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Kahler-Einstein metrics and algebraic geometry
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ABSTRACT. This paper is a survey of some recent developments in the
area described by the title, and follows the lines of the author’s lecture
in the 2015 Harvard Current Developments in Mathematics meeting.
The main focus of the paper is on the Yau conjecture relating the ex-
istence of Kéhler-Einstein metrics on Fano manifolds to K-stability. We
discuss four different proofs of this, by different authors, which have ap-
peared over the past few years. These involve an interesting variety of
approaches and draw on techniques from different fields.
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1. Introduction

General existence questions involving the Ricci curvature of compact
Kahler manifolds go back at least to work of Calabi in the 1950’s [11], [12].
We begin by recalling some very basic notions in Kéhler geometry.

e All the Kahler metrics in a given cohomology class can be described
in terms of some fixed reference metric wy and a potential function,
that is

(1) w=uwp+ 285¢

e A hermitian holomorphic line bundle over a complex manifold has a
unique Chern connection compatible with both structures. A Her-
mitian metric on the anticanonical line bundle K)_(l = A"TX is the
same as a volume form on the manifold. When this volume form is
derived from a Ké&hler metric the curvature of the Chern connection
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can be identified with the Ricci tensor. (In general in this article
we will not distinguish between metrics and Ricci tensors regarded
as symmetric tensors or (1, 1)-forms.)

o If the Kéhler class is a 27 times an integral class a metric can be
regarded as the curvature of the Chern connection on a holomorphic
line bundle. The Kéahler potential parametrising metrics in (1) has
a geometrical meaning as a change in the Hermitian metric on the
line bundle: | | = €?| |o.

One of the questions initiated by Calabi was that of prescribing the volume
form of a Kihler metric in a fixed cohomology class. By the d0-lemma, this
is the same as prescribing the Ricci tensor (as a closed (1,1)-form in the
class ¢1(X)). This Calabi conjecture was established by Yau in 1976 [50]. In
particular when ¢;(X) = 0 this gives the existence of Calabi-Yau metrics,
with vanishing Ricci curvature. Another question raised by Calabi involved
Kahler-FEinstein metrics with “cosmological constant” A, so Ricci = Aw.
The case A = 0 is the Calabi-Yau case as above and if A is non-zero we may
assume that it is +1. The Kéahler-Einstein condition can then be expressed
as saying that we require that the Hermitian metric on the holomorphic line
bundle K)}l given by the volume form of w realises +w as the curvature form
of its Chern connection. Explicitly, in complex dimension n the equation to
be solved for a Kéhler potential ¢ is

(2) (wo + 1004)"™ = wg exp(£¢ + ho)

where hg is the solution of d0hg + wp = £Ricci(wp) given by the 9d-lemma.

In the case when A = —1 there is a straightforward existence theorem,
established by Aubin and Yau. In fact the proof is significantly simpler than
that when A = 0. The point is that the nonlinearity from the exponential in
(2) occurs with a favourable sign. The condition on the Kéhler class means
that the manifold X is of general type and the metrics are generalisations of
metrics of constant curvature —1 on Riemann surfaces of genus 2 or more.
The harder case is when A = 1. Then the condition on the Kahler class
means that X is a Fano manifold. A result of Matsushima [39], also from
the 1950’s, shows that existence can fail in this case. Matsushima showed
that if there is a solution the holomorphic automorphism group of X is
reductive (the complexification of a compact Lie group). This means that
Fano manifolds, such as the projective plane blown up in one or two points,
with non-reductive automorphism groups cannot support such a metric. The
same Calabi-Aubin-Yau scheme which proved existence in the cases A < 0—
the “continuity method” (see 4.2 below)—can be set up in the positive case,
but must break down for these manifolds. More precisely, the difference arises
because of the absence of a C%-estimate for the Kihler potential due to the
unfavourable sign in the equation (2). On the other hand there are many
cases where the existence of a solution has been established, using arguments
exploiting detailed geometric features of the manifolds and the theory of “log
canonical thresholds”. The question which arises is to characterise in terms
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of the complex geometry of the manifold X exactly when a solution exists.
In the early 1990’s Yau conjectured that the appropriate criterion should
be in terms of the stability of the manifold X and, after two decades of
work by many mathematicians, this is now known to the case. The precise
formulation is in terms of a algebro-geometric notion of K-stability and the
statement is that a Fano manifold admits a Kéhler-Einstein metric if and
only if it is K-stable.

One of the attractive features of this problem is the range of techniques
which can be brought to bear. By its nature, the statement involves an
interaction between algebraic geometry and complex differential geometry
and, as we shall see, there are important connections with global Riemannian
geometry, with pluripotential theory in complex analysis and with nonlinear
PDE. Four different proofs of the main result have appeared up to the time
of writing.

(1) Deformation of cone singularities. (Chen, Donaldson and Sun [19]);

(2) The continuity method (Datar, Szekelyhidi [21]);

(3) Proof via Kahler-Ricci flow (Chen, Sun, Wang [17]);

(4) Proof by the variational method (Berman, Boucksom, Jonsson [6]-
the statement proved here is slightly different).

The purpose of this article is to survey these recent developments.

2. K-stability

The notion of “stability”, in this context, arose from the study of mod-
uli problems in algebraic geometry and geometric invariant theory. It is not
usually possible to give a good structure to a set of all isomorphism classes
of algebro-geometric objects. For example, generic 4-tuples of points in the
projective line up to the action of projective transformations are classified
by the cross-ratio, but there is no satisfactory way to define the cross-ratio
if three or more points coincide. The idea is that the isomorphism classes
of a suitable restricted class of stable objects do form a good space. There
is a general circle of ideas relating the algebraic approach to these ques-
tions to metric structures and differential geometry involving the notion of
a moment map and the “equality of symplectic and complex quotients”. In
particular there is a large literature, going back to the early 1980’s, devel-
oping these notions in the framework of gauge theories and results such as
the existence of Hermitian Yang-Mills connections on stable vector bundles
[48]. But the author recently wrote a survey which emphasised this side
of the story [29], so we will not go into it here beyond noting that the
Kahler-Einstein problem fits naturally into wider questions of the existence
of constant scalar curvature and extremal Kéahler metrics; questions which
remain largely open.

Typically, stability is defined by a numerical criterion on degenerations
of the objects in question. In our situation, we consider polarised varieties
(X, L), so L is an ample line bundle over X and the sections of L embed X
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as a projective variety in some projective space. The relevant degenerations
are test configurations which are defined as follows. For an integer m > 0
a test configuration of exponent m for (X, L) is a flat family of schemes
m: X — C, with a relatively ample line bundle £ — X and a C*-action
on X, L covering the standard action on C. For t € C we write X; for
the scheme-theoretic fibre 771(¢) and L; for the restriction of £ to X;. We
require that for all non-zero ¢ the pair (X, L;) is isomorphic to (X, L™).
(Note that, due to the C*-action, it suffices to know this for some non-zero
t.) For technical reasons we also suppose that the total space X is normal.

The numerical criterion, in our situation, is provided by the Futaki in-
variant. In its general form, [27], this is defined for any n-dimensional projec-
tive scheme Z with C*-action and C*-equivariant ample line bundle A — Z,
as follows. For each integer k£ > 0 we have a vector space H°(Z; A¥) with an
induced C* action. Write d(k) for the dimension of the space and w(k) for
the sum of the weights of the action. For large k, d(k) is given by a Hilbert
polynomial which has degree exactly n (since A is ample), while w(k) is
given by a polynomial of degree at most n + 1. Thus d(k)/kw(k) has an
expansion, for large k:

d(k) -1
M—Fo-l-k P+

and the Futaki invariant is defined to be the co-efficient Fj. In our situation,
we define the Futaki invariant Fut(X) of a test configuration of exponent m
to be m~! times the Futaki invariant of the central fibre, with line bundle
Lo and the induced C*-action.

With these definitions in place we can state the main definition of this
section.

DEFINITION 1. A polarised variety (X, L) is K-semistable if for any test
configuration X we have Fut(X) > 0. It is K-stable if equality holds only
when X is a product X x C.

Note that in the last clause we allow the C*-action on X x C to be
induced from a non-trivial action on X. What we have called K-stability is
often called K-polystability in the literature. The precise statement of the
result mentioned in the previous section, verifying Yau’s conjecture, is

THEOREM 1. A Fano manifold X admits a Kahler-Finstein metric if
and only if (X, Ky") is K-stable.

Here the “only if” is usually regarded as the easier direction and is due
to Berman [3], following related results of various authors The uniqueness
of the metric, modulo holomorphic automorphisms, is a relatively old result
of Bando and Mabuchi [2]. We will not say more about these results here
but focus on the “if” direction.

To give some background to the technical aspects of the proofs sketched
in Section 4 below we will now try to explain why Theorem 1 is plausible.
First we go back to the definition of the Futaki invariant of (Z, A) in the case
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when Z is a manifold, which was in fact the original context for Futaki’s
definition [31]. Choose a Kéhler metric w on Z in the class ¢1(A) preserved
by the action of S' C C*. Viewing w as a symplectic structure, this action
is generated by a Hamiltonian function H on Z. Then the Futaki invariant
can be given by a differential geometric formula

Q |-,

where R is the scalar curvature of w and R is the average value of R over Z.
This formula can be derived from the equivariant Riemann-Roch theorem
and can also be understood in terms of the asymptotic geometry of sections
of L* as k — oo, in the vein of quasi-classical asymptotics in quantisation
theory. What this formula shows immediately is that if w can be chosen
to have constant scalar curvature—in particular if it is a K&ahler-Einstein
metric—then the Futaki invariant vanishes. This given another way, different
from the Matsushima theorem, of ruling out Kahler-Einstein metrics on 1 or
2 point blow-ups of CP2. The definition of K-stability employs the Futaki
invariant in a more subtle way; it is not just the automorphisms of X which
need to be considered but of the degenerations. The Mabuchi functional
gives a way to understand this phenomenon. This is a functional F on the
space H of Kahler metrics in a given cohomology class on a manifold X
defined via its first variation

(4) OF = /X(R — R)&z)%.

Here d¢ is an infinitesimal variation in the Kéhler potential and one shows
that such a functional F is well-defined, up to the addition of an arbitrary
constant. By construction a critical point of F is exactly a constant scalar
curvature metrics which, in the setting of Theorem 1 can be shown to be
Kahler-Einstein. (We mention here that there is another functional, the Ding
functional which has many similar properties to the Mabuchi functional and
plays an important part in many developments. This is only defined for
manifolds polarised by K*1.)
There are three possibilities:

e F is bounded below on ‘H and attains its infimum;
e F is bounded below but does not attain its infimum;
e F is not bounded below.

An extension of Theorem 1 is the statement that these three possibilities
correspond to X being respectively K-stable, K-semistable (but not K-
stable) and not K-semistable.

Now suppose that X is a test configuration for (X, KI_{I) and, for sim-
plicity, that the total space is smooth. Choose a Kéahler metric on this total
space, invariant under S' C C*. Pulling back by the C*-action the restric-
tions of this metric to the fibres X; for non-zero t can be regarded as a
family of metrics w(t) on the fixed manifold X parametrised by t € C* but
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these metrics have no limit, among metrics on X, as ¢ — 0. It is natural to
think of this limit as a “point at infinity” in the space H of Kéhler metrics
on X. As we discuss further in Section 4.4 below, the role of the Futaki
invariant is to determine the asymptotic behaviour as t — 0 of the Mabuchi
functional in such families obtained from test configurations. Theorem 1 can
be understood roughly as saying that if there is no minimum of F this can
be detected by studying the asymptotics at points at infinity of this kind
(derived from algebro-geometric data).

Apart from its intrinsic interest—in giving an algebro-geometric criterion
for the solubility of a PDE—Theorem 1 result also has implications for the
construction of compactified moduli spaces of Fano manifolds, see work of
Odaka [41], Spotti, Sun and Yao [44] and Wang and Zu [49]. For moduli
questions, the notion of K-stability is also relevant in the negative case of
varieties with ample canonical bundle. In this case Odaka [40] showed that a
variety is K-stable if and only if has semi log canonical singularities, which is
equivalent to stability in the sense of Alexeev, Kéllar and Shepherd-Barron.
Berman and Guenancia showed that for such varieties this is equivalent to
the existence of a Kahler-Einstein metric [8] (with a suitable definition in
the singular case). Compactifying moduli spaces of manifolds involves adding
points corresponding to singular varieties and it is interesting to relate the
behaviour of the Kéahler-Einstein metrics to the algebraic geometry of the
singularities. There is much recent progress in this direction, see [32] for
example.

3. Riemannian convergence theory and projective embeddings

In this section we will discuss some ideas which play an important role in
three of the four proofs considered in Section 4 below. The general context
can be explained as follows. In solving a PDE problem compactness—the
ability to take limits in some kind of approximating scheme—is usually cru-
cial. On the other hand in our problem we need to exhibit the obstruction
to solving the problem (the existence of a Kéhler-Einstein metric) as an
algebro-geometric object (a test configuration with non-positive Futaki in-
variant). In the framework of Ricci curvature in Riemannian geometry there
is a well-developed convergence theory of Gromov-Hausdorff limits; thus,
in the Kéahler situation, we would like to relate these limits to algebraic
geometry and that is the topic of this section.

We begin by recalling some of the main results from the Riemannian the-
ory of manifolds with a lower bound on the Ricci curvature. The foundation
of the theory is the link between the Ricci curvature and volume expressed
by the Bishop comparison theorem. For simplicity we just consider the case
of an m-dimensional Riemannian manifold M with Ricci > 0. Then Bishop’s
theorem states that for each p € M the volume ratio

9 () = Y2 EAT))

Qrm -’
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is a weakly decreasing function of r. Here B,(r) C M is the metric ball of
radius r, and we introduce the normalising constant €2,,—the volume of the
unit ball in R™—so that v,(r) tends to 1 as r tends to 0. If M is compact
with total volume V and diameter < D it follows that

(6) Vol(By(r)) > kr'™,

with k = V/D™. Recall that the Gromov-Hausdorff distance between two
compact metric spaces A, B is defined as the infimum of the numbers § such
that there is a metric on the disjoint union A LI B which extends the given
metrics on A, B and such that both A, B are d-dense in AU B. If (M;, g;) is
a sequence of compact Riemannian m-manifolds with Ricci > 0, Vol(M;) =
V, diam(M;) < D then Gromov’s compactness theorem asserts that there
is a subsequence which converges in the sense of this Gromov-Hausdorff
distance to some limiting metric space (Z,dz). (More generally, the same
result applies if we have any fixed lower bound on the Ricci curvatures.)
The proof is an elementary argument based on ball-packing considerations
and the lower bound (6). It is sometimes convenient to express this Gromov-
Hausdorff convergence in terms of a natural topology on the disjoint union

M:Zu|_|Mi.

Thus for ¢ € Z it makes sense to talk about points p; € M; which are close
to gq.

Results of Anderson [1], Cheeger-Colding [13] and Cheeger-Colding-
Tian [15] give finer information about such “non-collapsed” Gromov-Haus-
dorff limits. (Here the non-collapsing refers to the volume lower bound, which
rules out the collapse of the sequence of m-dimensional manifolds to some
lower dimensional space.) The notion of Gromov-Hausdorff convergence can
be extended to sequences of spaces with base points: the metric balls of any
fixed radius centred at the base points are required to converge as above.
For each point ¢ € Z and sequence of real numbers A; — oo we consider
the sequence of based metric spaces (g, Z, \idz). After perhaps passing to
a subsequence we have a based Gromov-Hausdorff limit which is a metric
cone, a tangent cone of Z at q. The regular set R C Z is defined to be
the subset where some tangent cone is R" and the complement Z \ R is
the singular set S. If the manifolds M; satisfy a fixed bound on the Ricci
curvature |Ricci| < A then more can be said. Anderson showed that there
are fixed &,,, Km, depending only the dimension, such that if p € M; and
r < A7'/2 then if the if the volume ratio v,(r) is greater than 1 — d,, there
are harmonic co-ordinates on the sub-ball By (xr) in which the metric satis-
fies C1¥ estimates. Together with results of Cheeger and Colding this shows
that the regular set is open in Z and the Riemannian metrics converge to a
C'V-Riemannian metric go, on R. (This means that if U is a pre-compact
open set in R there are C?V diffeomorphisms y; : U — M; which, regarded
as maps into M, converge to the inclusion U — Z and such that the x'(g;)
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converge in O to gs.) The singular set S has Hausdorff codimension at
least 4. (In the general Riemannian context, this is a recent result of Cheeger
and Naber [14], but in the K&hler case which will be our concern it goes back
to Cheeger, Colding and Tian [15].) The corresponding statements apply to
tangent cones: each has a smooth Ricci-flat metric outside a closed singular
set of codimension at least 4.

We want to relate these ideas to algebraic geometry and in this section we
will focus on the case considered in [30]. Thus we suppose that (X;,w;) are
Kahler manifolds of complex dimension n with fixed volumes V', diameters
< D and |Ricci| < A and with a Gromov-Hausdorff limit Z, as above. We
suppose that these are polarised manifolds, so that w; is the curvature of
a Hermitian holomorphic line bundle L; — X;. The main result is that Z
can be endowed with the structure of an algebraic variety. More precisely,
we allow passage to a subsequence and form the disjoint union M as above.
Then there is a continuous map I : M — CP¥ with the two properties.

e There is some fixed k such that for sufficiently large i, the restriction
of I to X; is an embedding defined by the holomorphic sections of
LY — Xi;

e The restriction of I to Z is a homeomorphism to its image, which
is a normal projective variety in CPV.

This result can be seen as an extension of the Kodaira embedding theo-
rem to singular limit spaces and the proof extends some the ideas in one ap-
proach to the Kodaira theorem (an approach which seems to be well-known
to experts but does not feature in standard textbooks). Suppose that L — X
is a holomorphic line bundle over a compact complex manifold and oy is a
holomorphic section of L over an open subset V C X. Let 8 be a cut-off
function with compact support in V', extended by 0 over X and with § =1
on some interior region Vy C V. Then we can regard ¢ = Sog as a smooth
section of L over X in an obvious way. This will not be a holomorphic section
because we have a term coming from the cut-off function

o = (083) 0o,

but if we have Hermitian metrics on L and X we can project o to the space
of holomorphic sections using the L? inner product on sections of L, arriving
at a holomorphic section s. Of course in this generality the construction need
not be useful—the projection s could be 0. The idea is that under suitable
hypotheses we can arrange that s is not zero and is very close to the original
section gg over V. The key is to estimate the error term n = o — s, which
is given by a Hodge Theory formula

n=9 A"'90,

where A is the J-Laplacian on the L-valued (0,1) forms. Of course this
formula only makes sense if A is invertible, i.e. if the cohomology group



KAHLER-EINSTEIN METRICS AND ALGEBRAIC GEOMETRY 9

HY(X; L) is zero. Then we have
0l = (0" A~ '80,0" A~ d0) = (99" A~ do, A~1d0) = (9o, A1 Do),
and so
InlZ> < A7 9o,

where ||A™1| is the L2-operator norm. Now suppose that L is a positive line
bundle and the metric on X is the Kéhler metric w given by the curvature
of L. There is then a formula of Weitzenbdck type

(7) A = P*P+Ric+1,

where P is the (0,1)-component of the covariant derivative on L-valued
(0,1) forms. But all we use is that P*P is a non-negative operator, so if
Ric > —1/2 (say) then A > 1/2 and A~! is defined and has L2-operator
norm at most 2. So we get

Inllz2 < v2[|90] 2.

So if we can arrange that do is small, in L? norm compared with o, then we
get a non-trivial holomorphic section s. By construction, » is holomorphic
over Vp and the L? norm of 1 controls all derivatives there, by the usual
elliptic estimates, and we can hope to show that s is a small perturbation
of op in any C" norm. The whole approach extends easily to a case when
the original section o is not exactly holomorphic but approximately so,
measured in terms of bounds on the L? norm of doy.

To prove the usual Kodaira embedding theorem in this way we first make
the simple observation that changing L to L* for some k > 1 corresponds to
rescaling the metric by a factor k—i.e. scaling lengths of paths by a factor
Vk. Under this rescaling the Ricci curvature is multiplied by k~! so if we
start with any positive line bundle and take a suitable power we can arrange
that the condition Ric > —1/2 holds after rescaling. We take U C X to be a
small co-ordinate ball centred on a point p € X. The flat model is given by
the trivial line bundle A over C™ with a Hermitian structure corresponding
to the Euclidean metric on C”. In this structure the trivialising section 7 of
A has Gaussian norm

[r(2)] = e,
which decays very rapidly at infinity. After rescaling, the geometry of the
manifold X in the small ball U is close to the flat model and we get an
approximately holomorphic section oy modelled on 7. By suitable choice
of parameters one arranges a cut-off function 8 with the support of Vg
contained in the region where o is very small, so that ||0c|| is also very
small. Here the “suitable choice of parameters” involves choosing k large.
The upshot is that for a suitable k and for each p € X we construct a
holomorphic section of L* “peaked” around p and in particular not vanishing
at p. Thus the sections of L* define a holomorphic map of X into a projective
space and one can go further to show that this map is an embedding, once
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k is sufficiently large. (Note that the formula (7) is the same as that used
in the proof of the Kodaira-Nakano vanishing theorem, which is invoked in
the usual proof of the embedding theorem via blow-ups.)

Returning to our main discussion, we do not want to do analysis directly
on the Gromov-Hausdorff limit Z but instead establish uniform estimates
on the converging sequence X;. Consider any polarised manifold (X, L) with
Kihler metric given by the curvature of L. We endow HY(X, L) with the
standard L? metric and for # in X we consider the evaluation map

evy : HY(X,L) — L,.

We define pr(x) to be square of the norm of this map so the statement that
pr(x) > 0 for all x € X is the same as saying that the sections of L define
amap 7: X — P(H°(X,L)*) = P. More generally, a lower bound on the
pr(x) gives metric control of this map. The operator norm of

de : TXI — TPT(x)

is pr(z)~Y?max(|(Vs).|), where the maximum is taken over holomorphic
sections s of L with L? norm 1 vanishing at x. In our situation, with Ricci
curvature and diameter bounds, there is a well-known upper bound on |Vs|,
so a strictly positive lower bound on the pr(x) gives a Lipschitz bound on
the map 7. Replacing L by L* we see that the crucial point is to find some
k and b > 0 so that for all ¢ and for all z in X; we have

(8) prr(z) 2.

(Such a bound is sometimes referred to as a partial C*-estimate.) It is
straightforward to reduce to the case when the dimension of H°(X;, L¥)
is independent of ¢, so that we can regard 7; : X; — P as mapping into a
fixed projective space. If the bound (8) holds then, after possibly taking a
subsequence, we can pass to the Gromov-Hausdorff limit and define a con-
tinuous map 7 : Z — P with image a projective variety. Further arguments
then show that after perhaps increasing k this map 7., is an homeomorphism
from Z to a normal projective variety.

The central issue then is to establish the lower bound (8), as has been
emphasised in many places by Tian. Let g be a point in Z and C(Y’) be some
tangent cone to Z at ¢. If ¢ is a smooth point then C'(Y) is C™ and we have
the model Gaussian section as discussed above. In general we always have a
Hermitian line bundle A over the regular part of C(Y') with a holomorphic
section 7 satisfying exactly the same Gaussian decay with respect to the
distance to the vertex of the cone. We choose a suitable open subset U of the
regular part of the cone. It follows from the definitions that for large i there
are diffeomorphisms y; : U — X; which are approximately holomorphic
isometries with respect to rescalings of the metrics kw; for some suitable
large k. (Here the approximation can be made as close as we like by taking
k large.) Then are then two main technical points to address.
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e We want to have lifts y; : A — Xf(Lk) to approximate isomor-
phisms of Hermitian line bundles over U. B
e We want a suitable cut-off function 8 on U with |07| small in L.

Given these, we can transport the section 57 to an approximately holomor-
phic section of Lf over x;(U)and follow the projection procedure to get a
holomorphic section s of L; modelled on 7. The derivative bounds on s give
a lower bound on |s| over all points in X; close to ¢ and an elementary
covering argument establishes the bound (8).

The first technical point involves considerations of the holonomy of the
connection on A*®x}(LF), which has very small curvature by construction—
this is straightforward if U is simply connected. The second technical point
involves the singular set in C(Y), and in particular the fact that this has
Hausdorff codimension strictly greater than 2 (see 4.1 below).

4. Four proofs

We now come to the core of this survey in which we discuss four different
proofs of the equivalence between stability and Kéhler-Einstein metrics. In
total these proofs run to many hundreds of pages so it is impossible to give
any kind of thorough account of them here. All we can do is to explain
general strategies and some salient points in the arguments.

4.1. The proof by cone singularities. (Note that the announcement
[18] contains an outline of this proof.) Given a Fano manifold X we fix some
suitable m > 1 and a smooth divisor D in | — mKx/|. For 0 < 8 < 1 we
can define a class of Kdhler metrics on X with cone singularity of angle
273 along D and extend the whole theory to this case. (When 8 = r~! for
an integer r these are orbifold metrics, and hence well-established. There
are also close analogies with the theory of parabolic structures and singular
Hermitian Yang-Mills connections as developed in [9] for example.) We can
define a modified Mabuchi functional

(9) 75 = [ (R=Ryso+(1-5) [ s [ 50

where ¢ = (mey(X)™) ! is the ratio of the volume of D to the volume of X, so
that the right hand side vanishes when d¢ is a constant. Roughly speaking,
we have a family of functionals F3 with critical points the Kéahler-Einstein
metrics with cone angle 5 and the strategy of the proof is to follow a family
of such critical points as 3 increases. We want to show that either the family
continues up to S = 1, which gives our desired Kéahler-Einstein metric on
X, or that the critical point moves off to infinity and that this yields a test
configuration violating the K-stability condition.

To begin we need to show that a solution exists for some 5. Take m > 1
and 8 = r~! so that we are in the orbifold case. If r > m/m — 1 then char-
acteristic class arguments show that the we are in the situation of negative
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Ricci curvature and the desired solution follows from a straightforward orb-
ifold extension of the standard Aubin-Yau theory. Next one shows that the
set of 8 for which a solution exists is open. This can be achieved using a
suitable linear elliptic theory on manifolds with cone singularities [28].

Suppose then that there is some By € (0,1] such that a solution wg
exists for § < [y but that there is no solution for f = Sy. We need to
extend the theory sketched in Section 3, for smooth metrics with bounded
Ricci curvature, to Kahler-Einstein metrics with cone singularities. To begin
we show that a metric with cone singularity can be approximated in the
Gromov-Hausdorff sense by smooth metrics with Ricci curvature bounded
below ([19], Part I). Then the Cheeger-Colding theory implies that there is
a subsequence f; increasing to B and a Gromov-Hausdorff limit Z of the
(X,wg,;) and Z has metric tangent cones at each point. We call a tangent
cone C(Y') “good” if the regular set C(Y;eg) is open, the metric is induced
by a smooth Kahler metric there and for each compact subset K C Y;¢e and
each > 0 there is a cut-off function v of compact support in Y, equal to
1 on K and with

(10) IVAll2 <.

The main technical result is that all tangent cones to Z are good. Given
this, an extension of the arguments outlined in Section 3 above show that Z
is naturally a normal projective variety, carrying a singular Kahler-Einstein
metric wo. Moreover if we write X; for the metric space (X, wg,) and D; C
X, for the divisor D then there is a divisor A C Z such that the pairs
(Xi, D;) converge to (Z,A).

The new feature in this case, which leads to the difficulty in proving that
tangent cones are “good”, is the possibility of codimension 2 singular sets.
This is the critical dimension with respect to the cut-off control (10). If ¢
is a compactly-supported function on R" and if v is the rescaled function

Ua(x) = (A\"1z) then
VY]l 2 = OA™=2/2)

which tends to 0 with A\ if m > 2. This allows one to construct cut-off
functions with derivative arbitrarily small in L? adapted to a compact set A
of Hausdorff codimension strictly greater than 2. In the codimension 2 case
one needs appropriate control of the volume of the A-neighbourhood Ny (A):

Vol Ny(A)) < N2

This is equivalent to the notion of Minkoswki codimension > 2 i.e. for any r
the set A can be covered by O(r~2) balls of radius 7.

To complete the proof of the Theorem one wants to show that if indeed
the family of solutions breaks down at some [ as considered above then
there is test configuration with central fibre Z and with non-positive Futaki
invariant, so the original manifold X is not K-stable. To this end one can
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extend the whole theory of stability and test configurations to pairs consist-
ing of a variety and divisor, with a real parameter 5. There is a modified
Futaki invariant Futg which compares with the usual formula (3) (in the
smooth case) just as the modified Mabuchi functional (9) compares with
(4). One wants to construct a test configuration (X, D) for the pair (X, D)
with central fibre (Z, A) and show that

(11) Futs, (X, D) = 0.

The Futaki invariant Futg depends linearly on § so the fact that (X, D) is
stable for small 8 implies that Fut(X) = Fut; (X, D) <0.

Let G be the automorphism group of the pair (Z, A)—a complex Lie
group. The existence of this test configuration (X, D) follows from general
principles once it is established that G is reductive; the complexification of
a compact subgroup K C G. Using projective embeddings in some CP,
the pairs correspond to points [X, D], [Z,A] in a suitable Hilbert scheme
S which in turn is embedded in some large projective space P. The group
PGL(N +1,C) acts on S and P and what we know from the convergence
discussion above is that [Z, A] is in the closure of the orbit of [X, D]. The
group G can be identified with the stabiliser of [Z, A] in PGL(N + 1,C).
If G is reductive a version of the Luna slice theorem gives a slice for the
action of PGL(N + 1,C) at [Z, A] (one takes a G-invariant complement to
the action of G on the tangent space of P at [Z, A]). A well-known result of
Hilbert and Mumford, applied to the G action on this slice, shows that there
is a 1-parameter subgroup C* C G such that [Z, A] is in the closure of the
C*-orbit of [X, D] and this is equivalent to the desired test configuration.

The reductivity of G is an extension of the Matsushima result to the
case of pairs and singular varieties. Likewise the vanishing of the Futaki
invariant (11) is an extension of the simple case considered in Section 2
above, for manifolds of constant scalar curvature. For the proofs one has
to work with the singular metric weo using techniques from pluripotential
theory.

4.2. The proof by the continuity method. In the continuity method
one fixes a positive (1,1) form « representing c;(X) and tries to solve the
family of equations for ws, with parameter s € [0, 1]:

(12) Ricci(ws) = (1 — s)a + sws.

Yau’s solution of the Calabi conjecture shows that there is a solution for
s = 0 and it is well-known that the set of parameters for which a solution
exists is open; if the solution can be continued up to s = 1 we have a Kéhler
Einstien metric, so the problem is to prove closedness (under the stability
hypothesis). Thus we suppose that for some S < 1 there are solutions for
s < S but none for s = S. The set-up is very similar to that of cone
singularities above, indeed the latter can be regarded as a variant of the
continuity method, replacing the smooth form a with the current defined
by a divisor.
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If one knew that the fixed form o« was bounded with respect to wy then
the ws would have bounded Ricci curvature and the results discussed in
Section 3 above would apply immediately to give a limiting metric on a
normal projective variety. So the major difficulty is that we do not have
such a bound. The Ricci curvature of the w; is positive so the fundamentals
of the Cheeger-Colding theory apply and we obtain a Gromov-Hausdorff
limit Z (more precisely, a limit of some sequence (X,ws,) with s; increasing
to S). But this theory does not ensure that the regular set in Z is open,
or give the good convergence properties over the regular set exploited in
the argument of Section 3. This is one of the main problems overcome by
Székelyhidi in [46].

To explain some of Székelyhidi’s arguments, we restrict attention to the
case when S < 1. Consider first a unit ball B centred at a point p in a
Kahler manifold, with metric w, and a vector-valued holomorphic function
f: B — C™. Suppose that the Ricci curvature is bounded in B, say |Ric| <
4, and that the pair (w, f) satisfy the equation

(13) Ric(w) = ow + f*(QEuc),

for some o € [0,1] where Qg is the standard Euclidean Kéhler form on
C™. We claim that for any ¢ > 0 we can find a ¢ (independent of o) such
that for any such w, if the volume ratio v,(1) exceeds (1 — J) then in fact

Ric(p)| < e.

First, the Ricci curvature is non-negative so by the Bishop inequality we
can pass to a smaller ball with centre p (rescaled) and preserve the volume
bound. By the results of Anderson we may as well assume that the metric
on B is C-close to the Euclidean metric in harmonic co-ordinates. By
a suitable version of the Newlander-Nirenberg integrability theorem we can
also suppose that these co-ordinates are actually holomorphic. The bound on
the Ricci curvature and the equation (13) means that |V f|> < 2n and since f
is holomorphic we get interior bounds on all higher derivatives of f and hence
on the Ricci tensor, in these holomorphic co-ordinates. Thus if |Ricci(p)| > €
we will have |Ricci| > €/2 over a ball of definite size centred at p. The C*¥
bound on the metric tensor gives C"¥ bounds on the Christoffel symbols.
From this Székelyhidi shows that there is some unit tangent vector v at p
such that, in geodesic polar-coordinates centred at p, there is a definite lower
bound on Ric(%, %) at all points close to p and along geodesics starting
from p at a sufficiently small angle to v. Then the proof of the Bishop
inequality shows that this Ricci curvature reduces the volume of B by a
definite amount (compared with the Euclidean ball) determined by e. So
Vol(B) < (1 — §(€))Qay, say. Choosing 6 = d(e) we get a contradiction to
the hypothesis that |Ric(p)| > € and the claim is established.

Clearly the result extends (with a suitable d(¢)) to the case when Qgyc
is replaced by any smooth positive (1,1)-form A defined over a suitable
neighbourhood of the image of f. In the case at hand one can cover X by a
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finite number of holomorphic co-ordinate charts. Working near a given point
in X such a chart yields the holomorphic map f above (with m = n) and
we take the form A corresponding to (1 — s)« in this chart. If s < S < 1 we
get a d(€) such that the discussion above applies to any rescaling of a small
ball in (X, ws).

Now let ¢ be a point in the regular set of the Gromov-Hausdorff limit
Z and let p; € (X,ws,) be a sequence converging to ¢ in the sense of the
Gromov-Hausdorff convergence. Let B; be the unit ball obtained by rescaling
a small ball (of fixed radius p, independent of ) about p;. For any given § > 0
we can suppose that for all subballs B C B; (not necessarily centred at p;)
the “volume defect” of B is less than . We choose & as above, for some
€ < 1. Now let

M = max,ep, (|Ricci(z)| d(z,0B;)?).

A standard line of argument shows that in fact M < 4. For if not let p € B;
be a point where the maximum is attained and B be the ball of radius
J/ VM centred at p, where d is the distance from P to the boundary of B;.
Rescaling B to unit size we get a ball to which the previous results apply.
After rescaling those results give [Ricci(p) < edy?M < dy>M which is a
contradiction to the choice of . Thus M < 4 and in particular |Ricci(p;)| <
4p~2. The conclusion is that Székelyhidi is able to show that, when S < 1
the Ricci curvature is bounded near points in the regular set in Z. It follows
that the regular set is open and carries a C' Kihler metric. Going further,
he extends the discussion to tangent cones and shows that these are all
“good” in the sense discussed in 4.1 above. Note that in this situation the
singular set can have real codimension 2, different from the simpler situation
considered in Section 3. (In fact results of C. Li [35] in the toric case suggest
that the limit as s — S will develop cone singularities along a divisor.)

In [46], Székelyhidi established the partial C? estimate along the con-
tinuity method and used this to show that another notion of stability, in-
troduced by S. Paul, implies the existence of a Kéhler-Einstein metric. The
corresponding result for K-stability was established in the subsequent paper
[21] of Datar and Székelyhidi. The output from the convergence theory is
that if the continuity method breaks down at S € (0, 1] there is a limiting
projective variety Z, a singular Kéahler metric wg and a closed non-negative
(1,1) current ag on Z satisfying the equation

Ricci(wg) = (1 — S)ws + Say.

The possible presence of singularities means that this equation needs to be
interpreted. The current ay is locally written as i00y where 1 is an L!
purisubharmonic function. Globally, ¥ is a singular Hermitian metric on
the anticanonical bundle. Datar and Székelyhidi set up a theory for pairs
consisting of a variety and a (1, 1)-current, analogous to the theory for pairs
(variety, divisor) discussed above. The new feature is that their space of pairs
is infinite dimensional. They are able to carry through a similar strategy to
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that outlined in 4.1 above by approximating (1, 1)-currents by those defined
by divisors. The form « on X can be taken to be the restriction of the
Fubini-Study metric under an embedding X C P, then there is a integral
geometry formula

o= / [H N X)du(),

where P* is the dual projective space parametrising hyperplanes H C P,
 is the standard measure on P* and [H N X] is the current of the divisor
HNX in X. Replacing the integral by a finite sum gives the approximation
procedure which is the starting point for these arguments.

The results of Datar and Székelyhidi go further than the statement of
Theorem 1 in two directions. First they prove an analogous result for solu-
tions of the Kdahler-Ricci soliton equation. Recall that this equation is

(14) Ricci(w) — w = Lyw,

where v is a holomorphic vector field and L, is the Lie derivative. Such
metrics are the appropriate analogues of Kéhler-Einstein metrics on Fano
manifolds with non-vanishing Futaki invariant and represent fixed points
of the Ké&hler-Ricci flow (modulo holomorphic diffeomorphisms), which we
discuss further below.

In another direction, Datar and Székelyhidi’s proof is compatible with
group actions so they prove that to test K-stability of a Fano manifold X it
suffices to consider test configurations with an additional compatible action
of Aut(X). This is important because an outstanding defect of the general
theory is that it is very hard to verify K-stability of a polarised variety. The
problem becomes more tractable for manifolds with large symmetry groups.
Toric manifolds, with a complex torus action having an dense orbit, can be
described in terms of polytopes. Both Kéahler metrics invariant under the
action of the corresponding real torus and toric test configurations can be
described by convex functions on the polytope and the stability condition is
relatively explicit. However in the toric Fano case the existence problem for
Kahler-Einstein metrics and Kéahler-Ricci solitons was completely settled by
Wang and Zhu in 2004 [49], and no interesting phenomena arise, from the
point of view of stability. Ilten and Siiss [33] consider n-dimensional vari-
eties with an action of an (n — 1)-dimensional complex torus and develop a
combinatorial description of these. In this way they are able to produce new
examples, of manifolds which are K-stable, and the theorem of Datar and
Szekelyhidi gives corresponding explicit new results about the existence of
Kahler-Einstein metrics. In a similar vein, Delcroix studied group compact-
ifications [24]; that is he considered a manifold X which contains a complex
reductive Lie group G as a dense open subset and such that both left and
right translations on G extend to X. These can be described by polytopes
in the Lie algebra of a maximal compact real torus in G and Delcroix ex-
tends the arguments of Wang and Zhu to find an explicit condition for the
existence of a Kdhler-Einstein metric. This work of Delcroix was essentially
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self-contained and did not invoke general existence results such as Theo-
rem 1. A subsequent paper [25] later showed that his condition emerges
from an analysis of equivariant degenerations of X and extended the results
to the larger class of spherical varieties, using the theorem of Datar and
Székelyhidi.

4.3. The proof by Ricci flow. If X is a Fano mainfold the relevant
version of the Ricci flow is the evolution equation

ow o
(15) a—tt = w; — Ricci(wy),

for a one-parameter family of metrics w; in the class ¢;(X). This can be
expressed in terms of the Kéahler potential. For each t there is a unique h;
such that

Wt — Ricci(wt) = z@ght,
normalised so that maxx h; = 0 and we can write w; = wg + 100¢; where ¢y
evolves by:

okl

(16) % ht.
It has been known for many years that this equation has a solution for all
t € [0,00), starting with any initial condition. The main result of the paper
of Chen, Sun and Wang [17] is that this flow converges as t — oo to a “weak”
Kahler-Ricci soliton metric ws, on a normal projective variety X (in fact a
“Q-Fano variety”). That is to say there is an algebraic torus action on X
an element £ in the Lie algebra of this torus and a metric on the regular part
of X (locally, in X, given by bounded potential) and which satisfies the
equation (12) with respect to the holomorphic vector field generated by &.

In the case when the limiting metric is weak Kéhler-Einstein but X, is
not isomorphic to X the same arguments as in 4.1 above, using the reduc-
tivity of the automorphism group, show that there is a test configuration
for X with central fibre X, and Futaki invariant zero. When the limit is
a genuine Kahler-Ricci soliton the statement of [17] is slightly more subtle.
They show that there is a destabilising test configuration for X, with central
fibre X and strictly negative Futaki invariant, and a further degeneration
(which might be trivial) of X to X.. The upshot then is a trichotomy:

e X is K-stable: the Ricci flow converges to a Kahler-Einstein metric
on X;

e X is K-semistable but not K-stable, the limit is Kéhler-Einstein
(possibly singular) but X, is not isomorphic to X;

e X is not K-semistable: the limit is a genuine Ricci soliton and X
is not isomorphic to X.

The foundation for these results is the subsequential convergence of the
flow established by Chen and Wang in the earlier paper [20]. That is, they
prove that for any sequence t; — oo there is a subsequence ¢’ such that
(X,wy,) converges (in the same sense as in the previous subsections) to
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a weak Kéhler-Ricci soliton metric on a Q-Fano variety. A fundamental
difficulty in proving this is that it is not known that the Ricci curvature
is bounded, either above or below, along the flow. This prevents a direct
application of the Cheeger-Colding convergence theory. Results from the
previous literature on Kéhler-Ricci flow, including those of Perelman elab-
orated and extended by Sesum and Tian [43], yield three important pieces
of information.

(1) The scalar curvature R; is bounded along the flow: |R;| < C4
(2) The potential h; is bounded along the flow: || < Cy
(3) There is a uniform Sobolev inequality:

[l zensm—1 < C3 IV fllz2 + 1 f12) -

The general strategy of Chen and Wang is to establish a compactness
theorem for segments of the flow over a fixed time interval, say (' — 1 <
t < T +1). That is, they show that if 7; is a sequence tending to infinity
then, after passing to a subsequence, these segments of the flow converge
(to a possibly singular limit). They show that the limit is “stationary”,
in that it is the solution of the Kéahler-Ricci flow given by a Kahler-Ricci
soliton, evolving by the action of holomorphic automorphisms. The proofs of
Chen and Wang are based on a blow-up argument and the comparison with
suitable “canonical neighbourhoods”. For x > 0, Chen and Wang define
a class KS(n,k) of non-compact length spaces. A space W in KS(n, k)
is a smooth Ricci-flat Kahler n-manifold outside a closed singular set of
codimension > 3, and with asymptotic volume ratio > &, that is

liminf, vy (r) > K.

In their application x = k(C3) is determined by the constant C3 in the
Sobolev bound. They prove from their definition that spaces in KS(n, k)
have many of the properties of the limit spaces treated by the Cheeger-
Colding theory. In particular they adapt that theory to show the existence
of metric tangent cones, They also establish a compactness property of
KS(n, k), with respect to based convergence over bounded sets. This com-
pactness means that spaces in KS(n, k) satisfy certain uniform estimates.

Chen and Wang’s blow-up argument is governed by a canonical radius
cr(p) € (0, 00] which they define for any point p in a Riemannian manifold
M. This notion is in the same order of ideas as others in the literature
such as the harmonic radius and curvature scale, but Chen and Wang’s
definition is tailored to the particular case at hand. The general idea is that
cr(p) > r if the r-ball centred at p, scaled to unit size, satisfies various
definite estimates. The parameters in these estimates are chosen in line with
the uniform estimates established in KS(n, k), so that roughly speaking
cr(p) = oo for a point in a space W in KS(n, k) (or more precisely cr(p) is
arbitrarily large for a point in a Riemannian manifold which is sufficiently
close to some W € KS(n, k)). Now Chen and Wang establish a lower bound
cr(p) > € > 0 for any p in a manifold (X, w;) along the Ricci flow. In outline,
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the argument is to suppose not, so there is a sequence of times t; and points
pi € (X,w,) such that cr(p;) — 0. Rescaling by r; ! they arrive at a sequence
of based manifolds (p;, M;) with ¢r bounded below by 1 and with er(p;) = 1.
They show that these manifolds converge to a space in KS(n, ) and derive
a contradiction from the fact that ¢r = co on KS(n, k).

In this argument the bound |R| < C; on the scalar curvature enters in
the following way. Under the Ricci flow the scalar curvature R evolves by

OR
A icl? —
5 R+ |Ric]* —n

After rescaling a portion of the Ricci flow, by a large factor r;” Lin the space

1/2

direction and by r, /“ in the time direction, the scalar curvature R’ satisfies

OR/
5 = AR’ + |Ric/|? — nr?

and |R'| < Cyr?. Thus on any region where the rescaled flows, with a se-
quence of scalings r,” 1 5 o0, converge in C'® the limit must be a stationary
Ricci-flat manifold. This is the fundamental mechanism which leads to the
singular Ricci-flat spaces in KS(n, k). The parameter k = k(C3) is deter-
mined by a standard relation between the Sobolev constant and volume ra-
tio. (If a space has small asymptotic volume ratio one can write down a com-
pactly supported function f with ||V f||;2 small compared with || f||; 2n/n1.
If the volume ratio is less than x(C3), such a space cannot arise as a blow-up
limit of manifolds with Sobolev bound Cs.)

The L? construction of holomorphic sections features in two ways in
Chen and Wang’s arguments. One is global, to produce a projective em-
bedding of the limit space. The tangent cone information from the blow-up
limit in S (n, k) is transferred to the manifolds in the limiting sequence and
the techniques outlined in Section 3 apply. The other is local, to produce
local holomorphic co-ordinates as ratios of suitable holomorphic sections.
The bound on the potential |h;| < C9 is important here. First, since there is
no lower bound on the Ricci curvature the argument based on the formula
(7) does not immediately apply. Changing the metric on the line bundle by
a factor e™ introduces an extra term which precisely cancels the Ricci cur-
vature contribution in (7) and the bound on the h; means that this change
does not substantially effect the estimates. Second, the evolution equation
(13) gives control of the change in the metric on the line bundle in time,
and Chen and Wang are able to use this to obtain local holomorphic co-
ordinates that are adapted to the metrics w; over definite time intervals.
Alongside these complex geometry arguments they also use the Ricci flow
techniques of Perelman.

The existence of a limit of the Kahler-Ricci flow, as established by Chen,
Sun and Wang in [17] introduces further new ideas. The Chen and Wang
result gives leaves open the possibility that different sequences of times t; —
oo could lead to different limits. Let C be the set of all limits that arise.
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By general principles this set if connected. One major step is to show that
all Xo in C can be embedded in projective space in such a way that the
soliton vector fields are generated by the same fixed 1-parameter subgroup.
This uses an algebro-geometric characterisation of the vector field of a Ricci
soliton, via an generalisation of the Futaki invariant theory, which leads to
a rigidity property.

4.4. Proof by variational method. The result proved by Berman,
Boucksom and Jonsson in [6] involves a notion of “uniform K-stability”. Let
X be a test configuration for a polarised manifold (X, L), so we have a C*-
action on the central fibre Xg. Suppose first that Xy is smooth and we fix
an Sl-invariant Kihler metric in the class ¢;(£g) which yields a symplectic
structure. The S'-action is generated by a Hamiltonian function H which
we can normalise to have maximum value 0. Then we define | X|| to be
the L' norm of H. This is a quantity which is independent of the choice
of metric in the cohomology class. The definition can be extended to any
scheme, using the asymptotics of the trace of the action on sections of £*
as k — oo, similar to the definition of the Futaki invariant. Then (X, L) is
said to be uniformly K-stable if there is some € > 0 such that

(17) Fut(X) > €] X

for all non-trivial test configurations X. The main result of [6] is that
for a Fano manifold X, polarised by K)}l and with finite automorphism
group, the existence of a Kéahler-Einstein metric is equivalent to uniform K-
stability. Note that a priori uniform K-stability is a stronger condition than
K-stability although a posteriori they are equivalent, for Fano manifolds
with finite automorphism group. One can consider many other norms on
test configurations and the general notion of uniform stability goes back to
the thesis of Szekelyhidi. It is also related to another variant of K-stability
developed by Szekelyhidi which considers filtrations of the co-ordinate ring
@ H(X, L*) [45]. A definition of uniform stability which turns out to be
equivalent to that in [6] was given by Dervan [26].

To give some indication of the proof in [6] we begin by considering
an analogous situation in finite dimensions. Let V' be a complete (finite-
dimensional) Riemannian manifold with the property that the each two
points can be joined by a unique geodesic segment—for example a simply
connected manifold of non-positive curvature. Let vg € V be a base point
and let F' be function on V' which is convex along geodesics. If v : [0,00) — V
is a geodesic ray emanating from vy, parametrised by arc length, the ratio
v(t)/t is increasing with ¢ and we can define the asymptotic slope S, € [0, 00]
to be the limit as ¢t — oo. If S, > 0 then for any § < S, there is a C such
that

(18) F(y(s) = 35— C,.

An elementary argument, hinging on the compactness of the set of geodesics
through vg, shows that if there is some 6 > 0 such that if S, > ¢ for all such
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rays v then given some ¢’ < ¢ we can find C such
(19) F(v) > §'d(v,v9) — C

for all v € V. It also follows easily that F' attains a minimum in V.

The relevance of this to the Kéhler-Einstein problem on a Fano mani-
fold X is that, as we have discussed in Section 2, a Kahler-Einstein metric
can be seen as a critical point of the Mabuchi functional F on the space
of Kéhler metrics H. The pair (H,F) has many properties analogous to
(V, F) above. There is a Mabuchi metric which makes #H formally a sym-
metric space of non-positive curvature and F is convex along geodesics.
The programme roughly speaking, is to extend the arguments above to this
infinite-dimensional setting and to relate the asymptotics of the Mabuchi
functional, analogous to the asymptotic slope Sy, to the condition (17) on
test configurations.

A point w in H defines a volume form on X and the tangent space
to H at w can be identified with the functions d¢ of integral 0. For each
p > 1 the LP norm defines a Finsler structure on H. The case p = 2 gives
the infinite dimensional Riemannian structure first considered by Mabuchi
[38] but the case p = 1 is also important, as shown by Darvas [22]. The
completion, in the metric defined by this Finsler structure, is a space &
of currents defined by “finite energy” potentials. Geodesics in H also have
a good geometric meaning. Smooth geodesics segments parametrised by an
interval [a, b] correspond to S'-invariant closed (1, 1)-forms €2 on the product
X x St x [a,b] which satisfy Q"1 = 0 and which restrict to a metric in H
on each copy of X in the product. (The different Finsler structures share
the same geodesics.) If we stay in the smooth category it is not true that
any two points in H can be joined by a geodesic [34] but this is the case
if one relaxes the definitions to allow singularities—in fact forms with C'h!
potentials—as shown by Chen [16]. It is an elementary calculation that the
Mabuchi functional is convex along smooth geodesics. The convexity in the
general case is a deep recent result of Berman and Berndtsson [4].

Now fix a base point wy in H—analogous to vy € V. According to Darvas,
the distance to wg in the L!-Finsler structure is equivalent to functional .J
which is well-known in the literature and which can be characterised by the
property that J(wp) = 0 and

6J :/ dp(w™ — wpy)-
b's
Thus the analogue of (19) is an inequality.
(20) F(w)>dJ(w)-C

for some fixed &’ > 0, C and w. This is sometimes referred to as the “proper-
ness” of the Mabuchi functional. Tian showed [47] that if this inequality
(20) holds then a Kéhler-Einstein metric exists. The Mabuchi functional is
decreasing along the continuity path, as discussed in 4.2 above, and so F(ws)
controls J(ws) and Tian showed that this allows the continuity path to be
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continued to s = 1. Darvas and Rubinstein have given another proof of this
result, and generalisations, recently [23].

There is a large circle of results relating geodesic rays in ‘H to test con-
figurations, see [42] for example. Using the conformal equivalence between
St x [0,00) and the punctured disc A*, geodesic rays correspond to S'-
invariant closed (1, 1)-forms © on the product X x A* with Q"1 = 0 and
which are positive on each X x {t}. For certain purposes one can work with
subgeodesics which correspond to positive definite forms 2. In particular if
X is a test configuration we can consider a “smooth” metric 2 on &'. For
example we can embed X in some A x CPY and take the restriction of a
metric on the ambient manifold. The C*-action on X gives an open embed-
ding X x A* and we get a subgeodesic ray ws in H. Boucksom, Hisamoto
and Jonsson [10] prove that (if the central fibre is reduced)

J(ws) ~ 1Xlls 5 Flws) ~ Fut(X)s,

as s — o00. (There are many earlier results of this kind in the literature,
under various hypotheses.) Thus the uniform stability condition is equivalent
to the statement that there is a § > 0 such that for any such subgeodesic
ray, arising from a test configuration, we have

(21) F(ws) > 0J(ws) — C,

where C' depends on the ray.

There are now two main aspects to the proof. (The exposition in [6]
involves some sophisticated techniques which go well beyond this writers
knowledge, and indeed [6] is described by the authors as an outline to be fol-
lowed by a more detailed version. What we write below is extremely sketchy.)

e To pass from the subgeodesic rays arising from test configurations
to general geodesic rays and establish an inequality (21) along any
geodesic ray.

A sub-geodesic ray comes with a family of K&hler potentials
which can be viewed as a metric on the pull-back of L to X x A* or
as a singular metric on the pull-back to X x A. This metric defines
a multiplier ideal sheaf: the local holomorphic sections which are in
L? with respect to the metric. Fundamental results of Nadel show
that this is a coherent sheaf and so one can construct corresponding
blow-ups of X x A along the powers of this ideal sheaf, which yield
test configurations. Bermann, Boucksom and Jonsson use these to
approximate the original ray by those arising from test configu-
rations and eventually to pass from the algebro-geometric uniform
K-stability hypothesis to the estimate (18) on general geodesic rays.
For these purposes they also work with the Ding functional (which
we mentioned briefly in Section 2). They also use ideas and results
from non-Archimedean geometry.

e To carry the elementary arguments from the finite dimensional
model over to the infinite dimensional situation. Results of Berman,
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Boucksom, Eyssidieux, Guedj and Zeriahi [5] are used here to give
the relevant compactness property in &l for geodesics segments
with bounded Mabuchi functional.

These variational techniques based on convex geometry in the space

H of Kéhler metrics have been used by Darvas and Rubinstein [23] and
Berman, Darvas and Lu [7] to produce interesting results in the more general
framework of constant scalar curvature metrics. The outstanding problem
is to prove the regularity of weak solutions produced by minimising the
Mabuchi functional.
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