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1 Introduction

It is perhaps a little premature to give a mathematical lecture such as this on
a subject in which the proven results are rather modest. However given the
attention the subject has received in the Physics literature (the results being
primarily computational) and given the interesting phenomena and conjec-
tures that have emerged, it seems worthwhile. Quantum Chaos is concerned
with the study of the semiclassical limit of the quantization of a classically

1Parts of these lectures were presented at the following conferences: ICMP Brisbane
1997, Joint AMS-SAMS 1997, Supersymmetry and trace formulae (Newton Institute 1997),
and Journée Arithmetique (Limoges 1997).



128 Quantum Chaos, Symmetry and Zeta Functions

chaotic Hamiltonian. More precisely let H(q,p) be a Hamiltonian on a 2n-
dimensional symplectic manifold. We assume that the constant energy sets
H(q,p) = constant are compact. Let B (k) be a quantization of the classi-
cal flow defined by H, with # — 0 corresponding to the semi-classical limit
(we give numerous explicit examples below). The corresponding Schrédinger
eigenvalue equation is

H(R)p(h) + A(R)(h) = 0 (11)
It has a discrete set of eigenvalues
AL(R) < Xo(R) < A3(R)... — o0 (1.2)
with a corresponding orthonormal basis of eigenfunctions

P1(R), a2 (R), ... (1.3)

The problem mentioned above is to investigate the fine structure of the
spectrum (A;(%)’s) or eigenfunctions (1;(1)), either as & — 0 (semi-classical
limit) or as j — oo (large energy limit). In most of the examples below these
are equivalent. We consider two extreme cases for the classical motion:

(I) The classical flow is completely integrable — that is, there are n Pois-
son commuting invariants of the motion H; = H, Ho,..., H, [1].

(II) The classical flow is chaotic by which we mean that it is ergodic on
the invariant surface H = constant and that it has positive Liapunov
exponents, etc. [1,2].

A rich family of Hamiltonians are those coming form a Riemannian met-
ric on a manifold X. That is, H defined on T*(X) is given in the form

H(z,6) = 3 3 0is(a)€'e (14)
2y

where g(z) is the metric on X and £ is a cotangent vector. In this case
the Hamilton flow is just the geodesic flow. The standard quantization of
His H = A := div grad, the Laplace-Beltrami operator on functions on
X. In these cases we suppress A, since the i — 0 limit coincides with
the A; — oo limit. Among these geodesic flows, examples of (I) above are
surfaces of revolution in R?, for which the Clairaut Integral [2] provides a
second integral of the motion. A compact manifold X of negative sectional
curvature provides an archetypical example of (II) above (Hopf, Anosov [1]).

We do not discuss at all the very interesting questions about the behavior
of ;(k) as F — 0. See Sarnak [3], Zelditch [4] and Hurt [5] for surveys of
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the mathematical results concerning the eigenfunctions and Heller [6] for the
numerical phenomenon of enhancement of such eigenstates on the unstable
periodic orbits. Our aim here is to review the developments concerning the
spectrum. In order to describe the basic Conjecture, we need to digress into
the topic of random matrix theory.

2 Random Matrix Models

In the early 50’s Wigner [7] suggested that the resonance lines of a heavy
nucleus (their determination by analytic means being intractable) might be
modeled by the spectrum of a large random matrix. He introduced the
ensembles: Gaussian Orthogonal Ensemble “GOE” and Gaussian Unitary
Ensemble “GUE” which are probability measures on N x N real symmetric
and N x N Hermitian matrices, respectively. In the first case the measure is
invariant under the action of the orthogonal group while in the second it is
invariant by the unitary group. He raised the question of the local (scaled)
spacings between the eigenvalues (see below for a precise definition) of mem-
bers of these ensembles as N — co. The answer was provided by Gaudin (8]
and Gaudin-Mehta [9], by an ingenious use of orthogonal polynomials. Later
Dyson [10] introduced his closely related circular ensembles COE, CUE and
CSE which he termed the 3-fold way. These are the Riemannian Symmetric
spaces (with their volume forms) U(N)/O(N), U(N) and U(2N)/USp(2N),
respectively. He investigated their local spacing statistics and showed that
those of the first two agree with GOE and GUE. Recent works by Altland and
Zirnbauer [11] on some quantum problems (e.g. “Chaotic Andreev Quan-
tum Dot”) and by Katz and Sarnak [12,13] on zeros of zeta functions — see
Lecture 2 — show that in some finer analysis these three symmetry classes
do not suffice. It appears that each of the infinite families of irreducible
symmetric spaces of Cartan (see [14] and [11]) should be considered. We
describe five such families which play a role in these lectures.

e U(N), the compact group of N x N unitary matrices in its standard
realization. With Haar measure, this is Dyson’s CUE.

e USp(2N), the compact group of 2N x 2N unitary matrices which pre-
serve the standard symplectic form, that is, all A € U(2N) satisfying

tAJA = J, where J = [ _(}N I(I)v ] .

e SO(2N), the compact group of 2N x 2N unitary matrices preserving
the standard Euclidean inner product, that is, A € U(2N) satisfying
tAA =TI and with det A = 1.

e SO(2N + 1), same as above but odd dimensional.
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All of the above compact groups become Riemannian symmetric spaces
when equipped with a bi-invariant metric and they comprise the sym-
metric spaces of type II, see [14].

e U(N)/O(N) (this is Dyson’s COE), which we realize as the symmetric,
unitary N x N matrices A. The map B — B!B identifies U(N)/O(N)
with these matrices and turns this into a compact symmetric space
for which the corresponding volume form gives the COE. Note that
this symmetric space is the compact dual of SLy(R)/SO(N) (or more
precisely GLn(R)/O(N)) which is Wigner’s GOE.

We denote by G(N) any one of the above ensembles whose members A are

N x N unitary matrices and whose invariant probability measure is denoted

by dA. Denote the eigenvalues of an A € G(N) by e?2(4) ¢i2(4)  ¢ifn(4)
where

0<01(A)<62(A)... <On(A) < 2r (2.1)

We turn to the definitions of the local scaling spacing distributions. For k > 1
the k-th (scaling) consecutive spacing measure ug(A) on [0,00) is defined to
be

i A) (. = #{lﬁjSN|%(§<f+k“9j) € [a,b]} 22)

Notice the factor % which scales the spacings so that the mean of ux(A) is
equal to k. The pair correlation Ry(A) measures the distribution between
all pairs of (scaled) eigenvalues of A. For [a,b] C R,

_ #{J # kl2=(6; — 0) € [a,b]}
5 .

R;(A)[a, b] (2.3)
Higher correlations may be defined similarly (see [12]).

The behavior of the measures above as N — oo may be studied by the
method of Gaudin mentioned above. Katz and Sarnak [12] show that there
are measures i (II) and Ry(II), such that for any of the four families G(IV)
of the type II symmetric spaces above, we have

lim / pr(A)dA = pg(I1) . (2.4)
N—oo
G(N)

A “Law of large numbers” which ensures that for the typical (in measure)
A€ G(N), pr(A) and Ry(A) approach g (II) and Ry(11) as N — oo:

N-ooo
G(N)

Jim / D(ue(A), g (11))dA = 0 (2.5)
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where
D(vy,v9) = sup{|v1(I) — 1, (I)|: I C R is an interval} (2.6)
is the Kolmogoroff-Smirnov distance between v; and vs.
For [a,b] C R,
Jim / |Ra(A)[a, 5] — Ro(ID)[a, b]|dA = 0 2.7)
N—-oo
G(N)

Since one of the ensembles of type II is U(N) that is, CUE, it follows
that ug(II) and Ry(II) coincide with the corresponding measures for CUE
(or GUE), pux(GUE) and Ry(GUE). These were determined by Gaudin [8]
and Dyson [10], respectively. Dyson shows that

Ro(CUE)[a, b] = / b (1 - (Sii;m)z) do (2.8)

while Gaudin finds an expression for the densities of ux(CUE) in terms of
Fredholm determinants of operators on L2[—1, 1], see [8,9]. The latter allows
for a numerical computation of these densities and in particular their graphs
are given in [9].

For G(N) = U(N)/O(N), that is, COE, the corresponding limits
pr(COE) (= ur(GOE)) were determined similarly, see Mehta [9]. They
are quite different to the CUE measures. For example

b
Ry(GOE)|a, b] =/a rGOE(z)dz (2.9)

. 2 . ’ 00 .
sinwz sSINTT sinmi
rqogE(z) =1- < e ) - ( o > /z ( — ) dt (2.10)

The results above for type II G(/N)’s show that the spacings between all
the eigenvalues of a typical A in such a G(N) is universal as N — co. This
is in sharp contrast to the distribution of the eigenvalue closest to 1. For
k>1 let vx(G(N)) be the distribution on [0, c0) of the k-th eigenvalue of A,
as A varies over G(N). That is,

where

L o)

w(G)iat = [{Ac G | € fa.tl}
Similarly, one defines the 1-level scaling densities (or, more generally, n-level
densities) of eigenvalues near 1. For A € G(N) and [a,b] C R, let

D, (A)[a,b) = # {B(A) ' e®(4) is an eigenvalue of A and ﬂ(—%ﬂ € [a, b]}
(2.12)
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The averages of D are denoted W
WL (G(N)) = / Dy (A)dA (2.13)
G(N)

In [12] it is shown that there are measures v(G) on [0,00) (which depend
on the ensemble G — see [12] for graphs of their densities) such that

lim v (G(N)) = v(G) (2.14)
N-—oo
and X
lim Wy (G(N))[a,b] = / w1 (G)(z)dz (2.15)
N—>oo a
where
1 if G = U (or SU)
e if G = Sp
(@@ =1 148 G =50 (even) (2.16)
So+1— 82212 if G = SO (odd)

The above models G(N) are all (essentially) irreducible symmetric
spaces. The antithesis is the case of a completely reducible space such as the
group (or symmetric space) TV = U(1)xU(1)...xU(1), that is, the N-torus.
Haar measure on TV is the product measure %l S %ﬁl, which says that
the z;’s are uniformly distributed independent random variables. The ques-
tion of the local scaling statistics for these is well studied in the probability
theory literature. It is well known [15] that the local spacings approximate
a Poisson Process as N — oco. For this reason the spacings for this TV
model, as N — oo, are known as “Poisson statistics” in the physics litera-
ture. The scaled k-th consecutive spacings px(z1,...,zn) are easily shown
(in the sense of (2.4) and (2.5)) to converge to ug(Poisson) := zkfé,-x dz.
The limiting pair correlation Ry(Poisson) is simply dx on R. The measures

v1(TV) converges to e ®dz as N — oo.

3 The Basic Conjecture

The general belief is that the local (scaled) spacing statistics of the eigen-
values of a system should be dictated by symmetry and given the symmetry
type, it is universal. For the semi-classical problems as in §1.1, we must
in general first scale the spectrum (or, as it sometimes is called, “unfold”)
before considering the spacings. For example, in the case of a compact Rie-
mannian manifold X of dimension n, Weyl’s law asserts that

Aj ~ Cp(Vol(X)j?/™, as j — oo, (3.1)
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Cr a constant depending on n.
Hence if we set
e
A= —o~>l 3.2
7 (CRVol(X))n/2 (32)
Then ;\j ~ 7.
We examine the local spacings for the numbers j\j. That is, as in §1.2

set

2 W), b = EES T Apve =2 € fon O} (33)
and similarly for the other statistics. Note that n = dim X = 2 is particularly
pleasant in that no unfolding is necessary.

Another technical point is that if there are symmetries of the system they
should be taken into account. Thus, for example, in the case of a Riemannian
X, if there are discrete isometries of X one should decompose the spectrum
according to these symmetries — that is, “desymmetrize”.

The following is the basic conjecture of the subject. It appears by now
to be a well accepted and established phenomenon in the physics literature.
Basic Conjecture
(A) (Berry-Taylor [16]). If H is completely integrable then the local spacing
statistics for H in the semi-classical limit i — 0 or the large energy limit is
Poissonian (i.e., behaves like the typical z € TV as N — 00).

(B) (Bohigas-Giannoni-Schmit [17]). If H is chaotic then the local spacings
statistics for the eigenvalues of H in the above limits follow

(i) GOE (COE) statistics if H has time reversal symmetry?
(ii) GUE (= CUE) statistics if H does not have time reversal symmetry.

Put another way, (A) asserts that the eigenvalues in the classically inte-
grable case behave like random numbers while (B) asserts that the eigenval-
ues of a chaotic H behave like specific random matrix models, in particular
they are “rigid” (an examination of the measures p1(GOE) and p;(GUE)
show that their densities vanish to first and second order at z = 0, re-
spectively. This signifies that for these models the eigenvalues “repel” each
other).

The primary and most compelling evidence for the above are a host of
numerical experiments?, all for 2 degrees of freedom. Typical of these are the
following, for which a few thousand eigenvalues can be computed. The first
Hamiltonian is a billiard ball in a quarter ellipse (desymmetrized), Figure 1,
Hpg is the Laplacian on E with (say) Dirichlet boundary conditions. Hpg
is integrable (Euclid) and the spectrum is Poissonian [19]. The second is a

2That is to say, it behaves like the typical member of GOE... .
3and even physical experiments [18]
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Figure 1:

Figure 2:

billiard ball in a (quarter) Stadium S, Figure 2, considered by Bunimovich
[20], who shows this classical Hamiltonian is chaotic. This Hg has time
reversal symmetry (as do Hg, Hg, Hr, and H,4) and the spectrum follows
GOE statistics [18,19]. Next is Hp, the billiard ball in a box with side lengths

[ ] L]
1
(1 ]
V2
Figure 3:

shown in Figure 3. Hp is integrable and the spacings are Poissonian [16]. The
next Hamiltonian Hr is the billiard motion along geodesics in a hyperbolic
triangle T, Figure 4 (i.e., a triangle in the hyperbolic plane with the billiard,
as always, obeying the law that angle of incidence equals angle of reflection).
This is essentially the same as the geodesic flow on a surface of constant
negative curvature, in particular Hr is chaotic. For the angles a = 7/8,
B=7/2,y= Q%%w and pretty much any other choice, the spectrum of Hr
(which we take to be the hyperbolic Laplacian on T with Dirichlet boundary
conditions) is GOE [21].

Finally, H 4 is the Hamiltonian in a triangle T as in Figure 4 except that
the angles are chosen to be a = /8, f = 7/2, v = n/3. In this case very
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Figure 4:

surprisingly the spacings for H A are Poissonian! [21,22].

All of the above, save for H 4, are phenomenological confirmations of the
Basic Conjecture (we will return to this exception later). We now review the
analytical results that have been established towards the Basic Conjecture.

4 Completely Integrable Hamiltonians

The basis of Conjecture A above of Berry-Tabor is their numerical exper-
imentation with some specific examples. Recently there has been some
progress in analyzing these, we discuss this next.

4.1 Particles in a box( [16])

Hp of Section 3 is an example of such a Hamiltonian. These are essentially
geodesic motion on a flat two dimensional torus X7 = R? /L. Here L is a lat-
tice in R%. The angle that a geodesic makes with a given geodesic will remain
constant during the geodesic flow. Thus the corresponding Hamiltonian is
completely integrable. The eigenfunctions of X are e((y,z)) with v € L*
the lattice dual to L. Hence the spectrum of X (or rather the Laplacian on
X) is the set

{4n?|y|%: vy € L*} . (4.1)

If wy, wy is a Z-basis of L* and Fy,(z1, z2) = 472|z1w; +z2w|?, then Spec(Xy)
is the set of values of the quadratic form Fy at the integers Z2. We write
FL($1,IL‘2) = az% + ﬁx1$2 -{—’)’JI%, (ath’Y) € R3. If (avﬂv')l) = )‘(a17ﬂ1,71)
with a1,01,71 € @ we say that Fy, or L, is rational. This is a singular
case both classically and quantum mechanically, since the set of lengths
of periodic orbits of the classical flow is highly degenerate and so is the
spectrum. [16] therefore avoid these as far as Conjecture A goes, that is,
they (and we) assume that L is irrational.

The pair-correlation for the spectrum of Xy, is concerned with the values
at integers of an irrational quadratic form of signature (2,2). In fact it is
easily seen that the issue of the pair correlation being Poissonian is equivalent
to a quantitative form of the classical Oppenheim Conjecture. See [23] for
a review of this classical problem and its solution using the machinery of
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unipotent flows (Margulis [24], Ratner [25]). In [26] Eskin, Margulis, and
Moses establish such a quantitative Oppenheim for irrational quadratic forms
of signature (3,1). However, signature (2, 2) is more subtle and the behavior
depends on the Diophantine properties of the coefficients.

In [27] we were recently able to resolve this pair-correlation problem, at
least for almost all X’s, by a direct analysis. We show that for almost all
X in the sense of Lebesgue measure on (a, 3,7), the pair correlation for
Spec(Xy) is Poissonian. The proof involves a reduction of the problem to
a delicate question about bounding integer points in Z2 satisfying a pair of
inequalities defined by integral homogeneous forms of degree 4. Using the
result about almost all X ’s one can show quite easily (see [27]) that for the
topologically generic X, (i.e., in the sense of Baire category), the consecutive
spacing measures u1(Xr,N) do not converge as N — oo. In fact they
oscillate between at least two distinct probability measures. The proof of
the almost all X, result above offers no explicit example of an X} for which
the pair-correlation is Poissonian. I learned recently from Eskin that he,
Margulis, and Moses have extended the machinery used in the quantitative
Oppenheim theory to include such a form as a:f +2 z% - x% -2 mi. In
particular this shows that Hp of Section 3 has Poisson pair-correlation. This
then is the first explicit example of an H for which some local spacing statistic
has been shown to be what is predicted by the Basic Conjecture A.

The almost everywhere technique above generalizes. VanderKam [28]
has shown that the generic, in measure, flat torus in R* has Poisson pair-
correlation while again for the topologically generic such X the consecutive
spacings don’t exist. We note that in this case one must unfold (dim X = 4)
so that the pair-correlation is concerned with values at integers of a quartic
form in eight variables.

We emphasize that the analytic results above all concern pair-correlation
only.

4.2 Boxed Oscillator ( [16])

The second example investigated numerically in Berry-Tabor is the Hamil-
tonian H, on T'(R x S!) given by

Hy(z,6) = & + 23 + o} (4.2)

This corresponds to a harmonic oscillator in one direction and a boxed (or
periodic) motion in the other. Fixing i we have

. 92 ) d?
Ha=~*5;%-+.’l,‘1—aa—wg. (43)
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Here a > 0 is a parameter. H, is completely integrable and the spectrum
of H, may be computed explicitly by separation of variables:

Spec(Hy) = {Amn=an’+m|m>1,n€Z} (4.4)

To avoid obvious degeneracy we assume as we did in the last example
that o is irrational. In this example we are interested in the large energy
limit,A — co. The number of eigenvalues of H, in the interval [M, M + 1] is
approximately v/M . In forming the local scaling spacing distributions such
as p1(Hgq, M), we do so with the eigenvalues in [M, M + 1]. Hence these
questions reduce to the local spacing statistics for the sequence an?(mod 1),
n<N as N = oo. While the question of the equidistribution of an?(mod1)
and variations thereof have been studied since Weyl [29], the issue of local
spacings has not been considered. (Note that an(modl) is not random in
our sense, since the consecutive spacings assume at most three values [30]).

The analogue of the pair-correlation result of (4.1) for almost all Hys is
quite easy to carry out here and was done by Rudnick and Sarnak [31]. In
another work Rudnick-Zaharescu and Sarnak [32] have recently been able to
go a lot further. Using Diophantine approximations to a by rationals a/q
(depending on N) one can reduce the above questions to ones about the
spacings between the numbers an?(modg), 1<n<N and ¢'/*** « N <«
q'~¢, € > 0 as ¢ — oo (note the ranges on N which are crucial). To calculate
the k-level correlations for the last sequence one is led to estimating the
number of solutions to

a(n? — n2) = b (modq)

: (4.5)
a(n? —nZ,,) = bx(modq)
1< n; < N

These equations, at least if ¢ is prime, define a curve in affine £ + 1 dimen-
sional space over the finite field ;. One may use the Riemann Hypothesis
for curves over finite fields, established by Weil [33], to estimate the num-

ber of solutions to (4.6). For N in the range [ql‘ﬁ,ql‘e} this procedure

works well and yields the answer that one would obtain if an?(modgq) were
random. This analysis leads to the Conjecture that for any irrational o,
there is a subsequence N; — oo such that n?a(modl), n<Nj, has all its
local spacings Poissonian. Moreover we [32] conjecture that if o is of type
»n < 3 (we say a is of type s if there is a C, > 0 such that for all integers

a, q, (a,q) = 1, ‘a - %l > Caq~*) then na(modl) is Poissonian along the
full sequence of integers N. With the above analysis it is proven in [32]

that if o is not of type 3 then, as predicted by the above Conjecture, there
is a subsequence N; of N going to infinity such that the scaled spacings of
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n?a(mod1), n < N; are Poissonian (this is established for all the k-level cor-
relations and hence for the consecutive spacings as well). In particular for
such o (which are topologically generic but measure theoretically null) we
have that Spec(H,) is fully Poissonian along a subsequence of M’s that is
the basic conjecture is true along a subsequence of energies. In any case the
Conjectures above give precise predictions about the spacings of Spec(f[a)
and its dependence on the Diophantine properties of c.

4.3 Surfaces of Revolution

The above examples are special in that the spectrum could be given by an
explicit formula. However in the integrable case the eigenvalues obtained by
the Bohr-Sommerfeld quantization conditions [34] are sufficiently good ap-
proximations in the semiclassical limit, to yield similar working expressions.
We illustrate this with X a surface of revolution of the following shape: Colin

QD

Figure 5:

de Verdiere [34] has shown that for such an X there are piecewise analytic
functions F5(z1,2z2) and Fy(z1,z2), the first homogeneous of degree two and
the second of degree zero, such that to an accuracy which is good enough to
study scaled spacings;

Spec(Ax) = {F (z + %k) |l <k, k= 1,2,...} (4.6)

where F = F, + Fj.

In the case of a flat torus F3 is a quadratic form, Fy = 0 and the above is
exact. We see that more generally the Basic Conjecture A is a question about
whether the values of such an F' at the integers are random? Along these
lines Sinai [35] and Major [36] have shown that if F, is constructed from a
generic (in measure) Brownian path (in particular is nowhere differentiable)
then its values at the integer lattice are Poissonian. This does not apply to
the above but we believe it does point to Basic Conjecture A being true in
some generic sense.

Among these surfaces of revolution are some singular examples called
Zoll surfaces Z [37]. These are surfaces all of whose geodesics are closed and
are of the same length. They form an infinite dimensional family [37]. For
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these Fo(z1,z2) = %i, which is degenerate and which results in the spectrum
looking like a small perturbation of that of the round sphere (which is the
most familiar Zoll surface). That is, the spectrum consists of clusters of
2k + 1 eigenvalues within O(1/k) of 28t k> 1. Thus it is clear that the
consecutive spacing measures, as defined in (3.3), will approach a unit delta
mass at the origin. However, given the structure of the spectrum of a Zoll
surface, it is natural to form the spacing distributions out of each cluster
of size 2k + 1 and to unfold appropriately. This was done by Uribe and
Zelditch [38] who determine the limiting behavior of the corresponding pair-
correlation Ry(k,Z) as k — oo. The result is a density on R determined
by the geometry of the space of geodesics on Z and this density very much
depends on Z. In particular it is non-universal.

This concludes our review of Case A of the Basic Conjecture. Examples
(4.1) and (4.2) show that the problem is very subtle in its dependence on
parameters. The Basic Conjecture A is true at best in some generic sense.
The examples indicate that generic should be in the sense of almost-all with
respect to a measure on the space of Hamiltonians under consideration. A
precise formulation, however, is missing at this time.

5 Chaotic Case

An analytic attack on the Basic Conjecture B for chaotic H’s is much more
difficult. There are no examples with explicitly computable spectra. More-
over there is no semi-classical approximation of the Bohr-Sommerfeld type
(this being the reason that Bohr was unsuccessful at quantizing anything but
completely integrable H’s). The only rigorous tools available are the trace
formula (Selberg [39], Gutzwiller [40], Balian-Bloch [41], and Duistermaat-
Guillemin [42]). These give expressions for sums over the spectrum of Hin
terms of sums over the periodic orbits of the classical flow. The simplest
case and the only one for which there is an exact formula is that of Selberg
which in the case of X being a hyperbolic surface (i.e., constant curvature
K = —1) of genus b > 2 reads as follows [39]:

For any g € C§°(R), g(z) = g(—z) and h(t) = §(t) its Fourier transform

o]

> h(ty) = (b-1) /_ th(t) tanh(mt)dt + ) E ) /2 ~ e_ke F729(ke®))

j=0 pEP k=1
(5.1)

where \; = t? +;11- are the eigenvalues of Ax, and P is the set of prime closed
geodesics on X and for p € P, {(p) is its length.

For the analysis of sums over the spectrum J; in intervals [\, A+ R] where
R > /A, the above trace formula is very powerful since on the right hand
side there are essentially no contributions from the periodic orbits. However
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for R = A\* with a < %, the right hand side involves sums over exponentially
many periodic orbits and is very difficult to analyze. In particular one can
express the pair correlation for spec(Ax) in terms of such sums over peri-
odic orbits. However the problem of establishing cancellations over these
long sums over periodic orbits is beyond the range of present technology.
Consequently there are no proven results concerning the local spacings for
the spectrum of such X'’s.

One way to proceed is to impose some assumptions about the statistical
nature of the long periods I(p), p € P. While it appears difficult to verify
such assumptions (for any given X or even on average X’s) it is interesting to
see what these lead to. The results of Berry [43] and the more recent deeper
investigation of Bogomolny and Keating [44] lead to results about the local
spacing for spec(Ax) which are consistent with GOE (note that geodesic
flow always has time reversal symmetry). However it remains problematic,
even with these assumptions, to recover the GOE pair correlation, (2.10).

One aspect that is clarified by an analysis using the trace formula is
that if the periodic orbit spectrum is highly degenerate then the local spac-
ing will not be GOE. Indeed if X is a hyperbolic surface as above then
X may be realized as I' \ H? where H? is the hyperbolic plane and T is a
discrete co-compact subgroup of SLy(R). Among such I'’s are such groups
as SLy(Z) (which has finite volume but not compact quotient) which are
defined through integers and are called arithmetic (see Borel [45] for defini-
tion). There are 85 hyperbolic triangles T in H? for which the reflections in
their sides generate such a discrete arithmetic I' (Takeuchi [46]). Example
H 4 of Section 3 is one of these. If X = Xr is arithmetic then the length
spectrum is very highly degenerate [LS]. For these one shows that:

1=0("?) (5.2)
l(p)<V, distinct I(p)’s,pEP

as V — oo.
On the other hand it follows easily from (5.1) that for any hyperbolic X

eV
Z l~—asV - (5.3)
v
Up)<V,peP

Hence in the arithmetic case the average degeneracy of a length of a closed
geodesic of length [ is about e//2. As was first observed in [47] and [48], this
degeneracy manifests itself in the local spacing statistics of the spectrum of
Ax. being non GOE (actually, Selberg had noticed long before that this
degeneracy forces the remainder term in Weyl’s law to be very large - see
Hejhal [49]). Numerical experiments with a large subset ( H4 being one
such) of the 85 arithmetic triangles show that they have Poisson spacing
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statistics! Various levels of analytic explanations of this phenomenon have
been given using the trace formula (5.1) (see [22,47,48,50,51]). We note
these triangles have no extra symmetries. However there is a large family of
geometrically defined operators on L?(Xr) known as Hecke operators, which
commute with Az [3]. Moreover there are many such Hecke operators iff I'
is arithmetic [52].

A completely different approach to the basic conjecture B has been put
forth by Agam, Altshuler, Andreev and Simons [53]. Their ideas come
from the theory of “disordered systems” such as the spectral properties of
H = A+V in L?(R3), where V is a random potential. For these, when av-
eraging over the potential V', Efetov [54] has shown how one directly arrives
at the random matrix correlations in the extended state regime, by using
a functional integral representation for the Greens function of H. These
integrals are analyzed using supersymmetric methods and in particular non-
linear o-models [54]. [53] adapt these methods to the case of H with H
chaotic. Unlike the case above where averages over V are performed, they
attempt to deal with an individual Hamiltonian H. At present their conclu-
sions appear to be the strong - for example they assert that for a triangle such
as Hy4 of Section 3 (which satisfies their assumptions about chaotic H and
about location of poles of the corresponding Ruelle zeta function) the spac-
ings are GOE. Nevertheless their approach is interesting and in particular its
strength may lie in studying ensembles of H’s with the idea of establishing
that the GOE is valid for the random H (like the case of random V') or for a
typical H in the sense of measure, from the ensemble. In fact, very recently
Zirnbauer [55] has pursued this possibility for the quantization of chaotic
symplectic transformations and his approach looks promising. In passing we
note that there is a growing literature concerning the Basic Conjecture for
symplectomorphisms instead of Hamiltonians, see Zelditch [4] for review of
mathematical results in this direction.

We conclude Lecture 1 with some comments about the Basic Conjecture
B. Our understanding of this case is a lot poorer than that for A. In part, this
is due to the lack of examples that can be studied analytically. The known
exceptions to GOE, that is the arithmetic X’s, are sparse. In particular
consider the analogue of the spaces of flat tori, which are the moduli spaces
My, of hyperbolic surfaces of genus b. My is a 3b — 3 complex manifold [56]
and the set of arithmetic X’s in a given M, is finite [45]. One certainly
expects that, measure-wise, the generic X in M, satisfies GOE. With our
present minimal understanding it is even possible that Basic Conjecture B
is valid for all but finitely many X'’s in M, though this seems to me to be
unlikely.

In the second lecture we examine similar questions for the spacing and
densities of zeros of zeta functions. Here much more progress on the analytic
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side is possible and a solid picture has emerged.
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