Current Developments in Mathematics, 2015

PN oA W=

Green function, mean field equation and
Painlevé VI equation

Chang-Shou Lin

ABSTRACT. Recently jointly with C.L. Chai, Z.J. Chen, T.J. Kuo and
C.L. Wang, we have developed a theory to connect different subjects
such as (multiple) Green functions, mean field equations, Lamé equation,
hyperelliptic curves, modular forms and Painlevé VI equation. Among
others in those joint works, the premodular forms Z{" (7) occupies the
central role. We will discuss its role from the aspects of differential ge-
ometry (Green function), conformal geometry (mean field equations)
and the classical integral Lamé equation. The key issue is to study the
function properties of Zﬁ,ns)(r) such as the simple zero properties and
the asymptotics as 7 — 400. Unexpectedly, Painlevé VI is the essential
tool for the proof of these properties. The Okamoto transformation for
Painlevé VI is used to set up the induction step. This is the key for many
difficult computation. We also show how to apply the Painlevé proper-
ties to study the degenerate curves for branch points of the hyperelliptic
curve Y ("™ (7), n = 2.
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Throughout the paper, we fix the following notations wg = 0, w; = 1,
we=T,w3 =147, A\r =Z+7Z, and E; = C/A; where 7 € H = {7|Im7 >
0}. For a point a € C, we often denote it by [a] to emphasize that this point
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[a] is considered to be the point a + A; in the torus E.. We also define
E 2] = {% 1=0, 1,2,3} to be the set of the lattice point and 2-torsion
points in F..

We recall p(z|7), ((z|7) and o(z) to be defined by:

@(Z\T):Z—lﬁ > (ﬁ_é)

weNn-\{0}

('(2]7) = —p, and ((z) =
Here ((z|7) is odd and quasi-periodic:
C(z+wilt) =C(2) +mi(1), i=1,2,3.

We refer [1] for the introduction to Weierstrass elliptic functions. Let
G(z|7) be the Green function on E;:

{AG(Z) = 80— &7,

1) [ G(2)dzdy = 0,

where d is the Dirac measure at 0 and |E;| is the area of E;.
In this article, we want to study critical points of G (z|r) on EP =
E; x---x E,, where

n

(1.2) GM(zlr) =n) Glz) - Y Gz - z),
i=1 i<j

under the deformation of .

There are two types of critical points. A critical point (aj,--- ,ay) is
called trivial if {a1,--- ,an} = {—a1, -, —ay,}, otherwise, it is called non-
trivial. For each n € N, G has (2n+ 1) trivial critical points. Locally each
trivial critical point depends on 7 holomorphically. A trivial critical point a
is called degenerate if the Hessian of G (z) at z = a is zero. We call the set
of 7 where trivial critical points a(7) are degenerate as the degenerate curve
in H. The fundamental issue is whether the degenerate curve is smooth or
not. This problem seems not trivial at all. It is unexpected that we could
answer this questions by applying the Painlevé property of some Painlevé VI
equation.

Indeed the study of critical points are related to mean field equations,
Lamé equations, hyper-elliptic curves, modular forms and Painlevé VI equa-
tion. This is the purpose of the article to survey the links with these subjects.

In section 2, we discuss the connection with the mean field equations.
A critical point @ = (a1, - ,a,) of G is related to the blowup set of
a sequence of blowing up solutions of mean field equations. Indeed, our
motivation for this project has been originated from studying the mean
field equation at critical parameters. The mean field equation considered in
section 2 is also an integrable system by the Liouville theorem. From this
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point of view, the mean field equation is related to the Lamé equation. See
section 5.

The set of critical points for n = 1 are completely understand. See [27]
and [10]. However even for n = 2, the number of non-trivial critical points
is still unsettled. In section 2, we will discuss the cases n = 1 and n = 2 for
this issue.

In section 3, we consider the classical Lamé equation and the hyper-
elliptic curve Y,,(7) which is embedded in E?, n copies of E;. The structure
of the closure of Y,,(7) has been thoroughly studied in [6] and [27]. Via the
embedding into E”, we naturally introduce the addition map o, from Y,,(7)

to E.. In [27], the formula of degree o, = w has been obtained. This
implies the function field K (Y, (7)) is a finite extension of K(E,) and
n(n+1)

—

The primitive element of this extension is denoted by z,(a) and we prove

znla) = (3 ai) = > Clas).

i=1

[K(Ya(7)) : K(Er)] =

Therefore, there is a minimal polynomial W,,(X) such that W;,(z,(a)) =0
in Y, (7). Set
Zﬁ,’? (1) = Wn(Zr,S(T))a
where Z, s(7) = ((r+s7 | 7) —rni(7) — sn2(7). We note that the pair (r, s)
is the monodromy data of the Lamé equation.
In section 4, we see that Zﬁz)(r) is modular form of weight n("TH) w.r.t
I'(NV) provided that (r,s) is a N —torsion point. The question:

(

Is every zero of ng) (7) simple?

had arisen in [27]. Interestingly, this question is answered affirmatively in
[9]. The proof is to apply the Painlevé property of some Painlevé equation.

In section 6, we briefly overview the basic theory of Painlevé VI equation
and its elliptic form. We refer the readers to [23] for the excellent introduc-
tion of Painlevé VI equations. Two important features of Painlevé VI are:
Painlevé property and the isomonodromic deformation. Clearly, Painlevé
property could be applied only if the solutions has explicit expressions. In
literature, the Hitchin theorem is the first result in this direction (except
for the Picard solutions). In § 6, we give two proofs of this remarkable re-
sult: one uses the isomodromic deformation, the other one is to apply the
Okamoto transformation. By the Hitchin theorem, we immediately see how
the algebraic solutions related to the Hecke form Z, (7). The Hecke form
Zy (1) is a modular form if (r,s) is N—torsion point. Hecke proved that
Zy (1) is the Eisenstein series of weight 1 up to the constant N.

The Green function G(z|7) has either three or five critical points. This
was proved in [28]. Indeed G(z|1p) has five critical points iff there exists a
real pair (r,s) € R?\32?% such that Z, 4(79) = 0 holds. Denote this set of 7
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mod SLy(z) by Q) and the interior of its complimentary set mod SLy(Z)
by Q®). In [10], we prove both Q) and Q©) are simply connected. In § 6,
we give a survey of this result.

This simple zero property of Z,(,Z) (1) can be proved by applying the
Painlevé VI equation. To do it, we need a generalization of Hitchin theorem.
This is the main subject discussed in § 7. In § 7, we also discuss the explicit
expression of non-completely reducible solutions for n = 2. Form it, we
prove the smoothness of degenerate curve for the trivial critical points of
G (z|7). So, we have seen that both completely reducible solutions or non-
completely reducible solution (the so-called Riccati type solutions) are useful
for studying critical points of G(™(z|7).

In the last section, we consider

Myn = I z%@.
(T,S) EQN

We calculate the vanishing order VOO(M](\;L)) of M](\?) (1) at 7 = oo by us-

ing the Okamoto transformation. The function M ](\7 ) (1) is a modular form

n(n+1)|Qn|
2

of weight of level 1. The Okamoto transformation provides an

induction process on n. Using the formula of v (M ](\? )), we solve the conjec-
ture proposed by Dahmen and Beukers for the number of Lamé equations,
under scalar equivalence, whose monodromy group is the dihedral group Dy
of order 2N.

2. Green function and mean field equation

2.1. Critical points of multiple Green function EY. My original
motivation is to understand the following problem: Consider a =

(a1, ,an) € E; x --- x E; satisfies
3 wy N
(2.1) anVG(ai - ?) = ZVG(ai —a;), 1<i<N,
£=0 J#i
3
where ny € NU {0} and N = }_ ny. Obviously, a can be considered as a
=0

critical point of the Green function G (z) on EN:

N 3 N
— (,L)g
G (z) = Z anG(zi - ?) - Z G(zi — zj),
=1 =0 1<J
where 7 = (ng,n1,n2,n3) and z = (21,...,2,) € EN.
Equation (2.1) is often related to the bubbling phenomena of a nonlinear
elliptic PDE. For example, we consider

Wi

3
(2.2) Au+ e = 87riz;ni6 (5) in E,,
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where n; € NU {0}, d(p) is the Dirac measure at p. We call u is a solution
of (3.1) if u € C*(E;\E;[2]) satisfies

Au+e* =0in E;\E;[2]
and
u(z) = —2n;log |z —q| + O(1) as z — q € E[2].
In conformal geometry, a solution u of (1.2) is equivalent to saying that the

Gaussian curvature of the new metric 56“|dz]2 is equal to 1, but it has conic

W
singularity at ?1 In this paper, we always assume n; are positive integers.

Suppose ug is a sequence of solutions of (3.1). A point a € E, is called
a blowup point if there are x such that xp — a and ug(zr) — +00. Now
assume ug blows up at ai,--- ,an. Assume a; ¢ E;[2]. Then we have the
following result from PDE:

THEOREM 2.1. [11, 12, 13| Suppose {a1,...,an} is the blowup set of a
sequence of solutions of (2.2) and a; ¢ E;[2]. Then
(i) m=N = Z?:o n;, and
(i1) ai,--- ,an satisfies the balance condition (2.1).

The fact (i) is due to the quantization property of the entire solution of
(2.2), a non-trivial result from PDE theory and the balance condition (2.1)
is derived from the well-known Pohozaev identity.

2.2. Non-trivial critical points of Green function on E,. Let
n = (1,0,0,0). Then N =1 and (2.1) is reduced to

(2.3) VG(a) =0,

i.e., a is a critical point of the Green function G(z) on E;. The Green function
G(z) is even, i.e., G(—z) = G(z), and has singularity only at 0, the lattice
point. Thus, G has at least three trivial critical points at half periods -, %
and 5.

A critical point a of G is said non-trivial if a ¢ E;[2]. The corresponding
mean field equation is

(2.4) Au+e" =8ndy in E;.
Then we have the following connection of (2.3) and (2.4):

THEOREM 2.2. [28] The Green function G(z) of E; has a non-trivial
critical point iff (2.4) has a solution.

Naturally, we ask: How many non-trivial critical points at E;? This
question was answered in [28]:

THEOREM 2.3. [28] For each 7, G has at most one pair of non-trivial
critical points *a.
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In [28], Theorem 2.3 was proved by using Alexander-Bol’s inequality and
the isoparametrical inequality. Later, Bergweiler and Eremenko [3] gave a
proof by the dynamic arguments. If 7 = ib,b > 0, then G has no non-trivial
critical points and then (2.4) has no solutions. But for 7 = ¢7/3, G has only
one pair of non-trivial critical points +%* and (2.4) has an unique solution.

We remark that the proof of Theorem 2.3 is a consequence of the fol-
lowing PDE result:

(2.5) For any T € H,(2.4) has at most one even solution.

This uniqueness for (2.4) is a highly non-trivial result. See [28]

In order to understand the set of critical points, one might deform 7
starting from the imaginary axis. During this deformation process, we want
to study the following questions:

(a) Where the bifurcation of critical point might occur?
(b) What is the geometry of those 7 such that the Green function has non-
trivial critical points.

The question (a) can be answered by Theorem 2.4.

THEOREM 2.4. The bifurcation of critical points of Green function could
occurs only at trivial critical points (half periods).

REMARK 2.5. Suppose G(z|T) has non-trivial critical points. Then
G(z|"), ™ = v 7,7 € SL(2,Z), also has non-trivial critical points. This
is due to that fact E; and E, are holomorphically equivalent.

Let Q5 = {7 € H|G(z|7) has non-trivial critical points}. By the remark,
25 is invariant by the action of SL(2,Z). For some reason from the analytic
point of view, we consider 7 € Fy:

1 1
FQ:{TEH|O§R€T§1,|T—§’25}.

It is not difficult to see that Fy is the closure of a fundamental domain of
I'p(2), where

[(2) = {’y € SL(2,Z)|y = (CCL Z) ,c=0 mod 2} .
For the simplicity, the set Q5 N F, is still denoted by 25 if there are no
confusions. Similarly, we denote {23 by
Q3 = {1 € F5|G(z|7r) has no non-trivial critical points}.
Then we have the following theorem to describe the geometry of {25 and 3.

THEOREM 2.6. [10]

(i) Qs is open and simply connected.
(ii) 025 = 003 consists of three smooth curves Ci, i =1, 2, and 3, where
Ci = {1 € Fy|% is a degenerate critical point of G(z|T)}.
(iii) C;NC; =0
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We remark that (iii) implies that for any torus the Green function has
at most one degenerate half period. This seems new in literature.

The proof of Theorem 2.6 is interesting in itself, a combination of some
PDE results together with a simple fact of theory of modular form with
respect to SL(2,7Z):

Any modular form of weight 8 has only one zero at T = %

The complete proof of Theorem 2.6 was given in [10]. In section 4, we will
give a sketch of the proof after the discussion of connection of our problems
with modular forms.

Naturally, for the general case we ask the similar questions to understand
the solution structure of (2.1) when 7 deforms in H. Understandably, both
questions (a) and (b) would be not easy to answer, because equation (2.1)
is not an algebraic equation and the uniqueness of solutions of

Au + e = 8mndy in E-

no longer holds true for n > 2. Even through we still conjecture that Theo-
rem 2.4 should be true for n > 2. But this is a very difficult question.

For question (b), we could say more than (a). Indeed, we will apply the
Painlevé VI equations to prove the degenerate curves (in 7) of trivial critical
points are smooth. In section 7, we will use n = 2 as an example to explain
how to apply the Painlevé VI equation for our purpose.

Equation (2.1) can be decomposed into two parts: an algebraic part and
an non-algebraic part (one single equation). The equation for the algebraic
part will give a hyper-elliptic structure, and it turns out this hyper-elliptic
curve is identical with the spectral curve for the Treibich-Verdier potential
in KAV theory. Let us to denote the hyper-elliptic curve by Y™ and X () =
Y @\ {branch points}. So, (2.1) is reduced to a single equation defined on
Y (@ Like the case n = (1,0,0,0), all the branch points of Y (@ are solutions
to this single equation. See the Remark 3.3. We call a = (a1, ...,an) € y (@)
is a nontrivial solution of (2.1) if @ is not a branch point.

Geometrically, this single non-algebraic equation yields the global mon-
odromy data for some linear ODE. For the multiple Green function, this
ODE is the Lamé equation, which is the main subject discussed in section

D.

3. Hyper-elliptic curves

3.1. The Green function and Y (7). In this section, we want to in-
troduce the hyper-elliptic curve Y () associated with the multiple Green
function through (2.1) and its embeddings into E?. In this case, (2.1) be-
comes

(3.1) nVG(a;) = ZVG(ai —aj), 1<i< N =n.
i
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Clearly, any solution @ = (a1, ...,a,) of (3.1) is a critical point of G (z|7),

where .
GM(zlr) =n)_ Glzlr) - Z Gz — z|7)
=1 1<j
for z = (z1,...,2n) € EI.
First we recall {(z|7) = — [ p(z|r)dz and 7;(7), i = 1,2, are the quasi-
periods. The Green function can be written in terms of Weierstrass elliptic
functions, see (3.7) and (3.8) below. In particular,

OGN _ ety el

where 7(z) is defined: if z = r + s7 for r, s € R, then

n(r+ st) =rni(1) + sna(7).
By using (3.2), (3.1) can be rewritten as:

(3.2)

PROPOSITION 3.1 ([6]). Let a € E?. Then
a=(a, - ,a,) satisfies (3.1) if and only if
(3.3) > (¢lai = aj) +¢(a) = (i) =0, 1 < i < n, and
JF

(3.4) zn:VG(az) =0
=1

The equivalence of (3.1) and (3.3)-(3.4) are straightforward computa-
tions. See [6]. The first equation, equation (3.3), is an algebraic equation by
the addition theorem. Let us define Y™ (1) is the quotient of the solution
set of (3.3) by the permutation S,:

{a € E}|a; # 0 Vi and a; # a; Vi # j such that (3.3) holds}/S,.
Then in [6] we could prove

THEOREM 3.2. [6]
(i) Y)(7) is a hyper-elliptic curve, i.e., there exists l,(B) €
Qlg2, 93, B] of degree 2n + 1 such that C? = ¢,,(B) holds, where
C = ¢ (ai)Lj4i(p(a:) — p(aj)) and B = (2n— 1) Y p(a;).
i=1
(ii) Except for a finite set of T, YV (1) is smooth.
(iii) The branch points are the set of (a1,--- ,an) such that {ay,---,
an} = {_ah T, _an}~
(iv) Let a = (ay,...,an,) € Y™ (7). Then a is not branch point iff
{Cll,"' 7an}m{_a17"' 7_an} :w
(v) Let YW (1) be the closure in E™. Then Y™ (r) = Y™ (1)U
{(07 T ¢O)}'
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(vi) Y () (1) is the spectral curve of the potential Iy(z) = n(n + 1)p(2)

in the KdV theory.

REMARK 3.3. By (iii), any component a; of a branch point a =
(a1, - ,ay) satisfies either a; € E-[2] (then VG(a;) = 0) or the pair +a; ap-
pears in a (then VG(a;)+VG(—a;) = 0). Therefore, any branch point a sat-
isfies (3.4), i.e., any branch point is a solution to (3.1). By (i), there are 2n+1
distinct branch (finite) points if Y"(7) is smooth. Thus, a = (a1, ...,ay) is
called a mon-trivial solution of (3.1) if a is not a branch point of Y (™) (7).
By (iv), we have

{ai,...,ap} N{—ay,—az,...,—ap} =10
if a is a non-trivial solution.
3.2. The branch points of Y(? (7). Now we give some examples to
compute these branch points. If n = 1, Y(")(7) = E;, and the branch points

are the three half periods. For n = 2, there are only five branch points which
can be computed as follows:

PRrROPOSITION 3.4. Suppose n = 2. Then for each 7 € H, there are only
five branch points of Y ?(7) :

wi wj .,
(3.5) (52) 1<i#5 <3 and (g=—as),
where q1 satisfies p(qr) = £ 921—(27).

PROOF. Since the three half periods %wi, i =1,2,3, are critical points
of G(z) and for any i # j, %wi — %wj is the other half period, we see that
(a,b) = (wi, 3w;), i # j, 4,5 € {1,2,3} satisfies (3.1). We can also find a
solution (a,b) for (3.1) satisfying a = —b and a is not a half period (i.e.,
¢ (a) # 0). In fact, since VG(z) is odd, (3.1) is equivalent to
(3.6) VG(a) + VG(b) =0, VG(a)—VG(b) —VG(a—b)=0.

On the other hand, the Green function G could be expressed in terms of
well-known functions:

1 T
(3.7) G(2) = 5= (In|i1(2)] = = (Im2)?) +C(7),
where .
V1(2;7) = —i Z (—1)ne(ntz)?mir g(2nt1)miz

is the odd theta function and C(7) is a constant; see [6]. From (3.7), we
have
476 (2) = (alr) — mi(r)e +
Im7
= C(z[7) = rm(7) — sma(T),
where z = r + s7, r,s € R. In view of (3.8), the second equation in (3.6)
becomes

(3.8)
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FIGURE 1.
(3.9) ¢(a) = ¢(b) = ¢(a—b) =0.

If a = —b, then the first equation in (3.6) holds automatically, while (3.9)

becomes 2((a) — ((2a) = 0. This together with ((2a) = 2((a) + %2’/’((5))’
_ 92

implies that a satisfies p”(a) = 0. Since p”(2) = 6p*(2) — %2, a satisfies

g
p(a) = p(—a) =+ é 0

REMARK 3.5. This proves p(q+) = +4/% iff ¢"(¢+) = 0.

Let F3 be the fundamental domain of I'g(2):

FQZ{T

For n = 1, let C; be the curve for those 7 such that % is a degenerate critical
point of G(z|7). Figure 1 is the numerical simulation of those degenerate
curves, which is confirmed by Theorem 2.6.

1 1
0<ReT<1,|T—§|>—},
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For n = 2, we let C;; be the degenerate curve for (%, %J), ie., (%, %) is
a degenerate critical point of the Green G(?) function on E; x E,. Similarly,
C4 is the degenerate curve for (¢4 (7), —q+(7)).

THEOREM 3.6. For 7 € F, all the degenerate curves C;; and Cy are
smooth.

By computer simulation, those curves are shown in Figure 2. The fun-
damental domain F5 is divided into several regions by Cj; and C4, and in
each region, the number of non-trivial solution to (3.1) should be the same.
However it is still an open problem because this problem is related to the

question (a) in section 2. So far, we could prove it only if the following
conjecture holds true:

Ezcept of a finite set of T, the bifurcation of critical points
could occur only at branch points of Y™ (1)

Theorem 3.6 is an application of the Painlevé VI equation (Riccati equa-

tion). A sketch of the proof of Theorem 3.6 is given in section 7. See Theorem
7.6.
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4. Modular forms

4.1. Hecke forms. Recall the derivative of G: write z = r+s7,r,s € R
—4ArG,(2) = ((r + sT) —rni(T) — sna(7).
Now fix (r,s) € C x C, we denote the RHS of the above by Z, s(7):

(4.1) Zys(T) = ((r + s1) —rni(1) — sna(T).
Some properties of Z, g:

PROPOSITION 4.1. (i) If (r,s) € R?\ {(0,0)}, then Z,. (1) is a holo-
morphic function in T € H.
(i) If (r,s) € {(£1,£3)} mod 1, then Z, (1) =0 in 7.
(111) If (r,s) € C x C\R x R, then Z, s(7) has a simple pole at 19 such that
T+ 579 € N\ry, Where Ny, is the lattice generated by 1 and 9.
() Zys(T) satisfies the following modularity:

(4.2) Zyt ot (") = (et + d) Z, (1)

if v = (Z Z) € SL(2,Z), (r,s) = (r',s') v, and 7" =~ -7 = %Is.

N'N
by (4.2) Z, () is a modular form of weight one w.r.t. I'y. This was first
proved by Hecke [21] on 1926. Furthermore, Hecke noted that Z, s(7) is the
Eisenstein series of weight 1. We recall that the Eisenstein series of weight
1 is defined by

eV (7, 51 k1, k) == (Im7)* Z (m7 +n)""|(m7 +n)|”%,

(m,n)

Hence if (r, s) = (kl k—Q) is a N-torsion point (ged(ky, k2, N) = 1), then

where (m, n) runs over Z2 under the condition 0 # (m,n) = (ki, k) mod N.
It is known that &Y (7,s;ky, k) is a meromorphic function in the s-plane
and holomorphic at s = 0. Set &Y (7; k1, k) := &N (7,0;k1,k2). It can be
proved (see [17]) that if (r,s) is a N-torsion point, then
b ks
N'N
Recall Fy is the fundamental domain of I'g(2). The following result was
proved in [10].
THEOREM 4.2. [10]

(i) For any pair (r,s) ¢ Cz\%Zz, Zyrs(1) = C(r+¢1) — (rmu (1) + sm2(7))
has simple zeros only.

(ii) Suppose (r,s) € R?\ {(£3,+3)}. Then Z,5(7) has a zero at T € Fy iff
+(r,s) € Ag mod 1, where

Zr,s(T) = N@iV(T; kl, k‘g) if (T, 5) = ( > mod Z.

1 1
Az:{(r,s)]OSrg§,O§s§§,0§r+3§1}.

Moreover, the zero is unique in Fs.
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REMARK 4.3. Since Zp4rn+s(7) = £Z,4(7) for integers m,n, for any
real pair (r, s) we might assume (r,s) € D= {(r,s)[0<r<1,0<s <1}
Then we decompose the rectangle [ as the union of four triangles as follows.
Thus Theorem 4.2 (ii) says that Z, ;(7) has exactly one zero if (r,s) € Ay,

N[

AZ A4
Ay Ag

0 3 1

4
and has no zeros if (r,s) € A U Az U Ay Y 0A,. Let 7 = 7(r,s) be the
=

unique zero of Z, (1) in Fy. Then 7(r,s) is a 1-1 map from Ay onto Qs, a
consequence of Theorem 2.3. Since As is simply connected, we have 25 is
simply connected.

PRrROOF. We will prove (ii) and (i) for the case (r,s) € R?. The general
case will be proved in section 6.

To prove (ii), we should use the PDE result and the theory of modular
form. The PDE result is about the non-existence of the following nonlinear
equation

(4.3) Au+€e“ =8md(0) in E;

if E; is a rectangle i.e. 7 = ib, b > 0, where §(0) is the Dirac measure at
0 € E.. See [28]. A function u € C*°(E;\ {0}) is said a solution to (4.3) if
Au+e*=0in E;\ {0} and u satisfies

u(z) = 4log|z| + O(1) as z — 0.
This non-existence of (4.3) for Rer = 0 implies that for any (r, s) € R?\1 22,

(4.4) Zrs(T) #£0 V71 =1b, b>0.
Since By ~ E; if 7/ =~ -7, (4.4) implies
(4.5) Zys(T) # 0, for any 7 € OF NH.

The second ingredient is to apply the theory of the modular forms with

respect to SL(2,Z). It is easy to see that the product II Zys(T) is
(r,s):3-torsion

a modular form of weight 8 with respect to SL(2,Z). There are only one

modular form of weight 8 up to constants. This implies that Z 11 (1) has

only zero at 7 = p = e%i, and the zero is a simple zero.
The following lemma shows that if (r, s) is a N-torsion point with N = 4
or 6, then Z, 4(7) # 0 V1 € H.

LEMMA 4.4. For any T € H,
(i) C(Bwr + Twa) # 3m1 + Ino.
(i) ((gw1 + tw2) # &M+ 2m2.
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(iii) C(3wi + 2wy) # 2m + 3.

The proof of Lemma 4.4 is a good exercise of the addition theorem. Now
we can prove (ii) of Theorem 4.2.
Step 1: we compute the asymptotic of Z, (1) as 7 tends to three cusp
points oo, 0, 1:

lim Z,,(r ):{27T’i(5—%) if s #0,

T—00 mcot mr if s =0,
mil_ oy if e e (0,1)
p— 2 ’ 7

lim Zy.s(7 ){@ if r =0,

T—1 TootTs ifr+s=0.

lim Z,. 4(7) = {72311 (3—(r+9) ifr+se(0,1),

For the details of computation, we refer [10]. In particular if (r,s) ¢
{(r,3)]0 <r < 1}U{(3,9)0 < s < 3}U{(r,s)|r+s = 3}, then the
limit of Z, s(7) does not vanish as 7 tends to any cusp € {0, 1 oo}

Step 2: By Lemma 4.4, Z, 5(7) has no zero at (2, 1), (3, %) and (2, 3) which
are contained in A; and AsUALU{(r,s)|r+s=1}. Since hm Zyrs(T) #0
V(r,s) € AfUA3UALU{(r,s)|r+s = 3} by Step 1 and the PDE result, we
conclude that Z, 4(7) has no zeros in F for (r,s) € AjUA3UALU{(r, s)|r+s =

1}. Consequently, for (r,s) € U 8A2, Zy.s(7) has no solutions.

For (r,s) € Ay, we have the number of zeros of Z, (1) = the number of
zeros of Z 1a(T (7). Then (ii) and (i) for real pairs (r, s) follows easily. O

REMARK 4.5. The advantage of our method that Z, ;(7) for (r,s) ¢ Q?
is used to connect one modular form (with a Nj-torsion point (r,s)) with
another modular form (with a Na-torsion point). During the deformation,
the zeros are contained within the interior of F5.

4.2. To construct premodular forms. Next we will construct the
modular form for n > 2. For the family of hyper-elliptic curves Y (" (7),
7 € H, we could associate a “premodular form” Zﬁg) (7). Here Zﬁz) (1) is

called a premodular form if Zﬁg) (7) is a modular form w.r.t I'(N) for any
N-torsion point (r,s).

THEOREM 4.6. [27] For any pair (r,s) € R?2\1Z?, there exists a premod-

n(nJrl

ular form Zﬁs (1) of weight satisfying the following property:

ZM. (19) = 0 for some (ro, so) ¢ 5Z2 iff there is an

70,50

a=(ay, - ,an) € Y™ (1) satisfying (3.4) and Zai ¢ E-,[2],
i=1
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n

or equivalently, there exists a non-trivial solution a to (3.1) such that > a; ¢
i=1

E. [2].

We will give a proof of Theorem 4.6 later after some necessary prepara-
tions. To construct Zﬁz) (), we consider two maps o, and z, on Y (7):
n
(i) on(a) = 3 a; is the addition map from Y™ (1) to E, and

=1
n n

(i) zn(a) =((> a;) — Z ¢(a;) is a meromorphic function from Y (™ (7) to
i=1 i=1
=CuU {oo}
Recall Y( n) =Y® U{(0,...,0)}. It implies that z,(a) has a (simple) pole
at those a such that either a = (0,0,...,0) or > a; = 0 mod A,. How
many a = (ai,...,a,) with > a; =0 mod A;? The answer is given by the
following result.

THEOREM 4.7. [27] Both o,, and z, have the degree "(n;l).

Theorem 4.7 is the main result in [27]. The part on o, is proved by
applying the cubics theorem in algebraic geometry The degree formula im-

plies that if o9 € E, is not a critical value, then o, *(cg) has “ ( D

Through o, the function field K(Y (™ (7)) of y(® )(7) is an extenS,lon of
K(E;) with

element.

KEO(r) : K ()] = "L,
So we want to know what is the primitive element of this extension. It
turns out z, is the primitive element. In fact we could prove there exists a
monic polynomial W,,(X;0) € Q[g2, 93, p(0), ¢ (0), X]| where g and g3 are
coefficients of E; : y?> = 423 — gox — g3 such that

(iii) degW = n(nH)

(iv) Wn (Zn(a),ffn( )) =0 in Y("(7),

(v) W, is homogeneous in go, g3, 9(0), ©'(c) and X if we assign them

the weights by 4,6,2,3,1 respectively.
The fact that z, is a primitive element is equivalent to the part of Theo-

rem 4.7 concerning the degree of z,,, as a map from Y (") to P!, It is equivalent
to prove that the values of z,(a) are distinct for a € o,,1(0¢) for generic o9,
ie.,

(4.6) if op(a) = on(a’) and z,(a) = zn(a’) for a,a’ € Y™ (7) then a = d'.
The precise statement about (4.6) is the following lemma. See [27].

LEMMA 4.8. [27] Suppose a is not a bmnch point of Y (1) and o, (a) =

on(a’) for two distinct points a, ' € Y (7). If z,(a) = z,(d’) then a = d’.

n(n—i—l)

In particular, the preimage o, (r + sT) consists of distinct elements

in Y™ (1) provided that (r,s) € R*\1Z2.
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There are at least two ways to prove Lemma 4.8, one is our original
proof in [27], which extend the classical method of the so-called second
symmetric (tensor) product of the Lamé equation. Note that the classical
second symmetric product is for solutions of the same equation, but our
proof can be extended to solutions of different equations, but with the same
type. Another method is to use the Painlevé VI, and Lemma 4.8 is a special
case of a general theorem see [9].

Let us come back to our subject W,,. Once W, is known, we can construct

our premodular form Zﬁg) (1) by
(4.7) Zﬁg) (1) =Wy (Zys(1);00), o0n=r1-+sT,
where Z, 4(7) is the Hecke form:

Zy,s(7T) = C(r + s7|7) =11 (T) — 812(T).

We remark that Zﬁg) () could be defined for all (r,s) € C*\122.

Recall that Z, 4(7) is a modular form of weight 1 w.r.t I'(IV) if (r,s) is

a N-torsion point. This together with (v) implies that Zﬁg) (1) is a modular

form of weight w w.r.t I(N).

PROOF OF THEOREM 4.6. Note that if Zﬁf},)so (10) = 0 and (ro, so) ¢ 3Z°
then Z,, 5,(70) is a root of W(X;0y,) and o, = 19 + so70. By Lemma 4.8,

W(X;0y) has n("TH) distinct roots, which are {z,(a)la € o, (ro + s070)}-
Therefore there exist a € Y™ (7) such that
(4.8) T+ sT = op(a) = Zai, and Z, s(19) = zn(a).

i=1

Recall the definition:

n

zn(a) = ¢ (Z Cbi) - ZC(W)'

i=1

So, the second equation of (4.8) implies
n
(4.9) > Clai) =+ sy
i=1
To link (4.9) with (3.4), we recall
G.(ai) = ((a;) — (rim + sim2),  a; =1 + 57
Then (4.9) is identical with (3.4):

D Ga(ar) =Y Cla) = (O ram + O sima)
=1

1=1

|
&M:

C(a;) —rm — sma = 0.

=1
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Therefore a satisfies (3.4). This proves the sufficient part.
Conversely if there is a = (ay,...,a,) € Y™ (1) satisfying (3.4), then

0= Z G.(a;) = Z C(ai) — (Z i) — (Z 8i)n2-

n
Since r +s19o = Y, a; = (D_ri) + (D si)70, we have r = > 1y and s = ) s;,

i=1
which implies f: C(a;) = rm + sne2, and zp(a) = CO_a;) — i((ai) =
i=1 =1
C(r + s70) = (1 + $12) = Zps(10). Therefore, Z\¥ (10) = W (Zy4(r0)) =
W(zn(a),on(a)) = 0. O

REMARK 4.9. If a real pair (ro,s0) ¢ 2% and Z,ggb,)so (10) = 0 for some
70, then by Theorem 4.6, o + sg7y is a non-trivial critical point of G™(z|m).
Since Z, 4(7) is holomorphic in 7 by the Rouche theorem, the zero 7 of

Zy (1) is well-defined as a (real) analytic function of (r,s). Thus Z,(Z) (1)
has a zero near 7 for any (r, s) near (rg, sg). The local behavior of 7(r, s) is
related the question (a) in section 2. For example if we could prove 7(r, s)
is an open mapping, then question (a) might be answered.

In §5, we see that the zeros of Zﬁg)(r) also consists of those tori such
that (3.1) has non-trivial solutions, or equivalently, the mean field equation,

(4.10) Au+e" =8mndy in Er,

has at least one solution. See Theorem 5.2.
The most important property of Zﬁg) (1), as a holomorphic function in
H, is the following simple zero property.

THEOREM 4.10. [9] For (r,s) € C*\3Z?, Zr(g) (1) has simple zeros only.

Theorem 4.10 was conjectured in [27]. Recently, Chen-Kuo-Lin proves
this highly non-trivial result by applying the Painlevé VI equations. We will
briefly discuss the proof in §7.

We remark that the explicit expression of W,,(X;0) is very difficult to
compute even for small n. For n = 2 and 3, it was obtained by Dahmen
[15], who used the classical formula (the so-called Frobenius-Stickelberger
formula) to obtain it and for n = 4, it was obtained by Wang and the author
[27] by applying the addition map o, and the setting above. Here we list
some known examples from [27] and [15].

e For n = 2,
W2(X;0) = X3 -3p(0)X — ¢(0), and
Z3) (1) = Z8)(1) — 3p(0) Zys(1) — ¢ (0).

s

Obviously, Zﬁ?s) (1) is a modular form of weight 3 w.r.t. T'(N), if (r,s) is a
N-torsion point.
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e Forn =3, W® (X;0) is a polynomial of degree 6:

27
WO (X;0) = X0 = 15p(0) X* — 200 (0) X + (792~ 45p%(0)) X
)
—12p(0)¢'(0)X — 3¢'(0)”
e For n =4, W®(X:0) is a polynomial of degree 10:

WW(X;0) = X0 —450(0) X% — 1200/ (0) X7 + (%gz — 630p°(0)) X

— 504p(0)¢/ ()X — =2 (2800%(0) — 49920(0) — 11505) X*
+15(11gy — 249%(0))¢' (0) X°

= 2(140p* () — 245920%(0) + 190g50(0r) + 2163) X?
40p°(0) — 163gap(0) + 125g3)' (o) X

(2593 — 39°(0)) ()2

O

+

>~ w

5. Generalized Lamé equations

5.1. Mean field equation and the Lamé equation. The classic
Lamé equation is a Heun ordinary differential equation with four regular
singular points (one of them is 00):

d?y 1 dy
5.1 — + = - —
where p(x) = 423 — go(7)x — g3(7). By using the two-one projection z =
p(z|7) from E; to CU {oo}, (5.1) is transferred to

(5.2) y'(2) = (n(n+ Dp(z) + B)y(z), z€ Er.

P (x) (n(n+1)z+B)yy=0, zeC

Classically, (5.1) is called the algebraic form of the Lamé equation, and (5.2)
is called the elliptic form of (5.1). In this paper, the Lamé equation is often
referred as the elliptic form. For (5.2), n is called the index and B is called
the accessory parameter of the Lamé equation.

The Lamé equation has been thoroughly studied since 19th century, in
particular the case n € %Z. When n € %Z, the monodromy representation
is generally reduced to a homomorphism from 71 (E;) to GL(2,C). We refer
the readers to [9] for the full discussion of the Lamé equation with n € %Z.
For the rest of this subsection, we consider n € N, and (5.1) is called an
integral Lamé equation.

From the geometric aspects, there is an important link between the Lamé
equation and the mean field equation:

(5.3) Au+ e* =8mndy in E;.
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where n € N. Equation (5.3) is considered to be an integrable system in the
following sense: for any solution u(z) of (5.3), there exists an meromorphic
function f(z) on C such that

81.f'(2)I?
(1+f(=)*)*
This meromorphic function f is called a developing map of u. For n € R,
f(2) is multi-valued. However if n € %Z then f(z) becomes a single-valued
1,2
2 Z

(5.4) u(z) = log z € Fr.

function. To recover f(z), we note that u,, — is meromorphic because

1
(125 = 5u2)s = Ause” = (¢):) = 0.

Since u,, — %ug has singularities only at 0, we have

(5.5) Uy, — —u; = —2(n(n+ 1)p(z) + B)

for some complex number B.
On the other hand, by the formula (5.4), we have
1 2 f/// f//
Thus if fi; and fo are two developing maps of u, then the classical Schwarz
theorem says that
afi(z) +b b

fa(2) = ch() 1 d for some v = (CCL d) € SL(2,C).

Due to the restriction (5. ) we have v € SU(2, C). Then the question is how
to connect (5.1) and (5.3). We recall a classical result (See [35]).

PROPOSITION 5.1. Suppose y1 and yo are linearly independent solutions
of (5.1), and set f = Z—f Then the Schwarz derivative

{f;2} = =2(n(n + Dp(2) + B).

Therefore, the developing map f is a ratio of two independent solution
of (5.1), where B is determined by (5.5). From this connection, we see that
the monodromy group for f is the projective monodromy group of the cor-
responding Lamé equation.

On one hand, we could compute the monodromy group for f by the
geometry of the mean field equation. We note that f(z) is not necessary to
be doubly periodic. Indeed, after a suitable normalization, f satisfies

(5.6) flz+1) =¥ f(2) and f(z 4 7) = 22 f(2), for 6; € R.
There is a simple, but important, observation. If f is a developing map sat-
isfying (5.6), then f\(2) = e} f(2), A € R, also satisfies (5.6). Then plugging
it into (5.4), the “rescaled” uy defined by

8e? | f'(2)[?
(14 e f(2)]2)*

ux(z) = log
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is doubly periodic and satisfies the same mean field equation. Then we could
easily see that as A — oo, the blowup set of u) consists of the zeros of f.
Similarly, as A — —o0, the blowup set of uy consists of the poles of f. Clearly,
by (5.6) the zeros or the poles of f are well-defined as points in E. From the
PDE result, any blowup set does not contain the origin 0 and has n elements.
By Theorem 2.1 (ii), both a = (a1,...,a,) and b = (by,. .., by) satisfy (3.1)
which implies a,b € Y™ (7) and both satisfy (3.4). Furthermore, we could
prove a = —b. Clearly {a1,...,a,} N{b1,...,b,} = 0. Thus b = —a implies
{ai,...,an}N{=a1,...,—a,} = 0, that is, a is not a branch point of Y™ (1)
(see Theorem 3.2 (iv)). Let o, (a) = r + s7 for some (r,s) € R2. In order to
apply Theorem 4.6, we need to prove (r,s) ¢ %Z2. Indeed, it was proved in

[6]. Now we can apply Theorem 4.6 in §4, which implies that Z,gg) (1) =0.
This proves the sufficient part of the following result.

THEOREM 5.2. Let 7 € H. Then (5.8) has a solution iff there exists a
real pair (r,s) ¢ 72 such that Zr(g) () =0.

PROOF. For the necessary part, we also use the sufficient part of The-
orem 4.6: there exists a = (a1, ...,a,) € Y™ (7) such that a satisfies (3.1)

n
and Y a; = r + s7. Since (r,s) ¢ 1Z?, a must be a non-branch point of
i=1

Y (™) (7). Set
(5.7) fa(z) = Hexp /Z de.

Then by a direct computation, we could prove f,(z) satisfies (5.6) for some
real constant ¢, and 62, and the function u(z) defined by (5.4) satisfies the
mean field equation. For a complete proof, we refer §5 and §6 of [6]. O

5.2. The projective monodromy group of developing maps. Re-
call the monodromy group for f is a homomorphism p from m(E;) to
PSL(2,C). Hence the monodromy group is an Abelian group generated by
p(4;), i = 1,2, where ¢; is the fundamental cycles of E, represented by the
loop [0, 1] and [0, 7] respectively. The identity (5.6) precisely says that

~ e7ri01 0 ~ 671'7292 0
p(Ly) =+ < 0 eﬂi91) and p(Lz2) = £ < 0 671'2'92) -
We claim

(5.8) 01 = —2s and 0y = 2.

The claim (5.8) can be proved by (5.7) as follows. We recall the addition
formula:

(5.9) 9@ ta) - ¢(2) - o).
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We apply (5.9) to (5.7), and have

n H o(z —a;)
(5.10) f(z)=e =1 _—
[[o(z+a;)

i=1
The transformation law
(5.11) o(z+w;) = —em(”%)a(z).

gives the transformation law for f(z):

n

f(z4+w;) = f(z) exp(2w; Z C(aj) — 2n; Z a;).
j=1 j=1
Thus

mify = Z ¢(az) —m Zaj = () _¢laj) = (mr + sm)) — 2mis,

Jj=1

it —TZC aj) —m(r+st) =71 ZC a;) — (mr+ sn2)) + 2mir.
7j=1

But (3.4) 1mphes

n
(5.12) Zg(aj):mr—i-ngs if Zaj:r—i-ST, r,s € R

j=1
Hence (5.8) follows. So if the Lamé equation comes from the mean field
equation, then the projective monodromy group is generated by

—2mis 2mir
e 0 e 0
+ < 0 627ris> and + ( 0 e—2m’r> )

where by (5.12), (r,s) is determined by the zeros {z1,--- ,z,} of f.

5.3. Monodromy group of integral Lamé equation. Now we want
to calculate the monodromy group for any Lamé equation (not necessarily
related to mean field equation), (5.10) suggests that the fundamental solu-
tions y; and y9 should be given by

n
L 23 e Il o(z=a)
y1(2) =valz) e =1 ————
(5.13)

yZ(Z) = y_a(z) =e =1

Indeed, this is the so-called Hermite-Halphen Ansatz [35] in the literature
for any integral Lamé equation (5.2), which does not necessarily come from
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the mean field equation. By a straightforward computation, we have the
following theorem.

THEOREM 5.3. [6] Let a = (a1,...,a,) € EF. Then y.(z) satisfies (5.2)
iff a € YV (7). Moreover,
n

(5.14) B=2n-1)) p(a).

i=1
REMARK 5.4. If a is not a branch point of Y™ () then y,(z) and y_,(2)
n
are two independent solutions of (5.2) with B = (2n —1) (a;). Then the

=1
monodromy group for (5.2) is generated by

672m’s 0 627rir 0
0 627ris and 0 6—271'@'7" )

where (r, s) € C?\3Z? satisfies

Zai =71+ s7, and
(5.15) o
> " Clai) = rmn + sna.
i=1

. . 1 - .
since the matrix < ;) is invertible for any 7 € H, (r,s) can always be
172

solved. Note that ) a; and > ((a;) ate related to maps o, (a) and z,(a) in
i=1 i=1
§4.

We have only given a quick overview about the integral Lamé equation
and its connection with the mean field equation. For the complete theory
including the generalized Lamé equations, we refer [6], [8] and [27].

5.4. Dahmen-Beukers conjecture. In this subsection we would like
to discuss a conjecture proposed by Dahmen and Beukers. See [4, 15]. Ob-
viously, the Lamé equation possesses some symmetry from SL(2,7Z) action.

ct+d d
and make a scalar change of the independent variable z — (¢t + d)z, then
equation (5.2) is transformed to

(5.16) y'(z) = (n(n+ Dp(z|7) + (cr + d)*B) y(z) in E,.

For example, if we let 7/ = v - 7 := 2£% for some v = <Z b € SL(2,Z)

These scalar changes of variable induce a natural equivalence relation on
the space of all Lamé equations; we call these two Lamé equations (5.2) and
(5.16) scalar equivalent.
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Equivalently, two Lamé equations of the algebraic form (5.1) are scalar
equivalent if one can be transformed into the other by changing of variable
x + ax for some a € C\{0}.

Conventionally, people are interested in (5.1) with algebraic solutions
only, or equivalently with a finite monodromy group; see [4, 15, 35] and
references therein. It is known that for an integral Lamé equation, if the
monodromy group is finite, then the monodromy group M of (5.1) is a
dihedral group Dy of order 2N for some N € N>3. Let L, (N) denote the
number of Lamé equations (5.1) or (5.2) modulo scalar equivalence with
monodromy group dihedral Dy. It is well known (cf. [4, 15, 16]) that
L, (N) is finite for given n € N and N € N>3. The issue is how to compute
it. In [15] Dahmen and Beukers proposed an explicit formula about L, (N);
see (5.22) below.

Denote the number of Lamé equations (5.1) modulo scalar equivalence
with projective monodromy group dihedral Dy by PL, (N). The well-known
Klein theorem asserts that any second order Fuchsian differential equation
on CP! has finite projective monodromy group if and only if it is a pull-back
of a hypergeometric equation belonging to the basic Schwarz list. Therefore,
every integral Lamé equation (5.1) with projective monodromy group dihe-
dral Dy is such a pull-back by Belyi functions (see [16, 26]). By means
of Grothendieck correspondence between Belyi pairs and dessin d’enfants,
Litcanu [16] first showed how PL,(NN) can be counted by using the com-
binatorics of dessins. Later by using this technique, Dahmen [15] obtained
the explicit formula successfully:

0 if Nef{1,2},
% (U(N) = 3¢(N)) + 2e,(N) otherwise,

where &, (N) is defined in (5.24) below,

(5.17)  PLn(N) = {

(5.18) O(N) := #{k € Z| ged(k, N) = 1,0 < k < N}
1
)
p|N, p prime p

is the Euler function (set ¢(N) =0 if N ¢ N), and

1
(5.19) U(N) := #Q(N) = N? 1-= ).
p|N,]g)rime < p2>

Here Q(N) is the set of N-torsion points of exact order N defined by
ki ko
(5.20) Q(N) := —, — ) |ged(ki, ko, N) =1,0 < ky,ka < N ¢ .
N'N
However, differently from PL,,(N), L,(N) can not be counted by means

of dessins and seeking the explicit formula of L,,(N) remains a long-standing
challenging problem. It is not difficult to see that, when monodromy group
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M =~ Dy, then the projective monodromy group PM ~ Dy, if N is even
and PM ~ Dy if N is odd. Thus (cf. [4])

| L,(N)+ L,(2N) if N is odd,
G2y pL = { O -

In 2003 Dahmen and Beukers proposed the following conjecture (see [4,
Conjecture 73)):

CONJECTURE 5.5 (Dahmen-Beukers conjecture). For every n € N and

N € Nzg,
L(N) =+ (W _ [ancb(N) b <E>D
2 24 2
(5.22) 5
+§€n(N)7
where
(523) a2n = A2n+1 = n(n + 1)/25 ban = bop—1 = n2,
and

1 if N =3 and n = 1mod 3,
0 otherwise.

(5.24) en(N) = {

This conjecture was proved by Dahmen himself [15, 16] for two cases: (i)
n € N and 4|N (this follows directly from (5.17) and (5.21)); (ii) n € {1,2,3}
and N € N>j3. Recently, the case n = 4 and N € N>3 was proved by Y.-
C. Chou [27, Appendix A]. As far as we know, the general case n > 5
and 4 /N still remains open. In this paper, we confirm Dahmen-Beukers
conjecture completely. See §8.

5.5. Generalized Lamé equation and the monodromy group.
Once we knew how to explicitly express the monodromy group for (5.2), it
is natural to study the problem of isomonodromy by deforming the moduli
parameter 7. For this purpose, we consider the following generalized Lamé
equation:

2
29 e
where
o) O = Do)+ Lol )+ ol =)

+ A(C(z+p) —¢(2 —p)) + B, p ¢ E:[2],

where n € NU {0}. Note that the local exponent at p are % and —%. Thus,
the difference of the two local exponents is an integer. At this situation,
the singular points +p are called apparent if all solutions of (5.25) have no
logarithmic singularity at +p. Throughout the paper, we always assume

(5.27) +p are apparent singularities of (5.25).
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Under the assumption of (5.27), the two constants A and B are not inde-
pendent.

LEMMA 5.6 ([7]). Suppose (5.27) holds. Then

3
B = A% = ((2p)A = $p(2p) = n(n+ Dp(p).
REMARK 5.7. Let p be the monodromy representation of (5.25):
m1 (E-\ {£p},*) — SL(2,C).

Let 4 be the simple loop in 71 (E;\{£p}, %) such that v4 encircles and +p
once. Then

p(’Y:I:) - _IQ><27

where a9 is the identity matrix of two by two. Therefore by ignoring p(v+),
the monodromy representative is reduced to a homomorphism from 7 (E;)
to SL(2, C), which implies the monodromy group of (5.25) is always Abelian.
Hence the monodromy representation is always reducible.

Next we want to discuss how to compute the monodromy transformation
p(4;), i = 1,2, where ¢; are fundamental cycles in 71 (F;). Similar to (5.13),
we consider the following ansatz for (5.25):

ot - a
. nil C(az)z i=1 o\ G
5.28 o(2) = ei=1 .
(5:28) Yal) o(2)"/o(z + P)oz - p)

When n =0, a = a; € E; and the coefficient A can be written in terms
of p and a.

THEOREM 5.8. [8] Suppose the potential I(z) of (5.25) is given by (5.26)
withn =0 and p ¢ E-[2]. Then y, of (5.28) is a solution of (5.25) iff

(529) A= 3(Catp) —Cla—p) ~ C2p).

Moreover, the monodromy p(¢;) is given by

e—27ris 0 eQm’r 0
p(t1) = < 0 e2m‘s) ,p(l2) = < 0 6_27rir> ;

where (1, s) is determined by
T+ ST = a,
rm (1) + sn2(7) = ((a + p) + {(a — p).

For n > 1, the ansatz plays also important roles for calculating the
monodromy representation.

(5.30)
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THEOREM 5.9. Let a = (ay,...,a,) € E*Y [a;] ¢ {£p}, and n > 1.
Then y, satisfies (5.25) iff

n+1
2 (Clai = aj) +¢(az) — ¢(as))
#i
(5.31) =((a; +p)+ ((a;i — p) — 2¢(a;) and
n+1 1 n+1
> Cla) = 3 > (Clai +p) + C(ai —p)).-
i=1 i=1
Moreover, A satisfies
n+1 1
(5.32) A=3D (Clai+p) = Clai —p) = 5¢(2p)-
i=1

Note that if a satisfies (5.31), then —a also satisfies (5.31). Clearly, A
also satisfies (5.32) with —a, that is, y_, is also a solution of (5.25) with the
same coefficients A and B. Moreover, it can be proved that either

(4.33a) {a1,...,ant1} N{—a1,—az,...,—any1} =0 or
(4.33b) {a1,...,ans1} = {—a1,—ag,..., —ans1}.
Let (r,s) € C? satisfy
n+1
Yoai=r1+sT
(5.34) =

;1 Clai) = rm(7) + sna(7).

Then (r,s) also are related to the monodromy data of (5.7). Let p be the
monodromy representation of 71 (E;) to SL(2,C), and ¢;, i = 1,2, are the
fundamental cycles of E.

THEOREM 5.10. [8] Let a = (a1,...,an+1) € EM™, A and B € C such
that (5.31), (5.32) and (4.33b) holds. Then GLE (5.25) is completely re-
ducible, i.e., y, and y_, are linearly independent and the monodromy repre-
sentation is given by

2mis
[ Ya \ _ [€ 0 ' Ya
IO(gl) <y—a> - < 0 627725) <y—a> )
2mir
« [ Ya Y\ _ (€ 0 ‘ Ya
p(€2) <y—a> - < 0 627rzr> <y—a> )

where (r,s) € C? satisfies (5.34). Furthermore, (r,s) ¢ 172

REMARK 5.11. The GLE (5.25) such that the hypothesis of Theorem
5.10 holds dose not cover all the possible (A4, B). In [8], we proved that the
set of exceptional pair (A, B) is a finite set. Indeed, the classification of GLE
(5.25) is more complicated than the Lamé equation (5.2).
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Similar to the Lamé equations, the GLE (5.25) also has a connection
with the mean field equation,

(5.35) Au + e" = 8mndy + 4m(0p + 0—p) in E;.

By the Liouville theorem, for any solution u of (5.35), there exists an mero-
morphic function f(z) in C such that (5.4) holds.
Assume u(z) is an even solution. Then

w2 = = 2n(n+ (=) + (o= + ) + plz ~ p)

+A((z+p) = C(z = p) + B) = I(2)
and due to (5.4) the Schwarz derivative {f, z} also satisfies

{f7 Z} = Uzz — %uz = —21(2)

By this identity, Proposition 5.1 implies that the developing map f can
be written as a ratio of two independent solutions of (5.25), where I(z) =

1,2

N —

Uzz —

(5.36)

PROPOSITION 5.12. [8] Let GLE (5.25) come from the mean field equa-
tion (5.35). Then £p are apparent singular points for (5.25).

PROOF. Suppose that (5.25) has solutions with logarithmic singularity
at [p|. Then the local monodromy matrix of (5.25) at [p] is <_01 Dl) for

some D # 0. Since near p, f(p+ (z — p)e?™) (i.e., the analytic continuation
of f along a loop encircling p counter-clockwise) is also a developing map
of the same wu, there exists M € PSU(2) such that f(p + (z — p)e*™) =
M - f(z) holds near p. Because Proposition 5.1 shows that f is a ratio of
two linearly independent solutions of (5.25), there is v € SL(2,C) such

that <_01 i) v~1 = +£M (because M = —M in PSU(2)). Since £M €
PSU(2) and v € SL(2,C), a direct computation gives D = 0, which yields a

contradiction. O

After a normalization, f satisfies also (5.6)
flz+1) =¥ f(2) and f(z+7) = ™2 f(2), 6; € R.

The identity (5.6) shows that the projective monodromy representation of
f is unitary. In fact under this normalization, we can show

_ Ya(2)
I= G

where y, is given by (5.28). Again the unitary monodromy yields that the
“rescaled” wuy,

8e*A|f'(2)?
(14> [f(2)?)*

ux(z) = log
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is also a solution of (5.35). So the blowup set of u)y consists of the zeros of
f (the poles) as A — 400 (A = —o0).

How many blowup points might u) have? From the PDE result (see
[19]), uy never blows up at 0. But they might blow up at p or —p. Here, we
assume
The one parameter family of solutions uy

(5.37) does not blow up at +p.

Under the assumption (5.37), the blowup set consists of n+ 1 points. Hence
f has n + 1 distinct simple zeros ay,...,anp+1 in B, similarly n 4+ 1 dis-
tinct poles by, ..., by4+1. Moreover, we could prove 0,+p ¢ {a1,...,ap+1} U
{b1,...,bps1}, if (5.36) holds. Moreover, we have

{bla s 7bn+1} = {_a17 —az,..., _an+1}‘
Since ay, ..., any1 are blowup points of uy, their location can be determined
by a equation similar to (3.1) by the Pohozaev identity, which turns out to
be (5.31). After that the coefficients A and B can be determined by (5.32)
and Lemma 5.6 (by Proposition 5.12). Applying Theorem 5.10 we have

THEOREM 5.13. [8] (5.35) has even solution such that (5.37) holds iff
there exists (a1,...,ans1) € E*Y [a;] ¢ {£p} such that the hypothesis
of Theorem 5.10 holds with (r,s) € R?\3Z?, where (r,s) is determined by

(5.34).

Now we consider the PDE (5.35) with the case p = p(7), i,e, the vortex
point p is a holomorphic function 7, such that the projective monodromy
group of its developing map is a constant independent of 7. This is an
isomonodromic definition, and naturally it is related to the Painlevé equa-
tions, the main subject of the next section.

6. Painlevé VI equation

6.1. Elliptic forms. In literature, a nonlinear differential equation in
one complex variable is said to possess the Painlevé property if its solutions
have neither movable branch points nor movable essential singularities. For
the class of second order differential equations

N(t)=F(t,\N), teCP!

where F'(t, A\, \’) is meromorphic in ¢ and rational in both A and )/, Painlevé
(later completed by Gambier) obtained the classification of those nonlinear
ODEs which possess the Painlevé property. They showed that there were
fifty canonical equations of the form (6.1) with this property, up to Mdbius
transformations. Furthermore, of these fifty equations, forty-four are either
integrable in terms of previously known functions (such as elliptic functions),
equivalent to linear equations, or are reduced to one of six new nonlinear
ODEs which define new transcendental functions (see e.g. [17]). These six
nonlinear ODEs are called Painlevé equations. Among them, Painlevé VI is
often considered to be the master equation, because others can be obtained
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from Painlevé VI by the confluence. Due to its connection with many differ-
ent disciplines in mathematics and physics, Painlevé VI has been extensively
studied in the past several decades. See [5, 18, 19, 20, 23, 24, 25, 29, 31,
32, 33| and the references therein.

Painlevé VI with four free parameters (o, 3,7, ) denoted by PVI(«, 3,
v,d) can be written as

e 111 LY (A
A2 2\ A—1 A—t) \ dt

(o) ()

AA=1)(A—1) t
EIrES R v s A el

An important fact to the PVI (6.1) says that PVI (6.1) possesses the
Painlevé property. Notice that the branch points of PVI (6.1) which do
not depend on any particular solutions, consist of {0, 1,00} only. From the
Painlevé property, any solution A(¢) is a multi-valued meromorphic function
in CP*\{0,1,00}. To avoid the multi-valueness of A(t), it is better to lift
solutions of (6.1) to its universal covering. It is known that the universal
covering of CP'\{0, 1,00} is H. Then ¢ and solution A(¢) can be lifted to 7
and p(7) respectively through the covering map by

e —al) oo —al)
G2 O e mam M T am —am

Then p(7) satisfies the following elliptic form

t—1 t(t—1)

(6.3 Tl _ LS g (o) + 1)
' dr2 472 par i P 2 ’

where )
(a07 i, 2, O(g) = (Oé, 73’ v, 55)

This elliptic form was already known to Painlevé [32]. For a modern proof,
see [2, 30]. The advantage of (6.3) is that p(p(7)|T) is single-valued for
7 € H, although p(7) has a branch point at those 7y such that p(7y) € Er,[2].

6.2. Isomonodromy and Hamiltonian systems. Another impor-
tant feature of (6.1) is that any solution A(t) (or p(7)) governs the isomon-
odromic deformation of some linear ODE (see [19, 24]). There are several
different types of linear ODE associated with the Painlevé VI. Here we only
discuss the second order ODE associated with (6.1).

Consider a Heun second order equation with five regular points {0, 1, co,
t, A},

(6.4) y"(x) + p1(x)y (x) + pi(x)y(z) = 0,

with the following Riemann scheme
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(6.5) 000 a 0
01 02 03 a+b0, 2

Here we always assume
(6.6) 0; ¢7,i=1,2,3,00 and A is an apparent singular point.

The classical Fuchsian relation implies that

3
(6.7) a:—%{ZQH—Qw—I}.

The coefficients p;(z) and p2(x) are uniquely determined by the condi-
tions (6.5) and (6.6) up to two constants p and K:

(6.8) = R§§ p2(x) and K = —R§§ p2(x).
Indeed, a straightforward computation shows
3
1-06; 1
pl(m):Zaz—ti _.CL‘—)\ and
(6.9) i=1
B K tt—1)K AA =1
P(t) = T T ae =8 T s = D@ =N
where
t1 =0, to =1, t3 =1,
and
13
_ 12 p2
(6.10) K= Z[(; 0; —1)% — 6% ).

Now suppose that Heun ODE (6.4) with the fixed Riemann scheme (6.5)
keep the same monodromy representation while ¢ is deformed.

THEOREM 6.1. Suppose (6.6). Then the monodromy representation of
(6.4) with fized Riemann scheme (6.5) is invariant under the deformation
of t iff (A(t), u(t)) satisfies the Hamiltonian system

G = HE O mt)
61]. dt 8# b ) )
o {dﬁ—g) = &K\ 1),
where
_ B a2 B -
(6.12) K(A’“”f)—,5(,5_1)@(A (A —t)p® — {fa(A — 1)(A — 1)

+ (95)\()\ — t) + (91 — 1))\()\ — 1)}/1 + K)\].

The Hamiltonian system (6.11) with K given by (6.12) plays an impor-
tant role in the application of the Painlevé VI. Indeed, this Hamiltonian
system is equivalent to the Painlevé equation, as shown in the following
theorem.
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THEOREM 6.2. [24] Suppose A(t) and u(t) satisfies the Hamiltonian sys-
tem (6.11) with the Hamiltonian K (X, u,t) iff A(t) is a solution of Painlevé
VI (6.1).

The parameters of the Hamiltonian system and the Painlevé VI has the
relation:

(aaﬁ/.}/?é) - (%02, - 917 2927 2 ( _93)) :

We remark that p can be solved in terms of A and X from the first
equation of (6.11) (Note that g—’; is linear in ). Thus, the necessary part
of Theorem 6.2 says that pu(t) satisfies the second equation of (6.11) if A(¢)
satisfies (6.1). The proof of Theorem 6.2 is a direct computation only. We
note that the Painlevé VI (6.1) and the Hamiltonian system are equivalent
without any condition. Nevertheless, the isomonodromy of (6.4) is equivalent
to the Hamiltonian under the non-resonant condition 6; ¢ Z. We refer the
readers to [24] for the excellent introduction of Painlevé equations and the
proof of Theorem 6.1. and Theorem 6.2.

For the elliptic form (6.3) PVI(a;), any solution p(7) of (6.3) governs
the isomonodromic deformation of a GLE:

(6.13) " =I(z|7)y,
where
I(z|T) Zn, n; +1)p Z—E) i(p(z—l—p)—p(z—p))
+ A(2)(¢(z +p) —¢(z —p)) + B,

and the non-resonant condition is

1
The Hamiltonian system is
dp(7) g§
dr )
(6.15) daln  _ ok
dr - op?

where the Hamiltonian K is given by

K(p. A7) = 1A% + (2omi(7) — C(2plr)) A — o(2plr)
(6.16) 3 w
= >+ Dolp + 7))

The equivalence of isomonodromy, the Hamiltonian and the elliptic form
(6.4) are given in the following theorem:

THEOREM 6.3.

(i) Suppose n; ¢ % +7Z,1i = 0,1,2,3. Then the monodromy representa-
tion of (6.13) is invariant under the deformation of T iff (p(7), A(T))
satisfies the Hamiltonian system (6.15).
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(i) The pair (p(1), A(T)) satisfies the Hamiltonian system (6.15) iff p(T)
satisfies the elliptic form (6.3). Moreover the relation of parameters of
(6.3) and (6.13) is

(6.17) ;= %(%—f—ni)z, 0<i<3.

6.3. Hitchin’s theorem and applications. The expression of the el-
liptic form (6.3) looks beautiful and more attractive than (6.1). For example,
if a; = 0,Vi, then p(7) is linear in 7, i.e., p(7) = r + s7. The corresponding
A(t) (see (6.1)) is called the Picard solution. This is the first example of so-
lutions with explicit expression. Another remarkable example is the Hitchin
theorem [22] for PVI with the parameters: o; = 3.

THEOREM 6.4 (Hitchin). [22] For any (r,s) € C*\1Z?, let p,(1) be
given by
P(Pr,s(T)|7) = p(r + s7|7)
(6.18) n O (r+ s7|T)
2(C(r + s7lT) — (1) — sma(7))
Then p, s(T) is a solution to the elliptic form (6.3) with o; = %, 1=0,1,2,3.

There are several ways to prove the Hitchin theorem. One is to use

Theorem 6.1 to find that the monodromy representation of (6.13) with n = 0
2mis 2mir
is generated by <e 0 62,”-5> and ( 0 egm> . This calculation of the

monodromy representation has been done in §5. In (5.28), y14(2) are two
independent solutions of (5.10) iff a ¢ E-[2],

A:%[g(era) —{(p—a) —<¢(2p)],

B= A ((2)A~ o).

The monodromy data of (5.25) with (6.19) and n = 0 are provided by
the pair (r,s) solving the 2 x 2 linear system

(6.19)

r+sT=a,

(6.20) 2(rmi () + sma(7)) = C(a + p) + C(a — p).
See Theorem 5.8.

Recall the addition theorem

¢ (a)

PROOF OF HITCHIN THEOREM. Suppose prs(7) is a smooth branch
given by (6.18). Without loss of generality, we may assume p, s(79) ¢ E-,[2].
Then, p,s(7) is uniquely determined by (6.18) and p,s(7) — prs(70) as
T — 79. Let a(1) = r + s7 and (A(7), B(7)) are given by (6.19). Let (6.13)
be the GLE with (p, s(7), A(7), B(7)) and the monodromy data are given by
(7, 5) given by (6.20) with a = a(7) and p = p, s(7). In a small neighborhood
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of 79 ¢ E-[2], (6.18) and the addition theorem implies

¢(a(r) +p(7)) + C(a(r) — p(7)) — 2¢(a(T)) = 2(rnu(7) + sma2(7) — 2¢(a(7)))
which implied

(6.21) ((a+p)+((a—p) =rm(T) + sna(7).

Together with a(7) = r + s7, it yields (7,5) = (r,s). Therefore, the mon-
odromy representation of GLE (6.13) with (A(7), B(7)) given by (6.19) is
invariant under the deformation of 7. By Theorem 6.3, p, s(7) satisfies the
Painlevé VI equation with a; = %, Vi. ([l

Conversely if p(7) is a solution of PVI() and assume the monodromy
representation associated with GLE (6.13) is completely reducible, then our
previous work [10] shows

o(p(1)) = p(pr,s(7)) for some r,s € C\%Zz.

Thus, the formula (6.18) gives all the completely reducible solutions of
PVI(3).

It is remarkable that the denominator of (6.18) is the Hecke form Z, 4(7),
which is discussed in previous sections. The Painlevé property says that if
7o is a pole of p(p(7)|T), then 7y is a simple pole. This Painlevé property
implies

THEOREM 6.5. [10] Suppose (r,s) € C*\3Z2. Then Z, () has only
simple zeros.

PrOOF. First, we note that the situations r+s7 € E;[2] and Z, s(7) =0
can not occur simultaneously. If not, then there are 79 and m, n € Z such that
r+4579 = m+n1o+ %, where w € A, and also {(r+s79) = 11 (70) 4 572(70).
Without loss of generality, we might assume w = w;. The other cases can be
proved similarly.

The zero of denominator of (6.18) implies

1 w1

S () = (55 = ¢((r = m) + (s = m)m)
= ((r + s70) — man (7o) — nn2(7o)
= (r —m)m(r0) + (s — n)n2(70)-

Therefore, we have

1
(r—m—5)+ (s = )7 =0,
1
(r—m— 5)771(70) + (s = n)na2(10) = 0,
1 T
hich implies (r—m—2) = 0 and s = n because of the matri
W p ( 2) X (771(7_) 772(7_)>

is non-degenerate for any 7 due to the Legendre relation. Obviously it con-
tradicts to the assumption (r, s) ¢ 1Z2.
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Now suppose Z, s(19) = 0, which implies p(p(79)) = oo by (6.18) because
p(r + s1p) # 0. Consider the transformation 7 +— to via (6.2). Then by the
Painlevé property, we know that A(¢) has a pole at t = ¢y ¢ {0,1,00}. By
substituting the local expansion of A(t) at ¢ = ¢y into (6.1), it is easy to
prove that the order of pole at ¢t = tg is 1, which implies the zero of Z, ; at
T = 79 is simple. [l

Theorem 6.5 is the first application of the Painlevé property. In the next
subsection, we will give another application of this property.

6.4. The smoothness of the degenerate curves. Next we are going
to discuss another application of PVI(1). As we explained, (6.18) consists
of only completely reducible solutions of PVI(%). The other non-completely
reducible solutions come from the solutions of Riccati equations.

THEOREM 6.6. [10] There are four Riccati equations reduced from

Painlevé VI with («, 8,0,7) = (%, —%, %, %) The complete list of solutions

to these four Riccati equations are given by:

ro(t) = 2P —ealr) - eslr) —ea(r)

ext)—e(r) T ea(r) —eu(r)
where pc(T) is given by the following (i) and (ii).
(i) Ac(t) solves the Riccati equation

1
N(t) = (AN =20\ + ¢
=51 )
if and only if there exists constant C' € CU {oo} such that
B n2(7) — Cny(7) L 271
(6.22) ple(r)in) = =——F———="n+—¢&
N =7Tm — 2mi.

(i1) For C' € CU {oo}, we let
er(Cni(7) — m2(7)) + (% — 265)(C — 7)
Cm(r) —m2(7) + ex(C = 7)

Then Ac(t) satisfies the Riccati equation
1

p(pc(7)|7') = , k=1,2,3

/\’(t):—m()\z—%)\—i—t), for k=1

) 1

)\(t):—m()\Q—t), fOTkZQ

) 1
)\(t):—m()\2+2(t—1))\+t), for k =3.

Furthermore, such Ac(t) give all the solutions of these three Riccati equations

A simple observation is that C' = oo in (6.22) gives that
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m(r) +ei(r)

2 Ao(t) = ———F—————=

(6.23) Q e2(7) — e1(7)
is a solution of PVI(%7_%’%’%). Since Moo (), Aoo(t) —1 and Ao () — ¢ can have

only simple zeros, a direct consequence is

THEOREM 6.7. [10] For fized k € {1,2,3}, the followings hold:
(i) Any zero of n1(7) + ex(T) must be simple.

(ii)
(6.24) a4 ((17 (1) —e (7'))_1> # = for any T € H
' dr ! i 2mi '
(ii1) T — m(T)Qfék(T) = "7721({2)1762’“((77)) is a locally one-to-one map from H to
CU {o0}.

ProOOF. Recall
t=t(r) = M'
ea(7) —ex(7)
Since t'(7) # 0 for all 7 € H, the assertion (i) follows readily from the fact
that Aso(t) (for k =1), Aso(t) — 1 (for k = 2) and Ao () — ¢ (for k = 3) can
have only simple zeros.
For the assertion (ii), we note from the Legendre relation that Ac(t)
defined by (6.22) is

27i

ppo(r)|t) —ei(r)  —m(r) —eilr) + =5

62—61(7‘) N 62(7’)—61(7‘)
Fix any 7o € H. If 79 is a zero of 11 + €1, then by (i) or Painlevé property of
Aoo(t), T is a simple pole. So 7 — ﬁ is locally one-one near 7. So it

Ac(t) =

suffices to consider the case 71(79) + e1(79) # 0. Then by letting
2mi
m (7o) — ex(70)’
we see that tg = t(7p) is a zero of A\¢(t). Since Ac(t) has only simple zeros,
we have

C=r1—

i (mo)-am -2

271

This, together with 71(70) — e1(79) — 775 = 0, easily implies

d 1
— () = e ™) # 5
This proves (6.24) for k = 1. Similarly, by considering A¢ () —1 and Ao (t) —t,
we can prove (6.24) for k = 2, 3. This prove the assertion (ii).
Finally, using the Legendre relation leads to

n2(7T) — Tex(T) _ 2
m(7) — ex(7) m(r) —ex(r)

n2(7) —Tex(T)
» om(T)—e(T)

£0.

T=T0

Therefore is locally one-to-one. This completes the proof. [J
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We have already proved that the critical points of Green function G(z|7)
could bifurcate only at half periods. It is easy to see that the bifurcation
could occur at % iff the Hessian of G(z|7) at z = % vanishes. By a direct
computation, we have

D2k Iy = 2
det D2G(5|7) = — 55— Im(7) + ex(7)|

h“{‘ﬁ}

Recall C}, to be the curve of those 7 € F» such that w’“T(T) is degenerate.

Then Theorem 6.7 implies C}, is smooth.

(6.25)

COROLLARY 6.8. [10] The degenerate curve Cy, k =1,2,3, is smooth.
To conclude this section, we state another application of Theorem 6.7.

THEOREM 6.9. [10] For any fundamental domain G of I'(2), ni(1) +
er(7) has at most a zero in F.

PrOOF. Note that if eg(7) + m(7) # 0, then 7 € C} if and only if
Im (7— %(T)Z#(T)) = 0. Theorem 6.7 says that ey (7) 4+ (7) has only simple
zeros, and any zero of ex(7) + n1(7) lies on the curve Cy.

Clearly ex(7) + n1(7) is not a modular form. However, if 7/ =~ - 7 for
some 7y € SL(2,7Z), then E,s is conformally equivalent to E, and transforms
C, to another degenerate curve C;. Therefore, without loss of generality, we
may assume k = 1.

From the map » — =, if v € T'o(2) = {y € SL(2,Z) | ¢ =0 (mod 2)},
the image of C}(F») is mapped to C}(F}) for another fundamental domain

F} := ~(F). For example, if v = TS~1T25! = (; :}), ie.

T—1

2r — 1’

then I is the domain bounded by 3 half circles:
FZI:{TGHHT_%‘Sév ’T_%lzia ‘T_%|Z%}

/

Noting that the curve {r | |7 — 4| = 3} is invariant under 7, the curves

C1(F»), C1(F3) bound a simply connected domain D in
F=FRUF={reH|0<Rer<1,|r—3|>1, |r—3|>1},

where D N R = {0,1}. Since ['y(2) = ['(2) U1T(2), F> U F} is also a fun-
damental domain of I'(2). Note that for any 7 € D, the half period % is
a minimum point of G(z|7) in E;, and (6.25) yields that 3 is actually
a non-degenerate critical point of G(z|r). Therefore det D(3|7) > 0 and

then Im{r — %} > 0 V7 € D. For simplicity of notation, we denote

m by f(7). Then Theorem 6.7 implies f(7) is a locally one-one

map from D to the lower half plane C_ = {x | Imx < 0}.

T —
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Obviously, the map f(7) maps C1(F>) U C(F}) to the real axis. By [28,
Theorem 1.6],

(6.26) Ci(Fo) n{r |Ret =3} = {5 +ib},

where by € (3, @) is the unique zero of the increasing function in b
2

(6.27) e1+mn — Tﬂ—

along the vertical line 3 + ib. Similarly, Cy(F3) N {r | ReT = 1} = {3 +ibo}
where by € (0, 1) is the unique zero of the increasing function e; + 1, along
% + ¢b. Then
4 20t 2m
1 . 1 .
5 +1b) = 2(5 +1b) — =1+ (e+ f—).
f(z ) (2 ) er +m e+ 1T b
In particular, f(3 4+ ib1) = 1, f(3 +ibg) = 1 — ico. We recall the classical
transformation law for n;:

m(7') = (er + d)*n1(7) — 2mic(er + d),

for 7' = ~-7,~ € SL(2, Z). In particular, n(1) = 72, (1) — 2i7. From those
transformation, we have 71 (7)4e1(7) — oo when 7 € C1(F2) UC1 (F}) tends
to the boundary point 0 (resp. 1), we have that f(7) — 0 (resp. 2). Therefore
f maps C1(Fp) and C1(Fp) onto [0, 2] and RU{oco}\(0,2) respectively. Then
f(7) = oo has only one solution in F at 7 = 3 + ibo.

Now let G be any fundamental domain of I'(2) and G = ~ - F. Let p
and ¢ are the cusps corresponding to 0 and 1 by ~. It is easy to see that
from the transformation 0y (- 7) = (c7 + d)?n1(7) — 27ic(er + d), we have
n(7) + e1(1) = oo as T — p,q. Thus this proves the theorem. O

REMARK 6.10. In the proof, we see that f(7) maps D to C_ UR locally
one-one. It is easy to see that the map is onto and globally one-one.

7. A generalization of the Hitchin theorem

7.1. The statement. In this section, we want to give a proof of The-

orem 4.10. Recall the premodular form Zﬁg) (1) associated with the hyper-
elliptic curve Y (™ (7). For convenience, we use ZT(?S) (1) and Zﬁ,ls) to denote 1
and Z, s(7), respectively. Recall that in the last section, we use the Hitchin
Theorem to obtain that Z, s(7) satisfies the simple zeros property. The fol-
lowing theorem is a generalization of Hitchin theorem to Painlevé VI(ay;),
where

1

1 1
(7.1) 040:5(11—1—5)2 and @ =g, 1<4i<3.

THEOREM 7.1. [9] There exists a polynomial P,y1(X;0) € Qlg2,93,
p(0), ' (0), X] such that for any (r,s) € C*\3Z?, the following pﬁ«fls) (1) sat-
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isfies the Painlevé VI(a; ), where o is given by (7.1) and

Pn Zr s )
(72 p(p () = i+ s7) + LU In D),
ng (T)ZT,Z (7')

Furthermore, the followings holds:
(i) any two polynomials of W"=2(X;0), W"(X:0) and P, 1(X;0) has
no common roots for any o ¢ E.[2], where W®(r)=1ifn<0.
(ii) any two polynomials of W™ (X;0), WHD(X, o) and W2 (X, o)
has no common roots for any o ¢ E;[2].

(ii) The monodromy group of the GLE associated with pg? (1) is generated

2mis 0 —2mir 0
by < 0 6_2““) and 0 eQmT)' Conversely, any completely

reducible solutions are given by (7.2).

Due to (i), the denominator and numerator of the RHS in (7.2) can not
vanish simultaneously. So we have

COROLLARY 7.2. Suppose Zr(g)(To) = 0, then 19 is a simple zero of
Z (1) if (r,s) € C\LZ2 and r + s ¢ Er 2.

The proof of Theorem 7.1 is to apply the Okamoto transformation. The
Okamoto transformation is a bi-rational transformation of the solutions of
the Hamiltonian systems related to Painlevé VI(%) and Painlevé VI(«;) of
(7.1). See [23, 25, 31]. The formula for this Okamoto transformation is very
complicated. In the followings, we will briefly describe it.

7.2. Okamoto transformation. We recall that PVI is equivalent to
the following Hamiltonian system

A\(t) 0K du(t) 0K

(73) dt  op’  dt  OX
where K = K (A, u,t) is given by
1 A= 1)(A = t)p? + 0000 + 04) (N — t)

+(f5 — AN — 1)

and the relation of parameters is given by

(7.5) (o, B,7,0) = (l947 ——9%7 1927 p) (1 —93))
Op = %(1—01—92—93—04)

(7.6) ie., 200+014+05+05+0,=1.
It is known that solutions of PVI with parameters

(@, 8,7,0) = (5(no + 3% — 5(na+3)% 3(n2+3)°

(7.7) T —2(ng+ 1%, n, e NU{0} for all k.
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-1

could be obtained from solutions of PVI(%, =
via the Okamoto transformation ([31]).

First we recall the explicit form of the Okamoto transformations. By
(7.5) and (7.6), it is convenient to think of the parameter space of PVI (7.1)

(equivalently the Hamiltonian system (7.3)—(7.4)) as an affine space

K= {9 = (90,91,92,03,94) € (C5 : 200+ 601 +05+035+04 = 1} .
An Okamoto transformation o maps solutions (A(t), u(t),t) of the Hamil-
tonian system (7.3) with parameter § € K to solutions a(A)(t) (o(A)(t),

o(p)(t),t) of (7.3)) with new parameter o(f) € K. The list of the Okamoto
transformations ¢;(0 < j < 4) is given in the Table 1 (cf. [33]).

,3) (ie., ny, = 0 for all k)

o[

TABLE 1. Okamoto transformations

to th ) 03 04 t ) L
oo | —6p |614+6 | O02+00|0s+60 | O0s+6y |t ]| N+ %o [
o1 | 0g+ 61 —04 ) 03 0,4 t A - Tl
o2 | 0o+ 02 01 —05 05 04 t A - )\HT
o3 | o+ 03 01 65 —05 0, |t]| X p— b
oy | 0o+ 64 61 0o 05 0, |t hY ,u
For example, the § parameter is (—%, %, %, %, %) for the Hitchin equation

and is (%, 0,0,0,0) for the Picard equation (whose solutions are called Picard
solutions). From Table 1, we see oy maps (%,0,0,0,0) to (—%,%,%,%,%).
Indeed the inverse transformation of o is given by

. 1 tt— DN+ —t(A - 1)
7.8 At = MNt) — ——, u(t) = 2 22
(7.8) (t) = A(t) 30(1) p(t) A DD
where (A(t), u(t)) is a solution of the Hamiltonian system corresponding to
the Hitchin equation, and A(t) is the corresponding solution of the Picard
equation.

SECOND PROOF OF THE HITCHIN THEOREM. As an application of the
Okamoto transformation, we give a rigorous derivation of Picard solution
from Hitchin’s formula by the inverse transformation og. First, we derive
any Picard solution can be written as

(7.9) At) = Xu(t) = o(r + s7|7) — e1(T)7 el —eal)
ea(7) — ex(7) ea(1) — ex(7)
Recall the Picard solution is p(7) = r + s7. From (6.2), we have % =

676%(7), and it is well known that locally the inverse function of ¢(7) =
2(r)—e1(7)

% can be expressed as
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where F(a, 8,7;t) is the hypergeometric function. Furthermore,

ea(T) —ei(r) = —m*F (3,3, 1,1 — )2 = wi ()%

Therefore, we easily deduce from (6.2) that
< o(r+st|1,7) e1(7) o(r+ st|T) —ei()
A(t) = 5 — =
wi(t) ea(r) —e1(r) ea() — e1(7)
which proves (7.9).
On the other hand, the above expression of Picard solutions can be ob-

tained from the inverse of o as follows. Let A(t) = A, s(¢) given by Hitchin’s
formula (6.18), namely

ora(r)I) — ex(r) _ 90+ 57I7) — ea(r) + SEEE)
(7.10)  A(t) = ’ = ,
ea(7) — ex(7) ea(7) — ex(7)
where Z, ; is the Hecke form. The important thing is that, by studying the
isomonodromic deformation of GLE (5.25) with n = 0, we proved in [10,

Theorem 4.7] (without computing N (¢)) that
ea(r) — ex(7)

7.11 w(t) =
T = o)) — o7+ 577)
_ (ea(r) —ea(7)) Zrs(T)

@ (r 4 s7|T) '
We do not think that it is easy to obtain (7.11) via (7.10) and the second
formula of (7.8). Substituting (7.10) and (7.11) into the first formula of (7.8),

we immediately obtain the same formula (7.9) of Picard solution A(t). [

These five transformations o; (0 < j < 4), which satisty o; 0 0; = Id,

generate the affine Weyl group of type Dil):

(712) W(Dz(ll)) - <O—070—170—270—370—4> .

In W(Dfll)) there are four special transformations that interest to us very
much. Define

(7.13) o5 := 00(03020100) 04,
06 1= 00(04020100)%03,
o7 1= 00(04030100)°02,
o := 00(04030200)%071.

A straightforward computation shows
(7.14) 05(0) = (0p — 1,01,04,05,04 + 2),
6(0) = (0o — 1,01,0,05 4+ 2,04),
07(0) = (0o — 1,071,095 +2,03,0,),
(0) = ( )

os(0 Op — 1,014+ 2,05,03,04).
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Then for any ni € NU {0} for all k, it is easy to see that
(7.15)

1+%3 n
(6o, 01,02,03,04) = (—@,m +3na+ing+ino+ %)

can be obtained from (-3, 3, 3, 3, 3) (which corresponds to PVI(% % % % )

by using o; with 1 < j < 8. But for Theorem 7.1, we have n1 = no 0
and only need o3.

LEMMA 7.3. [9] Let (A(t), u(t)) be a solution of the Hamiltonian system
(7.8) with parameter 8 € K. Then (A(t), i(t)) = (o5(N)(t), 05()(t)), which
is a solution of the Hamiltonian system (7.3) with new parameter

é = <§07é176~27§379~4) = 0_5(9> = (90 - 1791792703704 + 2)7

are expressed as

- « 1— 6
(7.16) A(t) = At) + )

N Oo+01—1 Go+0—1 bo+05—1
(7.17) fi(t) = f(t) + N0 * At) —1 * At)—t
where
(718) A = A0+ 1;(;)94, ) = A(t) + GOME;) 3

) Op+61+06s Oop+02+6s 6o+ 605+064

(7.19) fi(t) = p(t) — O MO -1 At

PRrOOF. The proofis just a straightforward computation via Table 1. [J

Now we focus on the corresponding parameter 6" by
(7.20) 0" = (-2 1,4, 4n+ 1), ne NU{0},
(7.21) Le, (o, B,7,0) = (3(n+3)? —1% % 2), neNu{o}
Let o"~bn ¢ W(Dil)), n > 1, be any Okamoto transformation satisfying
o™~ Ln(9"=1) = 9" Recall that the Hitchin theorem shows that any com-
pletely reducible solution p(7) of PVI(g) is given by
@' (r+s7)|7)

27, (1)

with (r,s) € C*\1Z2. Then by the transformation (6.2) and the Hamilton-
ian system (6.11), we have corresponding solution of the Hamiltonian system
(6.11), denoted by (A2,(t), u%,(t)). By induction, for any (r,s) € C*\1Z?,
we denote the corresponding completely reducible solution to PVI with pa-
rameter 0" (i.e., (7.20) and (7.21)) by A" (¢) and p{'% (7), that is,

(M@ 2(0) = o1 (A0, 1V 0)

p(p(7)|7) = p(r + s7I7) +
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In the following, we usually omit the subscripts r,s for convenience. The
following result gives the explicit expression of (A (t), u(™(t)) in terms of

AC=D (@), pl= (1)),

LEMMA 7.4. [9] Under the above notations, for n > 1 there holds:

() _  (n-1) _ T 1
(7.22) H H 2 <)\(n1) L _n-1_
2/1,(”_1)

1 1 >
+ — + — ,
A=Y oy — 1 AR g e — ¢

n—1 n+1

() — \(n=1)
(7.23) A =3+ o t g

We prove Theorem 7.1 by induction on n. Here (7.22) and (7.23) are
our formula for the induction process. Nevertheless, the proof still contains
many complicate compilations. See [9] for the complete proof.

We remark that in general the right hand side of 7.2 is very difficult to
compute either by the method in [27] or the so-called Krichever’s Ansatz.
Our proof suggests the Okamoto transformation could be useful in such
a computation. In the followings, we provide some examples of (7.2) by
applying Okamoto transformation.

EXAMPLE 7.5. a = a(1) = r+ s, ZT(}S) (1) = C(r+s1) —rni(1) — sn2(T).
(i) For n = 2, we have
Zi3(r) = K = 3p(a)k — ¢/(a)
3¢/ (a)k® + (12p(a)? — g2)k + 3p(a)¢' (a)
223 (7)

p(ph (1) = ol +57) +
(ii) For n = 3, we have

27
Z,(ﬂ?;) (t:0) = k5 — 15p(0)k* — 209 (0)k> + <Zgg - 15@(0)2> k>
5

—12p(0)¢'(0)k — ¢/ (0)*

p(P2(r)) = p(r + s7)

N 280 (o) k5 +(288p(0)?— 24g2) k> + 300p(0) ¢ (o) k*+1640p (0 )3 — 8892 ()
827&13) (13 U)Zﬁi) (150)

)

where o = r + s7.

In the next subsection, we will discuss the Okamoto transformation for
not completely reducible solutions and its application. For the simplicity, we
only consider the case n = 2.
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7.3. Smoothness of degenerate curves for n = 2. Now we come to
compute the Hessian of G (z) on E” at each branch point of Y (") (7)

™) Z)ZHZG(ZZ ZG _Z] 22(21,...,zn).
i=1

1<J

The calculation is highly non-trivial even for n = 2. Here we present the
case n = 2 in order to show how it is related to Painlevé VI.

In section 3, we have shown that Y(2)(7') has 5 branch points: (%, %)

and (q+, —q+), where p(g+) =+ . The Hessian at those points are

s g2 _ 9.2 .
det (DQG(Q) <&, ﬂ)) - Af3exm + 3 3ek’1m . 671 ),
272 (2m)4ImT 3erm + 5 — 3e;

and

det <D2G(2) (g, C&))

olas) +mPim (7 = 2.

47T4IH17' o(q+) +m

We let C;; or Cx denote the curve of 7 such that (%, %) or (q+,—q+) are
degenerate critical points of G (7).

Theorem 3.6 asserts that Cj; or C+ has no self-intersections. This is
equivalent to the following result.

THEOREM 7.6. The meromorphic functions

G+(1) =7 — —27rz , and
m(r) &/ 5
6miex(T)

Ber(T)m () + 24— 3ey (1)

Op(T) =7 —

are locally 1-1.

To prove Theorem 7.6, we have to express the non-completely reducible
solutions of Painlevé(a), a = (2,3, %, 3).

THEOREM 7.7. Suppose that p" ( ) is a solution to the elliptic form

2 T — Wy
(7.24) dpir) _ -1 Z@/(p(T)—l-—

7) + oo (1) I7).

Then ptM) (1) is a non completely reducible solution if and only if there exists
constant C' € CU {oo} such that either

(7.25) (e (7)|7)
_ —4(Cm — )3 — g2(Cyy — m2)(C — 7_)2 +2¢5(C — 7_)3
(C — 7)[12(Cmy — n2)2 — g2(C' — 7)2] .
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or

(7.26) (™ (7)|7) =

with k € {1,2,3}.
Remark that if C' = oo, then formulae (7.25)—(7.26) turn to be

(% —3e2)(Cm —m2) + Lep(C —7)
3ep(Cn —m2) + (% — 36%)(0 —7)

— 43 — +2

1) _ A — g2 93

P (7)|) = :
127 — g

(% —3ep)m + Fex

(1) -

)

respectively.
For C € CU {oo} and k € {1,2,3}, we define functions from H to
CuU{oo}:

- 7)) — T —7)2i 00
T

3ek(T)(Cm(T) — na(7))
(7.28) fk,c(T) = { +(92T(T) — 36k(7)2)(0 —7) if C # o0,
Ben()m () + B2 = 3ey(r)? if C = o0,

L 211
(729) ¢i(7—) —~ m (T) n W)
e 6miex(T) _ 6mier(7)
(7:30) () = 3er(T)m(T) + “722& — 3ex(7)? froo(T)

Notice that ¢4 (7) have branch points at 7 € &, where

wi/3

] ae +b|fa b

6= {ch d) € SL(Q’Z)}’
because ¢g2(7) = 0 if and only if 7 € &. Remark that

(7.31) pu(r) =7 — 27 _ (1)

m(r)  m(7)
THEOREM 7.8. For C € CP' and k € {1,2,3}, let fo(7), frco(T), ¢+(T)
and ¢ (7) be defined in (7.27)-(7.50).
(i) Any of fo(1) and fr,c(7) has simple zeros only in H.

(i) ¢/ (1) # 0 for any T € H\S. In particular, ¢4 (1) has only simple
zeros in H and is locally one-to-one from H\S to C U {oo}.

(iii) Fork € {1,2,3}, ¢).(7) # 0 for any T € H. In particular, ¢(7) has

only simple zeros in H and is locally one-to-one from H to CU{oo}.

ZRU{c0}, V7eeb.

Theorem 7.6 is a direct consequence of Theorem 7.8.
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PROOF. (i) Recalling

\ - 2Ol e () ex(r) —er(r)

ea(r) — ei(r) ex(7) — e1(7)

Theorem 7.7 imply that for any zero 79 € H of fo(7) or fr.c(7), t(10) €

C\{0,1} is a pole of the corresponding solution A () to PVI(3, 4,8, 2).

Since t/(7) # 0 for all 7 € H and any pole tg € C\{0, 1} of A()(#) is a simple
pole, the assertion (i) follows readily.

(ii) Consider function ¢4 (7). Fix any 79 € H\S, then ga(79) # 0. If

1 (70) + v/ 92(70)/12 = 0, then 79 is a simple zero of fo(7) of (7.27). Thus

¢+ (1) is locally 1-1 near 7p. It suffices to consider n;(79) + v/g2(70)/12 # 0.

Then by letting

(7.32) C = (25_:,_(7'0) =170 —

t=1t(r) =

Y

271
m(10) + \/92(70) /12’

we see from 71 — 12 = 2w that 79 is a zero of
¥(r) = 2+ (C = 7) (m(7) + V/92/12)
=Cm(7) = n2(7) + V92/12(C — 7),
which implies that 7o is a zero of
fo(r) =12 [Cm(r) = na(r) = /92 /12(C = )| (7).
Then (i) gives ¢/'(19) # 0, i.e.,

7]1(T0)+ 92(7'0)/12+(T0*C)% (7]1(7)+ 92/12> r—ro 7é0

Together with (7.32) and (7.29), we easily obtain ¢/, (19) # 0. Similarly we
can prove ¢ (1) # 0 for any 7 € H\&. This proves (ii).

(iii) Now we consider function ¢y (7) defined in (7.30). Fix k € {1,2, 3}
and any 79 € H. If fi oo(70) = 0, then it is easy to see that ej(79) # 0 and so

d (f:iiT()T)HT:TO = 00, i.e., ¢} (19) # 0. It suffices to consider f o (70) # 0.

dr
Then by letting

6mier (o)
7.33 C = ¢p(10) = 70 — ————2,
7 I ey

it follows from 7m1 — 12 = 2mi that fi, c(70) = 0, where fi ¢ (7) is defined in
(7.28), i.e.,

fr.o(1) = 6mieg(1) + (C = 7T) fi,00(T)-
Again (i) gives f;, o(70) # 0, i.e.,
67ie)(10) — fr.00(10) + (C = 70) f.00(T0) # 0.

Together with (7.33) and (7.30), we easily obtain ¢} (79) # 0. This completes
the proof. O
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8. Application

8.1. Zeros of Eisenstein series of weight 1. In this section, we
discuss the zeros of the Eisenstein series of weight 1, as an application of
Hitchin theorem. Consider

= I] %

(r,s)EQN

where Q) is the set of N-torsion. Z(y)(7) is a modular form of weight [Q x|
w.r.t SL(2,Z). It is easy to write

(8.1) Zivy (1) = ONA(T) " (1 n (5))?

for some monic polynomial ¢; y of j and nonzero constant Cn, where j(z)
is the invariant function under SL(2,7Z) and m € N.

THEOREM 8.1. [10] For any N > 5 with N # 6, the monic polynomial
U n(j) determined by (8.1) has rational coefficients and satisfies

(i) for any zero jo of £1.n(j), there is an algebraic solution A, (t), (1, s) €
QnN, such that jo = j(70), where to = t(19) satisfies A\rs(to) =
Conversely, for any algebraic solution A\, 5(t), (r,s) € Qn, if A\rs(to) =
oo for some tg = t(19), then jo = j(10) is a zero of {1 n(j).

(11) L1,§(j) has distinct roots.

(111) for any N1 # Na, €1 n,(j) and £y n,(j) have no common zeros.

(iv)
M if N is odd,

N s0(§) if N is even,

degly N = {
21 2

where @(-) is the Euler function.
Recall the elementary formulae

i I (-3 11 (-3)

p|N,pprime p|N,pprime

Define
_ 1 1
Iy ={(r,s) € @n|2r + s =1 and 3 <s< 5},
1
JJJ\;:{OUS) EQn]2r+s=1land 0<s< §}

Then we have the following interesting result.

THEOREM 8.2. For any N > 5 with N # 6, {n(j) has evactly #J5;
real zeros in (0, 1728) and exactly #.Jy real zeros in (—o00,0). Furthermore,
In(j) has no zeros in {0} U [1728, +00).

It is very difficult to compute the polynomial ¢; n(j) even for small N. To
simplify the computation, we use a summation of solutions of the Painlevé
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VI, instead of the product Zy as follows. Fix N > 5 with N # 6. Define
J(N) to be the zero set of {1 n(j):
J(N) :={j(7)|Zrs(1) = 0 for some (r,s) € Qn} = {ji|l <k < deglyn}.

Recall that A, s(t) is a solution of Painlevé VI(§, —%, £, 2). Instead of con-

sidering the product like Z(y)(7), we consider the summation of A, ¢(t) with

(r,8) € Qly:

3 AT,S(t):% ST )

(r5)€Ql (r,8)€QN
where
r<%if5=0;
Qv =< (r,s) €Qn s<?ifr:0;
s<5ifr#0,s#0.

Obviously, yn(t) is a rational function.

For j € J(N), since ji ¢ {0,1728} by Theorem 8.2, there are exactly six
different ¢’s which satisfies j(t) = jx. We fix a t € C such that j(tx) = ji,
then =(ty) gives precisely these six different t’s. Therefore, we conclude that

degZLN degELN

1 1 1 tr
L] 2t = | ) dtil—ty,—1— — —
(k) {k7 k7tk7 tkal_tkvtk_l}

k=1 k=1

gives precisely all the poles of yy(t).
From the above argument, we have

deg 1 N

Sy oy el e,

k=1 a€E(tx)

where C, D are two constants that can be easily determined.

We go back to the problem of computing J(N) (or ¢1 n5(j)). The key
observation is that the coefficients of the Taylor expression of yx(t) at t =0
are expressed in terms of ji € J(IV). In general, J(NN) can be determined by
yﬁL) (0), the 2L-th derivatives, with 1 < L < deg/; . On the other hand,
we can compute the Taylor expansion of yx(f) at ¢ = 0 up to the term
t2deefn by using Mathematica. In this way J(N) can be computed. Here

are some examples:

5- 212 207646

(8:2) J(3) ={0}, J(5) ={—F—1+ J(8) ={ }-
N =17, we have

' o 212.37001 . 2%*.571787

1,7:.7 + 32'57 J— 37'57 y
and
11

(8.3) J(7) ={ (—333009 + 175519v/21)}.

5734
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For N =9, the polynomial is
3 86191391040000000 o  19885648112869441536

o)) =
(8.4) 10U) =7 R T5638671875 0 | 78815638671875
' | 7205712225604271603712
78815638671875
So J(9) = {a,b,b}, where a € R and b ¢ R. Numerically,
(8.5) a ~ 186.3, b~ —639.9 + 285.0v/—1.

It seems that except for N = 3, all elements in J(IN) are not algebraic
integers.

We ask the following question: Is any real root j of ¢; y, N > 5, not
an algebraic integer? The affirmative answer implies the corresponding 7 is
transcendental by a classical result of Schneider.

8.2. The proof of Dahmen-Beukers’ conjecture. The second ap-
plication is the proof of the conjecture of Dahmen-Beukers. To prove
Dahmen-Beukers conjecture, we define

(8.6) Mon(r) = [ 2.

(r,s)€EQ(N)
Clearly M, n(7) is a modular form of weight M\II(N) with respect to
SL(2,7Z), where ¥(N) is given by (5.19). Set

(8.7) mﬂﬁ:%(ﬂi%ggﬁzzm@hﬂﬂﬂ+§%@%

where voo (M), N (7)) denotes the vanishing order of M,, y(7) at infinity. Then
the crucial result in both Dahmen’s and Chou’s proof of the conjecture for
ne{l1,2,3,4} is

LEMMA 8.3. [4] There holds L,(N) < U,(N). Furthermore, L,(N) =
Un(N) if and only if Zr(:? (1) has only simple zeros in H (r,s) € Q.

See [4, Lemma 65] for the proof. For n € {1,2, 3,4}, the explicit expres-

sions of Zﬁg) (1) are known; for example, see §7. Hence the vanishing order
Voo (M, N (7)) of My, n(T) at T = 0o can be calculated explicitly:

(8.8) Voo (M N(T)) = and(N) + by <g>

for n € {1,2,3,4}, where a,, and b, are given by (5.23). Then Lemma 8.3
yields

Ln(N) < Un(N)

(4o s (3)) et

This, together with (5.17) and (5.21), easily implies that for odd N,
PLn(N) = Ln(N) + Ln(2N) < Un(N) + Un(QN) = PLn(N>7

N =
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s0 L, (N) =Uyp(N) and L, (2N) = U,(2N) if N is odd. If 4|N then L, (N) =
U, (N) follows directly from (5.17) and (5.21). This proves Dahmen-Beukers
conjecture for n € {1,2,3,4}. A consequence of this proof and Lemma 8.3 is
that for n € {1,2,3,4}, Z,Eg) (1) has at most simple zeros in H if (r,s) € Q.

From the discussion above, the identity (8.8) is a crucial step to confirm
Dahmen-Beukers conjecture. Our second main result is

THEOREM 8.4. [9] For any n € N and N € N>3, voo(M, n(T)) =
an®(N) +bnop (N/2) holds. Consequently, Dahmen-Beukers conjecture holds
true.

REMARK 8.5. As pointed out above, in both Dahmen’s and Chou’s proof

of the conjecture for n € {1,2, 3,4}, since the explicit expression of Z,gg) (1)
is known, they could prove the identity (8.8) first and then obtained the

simple zero property of Zﬁg) (1) as a byproduct. However, this approach can
not apply for general n > 5 because it is impossible to write down the explicit

expression of Zr(g) (1) for general n > 5. In this paper, we exploit an opposite

idea, namely we prove the simple zero property of Zﬁg) (1) (i.e. Corollary 7.2)
first, and then apply it to prove the identity (8.8)! Indeed, we need to prove

that pre-modular forms Z,Sg) (1) possess the following properties:
(P-1) For any N € N>3 and (r,s) € Q(N), Z,(;’;) (7) has only simple zeros
in H;
(P-2) For any N € N>, voo(Zﬁg)(T)) = 0 for any (r,s) € Q(N) with
s¢{0,35
(P-3) There exist ay,, b, € NU {0} independent of N such that

no | £

Ve (Z1) (7)) = @ and voo (2

Ty

(7)) =

(NI

for any N € N>3 and (r, s) € Q(N) with s € {0, 3};
(P-4) a, = a, and by, = by,.

Obviously, to prove any one of (P-1)—(P-4) is not simple at all. However, it
is unexpected that Painlevé VI can be applied to prove those properties.

We would like to study the asymptotics of pre-modular forms Zr(g) (1)
as 7 — 00. As discussed earlier, these asymptotics are the most important
steps towards the proof of properties (P-2)—(P-4) in Remark 8.5. We only
need to consider 7 € F», where F; is a fundamental domain of I'(2) defined
by

Fy:={reHl|0<Rer <2 |T7—1/2|>1/2, |7 —3/2|>1/2}.

1

The first theorem is concerned with Res € (0, 5

of property (P-2) in Remark 8.5.

), which is a stronger version
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THEOREM 8.6. [9] Given any n > 1 and (r,s) € C*\3Z* such that
Res € (0,1), there holds

Zr(g)(’]') = ZM(s) 4+ 0(1) as Fy 3 7 — o0,

where Z(")(s) 1 a polynomial of s given as follows:
(1) if n=2m+ 1 with m € NU {0},

m—1
7(M) () =(27)2™(m+D) [i(25 — 1)L s s L
206) =(amPrie ) fias 1 I (G040 (504 3)

(s—k—1) <s—k—g>]m_k;

(2) if n =2m with m € N,

-2
ZM(s) =(=1)™ (2m)*™ [mi(2s — 1)]" s™ (s — )™ [ | KS kot 1)

k=0 2
(s 4k +1) <s—k—g> (s—/c_2)r_1_ .

In particular,

lim  Z{(7) #0 as long as Res € (0,1/2) U (1/2,1).

Fy>1—00 ’

The final result deals with s € {0, 3}, which confirms properties (P-3)-
(P-4) in Remark 8.5. Denote ¢ = ¢*™7. Clearly ¢ — 0 as Fp > 7 — 0.

THEOREM 8.7. [9] Given any n > 1 and (r,s) € C*\3Z* such that
s €{0,3}, there hold

2.5 (r) = o ()" + Ol ),
n n bn bn+1
290() = 6 )’ +0(1dl "),

where both a(()n) (r) and B(()n) (r) have no rational zeros in (0,1/2) U (1/2,1).
Here (an,by) is given by (5.23).

We conclude the introduction by the following remark. To prove The-
orem 8.7, it suffices for us to study the asymptotics of Z(l"())(T). In [9], we
47

could prove

n—1
n(n+1)
(r) = (1) 16" 72 J[(2k+1)" Fg™ + O(g|* ),
k=1

(8.9) Zi”é

where

(5.10) o {”24—1 if n is odd,

2", .
”T if n is even.



GREEN FUNCTION, MEAN FIELD EQUATION AND PAINLEVE VI EQUATION 187

The interesting thing is that every odd positive integer will appear in the
coefficient of the leading term ¢%" as mn increases. This phenomena shows

(

that pre-modular form Z,«Z)(T) should possess many interesting unknown
properties that are worthy to study in a future work.
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