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Introduction :
The simplest way to introduce the problem is by considering an unknown map,

u=(u',u?,. . .u”) {R" ) - (MM} (0.1)
between the Minkowski space R"*! equiped with the metric
N = diag{-1,1,1...,1} , w={0,1,...n} (0.2)

and some n-dimensional Riemannian manifold M with metric g;x. The map should
be the critical point of the following Lagrangian,

L(u) := / {gjx ()" V, IV, uf} dx . (0.3)
Rn+1

Computing the variation of this Lagrangian gives the system of equations
o’ + T, (u) {V,ubVEul} =0 (0.4)

where 0 := —V,V# is the D’Alembertian operator and I, are the Christoffel
symbols on the manifold M. In the formulation of the problem and in what follows
below I will use the summation convention namely summation over repeated indices
is imlplied and I raise indices by the formula

VH i=g**V, . (0.5)

In order to be able to solve (0.4), one has to prescribe intial data on some space-like
hypersurface. For example, denoting the first coordinate z° := t, we can prescribe at
t = 0 the map w7(0,z%,...,z") and its time derivatives u (0, z,...,z"). Equations
(0.4) together with the initial data form the wave map problem. See [12] for a similar
but harder problem.

Standard arguments can show that if the initial data are sufficiently smooth,
then a smooth solution of (0.4) exists for sufficiently small times. The natural
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question one can ask is, whether given smooth data the solution of (0.4) exists for
all times and if this is not the case to describe the possible loss of smoothness of
the map u. In general one expects that the behaviour of the solution is determined
by an interplay between the dimension n of the underlying Minkowski space and
the geometric properties of the target manifold M. This idea is justified to some
extend but recent investigations, [2], indicate that if n is large, for example n > 7,
then the geometry of the target manifold is not important and solutions of (0.4) do
blow-up in finite time. The most interesting and rich cases are n = 2,3. In general
one expects that if the target manifold is negatively curved then solutions of (0.4)
are regular, while for positively curved manifold solutions explode in finite time.
This is justified to some degree, see [1,5].

There is a distinguished quantity that is crucial for this problem. The best way
to introduce it, is through the Energy-Momentum-tensor, namely define the tensor

T#V = gjku{uu{cv — Nuv {naﬁgjku{au{cﬂ} ) (06)

then T),, satisfies,
V. TF=0 v=(0,1...n) . (0.7)

Now look at the quantity Tpe. It is a positive quantity and is preserved by the flow
ie. f gn Toodx = const.. This is the total energy of the system. One would like to
use this as a first step in order to obtain global solutions. Assume that we can show
that a local solution exists for rough intial data that have only finite energy. Then
the conservation of energy automatically gives a global solution. This idea can only
work for n = 2 which is the critical dimension of this problem, see [3].

If we assume that n = 2 the problem is critical and there is hope that re-
finements of existing methods can give definite answers to the problem. Let me
rephrase the equations using the language of complex variables. We are seeking a
map

z2(x) : {R* .} = {D; g(2,2)dzdz} (0.8)

from R?*!, Minkowski space into a subset D of the complex plane C with met-
ric given by the conformal factor g(z,%z). This map is the critical point of the
Lagrangian
L(z,7) = / (9(2,2)V,2V 5} dx (0.9)
R2+1

and the equation to be solved is
0z — (log(g(2,2)) ,{VuzV¥2} =0 . (0.10)

There are certain natural conjectures for this problem .

Conjecture 1 : Assume that g = 4/(1 + |z|?)?, i.e. the target manifold is
the unit sphere S2. For some smooth initial data the solution of (0.10) explodes in
finite time in some manner to be described.
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Conjecture 2 : Assume that g = 4/(1 — |2|?)?, i.e. D := {|z| < 1} and the
target manifold is the hyperbolic plane H2. The map remains regular provided that
the initial data are smooth.

Conjecture 3 : Assume that n = 3 and that M := H® i.e. the hyperbolic
three dimensional manifold. The solution of (0.4) is smooth provided that the initial
data are smooth.

Conjecture 3 is hopeless at present. However if M := S2 solutions do blow-up
in finite time, see [5].

Assuming some symmetry simplifies the problem and certain things are known
in these special cases. Assume that z(t,r) where r := |x| and that the target
manifold is H? then the solutions of (0.10) are regular provided that the initial
data are smooth. This is a remarkable result, proved in [1]. The ouline of the
method is illuminating and proceeds as follows. First the authors show that the
energy does not ”concentrate” inside a characteristic cone. Then they use the fact
that the solution can loose regularity only at the central time-line, » = 0, in order
to estimate derivatives of the map in a weighted L* norm.

There is another symmetry assumption that reduces the problem to a man-
ageable one. Choose coordinates (¢,x) = (¢,7e?’) and z = Re'®. Next make the
identification ¢ := k6 where k = integer. This simplification removes the derivatives
from the the nonlinear term in (0.10) and the energy controls the range of the map,
see [5], [6], [11].

If one wishes to avoid the complications arising from the geometry of the target
manifold then the following conjecture must be true.

Conjecture 4 : Assume that the initial data are smooth and the initial energy
is sufficiently small. Then solutions of (0.10) remain regular for all time.

The above conjecture states that small energy implies regularity. An even
simpler conjecture is the following.

Conjecture 5 : Assume that there exist a smooth solution of (0.10) in the
domain R? x [0,T) (this is guaranteed by the local existence theorem, which is
standard). Now asume that z € C(R? x [0,T]). Show that z is in fact smooth in
R? x [0,T]. Hence again by the local existence theorem the solution is smooth in
R? x [0,T}) for some T} > T.

The conjecture above states that continuity of the map implies regularity and
gives some information about the possible way that a solution might loose smooth-
ness.

For the reason that I explained above there is a considerable amount of work
done on proving local existence of solutions with as rough initial data as possible.
The best result in this direction is [7]. One can outline this method as follows,
observe first that,

2
a { %} =20z — {V,2VFz} . (0.11)

Then equation (0.10) can be rewritten as
Oz + H(z,2)7022 =0 (0.12)
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where H is some function. The construction of the solution is accomplished in the
following norm. Consider a function f(¢,z) whose Fourier transform I will denote
by f(r,€) Now define the norm ‘

Noo(f) =11 1+ ll7] = €D’ (L + Ir] + 1€))° F(7,Ollzzmeery - (0.13)

This type of norm was introduced in [8], see also [9]. The key ingredient in the
construction are two inequalities. For € > 0 arbitrarily small we have

Nss(f*) <CNZ,(f) 5 Nso(fg) < CNso(f)Nss(9) (0.14)
5=%—e  s=1+2 (0.15)

See [3], [4]. These inequalities are not optimal, one of the norms on the right hand
side should be replaced by L.
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