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1 Introduction

These notes are a survey documenting an interesting recent trend within
the calculus of variations, the rise of differential equations techniques for
Monge-Kantorovich type optimal mass transfer problems. I will discuss
in some detail a number of recent papers on various aspects of this
general subject, describing newly found applications in the calculus of
variations itself and in physics. An important theme will be the rather
different analytic and geometric tools for, and physical interpretations
of, Monge-Kantorovich problems with a uniformly convex cost density
(here exemplified by c(z,y) = |z — y|?) versus those problems with
a nonuniformly convex cost (exemplified by c(z,y) = |z — y|). We
will as well study as applications several physical processes evolving
in time, for which we can identify optimal Monge-Kantorovich mass
transferences on “fast” time scales.

1.1 Optimal mass transfer

The original transport problem, proposed by Monge in the 1780’s, asks
how best to move a pile of soil or rubble (“déblais”) to an excavation or
fill (“remblais”), with the least amount of work. In modern parlance,
we are given two nonnegative Radon measures u* on R", satisfying the
overall mass balance condition

i (R = p~(RY) < oo, (L1)

and we consider the class of measurable, one-to-one mappings s : R* —
R"™ which rearrange ut into p:

sp(L™) =n". (1.2)

In other words, we require
[ ms@dut@) = [ hwyduw (13)

for all continuous functions h, where X = spt(u*), ¥ = spt(u~). We
denote by A the admissible class of mappings s as above, satisfying
(1.2), (1.3)

Given also is the work or cost density function

c:R* x R* — [0, 00);

so that c(z,y) records the work required to move a unit mass from
the position z € R® to a new position y € R*. (In Monge’s original
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problem c(z,y) = |z — y|; that is, the work is simply proportional to
the distance moved.)

X=8pt (L+) Y=8pt (K-)

The total work corresponding to a mass rearrangement plan s € A
is thus

Ifs) := / c(a,s(2)) di (z). (1.4)

Our problem is therefore to find and characterize an optimal mass trans-
fer s* € A which minimizes the work:

I[s*] = min I[s]. 1.5

(5] = min I[s] (1.5)

In other words, we wish to construct a one-to-one mapping s* : R* —

R® which pushes the measure u* onto p~ and, among all such map-

pings, minimizes I[-]. We will later see that a really remarkable array
of interesting mathematical and physical interpretations follow.

This is even now, over two hundred years later, a difficult mathe-
matical problem, owing mostly to the highly nonlinear structure of the
constraint. For instance, if u* have smooth densities f*, that is, if

dut = ftdzr, du~ = fdy, (1.6)
then (1.2) reads
fH(=z) = f(s(z))det(Ds(z)) (z € X), (1.7)
where we write s = (s!,...,s") and
st ... sl
Ds = i " = Jacobian matrix of the mapping s.
Sy sy

1 oo Zn nxn
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It is not at all apparent offhand that there exists any mapping,
much less an optimal mapping, satisfying this constraint. Additionally,
if {sx}32, C A is a minimizing sequence,

I[s¢] — 222[[5],

an obvious guess is that we can somehow pass to a subsequence
{sk;}321 C {sk}f2,, which in turn converges to an optimal mass allo-
cation plan s*:
Sk; —>S".

However, there is no clear way to extract such a subsequence, con-
verging in any reasonable sense to a limit. The direct methods of the
calculus of variations fail spectacularly, as there are no terms creating
any sort of compactness built into the work functional I[-]. In particu-
lar, I[-] does not involve the gradient of s at all and so is not coercive
on any Sobolev space. And yet, as we will momentarily see, precisely
this feature opens up the problem to methods of linear programming.

1.2 Relaxation, duality

Kantorovich in the 1940’s [K1],[K2] (see also [R]) resolved certain of
these problems by introducing:

(i) a “relaxed” variant of Monge’s original mass allocation problem
and, more importantly,

(ii) a dual variational principle.

The idea behind (i) is, remarkably, to transform (1.5) into a linear
problem. The trick is firstly to introduce the class

M= {Radon probability measures x on R* x R* | proj.u = w, proj,u = u‘}
(1.8)

of measures on the product space R* x R, whose projections on the
first n coordinates and the last n coordinates are, respectively, u*, u™.
Given then u € M, we define the relazed cost functional

T = /  claw)duay) (1.9)

The point of course is that if we have a mapping s € A, then the
induced measure

w(E) = p*{z e R* | (z,s(z)) € E} (E CR"xR", E Borel)
(1.10)
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belongs to M. Furthermore the new functional (1.9) is linear in p and
so, under appropriate assumptions on the cost ¢, simple compactness
arguments assert the existence of at least one optimal measure u* € M,
satisfying

W) = min Jlu. (1.11)

Such a measure y* need not, however, be generated by any one-to-one
mapping s € A, and consequently the foregoing construction allows us
only to establish the existence of a “weak” or “generalized” solution
of Monge’s original problem. We will several times later return to the
central problem of fashioning some sort of “strong” solution, which
actually corresponds to a mapping.

Of even greater importance for our purposes was Kantorovich’s ad-
ditional introduction of a dual problem. The best way to motivate
this is by analogy with the finite dimensional case. Suppose that then
c,-j,,u;",gj_ (¢t=1,...,m; j=1,...,m) are given nonnegative numbers,
satisfying the balance condition

n m
dowr=u,
=1 j=1

and we wish to find pf; (i=1,...,n; j=1,...,m) to
n m
minimize ZZ Cijlhij, (112)
=1 j=1
subject to the constraints
Zlu"l] =/1j, Zﬂ't] :,U'J_7 Hij >0 (z=1,,n, .7=11)m)
j=1 i=1 (1.13)

This is clearly the discrete analogue of (1.8), (1.9), (1.11). As explained
in the appendix (§13) the discrete linear programming dual problem to
(1.12) is to find u = (u1,...,us) € R*, v = (v1,...,9) € R™ 50 as to

maximize Z uipd + Z CHTE (1.14)
i=1 =1

subject to the inequalities

u,~+vj§cij, UiZO, 'UjZO (i=1,...,n;j=1,...,m).
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We can now by analogy guess the dual variational principle to (1.11).
For this, we introduce a continuous variant of (1.15) by defining

L := {(u,v) | u,v : R* — R continuous, u(z) + v(y) < c(z,y) (z,y € R")}.
(1.16)

(It turns out to be inappropriate to ask as well that u,v > 0.) Likewise,
we introduce the continuous analogue of (1.14) by setting

K= [ w@dw@+ [ s ()
Consequently our dual problem is to find an optimal pair (u*,v*) € £
such that

Klu*,v*] = max Klu,v]. (1.18)

(u,w)eL

In summary then, the transformation of Monge’s original mass al-
location problem (1.5) into the dual problem (1.18) presents us with a
rather different vantage point: rather than struggling to construct an
optimal mapping s* € A satisfying a highly nonlinear constraint, we are
now confronted with the task of finding an optimal pair (u*,v*) € L.
And this, as we will see later, is really easy. The mathematical structure
of the dual problem provides precisely what was missing for the original
problem, enough compactness to construct a minimizer as some sort of
limit of a minimizing sequence.

And yet this of course is not the story’s end. Kantorovich’s meth-
ods of first relaxing and then dualizing have brought us into a realm
where routine mathematical tools work, but have also taken us far away
from the original issue: namely, how do we actually fashion an optimal
allocation plan s*?

We devote much of the remainder of the paper to answering this
question, in two most important cases of the uniformly convex cost
density:

1 n
C(l‘,y) = Elx - yIZ (-T,y eR )7 (119)
and the nonuniformly convex cost density
c(z,y) =lz -yl (z,y€R"). (1.20)

These two intensely studied choices are rich in mathematical structure,
and serve as archetypes for other models. Observe carefully the very
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different geometric consequences: in the first case the graph of the
mapping y — c(z,y) contains no straight lines, and in the second case
it does. The latter degeneracy will create interesting problems.

Remark. I make no attempt in this paper to survey the vast liter-
ature on Monge-Kantorovich methods in probability and statistics, a
nice summary of which may be found in Rachev [R). a

Part I: Cost = 3(Distance)?

2 Heuristics

For this and the next five sections we take the quadratic cost density
1 2 n
c(z,y) = 5[:1: -y (z,y € R"), (2.1)

|| denoting the usual Euclidean norm. We hereafter wish to understand
if and how we can construct an optimal mass transfer plan s* solving
(1.5), where now

1) =5 | |z —s(@)du*(2) (2.2)
2 Jgn
for s in A, the admissible class of measurable, one-to-one maps of R”
which push forward the measure pt to u~. The following techniques
were largely pioneered by Y. Brenier in [B2].

2.1 Geometry of optimal transport

We begin with some informal insights, our goal being to understand,
for the moment without proofs, what information about an optimal
mapping we can extract directly from the original and dual variational
principles. In other words, how can we exploit the very fact that a given
mapping minimizes the work functional I[-] (among all other mappings
in A), to understand its precise geometric properties?

So now let us assume that s* € A minimizes the work functional
(2.2), among all other mappings s € A. Fix a positive integer m, take
distinct points {zx}7; € X = spt (u), and assume we can find small
disjoint balls

Ey := Bz, ) (k=1,...,m), (2.3)
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and radii {r¢}7%,, adjusted so that
pH(E) = =pu"(En) =¢. (2.4)

Next write y := s*(z;), Fy := s*(E%). Since s* pushes u* to u~, we
have

p(FR) = =p"(Fn) =e¢ (2.3)

X=spt (U+) Y=spt (i-)

We construct another mapping s € A by cyclically permuting the
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images of the balls {E;}7,. That is, we design s € A so that
S(-'Ek) = Yk+1, S(Ek) = Fr (k =1,... ,m)

s=s"on X — UEk, (2.6)
k=1
where Ypi1 = Y1, Fing1 := F1.
Then, since s* is a minimizer,
I[s") < Ifs). (2.7)

Remembering (2.2), we deduce

Z |:c —s Z I:r, —s(z)|?dut(z).

Since both s*, s push pu* to u~, we can further simplify and then divide
by e:

S F o ista) -5 @) @) <0 28)

the slash through the integral denoting an average. Now send € — 0.
Assuming that the mapping s* and the measure pu* are well-behaved,
we deduce from (2.8) that

D mk - (Yr —ye) <0 (2.9)
k=1

for yx = s*(zk), Ym+1 =y1, k=1,2,...,m

In the terminology of convex analysis, (2.9) asserts that the graph
{(z,s*(z)) | z € X} C R* x R* is cyclically monotone. This is an
interesting deduction in light of an important theorem of Rockafeller
[Rk], asserting that a cyclically monotone subset of R® x R" lies in the
subdifferential of a convex mapping of R* into R. In other words,

s* C 0¢", (2.10)

for some convex function ¢*, in the sense of possibly multivalued graphs
on R® x R®. Moreover, a convex function is differentiable a.e., and so

s*=D¢* a.e. in X, (2.11)

where D denotes the gradient.
We have come upon an important deduction: an optimal mass al-

location plan is the gradient of a convex potential ¢*. (Cf. McCann
[MC2], etc.)
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2.2 Lagrange multipliers

In view of its importance we provide next an alternative, but still
strictly formal, analytic derivation of (2.11).

For this, we assume the measures u* have smooth densities, du* =
ftdz, du= = f~dy, and introduce the augmented work functional

Ifs]:= / l|ﬂ7 —s(2)[*f*(z) + Ma)[f~ (s(z))det(Ds(z)) — f*(z)]dz,
» 2 (2.12)

where the function A is the Lagrange multiplier corresponding to the
pointwise constraint that sg(u*) = p~ (that is, f* = f~(s)det(Ds)).
Computing the first variation, we find for k =1,...,m:

(Af~(s*)(cofDs*)¥),, = (s** — ) f+ + Af,, (s7)det(Ds").
(2.13)

Here cofDs* is the cofactor matrix of Ds*; that is, the (k,7)" entry of
cofDs* is (—1)**t times the (k, 1) minor of the matrix Ds*.

Standard matrix identities assert (cofDs*)f, = 0, s}/ (cofDs*)} =
dri(detDs*), and s;;;‘(cost"){-c = 6;;(detDs*). We employ these equali-
ties to simplify (2.13), and thereby discover after some calculations

Ao, f7(s*)(cof Ds*)F = (s*F — zp) fT. (2.14)
Now multiply by s3* and sum on k, to deduce:

Ag; = (s*F — :ck)s;f.

But then

s* -z |z|? ; .
(”%*%) =s7  (G=1,...,n),

j

and so (2.11) again follows, for the potential ¢* := A — ]%E + J%E

3 Optimal mass transport, polar factor-
ization
3.1 Solution of dual problem

The foregoing heuristics done with, we turn next to the task of proving
rigorously the existence of an optimal mass allocation plan. We expect
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s* = D¢* almost everywhere for some convex potential ¢*, and the
task is now really to deduce this. We will do so from the Kantorovich
dual variational principle (1.16)— (1.18) introduced in §1. We hereafter
concentrate on the situation

dut = ftdz, du~ = fdy, (3.1)

where f* are bounded, nonnegative functions with compact support,
satisfying the mass balance condition

/X f*(z)ds = /Y 7 () dy (3.2)

where, as always, X := spt (f*), Y := spt (f~). For the case at
hand, the dual problem is to find (u*, v*) so as to mazimize

Kl = [ w@f @ de+ [ of G, 63
subject to the constraint
u(@) +oly) < slo -3l @EX, yey) (3.4)

We wish to take up tools from convex analysis, and for this must
first change variables:

$(z) := 32> — u(z) (z € X)
{ Y(y) =3l —v(y) (WeY) (39
Note that now (3.4) says
¢(z)+y(y) 2z-y (r€X, yeY), (3.6)

and so the variational problem is then to minimize

Lipd] = [ s@r @i+ [ v wd, @7
subject to the constraint (3.6).

Lemma 3.1 (i) There exist (¢*,1*) solving this minimization problem.
(i) Furthermore, (¢*,v*) are dual convez functions, in the sense
that

yey
¥*(y) = max(z -y — ¢"(x)) (y€Y) (3.8)

zeX

{ ¢*(z) = max(z -y —¢*(y)) (z€X)
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Proof. 1. If ¢, satisfy (3.6), then

#(z) > max(z -y - $(y)) = &(z) (3.9)
and
$z)+v(y)2z-y (@eX, yeY) (3.10)
Consequently
¥(y) 2 max(z -y - d(z)) = P(y) (3.11)
and
$z)+d(y) >z-y (zeX, yev) (3.12)

As ) > o, (3.9) implies

A

max(z - y — ¥(y)) > ().

yeY

This and (3.12) say

~ ~

¢(z) = max(z -y — ¥(y)). (3.13)
yeY
Since f* > 0 and ¢ > ), ¢ > ¢, we see that L[¢, ] > L[, ¥].

2. Consequently in seeking for minimizers of L we may restrict
attention to convex dual pairs (&, 7,21), as above. Such functions are
uniformly Lipschitz continuous, and so, after adding or subtracting
constants, we can extract a uniformly convergent subsequence from
any minimizing sequence for L. We thereby secure an optimal, convex
dual pair. O

3.2 Existence of optimal mass transfer plan

Let us now regard (3.8) as defining ¢*(z), ¥*(y) for all z,y € R*. Then
¢*,¢v* : R* — R are convex, and consequently differentiable a.e. We
demonstrate next that

s*(z) := D¢*(z) (ae. z € X) (3.14)

solves the mass allocation problem.
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Theorem 3.1 Define s* by (3.14). Then
(i)s*: X =Y is essentially one-to-one and onto.

(ii) [y h(s*(z))d = [, h(y) du=(y) for each h € C(Y).
(iii) Lastly,

1
5[ le-s @@ <3 [ lo-s@ldut (o)
2 Jx
for alls: X =Y such that sg(pt) = p~.
Proof. 1. From the max-representation function (3.8) we see that

s*=D¢* €Y a.e.
2. Fix 7 > 0, and define the variations

¥r(y) == ¥*(y) + Th(y) (yey)
8:(z) i=max(z -y~ ¥:(1) (s € X). (3.15)
Then
¢T(x) + w‘r(y) Z -y (.’E € Xa yE Y) (316)
and so

L[¢*,4"] < L[¢r, ¥r] = 1(7).
As the mapping 7 — i(7) thus has a minimum at 7 = 0,
0 < S(Llgr ] - Lg, )
- [ [ gy as s [ hws @) @)
X T Y

Now Ii"—’—:—?—| < ||h||ge. Furthermore if we take y, € Y so that

¢T($) =T Yr— wT(yT)a (3~18)

then

¢-(z) — ¢*(z) = 7 - yr — ¥ (yr) — Th(ys) — ¢"(z) < —Th(y.).
(3.19)

On the other hand, if we select y € Y such that

¢"(z) =z -y —¢P"(y), (3.20)
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then

¢r(x) — ¢ (z) >z - y* = ¢"(y) — Th(y) — ¢"(x) = —7h(y).
(3.21)

Thus
< —h(yr). (3.22)

If we take a point z € X where s*(z) := D¢*(z) exists, then (3.20)
implies y = s*(z). Furthermore as 7 — 0, y, — s*(z). Thus (3.17),
(3.22) and the Dominated Convergence Theorem imply

/ s (@) (@) ds < [ ) =) .
X Y

Replacing h by —h, we deduce that equality holds. This is statement
(ii).

3. Now take s to be any admissible mapping. Then
0= [ 5@ - @I W dy= [ [66) - v @I @ do
Y X

Since ¢*(z) + ¥*(y) > z - y, with equality for y = s(z), we have

0 > Jylo-(s(z) — s°(2) = ¢*(2) + ¢" (@S (2) do
= [ylz- (s(z) — 8" (2))]f*(z) da.

This implies assertion (iii) of the Theorem: s* is optimal. ]

This proof follows Gangbo [G] and Caffarelli [C4]. Another neat
approach is due to McCann [MC2]; he approximates the measures u* by
point masses, solves the resulting discrete linear programming problem,
and the passes to limits. See also Gangbo-McCann [G-M1], [G-M2],
McCann [MC4]. An interesting related work is Wolfson [W].

3.3 Polar factorization of vector fields

Assume next that U C R" is open, bounded, with |0U| = 0, and
that r : U — R" is a bounded measurable mapping satisfying the
nondegeneracy condition

-1 —_—
{ |r~Y(N)| = 0 for each bounded Borel (3.23)

set N C R*, with |N| = 0.
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Define the modified functional
imww=/¢u@»+¢@m% (3.24)
U

which we propose to minimize among functions (¢, %) satisfying

o(z) +9(y) 2z y. (3.25)

Let (¢*,1*) solve this problem. Then taking variations as in the pre-
vious proof, we deduce

[ hwyay = [ mDo ) dy
U U
for all h € C(U). Define now

s*(z) := D¢*(r(2)).

Then s* is measure preserving and

r(z) = Dy*(s*(2)). (3.26)

This is the polar factorization of the vector field r, as the composition
of the gradient of a conver function and a measure preserving mapping.
a

This remarkable polar factorization was established by Brenier [B1],
[B2], and the proof later simplified by Gangbo [G]. (Brenier was moti-
vated by problems in fluid mechanics, which we will not discuss in this
paper: see [B3].)

Remark. We can regard (3.26) as a nonlinear generalization of the
Helmholtz decomposition of a vector field into the sum of a gradient
and a divergence-free field. To see this formally, let a be a given vector
field and write

|z

To := ’l,d, Sg ‘= ’Ld, d}g = -—2—

Set
r(r) :==ro+7a (3.27)
for small |7|. The polar factorization gives

r(7) := Diy(7) o s(7), (3.28)
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where 9(7) is convex, s(7) is measure preserving, and we drop the
superscript *. Next put

¥(7) = o + 7b(7), 8(7) = so + 7¢(7) (3.29)

into (3.28), differentiate with respect to 7, and set 7 = 0. We deduce

a=Db+c, (3.30)

for b = b(0), ¢ = ¢(0). This is a Helmholtz decomposition of a, since
1 = det(Ds(7)) = 1 + 7div ¢ + O(7?) (3.31)
implies div ¢ = 0. O

4 Regularity

4.1 Solving the Monge-Ampere equation

The mass allocation problem solved in §3 can be interpreted as provid-
ing a weak or generalized solution to the Monge-Ampere PDE mapping
problem:

(@ [ peianin =) X)),
(b) D¢ maps X into Y. :

Now and hereafter we omit the superscript *. Recall that we interpret
(4.1)(a) to mean

/X h(D(x)) f* (z) dz = /Y h(y)f~(v) dy (4.2)

for each continuous function h.

There are, however, subtleties here. First of all, recall that since ¢
is convex, we can interpret D2¢ as a matrix of signed measures, which
have absolutely continuous and singular parts with respect to Lebesgue
measure:

d[D*¢] = [D*ac dz + d[D*¢] (4.3)

(see for instance [E-G2]). We say ¢ is a solution of
f~(Do)det(D*¢) = f* (4.4)
in the sense of Alezandrov if the identity (4.2) holds, and additionally
d[D*@], = 0, ¢ is strictly convex. (4.5)
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4.2 Examples

But, as noted by L. Caffarelli [C5], the solution constructed in §3 need
not solve (4.4) in the Alexandrov sense. Consider first of all the sit-
uation that n = 2 and X is the unit disk B(0,1). Then s = D¢,
for

1
¢(£L'1,172) = |x1| + 5(‘7:% + x%))

optimally rearranges u*t = xxdz into u~ = xy dy, where

Y = {(g,22) |0< (&1 - 1)* +33, 2, > 1}
U{(z1,7,) |0 < (2 + 1)2 + 22, 2, < -1}

s=D¢

In this case D%¢ has a singular part concentrated along {z; = 0}.
Caffarelli shows also by a perturbation argument that if we replace Y
by a connected set Y;, as drawn, with |Y;| = |Y| = |X]|, the optimal
mapping s, still has a singularity.

/:E:M
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4.3 Interior regularity for convex targets

On the other hand Caffarelli also demonstrated that if the target Y is
convex, the optimal mapping s = D¢ is indeed regular. More precisely,
assume that X,Y are bounded, connected, open sets in R* and

ff:X —(0,00), f7:Y = (0,00)
are bounded above and below, away from zero.

Theorem 4.1 Assume Y is convez.
(i) Then an optimal mapping s = D¢ solves the Monge-Ampere
equation
f~(Dg)det(D*¢) = f*
in the Alezandrov sense, and ¢ is strictly convexz.
(i) In addition, ¢ € Cll(’)‘::(X) for some 0 < a < 1.
(iii) If f*, f~ are continuous, then

¢ € Wf(‘)’;(X) for each 1 < p < oo.
(iv) Finally if f+ € CP(X), f~ € CP(Y) for some 0 < B < 1, then

o€ C’ﬁ;‘;(X) for each 0 < a < (.

The idea of the proof is to show that ¢ : R* — R is an Alexandrov

solution of
Coxx < detD?’¢ < Ci1xx inR"

for constants Cy > C; > 0, and to apply then the deep regularity theory
developed in [C1], [C2], [C3].

4.4 Boundary regularity for convex domain and
target

Theorem 4.2 Assume both X,Y are conver.

(i) Then ¢ € C¥*(X), ¥ € CY*(Y) for some 0 < a <1.

(ii) If, in addition, 8X,8Y are smooth, then ¢ € C**(X), ¢ €
c2e(Y),

These assertions have been proved independently by Urbas [U] and
Caffarelli [C6], [CT7], under slightly different hypotheses and using quite
different techniques.
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5 Application: Nonlinear interpolation

The next three sections discuss several new and interesting applications
of the ideas set forth above in §2-4.

We begin with a clever procedure, due to R. McCann [MC1], which
resolves a uniqueness problem in the calculus of variations. We consider
a model for the equilibrium configuration of an interacting gas. Take

P={p:R*"=>R|peL'(R"), p>0ae, / pdr =1}
R" (5.1)

to be the collection of mass densities, and to each p € P associate the
energy

Blp)i= | s@do+ [ [ ple)Vie=vpl)dedy o

The first term

Ei(p) := / p(z) dz

represents the internal energy, where v > 1 is a constant. The second
expression

Es(p) = / ) / _p(2)V (2 = y)ply) dzdy

corresponds to the potential energy owing to interaction, where V :
R™ — R is nonnegative and strictly convex.
Suppose now pyp, p; € P are both minimizers:

E(po) = E(p1) = foxéi}} E(p). (5.3)

A basic question concerns the uniqueness of these minimizers, up
to translation invariance. Now the usual procedure would be to take
the linear interpolation of pg, p; and to ask if the mapping ¢t — E((1 —
t)p1 + tpo) is convex on [0,1]. This is however false in general for the
example at hand. McCann instead employs the ideas of §2-3 to build
a sort of “nonlinear interpolation” between pg, p;. His idea is to take
the convex potential ¢ such that

s4(po) = p1, (5.4)

where

s = Dé¢. (5.5)



L.C. Evans 85

Define then
o= (L= t)id +ts)ppo (0<t<1). (5.6)

This nonlinear interpolation between py and p; in effect locates a
realm of convexity for E.

Theorem 5.1 The mapping t — E(p;) is conver on [0,1], and is
strictly convezr unless py s a translate of py.

Proof. 1. We first compute

Ey(py) = /n /n pe(z)V (z — y) pe(y) dzdy (5.7)
- / . / @V =)@ —y) + t(s(2) - s(y))a(y) dady.

As V is convex, the mapping ¢ — FEj(p;) is convex.
2. Next, (5.6) implies

Ok

_ J i
B /R [det[(1_t§1+ws] det[(1 — ¢)I + tDs] dz.(5.8)

Ei(p:)

Now the matrix
Ay:=(1—=t)[ +tDs = (1 —t)I +tD*¢

is positive definite for 0 < ¢t < 1 and a.e. z. (In particular, where
d[D?¢], = 0.) Now if A is a positive-definite, symmetric matrix, we
have

(detA)V/™ = L e (A:B),
" B>0
detB =1

and thus A — (detA)!/™ is concave for positive definite matrices. Con-
sequently

a(t) := (det[(1 — t)I + tDs])*/™ is concave on [0, 1]. (5.9)

Now set
Bt) =" (0<t<1).
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Then
B'(t) =n(l-7)(n—ny-1)alt)"-""2(d)?
+n(1 — y)a(t)"=1"1o" >0,

since v > 1. Thus
t — f(t) is convex on [0, 1]. (5.10)

Return to (5.8), which we rewrite to read

Ey(p) = / 00 (t) dz.

It follows that ¢ — E;(p;) is convex.

3. To show a minimizer is unique up to translation, we go back
to (5.7). As V is strictly convex, the mapping ¢t — Ey(p;) is strictly
convex, unless x — y = s(z) — s(y) po a.e. Now such strict convexity
would violate the fact that pg, p; are minimizers. Consequently

z — s(z) is independent of z, pp a.e.,

and so p; is a translate of pg. a

A related technique for understanding the equilibrium shape of crys-
tals is presented in McCann [MC3]. See also Barthe [Ba] for the deriva-
tion of various inequalities using mass transport methods.

6 Application: Time-step minimization
and nonlinear diffusion

An interesting emerging theme in much current research is the inter-
play between Monge-Kantorovich mass transform problems and par-
tial differential equations involving time. A nice example, based upon
Otto [O1] and Jordan—Kinderlehrer-Otto [J-K-O1], [J-K-O2], concerns
a time-step minimization approximation to nonlinear diffusion equa-
tion.

Preparatory to describing this procedure, let us first define for the
functions f*, f~ € P the Wasserstein distance

arr sy mnt{ [ [ -}, 6

the infimum taken over all nonnegative Radon measure p whose pro-
jections are du* = f*dz, du~ = f~dy. In view of §1, d(f*, f7)? is
least cost of the Monge—Kantorovich mass reallocation of u* to u~, for
c(z,y) = 3lz -y
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6.1 Discrete time approximation

We next initiate a time stepping procedure, by first taking a small step
size h > 0 and an initial profile ¢ € P. We set u® = ¢ and then
inductively define {u¥}, C P by taking u**! € P to minimize the
functional
d(v, u*)?
Ni(v) := dv, u)” + | Bv)dzx (6.2)
h Rr

among all v € P. Here  : R* — R is a given convex function, with
superlinear growth. We suppose

B(u°) dz < oo. (6.3)
Rn

Convexity and weak convergence arguments show that there exists

uF*1 € P satisfying
Ni(uF*!) = min Np(v)  (k=0,...). (6.4)

veEP
We can envision (6.2), (6.4) as a discrete, dissipation evolution, in
which at step k + 1 the updated density u**! strikes a balance between
ky\2

minimizing the potential energy [p. 6(v)dz and the distance ﬂ%L to

the previous density at step k.

Taking v = u* on the right-hand side of (6.3), we have
k+1 , k)2
d(u®tt, u”) + B(uF*1) dz < B(u¥) dz;

2h R™ Rn

and so

1 O
5h ;d(“k+l,uk)2, max | | BukFt)dz < - B(u®) dz < oo.

(6.5)

Next, define uy : [0,00) — P by setting t; = hk, ux(ty) = u*, and
taking uy, to be linear on each time interval [tg, t,41] (K =0,1,...).

The basic question is this: what happens when the step size h goes
to 07

6.2 Euler—Lagrange equation

To gain some insight, we follow Otto [O1] to compute the first variation
of the minimization principle (6.4). For this, let us define

a(z) :=pF'(2)2—B(z) (2€R) (6.6)



L.C. Evans 88

and also write

1
awr =3 [ [ e sPdunten, 6
n RTL
where
proj, s = u*dz, Proj, fk+1 = uFdy. (6.8)

In other words, the measure ug,; solves the relaxed problem.

Lemma 6.1 Let £ € C®(R*;R*) be a smooth, compactly supported
vector field. Then

[ ] 2 @ dnento) = [ ot gds -

Proof. 1. We employ € to generate a domain variation, as follows.
First solve the ODE

¢=¢(®) ( - Zid?> (6.10)
&(0) = ,

and then write ® = ®(7,z) to display the dependence of & on the
parameter 7 and the initial point . Then for each 7, the mapping
z — ®(7,z) is a diffeomorphism. Thus for small 7, we can implicitly
define

u, : R* = R
by the formula
(detD®(z, 7))u  (B(T, 7)) = v**!(z). (6.11)
Clearly then
/ u,dzr = / uFldz = 1.
Thus u, € P, and so
i(7) := Ni(u,) has a minimum at 7 = 0. (6.12)

2. Now if z = ®(7,z), then

Blu,)dz = | B(u*'(detD®)')detDP dz.
R™ R™
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Since 4(detD®) = div £ at 7 = 0, we compute

d

7 5(u,)dz|T_0 = —/ a(uF*1)div € dz, (6.13)

w3

owing to (6.6).
3. Next define u, € My so that

1 1
[ [ =sPantn =5 [ [ 1000 - dueniz )
n Rﬂ n Rﬂ

Then for 7 > 0:
1
dur () < o [ [ (80 2)=yP—la=yl?) dues(3,0).
Let 7 — 07,

1. \‘d(uﬂuky _ d k+1 :| /

— lim sup

h« r—0t T n n
Replacing & by —¢ and recalling (6.4), (6.12), we obtain (6.9). a

6.3 Convergence
Let us suppose now that as A — 0,

up — u strongly in LIIOC(R" x (0,00)). (6.14)
Theorem 6.1 The function u is a weak solution of the nonlinear dif-

fusion problem

{ u, = Ac(u) in R* x (0,00) (6.15)

=g on R* x {t =0}.
Notice from (6.6) that
a'(z)=p0"(z)2>20 (220),

and so this nonlinear PDE is parabolic, corresponding to a nonlinear
diffusion.

Proof. Let us fix ( € C®°(R") and take £ := D(. Then

[owtenads - [ wocoma - [ [ nx—y ) Dz dmﬂ(z,y)[
- l [ 16) = ) = (& = ) - De(o)] die

( lc+l k)2

IN

A lr—yl dpk+r = Cd
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for some constant C. Consequently if ¢ € CX®(R™ x [0, 00)), the Lemma
lets us estimate

® (8(-,t + h) — 8(-,t)) = / BYL
l—/o /»“" h dzdt - /,‘m[”a(uh)s¢dxdt h/ﬂ /:ngcbd:cdt
< CZd(u"*l,-u")zSCh,,
k=1

Owing then to (6.5),

(o0}
/ / —ud; — a(u)A¢ dzdt —/ 99(-,0)dz = 0.
0 Jxn R®
That this identity hold for all ¢ as above means u is a weak solution of
the nonlinear diffusion PDE. |

Remark. An interesting example is
B(z) =zlogz (z>0),
in which case the term
. B(v)dz = /n vlogvdzx
corresponds to entropy, and

a(z) = B'()z - B(z) = =.

So the usual linear heat equation results from this time-stepping pro-
cedure. It is best, however, to continue to regard each u* as a density,
which at each stage balances the Wasserstein distance from the previ-
ous density against the entropy production. As explained in Jordan—
Kinderlehrer-Otto [J-K-O1], we can therefore envision the individual
approximations u* as something like “Gibbs states”, in a sort of local
equilibrium. O

7 Application: Semigeostrophic models in
meteorology

In this section we explain the remarkable connections between Monge-
Kan-torovich theory and the so-called semigeostrophic equations from
meteorology, a model for large scale, stratified atmospheric flows with
front formation. The most accessible reference for mathematicians is
Cullen-Norbury-Purser [C-N-P] (but see also [C-P1],[C-P2],[C-P3],[C-S].)
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7.1 The PDE in physical variables

In this system of PDE there are seven unknowns:

vy = (v},v2,0) = geostrophic wind velocity
ve = (v),v%v3) = ageostrophic wind velocity
p = pressure (7.1)

0 = potential temperature,
defined in X X [0,00), X denoting a fixed region in R®. We also set

v :=v, +Vv, = total wind velocity.

971 Bz2’ Bas

Write z = (21, 29,23) € R®, D, = (i o 0 ), and define the con-
vective derivative

Dt~ ot TTot o 0T, Oz;’
(7.2)
The semigeostrophic equations are then these seven equations:
( D, v} D v?
: 79 2 z-g 1_
(i) DDg v, =0, D +v,=0
¢ @) 5y =0 (7.3)
(iii) div(v) =0
\ (IV) Dl‘p = (1)37 -v;79)>

where we have set all physical parameters to 1. The equations (i)
represent a simplification of the full Euler equations in regimes where
centrifugal forces dominate, and (ii) is the passive transport of the
potential @ with the flow. The equality (iii) of course means incom-
pressibility. The first two components of (iv) embody the definition of
the geostrophic wind v, and the last is the definition of §. Observe
that v}, v2 are defined by (i) and that v2 enters the system of PDE only
through (iii).

We couple (7.3) with appropriate initial conditions and the bound-
ary condition

v-vr=0 ondl, (7.4)

v being the outward unit normal along oU.
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7.2 The PDE in dual variables

The system (7.3) is quite complicated, but its structure clarifies under
an appropriate change of variable. We hereafter introduce new func-
tions

y = (' v% ) = (21 + 0], 20 — v, 0) (7.5)
and
s = det(D,y). (7.6)

Then (7.3)(1),(ii) transform to read

D,y
Dr = Vo (7.7)
and
D,s
=0. 7.8
D =0 (7.8)

We have in mind next to change to new independent variables y =
(y1,2,¥3). To do so introduce

¢ = %(w% +23) +p. (7.9)
Then
y = D,;¢. (7.10)
Consequently (7.6) says
s = det(D2¢). (7.11)

We assume ¢ is convex, and write 1 for its convex dual, ¥ = ¥(y).
Then

x = Dy, (7.12)
for x = (z', 22, 2%). If we write
r:= det(Dyx) = det(DZd)), (7.13)

then using (7.7), (7.8) we can compute

Dyr
¥V 9 7.14
Dt ’ (7.14)



L.C. Evans 93

where

X3

X3 41

Now let Y (t) denote the range of D¢ : X — R®, at time ¢t. Then
we can in summary rewrite (7.13), (7.14) to read

(i) r+ div(rw) =0
(i) w= (¢y2 — Y2, _(wyx -1),0) in Y(t) x [0,00)
(iii) det(D%*y) =r, (7.16)

where we have set w := v,. The additional requirement is
Dy e X. (7.17)

The system (7.16) is a sort of time-dependent Monge-Ampere equa-
tion involving the moving free boundary dY (¢). Perhaps more inter-
estingly, (7.16) is an obvious variant of the vorticity formulation of the
two-dimensional Euler equations

(i) wy+ div(wv) =0
(i) v = (—%z,,¥z,) in R? x [0,00). (7.18)
(iil) AY = w,

where 1) is the stream function, and w the scalar vorticity. Roughly
speaking, the system (7.18) is a linearization of (7.16).
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F. Otto [O2] and Benamou-Brenier [Be-Bl] have shown the exis-
tence of a weak solution of (7.16), making use of the pair (¢,%) in the
sense of the Monge—Kantorovich theory discussed above. One interpre-
tation is that while r, w evolve on an “order-one” time scale, there is an
optimal Monge-Kantorovich rearrangement of air parcels on a “fast”
time scale. See also Brenier [B4].

7.3 Frontogenesis

We can informally interpret the dynamics (7.16) as supporting the onset
of “fronts”, i.e. surfaces of discontinuity in the velocity and tempera-
ture.

To understand this, suppose X, Y (0) are uniformly convex, and for
simplicity take 7 = 1. Then (7.16)(i) is trivial and we can understand
(7.16)(ii), (iii) as a law of evolution of dY'(t). Suppose for heuristic
purposes that Y (¢) remains smooth. Then owing to the regularity
theory (§4) ¥(-,t) will be smooth for each ¢ > 0. But since Y(t) is
changing shape, it is presumably possible that Y'(¢) is no longer convex
at some sufficiently large time ¢, as illustrated.

Then the regularity theory from §4 no longer applies to ¢(-,t). We
may consequently expect that although (-, t) remains smooth, ¢(:, )
will not.

Far from being a defect, the advent of singularities of @(-,t) in the
physical variables = = (z1, Z7, z3) is a definite advantage in the model.
As discussed in Cullen [C], the meteorologists wish to model how fronts
arise in large scale weather patterns. Tracking these fronts, that is, thin
regions across which there are large variations in wind and temperature,
is a central goal, and the semigeostrophic equations provide a plausible
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mechanism for frontogenesis. An interesting physical rationale occurs
in [C], where the author points out that such discontinuities are contact
discontinuities in the sense of fluid mechanics: this means that the air
parcels move parallel to, and not across, them. (See the simplified, two-
dimensional illustration.) Obviously in regions of rapid temperature
and wind change the approximations which transform the full Euler
equations into the semigeostrophic PDE are very suspect. But, since
the proposed fronts are contact discontinuities, most of the air mass
stays away from such regions, and so the various approximations should
overall be pretty good.

There are extremely interesting mathematical problems here, which
have only in small part been studied. There are likewise many is-
sues concerning computing these flows: see Benamou [Bel],[Be2] and
Benamou-Brenier [Be-B2]| for this.

Part II: Cost = Distance

8 Heuristics

For the rest of this paper we turn attention to the nonuniformly convex
cost density

c(z,y)=le -yl (z,yeR) (8.1)

The task now is to find an optimal mass transfer plan s* solving Monge’s
original problem (1.5), where

Ifs) == / o~ s(2) du* (2) (8.2)

for s € A, the admissible class of measurable, one-to-one maps of R"
which push u*t to u~.

It will turn out that the nonuniform convexity of the cost density
(8.1) defeats any simple attempt to modify the techniques described
before in §2-7. We will therefore first of all need some new insights, to
help us sort out the structure of optimal mass allocations.

8.1 Geometry of optimal transport

As in §2 we start with heuristics, our intention being to read off useful
information from a “twist variation”.
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So assume that s* € A minimizes (8.2). Fix then m > 2, select
any points {zx}jr; C X = spt (u*), and small balls Ey := B(zg, %),
the radii selected so that u*(E,) = --- = pu*(E,) = €. Next set
Y = s*(xx), Fi := s*(Fx), and finally fix an integer [ > 1. Similarly
now to the construction in §2, we build s € A so that

$(Tk) = Yr+t, S(Ex) = Fry
s=s*on X — UE’“
k=1

where we compute the subscripts mod m. As in §2 we deduce from the
inequality I[s*] < I[s] that

m m
Yo lok—uel <D lze — yrl- (8.3)
k=1 k=1

We as follows draw a geometric deduction from (8.3). Take any
closed curve C' lying in X = spt (u*), with constant speed parameter-
ization {r(t) | 0 < ¢ < 1}, r(0) = r(1). Let zx :=r (£) be m equally
spaced points along C.

Fix 7 > 0. Then using (8.3) and letting m — oo, £ — 7, we
deduce:

/0 Ie(t) — s*(x(8))|dt < /0 I£(t) — 5" (£t + 7)) dt
- /0 ie(t = 7) — 5" (x(t))]dt = i(7).

Hence i(-) has a minimum at 7 = 0, and so

vy — MO = s )] )
0= =~ | G s

This is to say,

/ E . dr = 0, (84)
c
for the vector field ‘(@)
s*(z) — z
T @l

As (8.4) holds for all closed curves C, we conclude that £ is a gradient:

s@ -1 _
ORI (5
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for some scalar mapping u* : R* — R, which solves the eikonal equation
|Du*| =1 (8.6)

on X = spt(u*). In other words, the direction s* maps each point z is
given by the gradient of a potential:

s*(r) = z — d*(z)Du*(z).

Note very carefully however that this deduction provides absolutely no
information about the distance d*(z) := |s*(z) — z|.

Remark. The foregoing insights were first discovered by Monge,
based upon completely different, geometric arguments concerning de-
velopable surfaces. See Monge [M], Dupin [D]. Monge’s and his stu-
dents’ investigations of this problem lead to many of their foundational
discoveries in differential geometry: see for instance Struik [St]. a

8.2 Lagrange multipliers

It is interesting to see also a formal, analytic derivation of (8.5), (8.6).
The following computations are essentially those of Appell [A], from
the turn of the century.

We assume for this that du* = ftdz, du~ = f~dy for smooth
densities f*. The augmented work functional is

I[s] = . |z — s(2)|f*(z) + A(z)[f~ (s(z))det(Ds(z)) — f*(z)] dz,

where ) is the Lagrange multiplier for the constraint f* = f~(s)det(Ds).
The first variation is

(A (s*)(cofDs*)¥),, = ufﬂ:r) + A, (s")detDs".

sl

Simplifying as in §2, we deduce

*k
ST =T .
Az = |S*_$|sz§ j=1,...,n).
Next define u* by
u*(s*(z)) = —A(z)
Then . o
Uy, Sz, = —AT; & 3] Sa,
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As Ds* is invertible, we see

*

S — X
[ —a]

But Du*(s*(z)) = Du*(z), and so (8.5), (8.6) again follow.

Remark. It is instructive to compare and contrast the heuristics
of this section with those in §2. The argument based upon the “twist
variation” in §8.1 is more general than that using cyclic monotonicity
in §2.1, and adapts without trouble to a general cost density c(z,y).
The conclusion is then that

Du’(s™(z)) =

D,c(z,s*(z)) = Du*(z) for some scalar potential function u*.
(8.7)

Now if we can invert (8.7), to solve for s* in terms of Du*, we
thereby derive a structural formula for an optimal mapping. Much of
the interest in (8.1) is precisely that this inversion is not possible if c is
not uniformly convex. a

9 Optimal mass transport

9.1 Solution of dual problem

Our intention now is to transform the foregoing heuristic calculations
into a proof of the existence of an optimal mapping s*, where we expect

s*(z) = ¢ — d*(z) Du*(z) (9.1)

for some potential u*, with |Du*(z)| = 1 and so d*(z) = |s*(z) — z|.
We turn to the case

du* = ftdas, du” = fdy 9.2)

where f* are bounded, nonnegative functions with compact support,
satisfying the mass balance compatibility condition

[ r@aa= [ rwa (93)
where X = spt(f*), Y = spt(f™).

We further remember the dual problem (§1), which asks us to find
(u*,v*) to mazimize

K] := /X u() f*(z) dz + /Y W) Wdy  (9.4)
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subject to
u(z) +o(y) <lz -yl (zeX, ye¥). (9.5)

Lemma 9.1 (i) There ezist (u*, v*) solving this mazimization problem.
(ii) Furthermore, we can take

vt = —u', (9.6)
where u* : R* — R is Lipschitz continuous, with

[u*(z) ~w' W) <le -yl (s,y€R). (9.7)

Proof. 1. If u, v satisfy (9.5), then

u(z) < r;glr)(lw -yl - v(y)) = i(z) (9.8)
and
a(z) +uy) <|lzr -yl (z€X, yeY).
Therefore
v(y) < min(jz —y| - a(z)) =: 5(y) (9.9)
and
() +9(y) <|lz—y| (xeX, yeY). (9.10)

Furthermore, since 9 > v, (9.8) implies
SN S i o ar,
i(z) 2 min(|z - y| - 9(v));
and so (9.10) implies
i(z) = min(|z — y| — 9(y))- (9.11)
yeY
Since f£ > 0 and @ > u, 9 > v we see that K[u,v] < K[i, 0].
2. Thus in seeking to maximize K we may restrict attention to
“dual” pairs (i, ?), as above. But then
t+v=0o0onXNY. (9.12)
To see this, take z € X NY (if X NY # 0), and suppose
i(z) +9(2) < 0. (9.13)
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Take z € X, y € Y so that

(2) = |z = y| - 9(y)
0(2) = |z — 2| — u(z).

>

Rearrange and add:

i(z) + 0(y) + a(z) + 0(2)
u(z) + o(y) by (9.13)
|z — y| by (9.10).

[z — 2|+ ]z -y

IN A

This contradiction shows & +% > 0 on X NY. As (9.10) clearly implies
@4+ 9 <0on X NY, assertion (9.12) follows.
3. In view of (9.12) let us extend the definition of @ by setting

4:=—-0 onY.
Then (9.10) reads
i(z) —a(y) <lz -yl (zeX, yeY).
Finally extend 4 to all of R", keeping the Lipschitz constant:
i(z) —a(y)| < |z -yl (z,y € R?).

Our problem is thus to maximize

Klu] == / w(f* — f)dz, (9.14)

subject to the Lipschitz constraint
lu(z) —u(y)| < |z -yl (z,y €R"). (9.15)
This problem clearly admits a solution u*, and we define v* := —u* to
obtain a pair solving the original dual problem. O

Note that the Lipschitz condition implies that Du* exists a.e. in
R", with
|Du*| <1 ae..

We further expect

|[Du*|=1 ae. on XUY.
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9.2 Existence of optimal mass transfer plan

We wish next to employ u* to build an optimal mass allocation mapping
s*. This is not so easy as in the uniformly convex case that c(z,y) =
%lx — y|?, discussed in §3. The central problem is that although we
expect s* to have the structure (9.1) there is still an unknown, namely
the distance d*(z) = |s*(z) — z| that the point z should move: Du*(x)
tells us only the direction.

This problem was solved in important work by Sudakov [Su|, using
rather subtle measure theoretic techniques (cf. Rohlin [Ro]).

In keeping with the overall theme of this paper, we will here discuss
instead an alternative, differential-equations-based procedure, from [E-G1].

To repeat, the basic issue is that we must somehow extract the
missing information about the distance d*(z) = |s*(z) — z| from the
variational problem (9.14), (9.15). It is convenient in doing so to intro-
duce some standard notion from convex analysis. Let us set

K:={ue L*R")||Dul<1ae} (9.16)
and
0 ifuek
Iolul := 9.17
[l { 400 otherwise. ( )

Then u* minimizes K[-] over K. The corresponding Euler Lagrange
equation is

fr—=f € dlou); (9-18)

that is,
Io[v] > Io[u*] + (ff — f7,v —u*)pe

for all v € L*(R™).
We need firstly to convert (9.18) into more concrete form:

Lemma 9.2 Assume additionally that f* are Lipschitz continuous.
(i) Then there ezists a nonnegative L* function a such that

—div(aDu*) = f* — f~ in R". (9.19)
(ii) Furthermore

|[Du| =1 a.e. on the set {a > 0}.
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We call a the transport density. The PDE (9.19) looks linear, but
is not: the function a is the Lagrange multiplier corresponding to the
constraint |Du*| < 1, and is a highly nonlinear and nonlocal function
of u*. On the other hand once u* is known, (9.19) can be thought of
as a linear, first-order PDE for a.

Outline of Proof. Take n +1 < p < oco. We approximate by the
quasilinear PDE

— div(|Du,|"~*Du,) = f* - §7, (9.20)

which corresponds to the problem of maximizing

Kolul = [ (st~ ) - SDuPdz
A maximum principle argument shows that

sup |up|, |Duy|, |Duy|? < C < 00
p

for some constant C. (Cf. Bhattacharya-DiBenedetto-Manfredi [B-B-M].)
It follows that there exists a sequence p, — oo such that

Up, —* U* locally uniformity
Du,, — Du* boundedly, a.e.
|Duy, P72 — a weakly * in L™,

Then passing to limits in (9.20) we obtain (9.19). O

As noted above, a is the Lagrange multiplier from the constraint
|Du*| < 1. It turns out furthermore that a in fact “contains” the
missing information as to the distance d*(z).

The recipe is to build s* by solving a flow problem involving Du*,
a, etc. So fix z € X and consider the ODE

{ ZEZ); zfz(t),t) (0<t<1) (0.21)
for the time-varying vector field
b(z, ) = —— U2 DU(2) 9.22)

St )+ (-t (2)
Ignore for the moment that a, Du* are not smooth (or even continuous

in general) and that we may be dividing by zero in (9.22). Proceeding
formally then, let us write

s*(z) = 2(1), (9.23)

the time-one map of the flow.
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Theorem 9.1 Define s* by (9.23). Then
(i)s*: X =Y is essentially one to one and onto.

(ii) [y h(s*(z))d = [, h(y y) for each h € C(Y).
(iii) Lastly,

[ le=s@lanta /vx—s )l du (2)

for alls: X =Y such that sy(p*) =

QOutline of Proof. 1. Write
s(t,z) :=2(t) (0<t<1),

J(z,t) := detDs(z, ).

Then J; = (div b)J; and so, following Dacorogna-Moser [D-M], we
may compute

O 165502, + (1 = )7 5L, ) (28]
= (f~ = £*)J + 4Df" -5+ (L - )Df* -5)J
e+ (- 04,

(- f)+(Df b+ (1-Dfr b)Y
+(tf~ + (1 —¢)f*)div b]J.
But in view of (9.19), (9.22):
ff=f (tDf~ + (1 —t)Df*) - (aDu’)

Wb = T T G+ -0/

ff—f~-@Df"+(1-t)Df")-b
tf~+ (1 -t)f*

Consequently the last term in (9.24) is zero, and hence

f(s*)detDs* = f*.

This confirms assertion (ii).
2. We next verify s* is optimal. For this, take s to be any admissible

mapping.
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Then

/Xlx—s*(x)ldu*(x) - /X[ (2) - u (5" ()| () de

- /X uft - /Y ut f™ dy

= sup / w(f* — ) dz

|Dw|<1

= mm/ |z — yl du(z, y)

_ +(
< /XIIE s(z)|f(z) dz

The last equality holds owing to the duality of the primal and dual
problems: cf. (13.1) in the appendix. O

This “Theorem” should of course really be in quotes, since the
“proof” just outlined is purely formal. In reality neither a nor Du*
nor f* are smooth enough to justify these computations. A careful
proof is available in [E-G1]: the full details are extremely complicated,
involving a very careful smoothing of u*. The proof requires as well the
additional conditions that 0X,9Y are nice and X NY = (), although
these requirements are presumably not really necessary.

Remark. A nice paper by Cellina and Perrotta [C-P] discusses
somewhat related issues. Jensen [Je] considers the subtle problem of
what happens to the approximations u, within the regions {f* = f~ =
0}, in the limit p — oo.

More on the connections with optimal flow problems may be found
in Iri [I} and Strang [S1], [S2]. )

9.3 Detailed mass balance, transport density

For reference later we record here some properties of the optimal po-
tential u* and transport density a, proved in [E-G1].

First a.e. point x € X lies in a unique maximal line segment R,
along which u* decreases linearly at rate one. We call R, the transport
ray through z. The idea is that we move the point z “downhill” along
R, to y = s*(z), and the ODE (9.21), (9.22) tells us how far to go.
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Next we note that these transport rays subdivide X and Y into
subregions of equal u*, 4~ measure.

Lemma 9.3 Let E C R" be a measurable set with the property that for
each point x € E, the full transport ray R, also lies in E. Then

/XmE ftdz = /YnE f~dy. (9.25)

We call (9.25) the detailed mass balance relation. It asserts that the
line segments along which u* changes linearly with slope one naturally
partition X and Y into subregions of equal masses. This must be so if
our transport scheme (9.23) is to work.

Outline of Proof. We provide an interesting, but purely heuristic,
derivation of a somewhat weaker statement. The trick is to employ
a Hamilton-Jacobi PDE to generate a variation for the maximization
principle (9.14), (9.15).

For this, take H : R* — R to be any smooth Hamiltonian. We solve
then the initial-value problem:

{wt+H(Dw) = 0 in R* x {t >0}

w = u* onR*x {t=0} (9-26)

Now the mapping t — w(-,t) is a contraction in the sup-norm, and
therefore for each time ¢ > O:
| Dw(-, )|z < | Du(-52)l|zee < 1.

Hence w(-,t) is a valid competitor in the variational principle. Since u*
solves (9.14), (9.15) and w(-,0) = u*, it follows that

i(t) <1(0) (t20),
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where

itt) = [ w00 - )
Hence '(0) < 0. In view of (9.26) therefore,

H(Du')(f* - f7)dz = —i'(0) > 0.

Rn

Replacing H by —H, we conclude that

H(Du*)(f* - f)dz=0 (9.27)
Rn
for all smooth H : R* — R.
Taking H to approximate x4, where A C S™°!, we deduce from
(9.27) that the detailed mass balance holds for the particular set F :=
{z| Du*(z) € A}. O

This proof is not really rigorous as u*, w are not smooth enough to
justify the stated computations. See e.g. [E-G1] for a careful proof.

It is also useful to understand how smooth the transport density is
along the transport rays, and we also need to check that the ODE flow
(9.21) does not “overshoot” the endpoints.

Lemma 9.4 (i) For a.e. z, the transport density a, restricted to R,
1s locally Lipschitz continuous.
(ii) Furthermore,
lim a(z) =0,

z—ap,bo
2€ER,

where ag, by are the endpoints of R;.

The first calculations in the literature related to assertion (ii) seem
to be those of Janfalk [J].

10 Application: Shape optimization

The ensuing three sections describe some applications extending the
ideas set forth in §8,9.

As a first application, we discuss the following shape optimization
problem. Suppose we are given two nonnegative Radon measures u* on
R™, with u*(R") = p~(R™). Think of 4" as giving the density of a given
electric charge. We interpret R” as an insulating medium, into which we
place a fixed amount of some conducting material, whose conductivity
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(= inverse resistivity) is described by a nonnegative measure o. We
imagine then the resulting steady current flow within R” from ut to
1, and ask if we can optimize the placement of the conducting material
so as to minimize the heating induced by the flow.

To be more precise, consider the admissible class

S = {nonnegative Radon measures 0 on R* | o(R") = 1}

and think of each o € S as describing how to arrange a unit quantity
of conducting material within R*. Corresponding to each ¢ € S and
scalar function v € C°(R*) we define

E(o,v) = % . |Dv|? do —/ vd(pt —p7). (10.1)

n

Then
E(0) := inf{E(o,v) | v € CZ(R")} (10.2)

represents the negative of the Joule heating (= energy dissipation) cor-
responding to the given conductivity. If there exists v € C°(R") giving
the minimum, then

—div(eDv) = ut —p~ in R (10.3)
that is,

n

Dv - Dwdo = / wd(pt —u7)
Rn

for each w € C°(R™). We can interpret

v = electrostatic potential, e = —Dv = electric field,
j=oe = current density (by Ohm’s law).

We now ask: Can we find 0* € S to mazimize E(c)? In other words,
is there an optimal way to arrange the given amount of conductivity
material so as to minimize the heating?

Following Bouchitte-Buttazzo-Seppechere [B-B-S], we introduce the
related Monge-Kantorovich dual problem of maximizing

/ ud(ut - p7) (10.4)

among all v : R* = R, with

lu(z) —u(y)| <1 (z,y €R"). (10.5)
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Lemma 10.1 (i) There ezists u* solving (10.4), (10.5).
(i) Furthermore, there exists o* € A such that
—div(a*Du?) = u* — u~
{ v(a"Du’) = " —p (10.6)

|Du*|=1 o* a.e.

This is clearly a generalization of our work in §9. Note carefully
that since o* is merely a Radon measure, and thus may be in part sin-
gular with respect to n-dimensional Lebesgue measure, care is needed
in interpreting the PDE in (10.6): see [B-B-S].

Now set
5o (kTR =1 %
S a0
Then o* € S and
—div(e*Dv*) = pt —p~  in R (10.8)
We claim now that
E(0*) = max E(o). (10.9)

cES

For this we invoke another duality principle, namely

! 2do | div(oe) = ut — p~
E(a)-sup{~-2- lef? do | div(oe) = u}- o

R»

Now if u satisfies (10.5) and div(ce) = p* — ™, then

/ud(u+~u") = — | Du-edo
n Rn

1/2 1/2
< ( |Du|2da) ( ]e|2da)
R» R®
1/2
< ( / lel2do> ,

since |Du| < 1 and o(R") = 1. Taking the suprema over all u, we

deduce
1

1
'—§ /n |e|2da < —ia*(R")?
In light of (10.10), then

E(o) < —%a*(R"). (10.11)
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But since |Du*| =1 o* a.e., we compute for e* := —Dv* that
* 1 *)2 * 1 * (TN \2
E(c*) > —= | |e*|°do* = —za"(R")".
2 Jen 2
According then to (10.11), o* is optimal.

Remark. Results strongly related to these are to be found in earlier
work of Iri [I] and Strang [S1], [S2]. O

11 Application: Sandpile models

As a completely different class of applications, we next introduce some
physical “sandpile” models evolving in time, for which we can identify
a Monge-Kantorovich mass transfer mechanism on a “fast” time scale.
In the following examples we regard u as the height function of our
sandpiles: the constraint

|Du| <1 (11.1)

is everywhere imposed, and has the physical meaning that the sand
cannot remain in equilibrium if the slope anywhere exceeds the angle of
repose 7/4. We will later reinterpret (11.1) as the Monge—-Kantorovich
constraint: the interplay of these interpretations animates much of the
following. The exposition is based in part upon the interesting papers
of Prigozhin [P1], [P2], [P3], and also upon [E-F-G], [A-E-W], [E-R].

11.1 Growing sandpiles

As a simple preliminary model, suppose that the function f > 0 is a
source term, representing the rate that sand is added to a sandpile,
whose initial height is zero. We then have u;, = f in any region where
the constraint (11.1) is active. But if adding more sand at some location
would break the constraint, we may imagine the newly added sand
particles “to roll downhill instantly”, coming to rest at new sites where
their addition maintains the constraint.
We propose as a model for the resulting evolution:

{ f—uy € 08I [u] (t>0)

—0 (= 0), (11.2)

the functional I[-] defined in §9. The interpretation is that at each
moment of time, the mass du* = f¥(-,t)dz is instantly and opti-
mally transported downhill by the potential u(-, ) into the mass du™ =
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us(-, t)dy. In other words the height function u(-,t) of the sandpile is
deemed also to be the potential generating the Monge—Kantorovich real-
location of f*dx to u.dy. This requirement forces the dynamics (11.2).

Example: Interacting sandcones. Consider, for example, the case
that mass is added only at fixed sites:

F=>" flt)q, (11.3)
k=1

where f; > 0. In this case we expect the height function u to be the
union of interacting sandcones:

u(z,t) = max{0, z,(t) — |z — di],. .., 2m(t) — |z — dml|}-
(11.4)

Owing to conservation of mass, we expect the cone heights z(t) =
(z1(t), - .-, zm(t)) to solve the coupled system of ODE

o Ji(t)
{“m“wmnuzm (11.5)
Zk(O) = 0

for k =1,...,m, where |Di(t)| denotes the measure of the set D (t) C
R" on which the k-th cone determines u:

Di(t) = {z € R" | z(t) — |z — di| > 0, z(t) — |z — dy] for | # k}.
(11.6)

These ODE were originally derived by Aronsson [AR1].

Let us confirm that (11.4)-(11.6) give the solution of (11.2), in the
case of point sources (11.3). To check (11.2) we must show at each time
t > 0 that

Iolul + (f — u,v — u)p2 < Ino[v] (11.7)

for all v € L%(R™). Now I [u(-,t)] = 0, and if I[v] = +00, then (11.7)
is obvious. So we may as well assume I[v] = 0; that is,

|Dv| <1 a.e. (11.8)
The problem now is to show that

(f —ue(-,t),v —u(- 1)) <0. (11.9)
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Owing to (11.3) and (11.4), the term on the left means

;f k() (v(di) — u(dk, t) Z/D z) — u(z, ) dz.

Consequently the ODE (11.5) means that we must show

A fD RCRECLEP IO j[ u(dy, £) — u(z, 8) de,

k=1 k=1 D (1) (11.10)

the slash through the integral signs denoting average. But (11.10) is
easy: in light of (11.8) and (11.4), we have

v(di) — v(z) < |dp — z| = u(dk, t) — u(z, )

on Dk (t) O

11.2 Collapsing sandpiles

The dynamics (11.2) model “surface flows” for sandpiles: once a sand
grain is added, rolls downhill and comes to rest, it never again moves. It
is therefore interesting to modify this model to allow for “avalanches”.
In view of the approximation in §9 of the term 0l [u] by the p-
Laplacian operator —div(|Du|P~2Du), we propose now to investigate
the limiting behavior as p — oo of the quasilinear parabolic problem

up, — div(|Duy|P~2Dup) = 0 in R* x (0, 00)

Here g : R® — R is the given initial height of a sandpile, satisfying the
instability condition

L :=sup|Dg| > 1. (11.12)
R™

For large p, the PDE in (11.11) supports very fast diffusion in regions
where |Du,| > 1 and very slow diffusion in regions where |Du,| < 1.
We expect therefore that for p >> 1 the solutions u, of (11.11) will
rapidly rearrange its mass to achieve the stability condition. As the
initial profile is unstable, we expect there to be a short time period
during which there is rapid mass flow, followed by a time in which u,
is practically unchanging.
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Indeed, simple estimates suffice to show that there exists a function
u = u(z) with

|Duj<1 iR (11.13)
such that

up, — ¥ uniformly on compact subsets of R* x (0, 00)
(11.14)

for some sequence p, — co. We call u the collapsed profile and our
problem is to understand how the initial, unstable profile g rearranges
itself into u.

To understand the mapping g — u, we rescale the PDE (11.11) to
stretch out the initial time layer of rapid mass motion. For this, set

1
vp(z,t) 1= tu, (x, 1) (zeR*, t>0)
- (11.15)
and write 7 := L™, It turns out then that
vp, = v uniformly on R" x [r, 1],
where
v
- — <t<l1
S U € 0l v] (T1<t<1) (11.16)
v=~h (t=r)
for h := % g. Furthermore the collapsed profile is
u=uv(1). (11.17)

In summary, our procedure for calculating the collapse g — u is to
define h as above, solve the evolution (11.16) and then set u := v(-,1).

Now (11.16) is interpreted, as above, as an evolution in which the
mass du™ = Ydz is instantly and optimally rearranged by the potential
v into du~ = vwdy. Again we have a Monge-Kantorovich mass real-
location occurring on a fast time scale, which thereby generates the
dynamics (11.16).

Example: Collapse of a convex cone. As an application let us take
', to be the boundary of an open convex region U, C R?. Assume

(2) = L dist(z,T';) z €U,
g\x) = 0 otherwise
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is the height of the initial, unstable sandpile. How does it collapse into
equilibrium? Following the procedure above, we look to the evolution

{ - —u €dLp] (r<t<) (11.18)

v="~h (t=r1),

for

h(z) = dist(z,I;) z € UT.
0 otherwise.

We next guess that our solution v has the form

(5,1) dist(z, ;) z €U,
v(z,t) =
’ 0 otherwise,

where T'; is the boundary of an open set U;. In other words, we con-
jecture that v is the distance function to a moving family of surfaces
{Ft}‘rStSl .

We next employ techniques from Monge—-Kantorovich theory to de-
rive a geometric law of motion for the surfaces {I'1},<¢<1, which describe
the moving edge of the collapsing sandpile. We hereafter write for each
point y € I'y,

v = v(y, t) = radius of the largest disk within
U, which touches I'; at y.

Take a point z € U, with a unique closest point y € I';. Let x :=
curvature of I'; at y and R := %

We may assume the segment [z,y] is vertical and y = (0, R). Set
A, i ={z21]6(z,e) <e, R—v<|z| <R},

where 0(z, e;) denotes the angle between z and e; = (0,1). Now we
interpret (11.18) as saying that the mass du* = %dz is transferred in
the direction —Dwv, to du~ = v;dy. This transfer, restricted to the set
A,, forces the (approximate) detailed mass balance relation

/%dwz/ ve dy, (11.19)

according to Lemma 9.3. Now divide both sides by |A.| and send € — 0.
A calculation shows

3-2
lim Y dxr = X 5
e—0 Ac t 3t 2 _ K/}’
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and, since v, = V(= outward normal velocity of I'; at y) along the ray
through y,

lim vedy = V.

e—0 Ae

We derive therefore the nonlocal geometric law of motion

v (3 — 2Ky
=L 9
o ( 2"«7) on Iy (11.20)

for the moving surfaces {I';},;<;<i;. (See Feldman [F] for a rigorous
analysis of (11.20).)

11.3 A stochastic model

A variant of our growing sandpile evolution, discussed in §11.1, arises
a rescaled continuum limit of the following stochastic model. Consider
the lattice Z? C R? as subdividing the plane into unit squares. We
introduce a discrete model for a “sandpile”, as a stack of unit cubes
resting on the plane, each column of cubes above a unit square. At each
moment the configuration must be stable, which means that the heights
of any two adjacent columns of cubes can differ by at most one. (A
given column has four adjacent columns, in the coordinate directions.)

We image additional cubes being added randomly to the top of
columns. If the new pile is stable, the new cube remains in place.
Otherwise it “falls downhill”, until it reaches a stable position.

What happens in the scaled continuum limit, when we take more
and more, smaller and smaller cubes added faster and faster?
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We make precise our model, generalizing to R*. Let us write i =
(t1,...,1,) for a typical site in Z™ and say two sites i,j are adjacent,
written 1 ~ j, if

m ke — Jk| = 1.
max [ik — Jil

A (stable) configuration is a mapping 71 : Z™ — Z such that

In(i) —n()| < 1ifi~j
and 7 has bounded support.
The state space S is the collection of all configurations.

We introduce as follows a Markov process on S. Given n € S and
ieZm™ write

I(i,n) := {j€Z"|thereexistsitesi=ij~ip~ - ~ip=]
with (i) =n) -1 (=1,...,m—-1),
n(k) # n(j) — 1 for all k ~ j}. (11.21)

Thus I'(i, n) is the set of sites j at which a cube newly added to i can
come to rest. Assign to each j € I'(i,7) a number

0<p(ijn <1
such that
> pldm =1, (11.22)
J€r(i,n)

and think of p(i, j, ) as the probability that a cube added to i will fall
downhill and come to rest at j. Finally set

Gmd= Y siinf () 1)

i:jer(i,n)

where f: R" x [0,00) — [0, 00) is a given function, the source density.
Then c(j,7n,t) is the rate at which cubes are coming to rest at j.

We introduce the infinitesimal generator L, of our Markov process
by taking any F' : S — R and defining then

(LeF)(n) == Z e, m t)(F(P) = F(n)), (11.24)
where

) ::{ n(i)+1 ifi=j

() i
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The formula (11.24) encodes the foregoing probabilistic interpretation.
Let {n(-,t)}s>0 denote the inhomogeneous Markov process on S gen-
erated by {£;}¢>0, with n(-,0) = 0. Thus 7(i, t) is the (random) height
of the pile of cubes at site i, time ¢ > 0.
We intend now to rescale, taking now cubes of side % added on
a time scale multiplied by N. We construct therefore the rescaled
process +n([zN],tN), where z € R", t > 0, and inquire what happens

as N — oo.

Theorem 11.1 For each t > 0, we have

E (sup
z€R™

([N, i) - u(x,t)’) -0 (11.25)

as N — oo, where u is the unique solution of the evolution

{f—uteaf[u] (t = 0)

o t=0) (11.26)

Here A
. i K
] = { 0 ifve

+00 otherwise

for
K := {v e L*(R*) | v is Lipschitz, |v,,| < 1ae. (i=1,...,n)}.

Consequently, the continuum dynamics (11.26), while similar to (11.2),
differ by “remembering” the anisotropic structure of the lattice.

The proof in [E-R] is too complicated to reproduce here: the key
new idea is a combinatorial lemma asserting that if n,& are any two
configurations in S, then

S cliom )~ £6) < 31 () 060 - €6

(11.27)

Since the term c¢, describing the rate at which cubes come to rest at
a given site, is a sort of rescaled, discrete analogue of u;, (11.27) is a
“microscopic” analogue of the “macroscopic” inequality

/n(f —u)(v—u)dz <0 (veK).

But this is just, as we have seen before, another way of writing the
evolution (11.26).
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A further interpretation of (11.26) is that the mass du*t = fdz is
instantly rearranged into du~ = u;dy, so as to minimize the cost

/n c(z,s(x))f(z) dx

for the {!-distance
c(z,y) = |lzr =l + -+ |Tn — ynl-

In the case of point sources, f = > fi(t)dq,, the dynamics (11.26)
correspond to growing, interacting pyramids of sand.

12 Application: Compression molding

The utterly different physical situation of compression molding gives

rise to similar mathematics.
In this setting we consider an incompressible plastic material being
squeezed between two horizontal plates.

B T S e, g g T e T T SR

Assume the lower plate is fixed, and the plate separation at time
t is h(t), with h(t) < 0, h(T) = 0. Let U, denote the (approximate)
projection onto R? of the region occupied by the plastic at time ¢ and
write T'; := OU,. As t — T, the region U; expands to fill the entire
plane.

Following [AR2], [A-E], we introduce a highly simplified model of
the physics, with the goal of tracking the air-plastic interface I'; for
times 0 < t < T. After a number of simplifying assumptions for this
highly viscous flow, the relevant PDE becomes

. h
div(|Dp|>~Dp) = 7 in U (12.1)
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where 0 <t < T, p = pressure, and o is a small constant arising in a
power-law constitutive relation for the highly non-Newtonian flow.

We can rescale in time to convert to the case T = oo, h/h =-1,in
which case (12.1) reads

—div(|Dp|="'Dp) =1 in U, (12.2)

for t > 0. In addition, we have the boundary conditions

=0 onTI
P Lo (12.3)
V = |Dp|'/? onT,,

where V' = outward normal velocity of T';.

Now experimental results in the engineering literature suggest that
for real materials the evolution of I'; does not much depend upon the
exact choice of o, so long as o is small: see, for instance, [F-F-T]. We
therefore propose to study the asymptotic limit ¢ — 0. For this, we
first change notation, and rewrite (12.2), (12.3) as

{ ~div(|DuyP*Duy) =1 in U (12.4)

up =0, V =|Dup/P"* onlT,.

When p — oo, we expect in light of the calculations in §9 that u, — u,
where

{-mmmm:1mm 12.5)

u=0,V=a onl;
for some nonnegative function a. The physical interpretations are now

u = pressure, v = —aDu = velocity,
a = speed.

We can further reinterpret (12.5) as the evolution

w — wy € 0l[u]
(t > 0) (12.6)
u € f(w),

where £ is the multivalued mapping
[0,00) if z>1

B(z) =<0 if 0<z<1
(—00,0] if z <0.
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We interpret w = xy,, and so the initial condition for (12.6) is
w=xy, (t=0). (12.7)

The Monge-Kantorovich interpretation is that at each moment the
measure dut = xp,dz is being instantly and optimally rearranged to
dy~ =V times (n-1)-dimensional Hausdorff measure ™! restricted
to I';. These dynamics in turn determine the velocity V of I';.

It is not hard to check that

(2.1) dist(z,Iy) z €U
u(z,t) =
’ 0 otherwise;

so that the pressure in this asymptotic model is just the distance to the

boundary.
Using detailed mass balance arguments somewhat like those in §11

we can further show that
V = 07 _—— on | 8

where v = radius of largest disk within U, touching I'; at ¥ and x =
curvature. Feldman [F] has rigorously analyzed this geometric flow that
characterizes the spread of the plastic.

Appendix

13 Finite-dimensional linear programming

To motivate some functional analytic considerations in §1, we record
here some facts about linear programming. A nice reference is Ekeland—
Turnbull [E-T].

Notation. If z = (z,,...,zn5) € RY, we write
x>0

tomeanzy >0 (k=1,...,N). |

Assume we are given c€ RV b € RM | and an M x N matrix A.
The primal linear programming problem is to find z* € RY so as to

(P)

minimize ¢ - x, subject to the
constraints Az > b, x > 0.
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The dual problem is then to find y* € RM so as to

(D)

maximize b - y, subject to the
constraints ATy < ¢, y > 0.

Assume z* € R solves (P), y* € RM solves (D). We may then regard
y* as the Lagrange multiplier for the constraints in (P), and, likewise,
z* as the Lagrange multiplier for (D). Furthermore we have the saddle
point relation:

c-zt=b-y% (13.1)
that is,
min{c-z | Az > b, >0} =max{b-y| ATy <¢c, y > 0}.
(13.2)

An example. Suppose we are given nonnegative numbers c;;, ui, By
(t=1,...,n; 3=1,...,m), with

n m
Soub=> w5,
i=1 j=1

and we are asked to find uj; (1 =1,...,n; j=1,...,m), so as to
n m
minimize Z Zcijpij, (13.3)
=1 j=1

subject to the constraints
m n
Zﬂzj:u;‘, Z”’ij =u;, p; 200@=1,...,n; j=1,...,m).
7j=1 1=1

This is a problem of the form (P), with

Nznm7 M:n+m7 T = (Nll;“lZ;---;ﬂlmyﬂ21;~->/~llnm)a
c= (Clly-' -3 Cim,C21, - - . 7Cnﬂ1)a b ::(llia' "7/l:a!5;"' '7‘6%))

and A the (n 4+ m) x nm matrix

( 1 0 0

7L TOWS 0 1 ... 0
0 0 o1

€1 €1 N A1

M rOWS € €y ... €9

€n €n ... en}
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Above the middle horizontal dotted line, each entry is a row vector in
R™ and 1 = (1,...,1), 0 = (0,0,...,0). Below the dotted line each
entry is a row vector in R” and e; = (0,0,...,1,...,0), the 1 in the
i-thslot (i =1,...,n).

Now write ¥y = (uy,...,Un,V1,...,Un) € R*™. Employing the
explicit form of the matrix A, we translate the dual problem (D) for
the case at hand to read

n m
maximize Z uip + Z v (13.5)
=1 j=1

subject to the constraints

Ui+UjSCij, uiZO, UjZO(i:I,...,n; j=1,...,m).( )
13.6

The Monge—Kantorovich mass transfer problem is a continuum ver-
sion of (13.3), (13.4) and its dual problem a continuum version of (13.5),

(13.6): see §1. a
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