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Abstract

We shall first show that the classification of factors, as seen in the unusual light of
André Weil’s Basic Number Theory, is a natural substitute for the Brauer theory of
central simple algebras in local class field theory at Archimedian places. Passing to
the global case provides a natural geometric framework in which the Frobenius, its
eigenvalues and the Lefschetz formula interpretation of the explicit formulas con-
tinue to hold even for number fields. The geometric space involved is the Adele class
space, i.e. the quotient of Adeles by the multiplicative group of the global field. We
shall then explain that this leads to a natural spectral interpretation of the zeros of
the Riemann zeta function and then prove the positivity of the Weil distribution as-
suming the validity of the analogue of the Selberg trace formula. The latter remains
unproved and is equivalent to RH for all L-functions with Grdssencharakter.
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Introduction

Global fields k provide a natural context for the Riemann Hypothesis on the
zeros of the zeta function and its generalization to Hecke L-functions. When the
characteristic of k is non zero this conjecture was proved by A. Weil. His proof
relies on the following dictionary (put in modern language) which gives a geometric
meaning in terms of algebraic geometry over finite fields, to the function theoretic
properties of the zeta functions. Recall that k is a function field over a curve &
defined over Fy,

Algebraic Geometry Function Theory

Eigenvalues of action of Zeros and poles of ¢
Frobenius on Hy (X, Q)

Poincaré duality in Functional equation
£-adic cohomology

Lefschetz formula for Explicit formulas
the Frobenius

Castelnuovo positivity Riemann Hypothesis

We shall describe a third column in this dictionary, which will make sense for
any global field. It is based on the geometry of the Adele class space,

(1) X =A/k*, A= Adelesof k.

This space is of the same nature as the space of leaves of the horocycle foliation of
a Riemann surface (section I) and the same geometry will be used to analyse it.

Our spectral interpretation of the zeros of zeta involves Hilbert space. The
reasons why Hilbert space (apparently invented by Hilbert for this purpose) should
be involved are manifold, let us mention three,

(A) The discovery of Hugh Montgomery ([M]) about the statistical fluctuations
of the spacings of zeros of zeta. Numerical tests by Odlyzko ([O]) and further
theoretical work by Katz-Sarnak ([KS]) give overwhelming evidence that zeros of
zeta should be the eigenvalues of a hermitian matrix.
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(B) The equivalence between RH and the positivity of the Weil distribution on the
Idele class group Cj which shows that Hilbert space is implicitly present.

(C) The deep arithmetic significance of the work of A. Selberg on the spectral
analysis of the Laplacian on L?(G/T') where T is an arithmetic subgroup of a semi
simple Lie group G.

Direct atempts (cf. [B]) to construct the Polya-Hilbert space giving a spectral
realization of the zeros of ( using quantum mechanics, meet a serious minus sign
problem explained in [B].

The very same — sign appears in the Riemann-Weil explicit formula,

~ ~ ~ " h(uTl)
(2 > o -h0 -k =-% [ FE a,
L(x,p) =0 v Ik
where h is a test function on the Idele class group Ci, % is its Fourier transform,
3) Bus) = [ b x ',
k

and the finite values [ " are suitably normalized. If we use the above dictionary
when char(k) # 0, the geometric origin of this — sign becomes clear, the formula
(2) is the Lefschetz formula,

(4) # of fixed points of ¢ = Trace/H® — Trace/H" + Trace p/H?

in which the space HL (X, Q) which provides the spectral realization of the zeros
appears with a — sign. This indicates that the spectral realization of zeros of zeta
should be of cohomological nature or to be more specific, that the Polya-Hilbert
space providing this realization should appear as the last term of an exact sequence
of Hilbert spaces,

(5) 0—-)7‘[05%1—)7'[—)0.

Let X = A/k* be the Adele class space. Our basic idea is to take for Ho a suitable
completion of the codimension 2 subspace of functions on X such that,

(6) f(0) =0, /fdrc=0,

while H; = L?(Cy) and T is the restriction map coming from the inclusion Cy — X,
multiplied by |a|l/2,

(7) (T)(a) =al'’* f(a).

The action of the Idele class group Cj which gives the spectral realization is then
the obvious one, for Hy

(8) U@f)z)=flg7'x) VgeCi
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using the action by multiplication of Cy on X, and similarly the regular represen-
tation V for H;.

This idea works but there are two subtle points; first since X is a delicate
quotient space the function spaces for X are naturally obtained by starting with
function spaces on A and moding out by the “gauge transformations”

9) f=fo, fo(x) = flzq), Vgek*.

Here the natural function space is the Bruhat-Schwarz space S(A4) and by (6) the
codimension 2 subspace,

(10) st ={reswy; 10 =0, [1ae=0}.

The restriction map T is then given by,

(11) T(f)@) =1a* 3 flag) Va€Cy.
qE€k*

The corresponding function T'(f) belongs to S(Ci) and all functions f — f; are in
the kernel of T

The second subtle point is that since Cf is abelian and non compact, its regular
representation does not contain any finite dimensional subrepresentation so that the
Polya-Hilbert space cannot be a subrepresentation (or unitary quotient) of V. There
is an easy way out (which will be improved later) which is to replace L2(Cy) by
L2(C}) using the polynomial weight (log” [a])%/2, i.e. the norm,

(12) I€l2 = / 1€(@)? (1 + log? [al)*/2 d"a.

Ch

Let char(k) = 0 so that Modk = R} and Cy = K x R}, where K is the compact
group Cr1 = {a € Cy; |a| =1}
Theorem. ([Co]) Let § > 1, H be the cokernel of T in L3(Cx) and W the quo-
tient representation of Cr. Let x be a character of K, X = x x 1 the corre-
sponding character of C. Let Hy, = {6 € H; W(g)€ = x(9)§ Vg € K} and
D, = eh_r)r(x) 1 (W(ef) —1). Then Dy is an unbounded closed operator with discrete
spectrum, Sp D, C i R is the set of imaginary parts of zeros of the L function with
Grissencharakter X which have real part 1/2. Moreover the spectral multiplicity of
p is the largest integer n < %—6 in {1,..., multiplicity as a zero of L}.

A similar result holds for char(k) > 0. This allows to compute the character of
the representation W as,

(13) Trace(W(h)) = Y. h(x,p)
L(x.%+ﬁ) =0
pEIR/NL
where N = Mod(k), W(h) = [ W(g) h(g)d*g, h € S(Ck), h is defined in (3) and
the multiplicity is counted as in the theorem.
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This result is only preliminary because of the unwanted parameter § which
artificially restricts the multiplicities. The analogue of the Hodge * operation is
given on Ho by the Fourier transform,

(14) (Ff)(z) = /A f@alzy)dy  VfeS(A)

which, because we take the quotient by (9), is independent of the choice of additive
character a of A such that o # 1 and a(q) =1 Vg € k. Note also that F2 = 1 on
the quotient. On H; the Hodge * is given by,

(15) (x€)(@) =€(a™)  VaeCh.

The Poisson formula means exactly that T' commutes with the * operation. (cf.
section V for signs and powers of 7). This is just a reformulation of the work of Tate
and Iwasawa on the proof of the functional equation, but we shall now see that if
we follow the proof by Atiyah-Bott ([AB]) of the Lefschetz formula we do obtain
a clear geometric meaning for the Weil distribution. One can of course as in ([G])
define inner products on function spaces on Cj using the Weil distribution, but as
long as the latter is put by hands and does not appear naturally one has very little
chance to understand why it should be positive. Now, let ¢ be a diffeomorphism of
a smooth manifold ¥ and assume that the graph of ¢ is transverse to the diagonal,
one can then easily define and compute (cf. [AB]) the distribution theoretic trace
of the permutation U of functions on ¥ associated to ¢,

(16) U (z) =&(p(z)) Veel.

One has “Trace” (U) = [ k(z, ) dz, where k(z,y) dy is the Schwarz kernel associ-
ated to U, i.e. the distribution on ¥ x ¥ such that,

a7 Ue)@ = [ Kav) ) dy.
Now near the diagonal and in local coordinates one has,

(18) k(z,y) = 6(y — v()),

where § is the Dirac distribution. One then obtains,

(19) “Trace” {U) = Z i L

— !
oo, T @)

’

where ¢’ is the Jacobian of ¢ and | | stands for the absolute value of the determinant.
With more work ([GS]) one obtains a similar formula for the distributional
trace of the action of a flow,

(20) Ue§)(z) =€(Fi(z)) VzeX,teR.
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It is given, under suitable transversality hypothesis, by
(21) “Trace” (U(h)) Z/ _hw) d'u,
1= ()]

where U(h) = [ h(t) U(t) dt, h is a test function on R, the v labels the periodic orbits
of the flow, including the fixed points, I, is the corresponding isotropy subgroup,
and (F,). is the tangent map to F), on the transverse space to the orbits, and finally
d*u is the unique Haar measure on I, which is of covolume 1 in (R, dt).

Now it is truly remarkable that when one analyzes the periodic orbits of the
action of Ci on X one finds that (21) becomes,

-1
(22) “Trace” (U(h)) = 3 /}c ‘ ?1(“_ U? du

Thus, the isotropy subgroups I, are parametrized by the places v of k and coincide
with the natural cocompact inclusion &k} C C} which relates local to global in class
field theory. The denominator |1 — u/| is for the module of the local field k, and the
™} in h(u™!) comes from the discrepancy between notations (8) and (16). It turns
out that if one normalizes the Haar measure d*u of modulated groups as in Weil
(W3]) , by,

(23) / d*u~logA  for A = o0,
<lu|<A

one gets the same covolume 1 condition as in (21).

The transversality condition imposes the condition h(1) = 0. The distributional
trace for the action of Cy on Cj by translations vanishes under the condition h(1) =
0.

Thus equating the alternate sum of traces on Ho, Hi with the trace on the
cohomology should thus provide the geometric understanding of the Riemann-Weil
explicit formula (2) and in fact of RH using (13) if it could be justified for some
value of 4.

The trace of permutation matrices is positive and this explains the Hadamard pos-
itivity,

(24) “Trace” (U(h)) >0  Vh, h(1)=0, h(u) >0 YueC

(not to be confused with Weil postivity).

To eliminate the artificial parameter § and give rigorous meaning, as a Hilbert
space trace, to the distribution “trace”, one proceeds as in the Selberg trace formula
and introduces a cutoff. In physics terminology the divergence of the trace is both
infrared and ultraviolet as is seen in the simplest case of the action of K* on L?(K)
for a local field K. In this local case one lets,

(25) Ry=Py\Py, A€R;,
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where Py is the orthogonal projection on the subspace,
(26) (€€ L*(K); &) =0  Va,|z| > A},

while Py = F Py F~1, F the Fourier transform.
One proves ([Co]) in this local case the following analogue of the Selberg trace
formula,

hu™) .
T d*u + o(1)

(27) Trace (Ry U(h)) = 2h(1)log'(A) + /l

where h € S(K*) has compact support, 210g'(A) = [, ¢ k. |z [a-1,4 4" and the
principal value [ " is uniquely determined by the pairing with the unique distribution
on K which agrees with Tlii—%:[ for u # 1 and whose Fourier transform vanishes at 1.

As it turns out this principal value agrees with that of Weil for the choice of
Fourier transform F associated to the standard character of K.

Let k be a global field and let first S be a finite set of places of k containing all
the infinite places. To S corresponds the following localized version of the action of
Cr on X. One replaces Cy by

(28) Cs = [] /0%,

vES
where O% C k* is the group of S-units. One replaces X by
(29) Xs =[] ku/O5.

veES

The Hilbert space L?(Xs), its Fourier transform F' and the orthogonal projections
P), P, = F P, F! continue to make sense, with

(30) ImPy = {€ € L} Xs); &(x) =0 Vaz, |z| > A}.

As soon as S contains more than 3 elements, (e.g. {2,3,00} for k = Q) the space
Xs is an extremely delicate quotient space. It is thus quite remarkable that the
trace formula holds,

Theorem. ([Co]) For any h € §.(Cs) one has, with Ry = Py P,

Trace (Rp U(h)) = 2log' (A) h(1) + Z /’ lhl(u_‘;j d*u+o(1)
vES v

where the notations are as above and the finite values [’ depend on the additive
character of ITk, defining the Fourier transform F. When Char (k) = 0 the projec-
tors Pj, 13,\ commute on Li for A large enough so that one can replace Rp by the
orthogonal projection @4 on Im Py, NIm P,. The situation for Char (k) = 0 is more
delicate since Py and Py do not commute (for A large) even in the local Archimedian
case. But fortunately these operators commute ([LPS]) with a specific second order
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differential operator, whose eigenfunctions, the Prolate Spheroidal Wave functions
provide the right filtration Q4. This allows to replace Ry by QA and to state the
global trace formula

Trace (Qa U(h)) = 2log' (A) h(1) + Z/k }Ill(u__;? d*u + o(1).

Our final result is that the validity of this trace formula implies (in fact is equiv-
alent to) the positivity of the Weil distribution, i.e. RH for all L-functions with
Grossencharakter. Moreover the filtration by Q4 allows to define the Adelic co-
homology and to complete the dictionary between the function theory and the
geometry of the Adele class space X.

Function Theory Geometry

Zeros and poles of Zeta Action of Cy on
Adelic cohomology

Functional Equation * operation

Explicit formulas Lefschetz formula for
action of Cy on X

Riemann Hypothesis Trace formula
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The contents of this survey paper are organized as follows,

I Local class field theory and the classification of injective factors.
II Global class field theory and spontaneous symmetry breaking.
IIT Zeros of zeta and random matrices.

IV Quantum chaos and the minus sign problem.

V Spectral interpretation of critical zeros.

VI The distribution trace formula for flows on manifolds.

VII The global case, and the formal trace computation.

VIII The trace formula in the S-local case.

IX The global trace formula and the geometric dictionary.

I Local class field theory and the classification of injective factors.

In this section I shall first look back at my early work on the classification of von
Neumann algebras and cast it in the unusual light of André Weil’s Basic Number
Theory ([W1]). It then appears as a clear substitute for the missing Brauer theory
of central simple algebras for Archimedian local fields.

Let K be a local field, i.e. a nondiscrete locally compact field. The action of
K* = GL,(K) on the additive group K by multiplication,

(1) (A z) = Az Vie K*, z€ K,

together with the uniqueness, up to scale, of the haar measure of the additive group
K, yield a homomorphism,

(2) a€ K* —a e R},
from K* to RY, called the module of K. Its range
(3) Mod(K) = {|]A\ e R} ; A€ K"}

is a closed subgroup of R} .

The fields R, C and H (of quaternions) are the only one with Mod(K) = R,
they are called Archimedian local fields.

Let K be a non Archimedian local field, then

(4) R={zeK; |z| <1},
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is the unique maximal compact subring of K and the quotient R/P of R by its
unique maximal ideal is a finite field F, (with ¢ = p® a prime power). One has,

(5) Mod(K) =¢* C R}, .

Let K be commutative. An extension K C K’ of finite degree of K is called
unramified iff the dimension of K’ over K is the order of Mod(K’) as a subgroup
of Mod(K). When this is so, the field K’ is commutative, is generated over K by
roots of unity of order prime to ¢, and is a cyclic Galois extension of K with Galois
group generated by the automorphism § € Autx (K') such that,

(6) O(w) = p?,

for any root of unity of order prime to g in K'.
The unramified extensions of finite degree of K are classified by the subgroups,

(7 T c Mod(K), T # {1}.

Let then K be an algebraic closure of K, K., C K the separable algebraic closure,
K. C Kgep the maximal abelian extension of K and Ky, C K,p the maximal
unramified extension of K, i.e. the union of all unramified extensions of finite
degree. One has,

(8) K C Ky, C Kap CKsep C?7

and the Galois group Gal(K, : K) is topologically generated by € called the Frobe-
nius automorphism.
The correspondence (7) is given by,

(9) K'={c€Ku; 0i(z)=z VAeT},

with rather obvious notations so that 8, is the 8 of (6). Let then Wi be the subgroup
of Gal(Kap : K) whose elements induce on K, an integral power of the Frobenius
automorphism. One endows Wk with the locally compact topology dictated by the
exact sequence of groups,

(10) 1= Gal(Kap : Kyn) = Wk — Mod(K) — 1,

and the main result of local class field theory asserts the existence of a canonical
isomorphism,

(11) Wk = K*,

compatible with the module.

The basic step in the construction of the isomorphism (11) is the classification
of finite dimensional central simple algebras A over K. Any such algebra is of the
form,

(12) A= My(D),
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where D is a (central) division algebra over K and the symbol M, stands for n x n
matrices.

Moreover D is the crossed product of an unramified extension K’ of K by a
2-cocycle on its cyclic Galois group. Elementary group cohomology then yields the
isomorphism,

(13) Br(K) 5 Q/Z,

of the Brauer group of classes of central simple algebras over K (with tensor product
as the group law), with the group Q/Z of roots of 1 in C.

All the above discussion was under the assumption that K is non Archimedian.
For Archimedian fields R and C the same questions have an idiotically simple an-
swer. Since C is algebraically closed one has K = K and the whole picture collapses.
For K = R the only non trivial value of the Hasse invariant 7 is

(14) n(H) =-1.

A Galois group G is by construction totally disconnected so that a morphism from
K* to G is necessarily trivial on the connected component of 1 € K*.

Let k be a global field, i.e. a discrete cocompact subfield of a (non discrete)
locally compact semi-simple commutative ring A. (Cf. Iwasawa Ann. of Math. 57
(1953).) The topological ring A is canonically associated to k and called the Adele
ring of k, one has,

(15) A=]]*,
res
where the product is the restricted product of the local fields &, labelled by the
places of k.
When the characteristic of £ is p > 1 so that k is a function field over F,, one
has

(16) kcC kun C kab C ksep C E:

where, as above & is an algebraic closure of k, ksep the separable algebraic closure,
kap the maximal abelian extension and k,, is obtained by adjoining to & all roots
of unity of order prime to p.

One defines the Weil group W}, as above as the subgroup of Gal(kap : k) of
those automorphisms which induce on k,, an integral power of 6,

(17) O(u) = p? V p root of 1 of order prime to p.

The main theorem of global class field theory asserts the existence of a canonical
isomorphism,

(18) Wi ~ Cy = GL1(A)/GL1(k),
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of locally compact groups.
When k is of characteristic 0, i.e. is a number field, one has a canonical iso-
morphism,

(19) Gal(kab . k) s Ck/Dk,

where D;, is the connected component of identity in the Idele class group Ci =
GL;(A)/GL,(k), but because of the Archimedian places of k there is no inter-
pretation of C; analogous to the Galois group interpretation for function fields.
According to A. Weil ([W4]),

“La recherche d’une interprétation pour Cy si k est un corps de nombres, ana-
logue en quelque maniére & 'interprétation par un groupe de Galois quand k est
un corps de fonctions, me semble constituer 'un des problemes fondamentaux de
la théorie des nombres & ’heure actuelle ; il se peut qu’une telle interprétation
renferme la clef de I’hypothese de Riemann ...”.

Galois groups are by construction projective limits of the finite
groups attached to finite extensions. To get connected groups one clearly needs
to relax this finiteness condition which is the same as the finite dimensionality of
the central simple algebras. Since Archimedian places of k are responsible for the
non triviality of Dy, it is natural to ask the following preliminary question,

“Is there a non trivial Brauer theory of central simple algebras over C.”

As we shall see shortly the approzimately finite dimensional simple central algebras
over C provide a satisfactory answer to this question. They are classified by their
module,

(20) Mod(M) - RY ,

which is a virtual closed subgroup of R .

Let us now explain this statement with more care. First we exclude the trivial
case M = M,(C) of matrix algebras. Next Mod(M) is a virtual subgroup of R} ,
in the sense of G. Mackey, i.e. an ergodic action of R} . All ergodic flows appear
and M; is isomorphic to M, iff Mod(M;) = Mod(Mz).

The birth place of central simple algebras is as the commutant of isotypic repre-
sentations. When one works over C it is natural to consider unitary representations
in Hilbert space so that we shall restrict our attention to algebras M which appear
as commutants of unitary representations. They are called von Neumann algebras.
The terms central and simple keep their usual algebraic meaning.

The classification involves three independent parts,

(A) The definition of the invariant Mod(M) for arbitrary factors (central von Neu-
mann algebras).

(B) The equivalence of all possible notions of approximate finite dimensionality.

(C) The proof that Mod is a complete invariant and that all virtual subgroups are
obtained.
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The module of a factor M was first defined ([Co2]) as a closed subgroup of R,
by the equality

(21) S(M) =[] Spec(dy) C Ry
¥

where ¢ varies among (faithful, normal) states on M, i.e. linear forms ¢ : M — C
such that,

(22) pe*z) 20 VzeM, o(1)=1,
while the operator A, is the modular operator ([T])
(23) A, =8, 8,,

which is the module of the involution £ — z* in the Hilbert space attached to the
sesquilinear form,

(24) (1‘, y) = w(y*m), T,ye M.

In the case of local fields the module was a group homomorphism ((2)) from K* to
R% . The counterpart for factors is the group homomorphism, ([Co2])

(25) 6 :R - Out(M) = Aut(M)/Int(M),
from the additive group R viewed as the dual of R} for the pairing,
(26) (At = A* VAeR,, teR,

to the group of automorphism classes of M modulo inner automorphisms.
The virtual subgroup,
27) Mod(M)C RL,

is the flow of weights ([Ta],[K],[CT]) of M. It is obtained from the module § as the
dual action of R} on the abelian algebra,

(28) C = Center of M >i5 R,

where M > R is the crossed product of M by the modular automorphism group
8.

This takes care of (A), to describe (B) let us simply state the equivalence
([Col]) of the following conditions

M is the closure of the union of an increasing sequence of

(29) finite dimensional algebras.

M is complemented as a subspace of the normed space of

(30) all operators in a Hilbert space.
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The condition (29) is obviously what one would expect for an approximately finite
dimensional algebra. Condition (30) is similar to amenability for discrete groups
and the implication (30) = (29) is a very powerful tool.

We refer to [Col],[K],[Ha] for (C) and we just describe the actual construction
of the central simple algebra M associated to a given virtual subgroup,

(31) TCR; .

Among the approximately finite dimensional factors (central von Neumann alge-
bras), only two are not simple. The first is the algebra

(32) M (C),

of all operators in Hilbert space. The second factor is the unique approximately
finite dimensional factor of type II. It is

(33) Roy = R® M (0),

where R is the unique approximately finite dimensional factor with a finite trace
Ty, 1.€. a state such that,

(34) To(zy) = 10(yz) Vz,y€ R.

The tensor product of 79 by the standard semifinite trace on My (C) yields a semi-
finite trace 7 on Rp ;. There exists, up to conjugacy, a unique one parameter group
of automorphisms 6y € Aut(Rp,1), A € R such that,

(35) 7(0x(a)) = A(a) Va € Domain7t, A € R} .

Let first I' C R} be an ordinary closed subgroup of R} . Then the corresponding
factor Rr with module T is given by the equality:

(36) Rr={x€Ro; Oh(z) = VAel},

in perfect analogy with (9).
A virtual subgroup I'C R, is by definition an ergodic action of R} on an abelian
von Neumann algebra A, and the formula (36) easily extends to,

(37) Rr={t€Ry1®A; h®@ar)z=z VYIER]}.

(This reduces to (36) for the action of R} on the algebra A = L*°(X) where X is
the homogeneous space X = R} /T.)

The pair (Rg,1,8,) arises very naturally in geometry from the geodesic flow of a
compact Riemann surface (of genus > 1). Let V = S*X be the unit cosphere bundle
of such a surface ¥, and F be the stable foliation of the geodesic flow. The latter
defines a one parameter group of automorphisms of the foliated manifold (V, F)
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and thus a one parameter group of automorphisms €, of the von Neumann algebra
L>(V, F).

This algebra is easy to describe, its elements are random operators T = (T%),
i.e. bounded measurable families of operators Ty parametrized by the leaves f of
the foliation. For each leaf f the operator Ty acts in the Hilbert space L2(f) of
square integrable densities on the manifold f. Two random operators are identified
if they are equal for almost all leaves f (i.e. a set of leaves whose union in V is
negligible). The algebraic operators of sum and product are given by,

(38) (i + D)= T)s + (T2, (T)y = (Th)s (T2)5,

i.e. are effected pointwise.
One proves that,

(39) L*(V,F) ~ Ro,,

and that the geodesic flow ) satisfies (35). Indeed the foliation (V, F') admits up to
scale a unique transverse measure A and the trace 7 is given (cf. [C]) by the formal
expression,

(40) (T) = /Trace(Tf)dA(f),

since the geodesic flow satisfies ) (A) = AA one obtains (35) from simple geometric
considerations. The formula (37) shows that most approximately finite dimensional
factors already arise from foliations, for instance the unique approximately finite
dimensional factor R, such that,

(41) Mod(Rx) = R},

arises from the codimension 1 foliation of V = S*X generated by F and the geodesic
flow.

In fact this relation between the classification of central simple algebras over
C and the geometry of foliations goes much deeper. For instance using cyclic coho-
mology together with the following simple fact,

“A connected group can only act trivially on a homotopy

(42) invariant cohomology theory”,

one proves (cf. [C]) that for any codimension are foliation F' of a compact manifold
V with non vanishing Godbillon-Vey class one has,

(43) Mod(M) has finite covolume in R} ,

where M = L*°(V,F) and a virtual subgroup of finite covolume is a flow with a
finite invariant measure.
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II Global class field theory and spontaneous symmetry breaking.

In the above discussion of approximately finite dimensional central simple al-
gebras, we have been working locally over C. We shall now describe a particularly
interesting example ([BC]) of Hecke algebra intimately related to arithmetic, and
defined over Q.

Let Iy C T be an almost normal subgroup of a discrete group I', i.e. one
assumes,

(1) ToNsTos™! has finite index in Ty Vsel.

Equivalently the orbits of the left action of I'g on I'/T'y are all finite. One defines
the Hecke algebra,

(2) H(Fa FU) 3

as the convolution algebra of integer valued Iy biinvariant functions with finite
support. For any field & one lets,

3) Hi(T,To) = H({T,To) ®z k,

be obtained by extending the coefficient ring from Z to k. We let ' = P&“ be the
group of 2 x 2 rational matrices,

4) F:{[(l) Z];a6@+,beQ},

and I'y = PZ+ be the subgroup of integral matrices,

®) ro={[§ 1]inez}.

One checks that I'g is almost normal in I.

To obtain a central simple algebra over C in the sense of the previous section
we just take the commutant of the right regular representation of I' on I'o\T', i.e.
the weak closure of H¢ ([, ) in the Hilbert space,

(6) (To\T),
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of I'y left invariant function on I' with norm square,

(7) lelF= > KmP-

y€To\l'

This central simple algebra over C is approximately finite dimensional and its mod-
ule is R} so that it is the same as Ry, of (L.41).

In particular its modular automorphism group is highly non trivial and one
can compute it explicitly for the state ¢ associated to the vector & € £2(To\I')
corresponding to the left coset I'y.

The modular automorphism group oy leaves the dense subalgebra H¢ (', I'g) C
R, globally invariant and is given by the formula,

(8) ol (f)() = L(v) " R(M™ f(v) Vv €To\[/To
for any f € Hc([,[p). Here we let,

) L(y) = Cardinality of the image of I'oy g in I'/Ty
R(y) = Cardinality of the image of I'gyI'g in ['p\I".

This is enough to make contact with the formalism of quantum statistical mechanics
which we now briefly describe.
A quantum statistical system is given by,

1) The C* algebra of observables A,

)
2)
A.

An equilibrium or KMS (for Kubo-Martin and Schwinger) state, at inverse
temperature 3 is a state ¢ on A which fulfills the following condition,

The time evolution (0¢)ter Which is a one parameter group of automorphisms of

(10) For any z,y € A there exists a bounded holomorphic function (continuous on
the closed strip), Fg 4(2), 0 <Imz < 8 such that

Fyy(t) = o(z 01(y)) VteR
Fpy(t +1iB) = p(ot(y)x) vteR.

For fixed 8 the KMSg states form a Choquet simplex and thus decompose uniquely
as a statistical superposition from the pure phases given by the extreme points.
For interesting systems with nontrivial interaction, one expects in general that for
large temperature T, (i.e. small 8 since § = -71= up to a conversion factor) the
disorder will be predominant so that there will exist only one KMSg state. For
low enough temperatures some order should set in and allow for the coexistence of
distinct thermodynamical phases so that the simplex Kz of KMSg states should be
non trivial. A given symmetry group G of the system will necessarily act trivially
on K for large T since K is a point, but acts in general non trivially on Kz for
small T so that it is no longer a symmetry of a given pure phase. This phenomenon
of spontaneous symmetry breaking as well as the very particular properties of the
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critical temperature T, at the boundary of the two regions are corner stones of
statistical mechanics.

In our case we just let A be the C* algebra which is the norm closure of
He(T,To) in the algebra of operators in £2(Io\I'). We let o, € Aut(A) be the
unique extension of the automorphisms af of (8).

For 8 = 1 it is tautological that ¢ is a KMSg state since we obtained of
precisely this way ([T]). One proves ([BC]) that for any 8 < 1 (i.e. for T = 1) there
exists one and only one KMSg state.

The compact group G,

(11) G = Cq/Dq,

quotient of the Idele class group Cg by the connected component of identity Dg ~
R’ , acts in a very simple and natural manner as symmetries of the system (4, ¢).
(To see this one notes that the right action of I' on I'0\I' extends to the action of
P4 on the restricted product of the trees of SL(2,Q,) where A is the ring of finite
Adeles (cf. [BC]).

For 8 > 1 this symmetry group G of our system, is spontaneously broken, the
compact convex sets K are non trivial and have the same structure as K, which
we now describe. First some terminology, a KMSg state for 8 = oo is called a
ground state and the KMS, condition is equivalent to positivity of energy in the
corresponding Hilbert space representation.

Remember that H¢ (T, Tg) contains Heo(T, ') so,

(12) Ho(T,To) C A.

By [BC] theorem 5 and proposition 24 one has,

Theorem. Let £(K,) be the set of extremal KMS,, states.

a) The group G acts freely and transitively on £(Ko) by composition, ¢ = pog™?,
VgeG.

b) For any ¢ € £(K ) one has,

o(Ho) = Qab »

and for any element a € Gal(Qup : Q) there ezists a unique extension of ao @, by
continuity, as a state of A. One has aop € E(Ku).

¢) The map o = ¢ aoyp) € G = Ci/Dy, defined for a € Gal(Qap : Q) is the
isomorphism of global class field theory (1.19).

This last map is independent of the choice of . What is quite remarkable in
this result is that the existence of the subalgebra Hg C Hc allows to bring into
action the Galois group of C on the values of states. Since the Galois group of C : Q
is (except for z — %) formed of discontinuous automorphisms it is quite surprising
that its action can actually be compatible with the characteristic positivity of states.
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It is by no means clear how to extend the above construction to arbitrary number
fields k while preserving the 3 results of the theorem. The ideas of G. Moore ([Mo])
could well be relevant. There is however an easy computation which relates the
above construction to an object which makes sense for any global field k. Indeed if
we let as above R be the weak closure of Hc(T, ') in £2(Io\I'), we can compute
the associated pair (Rp,1,6x) of section I

By the result of [Laca] the C* algebra closure of Hc is a full corner of the
crossed product C* algebra,

(13) Co(A) > Q. ,
where A is the locally compact space of finite Adeles. It follows immediately that,
(14) Ro1 =L=(Qu) > Q"

i.e. the von Neumann algebra crossed product of the L* functions on Adeles of Q
by the action of Q* by multiplication.

The one parameter group of automorphisms, 8, € Aut(Rp,1), is obtained as
the restriction to,

(15) Do =R},
of the obvious action of the Idele class group Cg,
(16) (9,2) > gz VgeCq, 7€ 4e/T,

on the space X = Ag/Q"* of Adele classes.

Our next goal will be to show that the latter space is intimately related to the
zeros of the Hecke L-functions with Grossencharakter.

(We showed in [BC] that the partition function of the above system is the
Riemann zeta function.)



24 Trace Formula on the Adele Class Space and Weil Positivity

III Zeros of zeta and random matrices.

It is an old idea, due to Polya and Hilbert that in order to understand the
location of the zeros of the Riemann zeta function, one should find a Hilbert space
‘H and an operator D in H whose spectrum is given by the non trivial zeros of the
zeta function. The hope then is that suitable selfadjointness properties of D (of
i (D — 1) more precisely) or positivity properties of A = D(1 — D) will be easier
to handle than the original conjecture. The main reasons why this idea should be
taken seriously are first the work of A. Selberg ([Se]) in which a suitable Laplacian
A is related in the above way to an analogue of the zeta function, and secondly the
theoretical ([M][B][KS]) and experimental evidence ([O][BG]) on the fluctuations of
the spacing between consecutive zeros of zeta. The number of zeros of zeta whose
imaginary part is less than E > 0,

(1) NE)=H#ofzerosp, 0<Imp < E

has an asymptotic expression ([R]) given by

) NE) =LZ (log (£> - 1) + g +0(1) + Nosc(E)

o o

where the oscillatory part of this step function is
1 1

assuming that F is not the imaginary part of a zero and taking for the logarithm
the branch which is 0 at +oo (connected to 3 + iE by a straight horizontal line).

One shows (cf. [Pat]) that Nysc(E) is O(log E). In the decomposition (2) the
two terms (N(E)) = N(E) — Nosc(E) and Nosc(E) play an independent role. The
first one (N (E)) which gives the average density of zeros is computed as follows. Let
£(s) = m/2T(s/2)¢(s). Then &(s) = £(1 — s) and £(3) = £(s) so that £ is real on
the line Re(s) = 1/2 and Imlog&(s) = Im(—s/2logm + log ['(s/2) + log{(s)) € Zmn.
This shows that,

1, E 1 E 1 1
N(E)—1+;(—Elogw+1mlogf‘(z+z—2—))+;Imlog((-2—+zE)

The asymptotic expansion of (N (FE)) is thus given by the Stirling formula

I(z) = e7*2*"/?V2n(1 + 0(1/2))
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valid for —m < argz < m. Hence the global behavior of the function N(E) is
described by the smooth part

E E 7
N(E)>=—(log— -1 = 1
< N(E) > 27r(og27r )+8+o()
The second Nysc(E) is a manifestation of the randomness of the actual location of
the zeros, and to eliminate the role of the density one returns to the situation of
uniform density by the transformation

(4) z; = (N(E;)) (E; the j*! imaginary part of zero of zeta) .

Thus the spacing between two consecutive z; is now 1 in average and the only
information that remains is in the statistical fluctuation. As it turns out ([M}[O])
these fluctuations are the same as the fluctuations of the eigenvalues of a random
hermitian matrix of very large size.

H. Montgomery [M] proved (assuming RH) a weakening of the following conjecture
(with a, 8 > 0),

Card {(i,§); 1,5 € 1,...,M; z; — 2; € [a, B]}

® [ (1= (2222) )

This law (5) is precisely the same as the correlation between eigenvalues of hermitian
matrices of the Gaussian Unitary Ensemble ([Me]) which we shall now describe.
Moreover, numerical tests due to A. Odlyzko ([O][BG]) have confirmed with great
precision the behaviour (5) as well as the analogous behaviour for more than two
zeros. In [KS], N. Katz and P. Sarnak proved an analogue of the Montgomery-
Odlyzko law for zeta and L-functions of function fields over curves.

The Gaussian Unitary Ensemble is the probability measure on the vector space
Mn(C)sq of N x N Hermitian matrices, given, up to normalization, by the density
e~TraceA’ g4 4 € Mn(C),q, where dA denotes the Haar measure with respect to
the additive structure. This measure is unitarily invariant.

We let p(E1, Ea,...En)dE; ... dEN be the corresponding measure on the
eigenvalues Ey, Es,... Ex of the matrix, i.e. the probability measure induced on
the collections of eigenvalues by the Gaussian measure.

One has ([Me}),
(6) p(Ey,...,En) =1/N! det (®x(ED) |

where ®,, denotes the n-th Hermite function,

(1)

e —z3\ oz /2
Vo e e

(7) Pn(z) =
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One has ¢,(z) = Pn(a:)e”z/ 2 where P, is the Hermite polynomial of degree n.
The probability density of eigenvalues is by definition,

(8) Rn(E) = /p(E, By,...Ex)dE; ...dEw.

Using (6) it is given, up to normalization, by the following expression,

ZeWMﬂ/%mm@mwﬁnmmwm

o,"ESN

(1) (E)®r2)(E2) ... @x(N)(EN)E; .. . dEN

The integral is nonzero only if o(k) = w(k), k¥ = 2,...,N, and hence only for
o = w. Since o(1) = m(1) can be any number between 0 and N — 1, one gets
Ry = % Kn(E), where

N-1
9) Kn(E)= Y &;(E)*
j=0

One has Kn(F) = Kn(E,E), where Ky = Z;Y__Bl |®; >< ®,| is the orthogonal
projection on the spectral subspace H < 2N — 1 of the harmonic oscillator H =
-0? 4+ 2?2 =p? + ¢~

The asymptotic behaviour of Kn(FE) is then given by the semiclassical approx-
imation. To the part of the spectrum H < 2N — 1 corresponds the disk of radius
V2N — 1in the (p, q) plane with measure %dp/\dq. Then the asymptotic behavior

of [ f(E)Kn(E)dE =Trace(f(q)Kn), N — o0, is given by,

(10) = f(@)dpAdg=— / f(E)V2N - E2dE
21 Jp2iq2<aN T J_V3N

and for Ry one gets the asymptotic behavior

1) Rn(E) ~ W—lﬁ\/w e
i.e. the semicircle law.

This gives the density of eigenvalues and the analogue of the transformation
(4) near E =01is z; = —Jfr—_N E; . To study the local fluctuations one considers the
two point correlation function,

(12) RN(Ey, Eg) = /P(El,Ez,Ea---EN)dE3---dEN

and its limit behavior when N — oo, with E; = %, j =1,2. As before, one
needs to compute,

> €(U)€(W)/‘I’a(l)(E)‘I’a(z)(Ez)~--‘I>a(N)(EN)

o,mESN

@, (1)(E)®r(2)(E2) ... ®r(n)(En)dE; .. .dEN
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n(k), k = 3,. . It means that possible
=n(1), 0(2) = 1r( ), and in this case ¢(o) =
), and in this case €(0) = —e(m). The value

One gets nonzero terms only if o(k) =
nonzero terms are obtained when o(1)
e(m) and when o(1) = n(2), 0(2) = n(1
of the integral is thus,

N(N_l————— 1) ; Qk(El)zég(E2)2 - Qk(El)‘I)k(E2)<I>l(E1)¢[(E2) =

1 Kn(E1, E1) Kn(Ey, Ep)
N(N —1) |Kn(Ev, E2) Kn(Ez, Ez)

The asymptotic behavior of Kn(z,y) is obtained using ([Me]),

- (E)‘” E(2)8n-1(3) = En () En-1(2)

N-1
(13) KN(:zz,y) = Z ‘bn(z)én(y) 9 T—y

n=0

from which one easily gets ([Me]),

( wTL TZ2 ) V2N sin 7z coszy — sinwry cosTr;
V2N’ V2N m 7(z1 — T2)
V2N sin7r(x1 - 1‘2)

7wz — z2)

(14)

One then obtains,

. 2
(13 R G o) ~ (1‘ (=i )

which is identical to the Montgomery-Odlyzko law.

This is thus an excellent motivation to try and find a natural pair (H, D) where
naturality should mean for instance that one should not even have to define the zeta
function, let alone its analytic continuation, in order to obtain the pair (in order for
instance to avoid the joke of defining H as the £2 space built on the zeros of zeta).
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IV Quantum chaos and the minus sign problem.

We shall first describe following [B] the direct atempt to construct the Polya-Hilbert
space from quantization of a classical dynamical system. The original motivation
for the theory of random matrices comes from quantum mechanics. In this theory
the quantization of the classical dynamical system given by the phase space X and
hamiltonian h gives rise to a Hilbert space H and a selfadjoint operator H whose
spectrum is the essential physical observable of the system. For complicated systems
the only useful information about this spectrum is that, while the average part of
the counting function,

(1) N(E) = # eigenvalues of H in [0, E]

is computed by a semiclassical approximation mainly as a volume in phase space,
the oscillatory part,

(2) Nosc(E) = N(E) - (N(E))

is the same as for a random matrix, governed by the statistic dictated by the
symmetries of the system.

In the absence of a magnetic field, i.e. for a classical hamiltonian of the form,

1
3 h=—p*+V
3) 5 P (9)
where V is a real-valued potential on configuration space, there is a natural sym-
metry of classical phase space, called time reversal symmetry,

(4) T(p,q) = (-p,9)

which preserves h, and entails that the correct ensemble on the random matrices is
not the above GUE but rather the gaussian orthogonal ensemble: GOE. Thus the
oscillatory part Nysc(E) behaves in the same way as for a random real symmetric
matrix.

Of course H is just a specific operator in H and, in order that it behaves generically
it is necessary (cf. [B]) that the classical hamiltonian system (X,h) be chaotic
with isolated periodic orbits whose unstability exponents (i.e. the logarithm of the
eigenvalues of the Poincaré return map acting on the transverse space to the orbits)
are different from 0.



Alain Connes 29

One can then ([B]) write down an asymptotic semiclassical approximation to the
oscillatory function Nysc(E)

(5) Nose(E) = % Im /Ooo Trace(H — (E +1n)) " idn

using the stationary phase approximation of the corresponding functional integral.
For a system whose conﬁguration space is 2-dimensiona1, this gives ([B] (15)),

(6) Nosc(E Z Z

2 PC)

where the 7y, are the primitive periodic orbits, the label m corresponds to the
number of traversals of this orbit, while the corresponding unstability exponents
are £),. The phase Spm(E) is up to a constant equal to m ET# where T# is the
period of the primitive orbit ~,.

sin(Spm (E))

The formula (6) gives very precious information ([B]) on the hypothetical “Riemann
flow” whose quantization should produce the Polya-Hilbert space. The point is that
the Euler product formula for the zeta function yields (cf. [B]) a similar asymptotic
formula for Nos(E) (3),

(7) Ne(B) = =Y > 1 -~ mﬂ sin (m E log p)

p m=l1

Comparing (6) and (7) gives the following information,

(A) The periodic primitive orbits should be labelled by the prime numbers p =
2,3,5,7,..., their periods should be the logp and their unstability exponents
Ap = xlogp.

Moreover, since each orbit is only counted once, the Riemann flow should not possess

the symmetry T of (4) whose effect would be to duplicate the count of orbits. This

last point excludes in particular the geodesic flows since they have the time reversal

symmetry T. Thus we get

(B) The Riemann flow cannot satisfy time reversal symmetry.

However there are two important mismatches (cf. {B]) between the two formulas (6)
and (7). The first one is the overall minus sign in front of formula (7), the second
one is that though 2sh (m—;‘”—) ~ p™'? when m — oo, we do not have an equality
for finite values of m.

We shall see in the next section how to overcome this — sign problem. To put the
solution in physics terminology, the spectral interpretation will appear in a natural
manner as an absorption spectrum. Recall that spectral lines which are observed in
spectroscopy (e.g. from the light coming from distant stars) are of two kinds: on the
one hand one observes emission lines which are bright lines on a dark background,
on the other hand one observes absorption lines which are dark lines on a bright
background. It is the latter which will serve as a model for our spectral realization
of zeros of zeta.
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V Spectral interpretation of critical zeros.

The very same — sign appears in the Riemann-Weil explicit formula ((W3]) which
we now briefly describe. One lets k be a global field. One identifies the quotient
Ck /Ck1 with the range of the module,

(1) N={lgl;9€Ce} CR} .

One endows N with its normalized Haar measure d*z where for modulated groups
the normalization is as in Weil ((W3]),

(2) / d*u~logA  for A = o0,
1<|ul<A

Given a function F on N such that, for some b > %,

|F)| =0(?) v—=0, |F@)| =01, v oo,
one lets,
(3) B(s) = /N Fw) > d*v .

Given a Grossencharakter X, i.e. a character of Cx and any p in the strip 0 <
Re(p) < 1, one lets N(X, p) be the order of L(X,s) at s = p. One lets,

(4) S(X,F) =Y N(X,p)&(p)
p

where the sum takes place over p’s in the above open strip. One then defines a
distribution A on Cj by,

(5) A=log|ld™'|6,+D - Dy,
v

where 4, is the Dirac mass at 1 € C, where d is a differental idele of k so that
|d|=! is up to sign the discriminant of k when char (k) = 0 and is ¢*9~2 when & is
a function field over a curve of genus g with coefficients in the finite field F,.

The distribution D is given by,

(6) D(f) = /C F(w) (]2 + | 7?) d*w
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where the Haar measure d*w is normalized. The distributions D, are labeled by
the places v of k and are obtained as follows. For each v one considers the natural
proper homomorphism,

7 kX = Ck, z—classof (1,...,z,1...)
of the multiplicative group of the local field k, in the idele class group Ck.
One then has,

_ f(U) /2 =
(8) Dy(f) = Pfw k;mhll”du

where the Haar measure d*u is normalized, and where the Weil Principal value P fw
of the integral is obtained as follows, for a local field K = k,,

(9) wa/ 1rs d'u =0,
k

-
v

1
1-ul

if the local field k, is non Archimedean, and otherwise:
(10) Pf'w/ o(u)d'u = PFO/ Y(v)d'v,
k: R}
where ¥(v) = flul=v o(u) dyu is obtained by integrating ¢ over the fibers, while

(11) PK /1/)(V)d"u =2log(2m)c+ tli}m (/(1 — fAyv)dv - ZClogt) ,
o0
where one assumes that 9 — ¢ f;! is integrable on R%, and

fov) =inf(2,v7Y?)  VveRy, fi=fi'=fo-

The Weil explicit formula is then,

Theorem 1. ([W3]) With the above notations one has S(X,F) = A(F(|lw|)
X(w)).

Let us make the following change of variables,

(12) lgI=? h(g™") = F(lg]) Xo(9),

and rewrite the above equality in terms of h.
By (3) one has,

1 . —1 *
(13) @ (G+is) = [ Flablolas,
2 Ci
thus, in terms of A,

(14) / h(g) Xi(g) |2+ d*g = / F(lg™]) Xo(g™") Xa(g) 9" d*g,
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which is equal to 0 if X1 /C,1 # Xo/Ck,1 and for X = Ap,

(15) [ m@) 2@l arg = @ (5 +15)

We define the Fourier transform on Cj by,

(16) hs) = [ b x(w fuf '
Thus,
(17) Supph C Xp x R, h(Xo,p) = ®(p),
and
(18) S(X,F)= Y h(X,p)
L(;v,,;):o‘;re’c\,,'1
0<Re p<1

using a fixed decomposition Cy = Cj,1 x N.
Let us now evaluate each term in (5).
The first gives (log|d~!|) A(1). One has, using (6) and (12),
(D, F(|g]) Xo(g)) =/C lgI™* h(g™") (lg]'/* + 19| 7" /*) d"g
k
- / h(w) (1 + |u]) d*u = B(0) + h(1),
Ch
where for the trivial character of Cj ; one uses the notation
h(z) =h(1,2) VzeC.
Thus the first two terms of (5) give
(19) (log|d™"[) h(1) + h(0) + h(1).
Let then v be a place of &, one has by (8) and (12),

(D, F(lg]) Xo(g)) = P fuw /,c ’fl(u_ )

*

We can thus write the contribution of the last term of (5) as,

(20) - Z Pfw / . ?1(1:3

kx

Thus the equality of Weil can be rewritten as,

(21) RO)+h(1) = > R(X,p) = (log|d]) h(1)+

~
L(X,p)=0,X€C) 1
O<Rep<1
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pr/ l—ui d*u.

kt

One can slightly improve on this formula and write it in the form,

(22) > RGoe) - Z/‘ T

L(x,p) =0

where the principal values [ " depend upon the global Fourier transform. This point
was noticed by S. Haran ([H]) and it is crucial for us that these principal values
actually coincide ([Co]) with those dictated by the explicit form of the trace formula
(cf. sections VIII and IX).

Let us use the geometric dictionary (cf. Introduction) when char(k) # 0,
namely,

Algebraic Geometry Function Theory

Eigenvalues of action of Zeros and poles of ¢
Frobenius on Hy (X, Q)

Poincaré duality in Functional equation
£-adic cohomology

Lefschetz formula for Explicit formulas
the Frobenius

Castelnuovo positivity Riemann Hypothesis

The geometric origin of the — sign in (22) becomes clear, (22) is the Lefschetz

formula,
(23) # of fixed points of ¢ = Trace/H® — Trace p/H* + Trace p/H?

in which the space HL,(E, Q) which provides the spectral realization of the zeros
appears with a — sign. This indicates that the spectral realization of zeros of zeta
should be of cohomological nature or to be more specific, that the Polya-Hilbert
space should appear as the last term of an exact sequence of Hilbert spaces,

(24) 0> Ho S Hi—H—0.

The example one can keep in mind for (24) is the assembled Euler complex for a
Riemann surface, where H is the codimension 2 subspace of the space of differential
forms of even degree orthogonal to harmonic forms, where #; is the space of 1-forms
and where T = d + d* is the sum of the de Rham coboundary with its adjoint d*.
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Since we want to obtain the spectral interpretation not only for zeta functions
but for all L-functions with Grossencharakter we do not expect to have only an
action of Z for char(k) > 0 corresponding to the Frobenius, or of the group Rf if
char(k) = 0, but to have the equivariance of (24) with respect to a natural action
of the Idele class group Cx = GL1(A)/k*.

Let X = A/k* be the Adele class space. Our basic idea is to take for Ho a
suitable completion of the codimension 2 subspace of functions on X such that,

(25) ﬂm=o,/fm=o,

while H; = L?(Ck) and T is the restriction map E coming from the inclusion
Cr = X, multiplied by |a|'/2,

(26) (Ef)(a) = lal*’* f(a).

The action of Cy is then the obvious one, for Hg

(27) U9)f)(z) = flg7'z) VYgeCi
using the action of Cy on X by multiplication,

(28) (J,a) = ja Vi€Cy,aeX

and similarly the regular representation V' for H;.

There is a subtle point however which is that since Cj, is abelian and non com-
pact, its regular representation does not contain any finite dimensional subrepre-
sentation so that the Polya-Hilbert space cannot be a subrepresentation (or unitary
quotient) of V. There is an easy way out (which we shall improve shortly) which is
to replace the regular representation L?(Cy) by L%(Cy) using the polynomial weight
(log? |a|)®/?, i.e. the norm,

(20) 1mﬁ=ﬂ¢awﬁu+mﬁmWNww

The left regular representation V of Ci on L2(Cy) is

(30) V(@§)(9) =¢alg)  Vga€Cr.

Note that because of the weight (1 + log? |z])%/2, this representation is not unitary
but it satisfies the growth estimate

(31) IV(9)ll = 0(log|g)*’* when |g| — oo

Similarly, we shall construct the Hilbert space L% of functions on X with growth
indexed by § > 1. Since X is a quotient space we shall first learn in the usual
manifold case how to obtain the Hilbert space L?(M) of square integrable functions
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on a manifold M by working only on the universal cover M with the action of
I' = m1(M). Every function f € C®°(M) gives rise to a function f on M by

(32) flz) = Z, HE)

n(z)=z

and all g € C®(M) appear in this way. Moreover, one can write the Hilbert
space inner product [y, fi(z) f2(z) dz, in terms of f; and f; alone. Thus ||f 1?2 =

2
J lz'yel" f (fy:r)l dz where the integral is performed on a fundamental domain for I'

acting on M. This formula defines a prehilbert space norm on C%° (H ) and L?(M)
is just the completion of C°(M) for that norm. Note that any function of the form
f — f+ has vanishing norm and hence disappears in the process of completion.

We can now define the Hilbert space LZ(X)o as the completion of the codimen-
sion 2 subspace

(33) S(A)o = {f €5(4); f© =0, [ fda=0}

for the norm || |5 given by

(34) 1= [| T f@)|| @+ 1082 a2 ol a2
gEk*

where the integral is performed on A*/k* and d*z is the multiplicative Haar measure
on A*/k*. Note that |gz| = |z| for any ¢q € k*.
The key point is that we use the measure |z|d*z instead of the additive Haar

measure dz. Of course for a local field K one has dz = |z| d*z but this fails in the
above global situation. Instead one has,

(35) dr =lim ¢|z|'**d*z,
e—0

but the corresponding divergent normalization coefficient plays no role in compu-
tations of adjoints or of traces of operators.

One has a natural representation of Cy on L%(X)o given by (27), and the result
is independent of the choice of a lift of j in Jx = GL;(A) because the functions f— f,
are in the kernel of the norm. The conditions (33) which define S(A)o are invariant
under the action of C} and give the following action of Ci on the 2-dimensional
supplement of S(A4)o C S(A); this supplement is C® C(1) where C is the trivial Cy
module (corresponding to f(0)) while the Tate twist C(1) is the module

(36) (7, A) = 13l A

coming from the equality

(37) / fG ) dz = |j / f(z)dz.
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We let E be the linear isometry from LZ(X)o into L2(Cy) given by the equality,

(38) E(f)(9) =19I'* " flag) Vg€l

g€k

By comparing (29) with (34) we see that E is an isometry and the factor |g|'/? is
dictated by comparing the measures |g|d*g of (34) with d*g of (29).

One has E(U(a) f) (9) = l9|*/? 3. (Ula) f) (a9) =
|91"/2 Ype fla™" qg) = la]'/? o™ g'? Ty flga™" g) = la|'/* (V(a) E(f)) (9).
Thus,

(39) EU(a) = |a|'?V(a)E.

This equivariance shows that the range of E in LZ(C%) is a closed invariant subspace
for the representation V.
The following theorem and its corollary show that the cokernel H = L%(Cy)/ Im(E)
of the isometry E plays the role of the Polya-Hilbert space. Since Im E is invariant
under the representation V we let W be the corresponding representation of C on
H.

Let char(k) = 0 so that Mod k = R} and Cy = K xR} where K is the compact
group Cr1 = {a € Ck; |a| = 1}.
Theorem 2.([Co]) Let § > 1, H be the cokernel of T in L%(C) and W the quo-
tient representation of Cr. Let x be a character of K, X = x x 1 the corre-
sponding character of Ci. Let Hy = {€ € H; W(g)é = x(9)§ Vg € K} and
D, = Eh_% L (W(e) —1). Then Dy is an unbounded closed operator with discrete
spectrum, Sp D, C iR is the set of imaginary parts of zeros of the L function with
Gréssencharakter X which have real part 1/2. Moreover the spectral multiplicity of
p s the largest integer n < %té in {1,..., multiplicity as a zero of L}.

Theorem 2 has a similar formulation when the characteristic of k& is non zero.
The following corollary is valid for global fields k of arbitrary characteristic.

Corollary 8. For any Schwartz function h € S(Cy) the operator W(h) =
J W(g) h(g)d* g in H is of trace class, and its trace is given by

TraceW (h) = Z 3(527 p)
L(x.4+s)=0

pEIR/NL

where the multiplicity is counted as in Theorem 2 and where the Fourier transform
h of h is defined by,

ﬁ@m=Lhwﬂwwww.
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This result is only preliminary because of the unwanted parameter § which
artificially restricts the multiplicities. Let us pursue a little further the analogy
between the exact sequence,

(40) 0— Li(X)o = L3(C) = H — 0,
and the exact sequence,
(41) 0o Ho DML >H—0

coming from the assembled Euler complex for a Riemann surface. Thus, here Hg is
the codimension 2 subspace of the space of differential forms of even degree orthog-
onal to harmonic forms, and H; is the space of 1-forms while ' = d + d* is the sum
of the de Rham coboundary with its adjoint d*.

In this case Poincaré duality is given by the Hodge * operation, which when
multiplied by suitable powers of i satisfies 72 = 1 and anticommutes with T = d+d*.

In our case, the analogue of the Hodge * operation is given on Ho = L2(X)o
by the Fourier transform,

(42) (Ff)(z) = /A f@)alay)dy ¥ e SA.

Here, we identified the Abelian group A of Adeles of k& with its Pontrjagin dual by
means of the pairing (a,b) = a(ab), where a : A — U(1) is a nontrivial character
which vanishes on £ C A. Note that such a character is not canonical, but that any
two such characters a and o' are related by k*,

(43) o (a) = a(ga) Va€ A.

It follows that the corresponding Fourier transformations on A are related by

(44) f=1F

which, because we take the quotient by k*, is independent of the choice of additive
character a of A. Note also that 2 = 1 on the quotient.

On H; = L%(Cy) the Hodge * is given by,
(45) (18)(a) = ~&(a™!)  Vae€C.
The Poisson formula means exactly that E anticommutes with the * operation.

If we modify the choice of non canonical isomorphism Cy = K x R} where K is the
compact group Cx,1 = {a € Ck; |a| = 1}, this modifies the operator D by

(46) D'=D—is
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where s € R is determined by the equality

(47) X'(9)=Xg)lgl'* VgeCi.

The coherence of the statement of the theorem is insured by the equality

(48) L(X',2) =L(x,z+1s) VzeC.

When the zeros of L have multiplicity and § is large enough the operator D is not

semisimple and has a non trivial Jordan form.

The proof of theorem 2 ([Col) is based on the distribution theoretic interpretation
by A. Weil [W2] of the idea of Tate and Iwasawa on the functional equation. Qur
construction should be compared with [Bg] and [Z].

Since we obtain the Hilbert space LZ(X)o by imposing two linear conditions on
S(4),
(49) 0 S(A)o = S(A) B CaC1) -0

we shall define L3(X) so that it fits in an exact sequence of C-modules

(50) 0— L}(X)o — L}X) > CeC(1) - 0.

(Note that, as in the case of Riemann surfaces, the * operation (42) does exchange
the two modules C and C(1)). We can then use the exact sequence of Ci-modules

(51) 0— Li(X)o = Li(Cr) > H >0

together with Corollary 3 to compute in a formal manner what the character of the
module L2(X) should be. We obtain,

(52) “Trace” (U(h)) =h(0) +h(1) = D h(x,p) + o0 h(1)
L(x,p)=0

Ren:%

where h(x, p) is defined by Corollary 3 and
(53) vt = [ Ul g
k

while the test function h is in a suitable function space. Note that the trace on
the left hand side of (52) only makes sense after a suitable regularisation since the
left regular representation of Cj, is not tragable. This situation is similar to the one
encountered by Atiyah and Bott ([AB]) in their proof of the Lefschetz formula. We
shall first learn how to compute in a formal manner the above trace from the fixed
points of the action of Cy on X. In sections VIII and IX, we shall show how to
regularize the trace and completely eliminate the parameter 4.
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VI The distribution trace formula for flows on manifolds

In order to understand how the left hand side of V(52) should be computed we
shall first give an account of the proof of the usual Lefschetz formula by Atiyah-Bott
([AB]) and describe the computation of the distribution theoretic trace for flows on
manifolds, which is a variation on the theme of [AB] and is due to Guillemin-
Sternberg [GS]. We first recall for the convenience of the reader the coordinate free
treatment of distributions of [GS].

Given a vector space E over R, dim E = n, a density is a map, p € |E*|,
(1) p:N"E—>C

such that p(Av) = |A| p(v) VAER, Vv e A"E.

Given a linear map T : E = F we let |T*| : |F*| — |E*| be the corresponding linear
map, it depends contravariantly on T'.

A smooth compactly supported density p € C°(M,|T*M]|) on an arbitrary mani-
fold M has a canonical integral,

) /pEC.

One defines the generalized sections of a vector bundle L on M as the dual space
of C¢(M,L* ® |T*M]|)

(3) C~*(M,L) = dual of C*(M,L* Q |T*M})
where L* is the dual bundle. One has a natural inclusion,

(4) C®(M,L)yc C™™(M,L)

given by the pairing

) o€ C®(M,L), s € C®(M,L* @ |T"M|) - /(s,a)

where (s, o) is viewed as a density, (s,q) € C*(M,|T*M|).
One has a similar notion of generalized section with compact support.

Given a smooth map ¢ : X — Y, then if ¢ is proper, it gives a (contravariantly)
associated map

(6) ¢ C2(Y,L) = CZ(X,¢"(L)) , (9" &)(z) = &(p())
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where ¢*(L) is the pull back of the vector bundle L.

Thus, given a linear form on C'°(X, ¢*(L)) one has a (covariantly) associated linear
form on C°(Y,L). In particular with L trivial we see that generalized densities
p € C7°(X,|T*X]|) pushforward,

(7) p.(p) € C™=(Y,|T"Y])

with (p.(p),€) = (p, " €)  VE€ CF(X).

This gives the natural functoriality of generalized sections, they pushforward under
proper maps. However under suitable transversality conditions which are automatic
for submersions, generalized sections also pull back. For instance, if ¢ is a fibration
and p € CP(X,|T*X]) is a density then one can integrate p along the fibers, the
obtained density on Y, ¢, (p) is given as in (7) by

(8) (pu(0), F) =(p, 0" f) Ve CP(Y).

The point is that the result is not only a generalized section but a smooth section
eu(p) € CZ(Y, |TY ).

It follows that if f € C~°°(Y") is a generalized function, then one obtains a gener-
alized function ¢*(f) on X by,

(9) @ (£)p) = (fiox(p))  VpeCT(X,|T"X]).

In general, the pullback ¢*(f) of a generalized function f, continues to make sense
provided the following transversality condition holds,

(10) d@" (1) £0 Vi€ WF(f).

where WF(f) is the wave front set of f ([GS]).

Next, let us recall the construction ([GS]) of the generalized section of a vector
bundle L on a manifold X associated to a submanifold Z C X and a symbol,

(11) o €C®(Z,L®|Nz|).

where Nz is the normal bundle of Z. The construction is the same as that of the
current of integration on a cycle. Given £ € C°(X, L* ® |T*X|), the product o £/Z
is a density on Z, since it is a section of |T3| = |T%|®|Nz|. One can thus integrate
it over Z.

When Z = X one has Nz = {0} and |Nz| has a canonical section, so that the
current associated to o is just given by (5).

Now let ¢ : X = Y with Z a submanifold of Y and ¢ as in (11).

Let us assume that ¢ is transverse to Z, so that for each z € X with y = ¢(z) € Z
one has
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Let
(13) e ={X €T:, vu(X) €Ty(Z)}.
Then . gives a canonical isomorphism,
(14) pu : To(X) /72 = T,(Y)/Ty(2) = Ny(2).

And »%(Z) is a submanifold of X of the same codimension as Z with a natural
isomorphism of normal bundles

(15) Px t Nw—l(z) jad (p* NZ .

In particular, given a (generalized) J-section of a bundle L with support Z and
symbol ¢ € C*®(Z,L ® |Nz|) one has a corresponding symbol on ¢~!(Z) given by

(16) ¢ o(z) = |(ps) Mo (p(2) € (¢ L)z ® | Ne|

using the inverse of the isomorphism (15), which requires the transversality condi-
tion.

Now for any d-section associated to Z,o, the wave front set is contained in the
conormal bundle of the submanifold Z which shows that if ¢ is transverse to Z the
pull back ¢* éz,, of the distribution on Y associated to Z, o makes sense, it is equal

to 6L‘,—1(2)"‘,.(a).

Let us now recall the formulation ([GS]) of the Schwartz kernel theorem. One
considers a continuous linear map,

(17) T:C*(Y) - C~*(X),

the statement is that one can write it as

(19 T (@) = [ k) €W dy
where k(z,y) dy is a generalized section,

(19) ke C™®(X xY , pry(|TY)).
Let f: X — Y be a smooth map, and T = f* the operator
(20) (T (zx)=¢(f(z) VEECT(Y).

The corresponding k is the d-section associated to the submanifold of X x Y given
by

(21) Graph(f) = {(z,f(z)) ; z€ X} =2

and its symbol, 0 € C*(Z, pry (|T*Y]) ® |Nz|) is obtained as follows.
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Given £ € T;(X), n € T,;(Y') one has (£,n) € Ny iff it is orthogonal to (v, f, v) for
any v € Tp(X), i.e. (v,€) + (f.v,n) =0 so that

(22) E=—fin.

Thus one has a canonical isomorphism j : Ty (Y) =~ N7z, 7 ER (=ftn,n). The
transposed (j!)¢ is given by (j71)*(Y) = class of (0,Y) in Nz, VY € Ty (Y). One
has,

(23) o=1j"" € C®(Z,pry(T*Y|)® |Nz|).
We denote the corresponding é-distribution by
(24) k(z,y)dy = é(y — f(z)) dy.

One then checks the formula,

(25) / Sy - f(2) E) dy = £(f() V€€ CP(Y).

Let us now consider a manifold M with a flow F;

(26) Fi(z) = exp(tv)z v € C®(M,Thr)
and the corresponding map f,

(27) fF:MxR—> M, f(z,t) = Fi(z).

We apply the above discussion with X = M x R, Y = M. The graph of f is the
submanifold Z of X x Y,

(28) Z={(z,t,y) ; y= F(2)}.
One lets ¢ be the diagonal map,
(29) p(z,t) = (z,t,z) , p . M xR X xY

and the first issue is the transversality MhZ.

We thus need to consider (12) for each (z,t) such that ¢(z,t) € Z, i.e. such that
z = Fy(z). One looks at the image by . of the tangent space T; M X R to M x R
at (r,t). One lets §; be the natural vector field on R. The image of (X, 8;) is
(X,A0,X) for X € T, M, X € R Dividing the tangent space of M x Rx M by the
image of y, one gets an isomorphism,

(30) (X,70,Y) > Y - X
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with T; M. The tangent space to Z is {(X', u 0y, (Ft)e X'+pvp,(5)); X' € Te M, p €
R}. Thus the transversality condition means that every element of T, M is of the

form

(31) (F)e X — X+ pv, XeT, M, peR.
One has

(32) (F)s pvg = pvg

so that (F}). defines a quotient map, the Poincaré return map

(33) P:T./Rv, = Tz /Ru, = N,

and the transversality condition (31) means exactly,

(34) 1-P is invertible.

Let us make this hypothesis and compute the symbol ¢ of the distribution,
(35) 7 =" (0(y — Fi(z)) dy) .

First, as above, let W = ¢~1(Z) = {(=z,t) ; Fi(z) = z}. The codimension of ¢~!(Z)
in M x R is the same as the codimension of Z in M x R x M so it is dimM which
shows that ¢~!(Z) is 1-dimensional. If (z,t) € ¢~ 1(Z) then (F;(z),t) € ¢ 1(Z).
Thus, if we assume that v does not vanish at z, the map,

(36) (z,t) St

is locally constant on the connected component of ¢ ~!(Z) containing (z,t).

This allows to identify the transverse space to W = ¢~ 1(Z) as the product,
(37) N ~N; xR

where to (X,\0,) € T, (M x R) we associate the pair (X, A) given by the class of
X in N, =T, /Rv; and A€ R

The symbol o of the distribution (35) is a smooth section of |[N%| tensored by the
pull back ¢*(L) where L = pry |Tj,|, and one has

(38) @" (L) = |p" Tl
where
(39) p(z,t) ==z V(z,t) € M x R.

To compute ¢ one needs the isomorphism,

(40) NP 3 B Tyay(M xR x M)[Ty(z,0)(Z) = N
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The map ¢, : Nz"f/t — NZ is given by

(41) Pu(X,A0:) = (1= (Fp)u) X — Av XeN,, AeR

and the symbol o is just

(42) o =o't € p" Th ® INY].

Let us now consider the second projection,

(43) g(z,t)=teR

and compute the pushforward g.(7) of the distribution 7.
By construction ¢.(7) is a generalized function.

We first look at the contribution of a periodic orbit, the corresponding part of
v Y(Z) is of the form,

(44) e MZ2)=VxI'cMxR

where T’ is a discrete cocompact subgroup of R, while V' C M is a one dimensional
compact submanifold of M.

To compute g.(7), we let h(t) |dt| be a 1-density on R and pull it back by ¢ as the
section on M x R of the bundle ¢* |T*|,

(45) £(z,t) = h(t) |dt].
We now need to compute fw—l( 2) £o0. We can look at the contribution of each

component: V x {T}, T € .
One gets ([GS)),

1

#____
1o e

MT),

where T# is the length of the primitive orbit or equivalently the covolume of I' in
R for the Haar measure |dt|]. We can thus write the contributions of the periodic
orbits as

(47) ZZCOVQ](F =7 r(T),

where the test function h vanishes at 0.

The next case to consider is when the vector field v, has an isolated 0, vy, = 0. In
that case, the transversality condition (31) becomes

(48) 1 - (Fy). invertible (at zo).
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One has Fi(z¢) = zo for all t € R and now the relevant component of ¢~(Z) is
{zo} x R. The transverse space N" is identified with T, and the map ¢, : NV ~
N7Z is given by:

(49) x =1—(Ft)s.

Thus the symbol o is the scalar function |1 — (F;).|™! . The generalized section
¢« *(6(y — Fi(z))dy) is the function, ¢t — |1 — (F;).|~'. We can thus write the

contribution of the zeros of the flow as ([GS]),

0
2 > e

where h is a test function vanishing at 0.

We can thus collect the contributions 47 and 50 as
h(U) o
(51) E / T (Fd d*u

where h is as above, I, is the isotropy group of the periodic orbit v, the haar
measure d*u on I, is normalised so that the covolume of I, is equal to one and we
still write (F,). for its restriction to the transverse space of 7.
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VII The global case, and the formal trace computation.

We shall consider the action of Cy on X and write down the analogue of VI
(51) for the distribution trace formula.

Both X and Cj are defined as quotients and we let

(1 m:A—> X, c:GLi(A) = Cx

be the corresponding quotient maps.

As above we consider the graph Z of the action
(2) f: XxCi= X, flz,\) =)z
and the diagonal map
3) p: X xCr=>XxCrxX oz, A) = (z,\ ).

We first investigate the fixed points, ¢~1(Z), i.e. the pairs (z,A) € X x Cy
such that Az = z. Let z = m(Z) and A = ¢(j). Then the equality Az = = means
that m(jZ) = 7(Z) thus there exists ¢ € k* such that with j = g7, one has

(4) jE=%.

Recall now that A is the restricted direct product A =II k, of the local fields k,
res

obtained by completion of k with respect to the place v. The equality (4) means

that j,&, = &,, thus, if £, # 0 for all v it follows that j, = 1 Vv and j = 1. This

shows that the projection of ¢~1(Z)NCi\{1} on X is the union of the hyperplanes
(5) UH,; H, =n(H,), H, = {z; =, =0}.

Each H, is closed in A and is invariant under multiplication by elements of k*.
Thus each H, is a closed subset of X and one checks that it is the closure of the
orbit under Cy of any of its generic points

(6) T,T,=0 <= u=uv.

For any such point z, the isotropy group I, is the image in Cy of the multiplicative
group k7,

(7) L=k
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by the map A € k! = (1,...,1,A,1,...). This map already occurs in class field
theory (cf [W1]) to relate the local theory to the global one.

Both groups k; and Cj are commensurable to R} by the module homomor-
phism, which is proper with cocompact range,

8) ¢Llhry.
Since the restriction to & of the module of Cy is the module of &, it follows that
(9) I, is a cocompact subgroup of Cj .

This allows to normalize the respective Haar measures in such a way that the
covolume of I, is 1. This is in fact insured by the canonical normalization of the
Haar measures of modulated groups ([W3 ]),

(10) / d*g ~logA when A - +00.
lgl€(1,A]

It is important to note that though I, is cocompact in Cy, the orbit of z is not
closed and one needs to close it, the result being H,. We shall learn how to justify
this point later in section VIII, in the similar situation of the action of Cs on Xs.
We can now in view of the results of the two preceding sections, write down the
contribution of each H, to the distributional trace;

Since H, is a hyperplane, we can identify the transverse space N; to H, at z
with the quotient

(11) N, = A/H, = k,

namely the additive group of the local field k,. Given j € I one has j, = 1 Vu # v,
and j, = A € k?. The action of j on A is linear and fixes x, thus the action on the
transverse space [V, is given by

(12) (A\,a) > Aa Va€k,.

We can thus proceed with some faith and write down the contribution of H, to the
distributional trace in the form,

h(A)
(13) /k; T

where h is a test function on Cj which vanishes at 1. We now have to take care of
a discrepancy in notation with the fifth section, where we used the symbol U (j) for
the operation

(14) (UG)f)(z) = f(G )



48 Trace Formula on the Adele Class Space and Weil Positivity

whereas we use j in the above discussion. This amounts to replace the test function
h(u) by h(u~!) and we thus obtain as a formal analogue of VI(51) the following
expression for the distributional trace

-1y
(15) “Trace” (U(h)) = Z/ hl(u_ u} d*u

Now the right-hand side of (15) is, when restricted to the hyperplane h(1) = 0, the
distribution obtained by André Weil ([W3]) ( cf. Theorem V.1) as the synthesis of
the explicit formulas of number theory for all L-functions with Gréssencharakter.
In particular we can rewrite it as

(16) h(0)+h(1) = > h(x,p) + o0 h(1)

L(x,p)=0

where this time the restriction Re(p) = 3 has been eliminated.

Thus, equating (52) of section V and (16) for h(1) = 0 would yield the desired
information on the zeros. Of course, this does require first eliminating the role of 4,
and (as in [AB]) to prove that the distributional trace coincides with the ordinary
operator theoretic trace on the cokernel of E. This is achieved for the usual set-up
of the Lefschetz fixed point theorem by the use of families.

A very important property of the right hand side of (15) is the following
"Hadamard positivity”: If the test function h, h(1) = 0 is positive,

17) h(u) >0 VueCy

then the right-hand side is positive. This indicated from the very start that in order
to obtain the Polya-Hilbert space from the Riemann flow, it is not quantization that
should be involved but simply the passage to the L? space, X — L?(X). Indeed
the positivity of (17) is typical of permutation matrices rather than of quantization.
This distinction plays a crucial role in the above discussion of the trace formula, in
particular the expected trace formula is not a semi-classical formula but a Lefschetz
formula in the spirit of [AB].

The above discussion is not a rigorous justification of this formula. The first
obvious obstacle is that the distributional trace is only formal and to give it a
rigorous meaning tied up to Hilbert space operators, one needs as we shall see in
section VIII, to perform a cutoff. The second difficulty comes from the presence
of the parameter ¢ as a label for the Hilbert space, while § does not appear in the
trace formula. As we shall see in the next two sections the cutoff will completely
eliminate the role of §, and we shall nevertheless show (by proving positivity of the
Weil distribution) that the validity of the (4 independent) trace formula is equivalent
to the Riemann Hypothesis for all Grossencharakters of k.
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VIII The trace formula in the S-local case.

In the formal trace computation of section VII, we skiped over the difficulties
inherent to the tricky structure of the space X. In order to understand how to
handle trace formulas on such spaces we shall consider the slightly simpler situation
which arises when one only considers a finite set S of places of k. As soon as the
cardinality of S is larger than 3, the corresponding space X g does share most of the
tricky features of the space X. In particular it is no longer of type I in the sense of
Noncommutative Geometry.

We shall nevertheless describe a precise general result ([Co] theorem 4) which
shows that the above handling of periodic orbits and of their contribution to the
trace is the correct one. It will in particular show why the orbit of the fixed point 0,
or of elements z € A, such that z, vanishes for at least two places do not contribute
to the trace formula. At the same time, we shall handle the lack of transversality
when h(1) # 0.

Let us begin by the local case. let K be a local fleld. We deal directly with the
following operator in L?(K),

(1) U(h) = /h()\) U d™ A,

where the scaling operator U () is defined by

(2) UM O@) =€¢r"z) VzekK

and where the multiplicative Haar measure d* ) is normalized by,

(3) / d*A ~log A when A — 0.
[Ale(1,A]

To understand the “trace” of U(h) we shall proceed as in the Selberg trace formula
([Se]) and use a cutoff. In physics terminology the divergence of the trace is both
infrared and ultraviolet. To perform an infrared cutoff, we use the orthogonal
projection P onto the subspace,

(4) Py={¢eL*(K); &) =0  Vz, || > A}.

Thus, P is the multiplication operator by the function ps, where pp(z) = 1
if |z| < A, and p(z) = 0 for |z| > A. This gives an infrared cutoff and to get an
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ultraviolet cutoff we use 13,\ = FPyF~! where F is the Fourier transform (which
depends upon the basic character a). We let

(5) Ry = P, Py

One then obtains ([Co}),

Theorem 1. Let K be a local field with basic character a. Let h € S(K*) have
compact support. Then Rp U(h) is a trace class operator and when A — oo, one
has

Trace (Ry U(h)) = 2h(1) log’ A + / ' Tl(“__;? d*u +o(1)

where 2log' A = f)\eK,, IAJ€[A=1,A] d* A, and the principal value f’ is uniquely deter-

1du fOT‘

mined by the pairing with the unique distribution on K which agrees with =

u # 1 and whose Fourier transform vanishes at 1.

As it turns out ([Co]), this principal value agrees with that of Weil (cf. section
V) for the choice of F' associated to the standard character of K.

Let us now describe the reduced framework for the trace formula. We now let
k be a global field and S a finite set of places of k containing all infinite places. The
group O% of S-units is defined as the subgroup of k*,

(6) Os ={g€k",lg| =1,v ¢ S}

It is cocompact in J where,

(7) Js = H k;,
vES
and,
(8) Js={jeJslil=1}.

Thus the quotient group Cs = Js/O% plays the same role as Cy, and acts on the
quotient X5 of As = [],cs5 kv by O%.

To keep in mind a simple example, one can take k = Q, while S consists of the
three places 2, 3, and oo. One checks in this example that the topology of Xg is
not of type I since for instance the group O% = {£2"3™; n,m € Z} acts ergodically
on {0} xR C As.

We normalize the multiplicative Haar measure d* A of Cs by,

9) / d*A ~logA when A - oo,
Ix|€[1,A]

and normalize the multiplicative Haar measure d* A of Js so that it agrees with the
above on a fundamental domain D for the action of O% on Jg.
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There is no difficulty in defining the Hilbert space L?(Xs) of square integrable
functions on Xg. We proceed as in section V (without the 4), and complete (and
separate) the Schwartz space S(Ag) for the pre-Hilbert structure given by,

(10) 1P = [| 3 10| lal's

4€0},

where the integral is performed on Cg or equivalently on a fundamental domain D
for the action of O% on Js. To show that (10) makes sense, one proves that for
f € S(As), the function Eo(f)(z) = quog f(gz) is bounded above by a power of
Log|z| when |z| tends to zero. To see this.when f is the characteristic function of
{z € As,|z,| < 1,Vv € S}, one uses the cocompactness of O% in J§, to replace the
sum by an integral. The latter is then comparable to,

(11) / dus,
4 >0,Y  ui=—Log|z| H

where the index ¢ varies in S. The general case follows.

The scaling operator U(J) is defined by,
(12) UNE@) =E0"2)  VYoeds

and the same formula, with = € X5 defines its action on L?(Xg). Given a smooth
compactly supported function h on Cs, U(h) = [ h(g)U(g)d*g makes sense as an
operator acting on L%(Xs).

We shall first see that the Fourier transform F' on S(Ag) does extend to a
unitary operator on the Hilbert space L?(Xs).

Lemma 2. ([Co]) a) For any f; € S(As) the series Zo; (f1,U(q) f2) 4 of inner
products in L*(As) converges geometrically on the abelian finitely generated group
O%. Moreover its sum is equal to the inner product of f; and fo in the Hilbert space
L*(Xs).

b) Let a = [Ja, be a basic character of the additive group As and F' the
corresponding Fourier transformation. The map f — F(f), f € S(As) extends
uniquely to a unitary operator in the Hilbert space L?(Xs).

Now exactly as above for the case of local fields (theorem 1), we need to use a
cutoff. For this we use the orthogonal projection Py onto the subspace,

(13) Py ={¢€ L*(Xs); £(z) =0 Vz, |z] > A}.

Thus, Py is the multiplication operator by the function pa, where ps(z) = 1 if
|z| < A, and p(z) = 0 for |z| > A. This gives an infrared cutoff and to get an
ultraviolet cutoff we use f’,\ = FPyF~! where F is the Fourier transform (lemma
1) which depends upon the choice of the basic character a = [Ja,. We let

(14) Ry = ﬁ/\ Py .
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One then gets ([Co)),

Theorem 3. Let Ag be as above, with basic character a = [[a,. Let h € S(Cs)
have compact support. Then when A — oo, one has

Trace (Ra U(h)) = 2h(1) log’ A+2/‘ Il—ul ) du + o(1)

vES

where 2log’ A = f)\6057|A|6[A—1yA] d* X, each k}, is embedded in Cs by the map u —
(1,1,...,u,...,1) and the principal value f' 18 uniquely determined by the pairing with
the unique distribution on k, which agrees with ]leyﬂ for u # 1 and whose Fourier
transform relative to o, vanishes at 1.

Let us now discuss the global trace formula.
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IX The global trace formula and the geometric dictionary.

The main difficulty created by the parameter ¢ in Theorem V.2 is that the
formal trace computation of section VII is independent of §, and thus cannot give
in general the expected value of the trace of corollary V.3, since in the latter each
critical zero p is counted with a multiplicity equal to the largest integer n < 1_~t2£ ,
n < multiplicity of p as a zero of L. In particular for L functions with multiple zeros,
the d-dependence of the spectral side is nontrivial. It is also clear that the function
space LZ(X) artificially eliminates the non-critical zeros by the introduction of the

d.

As we shall see, all these problems are eliminated by the cutoff. The latter
will be performed directly on the Hilbert space L?(X) so that the only value of §
that we shall use is § = 0. All zeros will play a role in the spectral side of the
trace formula, but while the critical zeros will appear per-se, the non critical ones
will appear as resonances and enter in the trace formula through their harmonic
potential with respect to the critical line. Thus the spectral side is now entirely
canonical and independent of §, and by proving positivity of the Weil distribution,
we shall show that its equality with the geometric side, i.e. the global analogue of
Theorem VIIL.3, is equivalent to the Riemann Hypothesis for all L-functions with
Grossencharakter.

The Abelian group A of Adeles of k is its own Pontrjagin dual by means of the
pairing

(1) (a,b) = a(ab)

where a : A — U(1) is a nontrivial character which vanishes on k£ C A.

We fix the additive character a as above, o = [] o, and let d be a differental
idele,

2) a(z) = ap(dz) Vz e A,

where a9 = [J o,y is the product of the local normalized additive characters (cf
[W1]). We let Sy be the finite set of places where a, is ramified.

We shall first concentrate on the case of positive characteristic, i.e. of function
fields, both because it is technically simpler and also because it allows to keep track
of the geometric significance of the construction.

In order to understand how to perform in the global case, the cutoff Ry = f’A Py
of section VIII, we shall first analyze the relative position of the pair of projections
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ﬁA, Py when A = co. Thus, we let S D Sy be a finite set of places of k, large
enough so that mod(Cs) = mod(Ct) = ¢% and that for any fundamental domain
D for the action of O% on Js, the product D x [] R; is a fundamental domain for
the action of k* on Jy.

Both P, and P, commute with the decomposition of L?(Xg) as the direct sum
of the subspaces, indexed by characters xo of Cs,1,

(3) Lio ={¢e L*(Xs); £(a™'z) = xola) &(z), Yz € Xs5,a € Cs1}

which corresponds to the projections Py, = [Xo(a)U(a)d;a, where d;a is the
Haar measure of total mass 1 on Cs ;.

Lemma 1. Let xo be a character of Cs,, then for A large enough Py and Py
commaute on the Hilbert space Lio.

We can thus rewrite Theorem VIII.3 in the case of positive characteristic as,

Corollary 2. Let Qa be the orthogonal projection on the subspace of L*(Xs)
spanned by the f € S(As) which vanish as well as their Fourier transform for
|z| > A. Let h € S(Cs) have compact support. Then when A — oo, one has

Trace (Qa U(R)) = 2h(1)log' A + Z /l hl(u‘l) d*u + o(1)
ves ks 11T ul

where 2log' A = fAeCS,[AIE[A—l,A] d*)\, and the other notations are as in Theorem
VIIL.3

In fact the proof of lemma 1 ([Co]) shows that the subspaces By stabilize very
quickly, so that the natural map £ — £ ® 1g from L?(Xs) to L*(Xg) for S C S
maps Bf onto Bf',

We thus get from corollary 2 an S-independent global formulation of the cutoff
and of the trace formula. We let L?(X) be the Hilbert space L2(X) of section V
for the trivial value § = 0 which of course eliminates the unpleasant term from the
inner product, and we let @4 be the orthogonal projection on the subspace B of
L?(X) spanned by the f € S(A) which vanish as well as their Fourier transform for
|z| > A. As we mentionned earlier, the proof of lemma 1 shows that for S and A
large enough (and fixed character ), the natural map &€ — £ ® 1g from L*(Xs)y
to L?(X)y maps B} onto Bj.

It is thus natural to expect that the following global analogue of the trace
formula of corollary 2 actually holds, i.e. that when A — oo, one has,

(4) Trace (Qa U(h)) = 2h(1)log' A + Z /k, ’Ill(u——;i d*u + o(1)

where 2log' A = [, o, |xjeia-1,4) @A and the other notations are as in Theorem
VIIL3.
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We can prove directly that (4) holds when h is supported by Ci,; but are not
able to prove (4) directly for arbitrary h (even though the right hand side of the
formula only contains finitely many nonzero terms since h € S(Cy) has compact
support). What we shall show however is that the trace formula (4) implies the
positivity of the Weil distribution, and hence the validity of RH for k. Remember
that we are still in positive characteristic where RH is actually a theorem of A.Weil.
It will thus be important to check the actual equivalence between the validity of
RH and the formula (4). This is achieved by,

Theorem 3.([Co]) Let k be a global field of positive characteritic and Qa be the
orthogonal projection on the subspace of L?(X) spanned by the f € S(A) such that
f(z) and f(z) vanish for |z| > A . Let h € S(C)) have compact support. Then the
following conditions are equivalent,

a) When A — oo, one has

Trace (Qa U(h)) = 2h(1) log’ A + Z /k: ’Ill(t—t——;? d*u + o(1)

b) All L functions with Grissencharakter on k satisfy the Riemann Hypothesis.

To prove that a) implies b), one proves (assuming a)) the positivity of the Weil
distribution

(5) A=logld™!|6y+D - D,.

First, by theorem V.2 applied for § = 0, the map E,

(6) E(f)(9)=19I"* > flag) Vg€,

g€k*
defines a surjective isometry from L?(X)o to L2(Ck) such that,
(7) EU(a) = [a]'*V(a) E,
where the left regular representation V of Cy, on L?(C%) is given by,
(8) (V(@)€)(9) =€(a™'g) Vg,a€Ck.
Let S5 be the subspace of L?(Cy) given by,
(9) Sa={€€ L*(Cx); £(9) =0, Yg, lgl ¢ [A™", Al}.

We shall denote by the same letter the corresponding orthogonal projection.

Let By o be the subspace of L2(X)o spanned by the f € S(A)o such that f(z)
and f(z) vanish for |z| > A and Q4o be the corresponding orthogonal projection.
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Let f € S(A)o be such that f(z) and f(z) vanish for |z| > A, then E(f) (g) vanishes
for |g| > A, and the equality,

10) E(f)(9) = E(f) (5) f € S(A),

shows that E(f) (g) vanishes for |g] < A™1.

This shows that E(Bj0) C Sa, so that if we let Q) y, = EQaoE™", we get
the inequality,

(11) Q0 < Sa

and for any A the following distribution on C} is of positive type,
(12) AA(f) = Trace ((Sa — Q40) V()

i.e. one has,

(13) Ap(f*f") 20

where f*(g) = f(g~!) for all g € C.

Let then f(g) = |g|~'/2 h(g™1), so that one has E U (h) = V(f)E where f(g) =
f(g™1) for all g € Ck. One has,

u-!
(19) 0w - gl = ¥ [ ftan

One has Trace (SA V(f)) = 2f(1)log’ A, thus using a) we see that the limit of Ap
when A — oo is the Weil distribution A (cf. section V). The term D in the latter
comes from the nuance between the subspaces By and Bj . This shows using (13),
that the distribution A is of positive type so that b) holds (cf. [W3]).

To show that b) implies a), one computes from the zeros of L-functions and
independently of any hypothesis the limit of the distributions Ay when A — co.

We choose (non canonically) an isomorphism
(15) Ck ~ Ck,1 x N .

where N = range | | C R}, N ~ Z is the subgroup ¢% C RY,. .
For p € C we let du,(2) be the harmonic measure of p with respect to the line

tR C C. It is a probability measure on the line ¢ R and coincides with the Dirac
mass at p when p is on the line.

The implication b)=>a) follows immediately from the explicit formulas and the
following lemma,

Lemma 4. The limit of the distributions Ay when A = oo is given by,

bulf)= X NGg+o) [T
L(;,4}+p)=o z€E€L
peB/NL
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where B is the open strip B = {p € C;Re(p) €], 5[}, N(X, 5 + p) is the mul-
tiplicity of the zero, du,(z) is the harmonic measure of p with respect to the line
iR C C, and the Fourier transform f of f is defined by,

FGn) = /C ) 5w [ulf d* u.

One should compare this lemma with Corollary 3 of section V. In the latter
only the critical zeros were coming into play and with a multiplicity controlled by é.
In the above lemma, all zeros do appear and with their full multiplicity, but while
the critical zeros appear per-se, the non-critical ones play the role of resonances as
in the Fermi theory.

Let us now explain how the above results extend to number fields k. We first
need to analyze, as above, the relative position of the projections Py and Py. Let
us first remind the reader of the well known geometry of pairs of projectors. Recall
that a pair of orthogonal projections P; in Hilbert space is the same thing as a
unitary representation of the dihedral group I' = Z /2% Z /2. To the generators U;
of I' correspond the operators 2P; — 1. The group T is the semidirect product of
the subgroup generated by U = U, U, by the group Z/2, acting by U — U™,
Its irreducible unitary representations are parametrized by an angle 6 € [0, 5], the
corresponding orthogonal projections P; being associated to the one dimensional
subspaces y = 0 and y = ztg(f) in the Euclidean z,y plane. In particular these
representations are at most two dimensional. A general unitary representation is
characterized by the operator © whose value is the above angle 6 in the irreducible
case. It is uniquely defined by the equality,

(16) Sm(@) = 'Pl b P2|,

and commutes with F;.

The first obvious difficulty is that when v is an Archimedian place there exists
no non-zero function on k, which vanishes as well as its Fourier transform for
|z| > A. This would be a difficult obstacle were it not for the work of Landau,
Pollak and Slepian ([LPS]) in the early sixties, motivated by problems of electrical
engineering, which allows to overcome it by showing that though the projections
Py and P, do not commute exactly even for large A, their angle is sufficiently well
behaved so that the subspace By makes good sense.

For simplicity we shall take k = @, so that the only infinite place is real. Let
P be the orthogonal projection onto the subspace,

(17) Py ={¢€ L*(R); &) =0, Vo, |z} > A}.

and 16,\ = FPyF~! where F is the Fourier transform associated to the basic char-
acter a(z) = e~27®, What the above authors have done is to analyze the relative
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position of the projections Pj, 131\ for A — oo in order to account for the obvious
existence of signals (a recorded music piece for instance) which for all practical pur-
poses have finite support both in the time variable and the dual frequency variable.

The key observation of ([LPS]) is that the following second order differential
operator on R actually commutes with the projections Py, Py,

(18) Hyy(z) = —0((A? - 22) 9)y(z) + (2nAz)” (=),

where 0 is ordinary differentiation in one variable. Exactly as the generator z 8
of scaling commutes with the orthogonal projection on the space of functions with
positive support, the operator 8((A? — z?)8) commutes with Py. Moreover Hp
commutes with Fourier transform F, and the commutativity of Hy with ﬁA thus
follows.

If one sticks to functions with support in [—A, A], the operator Hj has discrete
simple spectrum, and was studied long before the work of [LPS]. It appears from the
factorization of the Helmoltz equation A + k%1 = 0 in one of the few separable
coordinate systems in Euclidean 3-space, called the prolate spheroidal coordinates.
Its eigenvalues x,(A),n > 0 are simple and positive. The corresponding eigen-
functions 1, are called the prolate spheroidal wave functions and since Py ﬁ,\ Py
commutes with Hy, they are the eigenfunctions of Py ﬁA Py. A lot is known about
them, in particular one can take them to be real valued, and they are even for n
even and odd for n odd. The key result of [LPS] is that the corresponding eigenval-
ues A, of the operator P, Py Py are decreasing very slowly from Ag ~ 1 until the
value n ~ 4A? of the index n, they then decrease from = 1 to =~ 0 in an interval
of length ~ log(A) and then stay close to 0. Of course this gives the eigenvalues of
O, it dictates the analogue of the subspace Bj of lemma 1, as the linear span of
the 1, n < 4A2, and it gives the justification of the semi-classical counting of the
number of quantum mechanical states which are localized in the interval [—A, A]
as well as their Fourier transform as the area of the corresponding square in phase
space.

We now know what is the subspace By for the single place oo, and to obtain
it for an arbitrary set of places (containing the infinite one), we just use the same
rule as in the case of function fields, i.e. we consider the map,

(19) Y- Y ®I1g,

which suffices when we deal with the Riemann zeta function. Note also that in
that case we restrict ourselves to even functions on R. This gives the analogue of
Corollary 2, Theorem 3, and Lemma 4.

We refer to [Co] to see how the formula for the number of zeros
(20) N(E) ~ (E/2m)(log(E/2m) — 1) + 7/8 + 0(1) + Nosc(E)

appears from our spectral interpretation.
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The filtration @4, Sa of the short complex,
(21) 0 - L*(X)o = L*(Ck) = 0,

allows to define Adelic cohomology in which all nontrivial zeros of L-functions do
appear and to complete the following dictionary with unproved last line, between
the function theory and the geometry of the Adele class space X,

Function Theory Geometry

Zeros and poles of Zeta Action of Cj, on
Adelic cohomology

Functional Equation * operation

Explicit formula Lefschetz formula for
action of C; on X

Riemann Hypothesis Trace formula
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General remarks.

a) There is a close analogy between the construction of the Hilbert space L?(X)
in section V, and the construction of the physical Hilbert space ([S] theorem 2.1)
in constructive quantum field theory, in the case of gauge theories. In both cases
the action of the invariance group (the group k* = GL;(k) in our case, the gauge
group in the case of gauge theories) is wiped out by the very definition of the inner
product. Compare with ([S]) top of page 17.

b) It is quite remarkable that the eigenvalues of the angle operator ® which we
discussed above, also play a key role in the theory of random hermitian matrices.
To be more specific, let E(n,s) be the large N limit of the probability that there
are exactly n eigenvalues of a random Hermitian N x N matrix in the interval

is iy p—
[_ﬁt’ mt], t= 8/2

Let us compute this probability E(n,s) (cf.[Me]). One has by construction
> E(n,s) = 1. We will do the computation for n = 0, for other values of n the
n
computation is similar.

With the notations of section III, E(0, s) is clearly given by the large N limit
of,

pN(El, e EN)dEl ce dEN,
|E; |26

™

where 6 = \/2—N't' This equals

g [T ) (BB ()2 (Br) e (o)

1B]|26 €SN
,(n)(EN) 8w (En)dELdE, .. .dEy =,
N

ZE(O’) H (‘Pl, (1 - Pg)(ba(l)) (‘PN, (1 e Pg)‘i’a(N))

o 1

where Py is the operator of multiplication by 1;_g ¢], the characteristic function of
the interval [—6, 6].

N
We rewrite this as det (Kn(1 — Pg)KN)[Range of Ky = [T(1 — Aj n), where
1
Aj,~ are the nonzero eigenvalues of Ky Ps.

For N — o0, the equality II1.14 allows to replace Ky by the operator given by
the kernel,
sinm(z — y)

Mo = ey



Alain Connes 61

Hence we get as N = oo,

(e}

E(0,5) = [J(1 = X)),

1

where s = 2t, and the );(s) are the eigenvalues of the operator P, P,. Here we let, as
above, Py = FPyF~1, and F denotes the Fourier transform, F¢(u) = [ e***{(z)dz.
Note finally that the eigenvalues of I/’;Pb only depend upon the product ab so that
the relation with the eigenvalues of © should be clear.

¢) This paper was finalized during my visit to O.S.U. in October - November, 1998
and I am grateful to this University for its warm hospitality and to A. Gorokhovsky
for taking careful notes in my class.
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