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This article owes everything to the ideas of Wiles, and the arguments pre-
sented here are fundamentally his [W3], though they include both the work
[TW] and several simplifications to the original arguments, most notably
that of Faltings. In the hope of increasing clarity, we have not always stated
theorems in the greatest known generality, concentrating instead on what
is needed for the proof of the Shimura-Taniyama conjecture for semi-stable
elliptic curves. This article can serve as an introduction to the fundamen-
tal papers [W3] and [TW], which the reader is encouraged to consult for
a different, and often more in-depth, perspective on the topics considered.
Another useful more advanced reference is the article [Di2] which strength-
ens the methods of [W3] and [TW] to prove that every elliptic curve that is
semistable at 3 and 5 is modular.
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Introduction

Fermat’s Last Theorem
Fermat’s Last Theorem states that the equation
" +y" =2", zyz#£0

has no integer solutions when n is greater than or equal to 3. Around 1630,
Pierre de Fermat claimed that he had found a “truly wonderful” proof of this
theorem, but that the margin of his copy of Diophantus’ Arithmetica was too
small to contain it:

“Cubum autem in duos cubos, aut quadrato quadratum in duos
quadrato quadratos, et generaliter nullam in infinitum ultra qua-
dratum potestatem in duos ejusdem nominis fas est dividere; cu-
jus rei demonstrationem mirabile sane detexi. Hanc marginis ex-
iguitas non caperet.”

Among the many challenges that Fermat left for posterity, this was to prove
the most vexing. A tantalizingly simple problem about whole numbers, it
stood unsolved for more than 350 years, until in 1994 Andrew Wiles finally
laid it to rest.

Prehistory: The only case of Fermat’s Last Theorem for which Fermat
actually wrote down a proof is for the case n = 4. To do this, Fermat
introduced the idea of infinite descent which is still one the main tools in
the study of Diophantine equations, and was to play a central role in the
proof of Fermat’s Last Theorem 350 years later. To prove his Last Theorem
for exponent 4, Fermat showed something slightly stronger, namely that the
equation z* + y* = 22 has no solutions in relatively prime integers with
zyz # 0. Solutions to such an equation correspond to rational points on the
elliptic curve v2 = u® — 4u. Since every integer n > 3 is divisible either by
an odd prime or by 4, the result of Fermat allowed one to reduce the study
of Fermat’s equation to the case where n = £ is an odd prime.

In 1753, Leonhard Euler wrote down a proof of Fermat’s Last Theorem
for the exponent £ = 3, by performing what in modern language we would call
a 3-descent on the curve z3 + y® = 1 which is also an elliptic curve. Euler’s
argument (which seems to have contained a gap) is explained in [Edw], ch. 2,
and [Dicl], p. 545.

It took mathematicians almost 100 years after Euler’s achievement to
handle the case £ = 5; this was settled, more or less simultaneously, by
Gustav Peter Lejeune Dirichlet [Dir] and Adrien Marie Legendre [Leg] in
1825. Their elementary arguments are quite involved. (Cf. [Edw], sec. 3.3.)

In 1839, Fermat’s equation for exponent 7 also yielded to elementary
methods, through the heroic efforts of Gabriel Lamé. Lamé’s proof was even
more intricate than the proof for exponent 5, and suggested that to go further,
new theoretical insights would be needed.
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The work of Sophie Germain: Around 1820, in a letter to Gauss, Sophie
Germain proved that if £ is a prime and ¢ = 2£ + 1 is also prime, then
Fermat’s equation z¢ +y* = 2¢ with exponent £ has no solutions (z, y, z) with
zyz # 0 (mod £). Germain’s theorem was the first really general proposition
on Fermat’s Last Theorem, unlike the previous results which considered the
Fermat equation one exponent at a time.

The case where the solution (z,y,2) to =t + y* = 2¢ satisfies Tyz # 0
(mod £) was called the first case of Fermat’s Last Theorem, and the case
where £ divides zyz, the second case. It was realized at that time that the
first case was generally easier to handle: Germain’s theorem was extended,
using similar ideas, to cases where k€ + 1 is prime and k is small, and this led
to a proof that there were no first case solutions to Fermat’s equation with
prime exponents £ < 100, which in 1830 represented a significant advance.
The division between first and second case remained fundamental in much
of the later work on the subject. In 1977, Terjanian [Te] proved that if the
equation % + y2¢ = 22¢ has a solution (z,y, z), then 2¢ divides either z or y,
i.e., “the first case of Fermat’s Last Theorem is true for even exponents”. His
simple and elegant proof used only techniques that were available to Germain
and her contemporaries.

The work of Kummer: The work of Ernst Eduard Kummer marked the
beginning of a new era in the study of Fermat’s Last Theorem. For the first
time, sophisticated concepts of algebraic number theory and the theory of
L-functions were brought to bear on a question that had until then been
addressed only with elementary methods. While he fell short of providing
a complete solution, Kummer made substantial progress. He showed how
Fermat’s Last Theorem is intimately tied to deep questions on class numbers
of cyclotomic fields which are still an active subject of research. Kummer’s
approach relied on the factorization

(+y)(a+Cy) - (T+¢y) =2

of Fermat’s equation over the ring Z[(,] generated by the ¢th roots of unity.
One observes that the greatest common divisor of any two factors in the
product on the left divides the element (1 — (), which is an element of norm
£. Since the product of these numbers is a perfect -th power, one is tempted
to conclude that (z +y),...,(z + ¢{~'y) are each ¢-th powers in the ring
Z[{) up to units in this ring, and up to powers of (1 — {¢). Such an inference
would be valid if one were to replace Z[{] by Z, and is a direct consequence
of unique factorization of integers into products of primes. We say that a
ring R has property U F if every non-zero element of R is uniquely a product
of primes, up to units. Mathematicians such as Lamé made attempts at
proving Fermat’s Last Theorem based on the mistaken assumption that the
rings Z[({,] had property UF. Legend even has it that Kummer fell into this
trap, although this story now has been discredited; see for example [Edw],
sec. 4.1. In fact, property UF is far from being satisfied in general: one now
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knows that the rings Z[(,] have property UF only for £ < 23 (cf. [Wa], ch. 1).

It turns out that the full force of property U F is not really needed in the
applications to Fermat’s Last Theorem. Say that a ring R has property U F;
if the following inference is valid:

ab = 2%, and gcd(a,b) =1 = a and b are £th powers up to units of R.

If a ring R has property UF, then it also has property U Fg, but the converse
need not be true. Kummer showed that Fermat’s last theorem was true for
exponent £ if Z[(] satisfied the property UF; (cf. [Wa]). The proof is far from
trivial, because of difficulties arising from the units in Z[{,] as well as from
the possible failure of property UF. (A number of Kummer’s contemporaries,
such as Cauchy and Lamé, seem to have overlooked both of these difficulties
in their attempts to prove Fermat’s Last Theorem.)

Kummer then launched a systematic study of the property UF} for the
rings Z[(¢]. He showed that even if Z[(] failed to have unique factorization,
it still possessed unique factorization into prime ideals. He defined the ideal
class group as the quotient of the group of fractional ideals by its subgroup
consisting of principal ideals, and was able to establish the finiteness of this
class group. The order of the class group of Z[{,], denoted hy, could be taken
as a measure of the failure of the ring Z[{,] to satisfy UF. It was rather
straightforward to show that if £ did not divide h¢, then Z[({,] satisfied the
property UF,;. In this case, one called ¢ a regular prime. Kummer thus
showed that Fermat’s last theorem is true for exponent £ if £ is a regular
prime.

He did not stop here. For it remained to give an efficient means of com-
puting hg, or at least an efficient way of checking when £ divides h;. The
class number h; can be factorized as a product

he = hfhy,

where h} is the class number of the real subfield Q({¢)*, and h; is defined as
he/hf . Essentially because of the units in Q(¢¢)*, the factor h; is somewhat
difficult to compute, while, because the units in Q(¢)* generate the group
of units in Q(¢;) up to finite index, the term h, can be expressed in a simple
closed form. Kummer showed that if £ divides h}, then £ divides h; . Hence, £
divides h, if and only if £ divides h; . This allowed one to avoid the difficulties
inherent in the calculation of h}. Kummer then gave an elegant formula for
h; by considering the Bernoulli numbers By, which are rational numbers

defined by the formula
z B, .
e —1" Z e

He produced an explicit formula for the class number h; , and concluded that
if £ does not divide the numerator of By;, for 1 < i < (£ — 3)/2, then £ is
regular, and conversely.
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The conceptual explanation for Kummer’s formula for A, lies in the work
of Dirichlet on the analytic class number formula, where it is shown that h;
can be expressed as a product of special values of certain (abelian) L-series

L(s,x) = )_ x(m)n~*
n=1

associated to odd Dirichlet characters. Such special values in turn can be
expressed in terms of certain generalized Bernoulli numbers B, ,, which are
related to the Bernoulli numbers B; via congruences mod £. (For more details,
see [Wa).)

These considerations led Kummer to initiate a deep study relating congru-
ence properties of special values of L-functions and of class numbers, which
was to emerge as a central concern of modern algebraic number theory, and
was to reappear — in a surprisingly different guise — at the heart of Wiles’
strategy for proving the Shimura-Taniyama conjecture.

Later developments: Kummer’s work had multiple ramifications, and led
to a very active line of enquiry pursued by many people. His formulae re-
lating Bernoulli numbers to class numbers of cyclotomic fields were refined
by Kenneth Ribet [R1], Barry Mazur and Andrew Wiles.[MW], using new
methods from the theory of modular curves which also play a central role in
Wiles’ more recent work. (Later Francisco Thaine [Th] reproved some of the
results of Mazur and Wiles using techniques inspired directly from a reading
of Kummer.) In a development more directly related to Fermat’s Last Theo-
rem, Wieferich proved that if £2 does not divide 26~ — 1, then the first case
of Fermat’s Last Theorem is true for exponent £. (Cf. [Ri], lecture VIIL.)

There were many other refinements of similar criteria for Fermat’s Last
theorem to be true. Computer calculations based on these criteria led to
a verification that Fermat’s Last theorem is true for all odd prime expo-
nents less than four million [BCEM], and that the first case is true for all
£ < 8.858 - 10%° [Su].

The condition that £ is a regular prime seems to hold heuristically for
about 61% of the primes. (See the discussion on p. 63, and also p. 108, of
[Wa], for example.) In spite of the convincing numerical evidence, it is still
not known if there are infinitely many regular primes. Ironically, it is not too
difficult to show that there are infinitely many irregular primes. (Cf. [Wa].)

Thus the methods introduced by Kummer, after leading to very strong
results in the direction of Fermat’s Last theorem, seemed to become mired
in difficulties, and ultimately fell short of solving Fermat’s conundrum?.

Faltings’ proof of the Mordell conjecture: In 1985, Gerd Faltings [Fa]
proved the very general statement (which had previously been conjectured

1However, W. McCallum has recently introduced a technique, based on the method
of Chabauty and Coleman, which suggests new directions for approaching Fermat’s Last
Theorem via the cyclotomic theory. An application of McCallum’s method to showing the
second case of Fermat’s Last Theorem for regular primes is explained in [Mc].
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by Mordell) that any equation in two variables corresponding to a curve of
genus strictly greater than one had (at most) finitely many rational solutions.
In the context of Fermat’s Last Theorem, this led to the proof that for each
exponent n > 3, the Fermat equation ™ +y™ = 2™ has at most finitely many
integer solutions (up to the obvious rescaling). Andrew Granville [Gra] and
Roger Heath-Brown [HB] remarked that Faltings’ result implies Fermat’s
Last Theorem for a set of exponents of density one.

However, Fermat’s Last Theorem was still not known to be true for an
infinite set of prime exponents. In fact, the theorem of Faltings seemed ill-
equipped for dealing with the finer questions raised by Fermat in his margin,
namely of finding a complete list of rational points on all of the Fermat curves
z™ +y™ = 1 simultaneously, and showing that there are no solutions on these
curves when n > 3 except the obvious ones.

Mazur’s work on Diophantine properties of modular curves: Al-
though it was not realized at the time, the chain of ideas that was to lead to
a proof of Fermat’s Last theorem had already been set in motion by Barry
Mazur in the mid seventies. The modular curves Xo(€) and X; (£) introduced
in section 1.2 and 1.5 give rise to another naturally occurring infinite family
of Diophantine equations. These equations have certain systematic rational
solutions corresponding to the cusps that are defined over @, and are anal-
ogous to the so-called “trivial solutions” of Fermat’s equation. Replacing
Fermat curves by modular curves, one could ask for a complete list of all the
rational points on the curves Xo(€) and X;(¢). This problem is perhaps even
more compelling than Fermat’s Last Theorem: rational points on modular
curves correspond to objects with natural geometric and arithmetic interest,
namely, elliptic curves with cyclic subgroups or points of order £. In [Maz1]
and [Maz2], B. Mazur gave essentially a complete answer to the analogue of
Fermat’s Last Theorem for modular curves. More precisely, he showed that
if £ # 2,3,5 and 7, (i.e., X;(€) has genus > 0) then the curve X;(f) has
no rational points other than the “trivial” ones, namely cusps. He proved
analogous results for the curves Xo(¢) in [Maz2], which implied, in particu-
lar, that an elliptic curve over Q with square-free conductor has no rational
cyclic subgroup of order £ over Q if £ is a prime which is strictly greater than
7. This result appeared a full ten years before Faltings’ proof of the Mordell
conjecture.

Frey’s strategy: In 1986, Gerhard Frey had the insight that these con-
structions might provide a precise link between Fermat’s Last Theorem and
deep questions in the theory of elliptic curves, most notably the Shimura
Taniyama conjecture. Given a solution a‘ + b¢ = cf to the Fermat equation
of prime degree ¢, we may assume without loss of generality that af = —
(mod 4) and that b = 0 (mod 32). Frey considered (following Hellegouarch,
[He], p. 262; cf. also Kubert-Lang [KL], ch. 8, §2) the elliptic curve

E:y? =z(z - ab)(z + b%).
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This curve is semistable, i.e., it has square-free conductor. Let E[€] denote
the group of points of order £ on E defined over some (fixed) algebraic clo-
sure Q of Q, and let L denote the smallest number field over which these
points are defined. This extension appears as a natural generalization of the
cyclotomic fields Q(¢,) studied by Kummer. What singles out the field L for
special attention is that it has very little ramification: using Tate’s analytic
description of E at the primes dividing abe, it could be shown that L was
ramified only at 2 and £, and that the ramification of L at these two primes
was rather restricted. (See theorem 2.15 of section 2.2 for a precise state-
ment.) Moreover, the results of Mazur on the curve X(¢) could be used to
show that L is large, in the following precise sense. The space E[{] is a vector
space of dimension 2 over the finite field F, with £ elements, and the absolute
Galois group Gg = Gal (Q/Q) acts F;-linearly on E[£]. Choosing an F;-basis
for E[f], the action is described by a representation

pe,: Gal(L/Q) — GLa(Fe).

Mazur’s results in [Mazl] and [Maz2] imply that pg . is irreducible if £ > 7
(using the fact that E is semi-stable). In fact, combined with earlier results
of Serre [Se6], Mazur’s results imply that for £ > 7, the representation pg, ¢ is
surjective, so that Gal (L/Q) is actually isomorphic to GL2(F¢) in this case.

Serre’s conjectures: In [Se7], Jean-Pierre Serre made a careful study of
mod £ Galois representations p : Gog — GL2(F;) (and, more generally, of
representations into GL2(k), where k is any finite field). He was able to
make very precise conjectures (see section 3.2) relating these representations
to modular forms mod £. In the context of the representations pg¢ that
occur in Frey’s construction, Serre’s conjecture predicted that they arose from
modular forms (mod £) of weight two and level two. Such modular forms,
which correspond to differentials on the modular curve X((2), do not exist
because Xo(2) has genus 0. Thus Serre’s conjecture implied Fermat’s Last
Theorem. The link between fields with Galois groups contained in G L3 (Fe)
and modular forms mod £ still appears to be very deep, and Serre’s conjecture
remains a tantalizing open problem.

Ribet’s work: lowering the level: The conjecture of Shimura and Taniya-
ma, (cf. section 1.8) provides a direct link between elliptic curves and modular
forms. It predicts that the representation pg ¢ obtained from the ¢-division
points of the Frey curve arises from a modular form of weight 2, albeit a form
whose level is quite large. (It is the product of all the primes dividing abc,
where a’ + b¢ = ¢! is the putative solution to Fermat’s equation.) Ribet [R5]
proved that, if this were the case, then gg ¢ would also be associated with a
modular form mod £ of weight 2 and level 2, in the way predicted by Serre’s
conjecture. This deep result allowed him to reduce Fermat’s Last Theorem
to the Shimura-Taniyama conjecture.
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Wiles’ work: proof of the Shimura-Taniyama conjecture: In [W3]
Wiles proves the Shimura-Taniyama conjecture for semi-stable elliptic curves,
providing the final missing step and proving Fermat’s Last Theorem. After
more than 350 years, the saga of Fermat’s Last theorem has come to a spec-
tacular end.

The relation between Wiles’ work and Fermat’s Last Theorem has been
very well documented (see, for example, [R8], and the references contained
therein). Hence this article will focus primarily on the breakthrough of
Wiles [W3] and Taylor-Wiles [TW] which leads to the proof of the Shimura-
Taniyama conjecture for semi-stable elliptic curves.

From elliptic curves to f-adic representations: Wiles’ opening gambit
for proving the Shimura-Taniyama conjecture is to view it as part of the
more general problem of relating two-dimensional Galois representations and
modular forms. The Shimura-Taniyama conjecture states that if E is an
elliptic curve over Q, then E is modular. One of several equivalent definitions
of modularity is that for some integer N there is an eigenform f = 3 anq™
of weight two on I'g(N) such that

#E[Fp) =p+1-ap

for all but finitely primes p. (By an eigenform, here we mean a cusp form
which is a normalized eigenform for the Hecke operators; see section 1 for
definitions.)

This conjecture acquires a more Galois theoretic flavour when one con-
siders the two dimensional ¢-adic representation

PE : GQ — GLz(Z()
obtained from the action of Gg on the ¢-adic Tate module of

E: T,E = lim EI"|(Q).

An {-adic representation p of Gg is said to arise from an eigenform f =
> anq™ with integer coefficients ay, if

tr (p(Frob ,)) = ay,

for all but finitely many primes p at which p is unramified. Here Frob, is a
Frobenius element at p (see section 2), and its image under p is a well-defined
conjugacy class.

A direct computation shows that #E(Fp) = p+ 1 — tr (pE,¢(Frob,)) for
all primes p at which pg, is unramified, so that E is modular (in the sense
defined above) if and only if for some ¢, pg . arises from an eigenform. In
fact the Shimura-Taniyama conjecture can be generalized to a conjecture that
every f-adic representation, satisfying suitable local conditions, arises from
a modular form. Such a conjecture was proposed by Fontaine and Mazur
[FM].
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Galois groups and modular forms

Viewed in this way, the Shimura-Taniyama conjecture becomes part of a much
larger picture: the emerging, partly conjectural and partly proven correspon-
dence between certain modular forms and two dimensional representations
of Gg. This correspondence, which encompasses the Serre conjectures, the
Fontaine-Mazur conjecture, and the Langlands program for G L, represents
a first step toward a higher dimensional, non-abelian generalization of class
field theory.

Two-dimensional representations of Gq: In the first part of this cen-
tury, class field theory gave a complete description of G?’Qb, the maximal
(continuous) abelian quotient of Gg. In fact the Kronecker-Weber theorem
asserts that G&b =] Hp Z, and one obtains a complete description of all one-
dimensional representations of Gg. In the second half of this century much
attention has focused on attempts to understand the whole group Ggq, or
more precisely to describe all its representations. Although there has been a
fair degree of success in using modular forms to construct representations of
G, less is known about how exhaustive these constructions are. The major
results in the latter direction along these lines are the work of Langlands [L12]
and the recent work of Wiles ((W3] completed by [TW]). Both concern two-
dimensional representations of Gg and give significant evidence that these
representations are parametrised (in a very precise sense) by certain mod-
ular forms. The purpose of this article is to describe both the proven and
conjectural parts of this theory, give a fairly detailed exposition of Wiles’ re-
cent contribution and explain the application to Fermat’s Last theorem. To
make this description somewhat more precise let us distinguish three types
of representation.

Artin representations and the Langlands-Tunnell theorem: Contin-
uous representations p : Gg = GL2(C) are called (two-dimensional) Artin
representations. Such representations necessarily have finite image, and are
therefore semi-simple. We restrict our attention to those which are irre-
ducible. They are conjectured to be in bijection (in a precise way) with
certain newforms (a special class of eigenforms). Those p which are odd (i.e.
the determinant of complex conjugation is —1), should correspond to weight
1 holomorphic newforms. Those which are even should correspond to cer-
tain non-holomorphic (Maass) newforms. Two partial but deep results are
known.

(a) (Deligne-Serre) If f is a holomorphic weight one newform then the
corresponding Artin representation can be constructed ([DS]).

(b) (Langlands-Tunnell) If p is a two dimensional Artin representation with
soluble image then the corresponding modular form exists ([L12] and
[Tu]).



H. Darmon, F. Diamond and R. Taylor 11

The proof of the latter result is analytic in nature, invoking the trace formula
and the theory of L-functions.

{-adic representations and the Fontaine-Mazur conjecture: By an /-
adic representation we shall mean any continuous representation
p : Go = GL2(K) which is unramified outside a finite set of primes and
where K is a finite extension of Q (generalizing slightly the notion of ¢-adic
representation that was introduced before). Given a holomorphic newform
f one can attach to f a system of f-adic representations, following Eichler,
Shimura, Deligne and Serre. These £-adic representations are called modular.
The Fontaine-Mazur conjecture (see [FM]) predicts if p is an odd, irreducible,
£-adic representation whose restriction to the decomposition group at £ is well
enough behaved, then p is modular. (The restriction on the behaviour of the
representation on the decomposition group at £ is essential in this conjecture;
it is not true that all odd, irreducible two dimensional ¢-adic representation
are modular.) Before Wiles’ work almost nothing was known about this con-
jecture, except that certain very special cases could be deduced from the
work of Hecke, Langlands and Tunnell.

Mod £ representations and Serre’s conjecture: A mod £ representation
is a continuous representation p : Go — GL2(F). For example if E/Q is
an elliptic curve then the action of G on the £-division points of E gives rise
to a mod £ representation pg ¢ which is just the reduction modulo £ of pg ..
One can use the work of Eichler, Shimura, Deligne and Serre to associate to
each mod £ eigenform a mod £ representation of Gg. The mod £ representa-
tions which arise in this way are called modular. Serre has conjectured [Se7]
that every odd (absolutely) irreducible mod £ representation is modular and
should arise from a mod ¢ eigenform with certain very specific properties.
This conjecture can be thought of as having two parts.

The first asserts that every odd irreducible mod £ representation is mod-
ular. About this very little is known. It is known for p : Go = GL2(F2) by
work of Hecke. It is also known for p : Go = GL2(Fs). This latter result
is an application of the Langlands-Tunnell theorem using the two accidents
that there is a section to the homomorphism G L2(Z[v/~2]) - GL2(F3) and
that GL4(F3) is soluble. Partial results for 5 : Gg = GL2(Fs) follow from
Wiles’ work.

Given a mod £ representation arising from a mod £ eigenform, the second
part of Serre’s conjecture predicts the minimal weight and level for that mod
£ eigenform. Here the situation is much better. There has been a lot of
work over the last decade (including ideas from Mazur, Ribet, Carayol and
Gross) and the problem is nearly completely resolved (see [Dil]). As was
pointed out earlier, Ribet’s contribution [R5] implies that, if one can show
that the Galois representation pg ¢ arising from the (semi-stable) Frey curve
attached to a solution of Fermat’s equation with exponent £ is modular, then
one can show that this representation does not exist—because it would be
modular of weight two and level two— and hence one can deduce Fermat’s
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Last Theorem.

However we have seen that to show jg ., is modular it suffices to show
that for some £g, the £p-adic representation pg ¢, is modular. In particular
it suffices to verify that either pg 3 or pg s is modular. Hence the Shimura-
Taniyama conjecture can be reduced to (part of) the Fontaine-Mazur con-
jecture for £ = 3 and 5. We have seen that for these primes part of Serre’s
conjecture is known, so it turns out it suffices to prove results of the form
“Serre’s conjecture for £ implies the Fontaine-Mazur conjecture for £”. This
is the direction of Wiles’ work, although nothing quite this general has been
proven yet.

Deformation theory: Thus the problem Wiles faces is to show that if p is
an odd £-adic representation which has irreducible modular reduction 5 and
which is sufficiently well behaved when restricted to the decomposition group
at £, then p is modular. In fact he only proves a weakened version of such
a result, but one which is sufficient to conclude that all semistable elliptic
curves are modular.

Wiles approaches the problem by putting it in a more general setting. On
the one hand he considers lifts of p to representations over complete noethe-
rian local Ze-algebras R. For each finite set of primes ¥, one can consider
lifts of type X; these are lifts which are well-behaved on a decomposition
group at £, and whose ramification at primes not in ¥ is rather restricted.
In particular, such a lift is unramified outside ¥ U S where S is the set of
ramified primes of p. A method of Mazur (see [Maz3]) can then be used to
show that if g is absolutely irreducible, then there is a representation

p%niv : GQ — GLz (Rz)

which is universal in the following sense. If p : Gg = GL2(R) is a lift of p of
type X, then there is a unique local homomorphism Ry — R such that p is
equivalent to the pushforward of p&"V. Thus the equivalence classes of type
¥ lifts to GL2(R) can be identified with Hom(Ryx, R). The local ring Ry is
called the universal deformation ring for representations of type X.

On the other hand Wiles constructs a candidate for a universal modular
lifting of type ¥

p2°d . Gg — GLy(Tx).

The ring Ty is constructed from the algebra of Hecke operators acting on
a certain space of modular forms. The universal property of Ry gives a
map Ry — Tx. The problem thus becomes: to show that this map is
an isomorphism?. In fact, it can be shown to be a surjection without great
difficulty, and the real challenge is to prove injectivity, i.e., to show, in essence,
that Ry is not larger than Ty.

2Maps of this kind were already considered in [Maz3] and [BM], and it is conjectured
in [MT] that these maps are isomorphisms in certain cases, though not in exactly the
situations considered by Wiles.
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By an ingenious piece of commutative algebra, Wiles found a numerical
criterion for this map to be an isomorphism, and for the ring Ty, to be a local
complete intersection. This numerical criterion seems to be very close to a
special case of the Bloch-Kato conjecture [BK]. Wiles further showed (by
combining arguments from Galois cohomology and from the theory of con-
gruences between modular forms) that this numerical criterion was satisfied if
the minimal version Ty of this Hecke algebra (obtained by taking ¥ = 0, i.e.,
allowing the least possible amount of ramification in the deformations) was
a complete intersection. Finally in [TW] it was proved that Ty is a complete
intersection.

Outline of the paper

Chapter 1 recalls some basic notions from the classical theory of elliptic
curves and modular forms, such as modular forms and modular curves over
C and Q, Hecke operators and g-expansions, and Eichler-Shimura theory.
The Shimura-Taniyama conjecture is stated precisely in section 1.8.

Chapter 2 introduces the basic theory of representations of Go. We de-
scribe Mazur’s deformation theory and begin our study of the universal defor-
mation rings using techniques from Galois cohomology and from the theory
of finite flat group schemes. We also recall some basic properties of elliptic
curves, both to explain Frey’s argument precisely and illustrate the uses of
£-adic representations.

Chapter 3 explains how to associate Galois representations to modular
forms. We then describe what was known and conjectured about associating
modular forms to Galois representations before Wiles’ work. After introduc-
ing the universal modular lifts of certain mod £ representations, we give the
proof of Wiles’ main theorems, taking for granted certain results of a more
technical nature that are proved in the last two chapters.

Chapter 4 explains how to prove the necessary results concerning the
structure of Hecke algebras: the generalization by Taylor and Wiles of a
result of de Shalit, and the generalization by Wiles of a result of Ribet.

Chapter 5 establishes the fundamental results from commutative algebra
discovered by Wiles, following modifications of the approach of Wiles and
Taylor-Wiles proposed by Faltings and Lenstra.
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1 Elliptic curves and modular forms

1.1 Elliptic curves

We begin with a brief review of elliptic curves. A general reference for the
results discussed in this section is [Sil] and [Si2].

An elliptic curve E over a field F is a smooth projective curve over F of
genus one with a distinguished F-rational point. If E/F is an elliptic curve
and if w is a non-zero holomorphic differential on E/F then E can be realised
in the projective plane by an equation (called a Weierstrass equation) of the
form

Y2Z +ayXYZ 4 a3YZ% = X3 + a3 X%Z + a4 XZ% +asZ2® (W)

such that the distinguished point is (0 : 1 : 0) (sometimes denoted oo because
it corresponds to the “point at infinity” in the affine model obtained by
setting Z = 1) and w = . We also define the following quantities

associated to (W):

dz
2y+aiz+as

by = a? + 4ay by = 2a4 + a1a3 b = a3 + 4as
bg = afas + 4a2a6 — ajazaq + a2a§ - ai
A = 9babybg — blbg — 8b3 — 27b2

3= (b3 — 24bs)°/A.

One can check that the equation (W) defines an elliptic curve if and only if
A is nonzero. One can also check that such equations define elliptic curves
which are isomorphic over F if and only if they give the same quantity j.
Thus j only depends on E so we will denote it jg. The quantity A depends
only on the pair (E,w) so we shall denote it A(E,w). If u belongs to F*
then u'?A(E,w) = A(E,w).

An elliptic curve E/F has a natural structure of a commutative algebraic
group with the distinguished F-rational point as the identity element.

An algebraic map between two elliptic curves which sends the distin-
guished point of one to the distinguished point of the other is automatically
a morphism of algebraic groups. A map between elliptic curves which has
finite kernel (and hence, is generically surjective) is called an isogeny.

Elliptic curves over C:. If F = C, then the curve E is isomorphic as a
complex analytic manifold to the complex torus C/A, where A is a lattice
in C, i.e., a discrete Z-submodule of C of rank 2. The group law on E(C)
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corresponds to the usual addition in C/A. In terms of A, an affine equation
for E in A2(C) is given by

y? = 42% + goz + g3,

1 1
g2 = —60 Z prg g3 = —140 Z 75
AeA—{0} AeA—{0}

where

In terms of this equation, the map from C/A to E(C) sends z to
(z,y) = (p(2),9'(2)), where p(z) is the Weierstrass p-function associated
to the lattice A. (Cf. [Sil], ch. VI.) The inverse map is given by integrating
the holomorphic differential w, i.e., sending P € E(C) to the image of [ LW
in C/A, where v is any path on E(C) from oo to P, and A is the lattice of
periods f,y w, where v ranges over the integral homology H;(E(C),Z). Re-
placing w by uw changes A to uA, so that A is determined by E only up to
homotheties. We scale A so that one of its Z-generators is 1, and another, 7,
has strictly positive imaginary part. This gives the analytic isomorphism:

E(C) ~ C/(1, ).

The complex number 7 in the complex upper half plane # is well defined,
modulo the natural action of SL2(Z) on H by Mébius transformations. (Thus
the set of isomorphism classes of elliptic curves over C can be identified with
the quotient H/SL2(Z).)

The map z + €2 identifies C/(1,7) with C* /qZ, where q¢ = €*"" is the
multiplicative Tate period. The analytic isomorphism

E(C) ~C* /¢

has the virtue of generalizing to the p-adic setting in certain cases, as we will
see shortly.

Note that |g| < 1. The invariant j can be expressed in terms of ¢ by a
convergent power series with integer coefficients:

j=q ' 4+7444196884q + - - . (1.1.1)

The following basic facts are a direct consequence of the analytic theory:

Proposition 1.1 The subgroup E[n](C) of points of order n on E(C) is
isomorphic (non-canonically) to Z/nZ x Z/nZ. More generally, if F is any
field of characteristic zero, the subgroup E[n](F) is contained in Z/nZ x
Z[nZ.

Proof: The analytic theory shows that E(C) is isomorphic as an abstract
group to a product of two circle groups, and the first statement follows. The
second statement follows from the Lefschetz principle (cf. [Sil], ch. VI, §6).
O
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Proposition 1.2 The endomorphism ring End ¢c(E) of an elliptic curve over
C is isomorphic either to Z or to an order in a gquadratic imaginary field.
The same is true if one replaces C by any field of characteristic 0.

Proof: An endomorphism of E(C) ~ C/A induces multiplication by complex
number a on the tangent space. Hence Endc(F) is isomorphic to the ring
of a € C satisfying aA C A. Such a ring is isomorphic either to Z or
to a quadratic imaginary order. The corresponding statement for fields of
characteristic 0 follows as in the proof of proposition 1.1. (]

If End c(E) ® Q is a quadratic imaginary field, we say that E has complez
multiplication.

Remark 1.3 It follows from the arithmetic theory of complex multiplica-
tion (cf. [Si2], ch. 1) that any elliptic curve E with complex multiplica-
tion is defined over an abelian extension of the quadratic imaginary field
K = Endc(E) ® Q If E is defined over Q, then K has class number one.
There are only finitely many elliptic curves over Q with complex multiplica-
tion, up to “twists” (i.e., C-isomorphism).

Elliptic curves over Q,: Now suppose that E is an elliptic curve defined
over the p-adic field Q,. There is an equation

(Wmin) Y2Z + a1XYZ + 0.3YZ2 = X3 + a,2X2Z + a4X22 + asZ3

for E with the property a; € Z,, for all i and |A| is minimal amongst all such
equations for E. Although (W™i") is not unique, the associated discriminant
depends only on E and is denoted AB®. Moreover the reduction of (W™ir)
modulo the uniformizer p defines a projective curve E, which is independent
of the particular minimal equation chosen. If (W) is any equation for E with
coefficients in Z, and with discriminant A, then AB" divides A.

If E is a smooth curve we say that E has good reduction at p. If E has
a unique singular point which is a node we say that E has multiplicative
reduction at p. Otherwise E has a unique singular point which is a cusp and
we say that E has additive reduction at p. If E has good or multiplicative
reduction we say that it has semi-stable reduction at p, or simply that E is
semi-stable.

If (W) defines a smooth curve mod p then E has good reduction at p
and (W) is a minimal equation. If A = 0 mod p but b3 # 24b, mod p, then
modulo p the equation (W) defines a curve with a node. In this case E has
multiplicative reduction at p and (W) is a minimal equation.

Curves with good reduction: In that case p does not divide AB", and the
reduction E is an elliptic curve over F,.

If ¢ is any power of p, and F, is the field with g elements, we define
the integer N, to be the number of solutions to the equation (W™i") in the
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projective plane P?(F,). Thus N, is the order of the finite group E(F,). We
define the integer a, by the formula

a,=q+1-N,.
The integers a, are completely determined by a,: more precisely, we have

(1 - app—s +pl—23)—1 =1+ app—s + apzp—Zs + apsp‘3’ 4oen
(1.1.2)

We call the expression on the left the (local) L-function associated to E
over Q,, and denote it by L(E/Qy,s). Concerning the size of a, we have
the following fundamental result of Hasse, whose proof can be found in [Sil],
ch. V,§1:

Theorem 1.4 |a,| < 2,/p.

A further division among curves of good reduction plays a significant role
in our later discussion. We say that E has (good) ordinary reduction if p
does not divide ap, and that it has supersingular reduction if p divides a,.

When E has good reduction at p, we define its local conductor at p to be
mp(E) = 0.

Curves of multiplicative reduction: Elliptic curves over Q, which have mul-
tiplicative reduction at p can be understood by using the p-adic analytic
description discovered by Tate. More precisely, we can formally invert the
power series (1.1.1) expressing j in terms of g, to obtain to a power series for
q in 71, having integer coefficients:

g=j"' 4744572 + 75042053 + 8727696325 ¢ + - - - .
(1.1.3)

If E has multiplicative reduction, then j € @, is non-integral, and hence the
power series (1.1.3) converges, yielding a well-defined value of g in pZ,. This
is called Tate’s p-adic period associated to E over Q,. Note that we have

p(q) = —vp(j) = vp(AF™).

We say that E has split (resp. no_n-split) multiplicative reduction at p if
the two tangent lines to the node on E(F,) have slopes defined over I, (resp.
Fp2).

Proposition 1.5 (Tate) There is a p-adic analytic isomorphism
®: @;;( /qz — E(@p),
which has the property that
o(®(z)) = ®(02’?)), Voe Gq,,

where § : Gg, — £1 is
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e the trivial character, if E has split multiplicative reduction;

o the unique unramified quadratic character of Gq,, if E has non-split
maultiplicative reduction.

The proof of this proposition is explained in [Si2], ch. V, for example.
We define the L-function L(E/Qy,s) to be

1—p~%)~! if E has split reduction,
LE/Q0) = { {77 P

_g\—1 _ . .
1+p7%) if E has non-split reduction. (1.1.4)

In both cases the conductor m,(E) is defined to be 1.

Curves of additive reduction: If E has additive reduction at p, we simply
define

L(E/Q,,s) =1. (1.1.5)

The conductor m,(E) is defined to be 2, if p > 3. When p =2 or 3, it is
determined by a somewhat more complicated recipe, given in [Ta].

Elliptic curves over @ Let E be an elliptic curve defined over Q. In
particular E may be viewed as a curve over Q, for every p, and we define its

(global) conductor by
N E = H me (E ) .
P

The curve E is said to be semi-stable if it is semi-stable over all p-adic fields
Q,. Note that E is semi-stable if and only if its conductor Ng is square-free.

Using the fact that Q has class number 1, one can show that E has a global
minimal Weierstrass model (W™") which gives the equation of a minimal
Weierstrass model over each Q,. The associated discriminant, denoted AR",
depends only on E. The associated differential, denoted wy¢r°", is called the
Néron differential. It is well-defined up to sign.

The following, known as the Mordell-Weil theorem, is the fundamental
result about the structure of the group of rational points E(Q). (Cf. For
example [Sil].)

Theorem 1.6 The group E(Q) is a finitely generated abelian group. Hence
EQ~TeoZ",

where T is the (finite) torsion subgroup of E(Q), and r > 0 is the rank of E
over Q. ‘

Concerning the possible structure of T, there is the following deep result of
Mazur, a variant of which also plays a crucial role in the proof of Fermat’s
Last Theorem:
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Theorem 1.7 If E/Q is an elliptic curve, then its torsion subgroup is iso-
morphic to one of the following possibilities:

Z/nZ, 1<n<10, n=12, Z/2nZxZ/2Z, 1<n<A4.

The proof is given in [Mazl] (see also [Maz2]). Thanks to this result, the
structure of the torsion subgroup T is well understood. (Recently, the tech-
niques of Mazur have been extended by Kamienny [Kam] and Merel [Mer]
to prove uniform boundedness results on the torsion of elliptic curves over
general number fields.)

Much more mysterious is the behaviour of the rank r. It is not known if
r can be arbitrarily large, although results of Mestre [Mes] and Nagao [Na]
show that it is greater or equal to 13 for infinitely many elliptic curves over
Q. It turns out that many of the deep results on E(Q) and on r are based
on the relation with L-functions.

We define the global L-function of the complex variable s by:

L(E/Q,s) = [[ L(E/Qy, 9). (1.1.6)
p

Exercise 1.8 Using theorem 1.4, show that the infinite product defining the
L-function L(E/Q,s) converges absolutely on the right half plane
Real(s) > 3/2.

Conjecture 1.9 (Birch-Swinnerton-Dyer) The L-function L(E/Q,s)
has an analytic continuation to the entire complex plane,and in particular
s analytic at s = 1. Furthermore:

ord,=1 L(E/Q,s) = .

There is also a more precise form of this conjecture, which expresses the lead-
ing coefficient of L(E/Q, s) at s = 1 in terms of certain arithmetic invariants
of E/Q. For more details, see [Sil], conj. 16.5.

As we will explain in more detail in section 1.8, the analytic continuation
of L(E/Q,s) now follows from the work of Wiles and Taylor-Wiles and a
strengthening by Diamond [Di2], for a very large class of elliptic curves over
@, which includes all the semi-stable ones.

Abelian varieties: Elliptic curves admit higher-dimensional analogues,
called abelian varieties, which also play a role in our discussion. Analyt-
ically, the set of complex points on an abelian variety is isomorphic to a
quotient C? /A, where A is a lattice in C? of rank 2g, satisfying the so-called
Riemann period relations. A good introduction to the basic theory of abelian
varieties can be found in [CS] and [Wel].
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1.2 Modular curves and modular forms over C

Modular curves: The group SL3(Z) of two by two integer matrices of
determinant one acts by fractional linear (Mdbius) transformations on the
complex upper half plane

H={z€C|Im(z) >0},

equipped with its standard complex analytic structure. The principal con-
gruence group I'(N) of level N is the subgroup of matrices in SLy(Z) which
reduce to the identity matrix modulo the positive integer N. A subgroup
T of SLy(Z) is called a congruence group if it contains I'(N) for some N.
The level of I is the smallest N for which this is true. The most important
examples of congruence groups are:

e The group I'o(N) consisting of all matrices that reduce modulo N to
an upper triangular matrix.

e The group I'; (V) consisting of all matrices that reduce modulo N to a
1 =

matrix of the form 01)

e The principal congruence group I'(NV) of level N consisting of all ma-
trices that reduce modulo N to the identity.

Notice the natural inclusions of normal subgroups I'(N) C I';(N) C To(N).
The quotient ['o(N)/I'1(N) is canonically isomorphic to (Z/NZ)* via

(a b)'—)dmodN.
c d

For any subgroup H of (Z/NZ)*, we denote by 'y (N) the group of matrices
in T'o(N) whose image in T'o(N)/T'1(N) belongs to H.

If T is a congruence subgroup of SLy(Z), define Yr to be the quotient of
the upper half plane H by the action of I'. One equips Yr with the analytic
structure coming from the projection map = : H — Yr. (More precisely,
if y = n(r), and G, C T is the stabilizer of 7 in I', then the local ring
Oy, is identified with the local ring of germs of holomorphic functions at 7
which are invariant under the action of G.) This makes Yr into a connected
complex analytic manifold of dimension one, i.e., a Riemann surface. If
T is To(N) (resp. I'1(IV), or I'(N)), we will also denote Yr by Yo(N) (resp.
Y1(N), or Y(N)). One compactifies Yr by adjoining a finite set of cusps which
correspond to orbits of P! (Q) = QU{oco} under I'. Call Xt the corresponding
compact Riemann surface. (For more details, notably on the definition of the
analytic structure on Xt at the cusps, see for example [Kn], p. 311, or [Shi2],
ch. 1.) It follows from the definition of this analytic structure that the field
Kr of meromorphic functions on Xr is equal to the set of meromorphic
functions on H satisfying
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e (Transformation property): f(y7) = f(7), for all y € T

o (Behaviour at the cusps): For all ¥ € SL2(Z), the function f(vy7) has a
Puiseux series expansion Y_>°  a,,¢™/* in fractional powers of g = e2"i".

Riemann’s existence theorem (cf. for example [For], ch. 2) asserts that the
analytic structure on Xr comes from an algebraic one, i.e., the field Kt is
a finitely generated extension of C of transcendence degree 1. Thus we can,
and will, view Xt as a complex algebraic curve over C. If T is T'o(N) (resp.
I'1(N), or T'(N)), we will also denote Xt by Xo(NN) (resp. X;(N), or X (N)).

Examples and exercises:
1. For N = 1, the curve Xo(N) = X3(INV) = X(N) is a curve of genus 0,
and its field of functions is the ring C(j), where j is the classical modular
function,

(1) =q ! + 7444 196884q + ---, gq =€,

(Cft., for example, [Sed], ch. 7.)

2. For 7 € HUPY(Q) = H, define G, to be the stabilizer of 7 in PSLy(Z),
and let e, = #(G,/(G, NT)). Show that e, depends only on the I-orbit
of 7 in #, and that e, = 1 for all but finitely many 7 in H/T. Using the
Riemann-Hurwitz formula (cf. [Ki], sec. 4.3) show that the genus of Xr is
given by

g(T) = 1 — [PSLy(Z): T] + % 3 (er - 1),
TeH/T

Use this to compute the genus of Xo(p), X1(p), and X (p) for p prime. For
details, see [Shi2], sec. 1.6 or [Ogg].

3. For T = I'(2), show that Xr is isomorphic to P!, and that Yr is isomorphic
to P! — {0,1,00}. Show that I'/(+1) is the free group on the two generators

= (52) and - (39).

4. Define a homomorphism I'(2) — Z/nZ x Z /nZ, by sending ¢; to (1,0)
and g2 to (0,1), and let T denote its kernel. Show that I is not in general a
congruence subgroup and that the curve Yr := H /I is birationally isomorphic
to the Fermat curve of degree n with affine equation z™ + y™ = 1.

Moduli interpretations: The points in Y = H/T can be interpreted as
elliptic curves over C with some extra “level N” structure. More precisely,

e If I' = I'y(NV), then the I'-orbit of 7 € H corresponds to the complex
torus E = C/(1,7) with the distinguished cyclic subgroup of order
N generated by % Thus, points on Yp(/V) parametrize isomorphism
classes of pairs (E,C) where E is an elliptic curve over C and C is a
cyclic subgroup of E of order N.
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o If I' = I'y (), then the I'-orbit of 7 corresponds to the complex torus
E = C/(1,7) with the distinguished point of order N given by .
Hence, points on Y; (V) parametrize isomorphism classes of pairs (E, P)
where now P is a point on E of exact order N.

Remark 1.10 One checks that the above rules set up a bijection between
points on Yr and elliptic curves with the appropriate structures, and that
the projection Y;(N) — Yo(V) sending 'y (V)7 to I'o(N)T becomes the
“forgetful” map sending (E, P) to (E, (P)).

Remark 1.11 (This remark will be used in section 1.3 when discussing
Hecke operators.) Define an n-isogeny of I'-structures to be an n-isogeny
of the underlying elliptic curves which sends one I'-structure to the other. If
p is a prime not dividing N, then there are exactly p + 1 distinct p-isogenies
from (C/(r,1), %), whose images are the pairs:

(C/<T;i,1>,]lv) (G=0,...,p—1), (C/(pr,l),%).

If p divides N, then there are only p distinct p-isogenies from (C/(r,1), %),
since (C/(pr,1), &) is not a I'y(NV)-structure (the point p/N not being of
exact order N on the complex torus C/(pr, 1)).

Modular forms: Let k be an even positive integer. A modular form of
weight k on T is a holomorphic function f on H satisfying:

e (Transformation property): f(y7) = (cr + d)*¥f(r), for all
_f(ab
Y= (C d) erl.

e (Behaviour at the cusps): For all v € PSLy(Z), the function
(et + d)~* f(y7) has a Puiseux series expansion 3 o° a,g™" in frac-
tional powers of ¢ = €2"i". We call 3" a,q"/"* the Fourier expansion of
f at the cusp y~1(ic0).

A modular form which satisfies the stronger property that the constant
coefficient of its Fourier expansion at each cusp vanishes is called a cusp form.
We denote by M (') the complex vector space of modular forms of weight
k on T, and by Si(T) the space of cusp forms on I'. (For examples, see [DI],
sec. 2.2 and the references therein, especially, [Shi2], ch. 2.)

This article is mainly concerned with modular forms of weight 2, and
hence we will focus our attention on these from now on. A pleasant feature
of the case k = 2 is that the cusp forms in S;(T') admit a direct geometric
interpretation as holomorphic differentials on the curve Xr.

Lemma 1.12 The map f(7) — wy := 2w f(7)d7 is an isomorphism between
the space S2(I') and the space Q'(Xr) of holomorphic differentials on the
curve Xr.
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Sketch of proof: One checks that the transformation property satisfied by

f(7) under T causes the expression f(7)dr to be I'-invariant, and that the

condition of vanishing at the cusps translates into holomorphicity of f(7)dr.

(Note, for example, that 2widr = dg/q, so that wy is holomorphic at ioco

precisely when f(q) vanishes at ¢ = 0.) ]
As a corollary, we find:

Corollary 1.13 The space S2(T') is finite-dimensional, and its dimension is
equal to the genus g of Xr.

Proof: This follows directly from the Riemann-Roch theorem, cf. [Ki], sec.
6.3. O
To narrow still further the focus of our interest, we will be mostly con-
cerned with the cases I' = I'g (V) and I'; (V). A slightly more general frame-
work is sometimes convenient, so we suppose from now on that I' satisfies

I (N) cT c Th(N).

Such a group T is necessarily of the form I'f (V) for some subgroup H of
(Z/NZ)*. Because the transformation 7 — 7 + 1 belongs to I' the forms
in S3(T") are periodic functions on H of period 1, and hence their Fourier
expansions at ioco are of the form

f(r)= Z ang”®, g=¢€>"",a, €C
n>0

The Petersson inner product: The spaces S2(I") are also equipped with
a natural Hermitian inner product given by

(ho) =g [ wrnoa= [ sy

where 7 = x + 1y. This is called the Petersson inner product.

The diamond operators: Suppose now that I' = I';(N) and let d be
an element of (Z/NZ)*. The map (d) which sends an elliptic curve with
I-structure (E, P) to the pair (E,dP) gives an automorphism of Yr which
extends to Xr. It is called the diamond operator. For 7 in H and v = (g 3)
in To(N), we have
(d)(T't) = T(y7).

Hence (d) acts on S3(T"), identified with the holomorphic differentials on Xr,
by the rule

@) = e+ 0727 (252).

In geometric terms, the diamond operators are the Galois automorphisms of
the natural (branched) covering X;(N) — Xo(IN) whose Galois group is



H. Darmon, F. Diamond and R. Taylor 25

isomorphic to T'o(N)/(£I'1(N)) = (Z/NZ)*/(£1). Given an even Dirichlet
character x : (Z/NZ)* — C*, say that f is a modular form of level N
and character x if it belongs to the y-eigenspace in S2(I'1(N)) under this
action. Let S2(N, x) denote the space of all such forms. Thus a function f in
S>(N, x) is a cusp form on I'; (V) which satisfies the stronger transformation
property:

ar +b\ _ 2 ab
b (c¢+d) = x(d)(er + d*f(r), forall (25) e To().
Note that if 1 is the trivial character, then S3(NN, 1) is canonically identified
with S3(I'o(N)), which we will also denote by S3(N). Finally note the direct
sum decomposition:

Sz(rl (N)) = ®XSZ(N, X),

where the sum ranges over all the even Dirichlet characters modulo N.

Exercise 1.14 Show that if f(7) belongs to Sz(IN), then f(ar) belongs to
Sz (mN), for each integer a dividing m.

Jacobians of modular curves: Let V be the dual space
V= Sg(I‘)V = HOm(Sz(F),C)

It is a complex vector space of dimension g = genus(Xr). The integral
homology A = H;(Xr,Z) maps naturally to V' by sending a homology cycle
c to the functional @. defined by ¢.(f) = [, ws. The image of A is a lattice
in V, i.e., a Z-module of rank 2g which is discrete (cf. [Mul], cor. 3.8). Fix a
base point 79 € H, and define the Abel-Jacobi map @43 : Xr(C) — V/A by

®A5(P)(f) = f:: wys. Note that this is well-defined, i.e., it does not depend
on the choice of path on Xr from 79 to P, up to elements in A.

We extend the map ®4; by linearity to the group Div (Xr) of divisors on
Xr, and observe that the restriction of ®4; to the group Div°(Xr) of degree
0 divisors does not depend on the choice of base-point 79. Moreover we have

the Abel-Jacobi theorem:

Theorem 1.15 The map
®4; : Divl(XT) — V/A

has a kernel consisting precisely of the group P(Xr) of principal divisors on
Xr. Hence ®,; induces an isomorphism from Pic®(Xr) := Div°(Xr)/P(Xr)
to V/A.

For the proof, see [Mul], ch. 3. The quotient V/A is a complex torus, and is
equal to the group of complex points of an abelian variety. We denote this
abelian variety by Jr, the Jacobian variety of Xr over C. If I' = T'o(N) or
I3 (N), we will also write Jo(IV) or J;(IV) respectively for the Jacobian Jr.
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1.3 Hecke operators and Hecke theory
We maintain our running assumption that I' satisfies
Fl(N) clrc FO(N)

If p is a prime not dividing the level IV, we define the Hecke operator T, on
S2(T") by the formula

T,(f) = % s

=0

T8 + oo f(or).
(5°)

We give a more conceptual description of T, in terms of remark 1.11 in the
case I' =T’y (N). We have

wr,(s) = Y_ 6} (wy),

where ¢;(7) = %‘—", and ¢oo(7) = (p)pT represent the p + 1 curves with I'-
structure that are images of (C/(r,1), &) by a p-isogeny, and the ¢} are the
pull-back maps on differential forms on H. (An isogeny of elliptic curves with
I'-structure is simply an isogeny between the underlying curves which sends
one I'-structure to the other.) Such a description makes it evident that T (f)
belongs to S2(T'), if f does. In terms of the Fourier expansion of f = Y ang™,
the formula for the operator T, on S2(N, x) is given by:

Tp(f) = Y ang™? + px(p) Y _ ang™.
pin

If p divides N, then we define the Hecke operator U, analogously, by summing
again over all the cyclic p-isogenies of I'-structures. Since there are only p of
them, the formula becomes simpler:

T+1
( P ) =) _ang™?.

pln

13
Up(f)=;zf

=0

The reader is invited to check that the Hecke operators of the form T, or
U, commute with each other, and also that they commute with the diamond
operators introduced in the previous section.

We extend the definition of the Hecke operators to operators Tpn, with
n > 1, by the inductive formulae

Tpn+l = Tprn - (p)pT n—1, if (p, N) = 1,

and Tpn = U,;‘ otherwise. We then define the operator T, where n = [] p§*
is written as a product of powers of distinct primes p;, by

Tn = HTP:"
i
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This definition makes the Hecke operators multiplicative, i.e., T)yT, = Toun
if (m,n) = 1. (A more conceptual definition of the Hecke operator T}, is that
T.(f) is obtained by summing the pullback of w; over the maps describing
all the cyclic n-isogenies of I'-structures.) The relations among the differ-
ent Hecke operators can be stated succinctly by saying that they obey the
following (formal) identity:

[[a-Tp™ + @) [T -Upp™) ™ = 3 Tun.

p/rN plN

The reader can consult [DI], sec. 3 and the references therein (especially
[Shi2], ch. 3 or [Kn]) for more details and different points of view on Hecke
operators. Let T be the subring of End¢c(S2(T')) generated over C by all the
Hecke operators T}, for p /N, U, for q|N, and (d) acting on S3(T").

(1.3.1)

Definition 1.16 A modular form f is an eigenform if it is a simultaneous
eigenvector for all the Hecke operators in T, i.e., if there exists a C-algebra
homomorphism A : T — C such that Tf = A(T)f, for all T € T.

A direct calculation shows that the coefficients a,, of an eigenform f can be
recovered from the homomorphism A by the formula:

an(f) = a1 (H)MTx)-

It follows that the first Fourier coefficient a; of a non-zero eigenform is always
non-zero, and that the non-trivial eigenspaces for T are all one-dimensional:

Proposition 1.17 Given a non-zero algebra homomorphism A : T — C,
there is eractly one eigenform f up to scaling, which satisfies Tf = A(T)f,
forall T € T.

Sketch of proof. The proof of the existence of f is an exercise in commutative

algebra (localize S>(I") at the kernel of \), and the uniqueness is clear from

the formula above. O
We call an eigenform satisfying a; = 1 a normalized eigenform.

Atkin-Lehner theory: It is natural to ask whether S2(I') can be decom-
posed into a basis consisting of distinct normalized eigenforms. Unfortu-
nately, this is not always possible, as the following exercise illustrates.

Exercise 1.18 Suppose that p* divides N exactly. Let T' be the algebra of
Hecke operators (generated by the operators T, with ¢ {N/p?, and U, with
g|N/p®) acting on S2(N/p®). Let f =Y -, ang™ be a T'-eigenform of level
N/p® in S3(N/p?). Show that the space S; spanned by the forms f(7),
f(p7), f(p*>7), and f(p37) is contained in S2(IV), and is stable for the action
of the Hecke operators Ty, ¢fN, and U,, q|N. Show that Sy has no basis
of simultaneous eigenforms for the Hecke algebra T of level N, so that the
action of T on Sy is not semi-simple.
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Let T? denote the subalgebra of T generated only by the “good” Hecke op-
erators T, with ¢ /N, and (d).

Proposition 1.19 If q does not divide N, the adjoint of the Hecke operator
T, with respect to the Petersson scalar product is the operator (q)~'T,, and
the adjoint of (q) is (q)~'. In particular, the Hecke operators commute with
their adjoints.

Proof. See [Kn], th. 9.18 and 8.22, or [Ogg]. 0O
Proposition 1.19 implies, by the spectral theorem for commuting opera-
tors that commute with their adjoints:

Proposition 1.20 The algebra T° is semi-simple (i.e, it is isomorphic to a
product C x - -- x C of a certain number of copies of C), and there is a basis
of S2(I") consisting of simultaneous eigenvectors for the operators Ty.

Thus, T has the merit of being semi-simple, while T is not in general. The
cost of replacing T by T?, however, is that one loses “multiplicity one”, i.e.,
the eigenspaces for T° need not be one-dimensional. For example, the space
S; defined in the previous exercise is contained in a single eigenspace for T°.

The theory of Atkin-Lehner [AL] gives essentially a complete understand-
ing of the structure of the algebra T, and the structure of the space of eigen-
forms. To motivate the main result, observe that the problem in the exercise
above seems to be caused by forms of level N that are coming from forms
of lower level N/p® by a straightforward operation, and are therefore not
“genuinely” of level N. They are the analogues, in the context of modular
forms, of non-primitive Dirichlet characters.

Definition 1.21 We define the old subspace of S(T") to be the space spanned
by those functions which are of the form g(az), where g is in S2(I'1(M)) for
some M < N and aM divides N. We define the new subspace of S3(I") to be
the orthogonal complement of the old subspace with respect to the Peters-
son scalar product. A normalized eigenform in the new subspace is called a
newform of level N.

The following result is the main consequence of the theory of Atkin-Lehner.
It gives a complete answer to the question of what is the structure of the
algebra T acting on Sz(T).

Theorem 1.22 If f is in the new subspace of S2(I") and is an eigenvector
for all the operators in T°, then it is also an eigenform for T, and hence is
unique up to scaling. More generally, if f is a newform of level Ny|N, then
the space Sy defined by

S; = {g € S2(T) such that Tg = As(T)g, for all T € T°}
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is stable under the action of all the Hecke operators in T. It is spanned by the
linearly independent forms f(az) where a ranges over the divisors of N/Ny.
Furthermore, we have

S2(T) = &Sy,

where the sum is taken over all newforms f of some level Ny dividing N.

See [AL] for the proof in the case I' = I'g(NNV), and [La2], ch. VIII for the
general case. (See also [DI], sec. 6 for an overview.)

Exercise 1.23 Consider the case where I' = I'5(22). Show that X (22) is of
genus 2, and hence that S2(22) has dimension 2. Show that S2(22) is equal
to Sy, where f = (n(7)n(117))? is a newform of level 11, so that in particular
there are no newforms of level 22 on I'. Show that T° is isomorphic to C in
this case, and that T is isomorphic to the semisimple algebra C x C.

Action on homology and Jacobians: Note that the Hecke operators act
on V = S5(T')V by duality. One checks (cf. [Kn], props. 11.23, 11.24) that the
sublattice A of V is stable under the action of all the Hecke operators T},, and
of the diamond operators (d). Therefore the operators T, and (d) give rise
to endomorphisms of the torus V/A, and hence the Jacobian variety Jr, in
a natural way. The involution 7 — —7 gives rise to an involution on X1 (C)
(which is complex conjugation on the model of Xr over R deduced from the
@ model defined in section 1.5). Since complex conjugation is continuous it
also acts on the integral homology A = H;(Xr(C),Z). Let A* and A~ be
the sublattices of A on which complex conjugation acts by +1 and —1. These
are sublattices of A of rank g which are stable under the Hecke operators,
since complex conjugation commutes with the Hecke action.

A more algebraic description of the action of T, on Jr is given via the
notion of an algebraic correspondence. A correspondence on a curve X is a
divisor C on X x X which is taken modulo divisors of the form {P} x X and
X x {Q}. Let m; and m, denote the projections of X x X onto each factor.
Then the correspondence C induces a map on divisors of X, by setting

C(D) = ma(a*(D) - O).

(For the definition of the intersection D; - D, of two divisors, see [Wel].)
The map C preserves divisors of degree 0, and sends principal divisors on X
to principal divisors. It gives a well defined algebraic endomorphism of the
Jacobian variety Jac (X). Given a correspondence C, its transpose CV is de-
fined to be the divisor of X x X obtained by interchanging the two factors of
X x X. One can define a natural notion of composition for correspondences,
and the set of correspondences forms a ring. The general theory of corre-
spondences and the proofs of the above facts are given in [Wel], particularly
the second chapter.

The Hecke correspondence T, is defined as the closure in Xt x Xt of the
locus of points (A, B) in Yr X% Yr such that there is a degree n cyclic isogeny
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of elliptic curves with I'-structure from A to B. For example, if p is a prime
not dividing N, then T}, is an algebraic curve in X;(N) x X;(N) which is
birational to Xr, (n)ar,(p)- The induced map on divisors in this case satisfies

T,((E,P)) = Y (E/C,P mod C)

where the sum runs over the subgroups C of E having order p. Note also that
if (A, B) belongs to Ty, then the isogeny dual to A — B gives a p-isogeny
from B to (p)A, so that

T, = (p) "' Tp.

1.4 The L-function associated to a cusp form

For this section, let f in S2(I';(IN)) be a cusp form with Fourier expansion
at 400 given by ), a,q™. One has the following estimate for the size of the
Fourier coefficients a,:

Theorem 1.24 The coefficients a,, € C satisfy the inequality

lan| < e(f)oo(n)v/n,

where ¢(f) is a constant depending only on f, and oo(n) denotes the number
of positive divisors of n.

Sketch of proof: This follows from proposition 1.51 of section 1.7 which
relates the p-th Fourier coefficients of eigenforms, for p a prime not dividing
the level of I', to the number of points on certain abelian varieties over the
finite field F,,. The estimates of Hasse and Weil for the number of points
on abelian varieties over finite fields (stated in theorem 1.4 of section 1.1
for the special case of elliptic curves; see [Wel], §IV for the general case)
thus translate into asymptotic bounds for the Fourier coefficients of these
eigenforms. We note that the cruder estimate |a,| = O(n), which is enough
for the purposes of this section, can be derived by a more elementary, purely
analytic argument; cf. [Ogg], ch. IV, prop. 16. (]
The L-function associated to f is defined by the formula:

L(f,s) = Z ann”°.

As in exercise 1.8, one can show that the infinite sum defining L(f, s) con-
verges absolutely in the right half-plane Re(s) > 2. A much better insight
is gained into the function L(f, s) by noting that it is essentially the Mellin
transform of the modular form f. More precisely, if we set
A(f,s) = N*/2(2n)~*T'(s)L(f, s), then we have

Ao =N [ " fiy)y'dy/y (14.1)
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Exercise 1.25 Check the formula above.

This integral representation for L(f, s) gives the analytic continuation of
L(f, s) to the entire complex plane. The modular invariance of f translates
into a functional equation for L(f, s): more precisely, let wy be the Atkin-
Lehner involution defined by wn(7) = —1/N7. The reader may check that
wy induces an involution of X, and hence of Q!(Xr) = S3(T'). One finds
that L(f,s) satisfies the functional equation:

A(f’ S) = —A('UJN(f),Z - 3)'

For a proof of this, see [Ogg], ch. V, lemma 1. Eigenforms for T in S(V, x)
have a great importance in the theory because their associated L-functions
have an Euler product expansion, in addition to an analytic continuation and
functional equation:

Theorem 1.26 If f = Y anq™ is a normalized eigenform in Sy(N, x) for all
the Hecke operators, then the L-function L(f,s) = 3 an,n~*° has the Euler
product expansion

[T =-awp™ +x0)p' ) [[(1 - app™) "

per pIN

Proof: This follows directly from equation (1.3.1) of section 1.3. O

If f is a newform of level N, then it is also an eigenform for wy, so that
the functional equation may be viewed as relating L(f,s) and L(f,2 — s).
We can also state the following more precise version of theorem 1.24 (see
lemma 3.2 of [Hi2] for example for parts (b), (c) and (d)).

Theorem 1.27 Suppose that f is a newform of level N¢ and let N, denote
the conductor of its character x.

(a) If p does not divide Ny then |ap| < 2,/p.

(b) If p||Ny and p does not divide N, then a;", = xo(p) where xo is the
primitive character associated to X.

(c) If p divides Ny and p does not divide Ny /N, then |ay| = /p.
(d) If p? divides Ny and p divides Ny /N, then a, = 0.

1.5 Modular curves and modular forms over Q

Modular curves: For I' between 'g(N) and T’y (IV), the modular curve Xr
has a model over Q. We describe such a model in the case of I' = I'g(N); the
construction for general I follows from similar considerations.

The key remark here is that, as was noted in section 1.2, the complex
points on the curve Y5(V) have a natural interpretation as moduli of elliptic
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curves together with a cyclic subgroup of order IV, given by sending the point
T € H/To(N) to the pair (C/(1,7),(1/N)).
Consider the “universal elliptic curve”

% 1
j—1728"  j—1728

Ei:y’+zy=2%-

It is an elliptic curve over the function field Q(j), with j-invariant j. Let d
be the order of P1(Z /NZ), and let C1, ... ,Cq denote the set of all cyclic sub-
groups of E; of order N, defined over Q(j), an algebraic closure of Q(j). Fix
one of these subgroups, C. The Galois group Gal (Q(j)/Q(j)) permutes the
Ci in a natural way. Let Fiy be the smallest extension of Q(j) (viewed as em-
bedded in Q(j)) with the property that o(C) = C, for all o € Gal (Q(j) /Fn).
It can be seen (cf. [Shi2], thm. 6.6) that the Galois action on the C; is tran-
sitive so that Fiy/Q(j) is of degree d, and that it is a regular extension, i.e.,
FyNQ = Q Geometrically, Fy can be viewed as the function field of a
curve X q over Q, with the inclusion of Q(j) corresponding to a map from
X /q to the projective “j-line” over Q. The pair (E;,C) is an elliptic curve
over Q(j) with a subgroup of order N defined over Fy. Using (E;,C), each
complex point of X gives an elliptic curve over C with a subgroup of order
N, provided the point does not lie over j = 0, 1728 or co. The resulting map
to Xo(NN) extends to an isomorphism from X to Xo(IN). The curve X thus
constructed, together with this identification, is the desired model of X¢(V)
over Q.

More concretely, the functions j = j(r) and jy = j(NT) are related
by a polynomial equation ®xn(j,jn) = 0 with coefficients in Q, of bidegree
d. The field Fy is the function field of the affine curve ®n5(X,Y) = 0,
and the mapping 7 — (j(7),7(IN7)) gives a birational equivalence between
H/To(N) and the complex curve defined by the equation ®x. In practice
it is not feasible to write down the polynomial &y, except for certain very
small values of N. To study the models over Q of Xo(N), more indirect
methods are needed, which rely crucially on the moduli interpretation of
Xo(N). Similar remarks hold for X;(N).

Models over Z: The work of Igusa [Ig], Deligne-Rapoport [DR], Drinfeld
[Dr], and Katz-Mazur [KM] uses the moduli-theoretic interpretation to de-
scribe a canonical proper model for Xr over Spec Z. These models allow us to
talk about the reduction of Xr over finite fields F,, for p prime. The curve
has good reduction at primes p not dividing N, with the “non-cuspidal”
points of Xr/p, corresponding to elliptic curves over F, with I-structure.
The singular fibers at primes p dividing NV can also be described precisely;
an important special case (see [DR]) is that of I'g(IN) with p exactly dividing
N. For further discussion and references, see [DI], sec. 8, 9.

From now on, when we write Xt, Xo(N), or X;(N), we will mean the
curve over Q which are the models described above for the complex curves
defined in section 1.2.
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Remark 1.28 When considering g-expansions, it is more convenient to use
a different set of models over Z for these complex curves. We define X! (N)
in the case of I'; (V) as a model over Z which parametrizes pairs (E, i) where
i is an embedding of ux in the (generalized) elliptic curve E. (So X}'(N) is
the model denoted X, (N) in [DI], sec. 9.3, assuming N > 4.) For I" between
[o(N) and T';(N), we define X£ as the corresponding quotient of X{'(NV).
This model has good reduction at primes p not dividing IV, but unlike the
models mentioned above, its fibers at primes p dividing N are smooth and
irreducible, but not proper. In the case of I' = I'o(IV), the curve Xff,Q can
be identified with Xo(/N). However, this is not the case in general: the cusp
00 is a rational point of X{“,Q but not necessarily of Xr.

Jacobians: Weil’s theory [Wel] of the Jacobian shows that the Jacobians
Jr defined in section 1.2 as complex tori also admit models over Q. When we
speak of Jr, Jo(N) and J;(N) from now on, we will refer to these as abelian
varieties defined over Q. Thus, the points in Jr(K), for any Q-algebra K,
are identified with the divisor classes on Xt of degree 0, defined over K.
We let Jr/z, denote the Néron model of the Jacobian Jr over Spec (Z).
Using this model we define Jr/4 for arbitrary rings A. In particular we
can consider Jr/F,, the reduction of the Jacobian in characteristic p, which
is closely related to the reduction of the integral model of the curve Xr
mentioned above. In particular, if p does not divide the level of I', then
Jr/F, can be identified with the Jacobian of Xr/p,. For a treatment of the
case I' = [y(N) with p exactly dividing N, see the appendix of [Mazl]; for
more general discussion and references, see [DI], sec. 10, especially sec. 10.3.

Hecke operators: The Hecke operators have a natural moduli interpreta-
tion, which was already touched upon in section 1.3. In particular, one finds
that the operator T}, arises from a correspondence which is defined over Q,
and gives rise to an endomorphism of the Jacobian Jr which is defined over
Q. This in turn gives rise to an endomorphism of the Néron model Jr,z, and
we can then consider the endomorphism T, on the reduction of the Jacobian
in characteristic p. Recall that if p is a prime not dividing N, we may identify
this reduction with the Jacobian of Xr/r,. (Cf. [MW], ch. 2, sec. 1, prop. 2.)
Furthermore, one can show that the moduli-theoretic interpretation of the
Hecke operator remains valid in characteristic p; i.e., the endomorphism T},
of Jr/F, is induced by a map on divisors satisfying, for all ordinary elliptic
curves A with I-structure:

Ta(4) = ) i(4),

1

where the sum is taken over all cyclic isogenies of degree n. (See [DI], sec.
10.2 for further discussion and references.)

This description allows one to analyse, for example, the Hecke operator T},
over Fp,, when (p, N) = 1. Let us work with I' = I'; (IV), to illustrate the idea.
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For a variety X over F,, let ¢x be the Frobenius morphism on X defined
by raising coordinates to the pth power. Thus if (E, P) corresponds to a
point of X;(N)/F,, then ¢g is an isogeny of degree p from (E, P) to the pair
(Eoo, Poo) = ¢x,(N)(E, P). The graph of ¢x, (ny in (X1(N) x X1(N))/F, is a
correspondence of degree p, which we call F. Let F' be the transpose of this
correspondence. The endomorphism F' of Jr induced by F is the Frobenius
endomorphism ¢,., and the endomorphism F’ is the dual endomorphism (in
the sense of duality of abelian varieties). Now consider the divisor

F'(E,P)) = (Er, )+ + (Ep, Fp),

where the (E;, P;) are elliptic curves with I'-structure in characteristic p.
Since @, is an isogeny of degree p from (E;, P;) to (E, P), we also have the
dual isogeny from (E, P) to (E;,pP;). If E is ordinary at p, then the points
(Bsos Po), (E1,PP1), .., (Ep,pPp) are a complete list of the distinct curves
with I-structure which are p-isogenous to (E, P). Hence one has the equality
of divisors on X;(N)/F,:

Tp((E’P)) = (Eoo:Poo) + (Elappl) +--t (EpapPp) = (F+ (p)F')((EaP))

Since the ordinary points are dense on X;(N)/,, we deduce that
T, = (F + (p)F') as endomorphisms of J;(N)/r,- This equation, known
as Eichler-Shimura congruence relation, plays a central role in the theory.
(For more details, see [DI], sec. 10.2, 10.3.)

Theorem 1.29 If p[N then the endomorphism T, of Jr/r, satisfies
T, =F + (p)F'.

Remark 1.30 This was proved by Eichler [Ei] to hold for all but finitely
many p in the case of ['o(N), and by Shimura ([Shil], see also [Shi2], ch. 7)
in the case of I'; (N). The fact that it holds for all p not dividing N follows
from work of Igusa [Ig].

Modular forms: In the same way that modular curves have models over
Q and over Z, the Fourier coefficients of modular forms also have natural
rationality and integrality properties. We start by sketching the proof of:

Theorem 1.31 The space S2(T') has a basis consisting of modular forms
with integer Fourier coefficients.

Proof: The Hecke operators act on the integral homology At in a way that
is compatible with the action on S3(I") and respects the natural (Poincaré)
duality between these two spaces. Hence, if {\,}nen is a system of eigenval-
ues for the T}, then the )\, are algebraic integers in some finite extension K
of Q, and the system {\%},en is a system of eigenvalues for the T, for any
Galois automorphism o of Q/Q. Hence, we have shown:
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Proposition 1.32 If f € S3(M,X) is a newform of some level M dividing
N, then its Fourier coefficients lie in a finite extension K of Q. Moreover,
if 0 € Gal(Q/Q) is any Galois automorphism, then the Fourier series f°
obtained by applying o to the Fourier coefficients is a newform in So(M,x7).

The explicit description of Sy(T") given in section 1.3 implies that S3(T') is
spanned by forms having Fourier coefficients which are algebraic integers in
some finite (Galois) extension K of Q, and that the space of forms with
Fourier coefficients in K is stable under the natural action of Gal (K/Q)
on Fourier expansions. An application of Hilbert’s theorem 90 shows that
S2(T") has a basis consisting of forms with rational Fourier expansions, and
the integrality of the Fourier coefficients of eigenforms yields the integrality
statement of theorem 1.31. a

We define S2(T", Z) to be the space of modular forms with integral Fourier
coefficients in S2(I'). Theorem 1.31 states that Sz(I',Z) ® C = S3(T"). Given
any ring A, we define

Sz(r, A) = Sz([‘, Z) ® A,

and define S2(N, A) and Sz2(N, x, A) (where x now is a character with values
in A%) in the obvious way. If A is contained in C, the g-expansion principle
below allows us to identify S2(I', A) with the set of modular forms in S3(I")
with Fourier coefficients in A.

The ¢-expansion principle: Because the modular curve Xo(N) has a
model over Q, the space of modular forms Sa(N) = Q!(Xo(NN)) has a natu-
ral rational structure, given by considering the differential forms on X (V)
defined over Q. The fundamental g-expansion principle (see [DR], ch. 7, or
[Kat], sec. 1.6) says that these algebraic structures are the same as those ob-
tained analytically by considering g-expansions at co. More generally, using
the model X£, we obtain the g-expansion principle over Z for cusp forms on
T (cf. [DI], sec. 12.3).

Theorem 1.33 The map S2(I) — Q' (Xr) defined by f — wy induces
an isomorphism from S3(T',Z) to Q' (XE). Furthermore, if A is flat over Z
or N is invertible in A, then the induced map S2(T', A) — Q'(Xf 4) is an
isomorphism. Furthermore, if A is a subring of C, then this isomorphism
identifies S2(T, A) with set of modular forms in S3(T') having coefficients in
A.

1.6 The Hecke algebra

It follows directly from the formulas for the Hecke operators acting on g¢-
expansions that the T, leave S2(I'o(NV),Z) stable, as well as the subspace
of S2(N, x) with coefficients in Z[x]. Using the g-expansion principle (the-
orem 1.33), one can also show ([DI], sec. 12.4) that the diamond operators
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preserve the spaces of cusp forms on I' with integral Fourier expansions, and
hence that the space S2(I', Z) is preserved by all the Hecke operators.

We define Tz to be the ring generated over Z by the Hecke operators T,
and (d) acting on the space S2(I',Z). More generally, if A is any ring, we
define T4 to be the A-algebra Tz ® A. This Hecke ring acts on the space
S2(T, A) in a natural way. Before studying the structure of the Hecke rings
T4 as we vary the rings A, we note the following general result (Cf. [Shi2],
ch. 3.):

Lemma 1.34 The space S2(T', A)V = Hom 4(S2(T, A), A) is a free T s-module
of rank one.

Sketch of proof. One checks that the pairing Tz x S2(I',Z) — Z defined by
(T, f) » a1(Tf) sets up a perfect, Tz-equivariant duality between Tz and
S3(T',Z). The result for arbitrary A follows. O

Hecke rings over C: If A = C, then the structure of the ring T = Tc is
completely described by theorem 1.22. More precisely, if Tc s denotes the
image of the Hecke algebra acting on the space Sy defined in section 1.3, then

Te = @fTQf,

where the direct sum ranges over all distinct newforms f of some level Ny
dividing N. Furthermore, the algebra Tc; can be described explicitly. In
particular, if f is a newform of level N then Tc; is isomorphic to C, but if
Ny is not equal to N then the ring Tc s need not be a semi-simple algebra
over C.

Lemma 1.34 in the case A = C says that V = S(T")V is a free Tc-module
of rank one, but we also have:

Lemma 1.35 The module S2(T) is a free Tc-module of rank one.

Proof: Let g;,...,g: be a complete system of newforms of levels Vy, ..., V;
dividing N. One can check that the form

9g=g1(N/N17) + - + g:(N/NyT)

generates S2(I') as a Tc-module. The map T¢ — S3(T') defined by T — T'g
gives an isomorphism from T¢ to S2(I'), as Tc-modules. O

Remark 1.36 Lemmas 1.34 and 1.35 imply that T¢ is a Gorenstein C-
algebra (of finite rank), i.e., Homg(T¢, C) is isomorphic to T¢ as a T¢-module.

Hecke rings over : Let [f] be the Galois orbit (under the action of
Gq = Gal(Q/Q)) of a normalized newform f of some level Ny dividing N,
and let K be the field extension of Q generated by the Fourier coefficients
of f. The space @,¢(5]S, is a vector space of dimension [K : Qoo (N/Ny),
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which is spanned by modular forms with rational Fourier coefficients. Let
S(s) be the Q-subspace of forms in ®y¢(7S, with rational Fourier coefficients.
The space Sy is stable under the action of Tq, and letting Tq,(5) be the image
of Tq acting on S[y), we obtain the direct sum decomposition

To = &) To, (1),

where the sum is taken over the distinct Gg-orbits of normalized newforms
f of some level Ny dividing N. If Ny is equal to NV, then the algebra Tg,(y)
is isomorphic to the field K. If Ny is a proper divisor of N, then, as in the
complex case, the algebra Tq 4] is a (not necessarily semi-simple) algebra over
Q of rank oo(N/Ny)[Ks : Q). The nature of the fields Ky, and in general
the structure of Tgq, is very poorly understood at this stage; for example, one
does not know how to characterize the number fields that occur as a K for
some f (but they are all known to be totally real or CM fields).

The ring Tq acts naturally on the rational homology H;(Xr,Q) = A®Q,
and we have

Lemma 1.37 The module A ® Q is free of rank two over Tg.

Sketch of proof The modules At @ C~V and A~ ® C ~ V are free of rank
one over T¢, by lemma 1.34. This implies that AT ® Q and A~ ® Q are both
free of rank one over Tq. (]

Hecke rings over Z: The ring Tz is a certain (not necessarily maximal)
order in Tg. One still has an injection

Tz = &) Tz,i1)s

where now Tz [s) denotes the ring generated over Z by the Hecke operators
acting on S(y). Of course the structure of Tz is even more mysterious than
that of Tg! The ring Tz acts naturally on A, but it is not the case in
general that A is free of rank two over Tz, i.e., that the integral analogue of
lemma 1.37 is true. (See remark 1.42 below.)

Hecke rings over : The study of the algebras Tz, and Tq, arises naturally
because of the Hecke action on the Tate module 7;(Jr),

Te(Jr) := lim(Jr)[€"],

where the inverse limit is taken with respect to the multiplication by £ maps.
The action of Tz, on 7¢(Jr) is compatible with that of Gg, and it is this pair
of actions on the Tate module which is used to associate two-dimensional
Galois representations to modular forms.

It will sometimes be more convenient to consider the ring T, and its
action on

VY = Te(Jr) ®z, Q.
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We first record a useful duality property enjoyed by the Tate modules. The
WEeil pairings on the groups Jr[¢"] for n > 1 induce a perfect pairing

(, ) : Te(Jr) x Te(JIr) = Zs.

Since each Hecke operator T is adjoint to wT'w where w = wy is the Atkin-
Lehner involution, we have the following lemma.

Lemma 1.38 The map = — ¢, where ¢,(y) = (z,wy) defines an isomor-
phism of Tz,-modules,

Te(Jr) = Te(Jr)¥ = Homgz,(Te(Jr), Zy),
and hence an isomorphism of Tqg,-modules
V 2 VY = Homg, (V, Q).

The following lemma allows us to regard Tq, as a coefficient ring for a
two-dimensional Galois representation

Gal (Q/Q) — Aut T, (V) = GL2(Tq,)-
Lemma 1.39 The module V is free of rank 2 over Tg,.

Proof Lemma 1.37 implies directly that the module V = A ® Q; is free of
rank two over Tg,. 0

Corollary 1.40 The ring Tq, is a Gorenstein Q-algebra; i.e.,
Ty, = Homg,(Tq,, Q)

is free of rank one over Tgq,.

Proof. Choosing a basis for V over Tg,, we obtain an isomorphism
Tq, ® Tq, = Ty, ® Ty,

Decomposing Tq, as []; Ri where each factor R; is a finite-dimensional local
Q,-algebra, we obtain an isomorphism

R;®R; = R/ ® R}

for each i. At least one of the four maps RY — R; deduced from this
isomorphism must be surjective, and by counting dimensions, we see that it
must be injective as well. It follows that Tq, is isomorphic to 'll‘él. ]

Recall that for primes p not dividing N, the Jacobian Jr has good reduc-
tion mod p, and the Eichler-Shimura relation, theorem 1.29, states that on
Jr /Fps we have

T, =F + (p)F'.

For primes p not dividing N¢, we may identify T;(Jr) with the ¢-adic Tate
modaule of the reduction (see [ST]) and consider the Frobenius endomorphism
F on the free rank two Tq,-module V. As a consequence of the Eichler-
Shimura relation, we find:
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Theorem 1.41 For p not dividing N{, the characteristic polynomial of F

on the Tq,-module V is
X% -T,X + (p)p.

Proof: (We are grateful to Brian Conrad for showing us this argument.) Since
FF' = p, it follows from the Eichler-Shimura relation that

F? —T,F + (p)p =0.

To conclude that this is in fact the characteristic polynomial, it suffices to
compute the trace of F. To do so, we use the Tq, isomorphism

VR VA

defined by the modified pairing (-,w-). Under this modified pairing, F' is
adjoint to wF'w = (p)F’', so the trace of F on V is the same as that of
¢ — ¢ o ((p)F') on VV. Choosing bases for V and Tg),, one sees that this is
the same as the trace of (p)F"'. Hence

2trF =tr F +tr ((p)F') = tr (Tp) = 2T,
O

Hecke rings over Z;: The ring Tz, is free of finite rank over Z,. It therefore

decomposes as
TZ¢ = H Tm,

where the product runs over the maximal ideals m of Tz,, and Ty, is the
localization of Tz, at m. For each m, Ty, is a complete local Z¢-algebra, free
of finite rank as a Z,module.

Remark 1.42 While the analogue of lemma 1.39 does not always hold for
Tz, (see [MRi], sec. 13) we shall see that it holds for certain localizations Tp.
Results of this type are much deeper than lemma 1.39 and were first obtained
by Mazur [Mazl], sec. 14, 15. We shall return in chapter 4 to explain Mazur’s
result and its generalizations, which play a role in the arguments of [W3] and
[TW].

Example 1.43 The curve X(19) has genus 1, and X(57) has genus 5. By
consulting the tables in the Antwerp volume [Ant4] or Cremona’s book [Cr],
one finds that there is exactly one newform of level 19, and that there are
three newforms of level 57, which all have rational Fourier coefficients. Their
Fourier coefficients ap, for the first few primes p, are listed in the following
table:
| 2| 3| 5| 7| 11]13]17] 19| 23| 29| 31
19A| 0|-2| 3}|-1| 3(-4|-3] 1| O 6(—4
57A|-2|-1|-3|-5( 1| 2|-1|-1|-4| -2}|-6
57B| 1| 1|{-2| 0| 0] 6(-6{-1| 4 2 8
57C (-2 1| 1| 3|-3({-6| 3|-1| 4|-10]| 2
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Setting f = 194, we find that a basis of simultaneous eigenforms in S5 (57, C)
for the Hecke operators Ty, I # 3,19, and Us, Uy is:

fO) +Q+vV=2)f(37), f(r)+QQ-+v=2)f(37), 574, 57B, 57C.

It appears from the table that the Fourier coefficients corresponding to the
forms 57B and 57C are congruent modulo 3. This is in fact the case. One
finds that the Hecke ring Tz, generated over Z3 by the Hecke operators acting
on S3(57,Z3) is isomorphic to the subalgebra of Z3:

{(z,y, z,t,w) such that t =w (mod 3)}.
The isomorphism sends T}, (for p # 3,19) to the element
(ap(194),a,(19A4),a,(57A), a,(57B), a,(57C)).

It sends Us to (—1++v/=2,-1—+/=2,-1,1,1) and Uyg to (1,1,-1,-1,-1).
Thus there are exactly 4 distinct maximal ideals of Tz,, and the localizations
at these maximal ideals are the rings Z3, Z3, Z3, and

Tm = {(t,w) such that t =w (mod 3)},

where m is the ideal generated by 3 and Ty, — a,(57B) for all n.

1.7 The Shimura construction

Let f = Y anq™ be an eigenform on I' with (not necessarily rational) Fourier
coefficients, corresponding to a surjective algebra homomorphism

Ay : To — Ky,

where K is the field generated over Q by the Fourier coefficients of f. We
briefly review in this section a construction of Shimura ([Shi2], ch. 7) which
associates to f (or rather, to the orbit [f] of f under Gg) an abelian variety
Ay defined over Q and of dimension K : Q.

Let I; C Tz be the ideal ker (A\f) N'Tz. The image I;(Jr) is a (connected)
subabelian variety of Jr which is stable under Tz and is defined over Q.

Definition 1.44 The abelian variety Ay associated to f is the quotient
Af=Jr /1 +Jr

From this definition one sees that Ay is defined over Q and depends only on
[£], and that its endomorphism ring contains Tz/I; which is isomorphic to
an order in Kjy.

Remark 1.45 Using theorem 1.22, one can show that Jo(V) is isogenous to

oo (N/N;)
MinAp "
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We now describe the abelian variety Ay as a complex torus. Let V; be
the subspace of V = S3(I')Y on which T acts by Ay. Theorem 1.22 and
lemma 1.34 show that V; is a one-dimensional complex vector space. Let
ms be the orthogonal projection of V' to Vy, relative to the Petersson scalar
product. The projector s belongs naturally to Tk, .

Let [f] be the set of all eigenforms whose Fourier coefficients are Galois
conjugate to those of f. The number of forms in [f] is equal to the degree d
of Ky over Q. Now, we set

Vi) = ®getnVer = D T
g€(f]

Note that (s is simply the orthogonal projection of V' to V5. Note also
that (s belongs to the Hecke algebra To.

Lemma 1.46 The abelian variety Ay is isomorphic over C to the complex
torus Vg /) (A), with the map m(z) : V/A — Vig/7(5)(A) corresponding to
the natural projection from Jr to Ay.

In particular, one sees that Ay is an abelian variety of dimension d = [Ky : Q].
Hence if f has rational Fourier coefficients, then the abelian variety Ay is an
elliptic curve. This elliptic curve is called the strong modular elliptic curve
associated to f if also f is a newform of level N and T = I'g(N).

Example 1.47 If I = I'x(26), one checks that the genus of Xt is two, and
that there are two distinct normalized eigenforms f; and f2 in S2(26). From
the tables in [Ant4] or [Cr], one sees that fi and f; have integral Fourier
coefficients, whose values for the primes < 31 are:

2| 3| 5| 7| 11| 13| 17]|19] 23|29] 31
-1 1[-3|-1] 6] 1{-3] 2] o] 6]|—4
1[-3|-1| 1|-2|-1|-3| 6|-4| 2| 4

h
f2

Hence the abelian varieties Ay, and Ay, are elliptic curves. The above
table suggests (and this can be checked directly by looking at the equations
for these curves given in [Ant4] or [Cr], or by using the discussion in [DO],
lemma 2.1) that the Fourier coefficients of f; and f, are congruent modulo
2. The natural projection Jo(26) — Ay, @ Ay, is an isogeny whose kernel is
isomorphic to Z/2Z x Z/2Z, and Jo(26) is not isomorphic to Ay, ® A¢,. More
generally, one knows that a Jacobian can never decompose as a non-trivial
direct product of two principally polarized abelian varieties, cf. [Maz1], prop.
10.6. (There are no non-zero homomorphisms from Ay, to Ay,, and so a non-
trivial product decomposition of Jr would have to induce a decomposition
as a product of principally polarized abelian varieties.)

Let T¢(Ay) be the Tate module of the abelian variety Ay,
Te(Ag) = lim(A7)[£",
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where the inverse limit is taken with respect to the multiplication by £ maps.
This module is naturally a module for Ty ® Z, , and T¢(Af) ® Q; is a module
for Ky ® Q as well.

Lemma 1.48 The module T;(As) ® Q; is a free module of rank 2 over
K;®Q.

Proof: This follows directly from lemma 1.39. a

Proposition 1.49 The algebra End g(Af) ® Q is isomorphic to K. In par-
ticular Ay is simple over Q.

The proof is given in [R2], cor. 4.2. The main ingredient is the irreducibility of
the Galois representation attached to Ay as in section 3.1. (Cf. theorem 3.1.)

Properties of A;: good reduction:

Theorem 1.50 If f is an eigenform of level N, and p is a prime that does
not divide N, then the abelian variety Ay has good reduction at p.

Proof: This follows from the fact that Jr has good reduction at such primes,
which in turn is a consequence of the good reduction of Xr. O

If p is a prime not dividing N, it then becomes natural to study the
number Ny, of points on the abelian variety As over the finite field F,. It
is given by the following formula:

Proposition 1.51 The number of points N, is given by the formula

Ny,p = Norm, /q(As(1 = ap(f) + (p)P)),
where ag(p) € Ky is the p-th Fourier coefficient of f.
Proof: By Weil’s theory [Wel], this number is given by the determinant
Njp =det(l - F),

where F is the Frobenius endomorphism acting on the ¢-adic Tate module
Te(Ag). So theorem 1.41 implies

det(1 — F) = Normg, q(As(1 — Tp + (p)P)),

and proposition 1.51 follows. O
Defining the local Hasse-Weil L-function of Ay over F, by the formula

L(Af/FP’ S) = det(l - Fp_s)—l’

the proof above gives the formula:

L(Az[Fp,s) = HL,,(f", s),
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where the product is taken over all complex embeddings o : Ky — C, and
L,(f?,s) is the Euler factor at p in the L-function that was associated to f°
in section 1.4.

In particular, if Ay = E is an elliptic curve, i.e., f has rational Fourier
coefficients and f is on I['o(NV), then the number of points on E over F, is
given by the formula

#E([Fp) =p+1-ay(f). (1.7.1)

Properties of As: bad reduction: A fundamental quantity associated to
any abelian variety A over Q is its arithmetic conductor, which measures the
amount of bad reduction of A. If we factor this conductor as a product of
prime powers, Hp p™», then the exponents m, are equal to 0 precisely when
A has good reduction at p. The definition of m,(A) was already given in
section 1.1 when A is an abelian variety of dimension 1, i.e., an elliptic curve.
In general, the exponent m,, coincides with mp(pa,¢) (see section 2.1 below),
where p4 ¢ is the Galois representation on the f-adic Tate module of A.

Regarding the bad reduction of the abelian variety Ay, one has the fol-
lowing consequence of the results of Langlands, Deligne and Carayol [Ca3]
discussed below in section 3.1.

Theorem 1.52 If f is a newform of level N, then the conductor of the
abelian variety Ay is equal to N9.

1.8 The Shimura-Taniyama conjecture

Let E be any elliptic curve defined over Q, and let N denote its arithmetic
conductor, defined as in section 1.1. Then we have:

Proposition 1.53 The following are equivalent:

(a) The curve E is isogenous over Q to Ay, for some newform f on some
congruence group I.

(b) The curve E is isogenous over Q to Ay, for a newform f on I'o(N).
(c) There is a non-constant morphism defined over Q, from Xo(N) to E.

Sketch of proof: The implication (b) = (a) is immediate, and (a) = (b)
follows from the work of Carayol [Ca3] (cf. proposition 3.20 below). If (b)
holds, then there is a surjective map Jo(N) — E. Composing with the
Abel-Jacobi map Xo(N) — Jo(NN) gives a map to E which is not constant,
by the definition of the Jacobian, and hence (c) holds. Conversely, a non-
constant map of curves 7 : Xo(N) — E induces, by Albanese (covariant)
functoriality, a surjective map of Jacobians =, : Jo(N) — E, where we
have identified E with its own Jacobian in the natural way. Since Jo(V)
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is isogenous to a product (possibly with multiplicities) of abelian varieties
Ay where f run over newforms of level Ny dividing N (cf. remark 1.45), it
follows that there is a surjective map Ay — E for some A;. Since Ay is
simple (proposition 1.49), this map is an isogeny, and part (b) follows. O
We call an elliptic curve over Q satisfying the equivalent properties above
a modular elliptic curve. A startling conjecture that was first proposed by
Taniyama in the 1950’s and made more precise by Shimura predicts that the
Shimura construction explained in the previous section is surjective:

Conjecture 1.54 All elliptic curves defined over Q are modular.

This conjecture is now known to be true for a very wide class of elliptic
curves. The results of Wiles [W3] and Taylor-Wiles [TW] imply it is true
for all semi-stable elliptic curves, and a strengthening of the method, [Di2],
implies the conjecture for all elliptic curves which have semi-stable reduction
at 3 and 5.

Remark 1.55 See [DI], sec. 13 for a more thorough list of equivalent forms
of the conjecture.

Relation with L-functions: Define numbers a, = a,(F) as in section 1.1.
Recall the (global) Hasse-Weil L-function defined in section 1.1 by equations
(1.1.2), (1.1.4), (1.1.5), and (1.1.6). The following proposition reveals some
of the importance of the Shimura-Taniyama conjecture:

Proposition 1.56 If E is modular, i.e., is associated to a newform f by the
Shimura construction, then

L(E/Q s) = L(f,s).

In particular, L(E/Q,s) has an analytic continuation to the entire complez
plane, and a functional equation.

Sketch of proof: If E is isogenous to an elliptic curve Ay associated to a
newform f on I'o(/N) by the Shimura construction, then the two L-functions
L(A;/Q s) and L(E/Q,s) are equal. On the other hand, formula (1.7.1)
directly implies that L(As/Q,s) is equal to L(f,s), at least up to finitely
many Euler factors (corresponding precisely, by the work of Igusa, to the
primes dividing N). The equality of all the Euler factors follows from the
work of Deligne, Langlands, and Carayol (cf. [Cal]). O

Knowing the analytic continuation and functional equation of the Hasse-
Weil L-function of an elliptic curve is of great importance in the theory. For
example, the conjecture of Birch and Swinnerton-Dyer (which was stated in
a weak form in section 1.1, conjecture 1.9) relates arithmetic invariants of E
such as the rank of its Mordell-Weil group and the order of its Shafarevich-
Tate group to the behaviour at s = 1 of L(E/Q,s). (Note that s = 1 is
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outside the domain of absolute convergence of the infinite product used to
define L(E/Q, s).)

One consequence of this conjecture is that E(Q) is finite if L(E/Q, 1) is
non-zero. This was proved by Coates and Wiles in [CW] for elliptic curves
with complex multiplication, and by Gross-Zagier and Kolyvagin [Kol] for
modular elliptic curves. (Recently, a different proof for modular elliptic
curves has been announced by K. Kato.) Thanks to the breakthroughs of
[W3], [TW], and [Di2], the results of by Gross-Zagier, Kolyvagin and Kato
are now unconditional for a very large class of elliptic curves.

The Shimura-Taniyama conjecture for abelian varieties: We may
view conjecture 1.54 as asserting that the map

Newforms of weight 2 on Xo(N) Isogeny classes of elliptic curves
{with rational Fourier coeﬁ'icients} - { over Q of conductor N }

provided by the Shimura construction is a bijection. It is natural to extend
this result to all eigenforms, not just those having rational Fourier expansions.
We say that an abelian variety defined over Q is modular if it is isogenous to an
abelian variety of the form A for some newform f on I'; (V). It would not be
reasonable to expect that all abelian varieties over Q are modular: the abelian
varieties arising from the Shimura construction are very special, in many
respects. Most importantly, they have a very large ring of endomorphisms.
Following Ribet [R7], we make the definition:

Definition 1.57 An abelian variety over Q of dimension g is said to be of
GLs-type if its endomorphism ring over Q contains an order in a field of
degree g over Q.

Then we have the following generalized Shimura-Taniyama conjecture:

Conjecture 1.58 Every simple abelian variety A over Q which is of GL;-
type is modular.

This generalization of the Shimura-Taniyama conjecture is far from being
proved, and tackling it still seems to require some major new ideas, even
after the ideas introduced by Wiles.

2 Galois theory

2.1 Galois representations

If F is a perfect field, we will let F denote an algebraic closure of F' and
Gr = Gal(F/F) its absolute Galois group. Recall that GFr is a profinite
group: more precisely, Gr = li{r_n Gal (L/F) as L runs over finite Galois

extensions of F contained in F. Hence GF carries a natural topology. If £
is a prime different from the characteristic of F' we will let €, : Gr = Zj
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denote the ¢-adic cyclotomic character, i.e. if ¢ is an £-power root of unity in
F then o(¢) = ¢() for all o € Gr. We will simply write € if the choice of £
is clear from the context.

The finite fields F,: The group GF, is isomorphic to 7, the profinite com-
pletion of Z. A natural topological generator is provided by the Frobenius
element Frob ,, the automorphism of F, which raises elements of F, to their
p'" power. If £ is different from p, then e;(Frob,) = p.

The p-adic fields Q,: The p-adic valuation v, : QF —* Z extends uniquely
to a valuation v, : QF — Q. Let Og_ denote the ring of integers of Q, and
mg, its maximal ideal. The residue field Og, /mgq, is an algebraic closure of
F,, which we will identify with F,. The valuation v, is compatible with the
action of Gq,, and hence Og, and mg, are stable under Gg,. In particular
Gq, acts on Og, /mg, and we obtain a map ¢ : Go, — GF,, which is in fact
a surjection. We call the kernel the inertia group and denote it I,. It has a
unique maximal pro-p subgroup: the wild inertia group, denoted P,. There
is a canonical isomorphism

L/, = [] 241),

L#p

where the (1) indicates that if f € Gq,/Pp is a lifting of Frobenius and if
o € I,/ P, then fof~! = o?.

The inertia group I, is filtered by a series of subgroups called the higher
ramification groups. More precisely, there are closed normal subgroups I} in
Gq, for any u € [-1, 00], with the following properties:

e If u <wthen I} D I}, i.e., the I} form a decreasing filtration.
e For u <0, I} = I, while I>° = {1}.

¢ PBo=Uysoly-

o I =Ny Iy

These groups are defined in section 3 of chapter IV of [Se2], where they are
denoted G (except that there, Ga: = Gq, whereas we have I;! = ).

The local Kronecker-Weber theorem ([Se2], ch. 14, sec. 7, for example)
asserts that the map

0 X € : Gy — Gr, X L.

is an isomorphism. (We will use G2 to denote the abelianisation of a profinite
group G, i.e. the unique maximal abelian continuous image.) Under it I, goes
to Z; and for u > 0, I} goes to (1 +p*1Z,) C Zy, where [u] denotes the
least integer greater than or equal to u. If £ # p then ¢, is trivial on I, and
takes Frob, to p € Z;'.
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The field Q: If p is a rational prime, the usual p-adic valuation v, : Q% = Z
extends to a valuation v : Q — Q. This extension is not unique, but all
extensions are permuted transitively by Gg. Fix one such extension v, and
let G, denote its stabiliser in Gg. Then G, acts on the completion (Q)y,
and preserves the subfield of elements algebraic over Q. This field is an
algebraic closure of @y, which we shall identify with Q,. One can check that
the resulting map G, — Gq, is an isomorphism. Thus we obtain subgroups
Gy D I D I} for u € [~1,00] and a distinguished element Frob, € Gp/I,.
These objects depend on the choice of v, and vary by conjugation in Gg as
this choice is varied. We call an algebraic extension F/Q unramified at p if
all conjugates of I, lie in Gr C Ggq; otherwise we say that F/Q is ramified.
If F/Q is Galois and unramified at p, then there is a well-defined conjugacy
class [Frob ,] C Gal (F/Q).

By replacing the p-adic completion by an Archimedean completion, one
has a well-defined conjugacy class [c] in G consisting of those elements that
arise as complex conjugation for some embedding Q — C. We will denote
by G the subgroup {1, c} for one such element c.

We have the following fundamental results concerning the structure of Gg
(see for instance [Lal]).

Theorem 2.1 If F/Q is a finite extension then F is only ramified at finitely
many primes (those dividing the discriminant of F/Q).

Theorem 2.2 (Hermite-Minkowski) If S is a finite set of primes and if
d € Z then there are only finitely many extensions F/Q of degree d which
are unramified outside S (contained in a fized algebraic closure Q).

Theorem 2.3 (Chebotarev) If F/Q is a Galois extension unramified out-
side a finite set S of primes then | g g[Frob ] is dense in Gal (F/Q).

Theorem 2.4 (Kronecker-Weber) The product of the p-adic cyclotomic
characters gives an isomorphism

Hep:Gab 3 HZ;,‘.
P 3

We remark that the Chebotarev density theorem (theorem 2.3) applied
to the extension of Q generated by the mt* roots of unity implies Dirichlet’s
theorem that if n and m are coprime integers then there are infinitely many
primes p with p = nmod m. We also remark that the Kronecker-Weber
theorem is equivalent to the fact that the maximal abelian extension of Q is
obtained by adjoining all roots of unity to Q.

Representations: A d-dimensional representation of Gg is a homomor-
phism
GQ —_— GLd(K ),
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where K is any field. (In our later discussion, we will also consider repre-
sentations with coefficients in a ring.) Often K (and hence GL4(K)) comes
equipped with a natural topology, and it is then customary to restrict one’s
attention to continuous homomorphisms Gg — GLq4(K).

Since any one-dimensional representation has abelian image, theorem 2.4
allows one to give a complete description of the one-dimensional represen-
tations of Gg together with the behaviour of these representations on the
decomposition groups at all primes. The aim of this article is to discuss
attempts to give a similar theory for the two-dimensional representations of
Go.

We will call a representation p of Gg unramified at p if it is trivial on the
inertia group I,. Otherwise we say that it is ramified at p. If p is unramified
at p, then p(Frob ;) is well-defined (and its conjugacy class is independent of
the choice of vp).

If p is a representation of a group G and ¢ is a non-negative integer, then
we let Aip denote the representation of G on the it" exterior power of the
underlying module of p. If H is a subgroup of G, we will let p¥ (resp. px)
denote the H-invariants (resp. H-coinvariants) of the underlying module of
p. If H is normal in G, then we shall also use p¥ and py to denote the
corresponding representation of G/H. In particular if p is a prime and p
is a representation of Gg or Gg,, then p'»(Frob ) and pr, (Frob ) are well-
defined.

We will be primarily interested in three types of representation of Gg.

e Artin representations, i.e. continuous representations Go = GL4(C).
Since all compact totally disconnected subgroups of GL4(C) are finite,
Artin representations have finite image. Hence they are semi-simple
and are unramified at all but finitely many primes, by theorem 2.1.

e Mod / representations, i.e. continuous representations Gg — GLq4(k),
where k is a finite field of characteristic £. These always have finite im-
age and hence, like Artin representations, are unramified at all but
finitely many primes.

e (-adic representations, i.e. continuous representations Gg = GL4(K),
where K is a finite extension of ;. We require that an {-adic repre-
sentation be unramified at all but finitely many primes.

Remark 2.5 (a) Continuous representations Gg - GL4(K), unlike those
to GL4(C) or GL4(k), may be ramified at infinitely many primes. We
shall not need to consider such representations. (One rarely if ever
does.) However, the term “f-adic representation” is often used in the
more general sense elsewhere in the literature.

(b) Note that the image of an ¢-adic representation can very well be infinite.
For instance this is the case if d = 1 and the representation is the
cyclotomic character.
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(c) Note that in the case of mod £ and f-adic representations, the repre-
sentations need not be semi-simple.

Proposition 2.6 Let S be any finite set of primes.

(a) An Artin representation p : Gg = GL4(C) is determined by the values
of tr p(Frob ) on the primes p ¢ S at which p is unramified.

(b) A semi-simple mod £ representation p : Gg — GLq4(k) is determined by
the values of tr A* p(Frob,) (i =1,...,d) on the primes p ¢ S at which
p is unramified. If £ > d then it is determined by tr p(Frob,) on the
primes p ¢ S at which p is unramified.

(c) A semi-simple £-adic representation p : Gg = GL4(K) is determined by
the values of tr p(Frob ,) on the primes p ¢ S at which p is unramified.

Proof Combining the Chebotarev density theorem (theorem 2.3) with the
continuity of p we see that we must show that tr p (resp. tr A’ p) determines
p up to conjugacy in the various settings. For the characteristic zero rep-
resentations, see [Bour], ch. 8, sec. 12.1, prop. 3; for mod £ representations,
this is the Brauer-Nesbitt theorem ([CR], (30.16)). O

Let K denote a finite extension of Qg, let O be its ring of integers, A the
maximal ideal of O and k the residue field. If p : Gg = GL4(K) is an £-adic
representation, then the image of p is compact, and hence p can be conjugated
to a homomorphism Gg — GL4(O). Reducing modulo the maximal ideal
) gives a residual representation p : Gg — GLg4(k). This representation
may depend on the particular GL4(K)-conjugate of p chosen, but its semi-
simplification p** (i.e. the unique semi-simple representation with the same
Jordan-Hélder factors) is uniquely determined by p, by proposition 2.6 (b).

Note that the kernel of the reduction map GL4(O) — GL4(k) is a pro-
f-group. In particular we see that if p # £ then p(P,) is finite and p(Pp) is
isomorphic to p(Pp).

Suppose p is a representation of Gg of one of the three sorts above. If
p # £ then we define the conductor, m,(p), of p at p by

o o] [0 o]
mp(p) = / . codimp’> du = codimp’> + /0 codimp’> du.

This is well-defined as p(Pp) is a finite group. If p is an Artin representation
this makes sense also for p = £. (It would even make sense for a mod £
representation if p = £, but in this case it does not seem to be a useful
notion.) It is known that m,(p) is an integer (see chapter VI of [Se2]).
Moreover it is easily seen that m,(p) = 0 if and only if p is unramified at p.
We define the conductor N(p) of p to be

H pmp (») ,
4
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where the product is over all primes p # £ in the case of an £-adic or mod
£ representation and over all primes in the case of an Artin representation.
This makes sense because p is unramified almost everywhere.

The following lemma is an exercise.

Lemma 2.7 Suppose that p : Gg = GL4(K) is an £-adic representation and
that p : Gg — G"Ld(k) is a reduct‘io? of p. Then for each prime p # £ we
have [° codimp’s du = I codimp’> du. Thus

N(p) = N(p) [ pteim > ~aime™),
p#L

and in particular N(p) divides N(p).

We take this opportunity to introduce some important notation. Let G
denote a group and R a ring. If p : G = GL4(R) is a representation we
shall let M, denote the underlying R[G]-module (so that M, = R? as an R-
module). If M is an R[G]-module we shall let End (M) denote the module of
R-linear endomorphisms of M. It is also an R[G]-module with the G-action
being defined by

(9(#))(m) = g(¢(g™'m)).

If M is a finitely generated free R-module we will let End°(M) denote the
sub-R[G]-module of End (M) consisting of endomorphisms of trace zero. We
will use adp to denote End (M,) and ad’p to denote End °(M,). Note that if
d is invertible in R then adp = ad’p ® R as R[G]-modules, where R has the
trivial action of G. Note also then that the kernel of ad®p is the same as the
kernel of the composite map G % GL4(R) - PGL4(R).

We also remark that if R is an algebraically closed field of characteristic
other than 2 and p : G - GLy(R) is irreducible, then either ad’p is irre-
ducible or there is a subgroup H C G of index 2 and a character x : H =+ R*
such that p = Ind§x. In the latter case ad’p = § @ Ind €(x/x'), where &
is the nontrivial character of G/H and X' is the composite of x and conju-
gation by an element of G — H. Moreover, either Ind §(x/x') is irreducible
or adop ™~ §; @ 6, P 03 where the §; are distinct characters of G of order 2.
In the latter case, p is induced from a character from each of the subgroups
H; = kerd; of index 2 in G. We leave the verification of these facts as an
exercise to the reader.

2.2 Representations associated to elliptic curves

Perhaps the simplest examples of non-abelian f-adic representations arise
from elliptic curves defined over Q.

We will let E[n](Q) denote the group of n-torsion points on E(Q). By
proposition 1.1 there is a non-canonical isomorphism E[n](Q) = (Z/nZ).
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Furthermore, E[n](Q) carries a natural action of Gg and so we get a repre-
sentation (defined up to conjugation)

PEn : GQ - GLz(Z/’nZ)

If £ is a prime then we set T,E = li‘l_n E[¢")(Q), which is non-canonically

isomorphic to Z2. Again it has a natural continuous action of Gq, and so we
get a representation (defined up to conjugation)

PEL: GQ — GLy(Zy).

Note that pg ¢ = (pg,e mod £7).

Global properties: We have the following basic properties of the represen-
tations pg ¢~ and pg ¢

Proposition 2.8 (a) The determinant of pg.e is €.

(b) The representation pg, is absolutely irreducible for all £. For fized E,
PE,¢ is absolutely irreducible for all but finitely many £.

(c) If E does not have complez multiplication then pg . (and hence pg . )'
is surjective for all but finitely many £.

Proof: Part (a) follows from the existence of the non-degenerate alternating
Galois-equivariant Weil pairing

TeE X TeE — Zy(1) := l’gnmn.
Part (b) is proved in [Se5], ch. IV. Part (c) is the main result of [Se6]. O
The following deep result, which is stronger than the second assertion of
part (b) of proposition 2.8, is due to Mazur [Maz2], thms. 1 and 2. (Parts (b)
and (c) can actually be deduced directly from theorem 1.7, using the fact that

a semi-stable curve with a rational subgroup of order £ is necessarily isogenous
to a curve with a rational point of order £.)

Theorem 2.9 Suppose that E/Q is an elliptic curve.
(a) If £ > 163 is a prime then pg . is irreducible.
(b) If E is semistable then pg ¢ is irreducible for £ > 7.

(c) If E is semistable and pg,2 is trivial then pg ¢ is irreducible for £ > 3.

Remark 2.10 Combined with the results of Serre [Se6], Mazur’s results
imply that if E is semistable everywhere then pg ., is surjective for £ > 7
(Maz2], thm. 4).
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Local behaviour of pg and jg .:

Proposition 2.11 Suppose E has good reduction at p.

(a) If £ # p, then pg is unramified at p, and we have the formula
trpg ¢(Frob,) = p+ 1 — #E,(Fy).
In particular tr pg ¢(Frob,) belongs to Z and is independent of £ # p.
(b) For alln > 1 there is a finite flat group scheme F,,/Z, such that

Ep")(@) = Fn(Q)
as Gp-modules.

(c e If E has good ordinary reduction at p (i.e., a, is not divisible by
_ ! P
p) then E,[p](F,) has order p and

PEpl1, ~ (ed) I) ;

e If E has supersingular reduction at p, then E,[p](F,) is trivial and
PEpla, 18 irreducible.

Proofs: The proof of part (a) can be found in chapters V and VII of [Sil].
For part (b) one considers the finite flat group scheme F, = £[p"], where £
is the model for E over Z, defined by (W™i). (See [Sha] for an introduction
to theory of finite flat group schemes.) Part (c) follows from the results in
chapters V and VII of [Sil] together with basic results on finite flat group
schemes.

Proposition 2.12 Suppose that E has multiplicative reduction at p. Let
q = gg,p € pZy be the multiplicative Tate period attached to E, defined as
in section 1.1. Let 6 : Gp/I, — {£1} be the unique non-trivial unramified
quadratic character of G, if E has non-split multiplicative reduction, and let
6 be the trivial character if E has split multiplicative reduction. Then

(a)
*
pEtlG, ~ (e(f 1) ® 4,
and if £ # p then my(pg,) = 1.
(b)
PEtle, ~ (?f ‘%’) ® 4,
and ¥ € H'(Gq,,Z/tZ(1)) = QF /(Q})* corresponds to the Tate period
e € Q /(Q)".
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(c) If £ # p then mp(pE,e) =0 (i.e., pE,e is unramified at p) if and only if
Llvp(AE™) = —vp(iE).

(d) There is a finite flat group scheme F/Z, such that E[p)(Qp) = F(Qp)
if and only if plop(AR™) = —vp(js).

Sketch of proof By Tate’s proposition 1.5 of section 1.1, we have
E(@Q) = (@ /49)()

as Gp-modules. (The () indicates that G, acts on (Q;,‘ /q%)(8) by
o : z + o(x)%(?).) The proposition follows directly from this, together with
[Edi], prop. 8.2. for the last part. (For further details, see ch. VII, prop. 5.1
of [Sil], ch. IV, thm. 10.2. and ch. V of [Si2], and sec. 2.9 of [SeT7].) O

Proposition 2.13 Suppose that E has additive reduction at p. Then for any
£ # p the conductor of pg.|c, is at least 2, and if p > 3 then it is equal to 2.

Remark 2.14 For an elliptic curve E with any type of reduction at p, the
conductor of pg ¢|g, (for £ # p) coincides with the local conductor of E at
p given by a formula of Ogg (proved by Saito [Sa] in the case p = 2). In
particular the conductor of pg|g, is independent of £ # p. For further
discussion and references, see ch. IV, secs. 10 and 11 of [Si2].

The Frey curve: We now consider the elliptic curve
Eap:Y?’Z=X(X-AZ)(X +B2),

where A and B are non-zero coprime integers with A+B # 0. Set C = A+ B.
This equation has discriminant A = 16(ABC)?. If pis an odd prime then this
curve has good reduction at p if p J(ABC) and has multiplicative reduction at
pif p|ABC. Thus AR = 24712"(ABC)? for some n € Zo. If for instance
A = —-1mod 4 and B = Omod 16 then E4 g has a minimal Weierstrass
equation

YZ+XYZ=X3+ X%Z - (AB/16)X Z*.

B-A-1
4
In _this special case E4 p has semi-stable reduction everywhere and
ARR = 2-8(ABC)2.
The connection with Fermat’s Last Theorem is provided by the elliptic

curve
E:Y?Z=X(X-a'Z)(z+b°2)

considered by Hellegouarch [He] and Frey [Fr], where af + b¢ = ¢! is a hy-
pothetical non-trivial solution to Fermat’s Last theorem, and where we have
supposed without loss of generality that a, b and c are pairwise coprime, that
b is even and that a = —1 mod 4. Frey suggested that properties of this
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hypothetical elliptic curve E could lead to a contradiction if the curve were
also known to be modular. This suggestion was made precise by Serre [Se7],
who observed that the following list of properties would yield the desired
contradiction, when combined with his conjectures on Galois representations
associated to modular forms (to be discussed in section 3.2).

Theorem 2.15 Suppose that £ > 3 is prime. The representation pg,. has
the following properties.

(a) pE,e is irreducible.
(b) pE,e is unramified outside £ and 2.

(c) There is a finite flat group scheme F/Z, such that F(Q) = E[£)(Q)
as G¢-modules.

(d) #pE.e(I2) =L.

Proof. Part (a) follows from Mazur’s theorem (theorem 2.9, (c)). To prove (b),
(c), and (d), we note the key fact that AR® = 2-8(abc)? is a perfect ¢-th
power, up to powers of 2. The fact that pg, is unramified at p # £,2
(part (b)) follows from this, from proposition 2.11, (a) (for primes p # £
of good reduction for E) and from proposition 2.12 (c) (for primes p # £,2
of multiplicative reduction for E). Part (c) is a consequence of proposi-
tion 2.12 (d), and part (d) follows from proposition 2.12 (c). O

Remark 2.16 Part (a) implies that the image of pg ¢ is large, while parts (b)
and (c) state that the image has very limited ramification. We remark that
the conclusion of the theorem ensures that my(pg,¢) = 0 for p # 2,£ and that
ma(pe,e) = 1.

2.3 Galois cohomology

In this section M will denote a continuous discrete Go-module of finite cardi-
nality. If M and N are two such modules we will endow the space Hom(M, N)
of homomorphisms of abelian groups with an action of Gg via the formula

(9(#))(m) = g(¢(g™"m)).

‘We will use M* to denote Hom(M, p1,,(Q)), where n is an integer such that
nM = (0) and where p,,(Q) denotes the group of nt" roots of unity in Q. We
will use V to denote Pontryagin duals. All cohomology groups of profinite
groups will mean continuous cohomology. The general references for this
section are Milne [Mi] and Serre [Sel].

We start by recalling Tate’s local duality theorem (see chapter 1, section
2 of [Mi]).

Theorem 2.17 Let v be a place of Q (i.e. either a prime number or co).
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(a) HY(G,, M) is finite for all i.
(b) For all integers n there are compatible embeddings

H?(Gy, n(Q)) = Q/Z
(i.e. compatible with the maps coming from i, (Q) = um(Q) if njm).

(c) Fori=0,1,2 the cup product and the above embeddings give rise to a
perfect pairing

HY(Gy, M) x H*7(Gy, M*) = H*(Gy, un(Q)) — Q/Z.

(d) If v # oo is a prime, then H (G, M) = (0) for i > 2 and

#H (Gy, M) = #H(Gy, M)#H*(Gy, M)#(M ® Z,,).

(e) If v # 0o and M ® Z,, = 0 then H*(G,/I,, M) and H'(G,/I,, M*!+)
are the annihilators of each other under the pairing

HY(Gy, M) x H(Gy, M*) - Q/Z.

By a collection of local conditions for M we shall mean a collection
L = {L,} of subgroups L, C H'(G,, M) as v runs over all places of Q
such that L, = H'(G,/I,, M*) for all but finitely many v. Note that if
L is a collection of local conditions for M then £* = {Ll} is a collection
of local conditions for M*. If £ is a collection of local conditions for M we
define the corresponding Selmer group, H}(Q, M), to be the subgroup of
z € H'(Gg, M) such that for all places v of Q we have

res,r € L, C H(G,, M).
Suppose that v is a finite place of Q. We have an exact sequence
(0) » H(Gy, M) = M% T2y (b oy HY(G, /1, M) — (0),

and hence we see that #H'(G,/I,, MT*) = #H%(G,, M).

We have the following important observation of Wiles [W3], inspired by a
formula of Greenberg [Gre]. An important theme in number theory has been
the calculation of Selmer groups. This result, although it does not allow the
absolute calculation of Selmer groups, allows the comparison of two (dual)
Selmer groups. In the applications in this paper we shall apply the theorem
where the various data have been chosen to make one of the Selmer groups
trivial. In such a situation it allows the exact calculation of the order of the
non-trivial Selmer group.
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Theorem 2.18 If L is a collection of local conditions for M then the Selmer
group H}(Q, M) is finite. Moreover we have the formula

#Hé(QaM) _ #HO(GQ’M) H #L,
v #H

#HL.(QM*) ~ #H°(Go, M*) %Gy, M)’

We note that all but finitely many terms in the product are 1 so that it makes
sense.

Proof of theorem 2.18: Choose a finite set, S, of places of Q, which contains
00, all the places whose residue characteristic divides the order of M, all
places at which M is ramified and all places at which L, # H(Gy/I,, M'*).
Let Qs denote the maximal extension of Q unramified outside S and let
Gs = Gal (Qs/Q). Then we have an exact sequence

(0) - HE(Q M) - H (Gs, M) - @ H'(Gy, M)/L,.
vES

Because H!(Gs, M) is finite (see cor. 4.15 of ch. 1 of [Mi]), we see that
HL(Q, M) is finite.

Dualising this sequence for M* and using theorem 2.17, we see that we
have an exact sequence

@ L. » H' (Gs,M*)" - HL.(Q M*)" = (0).
v€ES

On the other hand we have the following part of the Poitou-Tate nine term
sequence (see thm. 4.10 of ch. 1 of [Mi]):

0) » H°Gs,M) — (@yes H(Gv, M)) /(1 + )M — HX(Gs, M*)¥
H'(Gs,M*)Y + Does H' (Gy, M) « H'(Gs, M),

where we regard (1+c) M as contained in H°(G, M). Replacing H*(G,, M)
by L, for v € S and combining this with the previous exact sequence we get

0 = H°Gs,M) = (D,es H Gy, M)) /(1 + )M
Bues Lo « H(QM) « H*(Gs, M*)¥
H'(Gs,M*)" - Hp.(Q M*)Y = 0)-

Theorem 2.18 follows from this and the global Euler characteristic formula
(see thm. 5.1 of ch. 1 of [Mi]):

#H'(Gs, M*) __ (#M)

ZHO(Gs, MY #H?(Gs, M*) _ #H(Goo, M*) #(1+ M.

O
We remark, but will not use elsewhere in this article, that the above
argument works over any number field:
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Theorem 2.19 Let F be a number field and M a discrete Gr module of
finite cardinality. For each place v of F let G, denote a decomposition group
at v and if v is finite let I, C G, denote the inertia group. Fiz subgroups
L, C HY(Gy, M), and such that for all but finitely many v,

L, = HY(G,/I,,M").

Let H:(F, M) (respectively, H:.(F, M*)) denote the inverse image of [, L,
(respectively, [], L) under the map H (Gp, M) — [, H*(G,, M) (respec-
tively, H'(Gp,M*) = [], H(Gy, M*)). Then H}(G,M) and H}.(G,M*)
are finite and we have the formula

#HE(FaM) _ #HO(GFaM) H #Lv
#HL.(F,M*) ~ #H°(Gr,M*) Ll #H°(Gy, M)’

2.4 Representations of G,

In this section we assume that £ is an odd prime. If G is any topological
group then by a finite O[G]-module we shall mean a discrete O-module of
finite cardinality with a continuous action of G. By a profinite O[G]-module
we shall mean an inverse limit of finite O[G]-modules.

If M is a profinite O[G¢]-module then we will call M

e good if for every discrete quotient M " of M there is a finite flat group
scheme F/Z, such that M' = F(Q;) as ZG/]-modules;

e ordinary if there is an exact sequence
0) = MY 5 M - MO 5 (0)

of profinite O[G/]-modules such that I, acts trivially on M(®) and by e
on M(~1) (equivalently, if for all 0,7 € I, we have (o —€(0))(t—1) =0
on M);

e semi-stable if M is either good or ordinary.

Suppose that R is a complete Noetherian local O-algebra with residue field
k. We will call a continuous representation p : G; = GL3(R) good, ordinary
or semistable, if

detp|r, =€ (2.4.1)

and if the underlying profinite O[G]-module, M, is good, ordinary or semi-
stable. We write p for p mod mpr. We record the following consequence of
Nakayama’s lemma.

Lemma 2.20 If M, and p are ordinary, then M,S—l) and M,(,o) are each free
of rank one over R and p is ordinary.
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Remark 2.21 (a) These definitions are somewhat ad hoc, but at the mo-
ment that is all that seems to be available (though the work of Fontaine
and Laffaille [FL] and its generalisations may well provide a more sys-
tematic setting).

(b) For part of the motivation for our definitions, see proposition 2.23 and
remark 2.24. For further motivation, we shall see in the next chapter
that representations arising from certain modular forms are semistable.
Moreover the Fontaine-Mazur conjecture predicts that, conversely, any
representation of Gg with semistable restriction to G, arises from such
a modular form. We shall state a weak form of the Fontaine-Mazur
conjecture below (conjecture 3.17).

(c) The terminology in [W3] to describe representations of G is slightly
different. In particular, we impose the condition (2.4.1) in our defini-
tions of good and ordinary, as this is all we shall need here. Assuming
p satisfies this condition, the notion of ordinary in [W3] coincides with
the one here, and p is flat in the sense of [W3] if and only if it is good
but not ordinary. (Note that a representation may be both good and
ordinary, for instance pg . for an elliptic curve with good, ordinary
reduction; see proposition 2.23.)

The following assertions, in the good case, are consequences of results of
Raynaud [Ray] (in particular, see sec. 2.1, prop. 2.3.1 and cor. 3.3.6 of [Ray]).
In the ordinary case they are elementary.

Lemma 2.22 (a) Good profinite O[G]-modules are closed under taking
sub-objects, quotients and direct products. The same is true for ordi-
nary profinite O[G]-modules.

(b) Suppose that M is a profinite O[G]-module and that {M;} is a family
of sub-objects with trivial intersection, such that each M/M; is good
(resp. ordinary). Then M is good (resp. ordinary).

(c) If M is a finite O[G¢]-module then M is good if and only if there is a
finite flat group scheme F[Z, such that M = F(Q¢) as ZG¢]-modules.

(d) If M and M' are profinite O[G¢]-modules with M' = M as Z[I,}-
modules then M is good (resp. ordinary) if and only if M' is good
(resp. ordinary).

(e) Suppose that M is a profinite O[G)-module which is finite and free over
O. Then M is good if and only if there exists an ¢-divisible group F[Z,
such that M is isomorphic to the Tate module of F as a Z[G)-module.

Together with results stated in section 2.2, we have the following.

Proposition 2.23 Suppose that E is an elliptic curve over Q and O = Z,.
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o if E has good (resp. semistable) reduction at £, then pg ¢ and pg . are
good (resp. semistable);

e if E has semistable reduction at ¢, then pg is ordinary if and only if
PE,¢ 1s ordinary if and only if either E has multiplicative reduction or
F has good ordinary reduction.

Remark 2.24 It is also true that if pg ¢ is good (resp. semistable), then E
has good (resp. semistable) reduction at £, but the result is more difficult
and we shall not need it.

We will need a few more definitions. We will let v : I, — F, denote

the character ¢ — (ocw)/w mod ww where w = Vi If Fis a field of
characteristic other tha.n_f and if M is a profinite Z¢G/]-module then we set
MQ1) = li{_r_n M ®z, pen (F). If p: G¢ = GL2(R) is ordinary the extension

(0) » R(1) > M, - R — (0)

of R[I,;]-modules gives rise to a class c, € H!(I;, R(1)). Kummer theory and
the valuation on (Qf‘ )X give rise to a map v : H'(I;, R(1)) - H®z,R — R,
where H denotes the f-adic completion of (@z" )*. Then we also have the
following lemma.

Lemma 2.25 (a) If p: Ge = GL2(k) is good then either p is ordinary or
Al ®k=yp oyt

(b) If p: G¢ = GL3(R) is such that M, is good and p is ordinary, then p
is good and ordinary.

(c) If p: G¢ = GL2(R) is ordinary then p is good if and only if v(c,) = 0.

Note that we need only consider the case that R has finite cardinality
to prove the lemma. Parts (a) and (b) again follow from Raynaud’s results
[Ray] (for part (b) consider the connected-étale sequences for M, and Mj).

We sketch the proof of part (c) using an argument suggested to us by
Edixhoven. As in [Edi], prop. 8.2 it suffices to determine which extensions

(0) — R(1) — M — R — (0) (2.4.2)

of R[I;]-modules arise from finite flat group schemes over Zj*, the ring of
integers of the maximal unramified extension of Z,. By prop. 17.4 of [Oo],
the extension (2.4.2) arises from a finite flat group scheme if and only if it
corresponds to an extension of sheaves of R-modules in the fpqc topology
over Zj*. Therefore we must compute the image of

EXt%i—mod/quc(R7 R(l)) - EXt}i[Ig](R’ R(l))
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Since the sheaf Ext! of R by R(1) vanishes, this is equivalent to computing
the image of
Hflpqc(Z?r’ R(l)) - H' (Ila R(l))

Part (c) follows from the fact this is precisely the kernel of v.

Remark 2.26 The authors expect that the theory of Fontaine and Laffaille
[FL] discussed in the next section could be used to prove that if

p:Gy— GLz(R)

is such that M, is good and p is good, then det p|;, is cyclotomic, i.e., p is
good.

For semistable representations p : Gy = GL2(O/A™) we shall define O-
submodules

H}(Ge,adp) C HA(Ge,adp) C HY(Ge,adp).

Before doing so, let us consider more generally a continuous representation
p of a profinite group G with values in GLq4(O/A™). For each continuous
cocycle € : G — adp, we define,a representation

Pe G- GLz(Rn)
g~ (1+¢€£(9))p(9)

where R, = (O/A\")[e]/(¢2). We find that the map £ — p¢ induces a bi-
jection between H!(G,adp) and equivalence classes of representations p' :
G — GL2(R,) such that p = p' mod eR,,, where p] and p) are deemed
equivalent if they are conjugate by an element of 1 + eM2(R,). Now let M,
denote the (O/A™)[G]-module corresponding to p, and for each continuous
cocycle &, let E¢ denote the R,[G]-module corresponding to p;. Note that
multiplication by & defines an isomorphism from M, = E¢/eE¢ to eE; of
(O/A™)[G]-modules. We thus obtain an extension

0O->M,->E; > M,—0

and hence a class in Ext!(M,, M,) in the category of profinite (O/\")[G]-
modules. Moreover if p¢, and pg, are equivalent, then E¢, and E, define the
same extension class. We thus obtain a map

Hl (G’ a'dp) - Eth (Mpa MP):

which the reader can check is an (O/A")-linear isomorphism. Classes in
H'(G,ad®p) correspond to the equivalence classes of representations p' satis-
fying det p’ = det p, and ¢ in Hom(G, O/A™) corresponds to the twist of p by
the character g — 1+e¢(g). In the case £ f/d where we have the decomposition

H'(G,adp) = H'(G, ad’p) ® Hom(G, O/\™),
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we see that if p’ corresponds to a class in H!(G, adp), then the projection to
Hom(G, O/A\™) is the homomorphism ¢ such that det p' = (1 + ed@) det p.
We now return to the case of a semistable representation

p: Gy > GL2(O/A™)

and define the cohomology groups H} (Ge,adp) and HL(G¢,adp) as follows.
Let HL(G¢,adp) denote the natural image in H!(G¢,adp) of Ext'(M,, M,)

taken in the category of semi-stable profinite O/A"[G¢]-modules. If p is
not good then H}(G¢,adp) is defined to be HL(G¢,adp). If, however, p
is good then H}(G¢,adp) will denote the natural image in H(G¢,adp) of
the group Ext'(M,, M,) taken in the category of good profinite O/\"[G]-
modules. We define H} (G, ad’p) (resp. HL(G¢,ad’p)) as the intersection of
H}(Gy,adp) (resp. HL(Ge,adp)) and H'(Gy,ad’p). Note that if p is good
(resp. semistable) and € : G¢ — adp is a cocycle, then E; is good (resp.
semistable) if and only if p¢ is.

Suppose that p : Gy = GL2(O/A") is ordinary. Consider the exact

sequence
0 M o M, » M >0,

where M,S_l) denote the maximal submodule of M, where I, acts by €. Let
ad("Yp denote the submodule Hom(M,So), M,S—l)) of ad®p. Then

HZ(Gt,adp) = ker (H' (G, adp) — H*(Ip,adp/ad =" p)).

The same is true with ad® replacing ad.
If p: Gy - GLy(0O) is semi-stable then we set

H{ (Gr,adp ® K/O) = lim Hi (G, adp ® (\™"/0)) C H'(Gr,adp ® K/O).

We define H} (G¢,ad’p ® K/O) as
H}(Gy,adp ® K/O) N HY(Gy,ad’p ® K/O).

We make similar definitions for HX (G, adp® K /O) and HL (G¢,ad’ p@ K/ O).
We will need the following calculations.

Proposition 2.27 (a) Suppose that p : Gy — GLy(k) is semi-stable. Then
#H;{ (Gy,ad’p) < #H®(Ge,ad’p)#k
and equality holds if p is ordinary’®.
(b) Suppose that p : G¢ = GL2(0O) is both good and ordinary. Let x1 and
X2 be the unramified characters such that p ~ (Xde ;2 ) Let

ce = (x1/x2)(Frob,) — 1.

3The authors expect equality to hold without this hypothesis; cf. remark 2.26.
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If ¢y #£0, then
HL(G¢,2d% @ K/O)/H} (Gy,ad’p @ K/O)
is finite of order #(0/c.0).
(c) If pmod X is either not good or not ordinary, then
HL(Gy,ad’ ® K/O) = H} (Gy,ad’p ® K/O).

Proof. Part (c) is clear, and for parts (a) and (b) it suffices to prove the
following two results.

Proposition 2.28 Suppose that p: Gy & GLy(O/\™) is good. Then
#H; (Ge,adp) = #H®(Ge,ad’p) (#O/A")".

Lemma 2.29 Suppose that p : Gy = GLy(O/A") is ordinary, so that we
have p ~ (xde ;2), for some unramified characters x; and xa.

(a) We have
#Hy(Ge,ad’p) < #HO (G, ad’p)#(O/ A" #(0/ (A", c2))

where ¢g = (x1/x2)(Frobg) — 1. Moreover if p is good, then equality
holds.

(b) If n =1 and p is not good then #HL(Gy¢,ad’p) = #k.

End of proof of proposition 2.27- To deduce proposition 2.27 (in the good
case) from proposition 2.28 and lemma 2.29, note that if p : G = GLy(O/\™)
is good, then

HY(Ge/I;,0/X") C H{ (Ge,adp) N H' (Gr, O/X")

by lemma 2.22 (d), and this gives the inequality in proposition 2.27(a). Fur-
thermore if p is also ordinary, then the above group is contained in

Im (H}(Ge,adp) = H'(Ge, O/A™)) C H'(Ge/I, O/ ")
where the last inclusion comes from lemma 2.25 (b). Therefore
#H{ (Ge,ad’p) = #H°(Ge,ad’p)#(O/A™).

O

We will prove proposition 2.28 in the next section using the theory of
Fontaine and Laffaille. The proof of lemma 2.29 is a somewhat technical
exercise in the Galois cohomology of local fields, for which we refer the reader
to ch. 1 of [W3], prop. 1.9, parts (iii) and (iv). We remark that for our



H. Darmon, F. Diamond and R. Taylor 63

purposes, inequalities would suffice in part (b) of proposition 2.27 and part (a)
of lemma 2.29 (and this is all that is proved in [W3]). We have included the
precise formulas for the sake of completeness, since they are not much more
difficult to obtain. The only additional observation required is that if p is
good, then the composite of the natural maps

HY(G¢/Ir, (ad’p/ad "V p)¢) — H'(G,,ad’p/ad "V p) - H*(Gy,ad"p)
is trivial. To prove this, rewrite the composite as
HY(Gy/It, 0/ A™) = HY (G, O/A™) = H?(Gy,ad"Vp)

with the second map given by Uc, where ¢, is the class in H!(Gy, ad(—Y) p)
defining the extension M, and apply lemma 2.25 (c). (In fact, one only needs
the easier half of lemma 2.25 (c): if p is good then v(c,) = 0.)

2.5 The theory of Fontaine and Laffaille

In this section we again assume that £ is an odd prime. We mentioned
in the last section the importance of understanding good representations of
Gy. However the definition of good is somewhat indirect, and this makes
computations difficult. The key result we use to address the problem is an
equivalence between the category FFo of good finite O[G¢]-modules and a
category MFo which we define below following Fontaine and Laffaille [FL].
The beauty and utility of the result stems from the elementary algebraic
nature of the definition of MJFp; we can convert questions about good rep-
resentations into questions in linear algebra.

Remark 2.30 Let GFp denote the category of finite flat commutative group
schemes over Z, with an action of O. By results of Raynaud [Ray], taking
Qe points defines an equivalence between the categories GFo and FFo. The
equivalence between GFp and a category closely related to MFo was first es-
tablished by Fontaine [Fo2] and [Fol]. While Fontaine’s results would suffice
for our purposes here, our formulation will be closer to that in [FL], where
an equivalence between MJFp and FFp is defined as part of a more general
construction of representations of G, from linear-algebraic data. We caution
however that our formulation is not exactly the same as that of [FL] since
we wish to work with covariant functors.

We now turn to the definition of MFo. The objects are O-modules D of
finite cardinality together with a distinguished submodule D° and O-linear
maps ¢_; : D = D and ¢ : D° = D which satisfy:

® ¢_1|po = Lo,
e Im¢_; +Im¢o = D.
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The morphisms are O-linear maps compatible with the additional data of
the distinguished submodules and maps ¢.
It is useful to note that if D is an object of M F g, then there is a surjection

$_1® ¢o: D/D° ® D°/¢D® —» D/Lpo(D"),

and on counting orders we see that this is in fact an isomorphism. Thus there
is an isomorphism

D/(D° + AD) ® D°/AD® 5 D/AD.

It follows that D°/AD® — D/AD is injective, and hence that D° is (non-
canonically) a direct summand of D as an O-module. Note also that ¢ is
injective, and if D = D°@® D' as O-modules, then also D = ¢o(D°)®¢_1(D’)
as O-modules.

It is then straightforward to check that there is a contravariant functor
* from MFp to itself defined by:

e D* =Hom(D, Q¢ /Zy);

e (D*)° = Hom(D/D®, Q/Z);

o ¢%,(f)(2) = f(fz +y), where z = ¢_1(z) + do(¥);

e ¢3(f)(2) = f(z mod D°), where z = ¢_;(z) mod (¢oD?).

Moreover the canonical isomorphism D = (D*)* of O-modules defines a
natural isomorphism in MFg.

We leave it as an exercise for the reader to use the above observations to
define cokernels and then kernels of morphisms in MFp and verify that it is
an abelian category (or see [FL], sec. 1).

Theorem 2.31 There is a covariant functor D : FFo — MFpo which de-
fines an O-additive equivalence of categories. Moreover if M is an object of
FFo, then we have

(a) M and D(M) have the same cardinality;
(b) D(M) =D(M)° if and only if M is unramified.

Remark 2.32 (a) It follows on applying part (a) to M /XM for each i that
M and D(M) are in fact (non-canonically) isomorphic as O-modules.

(b) As mentioned above, our formulation differs from that of Fontaine
and Laffaille in that we are using covariant functors. To deduce theo-
rem 2.31 from the results in [FL], sec. 9, we define D as a quasi-inverse
of the functor U g(-*[1]), where Uy is defined in [FL] and [1] indicates a
shift by 1 in filtration degrees. In particular, if F is a finite flat group
scheme over Z, with an action of O, then the underlying O-module of
D(F(Q¢)) can be identified with the covariant Dieudonné module of
F/¥,, and ¢_; with F.
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Suppose now that p : G; = GL2(O/A\™) is a good continuous repre-
sentation. Let D, = D(M,) be the corresponding object of MFo. Then
D, = (0/A™)? as an O-module while DY = O/A".

Lemma 2.33 The following are isomorphic.

(a) The group of extensions of M, by itself in the category of good finite
O/A™[G(]-modules.

(b) The group of extensions of D, by itself in the full subcategory of MFo
consisting of objects which are O/A™-modules.

(c) Pairs (a_1, o) where a_, € Homo(D,, D,), ag € Homo (DY, D,) and
Lag = a_4| DY, modulo pairs of the form

(a¢p,—1 - ¢p,—la, ad’p,O - ¢p,0a|D°)
where a € Homo(D,, D,) and aDY C DS.

Proof- The first two groups of extensions are isomorphic by the Fontaine-
Laffaille theorem. Following Ramakrishna [Ram] we explain how to calculate
the second group of extensions. We will write D for D,. If

(0)»D—E— D —(0)

is an extension then we have as @-modules that E = D? by an isomor-
phism such that E® 5 (D°)2. Then E is determined by giving elements
ag,—1 € Hom(D, D) and ag,o € Hom(D%, D) with lago = ag,—1|po. Ex-
plicitly
_ (%=1 aE,1 _ (%0 a0
sr-1= (%' G7) and dma= (T %)

0

Two such extensions E and E’' are isomorphic if there is an element
a € End (D) such that aD° C D°,

(89) (%) = (% 5) (89).

la) (¢oaro) _ (PoaE0)(lalpo).

(01)(0 do )—(0 oo )(0 P )’
or equivalently if aD® C D%, ap,—1—ap',—1 = ¢—1a—a¢_; and ago—agp o =
¢oa|po — agp. The lemma follows. O

Corollary 2.34 The group, H} (G¢, adp), of extensions of M, by itself in the
category of good, finite O/A\"[G¢]-modules is (non-canonically) isomorphic to
(0/2™)?2 & HO(I,, M,).
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Proof: Choose generators eg,e—; of D, such that e is a generator of D°.

With respect to this basis let ¢p have matrix (g) and ¢_; have matrix

(g %) If a has matrix (%‘ gg) then a direct calculation shows that

(ap-1 — ¢-1a, ago — doa|po) =
Y} - —¢
(s e @ 2220~ 9) (@ 02))

Thus the Ext group we want is the quotient of the set of pairs of matrices
(a—1,0ap) as above by the submodule generated by

Lzw—Lx (z 0 —-y) (0
((5°2%:7)(8) = ((&)-(2))-
Note that either z or w is a unit in O/X from which it follows that the
Ext group we want is isomorphic to (O/A")? @ O/(z,A"). On the other

hand H®(I,, M,) corresponds to the largest submodule C C D° such that
$oC =C,ie. C={d€ D%:2d =0} =0/(z,A"). O

Corollary 2.35 Suppose that p : G, = GLy(O/\") is a continuous good
representation. Then H}(Gy,adp) is isomorphic to (O/A\")? @ H%(G¢,ad%p).

Proof: If p is not ordinary then H%(Gy,ad’p) and H°(I,, M,) are both triv-
ial, so suppose that p is ordinary. In this case, let p' denote the ordinary
representation defined by

M, = Hom(M,(,o), M,) C ad’(p),
and let M,S,_l) = ad®(p)(~1). Then
H®(Gy,ad’) = H°(Gy, M) C H(Iy, M,0) = H(I;, M,,).
Since HO(I;, M f,,' 1)) is trivial, the restriction homomorphism
HY(Ge, MTV) —» HY (I, MGV)
is injective. We deduce from the long exact sequences associated to
0) = M5V 5 My — O/A" 50
that HO(Ge, M) = H°(I;, M,). 0O

2.6 Deformations of representations

In this section we shall review Mazur’s theory of deformations of representa-
tions of profinite groups (see [Maz3]).
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Let Co denote the category whose objects are complete noetherian local
(O-algebras with residue field ¥ and whose morphisms are (-algebra homo-
morphisms which are local (i.e. take maximal ideals into maximal ideals).
(The structure maps from O to every object of Co are also assumed to be
local.) Let G denote a topologically finitely generated profinite group and let
p denote an absolutely irreducible representation of G into GLg4(k). (In fact
all we shall use in the sequel is that k is the centraliser in My4(k) of the image
of 5.) Let Dy denote the category of profinite O[G]-modules with continuous
morphisms. We will let D denote a full subcategory of Dy which is closed
under taking sub-objects, quotients and direct products and which contains
Mj;. Note that if M is an object of Dy and M; is a collection of subobjects
which have trivial intersection and such that each M/M; is an object of D,
then M is an object of D, since M C [, M/M;.

Let x : G = O* be a continuous character such that det 5 = x mod A.
By a lifting of p of type D = (O, x, D) we shall mean an object R of Co and
a continuous representation p : G - GL4(R) such that:

(a‘) P mod mp = P,

(b) detp = x,
(c) M, is an object of D.
Note that if  : R — R’ and p: G = GL4(R) is of type D so is ¢ o p.

Theorem 2.36 There is a lifting pif" : G — GL4(Rp) of p of type D
such that if p : G = GL4(R) is any lifting of p of type D then there is a
unique homomorphism of O-algebras ¢ : Rp — R such that p is conjugate to
$opP™.

The representation p§iiv is referred to as the universal deformation of type
D. Mazur [Maz3] proved this theorem for Dy and certain other categories
D. Ramakrishna [Ram)] observed that the arguments work with any cate-
gory D satisfying the above hypotheses. We will sketch a proof which was
suggested by Faltings. (We remark that another explicit construction of the
deformation ring has been given by de Smit and Lenstra in [dSL).)

Proof of theorem 2.36: Choose a sequence gy, ..., g- of topological generators
of G and liftings A,,..., A, of p(g1),...,0(gr) to M4(O). Define a mapping
t: M4(O) = M4(O)" which sends z to (zA; — Az, ...,zA, — A,z). Since ¢
has torsion-free cokernel, so we can decompose

M;(0)" = (Ma(0)) &V,

for some submodule V C M4(O)". If p : G = GL4(R) is a lifting of 5 of type
D set v, = (p(g1) — A, ..., p(9r) — A;) € Mg(R)". Note that v, = 0 mod mp
and that v, completely determines p. We call the lifting p well-placed if v,
belongs to V®e R C M4(R)". The crucial observation is the following result.
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Lemma 2.37 If p: G = GL4(R) is a lifting of p of type D then there is a
unique conjugate p' of p which is well-placed.

The lemma is first proved for algebras R such that m% = (0) by induction
on n, and then one deduces the general case.

In virtue of the lemma it suffices to find a universal well-placed lifting of
type D. Let ej,...,e; be a basis of V' as an O-module. If p is a well-placed
lifting of p of type D then we can write v, = }_;_, v, ;e; for unique elements
v,,i € mp and we can define a homomorphism

8,:O[[Ty,...Ts]] » R

sending T; to v,;. Note that p is completely determined by 6, (p(g:) =
A; + 335, 0,(Tj)eji, where e; = (eji1, -, €jr)). Let I denote the intersection
of all ideals J of O[[T1, ..., Ts)] such that there is a representation py : G —
GL4(O[[Ty, ..., Ts]}/J) of type D with py(gi) = Ai + 325, Tjeji for all i. Let
Rp denote the quotient of O[[T1, ..., T;]] by I. Then one can check that there
is a representation p"™V : G — GLd(RD) with p""¥(g;) = Ai + 35, Tjej
for all 4, and that this is the desired universal representation. 0O
We will need a few elementary properties of these universal deformations.
More precisely we will need to know how these universal rings change when
we change the base field, we will need to know how to calculate the equi-
characteristic tangent space of these rings and more generally how to calculate
gp/p? for certain prime ideals p. The first of these lemmas is a remark of
Faltings, the second is due to Mazur [Maz3] and the third to Wiles [W3].

Lemma 2.38 Let K'/K be a finite extension with ring of integers O’ and
residue field k'. Let D' denote the full sub-category of the category of profinite
O'[G]-modules such that the underlying object of Do is actually an object of
D. Let D' = (O',x,D'). Then Rp: = Rp ®p O' and piiY = piv® 1.

Proof: Let Rp: denote the subring of Rp: consisting of elements which re-
duce modulo the maximal ideal to an element of k£ C k. Similarly let Rp
denote the subring of Rp ® o O’ consisting of elements which reduce modulo
the maximal ideal to an element of ¥ C k’. Then p‘"“" is in fact valued in
GLd(RD:) and p§v ® 1 is in fact valued in GLd(RD) The universal prop-
erties give natural maps a : Rp — Rp and B8: Rpr = Rp ®0 ©'. Moreover
they show that the composite (¢ ® 1) o 8 : Rpr = Rp- is the identity and
that Boa : Rp = Rp is the natural embedding. Thus 3 is an isomorphism.
O

We will let D(™) denote the full subcategory of D whose objects are killed
by A". Suppose that M is an object of Dy which is finite and free over
O/A™. Recall from section 2.4 that H'(G, End (M)) may be identified with
Ext,lD(()..) (M, M). If M is an object of D(™ which is finite and free over O/A™,

then we have a natural inclusion

Exthm (M, M) C Ext] ) (M, M) = H'(G,End (M)).
0
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We define H}(G,End (M)) to be the image of Ext]y.,(M, M) in the group
H'(G,End (M)), and H}(G,End°(M)) to be the intersection

H'(G,End°(M)) N H}(G,End (M)).

Lemma 2.39 There is a canonical isomorphism of k-vector spaces
Homy (mRD /(’\’ m?ip )a k) = H%)(G’ adof-’)'

Proof There is a natural bijection between Homg(mg,/(A, m%, ), k) and
the set of (0-algebra homomorphisms from Rp to the algebra k[e] where
€2 = 0 (the correspondence associates ¢ : Rp — k[e] to @|mp, ). Hence
there is a bijection to the set of liftings p : G = GLg(k[e]) of p of type D,
modulo conjugation by elements of 1 + eMy(k). On the other hand, recall
from section 2.4 that there is a natural bijection between Ext,lD‘(’l) (M5, M5)

and the set of of all continuous liftings p : G = GLg4(k[e]) of p modulo
conjugation by elements of 1+ eMy(k). Moreover a lifting p is type D if and
only if det p = det p and the corresponding extension M, is an object of D.
The lemma follows on checking linearity. O

Now suppose that § : Rp — O is an O-algebra homomorphism. Let p
denote the kernel of 8 and let p = 6 o piiv. We set

HL(G,ad’» ® K/0) = lim HL(G,ad’p ® A™"/0) c H'(G,ad’p ® K/O).

Lemma 2.40 There is a canonical O-linear isomorphism
Homo (p/p?, K/O) = Hp(G,ad’p ® K/O).

Proof. One shows in a very similar manner to the proof of lemma 2.39 that
for all n there is a natural isomorphism.

Homo (p/p?, O/A™) = H5(G,ad’p ® O/\™).

2.7 Deformations of Galois representations

Again in this section we assume that £ is an odd prime. Let p: Go — GL3(k)
denote a continuous absolutely irreducible representation. Suppose moreover
that det p = € and that g is semi-stable in the sense that

® plg, is semi-stable,
e and if p # £ then #p(I,)|¢.

Note that if E/Q is a semistable elliptic curve then pg . : Go = GL2(Fe),
satisfies these conditions if it is irreducible. By a theorem of Mazur (theo-
rem 2.9) this will be the case if £ > 7.

Let ¥ denote a finite set of prime numbers. If R is an object of Co then
we say that a continuous lifting p : Go = GL2(R) of p is of type ¥ if the
following hold.
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detp =e.

pla, is semi-stable.

If £ ¢ ¥ and p|g, is good then plg, is good.

If p g U {£} and p is unramified at p then p is unramified at p.

o If p g T U {£} then p|1, ~ ((1) I)

Roughly speaking we require that at primes p € X, p is as unramified as could
be hoped for and we require that p|g, is semi-stable. Note that if ¥ C X'
and p is a lifting of type ¥ then it is also a lifting of type ¥'. Note also that
if E/Q is an elliptic curve which is semi-stable at £ and for which pg ¢ is
irreducible and semi-stable, then pg,: Go = GL2(Z,) is a lifting of type ¥
if ¥ contains all the primes for which E has bad reduction.

Now suppose that p : Gg & GL2(O/A") is a lifting of p of type . We
will write HE(Q,ad%) for H}_(Q,ad’p), where

o Ly, = H'(Gp/Ip, (ad’p)") if p & T U {£};
 Lyp=H"(Gp,(ad’p) if pe T and p # ¢;
o Ly, = H}(Gy, (ad%)) if £ & Z;
o Ly, = HL(Gy,(ad%)) if L € X.

Note that the pairing ad®p x ad®p — @/A™ given by (a, b) — tr (ab) is perfect
and respects the action of Gg (i.e. tr ((ad®p)(g)a, (ad®p)(g)b) = tr (ab) for all
g € Gg). Choosing a generator for the O-module Hom(O/A", Q¢ /Z;), we
obtain an isomorphism of O[Gg]-modules

ad’p(1) = Homoe (ad®p, ©/A™)(1) =» Hom(ad®p, Q¢ /Z)(1) = (ad’p)*.

The O-submodule of H'(Q,ad%p(1)) corresponding to H IE(Q, (ad®p)*) is

independent of the choice of generator and we denote it HL(Q,ad’p(1)).
Thus HL(Q,ad’p(1)) is defined by the local conditions {L$,} where the
orthogonality is with respect to the pairing

HY(G,,ad’p) x H'(Gy,2d’p(1)) = Q¢/Z¢

arising from the above isomorphism. We may equivalently regard the or-
thogonality as being with respect to the natural perfect O-bilinear pairing
defined by the composition

HY(Gy,ad%) x H(Gy,ad’p(1)) = H2(G,,ad’p ®0 ad’p(1))
= H2(G,,0/\*(1)) = O/A™.

Note that if p # £ we have that
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o Lf = HY(G,p/Ip,(ad’p)(1)?) if p & 5
o Ly =(0)ifpeX.

If p: Gog = GLy(O) is a lifting of p of type X, we will write
Hy(Q adp® K/ O) for the direct limit lim H3(Q,ad°p®A~"/0), and H:(Q, ad"p(1)®
K/O) for the direct limit lim HL(Qad’(1) ® A~"/0).

The main result we need about deformations of p is the following.

Theorem 2.41 There is a universal lifting p™" : Gog = GL2(Rsx) of p of
type T, i.e. pMiV is a lifting of type & and if p: Gg = GL2(R) is any lifting
of type X then there is a unique O-algebra homomorphism ¢ : Ry — R such
that p ~ ¢ o piPiv. Moreover we have the following.

a) If K'/K is a finite extension and Ry, is the corresponding deformation
T -
T‘i’ng then R’E = Ry, R0 O and (p%nw)l — p%mv ®1.

(b) Rs can be topologically generated as an O-algebra by dimy HL(Q, ad®p)
elements.

(c) If  : Rs — O is a O-algebra homomorphism, if p = ¢ o ps and if
p = ker ¢ then Hom(p/p?, K/0O) = HL(Q,ad’p ® K/O).

Proof. Let Ly denote the fixed field of 5. Let L, (for n € Zso) denote the
maximal elementary abelian f-extension of L,_; unramified outside ¥, {£}
and the primes where p ramifies. Let Lo, = |J,, L and let G = Gal (L /Q).
Note that any lifting of p of type T factors through G. Gal (Lo /Lo) is a pro-
£-group and its maximal elementary abelian quotient, Gal (L;/Lg), is finite
by theorem 2.2. We deduce from the following lemma that Gal (Lo /Lo) and
hence G are topologically finitely generated. (See for instance [Koc] Satz 4.10
for a proof of this lemma.)

Lemma 2.42 Let H be a pro-£-group and H its mazimal elementary abelian
quotient. Suppose hy,...,h, € H map to a set of generators of H, then
hi, ..., hy topologically generate H.

Let D denote the category of profinite O[G]-modules M for which
e M is semi-stable as an O[G¢]-module,
e if /¢ ¥ and if p is good then M is good as an O[G]-module,

e if pZ ¥ U {¢} and if p is ramified at p then there is an exact sequence
of O[I,]-modules

0) = MY 5 M - M© - (0),

such that I, acts trivially on M(~1) and M©.
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Then we see that a lifting p : Go = GL2(R) of p is of type I if and only if
e p factors through G,
o detp=e,
e M, is an object of D.

The existence part of theorem 2.41 now follows from theorem 2.36 and
part (a) follows from lemma 2.38. Parts (b) and (c) follow from lemmas 2.39
and 2.40, and the following observation:

If p: Gg & GLy(O/A") is a lifting of type ¥ and if p € X U {l} is a prime
where p ramifies then

ker (H'(Gyp,ad’p) = H'(Ip,ad’p/(ad’p)")) = H'(Gp/Ip, (ad’p)").
(2.7.1)

Equation (2.7.1) follows from the fact that the natural map
H'(Iy,ad’p) —» H'(I,,ad’p/(ad’p)")
is an injection (in fact an isomorphism). It is nothing other than the map
(ad’p)1, = (ad’p/(ad’p)"?)1, .
This completes the proof of theorem 2.41. a

Corollary 2.43 Suppose that if £ = 3 then p|g,, (v=3, is absolutely irreducible.
Then Ry can be topologically generated as an O-algebra by

dimi H3(Q,ad6(1)) +de+ Y dimg H°(Q,,ad’5(1))
peET—{£}

elements, where dy = dimy HX(Qy,ad’p) — dimy H} (Q¢,ad’p) if £ € T, while
de=0ifegs.

Proof. Note that H°(Q,ad’5(1)) = 0 unless £ = 3 and PlGg =5, is mot

absolutely irreducible. Thus according to theorem 2.18, dim; HL(Q,ad’p) is
the sum of the following terms.

e dim; HL(Q,ad’5(1)).

o dim; H}(Q,2d’p) — dimg H°(Qy,ad’p) — dimy H°(R,ad’s) < 0 by
proposition 2.27.

® d;.
e Foreachpe T - {l},
dimy H'(Q,,ad’p) — dimy, H°(Q,,ad’p) = dimy H®(Qp,2d°5(1))

by the local Euler characteristic formula (see theorem 2.17).
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2.8 Special cases

In this section we will restrict attention to the deformation problems associ-
ated with sets Q of certain special primes q. These sets () are chosen so that
the associated deformation ring Rg enjoys a number of special properties
which will be crucial in the sequel. In particular we will only consider sets Q
of primes g which satisfy the following two properties

e ¢g=1modY/,
e p is unramified at ¢ and p(Frob4) has distinct k-rational eigenvalues.

For such primes g we will let A, denote the maximal quotient of (Z/qZ)*
of £-power order. Then A, is naturally a quotient of both G4, and Gg via the
map

Xq : Go = Gal(Q(¢)/Q) = (Z/9Z)* —» Aq.

We will let Ag = [[,cq Ags X@ = [1,e0Xq : Go —* Aq and ag denote the
augmentation ideal of O[Ag]. Note that there is an isomorphism

O[22 O[[S, : ¢ € QII/((1+8,)*47 ~1:q € Q)

under which ag corresponds to (S; : ¢ € Q).
For each q € Q, we choose an eigenvalue a4 of p(Frob,) and denote the
other 3,.

Lemma 2.44 If ¢ € Q then p§f"|g, is conjugate to (g e{:q-l) for some
character £ such that £(Frob,) = aq.

Proof: Choose a lifting f € G, of Frob,. As p(f) has distinct k-rational
eigenvalues it is a simple application of Hensel’s lemma to see that we can

choose a basis such that p“Q““'( fl= O(‘)q ﬂ? ) where &, and §, reduce to o,
q

and f3, in k. It suffices to show that for any o € I, py"" (o) is diagonal in this
basis. Suppose p§¥(o) = 15 + (g 3) with a,b,c,d € mp,. Because p&”
is tamely ramified at g we see that p& ()™ (0)pE™ ()1 = p§™ (0)?.
Thus (&4/8; — q)b and (8,/d4 — g)c lie in mg, (b, ¢) so that (b, c) = mgq (b, c)
and (by Nakayama’s lemma) b =c = 0. O

We let £, o denote the character £ : G, — Ry in the conclusion of the
lemma. The restriction of £, g to I, factors through x,. We let {g denote
the character Go — RS which is unramified outside the primes of @ and
whose restriction to I, is &, for each ¢ in Q. Thus £q factors through xq.
We wish to regard Rg as an O[Ag)-algebra, and it will be most convenient
to do so via the map which gives rise to 552. Note the following consequence
of the lemma 2.44.
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Corollary 2.45 The natural map Rg — Ry gives rise to an isomorphism
Rq/aqRq — Re.

Lemma 2.46 (a) If g € Q then H°(F,,ad’s) = HO(F,,ad’5(1)) = k and
Hl(Fq)a'dop) = Hl (]Fq,a.doﬁ(l)) =k.

(b) Rgq can be topologically generated as an O-algebra by

#Q + dimy, H5(Q,ad°p(1))

elements.

() If
Hj(Q,ad%5(1)) 3 € H' (F,,ad’p(1))
q€Q

then #Q = dim; H3(Q, ad®5(1)) and Rq can be topologically generated
as an O-algebra by #Q elements.

Proof The first part is a direct calculation using the fact that Frob, acts
semi-simply on ad’p with eigenvalues z,1,z~! for some z € k\{0,1}. The
same is true for ad®5(1) as ¢ = 1 mod £. The second and third parts follow
from this and corollary 2.43. O

For the proof of the last theorem of the chapter, we shall need two results
on finite groups.

Theorem 2.47 (a) If H is a finite subgroup of PGLy(C) then H is iso-
morphic to one of the following groups: the cyclic group C, of order n
(n € Zso), the dihedral group Doy, of order 2n (n € Zs1), As, S or
As.

(b) If H is a finite subgroup of PGLy(F,) then one of the following holds:

e H is conjugate to a subgroup of the upper triangular matrices;
e H is conjugate to PSLy(Fyr) or PGLy(Fy-) for some r € Zso;

e H is isomorphic to Ay, Ss, As or the dihedral group D2, of order
2r for some r € Z>1 not divisible by £.

In fact we shall only need part (b) which is due to Dickson [Dic2], secs. 255,
260 (see also [Hu] I1.8.27), but we have included part (a) for later reference.

Lemma 2.48 Let IF be a finite field of odd characteristic £. If #F # 5, then

H'(SLy(F), End °(F?)) = 0.
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Proof: This is a special case of results of [CPS], table 4.5 (assuming #F # 3).
In fact we shall only need it in the case £ = 3, but the proof in the general
case is no more difficult, and we sketch it here for the reader’s convenience.

We let B (resp. U) denote the group of upper-triangular (resp. unipotent)
matrices in G = SL(F). Since £ does not divide the index of B in G, the
restriction homomorphism

H'(G,End°(F?)) - H'(B,End°(F?))

is injective, so it suffices to prove the latter group vanishes. Since £ does not
divide the index of U in B, we have

HY(B,M) = H'(U,M)B/V

all integers 7 > 0 and F{B]-modules M. If #F = 3, then one checks directly
that for M = End °(F%),

HY (U ,M)=kerN/(c —1)M =0

where o generates U and N = 14+0+02 on M. If #F > 5, then one proceeds
by writing

(0) = Mo C My C M5 C M3 = End°(F®)
as F[B]-modules where the successive quotients M;/M;_;, (fori =1, 2, 3) are
one-dimensional over F. The calculation is then straightforward using long
exact sequences of cohomology, except in the case #F = 9 where one must
also check that the one-dimensional space of classes in H! (U, M3 /M) fixed by

B/U maps injectively to H%(U, Ma/M,) via the connecting homomorphism.
a

Theorem 2.49 Keep the assumptions of the last section and suppose more-
over that if L = Q(+/(—1)(&=1D72¢) then p|g, is absolutely irreducible. Then
there erists a non-negative integer r such that for any n € Zso we can find
a finite set of primes Q, with the following properties.

(a) If g € Qp then ¢ =1mod £".

(b) If q € Qn then p is unramified at q and p(Frob ;) has distinct eigenval-
ues.

(C) #Qn=r.
(d) Rgq, can be topologically generated by r elements as a O-algebra.

Proof. Take r = dim; H3(Q, ad®s(1)). It suffices to find a set @, with the
following properties.

(a) If ¢ € Qn then ¢ =1 mod £".
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(b) If ¢ € Qn then j is unramified at g and p(Frob,) has distinct eigenval-
ues.

(c) H3(Qad°s(1)) 3 @ ,eq, H' (Fy,ad’s(1)).
As each H'(F,,ad’5(1)) is one dimensional we may replace the last condition
with
H§(QadA(1)) = D H'(Fy,ad’a(1)).
9€EQN

Thus what we need show is that for each non-zero class [¢] € Hj(Q, ad®s(1))
there is a prime ¢ (depending on [¢]) such that

(a) ¢ =1mod ¢,
(b) p is unramified at ¢ and p(Frob,) has distinct eigenvalues,
(c) resy[y] € H'(F,,ad’s(1)) is nontrivial.

Using the Chebotarev density theorem we see that it will do to find o € Gg
such that

(a) ologe) =1,
(b) ad®p(o) has an eigenvalue other than 1,

(c) (o) & (0 ~ 1)ad’s(1).

For m > 0, let F,, denote the extension of Q((sm) cut out by ad’p;
i.e., the field fixed by the kernel of the representation ad’p restricted to
Goc,m)- We will show that ¢(GF,) is non-trivial. For this it suffices to
prove that H(Gal (F,,/Q),ad°5(1)) = (0). Consider the inflation-restriction
exact sequence

(0) » H(Gal (F5/Q), (ad®5(1))C) — H*(Gal (F,,/Q),ad’p(1))
— H'(Gal (F,./Fp),ad’p(1))%e.

Since F1/Fp is an extension of degree prime to ¢, and since Gg acts trivially
on Gal (F,,/F}), we have:

H'(Gal (F,./Fp),ad’p(1))% ~ Hom(Gal (F,/Fy),ad’p(1)?).
(2.8.1)

Since p|g,, is absolutely irreducible, the cohomology group in equation (2.8.1)
vanishes. On the other hand, G, acts trivially on ad’p so the first term van-
ishes as well unless Gal (Fp/Q) has order divisible by £ and has Gal (Q({,)/Q)
as a quotient. Recall that Gal (Fp/Q) is isomorphic to the projective image
of p, so by theorem 2.47 we are reduced to the case £ = 3 and the map

Gal (Fo/Q(C3)) — PSLy(k)
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has image conjugate to PSL,(Fs-) for some r > 1. It suffices to prove that
in this case

H'(Gal (Fo/Q((3)),ad°p ®x k) = (0),

but this follows directly from lemma 2.48.
Now note that since p|g,, is absolutely irreducible, o is p|gq,.,- Regard-

ing ¥(GF,) as a Gal (F,,/Q((¢~ ))-submodule of ad® (), we find that some g €
Gal (F,,/Q(¢e)) of order not dividing £ fixes a non-zero element of ¥(GF, ).
Let oo be a lifting of g to Gg(c,n)- We will look for o = 70 with 7 € GF,.
We only need choose 7 so that ¥(ro0) = ¥(7) + ¥(00) & (00 — 1)ad’p(1).
This is possible because %(Gr) ¢ (9 — 1)ad®5(1). a

3 Modular forms and Galois representations

3.1 From modular forms to Galois representations

We suppose in this section that f = 3 a,(f)g™ is a newform of weight two
and level Ny (see definition 1.21). Let Ky denote the number field in C
generated by the Fourier coefficients a,(f). Let ¢y denote the character of
f, i.e., the homomorphism (Z/N;Z)* — K }‘ defined by mapping d to the
eigenvalue of (d) on f.

Recall that a construction of Shimura (section 1.7) associates to f an
abelian variety Ay of dimension [K; : Q]. This abelian variety is a certain
quotient of Jy(Ny), and the action of the Hecke algebra on J; (Ny) provides
an embedding

K; — Endg(A5) ® Q.

We saw also that for each prime £ the Tate module 7;(Af) ®z, Q; becomes
a free module of rank two over Ky ® Q; (lemma 1.48). The action of the
Galois group Gg on the Tate module commutes with that of K, so that a
choice of basis for the Tate module provides a representation

Go = GLy (K5 @ Q). (3.1.1)

As Ky ®Q can be identified with the product of the completions of K at its
primes over £, we obtain from f certain 2-dimensional £-adic representations
of GQ.

{-adic representations: In this discussion, we fix a prime £ and a finite
extension K of Q. We let O denote the ring of integers of K, A the maximal
ideal and k the residue field. We shall consider £-adic representations with
coefficients in finite extensions of our fixed field K. We regard K as a subfield
of @ and fix embeddings Q < @, and Q — C. If K’ is a finite extension
of K with ring of integers ', then we say that an f-adic representation
Gy = GL3(K') is good (respectively, ordinary, semistable) if it is conju-
gate over K’ to a representation Gy — GLo(O') which is good (respectively,
ordinary, semistable) in the sense of section 2.4.
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Let K } denote the K-algebra in @ generated by the Fourier coefficients
of f. Thus K ’f is a finite extension of K, and it contains the completion of
K at the prime over £ determined by our choice of embeddings. We let O}
denote the ring of integers of K and write ky for its residue field. We define

ps : Gg = GLy(KY)

as the pushforward of (3.1.1) by the natural map Ky ®Q, — K}. We assume
the basis is chosen so that py factors through GL2(0%). We also let 1} denote
the finite order ¢-adic character

Go —+ Gal (Q(¢w,)/Q) - (Kj)™

obtained from ;.

The following theorem lists several fundamental properties of the £-adic
representations p; obtained from Shimura’s construction. The result is a
combination of the work of many mathematicians. We discuss some of the
proofs and provide references below. In the statement we fix f as above
and write simply N, an, p, ¥, ¢’ and K' for Ny, an(f), py, ¥5, ¥} and K}
respectively.

Theorem 3.1 The £-adic representation
p:Gq — GLy(K')
has the following properties.
(a) If p{N¢ then p is unramified at p and p(Frob ) has characteristic poly-
nomial
X% - a,X + py(p).
(b) det(p) is the product of Y’ with the £-adic cyclotomic character €, and
p(c) is conjugate to ((1) _01)
(c) p is absolutely irreducible.
(d) The conductor N(p) is the prime-to-£-part of N.

(e) Suppose that p # £ and p||N. Let x denote the unramified charac-
ter Gp — (K')* satisfying x(Frobp) = ap. If p does not divide the
conductor of v, then p|g, is of the form

€ *
(¥%)-
If p divides the conductor of v, then p|g, is of the form

xted'|a, @ x.
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(f) If¢J2N, then p|g, is good. Moreover p|g, is ordinary if and only if a,
is a unit in the ring of integers of K', in which case pr,(Frob,) is the
unit root of the polynomial X2 — ay X + £1p(£).

(8) If £ is odd and £||N, but the conductor of ¢ is not divisible by ¢, then
pla, is ordinary and pr, (Frob,) = a,.

Proof: Part (a) was established by Shimura ([Shi2], [Shi3]). The key ingre-
dient is the Eichler-Shimura congruence relation, theorem 1.29. Recall that
J1(N) has good reduction at primes p not dividing N. So the action of
Gp on T¢(Ayr) ®z, Q¢ is unramified and is in fact described by the action of
Frob, € GF, on the Tate module of the reduction. But this is given by the
Frobenius endomorphism F' whose characteristic polynomial is computed in
corollary 1.41.

The first assertion of (b) follows from (a) on applying the Chebotarev
density theorem. The second assertion then follows on noting that ¢(—1) = 1.

Part (c) was proved by Ribet (see section 2 of [R3]). Assuming reducibility
of the representation, he applies algebraicity results of Lang and Serre to
obtain a contradiction to the estimate on the Fourier coefficients stated in
theorem 1.24.

Parts (d) and (e) follow from a deep result of Carayol [Cal], Thm. (A),
building on the work of Langlands [Ll1], Deligne and others. In fact, this
result and the local Langlands correspondence characterize p|g, in terms of
¥lc, and the L- and e-factors at p of twists of f. The descriptions in the
case of p||N are based on the analysis of Deligne-Rapoport of the reduction
mod p of J;(N) (see [DR], [LI1]).

The first assertion of (f) follows from the fact that Ay has good reduction
at £ if £ does not divide N. The second assertion of (f) (respectively, all
of (g)) follows from the Eichler-Shimura congruence relation (respectively,
the work of Deligne-Rapoport), and general results on ¢-divisible groups and
the reduction of abelian varieties; see thm. 2.2 of [W2], lemma 2.1.5 of [W1],
§12 of [Gro] and thms. 2.5 and 2.6 of [Edi]. The restriction to odd £ in (f)
and (g) is made primarily out of lack of suitable definitions. O

Mod ¢ representations: We maintain the notation used in the discussion
of £-adic representations. Define

pr: GQ - GL2(kf)

to be the semi-simplification of the reduction of ps. (See the discussion
following proposition 2.6.) Assertions analogous to those in theorem 3.1 hold
for p = py, except that

e The representation need not be absolutely irreducible (as in (c)). How-
ever if £ is odd, one checks using (b) that p is irreducible if and only if
it is absolutely irreducible.
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e In (d) one only has divisibility of the prime-to-£ part of Ny by N(p) in
general.

The various possibilities for m,(5) to be strictly less than the exponent
of p in N (where p # £) were classified independently by Carayol [Ca2] and
Livné [Liv]. We record the following consequence of their results (cf. the
introduction of [DT1)):

Proposition 3.2 Suppose that p is a prime such that p|N¢, p # 1 mod £
and py is unramified at p. Then tr (ps(Frob,))? = (p +1)? in ky.

Artin representations: The theory of Hecke operators and newforms (see
section 1.3) extends to modular forms on I'1 (V) of arbitrary weight. The
construction of £-adic representations associated to newforms was generalized
to weight greater than 1 by Deligne [De] using étale cohomology. There are
also Galois representations associated to newforms of weight 1 by Deligne and
Serre [DS], but an essential difference is that these are Artin representations.

Theorem 3.3 If g = 3 an(9)q™ is a newform of weight one, level Ny, and
character 14, then there is an irreducible Artin representation

Py : Gg — GL2(C)

of conductor N, with the following property: If pfN,, then the characteristic
polynomial of py(Frob ) is

X2 - ap(9)X + vy (p).

Remark 3.4 Note that det(p,) is the character of Gq corresponding to 3
and pgy(c) is conjugate to ((1) _91) (see theorem 3.1).

Remark 3.5 A basis can be chosen so that the representation p, takes values
in GLy(K,) (where K, is the number field generated by the a,(g)). Moreover
suppose that K is a finite extension of Q; in Q; and we have fixed embeddings
of Qin C and Q). If K|, is contained in K, then we can view p, as giving rise
to an f-adic representation Gg — GL2(K) and hence a mod £ representation
GQ — GL, (k)

Remark 3.6 A key idea in the construction of p, is to first construct the
mod £ representations using those already associated to newforms of higher
weight. More precisely, suppose that K, < K as in remark 3.5. One can
show that for some newform f of weight 2 and level Ny dividing NZ we have

ap(9) = ap(f),  ¥e(p)) = PYs(p)

for all p/N¢, the congruence being modulo the maximal ideal of the ring
of integers of K;. Thus py is the semisimplification of the desired mod ¢
representation (with scalars extended to ky).
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3.2 From Galois representations to modular forms

It is conjectured that certain types of two-dimensional representations of Gg
always arise from the constructions described in section 3.1. We now state
some of the conjectures and the results known prior to [W3] and [TW].

Artin representations:

Conjecture 3.7 Let p : Gg = GL2(C) be a continuous irreducible repre-
sentation with det(p(c)) = —1. Then p is equivalent to p, for some newform
g of weight one.

Recall that p, is the Artin representation associated to g by the Deligne-Serre
construction (theorem 3.3).

Remark 3.8 Conjecture 3.7 is equivalent to the statement that the Artin
L-functions attached to p and to all its twists by one-dimensional characters
are entire. (The Artin conjecture predicts that the Artin L-function L(s, p)
is entire, for an arbitrary irreducible, non-trivial Artin representation p :
Gqo — GL4(C).)

A large part of conjecture 3.7 was proved by Langlands in [LI2], and the
results were extended by Tunnell [Tu].

Theorem 3.9 Let p: Gg = GLy(C) be a continuous irreducible representa-
tion such that p(Gq) is solvable and det(p(c)) = —1. Then p is equivalent to
pg for some newform g of weight one.

Remark 3.10 Note that by theorem 2.47, part (a), the solvability hypoth-
esis excludes only the case where the projective image of p is isomorphic to
As.

Remark 3.11 If the projective image of p is dihedral, then p is induced from
a character of a quadratic extension of Q. In this case the result can already
be deduced from work of Hecke.

Mod /£ representations: We fix notation as in the discussion of ¢-adic and
mod £ representations in section 3.1.

Definition 3.12 We say that a representation p : Gg = G Ly (k) is modular
(of level N ) if for some newform f of weight 2 (and level N), p is equivalent
over kg to py.

By proposition 1.32 the notion is independent of the choices in section 3.1
of embeddings K — Q;, Q = Q@ and Q — C. Moreover if K’ is a finite
extension of K with residue field k', then p is modular if and only if p ®x k'
is modular.
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The following was conjectured by Serre [Se7], (3.2.3). (See also [Dal] for
further discussion and references.)

Conjecture 3.13 Let p : Go — GL3(k) be a continuous absolutely irre-
ducible representation with det(p(c)) = —1. Then p is modular.

Some cases of Serre’s conjecture can be deduced from theorem 3.9.

Theorem 3.14 Let p: Go — GL3(k) be a continuous absolutely irreducible
representation with det(p(c)) = —1. Suppose that one of the following holds:

(a) k=Ts;
(b) the projective image of p is dihedral.
Then p is modular.

Sketch of proof: For case (a), we consider the surjection
GL2(Z[V-2]) - GLy(F3)

defined by reduction mod (1 + v/=2). One checks that there is a section
s : GLy(F3) = GL2(Z[v/-2)) and applies theorem 3.9 to s o 5. The resulting
representation arises from a weight one newform, and hence its reduction p
is equivalent to py for some f (see remark 3.6).

In case (b), g is equivalent to a representation of the form Ind g‘:_f- where
F is a quadratic extension of Q and £ is a character Gr = k*. (We have
here enlarged K if necessary.) Let n be the order of £, choose an embedding
Q(e*™/") < K and lift £ to a character £ : Gp — Z[e*"/"]*. We may
always choose ¢ so that the Artin representation p = Ind g‘;g is odd, i.e.,
det(p(c)) = —1. (In the case £ = 2 and F real quadratic, we may have
to multiply £ by a suitable quadratic character of Gp.) We then apply
theorem 3.9 to p and deduce as in case (a) that 5 is modular. O

Serre also proposed a refinement ([Se7], (3.2.4)) of the conjecture which
predicts that p is associated to a newform of specified weight, level and
character. Through work of Mazur, Ribet [R5], Carayol [Ca2], Gross [Gro]
and others, this refinement is now known to be equivalent to conjecture 3.13
if £ is odd. (One also needs to impose a mild restriction in the case £ = 3.)
See [R6) and [Dil] for statements of the results and further references; here
we give a variant which applies to newforms of weight two. Before doing so,
we assume £ is odd and define an integer §(5) as follows:

e §(p) =0 if p|g, is good,;
e §(p) = 1if p|g, is not good and p|;, ® k is of the form

€® x € * ¥* 0
(1), (6&) o (%o ye)
for some positive integer a < £. (Recall that € is the cyclotomic char-
acter and v is the character of I, defined after lemma 2.22.)
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e §(p) = 2 otherwise.

Theorem 3.15 Suppose that £ is odd and p is absolutely irreducible and
modular. If £ = 3, then suppose also that p|g - is absolutely irreducible.
Then there exists a newform f of weight two such that

o p is equivalent over ks to pg;
® Ny = N(p)ed(ﬁ);
o the order of 15 is not divisible by £.

Proof. The existence of such an f follows from [Dil] thm. 1.1, thm. 5.1 and
lemma 2.1, but with Ny dividing N (p)¢°(). By lemma 2.7 above, we see that
Ny is divisible by N(p). The divisibility of Ny by 6(p) follows from results
in sec. 8 of [Gro] and sec. 2.4 of [Edi] (cf. sec. 4 of [Kh]). O

f-adic representations: We again use the notation of section 3.1. Let
p: Gg =& GL2(K) be an f-adic representation.

Definition 3.16 We say that p is modular if for some weight 2 newform f,
p is equivalent over K} to py.

The notion is independent of the choices of embeddings and well-behaved
under extension of scalars by proposition 1.32 (cf. definition 3.12).

The following is a special case of a conjecture of Fontaine and Mazur
[FM].

Conjecture 3.17 If p : Gg = GLy(K) is an absolutely irreducible £-adic
representation and p|g, is semistable (in the sense of section 2.4), then p is
modular.

(Recall that for us f-adic representations are defined to be unramified at
all but finitely many primes. Recall also that if p|g, is semistable, then by
definition det p|j, is the cyclotomic character e.)

Remark 3.18 Relatively little was known about this conjecture before Wiles’
work [W3]. Wiles proves that under suitable hypotheses, the modularity of
p implies that of p.

Remark 3.19 The conjecture stated in [FM] is stronger than the one here;
in particular, the semistability hypothesis could be replaced with a suitable
notion of potential semistability. On the other hand, one expects that if p|g,
is semistable, then it is equivalent to p; (over K}) for some f on I'1(N (p))N
To(€) (and on I'1 (N(p)) if plg, is good).
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The Shimura-Taniyama conjecture: Conjecture 1.54 can be viewed in
the framework of the problem of associating modular forms to Galois rep-
resentations. Let E be an elliptic curve defined over Q. For each prime £,
we let pg ¢ denote the £-adic representation Go — GL2(Q) defined by the
action of Gg on the Tate module of E (see section 2.2).

Proposition 3.20 The following are equivalent:
(a) E is modular.
(b) pE,e is modular for all primes £.
(c) pE,e is modular for some prime £.

Proof: If E is modular, then E is isogenous to Ay for some weight two
newform f with K; = Q (see section 1.8). It follows that for each prime ¢,
PE,: is equivalent to the f-adic representation ps. Hence (a) = (b) = (c).
To show (c) = (b), suppose that for some £ and some f, the representa-
tions pg ¢ and py are equivalent. First observe that for all but finitely primes
p, we have
tr (ps (Frob )) = tr (pg,¢(Frob)).

We deduce from proposition 2.11 and theorem 3.1, part (a) that for all but
finitely many primes p

ap(f) =p+1— #E,(F,) € Z. (3.2.1)

Applying proposition 2.6, we find that for each prime ¢, pg ( is equivalent to
ps and is therefore modular.

We finally show that (b) = (a). The equality (3.2.1) holds for all primes
p not dividing Ny, which by theorem 3.1, part (d), is the conductor of E.
Since det(ps) = det(pg,¢) = €, we see by 3.1, Part (b) that 4y is trivial. By
theorem 1.27 parts (b) and (d) (or [AL] thm. 3), a, is in {0,+1} for primes
p dividing Ny. Thus Ky = Q and Ay is an elliptic curve. Faltings’ isogeny
theorem (see [CS], sec. II.5) now tells us that E and Ay are isogenous and
we conclude that E is modular. O

Remark 3.21 Note that the equivalence (b) < (c) does not require Faltings’
isogeny theorem.

Proposition 3.22 If the Fontaine-Mazur conjecture (conjecture 3.17) holds
for some prime £, then the Shimura-Taniyama conjecture (conjecture 1.54)
holds. If Serre’s conjecture (conjecture 3.13) holds for infinitely many £, then
congjecture 1.54 holds.

Proof: The first assertion is immediate from proposition 3.20 and the irre-
ducibility of pge. See [Se7], sec. 4.6 for a proof of the second. (We have
implicitly chosen the field K to be Q in the statements of conjectures 3.17
and 3.13, but it may be replaced by a finite extension.) O
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Remark 3.23 Note that to prove a given elliptic curve E is modular, it
suffices to prove that conjecture 3.17 holds for a single £ at which E has
semistable reduction. Wiles’ approach is to show that certain cases of con-
jecture 3.13 imply cases of conjecture 3.17 and hence cases of conjecture 1.54.

3.3 Hecke algebras

In this section fix the following notation. Let ¢ be an odd prime, let K be
a finite extension of (¥, let O denote the ring of integers of K, let A denote
its maximal ideal and k its residue field. Fix embeddings K — Q;, Q = Q
and Q = C. Let p: Gg — GL2(k) denote a continuous representation with
the following properties

(a) pis irreducible,

(b) p is modular,

(c) detp=e,

(d) plg, is semi-stable,

(e) and if p # € then #5(Ip)|L.

Let us first record the following lemma.

Lemma 3.24 The representation p|lg, is absolutely irreducible where
L = Q(/ (D& 7).
Proof: If it were not then we see that £ /#5(Ggq) and so § is unramified at

all p # £. Moreover we can check that pl|;, ~ (6(1)) If £ > 3 we can

use theorem 3.15 to deduce that p is modular of weight 2 and level 1 and
hence obtain a contradiction. If £ = 3 we see that the splitting field of p
is everywhere unramified over Q(+/—3) and hence must equal Q(v/—3), a
contradiction. O

Let ¥ denote a finite set of primes. For the application to modularity of
semistable elliptic curves, it suffices to consider sets ¥ contained in £; where
Y5 is defined as follows

Definition 3.25 For a representation p as above, we let £; denote the set
of primes p satisfying

e p={ and p|g, is good and ordinary; or
e p # £ and p is unramified at p.

We shall sometimes assume that ¥ C X; in order to simplify statements and
proofs. Let N5 denote the set of newforms f such that

ps : Go = GLy(0%)
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is equivalent to a lifting of p®y ks of type ¥ and £2 /Ny (the last condition is
presumably not necessary, cf. remark 3.19). From theorem 3.1 and lemma 2.7
one deduces the following description of Ns.

Lemma 3.26 The set N consists of newforms f such that
® pr = p®y ky,
o 1)y is trivial,
o N; divides °N(p) [] pdim?s "* where § = 0 if p is good and £ ¢

peXT—{£}
and 6 = 1 otherwise.

As p is modular it follows from theorem 3.15 that for all £, Ny # 0. Set
Tz =1] sene O I pis a prime not in ¥ and not dividing N (p), we let T,
denote the element (a,(f))s in Tx. Then define Tx to be the O-subalgebra
of Ty, generated by the elements T, for such primes p. Then Ty is a complete
noetherian local O-algebra with residue field k. Moreover it is reduced and
it is a finitely generated free O-module.

Lemma 3.27 There is a continuous representation
pRd: Go = GLy(Tx)

such that if p{¢N(p) and p ¢ = then pR°d is unramified at p and we have
tr p2°4(Frob,) = Tp. Moreover we have the following.

(a) pB°d is a lift of p of type © and there is a unique surjection
¢x : Ry — Tyx such that pm"d ~ ¢y o p‘"“"

(b) If &' D X then there is a unique surjection Ts, — Ts such that pE°d
pushes forward to pR°d and T, maps to T, for pJ/(N(p) and p & T'.

(c) If K' is a finite extension of K and Ty, is constructed in the same way
as Ty but with K' replacing K then Ty, = Ty Qo Ok-.

Proof. Consider g2°d = [[ps : Gg — GLy(Ts). Choose some complex
conjugation, c, and conjugate p so that p(c) = ((1) _91) By conjugating
pB°d we may assume that modulo every maximal ideal it reduces to p and
that pR°d(c) = (1 0 ) Call the corresponding basis {e4,e_}. Note that by

continuity and the Chebotarev density theorem tr p"“°d is valued in Ty. Thus
for any g € Gg the diagonal entries of 52°%(g) lie in Ty, because tr 5Z°4(g)
and tr 52°9(cg) both do.

By irreducibility of p we can find some o € Gg such that g(o) = ( b)
where b # 0. Rescaling e, we may assume that p°d(s) = ( c d) Then for
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all g € Ggq the lower left entry of §8°d(g) lies in Ty (look at the upper left
entry of 52°d(og)). Again using the irreducibility of p we can find 7 € Gg
such that p2°d(r) = (¢ ¥) where e € T¥. Looking at the lower right entry
of pR°d(rg) we see that for any g € G the upper right entry of 52°d(g)
lies in Tyx. Thus p%°d is now in fact valued in GLy(Tx) and will be our
candidate for p2°d. We leave the verification of the other properties of pZ°4
as an exercise. O

Example 3.28 Let p = py,,,,3 where fs7p is the newform of level 57 dis-
cussed in the example of section 1.6. As fs7p is not congruent modulo 3 to
any form of level 19 or 3 we see by theorem 3.15 that p is ramified at 19
and p|g, is not good. On the other hand p is semi-stable. The facts that
p(Frob ;) has order 8 (see the table below) and 3|#p(l19) (from the discus-
sion above) imply that p : Gg — GL2(F3). The table below also shows
that Ty = {(z,y) € Z%: z = y mod 3}. There is a unique continuous repre-
sentation pf’ mod . Go — GL2(Ty) such that if p57 then p"’°d is unramified
at p and tr pf°d(Frob,) = T,. We have an isomorphism Typ/3T 5 Fsle]
(where €2 = 0) given by (z,y) — = + %3%e. Thus we get a representa-
tion p : Gg = GL2(Fs[e]). The following table lists the traces of Frobenius
elements for the first few unramified primes under these representations:

p|2|5|7|11|13|17 23 29|

0 0
a, -2)( I 1) (0 -10)

(0,3)
1+e € -1-¢

mod

p

Exercise 3.29 Show that there are three algebra homomorphisms
T¢ — Z/9Z and hence show that there are at least three liftings of p of
type 0 to Z /9Z.

Exercise 3.30 What is the image of p?

We will need two deeper properties of the Hecke algebras Ty, (theorem 3.31
and theorem 3.36 below). These results will be proved in the next chapter
(sections 4.3 and 4.4).

Theorem 3.31 Let Q be a finite set of primes as in section 2.8. Then Tq
is a free O[Ag]-module, where Tq inherits the structure of an O[Aq]-module
from Rg via the homomorphism ¢q : Rg — Tq.

Corollary 3.32 Ty = Tq/aq.
Proof: From the definitions and corollary 2.45 we have that

To ®0 K = (Tq ®0 K)/ag,
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and from the theorem we have that Tg/ag is torsion free. The corollary
follows. ]

For the second of these results we will need some additional notation and
we restrict our attention to sets of primes contained in ¥;. Suppose that
¥ C ¥; and that f is an element of Nz whose Fourier coefficients are in O.
Then O = O and projection to the component corresponding to f gives rise
to an O-algebra homomorphism

m=7s:Tg = O.
The pushforward of p£°d by  is equivalent to

Prf: GQ hd GL2(O).

Remark 3.33 Most of the objects considered in the rest of the section will
depend on the choice of newform f. We also remark that to give an O-
algebra homomorphism Ty — O is equivalent to giving a newform f in Ny
with coefficients in @. Indeed given such a homomorphism, there exists a
newform f in Ny such that the homomorphism is defined by T, ~ a,(f) for
all p ¢ ¥ with p not dividing £N(p). The fact that a,(f) € O for such p
implies (using for example parts (b) and (d) of theorem 1.27 and lemma 4.1
below) that all the Fourier coefficients of f are in O. The uniqueness of f is
a consequence of the theory of newforms, theorem 1.22.

For ¥’ satisfying

LcCy¥cCE,,
let msr denote the composite Ts: — Ty — O. Let
Ny = 7z (Annt, (ker 7y)). (3.3.1)

Note that because Ts is reduced, nyr # (0). Also let px: denote the kernel
of ¢sr o mr. Recall that

#pr /0% = #Hz (Q ad’ps ®0 K/O).
Remark 3.34 We have not yet shown that these groups are finite, but if
either is finite, then so is the other and their cardinality is the same.

Note that if £ is in ¥; — ¥ then T} := (a¢(g)), € Ty, is actually in Ts.
This follows from theorem 3.1(f), which shows that T, = a, + fo; ! where
ay is the eigenvalue of Frob; on the free rank one Tx-module M (©) where M
is the module underlying p8°¢ (see lemma 2.20). Now that we have shown
that T, € Tx, we may characterize ay as the unit root in Ty of

X2 -T,X+£=0. (3.3.2)
For primes p in £; — ¥ we define an element ¢, € Tx by

¢ = (p— )T - (p+1)?).
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Note that 7(c,) = (p — 1)(ap(f)? — (p + 1)?), which is non-zero by theo-
rem 1.27(a). A calculation using theorem 2.17 and theorem 3.1(a) shows
that if p is in ¥; — (X U £) then

#H' (Gp,ad’ps ®0 K/O)/H' (Gp/Ip,ad’ps ®0 K/O)
= #H°(Gp,ad’p; ®0 K/O(1)) = #0/n(cp).

If £is in ¥; — ¥ then we see from proposition 2.27 and theorem 3.1(f) that
#HL(Gy,ad’; ®0 K/O)/HE (Ge,ad’ps ®0 K/O) = #0/n(ce).
For the next proposition define groups H, for p € £; — £ by
e Hy, = H(G,,ad’; ®0 K/O)/H (Gp/Ip,ad’p; ®0 K/O) if p # £
e and H, = HL(G,ad%s ®0 K/O)/H} (Ge,ad’; ®0 K/O).

Then we have the following result.

Proposition 3.35 If £ C ¥’/ C X5, then

#HE (Q 2d%0s ®0 K/0)/HE(Q,ad%; ®0 K/0) < #(O0/x( [] o))
pEX' -

Moreover if we have equality then the sequence

(0) » HE(Q,ad%; ®0 K/0) + HL (Q,ad’s @0 K/0) » P H, - (0)
pEX'-X

is ezact.

Finally we state the second theorem on Hecke algebras which shall be
proved in section 4.4.

Theorem 3.36 If X C X' C ; and f is a newform in N5 with coefficients
in O, then we have

meCn( [[ co)ns-
pEY' -

Corollary 3.37 With the above notation

#HE (Q,ad’; ®0 K/0)/HE(Q,ad%ps ®0 K/O) < #(nz/n%)-
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3.4 Isomorphism criteria

The main thrust of Wiles’ approach is to prove that in many circumstances
the map ¢x : Ry — Ty is an isomorphism. For this we will need two
criteria from commutative algebra. The first was found by Wiles [W3] (but
is presented here in a slightly stronger form due to Lenstra [Len]); the second
was developed by Faltings, from the original arguments of [TW]. In both
criteria the notion of complete intersection plays a vital part.

Proofs of all the results in this section, together with some background,
references and examples, is given in chapter 5.

Definition 3.38 Suppose that A is an object of Co which is finitely gener-
ated and free as an O-module. Then we call A a complete intersection if and
only if for some r € Z>¢ and some fi, ..., fr € O[[X1, ..., X;]] we have

A= 0[[X1’ '“7X7']]/(f1’ ey fr)
(i-e. there are the same number of generators as relations).

We first record a lemma about complete intersections.

Lemma 3.39 Suppose that K'/K 1is a finite extension with ring of integers
O' and that A is an object of Co which is finitely generated and free as an
O-module. Then A is a complete intersection if and only if A®p O’ is.

For the proof, see chapter 5, lemma 5.30.

Now fix objects R and T of Co and a surjection of O-algebras ¢ : R — T.
Also assume that T is a finitely generated, free O-module. The first criterion
is as follows.

Theorem 3.40 Suppose that 7 : T — O. Let p = ker (w0 ¢) < R and let
7 = n(Ann r(ker 7)) < O. Suppose also that n # (0). Then the following are
equivalent.

(a) The inequality #p/p> < #0O/n is satisfied.
(b) The equality #p/p® = #0O/n is satisfied.

(c) The rings R and T are complete intersections, and the map ¢ : R — T
s an isomorphism.

The proof is explained in chapter 5, sections 5.1 to 5.8. (See theorem 5.3.)

For the second criterion let us also fix a non-negative integer r. If
J < O[[S1, ..., SF]] is an ideal contained in (S, ..., S;), then by a J-structure
we mean a commutative diagram in Co

O[[S1, .-, Sr]]
O[[X1,...., X,]] - R’ > T

"
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such that
(a) T'/(S1,..,Sr) = T and R'/(S1, ..., Sr) —* R,
(b) for each ideal I D J, I = ker (O[[Sh, ..., Sr]] = T'/I).

Theorem 3.41 Suppose there ezist a sequence of ideals J, < O[S, ..., Sr]]
such that Jo = (S1,...,5r), Jn D Jn41, N, Jn = (0) and for each n there
erists a J,-structure. Then the map R — T is an isomorphism and these
rings are complete intersections.

The proof of this statement is explained in sections 5.9 and 5.10.

3.5 The main theorem

We are now in a position to deduce the main theorems. We will keep the
notation and assumptions from the start of section 3.3.

Theorem 3.42 Keep the notation and assumptions of section 3.3. Then,
for all finite sets ¥ C L5, ¢x : Ry — Ty is an isomorphism and these rings
are complete intersections.

Remark 3.43 There seems to be a deep link between the fact that ¢y is an
isomorphism and the fact that Ty is a complete intersection. The proof of
the theorem divides into two parts. One first proves it in the minimal case
where ¥ = . One then deduces the full theorem from this special case by a
different argument. In both these steps the facts that ¢x is an isomorphism
and that Ty is a complete intersection are proved simultaneously.

Proof of theorem 8.42: Note that to prove the theorem we may extend scalars
if necessary (by lemma 3.39) and hence assume that both of the following
hold:

e The eigenvalues of all elements of the image of p are rational over k.

e There is a newform f in Ny with coefficients in O, hence an O-algebra
homomorphism Ty — O.

We first prove that ¢g : Ry — Ty is an isomorphism and that the rings
Ry and Ty are complete intersections.

Note that according to theorem 2.49 and lemma 3.24 we can find an
integer r > 0 and for each n € Z¢ we can find a set @, of r primes such
that

e if ¢ € @, then ¢ =1 mod ¢

e if ¢ € Qp then p is unramified at ¢ and p(Frob,) has distinct eigenval-
ues;
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e Rgp, can be topologically generated by r elements as a O-algebra.

Let J. = ((Si+ 1) =1:i=1,...,7) 94 O[[S1,...,S]], where the n; are
chosen such that O[[S1,...,S;]]/J. = O[Aq,]. Then for each n we have a
diagram

O[[S1,---, S]]
OllXy,..., X:]] —» Rq. - Tq.,
{ {
R@ —» T,

where
(a) Rq./(S1,...,5r) = Ry (see corollary 2.45),
(b) Tgq, is finite and free over O[[S:,... ,Sr]]/J;, (see theorem 3.31),

(¢) Tg,/(S1,--.,Sr) = Ty (see corollary 3.32).

Let J, = ((S; +1)¢ —1:i=1,...,r). Replacing Tg, and Rq, by Tq,/Js
and Rgq, /J, we see that we have a Jy-structure for every n. Theorem 3.42
for ¥ = @ now follows from the criterion of theorem 3.41.

We now turn to the proof of theorem 3.42 in the general case. By theo-
rem 2.41 and theorem 3.40 we see that

#Hy(Q ad’p5 ®0 K/O) = #0/m, (35.1)
and so applying corollary 3.37 we see that for any £ C X5

#H}(Q ad%s ®0 K/O) < #0/ns. (3.5.2)
A second application of theorems 2.41 and 3.40 allows us to deduce theo-
rem 3.42. 0

Remark 3.44 In certain cases where 79 = (1), the bound (3.5.1) on the or-
der of the Selmer group H& (Q,ad% ¢+ ®0 K/O) also follows from the previous
work of Flach, by a different method. See [F11] for details.

Corollary 3.45 Keep the notation of theorem 3.42 and suppose that f is a
newform in N with coefficients in O.

(a) We have
#HZI:(Qy a’dopf ®o K/O) = #0/772 < 00,

where 1y was defined in equation (8.3.1) after remark 3.33.
(b) If X C X' CXj then
(0) = HL(Q,ad%; ®0 K/O) = HL (Q,ad’s ®0 K/O)
= Opes—x Hp

is ezact, where the groups H, and H; were defined before proposi-
tion 3.35.
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Proof. The first part now follows as a direct consequence of theorem 3.42
and another application of theorems 2.41 and 3.40. The second part follows
from the first, together with proposition 3.35 and theorem 3.36. 0O

Corollary 3.46 Suppose p : Go = GL2(K) is a continuous representation
and let p denote its reduction. Suppose also that

(a) p is irreducible and modular,

(b) if p# £ then plr, ~ (§71)
(c) ple, is semi-stable,
(d) detp =ce.

Then p is modular.

Proof: We let £ denote the set of primes in ¥; at which p is ramified. Then
p: Gg = GL2(0) is a deformation of p of type X, so there is an O-algebra
homomorphism Ry — O such that p = p¥"V @, O. Since ¢5 : Ry — Tx
is an isomorphism by theorem 3.42, it follows that there is a homomorphism
Ty — O sending T}, to tr (p(Frob,)). Since such a homomorphism is nec-
essarily of the form T, — a,(f) for some newform f, it follows that p is
equivalent to py and hence is modular. a

Corollary 3.47 Suppose that E/Q is a semi-stable elliptic curve such that
PE,3 is irreducible. Then E is modular.

Proof: One need only apply the last corollary with £ = 3 and theorem 3.14.
O

3.6 Applications

The Shimura-Taniyama conjecture for semi-stable elliptic curves:

Theorem 3.48 If E/Q is a semistable elliptic curve, then E is modular.

Proof: By corollary 3.47, it is enough to show that E is modular when its
associated mod 3 representation pg 3 is reducible, i.e., when E has a subgroup
of order 3 defined over Q. Consider the group E[5] of 5-division points of E.
The mod 5 Galois representation g s associated to E[5] is irreducible: for
otherwise, E would have a subgroup of order 15 defined over Q, and would
give rise to a (non-cuspidal) rational point on the modular curve Xo(15).
This curve is of genus one, and is known to have only 4 non-cuspidal rational
points, which do not correspond to semi-stable elliptic curves (and, at any
rate, are known to correspond to modular elliptic curves). Hence we know
that pg s satisfies all the assumptions of corollary 3.46, except the (crucial!)
modularity property. To show that pg s is modular, one starts with
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Lemma 3.49 There is an auziliary (semi-stable) elliptic curve A/Q which
satisfies

(a) A[5] ~ E[5]) as Gg-modules.
(b) A[3] is an irreducible Gg-module.

Proof: Let Y'(5) be the curve over Q which classifies elliptic curves A to-
gether with an isomorphism E[5] ~ A[5] compatible with Weil pairings. El-
liptic curves over Q satisfying (a) correspond to rational points in Y’ (5)(Q).
Adjoining a finite set of points to Y’'(5) yields its compactification X'(5)
which is a twist of the modular curve X (5) with full level 5 structure. (Le.,
it becomes isomorphic to this curve, over Q.) As was shown by Klein, the
modular curve X (5) over C has genus 0. Since X'(5) has a point z¢ defined
over Q corresponding to E, it is isomorphic over Q to P1. The rational points
of Y'(5) therefore give a plentiful supply of elliptic curves satisfying condi-
tion (a). Now consider the curve Y’ (5, 3) classifying elliptic curves A with an
isomorphism E[5] ~ A[5] (respecting Weil pairings) and a subgroup of A of
order 3. One checks that the compactification of Y'(5,3) has genus greater
than 1, hence has only finitely many rational points by Faltings’ theorem (the
Mordell conjecture). It follows that only finitely many points Y'(5)(Q) are in
the image of Y'(5,3)(Q) under the natural map Y'(5,3) — Y'(5). Hence for
all but finitely many points z in Y'(5)(Q), the corresponding elliptic curve
A satisfies (b) since it has no rational subgroup of order 3. Choosing z ar-
bitrarily close in the 5-adic topology to o, we find that the elliptic curve A
associated to z is semistable and satisfies the two conditions in the lemma.
O
We can now finish the proof of theorem 3.48. Applying corollary 3.47 to
the curve A, we find that A is modular. Hence so is the mod 5 representation
Ppa5 =~ pE,;s. Now applying corollary 3.46 with £ = 5 and p the representation
of Gg acting on the 5-adic Tate module of E, we find that pg s is modular,
and hence, so is E, as was to be shown.

Remark 3.50 Wiles’ original argument uses Hilbert’s irreducibility theorem
where we have used Faltings’ theorem. The alternative presented here is
based on a remark of Karl Rubin.

Remark 3.51 The results of [W3] and [TW)] actually apply to a larger class
of elliptic curves than those which are semistable. In [Di2], their methods are
further strengthened to prove that all elliptic curves which have semi-stable
reduction at 3 and 5 are modular.

Remark 3.52 Rubin and Silverberg observed that an elliptic curve of the
form y? = z(x — a)(z + b) has a twist with semi-stable reduction at all
odd primes, hence is modular by [Di2]. In fact it is shown in [DK] that their
observation together with the general results of [W3] and [TW] already imply
modularity.
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Fermat’s Last Theorem: As was already mentioned in the introduction,
the Shimura-Taniyama conjecture for semi-stable elliptic curves (and, more
precisely, for the elliptic curves that arise in Frey’s construction explained in
section 2.2) implies Fermat’s Last Theorem.

More precisely, suppose that there is a non-trivial solution to the Fermat
equation z¢+y¢ = z¢, with £ > 3. By theorem 2.15 the Frey curve constructed
from this solution (cf. section 2.2) is a semistable elliptic curve E/Q whose
associated mod £ representation pg is irreducible, unramified outside 2£
and is good at £. Serre’s conjecture predicts that gg ¢ arises from a newform
of weight 2 and level 2; the “lowering the level” result of Ribet [R5] (cf.
theorem 3.15) actually proves this, once we know that F is modular, i.e.,
PE, arises from a modular form of weight 2 and some level. But this is a
contradiction, since there are no modular forms of weight two and level two:
such forms would correspond to holomorphic differentials on the modular
curve Xo(2) which is of genus 0. This contradiction completes the proof.

Values of L-functions: Also mentioned in the introduction was the rela-
tionship between the calculation of the Selmer group (3.5.1) and certain cases
of a conjecture of Bloch-Kato [BK], called the Tamagawa number conjecture.
It was in this context that partial results were obtained by Flach in [F11] (cf.
remark 3.44).

If f is a newform of weight 2, then one can associate to f a certain
“symmetric square” L-function L(Symm?f,s). We shall recall the defini-
tion in section 4.4 and explain how a method of Hida establishes a relation-
ship between L(Symm2f,2) and O/ns in the setting of corollary 3.45. We
may therefore regard part (a) of that corollary as a relationship between
L(Symm 2§, 2) and the size of a Selmer group. While the result is in the
spirit of the Tamagawa number conjecture of [BK], we have not verified that
the relevant cases of the conjecture can be deduced from it. We shall however
state a partial result in the context of semistable elliptic curves. The reader
can consult [F11] and [F12] for a discussion of the relation to the Tamagawa
number conjecture.

Suppose that E is a semistable elliptic curve over Q of conductor Ng and
(minimal) discriminant

AE = H pd”.

p|Ng
The symmetric square L-function associated to E is defined by

L(Symm2E,s) = H L,(Symm2E, s)
P

where the Euler factors L,(Symm E, s) are defined as follows:

e If p{ Ng, then

Ly(Symm*E,s) = (1 - agp*)(1 - p' =)A= B3p~*)) "



96 Fermat’s last theorem

where o, and S, are the roots roots of X2—a, X +p with ap = p+1—N,,
as in section 1.1).

e If p|Ng, then L,(Symm2E,s) = (1 —p~*)~L.
Let
0 E= / w}l;{eron A u—)geron
E(©)

where w}°°" is the Néron differential defined in section 1.1. Since E is mod-
ular by theorem 3.48, a method of Shimura (see [Shi4] and the introduction
of [St]) establishes the analytic continuation of L(Symm?E, s) to an entire
function and shows that L(Symm 2E,2) is a non-zero rational multiple of
inQlg. We now explain how to deduce the following theorem from Wiles’
results and a formula of Hida, corollary 4.21.

Theorem 3.53 Suppose that E is a semistable elliptic curve and £ is a prime
such that

® pg,. is irreducible, and
o { does not divide 2 [] dp.
p|Ng

Then the £-part of
NgL(Symm2E,2)
milg

is the order of
H}(Q,2d%E, ®z, Qu/Zy).

Sketch of proof: Since E is semistable, it is modular by theorem 3.48. Letting
f denote the associated newform, we have Ny = Ng and L(Symm2E,s) =
L(Symm?f, s). Furthermore the representations pg ¢ and

Pr: GQ b d GLz(Z()

are equivalent, since they are equivalent over Q; and p = pg . is irreducible.
The conditions on E and £ ensure that g and f satisfy the hypotheses of
corollary 3.45 with £ = @, so that

#Hé (Qa adOPE,t ®Zz Ql/Zl) = #(Zt/"lﬂ)

To apply Hida’s formula, corollary 4.21, it remains to relate det A and Qg
where the matrix A € GL2(C) is defined in section 4.4. Using that E is
semistable, £ is odd and pg ¢ is irreducible, one obtains a modular parametriza-
tion 7 : Xo(Ng) — E such that

o 7 : HY(E,Z¢) - H'(Xo(NEg),Z) has torsion-free cokernel;
e the Manin constant for 7 is not divisible by ¢ ([Maz2], sec. 4(a)).

One can then verify that le det A is an £-adic unit and theorem 3.53 follows
from corollary 4.21. |
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4 Hecke algebras
4.1 Full Hecke algebras

Suppose that K is a finite extension of Q for some prime £. Let O denote
its ring of integers and let k = O/ where X is the maximal ideal of O. Fix
embeddings K — Q;, Q = Q and Q < C. Recall that we defined “Hecke
algebras” over O in two different contexts:

e In section 1.6 as an algebra Ty generated by the full set of Hecke
operators acting on a space of modular forms;

e In section 3.3 as a certain subring Ty of a product of fields of Fourier
coefficients of newforms giving rise to the same mod ¢ representation.

The first of these provides a concrete geometric description useful for es-
tablishing properties of the fine structure of the algebra; the second yields
a reduced ring which is more easily interpreted as the coefficient ring of a
Galois representation. In the next section we shall relate the two notions by
identifying the “reduced Hecke algebras” of the form Ty as localizations of
the “full Hecke algebras” of the form T¢. Before doing so we need to recall
some fundamental properties of the algebras Tk, To and Tk.

Let I = 'y (N) for some positive integer N and subgroup H of (Z/NZ)*
(see section 1.2). We let Tz denote the subring of End (S2(I")) generated by
the operators T}, for all positive integers n and (d) for all d € (Z/NZ)*. If R
is aring, then Tx denotes the R-algebra Tz® R. Recall that Tg acts faithfully
on S3(T, R) and is finitely generated and free as an R-module. (This holds
for R = Z, hence for arbitrary R.)

We first record the following lemma:

Lemma 4.1 (a) Tg is generated as an R-algebra by either of the following
sets of elements:
e T, for all positive integers n.
e T, for all primes p and (d) for all d in (Z/NZ)>.

(b) Suppose that D is a positive integer relatively prime to N. If either D
is odd or 2 is invertible in R, then Tg is generated as an R-algebra by
either of the following sets of elements:

o T, for all positive integers n relatively prime to D.
e T, for all primes p not dividing D, and (d) for all d in (Z/NZ)>.

For a proof of (a), see [DI], prop. 3.5.1; for (b), see p. 491 of [W3].

The spectrum of Tp: First note that Tk and Ty are Artinian, hence have
only a finite number of prime ideals, all of which are maximal. Since To
is finitely generated and free as an O-module, its maximal (resp. minimal)
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prime ideals are those lying over the prime A (resp. (0)) of O. (This follows
from the going-up and going-down theorems, [Mat] thms. 9.4 and 9.5, for
example.) It follows that the natural maps

To—=To®Ro K=Tg; and To » To Qo k =Ty
induce bijections

maximal ideals of Tk } ++ { minimal primes of To} and
maximal ideals of Ty } + { maximal primes of T¢ }.

Moreover, since O is complete we have (by [Mat] thms. 8.7 and 8.15, for
example) that the natural map

To — HT"‘
m

is an isomorphism, where the product is over the finite set of maximal ideals
m of To and T,, denotes the localization of Ty at m. Furthermore each
T is a complete local O-algebra which is finitely generated and free as an
(O-module, and each minimal prime P of T is contained in a unique m.

Now suppose that f = 3" a,q™ is a normalized eigenform in S (T, K) for
the operators T}, for all n > 1. Then T}, — a, defines a map Tz — K and
induces a K-algebra homomorphism 6; : Tx — K. The image is the finite
extension of K generated by the a,, and the kernel is a maximal ideal of
Tx which depends only on the Gk-conjugacy class of f. Similarly a G-
conjugacy class of normalized eigenforms in S»(T', k) gives rise to a maximal
ideal of T.

Recall also that a normalized eigenform f in Sy(T', K) has coefficients in
Og, hence gives rise by reduction to a normalized eigenform f in Sy(T, k).
Furthermore if f and g are Gk-conjugate, then f and § are Gx-conjugate.

We have thus constructed a diagram of maps of finite sets whose commu-
tativity is easily verified.

normalized eigenforms in { normalized eigenforms in
S2(T, K) modulo Gk-conjugacy S3 (T, k) modulo Gg-conjugacy

{ maximal ideals of Tk } {maximal ideals of Ty } (41.1)

{minimal primes of To } —» {maximal primes of To }.

Proposition 4.2 The vertical maps are bijective, and the horizontal maps
are surjective.

Proof. For the injectivity of the upper-left vertical arrow, note that if p is
a maximal ideal of Tk, then all K-algebra homomorphisms Tx/p — K
are obtained from a single one by composing with an element of Gg. For
the surjectivity, let K’ = Tk /p and p’ denote the kernel of the natural K'-
algebra homomorphism Tg: — K'. Since Tk acts faithfully on S2(T, K'),
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the localization S3(T', K'), is non-zero, hence so is Sz(I', K')[p']. (For an
R-module M and an ideal I of R, we write M[I] for the intersection over
the elements r in I of the kernels of r : M — M.) It follows that there is
a normalized eigenform f in S3(T, K') so that p’ is the kernel of the 6} :
Tk — K', and therefore p is the kernel of 6. To prove that the upper-right
vertical arrow is bijective, note that the above arguments carry over with K
replaced by k. a

Remark 4.3 The surjectivity of the top arrow is called the Deligne-Serre
lifting lemma ([DS], lemma 6.11).

Suppose that m is a maximal ideal of To. Note that the maximal ideals
of Tx mapping to m are precisely those p for which p N Tp is contained in
m. Note also that the natural map

am : T ®0 K = [[ Ty
p

is an isomorphism, where the product is over such p.

It is straightforward to check that the above constructions are well-behaved
with respect to replacing the field K by an extension K'. More precisely, for
each set S in the above diagram, there is a natural surjective map from
w : 8" = S where &' is defined by replacing K with K', and these maps are
compatible with the maps in the diagram. Furthermore the maps

T,k K' =+ J] Ty and Ta®oO' = [[ Tw
p'e€@1(p) m’€w=1(m)

are isomorphisms by which a, ®x K' can be identified with IT Q.
m/'E€w—1(m)

Associated Galois representations: Suppose that p is a maximal ideal
of Tk and m is the associated maximal ideal of Te. By lemma 1.39,

Te(Ju(N)) ®z, K

is free of rank two over Tk, so reduction mod p yields a two-dimensional
vector space over the field Tk /p endowed with an action of Gg. The resulting

Galois representation
pp : Gg = GL2(Tk /p)

is unramified at all primes p not dividing N¢, and for such p the characteristic
polynomial of py,(Frob,) is
X% - Tp,X +p(p) mod p.

If £ is odd, then p, is defined over To/m and we write pr for its semisimpli-

fication
Pm : Gg = GL3(To/m).
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Thus py, is unramified at primes p not dividing N¢ and the characteristic
polynomial of Frob, is

X% -T,X +p(p) mod m.

Suppose that g is in the G x-conjugacy class of eigenforms in S2(I") corre-
sponding to p. If g is a newform then Tk /p is isomorphic to the field denoted
K, in section 3.1 and p, can be identified with the representation

py : Go = GLy(K')

considered in theorem 3.1. If also ¢ is odd then p, is obtained from pm
by extending scalars. More generally suppose that g is not necessarily a
newform and consider the associated newform f. Let D denote the product

of the primes which divide N but not Ny. Let Tg?) denote the K-subalgebra
of Tk generated by the operators T, for n relatively prime to D and (d) for
din (Z/NZ)*. Let I' = 'y (Ny) where H' is the image of H in (Z/NsZ)*,
and let T = T, ® K where T} is the Hecke algebra acting on S(I").

Restriction of operators defines a natural homomorphism 'Il‘g?) — T, which
is surjective by lemma 4.1. The composite with T — K } factors through

the field T(If’) /(P OTS,?)), so we may identify K} with a subfield of Tx /p and
pp is then equivalent to the extension of scalars of py. If £ is odd, then pm
and py are defined and equivalent over a common subfield of To/m and ky.

The structure of Tx: We now give an explicit description of Tk in the

case that K contains the coefficients of all eigenforms of level dividing N.

Let Nt denote the set of newforms in S»(T'), i.e., the set of newforms f of

level Ny dividing N such that H is contained in the kernel of the character
(Z/NZ)* - (Z/N;Z)* Y K.

By theorem 1.22

S:(T,K) = €D Sk,
FENT

where Sk 5 is spanned by the linear independent elements
{ f(a7)|a divides N/N¢ }.
For each f = Y an(f)g™ in AT, let
e Tk s denote the image of Tk in End xSk, f;

e Ag,; denote the polynomial ring over K in the variables uy,p, indexed
by the prime divisors of N/Ny;

o Ik ; denote the ideal in Ak, s generated by the polynomials

Pro(ug,) = uf 07N Wh , — ap(fusp + s (0)P),
for primes p dividing N/N; (setting v¢(p) = 0 if p divides Ny).
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Consider the K-algebra homomorphism Ak ; —% Tk ;s defined by map-
ping uy, to the operator T,. Since Py, is the characteristic polynomial
of T, on the span of { f(ap't)|i = 1,... ,v,(IN/Ny)} for each a dividing
N/(Nsp?»(N/N1)), we see that Ik s is contained in the kernel of Ax y — Tk 5.
Taking the product over f in Ar, we have a surjective K-algebra homomor-

phism
I Ax.s/1x.s = [ Tx.s-
f f

Since the natural map Tx — [] Tk,y is injective and
f
dimg Tk = dime S2(T,C) = Y _0o(N/Ny) = Y _ dimx Ak s/Ixk.s,
f f

we conclude

Lemma 4.4 There is an isomorphism of K -algebras:

a:Tg — H AK’f/IK,f
feNT

defined by
o oTp)f = ap(f) if p is a prime not dividing N/Ny;
o a(Tp)s = uspmod Ik s if p is a prime dividing N/Ny;
o a((d))y = v¥y(d) if d is relatively prime to N.

Remark 4.5 It follows that the algebra Tg is a “complete intersection” over
K in the sense that it is a finite-dimensional K-algebra of the form

K[X1,...,X.)/(P.,... , Py

for some r.

4.2 Reduced Hecke algebras

As in section 4.1, we suppose K is a finite extension of Q; with ring of integers
O and residue field k, and fix embeddings K — @, Q — Q; and Q — C.
We assume in this section that £ is odd and we fix a representation

p:Gg — GLg(k)

which is modular (definition 3.12). Thus p is equivalent to pm (over To/m)
for some I' = 'y (V) and maximal ideal m of Te.

We suppose also that j has the properties listed at the beginning of sec-
tion 3.3 and that ¥ is a finite set of primes contained in ¥, (definition 3.25).
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We shall show that I and m can be chosen so that the reduced Hecke algebra
Ts can be identified with a localization Ty, of the full Hecke algebra Teo.
The main result is due to Wiles (W3], prop. 2.15), but we also explain an
important variant ([TW], lemma 1) which arises when considering special
sets of primes @ as in section 2.8 above.

Ty and the full Hecke algebra: Let I' = I'g(Ny) where

Ne=6N@) [ »™" =6 [[» I] #
pES—{£} pIN(?) peS—{£} (4.2.1)

with § =0 if 5 is good and £ ¢ ¥ and § = 1 otherwise.

Suppose that f is a newform in M. Recall that Ny, defined in section 3.3,
is the set of newforms f in S3(I') such that p is equivalent to py over ky
(lemma 3.26). Note that these representations are equivalent if and only if

ap(f) mod X' = tr (p(Frob,))  for all p{ Nx¢,

where )’ is maximal ideal of the ring of integers of K. There is then a
normalized eigenform g in S»(T', K}) characterized by

® ay(g9) = ap(f) if p does not divide Nz /Ny;
® a,(g9) =0if p # £ and p divides Nx/Ny;
e ay(g) is the unit root of X2 — a,(f)X + £ if £ divides Ny /Ny.

Note that if £ divides Ng /Ny, then § = 1 and p is flat, hence p is ordinary
and a(f) is a unit by theorem 3.1 (f).

Lemma 4.6 For f and g as above, the reduction § is the normalized eigen-
form in So(T', k') characterized by:

e a,(g) = trpr,(Frobyp) if p =€ or p is not in ¥ (recall that py, denotes
the representation on I,-coinvariants);

® a,(g) = 0 otherwise.

Furthermore, if K is as in lemma 4.4, then g is the unique normalized eigen-
form in Sk ; with this reduction.

Proof: If p is not in £ U {£} then the formula for a,(§) = a,(f) follows from
theorem 3.1, parts (a) and (e). If p = ¢, then we use parts (f) and (g) of
theorem 3.1. Otherwise, we have a,(3) = 0 by theorem 1.27(d) (if p*| Ny and
f has trivial character, then a,(f) = 0). The uniqueness follows from the
fact that if p||Ny, then ap(f) = £1 (by theorem 1.27(b)). O

Note in particular that g has coefficients in k and is independent of the
choice of f in Nx. We let m denote the corresponding maximal ideal of To.
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Proposition 4.7 There is an isomorphism Ts — Tn of O-algebras such
that T, — Ty, for all primes p not dividing Nxf.

Proof Replacing K by a larger field K', we have Ty Qo 0" — T
(lemma 3.27) and Tm ®0 O' — T/, (since there is a unique maximal ideal
m’ of T over m). We are therefore reduced to the case where K is as in
lemma 4.4. Note that Ny is the set of newforms f in At such that

ap(f) = tr (p(Frob ,)) for all pt Nxt.

(We have K = K; and write f for f mod \.)
We now define an isomorphism of K-algebras

k:Tm ® K = H K,
fENE

such that for each f € Nx:
o k(Tp)f = ap(f) if pis not in I;
o k(Tp)f =0ifpisin X — {£};
o «(T¢)s is the unit root of X2 — a(f)X + ¢(£)€ if £ is in .

Recall that T, ® K = ]'Ip T, where p runs over the primes of Tx whose
preimage in To is contained in m. Thus according to lemma 4.4 we have

Tw® K = H H (Ak,f/Ik,f)p,
FENT peEM;

where My is the set of prime ideals in Ak ¢/Ix ; whose preimage in To is
contained in m. If f is not in Ny, then My is empty. If f is in Ny, then
Mg consists only of the kernel py of the map defined by uy,, 5 = a,(g) where
g is the eigenform of lemma 4.6. Furthermore the maps up, s — ap(g) induce
isomorphisms (Ak,¢/Ik,f)p, — K, and taking the product over f € N5,
we obtain the desired isomorphism «.

Identifying Ty, with the O-subalgebra of [] seny K generated by the ele-
ments T, = (ap(f))y for all p not dividing Nx¢, it suffices to prove that Ts
contains k(T}) for all p dividing N(p)¢. Now observe that for each f in Ng
the representation p; is isomorphic to

GQ - GLz(Tz;) — GLz(K)
obtained by composing p®°¢ with the projection Ty — K. It follows that for

p diviling N(p)#%, the image of (p2°Y),(Frob,) in K is
()1, (Frob,) = ap(f)s and therefore

(sz‘Od)I,, (Frob p) = K(Tp).
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Finally if § = 0, then we conclude from lemma 4.1 that Ty contains x(T%).
a

A twisted variant: Suppose now that ¥ is a finite set of primes contained
in ¥; — {¢} such that if p is in ¥ then 5(Frob ) has eigenvalues a, and 8,
in k satisfying

ap/Bp # P (4.2.2)
Note that (4.2.2) is equivalent to
tr (5(Frob,))? # (p + 1)2. (4.2.3)

Let Q denote the set of primes in ¥ such that ¢ = 1 mod £. The set of primes
Q is therefore as in section 2.8. Choosing an eigenvalue aq of p(Frob ) for
each ¢ € Q as in section 2.8, we regard Rg and hence Tq as an O[Ag]-
algebra. (Recall that Aq is the the maximal quotient of (Z/([[,cq 9)Z)* of
¢-power order.)

Instead of working with ['¢(Nx) as in proposition 4.7, we shall now work
with the group

I =To(Ng) NT1(M), (4.2.4)

w= 11 #1]e

PEX—-Q g€Q

where

Remark 4.8 We are about to relate Tqg to a localization of To, where To
is now defined using the Hecke operators on Sz(I'), with I" defined by (4.2.4).
Recall that Tq is defined using modular forms with trivial character, but note
that the modular forms involved in the definition of Ty may have non-trivial
character. The purpose of establishing this relationship is to give a concrete
realization of the image of Ag in Tg for the purpose of proving theorem 3.31.

Suppose that f is a newform pair in Ny. For each ¢ in Q, let d,(f) be
the root of X2 — a,(f)X + ¢ = 0 (in K}) whose image in ky is ag. We let
g denote the unique normalized eigenform in S3(T', K}) of trivial character
such that

e ap(g9) = ap(f) if p is not in X;
* ap(g) = ap(f) if pisin Q;
e a,(g) = 0 otherwise.

The reduction § is the unique normalized eigenform in S(T', k') of trivial
character such that

® a,(g) = tr s, (Frob,) if p is not in I;
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® ap(g) =apif pisin Q;

® a,(g) = 0 otherwise.
Thus g has coefficients in k and is independent of the choice of f in Ny. We
let m denote the corresponding maximal ideal of To.

Suppose for the moment that K contains the coefficients of all eigenforms
of level dividing Nx. Let N’ denote the set of newforms g in Nt such that

® pg~p;

¢ a,(g) = ap for all p dividing N,y/Ny.
Suppose we are given a newform g € N'. Let 1, denote its character and
write @, for the conductor of ,. Note that v, has trivial reduction and
hence ¢-power order, and that @, divides Q. By proposition 3.2 we see that
if p € ¥ — Q, then p, is unramified at p and hence N, is not divisible by
p. Furthermore, by theorem 3.1 (e) and (4.2.2), Ny = NpQ,. Let §, denote

the character of (Z/Q,Z)* of ¢-power order such that £, 2 is the primitive
character associated to 1,. Then

9®& = &(n)an(g)d"
is in Ng, C Ng.
Lemma 4.9 The map g = g ® £, defines a bijection between N' and Ng.

Proof: Suppose we are given a newform f in Ng; i.e., f is in Np (@) and
ps ~ p. For g € Q, we have (by lemma 2.44 for example) that

€10 0
pfle ~ ( 0 66;,; ’
where &54 : G; = K* is a character whose reduction is the unramified
character sending Frob, to a,. Note that the characters £¢,4|1, have £-power

order. In particular Ny/Ny is Q% where Q; is the product of the primes
g € Q such that &; 4 is ramified (theorem 3.1 (d)). Note also that there is a

unique character
& (2/Qs2)* - K>

such that
I, - Go -» Gal (Q(¢o, )/Q) % K*

coincides with the restriction of {54 to I, for each q|Qy. (We have written
&; for the character of Gg as well as the corresponding Dirichlet character.
We shall also write &; for the corresponding character of Ag.) Let g denote
the newform associated to the eigenform

S & (n)an(f)g™ € S2(To(Np) NT1(QF), K).

By proposition 2.6 and theorem 3.1 we have
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® pg ~pf®£}-17
® '(/)g = ;2,
o Ng = N@Qf and

o a(9) = (&1G,&5.4)(Frob) has reduction &j,q(Frob,) = aq for all ¢
dividing Q.

Therefore g is in N' and f = g ® §,. In particular g — g ® &, is surjective
and §; = {;@¢,- Injectivity follows as well on noting that if g® £y = ¢’ ® &y
then §, = £, hence g =¢'. a

Recall that Te contains the operators (d) for d in (Z/MZ)*, and note
that (d) — 1 € m for all d. Let H' denote the kernel of

@/Mz2)* —+ (Z/(]] 92)* - Aq.
q€Q

Since the order of H' is not divisible by £, we find that >,z (d) ¢ m. It
follows that if d € H' then (d) = 1 in T,,. We may therefore regard Ty, as
an O[Ag]-algebra via the map d — (d). Recall that Tq is considered an
O[A]-algebra via the map

O[AQ] = Rq — Tq.
If p is a prime not in @, let z, denote the unique element of Ag such that
z,% =p.
Proposition 4.10 There is an isomorphism Tg — Tm of O[Ag]-algebras
such that T, — z,Tp for all primes p ¢ ¥ with p{ ¢N(p).

Proof: We may enlarge K so that we are in the setting of lemma 4.9. We
then define an isomorphism of K-algebras

k:Thn® K = H K
gEN"

such that for each g € N":
o k(Tp)g = ap(g) if p is not in ¥ or if p divides Q,,
o k(Tp)g=0if pisin ¥ - Q,

o k(Tp), is the root of X2 — a,(g) + ¥e(p)p with reduction oy, if p is in
Q but does not divide Q,, and

o k(d)y =9y(d) for all d € Ag.



H. Darmon, F. Diamond and R. Taylor 107

The existence of such an isomorphism follows from lemma 4.4 which gives

Ta® K = H H (Ak,g/IK,g)p;
9ENT pEM,

where M, is the set of prime ideals in Ak ,/Ik, 4 whose preimage in To is
contained in m. If g is not in A, then M, is empty. If g is in N, then M,
consists of the prime ideal corresponding to the eigenform whose eigenvalues
are prescribed as above, and one checks that (Ax /1K)y = K.

Viewing Tg as a subalgebra of ]}/ K and matching indices via the

feNq
bijection f = g ® {; > g, we obtain an injective homomorphism of O[Ag]-
algebras
k' :Tg — H K
gEN"

such that
"CI(Tp) = (§s(p)ap(9))g = k(zpTp)

for primes p ¢ ¥ such that p{ £Ny. Since Tg is generated over O by the set
of such Ty, we see that k'(Tq) is contained in £(Tw). On the other hand,
the image of k' contains the image of Ag, hence contains x({(d)) for d in
(Z/MZ)* as well as k(Tp) for p ¢ £ with p{ Nyl.

It remains to prove that «(Tp) is in the image of '(Tq) for p dividing
No]l,cqq- Consider the composite

Ro 219 5 ] K.
geEN"

The pushforward of pg‘“’ is equivalent to []py ® &, and therefore [] p, is
equivalent to the pushforward of

i -1
plénlv ® éQ

(where &g was defined in section 2.8). For primes p dividing Ny, we recover
k(Tp) as the image of Frob, on the I-coinvariants, hence (T}) is in &'(Tg).
For q € Q and g € A, the pushforward of §Q|a: - 4,0 to the g-component
is an unramified summand of py|g, whose reduction sends Frob, to a4. It
follows that this character maps Frob ; to k(T) and we conclude that x(T;) €
£'(Tg). Finally in the case that £ does not divide Ny, we appeal to lemma 4.1
to conclude that x(T;) € £'(Tg). O

Auxiliary primes: For ¥ as in proposition 4.10, i.e. a set of primes satisfying
(4.2.2), a somewhat simpler argument provides a similar a description of Ty
with I replaced by

I’ = T'o(Ng) N T (M) (4.2.5)
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where H is the £-Sylow subgroup of (Z/MZ)*. While we shall make no direct
use of this, the group I will play a role in the proof of theorem 3.31 and
we shall need to choose ¥ so that I'' has no elliptic elements; i.e., non-trivial
elements of finite order. This is the case for example if ¥ contains a prime
p # 1 mod £ with p > 3. The group I is then contained in I'; (V) for some

integer N > 3, and therefore has no elliptic elements. Indeed if (g 3) el

has finite order then the roots of X2 — (a + d)X + 1 are roots of unity and
we deduce that this matrix is the identity.

In order to show that X can be so chosen, we appeal to the following
lemma (cf. [DT2], lemma 3).

Lemma 4.11 Suppose that G is a finite group, x : G — k* is a character
of order d and p : G = GLy(k) is a representation. Suppose that for all
g & ker x we have

(tr 5(9))*/ det p(g) = (1 + x(9))*/x(9)- (4.2.6)
e Ifd > 3, then p is reducible.
e Ifd =3, then p is reducible or has projective image isomorphic to Ay.
o Ifd =2, then pluery is reducible.

Proof. Note that if p(g) is a scalar then x(G) = 1. Hence x induces a
surjective homomorphism x' : G' = C4 where G’ is the projective image of
p and Cjy is cyclic of order d. Furthermore if d = 2, then every element of
G' — ker X' has order 2. The lemma then follows from theorem 2.47(b). O

4.3 Proof of theorem 3.31

We shall give a proof of theorem 3.31 which is based on the g-expansion
principle rather than the method of de Shalit [dS] employed in [TW]. It will
be more convenient to consider the action of the Hecke operators on the full
space of modular forms M,(I"). The Riemann-Roch theorem shows that the
dimension of M,(T') is g+ s — 1 where g is the genus of the modular curve Xr
associated to I and s is the number of cusps on Xr (see for example [Shi2]
thm. 2.23 or [DI] (12.1.5)).

Eisenstein maximal ideals: One can give an explicit description of a space
of Eisenstein series G2(I") so that

M (T) = S2(T) ® G2(T).

(See for example [Hi3], lemma 5.2.)
There is a natural action on M2 (T') by the Hecke operators (d) for all d €
(Z/NZ)* and T, for all primes p. We shall only need to use the operators (d)

and T}, for p not dividing N, and we let Tz denote the subring of End (M(T'))
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these generate. The ring 'll‘z is commutative and is finitely generated and
free as a Z-module. That Tz is finitely generated is proved for example by
showing that M>(T',Z), the set of forms with integer Fourier coefficients at
00, is stable under the Hecke operators and contains a basis for M3(I") (see
[DI], cor. 12.3.12 and prop. 12.4.1). Alternatively, one can show that Tz
acts faithfully on the cohomology of the non-compact modular curve Yt (cf.
section 1.3).

For any ring A, we write M3 (T, A) for M>(T',Z) ® A and regard this as a
module for T4 := Tz ® A. If n is a maximal ideal of To we write T, for the
localization. If m is a maximal ideal of To then we let m denote its preimage
in To.

We say that a maximal ideal n of To is Eisenstein if

Tp=p+1modn forallp=1modN.

One sees from the explicit description of the Eisenstein series that T, = p+1
on G2(T) if p = 1 mod N. We shall be interested in the non-FEisenstein
maximal ideals because of the following lemma (see [R5], thm. 5.2(c)).

Lemma 4.12 Suppose that £ is odd. The representation
Pm : GQ — GLQ(TO/m)
is absolutely irreducible if and only if m is not Eisenstein.

Proof: If py, is not absolutely irreducible then pm ~ x1 @ x2 with N divis-
ible by the product of the conductors of x; and x2. Furthermore if £ does
not divide N, then one of the characters is unramified at £ while the other
coincides with the cyclotomic character € on I;. Therefore m is Eisenstein.
Conversely if m is Eisenstein then proposition 2.6 implies that pn restricted
to Go(¢n.) has trivial semisimplification from which it follows that pm is also
reducible. O

Differentials: Suppose now that ¥ is a finite set of primes satisfying (4.2.2)
Moreover we assume that ¥ contains a prime p > 3 with p # 1 mod £. Let T’
and I be defined as in (4.2.4) and (4.2.5); i.e.

F = To(Ng) N T'1(M)
= To(N) NI (M)

where H is the ¢-Sylow subgroup of (Z/MZ)*. Let X and X' denote the
modular curves associated to I and I'.

We first consider the case where £ Ny. The curve X has a smooth proper
model X over Z[1/NgM] such that the complement of the cusps parametrizes
cyclic isogenies (E,41) — (E2,12) of degree Ny where E; is an elliptic curve
and i; is an embedding ppr < Ej. (See [DR] or [Kat] for example.) The
action of H on X extends to X and the quotient X' = X /H is a smooth
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model over Z[1/NyM] for X'. The natural projection X — X' is étale. (The
fact that it is étale on the complement of the cusps follows from the natural
moduli-theoretic description of X’ using the fact that 'y (M) C I'y(p) for
some p > 3. One then need only verify that X — X' is unramified at the
cusps.)

For a Z[1/NyM]-algebra A, we define

Qa = H(Xa, 0%, ,4),

'y = HO(X}, 0%, 4),

QA = HO(XA, Q}yA/A('D)),

74 = Ho(X}, Q}Y/,‘/A(D')),

where D (resp. D') denotes the reduced divisor defined by the cusps of &
(resp. X'). The g-expansion principle and standard base-change arguments
allow us to identify these with S3(T', A), So(I", A), M,(T', A) and My(I", A)
(see [Kat], sec. 1.6, 1.7). We may therefore regard the first two of these as
modules for T4 and all of them as modules for Ta.

Lemma 4.13 Suppose that A=k or K.
(a) Qo ®0 A=Qy and Q’O Qo A= Qg.
(b) The natural map X — X' induces an isomorphism
0, = 04
(¢) Ifn is a non-Eisenstein mazimal ideal of To, then the localization at n
of Qo — Qo is an isomorphism.

(d) If m is @ mazimal ideal of T4 then Qa[m] is one-dimensional over
'll‘A/m.

Sketch of proof:

(2) In the case A = K this follows from the fact that K is flat over O, so
suppose A = k. Identify Qo/AQo with the direct image of 2; under
X = Xo and use that H! (Xk,Q}Yk /k(D)) vanishes by Serre duality.

The case of ' is similar. (See [Maz1] sec. I1.3.)

(b) Using the fact that X — X’ is étale one identifies the pull-back of
QL /4 With %, /4 and that of D' with D.
A A

(c) The map is injective and one proves that its cokernel is free and anni-
hilated by the operators T, — (p + 1) for all p = 1 mod NyM. To prove
the latter assertion, first observe that it holds with O replaced by C,
then by Z[1/NyM].
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(d) This follows from
Na[m] = S3(T, A)[m] = Homy (T4, A)[m] = Hom4 (T 4/m, A),

where the middle isomorphism is that of proposition 1.34, but let us
reformulate the argument in a way more easily generalized to the case
of £ dividing Ny discussed below. Note that Q4[m] is non-zero since
T acts faithfully on Q. To prove that the dimension is at most one
we can enlarge the field A and assume T4/m = A. One then shows
that an eigenform f in Q4 (for all the Hecke operators T}, and (d)) is
determined by its eigenvalues and the first coeflicient of its g-expansion.
This follows from the fact that f is determined by its g-expansion and
for all n, an(f) = a1(Tnf) and T;, can be expressed in terms of the T},
and (d). (See [Mazl], sec. IL.9.) O

We now explain how the situation changes if £ divides Ny. In that case
X has a regular model X over Z[¢/NyM|] with the same moduli-theoretic
description as above. This model is smooth over Z[1/NgM], but AF, has two
smooth irreducible components crossing at ordinary double points as in [DR]
sec. V.1. The quotient X' = X/H is a regular model for X' over Z[¢/NyM]
and X — X' is étale. For a Z[¢/NgM]-algebra A we define Q4, Q'4, Q4 and
V' 4 as before, except that Q! is replaced by the sheaf of regular differentials
(see [DR] sec. 1.2, [Mazl] sec. IL.6 or [MRi] sec. 7). Formation of these
modules again commutes with change of the base A, but we can no longer
identify them with S3(T, A), Sa(IV, A), M3(T', A) and M,(I", A) if £ is not
invertible in A. For every A, there is a natural action of T4 (resp. T4) on Q4
and ', (resp. Q4 and fl;‘). In the case of T4 this is proved by identifying
Q4 (resp. Q) with the cotangent space at the origin for the Néron model
over A for the Jacobian of X (resp. X'). In the case of T4 the action is
defined using Grothendieck-Serre duality (as in [Maz1] sec. IL.6 or [MRi] sec.
7).

Lemma 4.14 If £ divides Ny then lemma 4.13 carries over with the above
notation and the additional hypothesis Ty ¢ m for part (d).

The proof is essentially the same except that part (d) is more delicate in the
case A = k. For the proof in that case we refer the reader to [W3], lemma
2.2 (from which the result stated here is immediate). We remark however
that we shall only use lemma 4.14 if py, is not good. In that case one can
also deduce the statement here from the argument used in the proof of [MRIi]
prop. 20, which shows instead that dimg Qx[m’] = 1 where m’ is a certain
maximal ideal corresponding to m, but contained in an algebra defined using
the operators (d), T}, for p # £ and wy.

Remark 4.15 The approach in [TW] to proving theorem 3.31 is based on
the result that under certain hypotheses (7¢(J) ®z, O)m is free of rank two
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over Ty, (see [W3], thm. 2.1 and its corollaries). This result generalizes work
of Mazur Ribet, and Edixhoven (see secs. 14 and 15 of ch. II of [Mazl],
thm. 5.2 of [R5], [MRi] and sec. 9 of [Edi]), and the key to its proof is
lemmas 4.13(d) and 4.14. We shall instead give a proof of theorem 3.31
which is based directly on lemma 4.13, (d).

The fact that (7¢(J)®z,0)n is free of rank two over Ty, actually underlies
Wiles’ approach to many intermediate results along the way to proving the
Shimura-Taniyama conjecture for semistable elliptic curves. We shall appeal
to a special case in the course of proving theorem 3.36 below.

Proof of the theorem: Suppose we are given a representation g as in
section 3.3 and a set of primes () as in the statement of theorem 3.31. We
apply lemma 4.11 with G = Gg and x = € to choose an auxiliary prime p
not dividing 6Np£[] o ¢ such that

e p#1lmod?
o tr (p(Frob ) # (p+ 1)2.

To prove theorem 3.31 we may replace K by a larger field and assume that
k contains the eigenvalues of p(Frob,).

Let ¥ = QU {p}. Thus X is a set of primes as in proposition 4.10 and £
contains a prime p > 3 such that p # 1 mod £. We let I be as in (4.2.4); thus

[ =To(Ng) N1 (M)

where M = p*[] €@ ® and we choose the maximal ideal m of Ty as in
proposition 4.10. Let H denote the ¢-Sylow subgroup of (Z/MZ)* and regard
To and hence T, as an O[H]-algebra viad — (d). In view of proposition 4.10,
theorem 3.31 is equivalent to the following:

Theorem 4.16 Ty, is free over O[H].
Proof: Consider the To-module
L= Homo(ﬁo, 0)

and the Tp-module
L = Homp (e, O).

Since X — X' is unramified, the Riemann-Hurwitz formula implies that
dmM(T) =g+s—1=#H(g' +s' — 1) = #H dim My(T"),

where g (resp. ¢') is the genus and s (resp. s') is the number of cusps of X
(resp. X'). It follows from lemma 4.13 (a) (and lemma 4.14) that

dimg (L ®0 K) = #H dimy (4.3.1)
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On the other hand, by (b) we have that
L/(a,\)L = Hom, (0, k) = Homy (€%, k) (4.3.2)

where a = ker (O[H] — O) is the augmentation ideal. By Nakayama’s
lemma and (4.3.2), L is generated as an O[H]-module by d elements where
d = dim; Q). By (4.3.1) any surjective homomorphism

OHIY->L
is in fact an isomorphism. Hence L is free over O[H], as is
L, = Homo (2, 0) = Home (2, 0)

for each non-Eisenstein maximal ideal n of To (by part (c) of lemmas 4.13
and 4.14).

Since pm ~ pis absolutely irreducible, m is not Eisenstein (by lemma 4.12),
and it follows that Ly, is free over O[H].

Since L ®o K is free of rank one over Tk (lemma 1.34), we have that
L. ®0 K is free of rank one over T, ® 0 K. If £1 Ny then lemma 4.13 implies
that

L/mL = Homy (Qk[m], k)

is one-dimensional over k. The same assertion holds if ¢|Ny by lemma 4.14
(from the definition of m in this case, we see that it does not contain Tp).
It follows from Nakayama’s lemma that L. is free of rank one over Ty.
Therefore Ty, is free over O[H]. O

4.4 Proof of theorem 3.36

Our proof of theorem 3.36 is based on Wiles’ arguments in ch. 2 of [W3],
which in turn are based on a method of Ribet [R4]. We shall reformulate
the proof somewhat to underscore the relationship observed by Doi and Hida
[Hil] between the size of O/n and the value of an L-function, but after
doing so we shall also sketch the more direct argument used by Wiles. Two
important ingredients appear in both versions of the argument, and we shall
discuss their proofs in section 4.5. These ingredients are

e the generalization of a result of Thara [Ih] used in Ribet’s argument;

e the generalization of a result of Mazur [Maz1] on the structure of the
Tate module 7¢(Jo(N)) as a module for Tgz,.

Assume now that we are in the setting of theorem 3.36. In particular, p
is a representation as in section 3.3, ¥ is a finite set of primes contained in
X5 and 7 is an O-algebra homomorphism Ty — O arising from a newform
f in N5 with coefficients in O.
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The symmetric square L-function: For each prime p let o, (f) and B,(f)
denote the roots of the polynomial X2 — a,(f)X + épp = 0, where 6, = 0 or
1 according to whether p divides Ny. Thus we have

Ly(f,8) = (1= ap(Hp™*) 1A = Bp(H)p~*) "

If p = £ divides N/Ny, then we require that a,(f) be the root which is a unit
in O, i.e. a¢(g). We define the symmetric square L-function associated to f
as

L(Symm?f,s) = H L,(Symm ?f,s),
P

where
Ly(Symm?f,s) = (1-a3(f)p~*) " (1 = ap(£)Bp(f)p™*) "1 (1 = B5(H)p~*) 7"

(We caution the reader we have defined the Euler factors rather naively at
primes p such that p? divides N;.) The product converges absolutely for real
part of s > 2 and can be analytically continued to an entire function.

The calculation of 7y: We write p for the kernel of 7 and I for the
annihilator of p in Tx. Since Ty is reduced, we have pNI =0 and p@ I has
finite index in Tyx. Note that

O/ne = Ts/(poI).

Suppose that we are given a Tx-module L which is finitely generated and
free over O, and such that L ® K is free of rank d over Ty ®» K. Suppose
also that L is endowed with a perfect O-bilinear pairing

LxL—> O
(z,y) — (z,9)

such that (T'z,y) = (z,Ty) for all z,y € L and T € Tx. Note that to give
such a pairing is equivalent to giving an isomorphism

L = Home(L, 0)
z (z,-)

of Tx-modules. We shall refer to the module L together with the pairing ( , )
as a self-dual Tx-module of rank d. We then can give a lower bound for the
size of O/nx in terms of a basis {z1,z2,... ,z4} for the free O-module L[p]:

Lemma 4.17 We have
1% C O det((zi, z5))i g
and equality holds if L is free over Tyx.
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Proof: The modules L[p] and L/L[I] are free of rank d over O and the pairing
(, ) induces an isomorphism

L/L{I] = Homo (L[], 0). (4.4.1)

The O-module M = L/(L[p] ® L[I]) is annihilated by 7z and is generated
by d elements. Furthermore M is isomorphic to (O/ng)? if L is free over Tx.
It follows that

#(O/ne)" > #M,

with equality if L is free. The cardinality of M is that of the cokernel of the

map
L[p] = Homo(L[p], O)

arising from the pairing ( , ), and this is precisely
O/ det({zi, z;))s,5-

O

Recall that proposition 4.7 establishes an isomorphism between Ty and
T, the localization at a certain maximal ideal m of Tp = Tz ® O, where

Tz C End (S3(Fo(N))),

and where N = Ny is defined in (4.2.1). Write X for Xo(N) and J for Jo(V).
Recall that H,(X,Z) is endowed with the structure of a Tz-module and

Te(J) ®z,0 = Hi(X,Z)® O
with that of a Tp-module. We also regard
HY(X,0) = Hom(H,(X,Z),0)
as a To-module; as such it is naturally isomorphic to
Homo(7¢(J) ®z, O, 0).
The Weil pairing defines a perfect pairing
Te(J) x Te(J) = Z

(with (e27%/%"),, as the chosen generator for im pugn (C)). The composite

Te(J) = Te(J) = Homz (Te(J), Zo) (44.2)

is an isomorphism of Tz,-modules where w, is induced by the involution
w = wy of X (see section 1.4). Tensoring with O and localizing at m, we

regard
LT = (72(’]) ®Z¢ O)m
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as a self-dual Tx-module of rank 2 via the isomorphism Ty = T,, of proposi-
tion 4.7. We shall write (, )7 for the pairing obtained from (4.4.2). Similarly,
using w*, the cup product and Poincaré duality, we regard

Ly = HI(X’ O)m

as a self-dual Ty-module of rank 2, with (z,y)y defined by the image of
z U w*y under the canonical isomorphism of H2(X,O) with O. Note that
Ly is canonically isomorphic as a Tx-module to Homp (L7, O). In the next
section we shall discuss the following generalization of a result of Mazur
[Maz1).

Theorem 4.18 The Tx-modules L+ and Ly are free.
Corollary 4.19 If {z,y} is a basis for Lt(p] (resp. Lu[gp]), then ns is gen-

erated by (z,y)7 (resp. (z,y)m).

This follows from lemma 4.17, theorem 4.18 and skew-symmetry of the pair-
ings.

Hida’s formula: We now explain how the value of (z,y)y in corollary 4.19
is related to L(Symm 2 f,2) by a formula of Hida (see [Hil] sec. 5, [W3] sec.
4.1).

Recall that the homomorphism

To—-)TmﬁTzl)O

arises as T, — an(g) for a normalized eigenform g in S3(T'o(V), K) whose
associated newform is f. We shall write P for the kernel of this homomor-
phism; thus P is the preimage in To of the ideal p of Ty. Note that Py
corresponds to p under the isomorphism Ty, = Ty.

Choose a number field K¢ containing the Fourier coefficients of g and let
Op denote the valuation ring O N Ky. We choose the basis {z,y} for Lg[p)
in the image of

H'(X,00)[Po] C H'(X,0)[P] = H'(X,0)m[P] = Lxlgl,
where Py = PN Tep,. Let Pc denote the kernel of the homomorphism
0y :Tc - C
associated to the eigenform g. The two-dimensional complex vector space
(H'(X, 00)[Po]) ®0, C = H(X,O)[Pc]

has a canonical basis
{wg, @g<},
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where we view these differential forms as cohomology classes and the su-
perscript ¢ indicates complex conjugation applied to the Fourier coefficients.
(Recall that w, is the holomorphic differential on X defined by }_ a.(g)¢"dg,
S0 @ye is the antiholomorphic differential defined by Y an(g)g"~'dg where
q = e?™7) Let A denote the matrix in GL2(C) such that

(wg, @ge) = (z,y)A.
Theorem 4.20 With the above notation we have (up to sign)

(z,y) = (im det A)" N, L(Symm?£,2) [ (),
p|N/Ny

where
_ P’ L,(Symm?f,2)"!  ifp#¢
e(f) = { (ce(f) = Bel£)(1 - az(f)) if p=£.

Proof. We have
(2, y) s det A = / Wy A Buge = 829, (wg)°)
X

where the last (,) denotes the Petersson inner product and we have used that
wg® = (wg)¢ for forms on I'o(N). We then appeal to a formula of Shimura
(see [Shi5] (2.5) and [Hil] (5.13)) to obtain

(9, (wg)°) = (48m) 7! [SL2(Z) : To(IN)]res,=2D(g, wg, 5)-

By [Shi5] lemma 1, the Dirichlet series D(g,h,s) is defined by
Y- an(g)an(h)n~* and if g and h are normalized eigenforms then this has
an Euler product expression in which the factors are

1- ap(g)ﬂp(g)an(h)ﬂp(h)P—zs)(l = ap(g)ap(h)l’—s)—l :
(1- ap(g)ﬁp(h)p_’)_l(l - ,Bp(g)ap(h)p_’)—l(l - ﬂp(g)ﬂp(h)P_s)_l,

(where the ay’s and f,’s are defined as they were for f). Using the recipe
for obtaining g from f (see lemma 4.6) we find that if £ is not in ¥ then

D(g,wg,s)::i:Dg(f,f,s) H p—17
pIN/N;

(where the subscript ¥ indicates that the primes in ¥ are removed from the
defining Euler product). If £ is in ¥, then we must also multiply by the factor

o (1—£-*)~1 if £ divides Ny;
o (1—£9)"11 = a2(f)e~*)"1(Be(f) — @27°(f)) otherwise.
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To obtain the formula in this last case, consider the eigenform

fa = f = Be(f)f(£r)
on I'o(Ngf). Since
wN,efa = £(f(er) — a7 (f)f)

and

D(fa,£f(¢7),5) = ae(£)€' ~*D(fa, f, 9),
we get
D(fo:,wN,lfa’ S) = :!:Z_l(ﬂl(f) - a[(f)£2—s)D(fa, f7 3)

and use the Euler product. The Euler product expression also gives

¢n(s — 1)Lg(Symm?§, 3)
(n(25-2)

where (n(s) is the Riemann zeta function with the Euler factors removed at
primes dividing N. Thus

Dz(fafas) =

6 NLy(Symm?f,2) [Lpnn, P
ta [SL2(Z) : To(N)] ’

ress_zD(g, wg, s)

with the extra factor of (1 —£72)~1 or

(Be(f) — ee(£))A = B2 -eH)7!
if £ is in ¥. The theorem follows. O
Corollary 4.21 With the above notation (in particular, ¥ C X;), we have

¢{™Ny¢ Ly (Symm 2f,2)

irdet A € Oo

is a generator of 1y, where

¢ Z,
m= L€ X and {|N
zfl € X and HXJ

Remark 4.22 Without theorem 4.18 we obtain instead that 7y is contained
in the ideal generated by the expression in the corollary.

Comparing 7s’s: Suppose that X' C ¥; is a finite set of primes containing
Y. In view of corollary 4.21, theorem 3.36 reduces to a comparison of det A
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and det A’ where A’ is defined using X' instead of ¥. We shall make the
desired comparison using Wiles’ generalization of a result of Ihara.

Applying proposition 4.7 to X', we have an isomorphism between Tyxr and
T;,, where m' is a certain maximal ideal of Ty, = Tz ® O with T} acting on
S2(To(Ngr)). We write P’ for the preimage in Ty, of p'. We let N' = Ny,
X' = Xo(N'), J' = Jo(N') and define self-dual T} ,-modules L’ and L} as
above.

We now define a homomorphism

d)T:Lfr—)LT

of T/,,-modules in the case that ¥' = ¥ U {p} for some prime p € £; — X.
We first suppose that p # £, in which case N’ = Np? and the surjective
homomorphism of O-algebras T, — Tm (corresponding to Ty — Tx) is
defined by T, — T if r # p and T, — 0. The maps 7 — 7, 7 — p7 and
T — p?7 on the upper half-plane induce maps X’ — X which we denote «,
B and . These give rise by functoriality to a map

J = JIxJIxJ
T > (0T, BuT, YaT)

which induces an O-linear homomorphism
Te(J') ®z, 0 = (Te(J) ®z, 0)°.
We compose with the projection to
Ly = (Te(J) ®z, O)

followed by the map L3- — Lt defined by the matrix (1, —p~'Tp,p™!). The
reason for this choice of matrix is that

g =@ -p BT, +p 'v")g (4.4.3)
is the eigenform corresponding to P'.
Lemma 4.23 The composite
Te(J') ®z,0 = L (4.4.4)
is Ty -linear where L1 is regarded as a Tp-module via the surjection
0 = Tr = Th.

We leave the proof to the reader after pointing out that the map on Hecke
algebras can be rewritten as

:rlf,’ > TOM{; (f(w) = Tm[u]{l (£(u)) 2 '11(‘)::1
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where f(u) = u3 — Tpu? + pu.
It follows that (4.4.4) factors through L/ and we thus obtain the desired
homomorphism

¢r: Ly — Lt

of T},.-modules. Note that ¢ is also the composite of the canonical splitting
L% = Te(J') @z, 0

with (4.4.4).

The construction of ¢ is similar for p = £ except that we have only two
copies of J and the map L2 — L7 is given by the matrix (1, —a;') where
ay is the unit root of (3.3.2). For arbitrary X' satisfying ¥ C £’ C X; we
define ¢+ as a composite of the maps defined above. It is independent of the
choice of ordering of £’ — X. Recall that ¢’ is used to denote the dual map
L7 — L. We define ¢p : Ly — Ly as the adjoint of the map ¢%; which
renders the diagram

$y: H(X,0)mn - HYX',O)w
Homo (L7, (’)) — Homp L!r, 0)

commutative (where the vertical maps are the natural isomorphisms and the
bottom one is dual to ¢7).

The second crucial result whose discussion we postpone until the next
section is the following generalization of a lemma of Thara.

Lemma 4.24 ¢1 and ¢y are surjective.

Suppose again we are in the case ¥’ = XU {p} with p # £. One need only
unravel the definition of ¢%; to see that the diagram

H! (X,fo)['Po] - H' (XI’lOO)[P(J]

’

Ly ¢—H) L}{,
commutes, where the top arrow is defined as
o —p'n(Tp)B* +p7 7"

Extending scalars to C, this map sends wy to wy and @ge to @y where g’ is
defined by (4.4.3). In the case &' = ¥ U {¢}, the same assertion holds if Op
is chosen so that it contains 7(a¢) = a¢(g') and the top arrow is defined as

a* —m(ag)"1 B

We conclude that if {z,y} is a basis for H*(X, Op)[P,] and the matrices A
and A’ are defined using the bases {z,y} for H'(X, Oo)[Po] and {¢%yz, dyy}
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for H'(X',O0)[P}], then A’ = A. Theorem 3.36 is now immediate from
corollary 4.21. In fact, we have proved that

ne=x( [ eons
pEY' -
O
Remark 4.25 Note that to obtain the inclusion stated in theorem 3.36 it

suffices to apply theorem 4.18 for I, rather than both ¥ and ¥’ (cf. re-
mark 4.22).

Wiles’ argument: The method of [W3] sec. 2.2, like that of Ribet in [R4],
is more direct than the one given above but does not explicitly illustrate the
relation with values of L-functions. The approach is simply to compute the
composite ¢1¢’-. It suffices to consider the case ¥’ = LU{p} and we suppose
first that p # £. Let A denote the endomorphism of J3 defined by the matrix

Ay
A= (g*) wi(a*vﬂ*77*)w*'
Using the relations ow’ = wy and fw’ = wg, we find that
a,Y* a.fB* a.a*
A= (ﬂ*7: ,3*,3: ﬂ*a:) ,
V1" 1B Tx

which can be computed for example by considering its effect on the cotangent
space S2(To(N))3. The result is that

(Tﬁ—(pn) T,  plp+1) )
A= T, plp+1)  pTp ,
plp+1) pT, TZ-(p+1)

which we note commutes with the action of Tz on J2. One then checks that

1
¢T¢!7’ = (1’ -p—lTp)p—l) (ﬁ(A) ®Zt O)ﬂ\ (-p__llTP>
D

=-p~2(p - 1)(T7 - (p+1)?).

The case of p = £ is similar but simpler. One uses
_ [ O« * % — Te £+1

A= (F)wier, 8w = (5 ¢4,1)

and gets
$rdr = —(ae — Lag')(1 — ;).

Thus in either case we find that ¢7¢% acts on L%-[P] by an element of

O = Tw/P which is a unit times 7(c,). Theorem 3.36 then follows from
corollary 4.19 and lemma 4.24.
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4.5 Homological results

In this section we sketch the proofs of theorem 4.18 and lemma 4.24, but
shall often refer the reader to ch. 2 of [W3] for more details.

Multiplicities: We first consider theorem 4.18, generalizing a result proved
by Mazur in sections II1.14 and II.15 of [Maz1]. Recall that Lt (resp. Lg)
is defined as (7z(Jo(N))®0)m (resp. H}(Xo(N), O)m) where m is a maximal
of the ideal of the Hecke algebra To generated by the Hecke operators on
S2(Co(N)). We are assuming moreover that py, is irreducible and that one
of the following holds:

e £ does not divide N;
e /% does not divide N and T; ¢ m.

We wish to prove that Ly and Ly are free over Tp,.

Since Ly and Ly are isomorphic as Tn,-modules, it suffices to prove that
Lt is free. Furthermore, to prove that L is free, it suffices to prove that
the localization of T¢(Jo(N)) at mN Tz, is free; i.e., we may replace O by Z,
and m by its intersection with Tz, and consider

Te(Jo(N))m.-

Since T¢(Jo(N)) ®z, Q¢ is free is free of rank two over Tg,, it suffices to prove
that
dimT/m(LT/mLT) =2.

Since
Te(Jo(N))/€Te(Jo(N)) = Jo(N)[€] = Homg, (Jo(N)[£], Fe)

as Tg,-modules, it suffices to prove the following cases of [W3] thm. 2.1.

Theorem 4.26 Let m be a mazimal ideal of Tz,. Suppose that py, is irre-
ducible and that either

(a) £ does not divide N, or
(b) 24N and T; ¢ m.

Then
dim-rzl/m Jo (N) [m] = dimTzl/m(JO (N) [E] /m) =2.

The proof of theorem 4.26 in case (b) requires more of the theory of
group schemes and Néron models than we wish to delve into here. We shall
therefore only explain the proof in the case (a) (which is [R5] thm. 5.2(b), see
Ribet’s paper for more details) and refer to [W3] sec. 2.1 for the general case.
We remark however that the proof of theorem 3.42 appeals to theorem 3.36
only in the case ¥ = @ (cf. remarks 4.22 and remark 4.25). Recall that £



H. Darmon, F. Diamond and R. Taylor 123

divides Ny only if g is not good. So for the purposes of proving the Shimura-
Taniyama conjecture for semistable elliptic curves, (b) can be replaced by
the stronger hypothesis

(®") €24 N and pnlg, is not good.

The result in this case is due to Mazur and Ribet (the main result of [MRi])
and the proof is slightly easier than in the case of (b).

Returning to case (a), we appeal to a general property of the functor D
of theorem 2.31 which follows from cor. 5.11 of [Oda).

Theorem 4.27 Suppose that A is an abelian variety over Z, (i.e., the Néron
model of an abelian variety over Q with good reduction). There is a canonical
and functorial isomorphism of vector spaces over F,

D(A(Q¢)[€]*)° = Coto(A/Fe),
where Cot o denotes the cotangent space at the origin.

In the case that A is the Jacobian of a smooth proper curve X over Z,, we
have also a canonical isomorphism

Coto(A/Fe) = H(X, Q% /5,)

and in the case X = Xo(N) with £ { N, this provides an isomorphism of
Tg,-modules

D(Jo (N)(@)[€]*)° = S2(To(N), Fe). (4.5.1)
Consider now the action of Gg on the points of
V = Jo(N)[£]*[m] = (Jo(N)[€]/m)*.

By the argument in [Maz1] prop. I1.14.2 or by the main result of [BLR], we
know that every Jordan-Hoélder constituent of the representation of Gg on
this T/m-vector space is isomorphic to p}, = pm. It follows that

dimy/mD(V) = 2dimy/mD(V)°

where we now regard V as a good G¢-module. On the other hand (4.5.1)
implies that
D(V)°® = S3(To(N), Fe)[m),

which is one-dimensional over T/m by the g-expansion principle (lemma 1.34
for example). We have now shown that D(V') is two-dimensional over T/m,
and it follows that sois V.

Thara’s lemma: We now sketch the proof of lemma 4.24, which proceeds
by analyzing the behavior of the homology of modular curves under certain
degeneracy maps. Note that it suffices to prove the lemma for ¢7.
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If N and M are positive integers, then we let I'; (N, M) = 'y (N)NTo (M)
and write Y;(V, M) (resp. X1(N, M)) for the associated non-compactified
(resp. compactified) modular curve. The key intermediate result is the fol-
lowing:

Lemma 4.28 Suppose that N is a positive integer and p is a prime not
dividing N.

(a) The map
Hl(Xl(Nap) Z) —> Hi(X1(N),Z)?

Qa,.z, ,B,,:t

is surjective, where a is defined by T+ 7 and B by T — pr.
(b) If N > 3 and £ is an odd prime different from p, then the sequence

Hl(Yl(NP,P2) Zy) —» Hi(Y1(Np),Zo)?® — Hy(Yi(N),Zy)
— (01T, ﬂl*x) (y’ z) — ﬂ2*y — Q02«2

is exact, where the maps a; and as are defined by 7 — 7 and 5, and
B2 by T — pr.

To prove the lemma, one first translates the statement into one about the
homology (or cohomology) of the congruence subgroups involved. Part (a)
of the lemma is due to Ihara [Ih], but see also the proof of thm. 4.1 of [R4].
Part (b) due to Wiles is more elementary and is established in the course of
proving lemma 2.5 of [W3] (see the sequence (2.13)). The result stated there
is in terms of cohomology rather than homology, but the one given here is
immediate from it.

Remark 4.29 A method of Khare [Kh], sec. 2 using modular symbols yields
an alternate proof of part (b) (after localization at a non-Eisenstein maximal
ideal).

To deduce lemma 4.24 from lemma 4.28 we also need the following result:

Lemma 4.30 Suppose that O is the ring of integers of a finite extension
of Q. Let M be a positive integer and H a subgroup of (Z/MZ)*. Let
To = Tz ® O where Tz is the subring of endomorphisms of M,(T';1(M))
generated by the operators (d) and T, for primes r t M. If n is a non-
Eisenstein mazimal ideal then the localization at n of the natural map

(a) H;(Y1(M),0) - Hy(X;(M),0) is an isomorphism;
(b) Hi(X1(M),0) = Hi(Xu(M),O) is surjective.
To prove part (a), one checks that
Hy(Y1(M),Z) - H\(X1(M), Z)
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is surjective and that T, = r + 1 on the kernel for primes 7 = 1 mod M (cf.
proposition 4.13, part (c)).

Part (b) is most easily proved by showing that Gg acts trivially on the
cokernel of the natural map

Te(11(M)) = Te(Ju(M))

(using [LO], prop. 6 for example) and then applying lemma 4.12.

Finally we explain how to use lemmas 4.28 and 4.30 to prove lemma 4.24.
It suffices to consider the case ¥' = ¥ U {p}. We discuss only the more
difficult case of p # ¢. We define N = Ny, N' = Np?, m and m’ as in
the preceding section. Thus m' is a maximal ideal of T, where T acts on
S2(Co(N')). All the maps we consider in the argument below will respect the
action of the Hecke operators in T} where TJ is the subring of endomorphisms
of M2(I'1(Np,p?)) generated by the operators (d) and T, for primes r not
dividing Np. We let n denote the preimage of m’ in Ty, = Tz ® O. We first
apply lemma 4.28(b) to show that

H\(Yi(Np,p*), 0)n = Hi(Y1(Np), 0)z = Hi(Y1(N),O)n
is exact. Next we apply lemma 4.30(a) to obtain the exactness of
Hy(X1(Np,p?),0)n = Hi(X1(Np),0)i = Hi(X1(N),O)n.
Applying lemma 4.30(b) with M = Np, we find that
Hi(X1(N,p%),0)n = Hi(X1(N,p),0)7 = Hi(X1(N),O)n
is exact. We then apply lemma 4.28(a) to conclude that the map

Hl(Xl(N,pz) O)n = H1(X1(N),0)3
— (a.z, Buz, 'y,.:z:)

is surjective where «, 8 and ~y are defined respectively by 7 — 7, 7 — pr and
7+ p?7. Finally, we use lemma 4.30(b) again (now with M = N)) to get the
surjectivity of

Hi(Xo(Np),0)n = Hi(Xo(N),0)3,

hence that of (4.4.4) upon localizing at m'.

5 Commutative algebra

In this section we collect some basic facts of commutative algebra that are
used in the proof. We recall that O is the ring of integers in a finite extension
K of Q, and that O has residue field k. Let Co denote as in section 2.6 the
category of complete noetherian local O-algebras with residue field k.
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5.1 Wiles’ numerical criterion

In this section we state a numerical criterion discovered by Wiles for a map
between two rings in Cp to be an isomorphism.

Complete intersections: We say that a ring A in Cp is finite flat if it is
finitely generated and torsion free as an O-module. A key ingredient in Wiles’
isomorphism criterion is played by the concept of complete intersection, for
which we give the following naive definition.

Definition 5.1 An object A in Cp which is finite flat is called a complete
intersection if it can be expressed as a quotient

A~ O[[XI, aXn]]/(fI; ’fn)a

where there are as many relations as there are variables.

Remark 5.2 It is also true that if an object O[[Y3,...,Y;]]/J in Co which
is finite flat is a complete intersection, then necessarily J can be generated
by r elements. See for example [Mat], thm. 21.2 (and lemma 5.11 below).
We will not use this fact in this chapter, although a special case is proved in
the course of establishing lemma 5.30.

The category C¢: The numerical criterion of Wiles is stated more naturally
in terms of rings A in the category Co which are endowed with some extra
structure: namely, a surjective O-algebra homomorphism 74 : A — O. Let
C& be the category whose objects are pairs (A,74), where A is an object of
Co and w4 : A — O is a surjective O-algebra homomorphism, also called
the augmentation map attached to A. Morphisms in C¢, are local ring homo-
morphisms which are compatible in the obvious way with the augmentation
maps. By abuse of notation one often omits mentioning the augmentation
map m4 when talking of objects in C&, and simply uses A to denote (4,74),
when this causes no confusion. Objects of C¢, will also be called augmented
Tings.

The invariants &4 and 74: One associates to an augmented ring (A4,m4)

two basic invariants:
@4 = (kerma)/(kerma)?;
N4 = ma(Anngker7y).

Here Ann4(I) denotes the annihilator ideal of the ideal I in A.

The invariant ® 4 can be thought of as a tangent space for the object A.
(More precisely, it is the cotangent space of the scheme spec(A) at the point
kerm4.) It is a finitely generated O-module.

The invariant 4 seems less familiar at first sight. It is called the congru-
ence ideal. (The reason for this terminology should become clearer shortly.)
We are now ready to state Wiles’ numerical criterion:
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Theorem 5.3 Let ¢ : R — T be a surjective morphism of augmented rings.
Assume that T is finitely generated and torsion-free as an O-module, and that
nr # (0). (And hence, in particular, #(O/nr) < 00.) Then the following
are equivalent:

(a) The inequality #®r < #(O/nT) is satisfied.
(b) The equality #®r = #(O/nr) is satisfied.

(c) The rings R and T are complete intersections, and the map ¢ : R — T
is an isomorphism.

Remark 5.4 The above theorem is slightly different from the one that ap-
pears in (W3], where it is assumed from the outset that the ring T is Goren-
stein. In the form in which we state it above, the theorem is due to H. Lenstra
[Len]. Our presentation follows Lenstra’s very closely. For the original (and
slightly different) point of view, the reader should consult the appendix of
[W3].

Some examples: Before going further, it may be good to pause and con-
sider some examples of objects of C¢, and the invariants associated to them.
While logically independent of the proof, the examples should help the reader
develop some intuition. (For a systematic way to compute the tangent spaces
® 4, see the paragraph at the end of section 5.2.)

Example 1:
A={(a,b)eOx0, a=b (mod A™)}
~ O[[T)/(T(T — ™)), with m4(a,b) := a.
®4~0/X"0, na = (A").
Example 2:
A={(a,b,c) eOXxOx0O,a=b=c (mod A\)}
~ O[[X,Y]]/(X(X = X),Y(Y - )),XY), with 74(a,b,¢) :=a.
@4~ 0/XO x O/N0, na = (A).
Example 3:
A= O[IX])/(X?), with w4 (f) := £(0).
®4~0, na = 0.
Example 4:

A={(a,b,C,d)EOx---xO,aEbECEd (mod,\g),}

a+d=b+c (mod A
~ O[[X,Y]]/(X(X = A),Y(Y = )\), with 74(a,b,¢c,d) := a.
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4~ 0O/AOx OO,  na=(\2).

Example 5:
A=0[[X1,...,Xn], with w4 (f) := £(0).
®4~0", na = (0).

Example 6: (A =£= —1 (mod 4), O =Z,).
A={(a,b+ci) €ZyxZyfi), a=b (mod£2), c¢=0 (mod £)}
~ Z[X])/ (X (X2 + £2)), with 74(a,b + ci) == a.
®A~Z/0Z, na= (0.
Example 7:
A=0[T)/AT)~0OekTokT?’®---, with w4(f) = £(0).
Pa~k, na=(A).

5.2 Basic properties of &4 and 74

In this section we collect some of the basic properties of the invariants ®4
and n4, and prove the equivalence of (a) and (b) in theorem 5.3.

Behaviour of ® 4 under morphisms: The assignment A — & 4 is a functor
from the category Cg to the category of O-modules; a morphism A — B
in C¢ induces a homomorphism &4 — ®p of O-modules. Moreover, if
A — B is surjective, then so is the induced map on the tangent spaces.
Therefore, when A maps surjectively onto B we have

#B4 > #0p. (5.2.1)

There is also a converse to this, which will be useful later:

Lemma 5.5 If the homomorphism &4 — ®p is surjective, then A — B
is also surjective.

Proof: This follows from Nakayama’s lemma. (Cf. [Ha], ch. II, sec. 7.4 and
[Mat], th. 8.4.) O

Behaviour of 74 under (surjective) morphisms: Unlike the assignment
A — P4, the assignment A —» 74 is not functorial, but it does have a nice
behaviour under surjective morphisms: namely, if ¢ : A — B is surjective,
then

na Cnp, ie., #(O0/na)>#(O0/nB). (5.2.2)
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This is simply because in that case ¢ induces a map

Annkermy — Annpgkerng.

Relation between the invariants &4 and 74: In general, we have the
following inequality:

#®4 > #(0/na). (5.2.3)

The key behind proving this identity is to interpret #® 4 in terms of Fitting
ideals.

Digression on Fitting ideals: If R is a ring (in Cp, say) and M is a finitely
generated R-module, we express M as a quotient of R™ for some n:

0— M —R'"—M—0. (5.2.4)

The Fitting ideal of M, denoted Fitt g(M), is the ideal of R generated by
the determinants det(vy,...,v,), where the vectors v; € R" range over all
possible choices of elements of M' C R™. One checks that this ideal does not
depend on the choice of exact sequence (5.2.4), and hence is an invariant of
the R-module M. For example, if M is a finitely generated O-module, we
may write

M=0"®0/(X)d0/(A?)®---®O/(A™),

with n; > ny > --- > ng, and the sequence n; is completely determined
by M. The Fitting ideal Fitt o(M) is then the ideal of O generated by
Amttne if = 0, and is the 0-ideal if 7 > 0. Note in particular that, if M
is a finite O-module, then

#M = #(O/Fitt o(M)). (5.2.5)

Furthermore, if M is any R-module, it follows directly from the definition
that

Fitt g(M) C Anng(M). (5.2.6)

Fitting ideals behave well under tensor products: in particular, if M is a
finitely generated A-module, where A is an object in Cg, then:

ma(Fitt A(M)) =Fitt o(M ®4 0), (5.2.7)

where the tensor product is taken with respect to the augmentation map 7 4.
For more details and references on the Fitting ideal, see [Len] for example.

Now we are ready to prove equation (5.2.3). For, noting that &4 =
kerm4 ®4 O, where the tensor product is taken with respect to 74, and
applying equation (5.2.7) with M = ker 74, we have:

Fitt o(®4) = wa(Fitt a(kerms)) C ma(Annagkerm4) = na,
(5.2.8)
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where the containment follows from equation (5.2.6). Now the inequality
(5.2.3) follows by combining (5.2.5) and (5.2.8).

As a consequence, we have

Corollary 5.6 The statements (a) and (b) in theorem 5.3 are equivalent.

Proof If R — T is a surjective map of augmented rings, then
#Pr > #7, by equation (5.2.1). But equation (5.2.3) gives the inequality
#®1 > #(O/nT). Hence the inequality #®r > #(O/nr) always holds, so
that (a) implies (b) in theorem 5.3. The reverse implication is clear. O

Remark 5.7 (Computing the tangent spaces ®4): Any object (4,74) in
C& can be expressed as a quotient of the object U = O[[X1,...,Xn]] of
example 5 with augmentation map given by ny(f) = f(0). Indeed, one can
take ay, ... ,an to be A-module generators of the finitely generated A-module
ker 74, and obtain the desired quotient map by sending X; to a;.

The tangent space ®y of U is a free O-module of rank n which can be
written down canonically as

0X1®0X2€9"‘@0Xm

the natural map from (ker my) being simply the map which sends a power
series f € U with no constant term to its degree 1 term, which we will denote
by f.

If A is expressed as a quotient U/(f1,..., fr), then one has

o4 =q)U/(f_l"'* afr)' (529)

5.3 Complete intersections and the Gorenstein condi-
tion

In this section we show that complete intersections satisfy a Gorenstein con-
dition, and that (c) implies (a) and (b) in the statement of Wiles isomorphism
criterion (theorem 5.3).

Definition 5.8 An object A in Co which is finite flat is said to be Gorenstein
if
Homp(A,0) ~ A as A-modules.

Proposition 5.9 Suppose A in Co is finite flat. If A is a complete intersec-
tion, then A is Gorenstein.

The remainder of this section will be devoted to proving proposition 5.9.
Since the proof is a bit long and involved, and the concepts it uses are not
used elsewhere, the reader is advised on a first reading to take it on faith
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and skip to the next section. A more direct proof of proposition 5.9 which
bypasses the arguments of this section is explained in [Len].

We let A be a ring which is finite flat, and is a complete intersection.
(Hence, A can be written as O[[X1,...,X,]]/(f1,.-., fn).) We assume that
the augmentation map for A is induced from the map on O[[X;,...,X,]]
sending f to f(0). This implies that f;(0) = 0, i.e., the f; have no constant
term.

We recall some definitions from commutative algebra that we will need.
An ideal I of a local ring R is said to be primary if I # R and every zero

divisor in R/I is nilpotent. If (z;,...,z,) generates a primary ideal of R,
and n = dim R, then (z1,... ,z,) is called a system of parameters for R.
Lemma 5.10 The sequence (fi,-.., fn,\) is a system of parameters for

U= 0[[X1, ,Xn]].

Proof: The quotient ring U/(f1,... , fn,A) is local and is finitely generated
as a k-vector space; therefore every element in its maximal ideal is nilpotent.
O

A sequence (z3,... ,Z,) in a ring R is said to be a regular sequence if z;
is not a zero-divisor in R/(z;,... ,z;—1) fori=1,...,n.
Lemma 5.11 The sequence (fi,..., fn) is a regular sequence for U.

Proof. The ring U is Cohen Macaulay, since A, X;,...,X, is a system of
parameters of U which is also a regular sequence. Hence, by theorem 17.4 (iii)
of [Mat], (f1,-..,fn,A) is a regular sequence in U. A fortiori, the sequence
(f1,---, fn) is also a regular sequence. O

The proofs of lemma 5.10 and 5.11 use only the fact that A is finitely
generated as an O-module, and not that A is flat. As a corollary of this
proof, we therefore have:

Corollary 5.12 If R is an object of Cg, which is finitely generated as an
O-module, and R ~ O[[X,,...,Xn]l/(f1,...,fn), then R is also flat, and
hence is a complete intersection.

To go further, we will introduce the Koszul complex

K(z,R) = ®:=OKP(§’ R)
associated to a local ring R and a sequence z = (z1,... ,Z,) of elements in
its maximal ideal. For more details on the Koszul complex and its relation
to regular sequences, the reader can consult [Mat], especially §16, or [Bour]
X, or [Se3]. This complex is defined to be the free graded differential algebra
generated by symbols ug,... ,un:

KP(Q’ R) = ®il<i2<"'<ipR "y A A Uiy
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with differential d : K, — K,_; defined by
P
d(ui, A---Aug,) = Z(—l)ta:t Uy A AUy AUy A A,
t=1

We denote by Hp(z; R) the homology groups of this complex. We record here
the main properties of this complex that we will use.

Proposition 5.13 (a) Ho(z; R) = R/(z).

(b) There is a long exact homology sequence

o — Hy(z; R) — Hp(z, Tnt1; R) — Hp_1(z; R) =2f"
Hy_ (z; R) — Hp_1(z,Zn41;R) — Hp_2(z; R) — ---

(c) Hp(z; R) is annihilated by the ideal (z), i.e., it has a natural R/(z)-
module structure.

(d) If z is a regular sequence, then Hp(z; R) = 0 for all p > 0 (i.e., the
complez K,(z; R) is a free resolution of R/(z).)

Proof: The first assertion follows directly from the definition. For (b) and
(c), see [Mat], th. 16.4. The assertion (d) can be proved by a direct induction
argument on n, using the long exact homology sequence: For p > 1, this
sequence becomes

0— Hp(ga $n+1;R) — Oa

and for p=1, it is
0 — Hi(Z,Tnt1; R) — Ho(z; R) =5 Ho(z; R).

But the assumption that z,z,4; is a regular sequence means that multipli-
cation by 41 is injective on Ho(z; R) = R/(z). Hence, the assertion (d)
follows. O

Now, we turn to the proof of proposition 5.9, following a method of Tate
which is explained in the appendix of [MRo]. For any ring R, write R[[X]] :=
R[[X1,...,Xyn]]- Let ay,...,a, be the images in A of X;,...,X, by the
natural map

a: O[X]] — A=O[X]l/(f1,--- fa),

and let
B:A[X]] — A

be the natural map which sends X; to a;. The sequence (g;) = (X; — a;)
generates the kernel of 8. Since the f;, viewed as polynomials in A[[X]], also
belong to ker 3, we have:

(fiy--- s fn) =(g1,--- ,90) M, (5.3.1)
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where M is an n x n matrix with coefficients in A[[X]]. Let
D = det(M) € A[[X]].
Our goal is to construct an A-module isomorphism
Homp(A4,0) — A.
We begin by constructing a surjective (O-linear) map
Homojxy (A[[X]], O[[X]]) — A.

Lemma 5.14 (Tate): The function ®(f) = a(f(D)) induces an isomor-
phism of O[[X]]-modules

Homoyxy (A[[X]], OlXID /(915 -- - » 90) — A.

Proof: By lemma 5.11, the sequence (f) = (f1,-..,fn) is a regular O[[X]]-
sequence. One can see directly from the definition that the sequence
(9) = (¢:) = (Xi — a;) is a regular A[[X]]-sequence. Let K(f) and K(g)
be the Koszul complexes associated to these two sequences. It follows from
proposition 5.13 that the Koszul complex K (f) is a resolution of A by free
O[[X]]-modules, and the Koszul complex K(g) is a resolution of A by free
A[[X]}-modules, and hence a fortiori, by free O[[X]]-modules. We define a
map ® : K(f) — K(g) of complexes by letting

®o : Ko(f) — Ko(g)
be the natural inclusion of O[[X]] into A[[X]], and letting
@ : K1 (f) — Ki(g)
be the map defined by
(®1(u1)y- .., ®1(upn)) = (v1,... ,v0)M,

and extending it by skew-linearity to a map of exterior algebras. One can
check that the resulting map ® is a morphism of complexes which induces
the identity map A — A, and satisfies

B(ur A Aug) =D vy A Avg.

Applying the functor Homojx);(—, O[[X]]) to these two free resolutions, and
taking the homology of the resulting complexes, we find that since ® is a
homotopy equivalence of complexes it induces an isomorphism on the coho-
mology, and in particular, on the nth cohomology:

., : Homopx (AlIX]], OX])/ (91, - - - 1 9n) —



134 Fermat’s last theorem

Homojx) (O[[X]], O[[X]))/ (f1,--- , fn) = 4,
which is given explicitly by the formula:

®.(f) = a(£(D))-
a

We finally come to the proof of proposition 5.9, which we can state in a
more precise form.

Lemma 5.15 The map ¥ : Homp (A, O) — A defined by ¥(f) = a(f(D)),
where f : A[[X]] — O[[X]] is the base change of f, is an A-module isomor-
phism, and hence, A is Gorenstein.

Proof: The key point is to show that ¥ is A-linear. By definition, if
a = a(a') € A, with a’' € O[[X]],

then

¥(af) = o(f(aD)) = a(f((a - a')D)) + a(f(a'D)).
Since a — a’ € ker 3, it can be written as an A[[X]]-linear combination of the
gi- By multiplying the relation

(flv“ 7fn) = (gla'-' agn)M

by the matrix D-M~! € M,(A[[X]]), one sees that the Dg; can be written as
A[[X])-linear combinations of the f;’s. Hence, so can the expression (a—a')D.
By the O[[X]]-linearity of f, and the fact that each f; belongs to ker e, it
follows that

o(f((a - a)D)) =0.
Therefore, _
¥(af) = a(a' f(D)) = a¥(f).

This shows that ¥ is A-linear. To show that ¥ is surjective, observe that if
fi,.-., fr is a O-basis of Homp (A4, O), then fi,..., fr is a O[[X]]-basis for
Hom oy xj (A[[X]], O[[X]]). Hence, for all a € A, there exist py, ... ,p, such
that

‘I’n(Plfl + - +Prfr) =a.
But this means that
Y(a(p1)fr + -+ alpr) fr) = a,

so that ¥ is surjective. Finally, since Homep (A, O) and A are free O-modules
of the same finite rank, and ¥ is surjective, it must also be injective. Hence
¥ is an isomorphism, as was to be shown. O
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Example 5.16 Let A C O x O be the ring of example 1 in section 5.1.
Then, f = T? - A"T, and g = T — (0, \"). Hence, f = (T — (A", 0))g, so that
D =T - (\",0). It follows that

&(h) = a(R(T — (\",0))) = a(Th(1,1) — R(A™,0)) = (0, A")A(1, 1) — (A", 0).

The reader can check directly that ® is indeed an A-linear isomorphism from
the A-module Homep (A4, O) to A.

Example 5.17 Let A = O[e]/(e?) be the ring of example 3 in section 5.1.
Then, f = T2 and g =T — €. Hence, f = (T'+¢€)g,sothat D =T +e€. It
follows that

&(f) = a(f(T +¢€) = T f(1) + £(e)) = ef(1) + f(e).

Exercise 5.18 Write down explicitly an isomorphism 4 = Homp (4, O) for
the complete intersection A = O[[X,Y]]/(X(X — ), Y (Y — X)) of example 4
of section 5.1.

5.4 The Congruence ideal for complete intersections

Let A be an object of C&, which is finite flat and is a complete intersection
as in the previous section, so that A ~ O[[Xq,... ,Xy,]]l/(f1,--., fn).

Using the result of the previous section, we will give an explicit formula
for computing 74 in this case, and prove that (c) implies () in theorem 5.3.

Let AV := Homp(4, ), and let 7} : OV — AV be the dual map. From
the Gorenstein property of A, we may identify AV with A (as A-modules).
Fix any identification ¥ : AY =3 A. (Any two such differ by a unit in A.)
One checks that

Uy (OV) = Anngkermy.

Hence, 74 is the image of the map 74 ¥x. By using the explicit construction
of ¥ given in lemma 5.15, we find:

7a¥TY(OY) = mawt(D),

where D is the determinant defined in section 5.3. By a direct calcula-
tion using equation (5.3.1), one sees that the right hand side is equal to
det(9f;/0X;(0)). Hence we have shown:

Proposition 5.19 Suppose that A is an object of C¢ which is finite flat. If
A=0[Xy,...,X2]l/(f1,..., fn) is a complete intersection, then

na = (det(8fi/8X;(0))).

This proposition implies:
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Corollary 5.20 Let A in C¢, be finite flat. If A is a complete intersection,
then #®,4 = #(O/n4). Hence, the statement (c) implies statement (b) in
theorem 5.3.

Proof. The equation (5.2.9) of remark 5.7 implies that
#®4 = #0/(det(8£:/9X;(0))).

The result follows. 0O

5.5 Isomorphism theorems

The usefulness of the notion of complete intersections comes from the follow-
ing two (vaguely stated) principles:
1. Isomorphisms to complete intersections can often be recognized by looking
at their effects on the tangent spaces.
2. Isomorphisms from complete intersections can often be recognized by
looking at their effects on the invariants 1.

These vague principles are made precise in theorems 5.21 and 5.24 respec-
tively.

Theorem 5.21 Let ¢ : A — B be a surjective morphism of augmented
rings, with B a (finite, flat) complete intersection. If ¢ induces an isomor-
phism from ®4 to ®p, and these modules are finite, then ¢ is an isomor-
phism.

Remark 5.22 Let A = O[X,Y]]/(X(X — A),Y(Y — X)) be the ring of
example 4, let B = O[[X,Y]]/(X(X — A),Y(Y — A),XY) be the ring of
example 2, and let ¢ : A — B be the natural projection. The map ¢
induces an isomorphism $4 — ®p, even though ¢ is not an isomorphism.
The assumption that B is a complete intersection is crucial for concluding
that ¢ is an isomorphism.

Remark 5.23 The natural map
OlXN/(X?*) — OlX])/(X?)

is a surjective morphism inducing an isomorphism on tangent spaces, and the
target ring is a complete intersection. Yet this map is not an isomorphism.
This shows that the assumption on the finiteness of the tangent spaces cannot
be dispensed with.

Proof of theorem 5.21: Recall that U = O[[X1,...,X,]] is the augmented
ring of example 5 of section 5.1. Let

vg:U — B
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be a surjective morphism of augmented rings with kervg = (fi,...,fn)
Let by,...,b, € kermp denote the images of X;,...,X, by vp, and let
ai,...,an € kermy denote inverse images of by,... ,b, by ¢. Since ¢ is an

isomorphism on tangent spaces, the elements a; generate (kerm4)/(kerm4)2.
Hence the morphism

va:O[X1,..., X — A

defined by v4(X;) = a; induces a surjection &y — ® 4, and so it is surjec-
tive, by lemma 5.5.

We claim that ker vp is contained in ker v4 (and hence, kervp = kervy).
For, let g;,...,gn be elements of ker v4 whose linear terms gi,... ,gn gen-
erate the kernel of

Up: Py — B4,
Since ker v4 C ker vp, it follows that there exists an n xn matrix M € M,(U)
with entries in U such that

(91,---:9n) = (f1,-.-, fa) M.

Let M be the matrix of constant terms of the matrix M. Then we have

(gla"' ,gn) = (f-l’--- ,fn)M.

Since (g1, .. ,9n) and (f1,... , fn) generate the same submodules of rank n
and finite index in ®y, it follows that det M is a unit in ©. Hence, M is
invertible, and therefore the f; can be expressed as a U-linear combination
of the g;. This implies that kervp C kervs. Now we see that VAVEI gives a
well-defined inverse to ¢, so that ¢ is an isomorphism. a

Theorem 5.24 Let ¢ : A — B be a surjective morphism of augmented
rings. Suppose that A and B are finite flat, and that A a complete intersec-
tion. If na = nB # 0, then ¢ is an isomorphism.

Remark 5.25 The torsion-freeness assumption on B is essential: if n is large
enough, then B = A/(kerm4)" satisfies n4 = np, although the natural map
A — B is not injective when A # O.
Proof: By proposition 5.9, A is Gorenstein, i.e., it satisfies
AY := Homp(A4,O) ~ A as A-modules.
Now, we observe that
kerma N Anngkermg =0, (5.5.1)

and likewise for B. For, let = be a non-zero element of 74, and let z' €
Annker w4 satisfy w4 (z') = z. For all a € kermq N Annker 74, we have

0=a(z —z') = az,
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the first equality because a belongs to Anngkerw4 and (z — z') belongs
to ker 74, the second equality because a belongs to kerm4 and z' belongs to
Annker 4. Hence a belongs to the O-torsion submodule of A, and therefore
is 0.

It follows from (5.5.1) that the homomorphism 74 (resp. 7g) induces an
isomorphism from Anngkern4 (resp. Anngkerwpg) to n4 (resp. ng). Since
na is isomorphic to np, it follows that ¢ induces an isomorphism from
Anngkermys to Anngkernp, i.e.,

¢Annkermy = Anngkernp.
From (5.5.1) it also follows a fortiori that
ker ¢ N Annkermy = 0,
hence there is an exact sequence of A-modules:
0 — ker ¢ ® Anngkermy — A. (5.5.2)
The cokernel of the last map is
A/(ker ¢ & Annskernq) ~ B/(¢Annskerm4) ~ B/(Annpkernp),
which is torsion-free, since there is a natural injection
B/(Anngkermg) — End o(ker 7g).

Hence, the exact sequence (5.5.2) splits over 0. Taking O duals in (5.5.2)
and using the Gorenstein condition for A, we thus get an exact sequence of
A-modules:

A — (ker¢)V @ (Anngkermy)Y — 0.

Applying the functor — ® 4 k (relative to the map A — k), we find
1 = dimg(A ®4 k) > dimg((ker ¢)¥ ®4 k) + dimg((Annakerma)¥ ®4 k).

Since 4 # 0, it follows that (Annskerm4)Y ®4 k # 0, and hence we must
have
(ker¢)Y ®4 k =0.

Therefore by Nakayama’s lemma and duality, ker ¢ = 0, which proves the
theorem. O

5.6 A resolution lemma

It turns out that objects in C& can be “resolved” (in a weak sense) by a
complete intersection, namely,

Theorem 5.26 Let A be an augmented ring which is finite flat over O. Then
there is a morphism A — A in the category C¢, such that:
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(a) the ring A is finite flat over O and is a complete intersection;
(b) the map A — A induces an isomorphism ® ; — ® 4.

Proof: Write A as a quotient of U = O[[Xy,... ,Xy]] (with 7y : U — O
the map which sends each X; to 0.) Let fi,..., fn be elements in the kernel
of the natural map U — A, such that fi,...,f, generate the kernel of
®y — 4. Now letting

A=U/(f1,... ,fn)

would give the desired ring A, provided A is finitely generated: indeed, the
flatness of A would follow from corollary 5.12.

Thus we need to show that the f; can be chosen so that A is finitely
generated. Let ay,...,a, be O-module generators of the finitely generated
module ker 74, and define a homomorphism ¢ from the polynomial ring

V=0[X,...,Xn

to A by sending X to a;. Clearly ¢ is surjective. Let f1, ..., f, be elements
of ker ¢ chosen as above, and let m denote their maximal degree. Since the
elements a? belong to ker 74, we may write

a? = h,-(al,. . ,an),

where h;(X1,...,X,) is a linear polynomial. Now, replacing the relations f;
by the relations
fi+ X™h; — X2

we find that the ring V/(f1,..., fn) is a finitely generated O-module: it can
be generated by the images of the monomials of degree < n(m + 1), since the
relations allow us to rewrite any monomial of higher degree in terms of ones
of lower degree. Completing at the ideal (), X;,...,X,), we find that the

ring _
A=U/(f1,...,[fn)

has the desired properties: the natural homomorphism from A to A induces
an isomorphism on the tangent spaces, since the linear terms of the f; gen-
erate the kernel of the induced map &y — P4 on the tangent spaces, and
A is a finitely generated O-module, since V/(f1,..., fn) is. ]

5.7 A criterion for complete intersections

The results we have accumulated so far allow us to give an important criterion
for an object A to be a complete intersection:

Theorem 5.27 Let A be an augmented ring which is a finitely generated
torsion-free O-module. If #®4 < #(0O/na) < oo, then A is a complete
intersection.
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Proof: Let ¢ : A — A be the surjective morphism given by the resolution
theorem (theorem 5.26). Then we have

#(0/na) 2 (#®@4) = (#24) 2 #(O/n,),

where the first inequality is by assumption, the second by the choice of A,
and the third is by the equation (5.2.3). On the other hand, by equation

(5.2.2), we have
#(O/nz) = #(O/na).

It follows that

NA =14,
so that ¢ is an isomorphism by theorem 5.24. It follows that A is a complete
intersection. O

5.8 Proof of Wiles’ numerical criterion

Theorem 5.28 Let R and T be augmented rings such that T is a finitely
generated torsion-free O-module, and let ¢ : R — T be a surjective mor-
phism. If

#@gp < #(O/nr) < 00,

then R and T are complete intersections, and ¢ is an isomorphism.

Proof: We have:
#(O/nr) < #®1 < #®r < #(O/n1),

where the first inequality is by equation (5.2.3), the second follows from the
surjectivity of ¢, and the third is by hypothesis. Therefore,

#@1 = #(O/nr),

and hence T is a complete intersection by theorem 5.27. Since the orders of
®r and ®1 are the same, ¢ induces an isomorphism between them. Hence ¢
is an isomorphism R — T, by theorem 5.21. This completes the proof. O

Theorem 5.28 shows that the statements (a) and (b) in theorem 5.3 im-
ply the statement (c). Combining corollaries 5.6, 5.20, and theorem 5.28
completes the proof of theorem 5.3.

5.9 A reduction to characteristic ¢

Let Ci be the category of complete local noetherian k-algebras with residue
field k. Again all morphisms are assumed to be local. There is a natural
functor A — A from Ce to Cx which send A4 to A := A/A.

We say that an object A of C; which is finite dimensional as a k-vector
space is a complete intersection if it is isomorphic to a quotient

A=K[X0, .., XD/ s s fr)
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Note that if an object A of Co is a complete intersection, then A is a
complete intersection in Ci. As a partial converse, we have:

Lemma 5.29 Suppose that R — T is a map in the category Co, and that T is
finitely generated and free as an O-module. Then R — T is an isomorphism
of complete intersections, if and only if R — T is.

Proof. This is an exercise and is left to the reader. O
We now come to the proof of lemma 3.39 of section 3.4:

Lemma 5.30 Suppose that K C K' are local fields with rings of integers
O C O and that A is an object of Co which is finitely generated and free as
an O-module. Then A is a complete intersection if and only if A®p O’ is.

Proof. One implication is clear. Let k and k' be the residue fields of O and
O' respectively. By lemma 5.29 it is enough to prove that, if R is an object
of Cr, which is finite dimensional as a k-vector space, then

R' = R®; k' is a complete intersection = R is a complete intersection.

Let m and m’ denote the maximal ideals of R and R’ respectively.

By assumption, we have R' = k'[[Y;,...,Y;]]/J, where the ideal J can
be generated by r elements. We can assume without loss of generality (by
adding extra variables and relations if necessary) that the images of Y7,...Y;
generate m’ as a k'-vector space. Now, let

¢:k[[Xy,..., X, )] = R

be a ring homomorphism, such that the images of X1,... , X, generate m as
a k-vector space, and let

¢ : K'[[X1,...,X.]] — R

be the extension of scalars. Let I and I' = I ®; k' be the kernels of these
two maps. We claim that I' can be generated by r elements. (In fact, this
is also true without the assumption that the images of Xj,..., X, generate
m’ as a k' vector space, although we use this assumption in the proof below.
Cf. remark 5.2.) To see this, choose an isomorphism of k'-vector spaces
EXi®---0kX, — k'Y, ®---®Fk'Y, such that

FX,0---0kX, —mKYi®---0KY,
W=

commutes. Extending this map to an isomorphism of k'-algebras,
v:K[X1,...,X]] — K'[M,..., Y]],

one sees that I’ = v~1(J), and hence can be generated by r elements, as
claimed.
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In particular we have dimy (I'/m'I') < r, and
dimy (I/mI) = dimp ((I/mI) ® k') < dimy (I'/m'I") < 7.

Nakayama’s lemma now implies that I can be generated by r elements, and
hence R is a complete intersection. This proves the lemma. [m]

5.10 J-structures

We now turn to the proof of theorem 3.41. In view of the last section we will
work in characteristic £. Thus let 7 : R — T be a surjective morphism in the
category C, where R and T are finite dimensional as k-vector spaces. Let r
be a non-negative integer. If J < k[[S1,..., S]] and J C (S4,...,S;) then by
a strong J-structure we shall mean a commutative diagram in Cg

E[[S1, ..., St]]
K[X1,... X, ]]» R T

>

such that

~

(@) T'/(S1y..-,S»)T' > T and R'/(S4,...,Sr)R' = R,
(b) for each ideal I D J, I = ker (k[[S1,...,Sr]] = T'/I),
(c) J =ker(k[[S1,..,5:]] > T') and R = T' & R.

We refer to these as strong J-structures because we have slightly altered
the conditions from section 3.4 for technical convenience in the rest of this
section.

We will prove the following result.

Theorem 5.31 Suppose there exist a sequence of ideals J, < k[[Si, ..., Sr]]
such that Jo = (S1,...,Sr), Jn D Jn+1, N, Jn = (0) and for each n there
erists a strong J,-structure. Then R = T and these rings are complete
intersections.

Before proving theorem 5.31 we shall explain how to deduce theorem 3.41
from it. If J is an ideal of O[[S}, ..., Sy]] we will use J to denote its image in
k[[S1, ..., Sr]]. If S given by

O[[S1, .-y Sr]
o[ X1,..., X)) & R > T

7,



H. Darmon, F. Diamond and R. Taylor 143

is a J-structure for R — T, let a = ker (R — T'), and let R" denote the
ring Im (R' — (R/mga® (T'/J)) ®o k). Then S given by

K[[S1, ..., S+]]
k[ X1, ..., X,]] —» R — (T'/J) ®0o k
(R/mpa) @0 k -+ T ok,

is a strong J-structure for (R/mRa)_®o k - T®ok. IfJ,is a sequence
of ideals as in theorem 3.41 then J, is a sequence of nested ideals with
Jo = (S1,...,5r) and (), Jn = (0). Moreover if for each n_there is a Jn-
structure S, for R — T then for each n there is a strong J,-structure S,
for

(R/mpa) @0k = T Qo k.

Then by theorem 5.31 we see that this map is an isomorphism of complete
intersections. Lemma 5.29 shows that theorem 3.41 follows. (]

Before returning to the proof of theorem 5.31, let us first make some
remarks about strong J-structures.

e The set of strong J structures for all ideals J C (Sy, ..., Sr) C k[[S1, ..., Sr]]
forms a category, with the obvious notion of morphism.

e If S is a strong J-structure and if (Si,...,Sr) D J' D J then there is a
natural J'-structure S mod J' obtained by replacing 7" by T'/J' and R’ by
the image of R - R& (T'/J').

o If R is a finite dimensional k-vector space and if J has finite index in
k[[S1, ..., Sr]] then there are only finitely many isomorphism classes of strong
J-structure. (This follows because we can bound the order of R' in any J-
structure. Explicitly we must have #R’ < (#R)(#k[[S1, ..., S-])/J)dim=T.)

Lemma 5.32 Suppose that R is a finite dimensional k vector space. Suppose
also that {J,} is a nested (decreasing) sequence of ideals and that J =, Jn.
If for each n a strong J, structure exists then a strong J structure ezists.

Proof We may suppose that each J, has finite index in k[[Si,...,Sr]]. Let
S, denote a strong J,-structure. Let S, ;m = Sp mod Jp, if m < n. Because
there are only finitely many isomorphism classes of strong Jj,, structure, we
may recursively choose integers n(m) such that

® Sn(m)m = Sn,m for infinitely many n,
o if m > 1 then S;(m),m-1 = Sn(m-1),m-1-

Let S;, = Sp(m),m- Then S, is a strong Jp, structure and if m > m, then
S, mod J,, = S, . One checks that S = lig_n S!. is the desired strong

J-structure. O



144 Fermat’s last theorem

Lemma 5.33 Suppose that a strong (0) structure erists. Then the map
R — T is an isomorphism, and these rings are complete intersections.

Proof Because k[[Si,...,Sr]] — T' (and T' is a finitely generated
k[[S1, ..., S+]]-module by Nakayama’s lemma, cf. [Mat], thm. 8.4) we see that
the Krull dimension of T” is at least 7. On the other hand k[[ X}, ..., X,]] & T'
and so by Krull’s principal ideal theorem this map must be an isomorphism.
Thus

~

k[X1,.., X/ ]] S R ST
Hence we have that

K[[X1, s X1/ (S1s s Sr) S R'/(S1, . Sr) ST,

and the lemma follows.
Theorem 5.31 follows at once from these two lemmas.

oo
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