to determine the multiplicities of the eigenvalues
1± (k + 1). We introduce the following notation, for k ≥ 1:

µ+0 := 1− µ0 = 0, µ+k := 1 + µk = k + 2, and µ+−k := 1− µk = −k.

From Corollary 4.8, multiplicities of opposite index add up as m(µ+k ) +
m(µ+−k) = 4(k + 1)2. Alternatively, in the sign convention of Remark 2.7,
we denote the eigenvalues of /D by

µ−0 = 0, µ−−k = −k − 2, and µ−k = k, k ≥ 1,

and again we know m(µ−k ) +m(µ−−k) = 4(k + 1)2.

Lemma 4.9. The multiplicities in both sign conventions satisfy the follow-
ing relations:

m(µ+−k) = m(µ−k ) = 2(k + 1)(k + 2), k ≥ 0.

and

m(µ+k ) = m(µ−−k) = 2k(k + 1), k ≥ 1.
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Proof. From the above, the operator /D−3
2 has eigenvalues

α+
0 = −

3

2
, α+

k = k +
3

2
− 1 and α+

−k = −k −
3

2
.

Let α−
k := −α+

−k. Since µ
−
k = −µ+−k, we have m(α±

k ) = m(µ±k ), for all k ∈ Z,
and so

m(α±
k ) +m(α±

−k) = 4(k + 1)2.

Now the claim clearly holds for k = 0 and, by induction on k ≥ 1, we have

m(µ+
−(k+1)) = m(α+

−(k+1)) = 4(k + 2)2 −m(α+
(k+1))

= 4(k + 2)2 −m(α−
k ) = 4(k2 + 4k + 4)− 2(k + 1)(k + 2)

= 2(k + 2)(k + 3).

To obtain the second equality we used the relation

α+
(k+1) = (k + 1) +

3

2
− 1 = α−

k ,

and for the last one we used the induction hypothesis on α−
k . □

The group Aut(S7, φ) = Spin(7) of automorphisms of S7 which fix the
G2–structure induces trivial associative deformations, and the associative
3–sphere is invariant by the action of the embedded subgroup K = SU(2)×
SU(2)× SU(2)/Z2 ⊂ Spin(7), where Z2 is generated by (−1,−1,−1) [19,
Theorem IV 1.38]. Therefore the space of infinitesimal associative deforma-
tions of S3 has dimension at least dim(Spin(7)/K) = 12.

Corollary 4.10. The 3-sphere in S7 is rigid as an associative submanifold.

Proof. Since µ+−1 is the eigenvalue corresponding to the space of infinitesimal
associative deformations, by Lemma 4.9, dim(ker /DA) = m(µ+−1) = 12. □

4.3. The example of Bryant and Salamon

In [6], Bryant and Salamon constructed an example of a 7–manifold with
constant scalar curvature and holonomy exactly G2:

Theorem 4.11. Let (M3, ds2) be a Riemannian 3-manifold with constant
sectional curvature K = 1. Let S(M) →M denote the standard spinor bun-
dle, let r : S(M) → R be the squared Euclidean norm, and let dσ2 denote
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the quadratic form of rank 4 on the total space of S(M) ∼=M3 × R4 which
restricts to the standard flat metric on each fibre and whose null space at
each point is the horizontal space of the standard spin connection. Then the
following metric on S(M) is complete and has holonomy G2:

(4.8) g = 3(r + 1)2/3ds2 + 4(r + 1)−1/3dσ2.

Here r = |a|2= aa denotes squared radial distance and a : PSpin(3)(M)×H →
H is the projection onto the second factor.

The corresponding associative submanifold is of the form S3 × {0} for
0 ∈ R4. Now, a compact spin manifold of positive scalar curvature admits
no harmonic spinors (see e.g. [16]) – in fact, the same conclusion holds if the
scalar curvature is just nonnegative and somewhere positive – but McLean
showed in [19] that the moduli space of associative deformations at Y is
the space of harmonic twisted spinors on Y , that is, the kernel of its Dirac
operator.

Observe that the normal bundle of S3 × {0} is isomorphic to the spinor
bundle of S3. In general, let Y 3 be an oriented Riemannian manifold and π :
PSO(Y ) → Y the frame bundle of oriented isometries. Now let ξ : PSpin(Y ) →
PSO(Y ) be the Spin double cover of the bundle PSO(Y ). The normal bun-
dle of S3 (as a submanifold of S3 × R4) can be written as an associated
bundle NS3 = PSO(S

3)×SO(4) H, via the representation ϱ : SO(4) → Gl(H),
ϱ([p, q])(v) = pvq. Now, the spinor bundle of S3 can be written as S(S3) =
PSpin(S

3)×Spin(3) H via the inclusion ι− : p ∈ Spin(3) →֒ (1, p) ∈ Spin(4) and
the representation ς : Spin(3)× Spin(3) → Gl(H), ς(p, q)(v) = vq. So the iden-
tification R4 ∼= H gives a bundle map

Φ : S(S3) → NS3

by Φ(p̃, v) = (ξ(p̃), v). Observe that Φ is well-defined:

Φ(pg−1, ς(1, g)(v)) = (ξ(p · g), vg)

= (ξ(p)ξ0(g), ϱ([1, g])(v))

= (ξ(p), v) · g = Φ(p, v).

It is easy to check that Φ is a bundle isomorphism.
In those terms, we obtain a trivial alternative for Gayet’s proof of rigidity

of S3 [11], using Theorem 4.4 and the fact that τ0 = 0.
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Proposition 4.12. Let S3 × R4 be the G2–manifold with the metric (4.8).
Then S3 ∼= S3 × {0} is rigid as an associative submanifold.

Proof. Since the normal bundle of S3 × {0} coincides with the Spin bundle
S(S3), the term ρ(F−) vanishes, and we conclude immediately from Theo-
rem 4.4. □

4.4. Locally conformal calibrated case and applications

As an application of the Fueter-Dirac Weitzenböck formula (3.9) and Propo-
sition 3.9, we focus on locally conformal calibrated G2–structures, whose
associated metric is (at least locally) conformal to a metric induced by a
calibrated G2–structure. We provide a novel example of a rigid associative
submanifold, inside a compact manifold S with a locally conformal cali-
brated G2–structure, studied by Fernández, Fino and Raffero [9].

Definition 4.13. A G2–structure is locally conformal calibrated if it has
vanishing torsion components τ0 ≡ 0 and τ3 ≡ 0, so

dφ = 3τ1 ∧ φ,

dψ = 4τ1 ∧ ψ + τ2 ∧ φ.

A SU(3)–structure on a 6-manifoldN is a pair (ω,Ω+) ∈ Ω2(N)× Ω3(N)
such that Ω+ = 1

2(Ω + Ω), where Ω ∈ Ω0(Λ3(T ∗N ⊗ C)) is a decomposable
complex 3-form and

ω ∧ Ω+ = 0 and
ω3

6
=
i

8
Ω ∧ Ω =

1

4
Ω+ ∧ Ω− with Ω− :=

1

2i
(Ω− Ω).

The SU(3)–structure (ω,Ω+) is said to be coupled if dω = cΩ+ with c a non-
zero real number. So, the product manifold N × S1 has a natural locally
conformal calibrated G2–structure defined by

φ = ω ∧ dt+Ω+,

with τ0 ≡ 0, τ3 ≡ 0 and τ1 = − c
3dt.

Example 4.14. [9, Example 3.3] Consider the 6–dimensional Lie algebra
n28, and let {e1, ..., e6} be a SU(3)–basis. With respect to the dual basis
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{e1, ..., e6}, the structure equations of n28 are

(4.9) (0, 0, 0, 0, e13 − e24, e14 + e23),

and we denote its components by dei := 0, for i = 1, . . . , 4, de5 := e13 − e24

and de6 := e14 + e23. The pair

(4.10) ω = e12 + e34 − e56 and Ω+ = e136 − e145 − e235 − e246

defines a coupled SU(3)–structure on n28 with dω = −Ω+. Denote by G
the 3-dimensional complex Heisenberg group with Lie algebra Lie(G) = n28

given by

G =

{

1 z1 z3
0 1 z2
0 0 1


 ; z1, z2, z3 ∈ C

}
.

The structure equations (4.9) can be rewritten as

dz1 = e1 + ie2, dz2 = e3 + ie4 dz3 + z1dz2 = e5 + ie6.

By [18, Theorem 7], G admits a uniform discrete subgroup Γ ⊂ G, i.e., a
discrete subgroup such that Γ\G is compact, the elements of which have
z1, z2, z3 ∈ Z[i]. The left-invariant forms ω and Ω+ on G are well defined in
the quotient Γ\G. Consider the automorphism ν : G→ G defined by



1 z1 z3
0 1 z2
0 0 1


 ν

−→



1 iz1 z3
0 1 −iz2
0 0 1


 ,

and denote by Diffν := ⟨(p, t) 7→ (ν(p), t+ 1)⟩ the infinite cyclic subgroup of
diffeomorphisms of (Γ\G)× R. The manifold

S =
(
(Γ\G)× R

)
/Diffν

is endowed with a locally conformal calibrated G2–structure as follows: for
the left-invariant coframe given in (4.9), we have

ν∗(e1) = −e2, ν
∗(e2) = e1, ν

∗(e3) = e4,

ν∗(e4) = −e3, ν
∗(e5) = e5, ν

∗(e6) = e6.

Hence ν∗ω = ω and ν∗Ω+ = Ω+, for (ω,Ω+) defined in (4.10). Denoting
by p1 : (Γ\G)× R → Γ\G the projection onto the first factor, the forms
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p∗1ω ∈ Ω2((Γ\G)× R) and p∗1Ω+ ∈ Ω3((Γ\G)× R) are invariant under ∼ν .
Therefore, we have differential forms ω̃ ∈ Ω2(S) and Ω̃+ ∈ Ω3(S) satisfying
the same relations as (ω,Ω+) from (4.10). In this setup, the 3-form

(4.11) φ̃ = ω̃ ∧ e7 + Ω̃+

defines a locally conformal calibrated G2-structure on S. Here e7 denotes
the pullback of the canonical closed 1-form on R by the projection p2 :
(Γ\G)× R → R. The torsion forms of φ̃ are

τ1 =
1

3
e7, τ2 = α̃ where α = −

4

3

(
e12 + e34 + 2e56

)

and, by Proposition 2.13, the full torsion tensor is

T = β̃, with β = e12 + e34 + e56.

The 7-manifold from Example 4.14 contains an associative submanifold,
corresponding to a particular Lie subalgebra:

Example 4.15. Consider the Abelian subalgebra n
′
28 = Span(e5, e6) ⊂ n28

and its respective Lie group G′ = [G,G] = exp(n′28) ⊂ G, which is generated
by the commutator [g, h] = ghg−1h−1. Since G′ is obtained as the maximal
integral submanifold of G given by the left-invariant distribution

∆(g) = (dLg)1n28 for g ∈ G,

i.e. (Lh)∗(∆(g)) ⊂ ∆(hg) (c.f. [24, Theorem 6.5]), we get an integral distri-
bution ∆ on Γ\G. Representing G′ by

G′ =

{

1 0 z3
0 1 0
0 0 1


 ; z3 ∈ C

}
,

we see that, for each p = Γg′ ∈ Γ\G′, we have Tp(Γ\G
′) = ∆(Γg′), and so

Γ\G′ is a compact embedded submanifold of Γ\G. Now ν|G′= Id and the
quotient map (Γ\G)× R → S is a local diffeomorphism, so

Y =

(
(Γ\G′)× R

)
/Diffν ∼= (Γ\G′)× S1

is a compact embedded submanifold of S. Moreover,

T(p,t)Y = Tp(Γ\G
′)⊕ TtR ∼= n

′
28 ⊕ R,
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Weitzenböck formula for the Fueter-Dirac operator 195

and indeed φ̃|TpY≡ vol(e5, e6, e7). Hence, Y is a closed associative submani-
fold of S.

Now, we assess formula (3.1) of Section 3.2 for Example 4.15. The first
correction term is

P1(σ) = −T56e5 ×∇⊥
6 σ − T65e6 ×∇⊥

5 σ − 2T56∇
⊥
7 σ

= −(e7 × e6)×∇⊥
6 σ − (e7 × e5)×∇⊥

5 σ − 2∇⊥
7 σ

= e7 × /D(σ)−∇⊥
7 σ.

Here, to obtain the second equality we used the associative relation e5 × e6 =
−e7 and for the last one we used the identity (u× v)× w = −u× (v × w),
for mutually orthonormal u, v, w. To calculate P2, we need the covariant
derivative of the total torsion tensor T

(4.12) ∇iTkl = ei(Tkl)− ΓmikTml − Γmil Tkm = −ΓmikTml − Γmil Tkm.

Since S is locally isometric to G× R, the Christoffel symbols of the G2-
metric on S are defined by the structure constants of the Lie algebra n28 (cf.
[20]):

Γkij =
1

2
(αijk − αjki + αkij) with αijk = ⟨[ei, ej ], ek⟩.

Applying this to Example 4.14, we find

Γ5
13 = Γ6

23 = Γ2
36 = Γ5

42 = Γ2
63 = Γ4

52 = −
1

2

Γ6
14 = Γ4

25 = Γ1
35 = Γ1

46 = Γ1
64 = Γ1

53 = −
1

2

Γ4
16 = Γ5

24 = Γ5
31 = Γ6

41 = Γ4
61 = Γ3

51 = +
1

2

Γ3
15 = Γ3

26 = Γ6
32 = Γ2

45 = Γ3
62 = Γ2

54 = +
1

2

Γkij = 0, otherwise.

Using the cross product defined by (4.11) and the above Christoffel symbols,
we have:

(4.13) ∇lei+5 = ∇i+5el =
(−1)i

2
e6−i × el for i = 0, 1 and l = 1, 2, 3, 4.



✐

✐

“3-SaEarp” — 2022/7/21 — 20:13 — page 196 — #44
✐

✐

✐

✐

✐

✐

196 A. Moreno and H. Sá Earp

Notice that the full torsion tensor of the G2–structure (4.11) can be written
as

(4.14) T (u, v) = −⟨e7 × u⊤, v⊤⟩+ ⟨e7 × u⊥, v⊥⟩ for u, v ∈ Ω0(TS|Y )

where u⊤ and u⊥ are the tangent and normal components of u, respectively.
Combining these facts with Lemma 2.16 (i), we have

∇u(v × w) = ∇uv × w + v ×∇uw +

7∑

i=1

T (u, em)χ(em, v, w)

= ∇uv × w + v ×∇uw − χ(e7 × u⊤, v, w) + χ(e7 × u⊥, v, w).

(4.15)

Now, for P2 we obtain:

P2(σ) =

7∑

i=5

4∑

k=1

ei(T (σ, ek))ei × ek

=

7∑

i=5

4∑

k=1

ei ×
(
∇⊥
i (T (σ, ek)ek)− T (σ, ek)∇

⊥
i ek

)

=

7∑

i=5

ei ×∇⊥
i (e7 × σ)−

∑

i=0,1

4∑

k=1

⟨e7 × σ, ek⟩
(−1)i

2
ei+5 × (e6−i × ek)

=

7∑

i=5

ei × (e7 ×∇⊥
i σ)− ei × χ(e7 × ei, e7, σ)

−
∑

i=0,1

(−1)i

2
ei+5 × (e6−i × (e7 × σ))

= −2∇⊥
7 σ +

7∑

i=5

−e7 × (ei ×∇⊥
i σ)

−
∑

i=0,1

ei+5 × χ(e7 × ei+5, e7, σ) +
(−1)i

2
(ei+5 × e6−i)× (e7 × σ)

︸ ︷︷ ︸
(⋆)

= −e7 × /D(σ)− 2∇⊥
7 σ − 3σ

For the third equality, we used (4.14) in the first term and (4.13) in the
second one. The fourth equality follows from (4.15) and, finally, a short
calculation gives:
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(⋆) =
∑

i=0,1

−ei+5 × ((e7 × ei+5)× (e7 × σ)) +
(−1)i

2
(ei+5 × e6−i)× (e7 × σ)

=
∑

i=0,1

−((ei+5 × e7)× ei+5)× (e7 × σ) +
(−1)i

2
(ei+5 × e6−i)× (e7 × σ)

= −((e5 × e7)× e5)× (e7 × σ) +
1

2
(e5 × e6)× (e7 × σ)

− ((e6 × e7)× e6)× (e7 × σ)−
1

2
(e6 × e5)× (e7 × σ)

= σ +
1

2
σ + σ +

1

2
σ = 3σ.

Finally, for P3, we have

P3(σ) =

4∑

k,l=1

(
T (σ, ek) +

7∑

i=5

φ̃(ei,∇
⊥
i σ, ek)

)
Tklel

=

4∑

k=1

(
⟨e7 × σ, ek⟩+

7∑

i=5

⟨ei ×∇⊥
i σ, ek⟩

)
e7 × ek

= e7 × (e7 × σ) + e7 × /D(σ) = −σ + e7 × /D(σ)

Now, writing the curvature tensor as

R(ei, ej)ek =

7∑

l,m=1

(
ΓljkΓ

m
il − ΓlikΓ

m
jl − (Γlij − Γlji)Γ

m
lk

)
em

and using the last expression, we have

R(e5, σ)e5 =

7∑

l,m=1

4∑

j=1

σj
(
Γlj5Γ

m
5l − Γl55Γ

m
jl − (Γl5j − Γlj5)Γ

m
l5

)
em

=

7∑

l,m=1

4∑

j=1

σj
(
Γlj5Γ

m
5l

)
em

= σ1Γ3
15Γ

1
53e1 + σ2Γ4

25Γ
2
54e2 + σ3Γ1

35Γ
3
51e3 + σ4Γ2

45Γ
4
52e4 = −

σ

4
,
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R(e6, σ)e6 =

7∑

l,m=1

4∑

j=1

σj
(
Γlj6Γ

m
6l − Γl66Γ

m
jl − (Γl6j − Γlj6)Γ

m
l6

)
em

=

7∑

l,m=1

4∑

j=1

σj
(
Γlj6Γ

m
6l

)
em

= σ1Γ4
16Γ

1
64e1 + σ2Γ3

26Γ
2
63e2 + σ3Γ2

36Γ
3
62e3 + σ4Γ1

46Γ
4
61e4 = −

σ

4
.

Therefore,

R(σ) =
(
R(e5, σ)e5 +R(e6, σ)e6 +R(e7, σ)e7

)⊥

= −
1

4
σ −

1

4
σ + 0

= −
1

2
σ.

Now, we assess the operator T defined in equation (2.15) for a pair ei, ej ∈
Ω0(TY ) and σ ∈ Ω0(NY ):

T (ej , σ, ei, ej) =

7∑

m=1

T (σ, em)∇jψ(em, ei, ej , ·)
♯

︸ ︷︷ ︸
(I)

−T (ej , em)∇σψ(em, ei, ej , ·)
♯

︸ ︷︷ ︸
(II)

+
(
∇jT (σ, em)−∇σT (ej , em)

)
χ(em, ei, ej)

︸ ︷︷ ︸
(III)

.

We will use throughout the proof both the expression of ∇ψ in terms of T
and φ from Corollary 2.15 and the expression for T given in (4.14). For the
first term,

(I) =

7∑

m=1

⟨e7 × σ, em⟩∇jψ(em, ei, ej , ·)
♯ = ∇jψ(e7 × σ, ei, ej , ·)

♯

= −T (ej , e7 × σ)φ(ei, ej , ·)
♯ + T (ej , ei)φ(e7 × σ, ej , ·)

♯

− T (ej , ej)φ(e7 × σ, ei, ·)
♯ + T (ej , ·)

♯φ(e7 × σ, ei, ej)

= −⟨e7 × ej , ei⟩(e7 × σ)× ej = ⟨e7 × ej , ei⟩(e7 × ej)× σ.

Here we used the vanishings T (ej , e7 × σ) = 0, again by (4.14), T (ej , ej) = 0,
by skew-symmetry, and φ(e7 × σ, ei, ej) = ⟨ei × ej , e7 × σ⟩ = 0, by orthogo-
nality.
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For the second term,

(II) =

7∑

m=1

⟨e7 × ej , em⟩∇σψ(em, ei, ej , ·)
♯ = ∇σψ(e7 × ej , ei, ej , ·)

♯

=− T (σ, e7 × ej)φ(ei, ej , ·)
♯ + T (σ, ei)φ(e7 × ej , ej , ·)

♯

− T (σ, ej)φ(e7 × ej , ei, ·)
♯ + T (σ, ·)♯φ(e7 × ej , ei, ej)

=− ⟨e7 × σ, ·⟩♯⟨(e7 × ej)× ei, ej⟩ = −⟨(e7 × ej)× ei, ej⟩e7 × σ.

Again the vanishings T (σ, e7×ej)=T (σ, ei)=T (σ, ej)=0 follow from (4.14).
For the third term, we use the derivatives (4.12) of the torsion tensor:

(III) =−

7∑

m=1

(
T (σ,∇jem)− T (ej ,∇σem)

)
χ(em, ei, ej)

=−

7∑

m=1

(
⟨e7 × σ,∇jem⟩+ ⟨e7 × ej ,∇σem⟩

)
χ(em, ei, ej).

We now apply (I), (II) and (III) for i = 5 and j = 6:

T (e6, σ,e5, e6) = ⟨e7 × e6, e5⟩(e7 × e6)× σ + ⟨(e7 × e6)× e5, e6⟩e7 × σ

−

7∑

m=1

(
⟨e7 × σ,∇6em⟩+ ⟨e7 × e6,∇σem⟩

)
χ(em, e5, e6)

= e5 × σ −

7∑

m=1

(
−
1

2
⟨e7 × σ, e5 × em⟩+ ⟨e5,∇σem⟩

)
χ(em, e5, e6)

= e5 × σ −

7∑

m=1

(1
2
⟨e5 × (e7 × σ), em⟩+ σ⟨e5, em⟩

− ⟨∇σe5, em⟩
)
χ(em, e5, e6)

= e5 × σ −

7∑

m=1

(
−

1

2
⟨e6 × σ, em⟩ −

1

2
⟨e6 × σ, em⟩

)
χ(em, e5, e6)

= e5 × σ + χ(e6 × σ, e5, e6) = e5 × σ − (e6 × σ)× (e5 × e6)

= e5 × σ + (e6 × σ)× e7

= 2e5 × σ.

Here we used repeatedly that e5 × e6 = −e7 and ei × (ej × σ) = −ej × (ei ×
σ) for i ̸= j. At the second and fourth lines we applied again (4.13), and at
the third line we used the compatibility of the Riemannian connection.
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For j = 7 and i = 6, we have trivially T (e7, σ, e6, e7) = 0. Finally, for
j = 5 and i = 7, we have

T (e5, σ, e7, e5) = ⟨e7 × e5, e7⟩(e7 × e5)× σ + ⟨(e7 × e5)× e7, e5⟩e7 × σ

−

7∑

m=1

(⟨e7 × σ,∇5em⟩+ ⟨e7 × e5,∇σem⟩)χ(em, e7, e5)

= ⟨e6, e7⟩e6 × σ − ⟨e6 × e7, e5⟩e7 × σ

−

7∑

m=1

(1
2
⟨e7 × σ, e6 × em⟩ − ⟨e6,∇σem⟩

)
χ(em, e7, e5)

= e7 × σ −

7∑

m=1

(
−

1

2
⟨e6 × (e7 × σ), em⟩ − σ⟨e6, em⟩

+ ⟨∇σe6, em⟩
)
χ(em, e7, e5)

= e7 × σ +
1

2

7∑

m=1

(⟨e5 × σ, em⟩+ ⟨e5 × σ, em⟩)χ(em, e7, e5)

= e7 × σ + χ(e5 × σ, e7, e5) = e7 × σ − (e5 × σ)× (e7 × e5)

= e7 × σ + (e5 × σ)× e6 = 2e7 × σ.

Therefore,

(∑

i∈Z3

ei+5 × T (ei+6, σ, ei+5, ei+6)

)⊥

= −4σ.

Following the notation of [7, §5.3], we define an operator

/D
c
(σ) := e5 ×∇⊥

5 σ + e6 ×∇⊥
6 σ,

and recall that the cross-product by e7 defines an almost complex structure
on T (Γ\G) denoted by J(σ) := e7 × σ. Then (3.2) becomes

/DA(σ) = /D
c
(σ) + J(σ̇) + J(σ),

where σ̇ := ∇⊥
7 σ. To simplify notation, let ∥·∥ and ⟨⟨·, ·⟩⟩ denote the L2-norm

and inner product of sections, respectively (the integral of the correspond-
ing pointwise quantity over the associative submanifold). The next Lemma
gathers some relations between the operators /D, J and ∇; although some of
them will not be used in this article, we state them anyway as a curiosity.
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Lemma 4.16. With the above notation, we have the following properties:

(i) /D
c
◦J(σ) = −J ◦ /D

c
(σ) + 2σ.

(ii) ⟨⟨ /D
c
(σ), η⟩⟩ = ⟨⟨σ, /D

c
(η)⟩⟩+ 2⟨⟨σ, J(η)⟩⟩.

(iii) ⟨⟨ /D
c
(σ), J(σ̇)⟩⟩ = 0.

(iv) ⟨⟨σ̇, σ⟩⟩ = 0 and ⟨⟨ /D
c
(σ), J(σ)⟩⟩ ≤ 0.

Proof. (i) Using Lemma 2.16 (i), we have,

/D
c
◦J(σ) = −J ◦ /D

c
(σ)− T65e6 × (e5 × (e7 × σ))

− T56e5 × (e6 × (e7 × σ))

= −J ◦ /D
c
(σ) + 2T56(e5 × e6)× (e7 × σ)

= −J ◦ /D
c
(σ) + 2 · σ.

(ii) Using the Leibniz rule (4.15) and the following trivial calculation,

χ(e7 × ei, ei, η) =χ(η, e7 × ei, ei) = −η × ((e7 × ei)× ei)

=− η × (ei × (ei × e7)) = −e7 × η,

we have:

⟨ /D
c
(σ), η⟩p = −

6∑

i=5

⟨∇⊥
i σ, ei × η⟩p

= −

6∑

i=5

{ei⟨σ, ei × η⟩ − ⟨σ,∇⊥
i (ei × η)⟩}p

= div(σ × η)p −

6∑

i=5

⟨σ, ei ×∇⊥
i η − χ(e7 × ei, ei, η)⟩}p

= div(σ × η)p + ⟨σ, /D
c
(η)⟩p + 2⟨σ, e7 × η⟩p.

(iii) Using (i) and (ii), one has ⟨⟨ /D
c
(σ), J(σ̇)⟩⟩ = ⟨⟨J(σ), /D

c
(σ̇)⟩⟩, and, by

the vanishing of the normal curvature tensor R⊥(ei, e7)σ = 0 for i =
5, 6, we have ∇⊥

i ∇
⊥
7 σ = ∇⊥

7 ∇
⊥
i σ. From Lemma 2.16 (i) and the com-

patibility of ∇⊥ with the induced metric in NY , we have:
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⟨ /D
c
(σ), J(σ̇)⟩p =

7∑

i=5

⟨J(σ), ei ×∇⊥
7 ∇

⊥
i σ⟩p =

7∑

i=5

⟨J(σ),∇⊥
7 (ei ×∇⊥

i σ)⟩p

= −⟨∇⊥
7 (J(σ)), /D

c
(σ)⟩p + e7⟨J(σ), /D

c
(σ)⟩p

= −⟨J(σ̇), /D
c
(σ)⟩p + div(⟨J(σ), /D

c
(σ)⟩e7)p.

(iv) Again by compatibility of ∇⊥ with the metric on NY , we have
2⟨σ̇, σ⟩ = 2⟨∇⊥

7 σ, σ⟩ = e7|σ|
2. Now Stokes’ Theorem gives

(4.16) ⟨⟨σ̇, σ⟩⟩ =
1

2

∫

Y
e7|σ|

2d volY =
1

2

∫

Y
div(|σ|2e7)d volY = 0.

Computing the L2-norm for /DA(σ), we have

∥∥ /DA(σ)
∥∥2 =

∥∥ /D
c
(σ)

∥∥2 + ∥σ̇∥2 + ∥σ∥2

+ 2⟨⟨ /D
c
(σ), J(σ̇)⟩⟩+ 2⟨⟨ /D

c
(σ), J(σ)⟩⟩+ 2⟨⟨σ̇, σ⟩⟩,

and from Lemma 4.16(iii) and equation (4.16) it follows that

∥∥ /DA(σ)
∥∥2 =

∥∥ /D
c
(σ)

∥∥2 + ∥σ̇∥2 + ∥σ∥2 + 2⟨⟨ /D
c
(σ), J(σ)⟩⟩.

Therefore, by the triangle inequality, ⟨⟨ /D
c
(σ), J(σ)⟩⟩ ≤ 0.

□

Corollary 4.17. The submanifold Y of Example 4.15 is rigid.

Proof. Notice that the operator B vanishes on Y , as can be seen from

B(σ) =

7∑

i,j=5

(ei × ej)×B(ej , Sσ(ei))

=

4∑

k=1

7∑

i,j=5

⟨Sek(ej), Sσ(ei)⟩(ei × ej)× ek

= −

4∑

k=1

7∑

i,j,l=5

Γljk⟨el, Sσ(ei)⟩(ei × ej)× ek = 0,

since, Γljk = 0 for j, l = 5, 6, 7 and k = 1, ..., 4. Applying equation (3.9),
Lemma 4.3 and the previous calculation, we obtain the Weitzenböck for-
mula

/DA
2
(σ) = ∇∗∇σ + e7 × /D(σ)− 3∇⊥

7 σ −
1

2
σ.
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Taking the inner product with σ and integrating over Y ,

∫

Y
⟨ /DA

2
(σ), σ⟩d volY =

∫

Y
⟨∇∗∇σ, σ⟩d volY +

∫

Y
⟨e7 × /D(σ), σ⟩d volY

−

∫

Y
3⟨∇⊥

7 σ, σ⟩d volY −

∫

Y

1

2
⟨σ, σ⟩d volY

≥

∫

Y
⟨e7 × /D(σ), σ⟩d volY −3

∫

Y
⟨σ̇, σ⟩d volY

−

∫

Y

1

2
⟨σ, σ⟩d volY .

From Lemma 4.16 (iv), we conclude that

∫

Y
⟨ /DA

2
(σ), σ⟩d volY ≥

∫

Y
⟨e7 × /D(σ), σ⟩d volY −

1

2

∫

Y
⟨σ, σ⟩d volY .(4.17)

So, for σ ∈ ker /DA, we have /D(σ) = −e7 × σ and, replacing that in (4.17),
we get the inequality

0 ≥ −

∫

Y
⟨e7 × (e7 × σ), σ⟩d volY −

1

2

∫

Y
⟨σ, σ⟩d volY =

1

2

∫

Y
⟨σ, σ⟩d volY .

Then σ = 0 and therefore Y is rigid. □

Afterword

In many cases a Weitzenböck formula is a useful tool to rule out parallel
spinors, but in full generality equation (3.9) has the drawback of first or-
der terms with unpredictable spectrum. In the nearly parallel case (4.1),
however, the Weitzenböck formula is very similar to the formula for a pa-
rameterized connection with skew-torsion symmetric tensor of Agricola and
Friedrich [1]. In this context and under favourable assumptions, it is possi-
ble to control the spectrum of /D. Using the Weitzenböck formula of [11], we
have

/DA
2
= ∇∗∇+R+ B + τ0 /D+

τ20
4

so, when a normal section lies in ker /DA, it corresponds to the eigenvalue τ0
4

of /D. Therefore, nontrivial deformations for an associative submanifold are
in direct correspondence with elements of that eigenspace.
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