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It is well known that on any 2-dimensional Lipschitz domain D, there are no
non-constant harmonic functions whose gradient vanishes on a set with positive
arc-length measure contained in the boundary of D. On the contrary, when the
dimension is greater than 2, these bad harmonic functions do exist. In fact, in
[3] the authors constructed a non-zero harmonic function u defined in the upper
closed space Ri, verifying that both u and its gradient vanish simultaneously on
a set with positive 2-dimensional Lebesgue measure contained in the boundary
of Bi. This counterexample disproved the so called “Bers’ conjecture”, which
claimed that these bad harmonic functions could not exist.

On the other hand, the following "modified Bers conjecture” still remains
an open question:

Let u be a harmonic function in a connected Lipschitz domain D in R¢,
d > 3, containing the origin as a boundary point. Assume that u vanishes
continuously on Byg N 8D for some positive R. Then, u must be identically
zero in D if the surface measure of the set

E={QedDnBg: Vu(Q) =0}

is positive.

Observe that in this case, one assumes that the tangential derivatives of u
are identically zero on an open set of the boundary, and one is asking what can
happen with the size of the set where the normal derivative vanishes within the
open set.

This conjecture is known to hold when the boundary of D can be written
locally as the graph of functions ¢ : R — IR verifying that for some
M < ,0<a<1andall z,y in R*?

(z-y)-Vo(o) - (p(z) - oy)) > -M|z — y|**+.

In particular, this property holds when the functions ¢ are the sum of a C1¢
function and a convex function [1},[2], [8]. Moreover, when D is a C** domain
and u is a nonzero harmonic function verifying the above conditions, it has been
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shown that the Hausdorff dimension of the set E is not greater than d — 2 [9),
(2]. But nothing is known about this problem when D is just a C* domain.

This is an interesting and challenging problem in harmonic analysis, and
a positive answer to the modified conjecture would have some interesting ap-
plications to control theory [7]. For instance, it would be possible to yield
exact controllability for the heat operator on cylindrical domains with mini-
mal smoothness conditions on the base of the cylinder. As shown by Lin in
[9], uniqueness for boundary problems can also be used to obtain estimates for
nodal sets of eigenfunctions due to Donnelly and Fefferman [4].

The theorems that have been proved so far rely either on a monotonicity
method introduced by Garofalo and Lin [5] or Carleman inequalities. An expo-
sition of the Carleman method and related conjectures can be found in [6].
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