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Interactive mesh cutting with Laplace

coordinates and gradient

Bin Liu, Weiming Wang∗, Junjie Cao†, and Xiuping Liu‡

Sketch-based mesh cutting has been attended by researchers in
Computer Graphics, mainly due to its success in dealing with se-
mantic information of mesh with little user interaction. Although
most existing approaches have gained great improvement, they de-
pend on the predefined geometric features sensitive to shape and
complex mathematical theory, and most methods can not gener-
ate a global unique solution for the segmentation problem. In this
paper, we propose a novel sketch-based mesh segmentation model
with Laplace Coordinates and gradient, which is independent of
the complex geometric features and could perceive the differences
of mesh parts. Furthermore, our algorithm is easy to implement,
mathematically simple, and a global unique solution can be guar-
anteed because of our convex quadratic model. Benefiting from the
Laplace Coordinates and gradient, our method holds an anisotropic
behavior and can better fit the cutting boundary. Namely, trian-
gular faces sharing similar attributes are kept closer to each other
while big jumps naturally happen on the boundary between mesh
parts when our method is applied. A large number of experiments
illustrate the enhanced efficacy of our method compared with the
state-of-the-art techniques.

1. Introduction

The research of digital geometry processing is gradually switching to the
structure analysis in recent years, aiming at acquiring the high-level seman-
tic information. Because interactive mesh cutting technologies bring about
an intuitive and flexible mode for semantic information, a plenty of mesh
cutting methods have emerged [2, 6, 13, 16, 17, 20, 24, 25, 28, 31, 32]. The
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common procedure of interactive mesh cutting consists of two folds: first,
users draw some rough sketches on the meaningful regions of mesh surface,
then mesh cutting algorithms are used to propagate sketches for generating
final semantic segmentation. Besides, interactive mesh cutting methods can
serve as basic tools in many fields, such as geometric modeling [8], shape
editing and deformation [14], shape retrieval [1] and texture mapping [18].

As described in [19], different theories are used to achieve interactive
mesh cutting: Region Growing [13, 24], Random Walker [16, 28], Graph
Cuts [2, 6], Hierarchical Aggregation [25], Harmonic Field [31], etc. Their
differences are mathematical formulas, the definition of geometric features
sensitive to shape, pairwise vertex/face distance and edge weight compu-
tation. Most methods need minimize a non-quadratic energy functional in
order to effectively produce the cutting results. Therefore, sophisticated and
costly optimization tools are demanded to be used. In addition to the random
walker techniques, the uniqueness of other solutions are not be guaranteed.
However, random walker does not have the anisotropic property [29]. As a
result, the cutting boundaries cannot be well controlled with random walker.
How to design a shape sensitivity metric is another issue for most methods
in interactive mesh segmentation.

In this paper, we propose a novel sketch-based mesh cutting model with
Laplace Coordinates and gradient defined on the dual graph of mesh. It is
independent on the input shape metric and could perceive the differences of
mesh parts. As the proposed model is a quadratic energy functional defined
on an affinity graph, it can be effectively solved, and the uniqueness of the
solution can be guaranteed because of the properties of convex function. Ben-
efiting from the propagation ability of Laplace Coordinates, the triangular
faces with the similar properties will be labelled as the same class. To further
shrink the cutting boundaries, the gradient term is designed and integrated
in our optimization formulation. Furthermore, the proposed method can well
control the anisotropic propagation of labels during segmentation [3]. Conse-
quently, triangular faces with similar attributes are automatically gathered
together and they are naturally separated on the boundaries. Moreover, our
model can also achieve multiple parts segmentation on one section, unlike
other methods [6, 21] by iterative or progressive strategies.

The proposed mesh cutting technique is specially simple, which contains
four main steps: 1) drawing meaningful sketches, 2) constructing affinity
graph on triangle mesh, 3) building and solving optimization formulation,
4) Assigning labels to triangle faces. Since the proposed optimization frame-
work is quadratic, it can be effectively solved through a linear system after
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derivation, making the proposed methodology quite simple to be coded. Ben-
efiting from the Laplace Coordinates and gradient, the proposed algorithm
slightly outperforms the state-of-the-art interactive mesh cutting methods
on effectiveness and performance.

2. Relate work

Although researchers could understand the meaningful object structure
through sketches in different ways [7], such as foreground/background sketch-
based, foreground sketch-based, cross-boundary sketch-based and along-
boundary sketch-based, most mesh cutting approaches can be classified into
3 classes: Region Growing [13, 24], Random Walker [16, 28] and Graph
Cuts [2, 6]. In this section, we only introduce some representative works
about algorithm design.

The easy mesh cutting method [13] is the representative of region grow-
ing algorithm. The idea behind region growing algorithm is to implement
the minima rule on a local height computation [15]. By defining a good
mesh subpart feature, the algorithm can recognize the structure boundary
through growing the corresponding region incrementally. Although region
growing algorithm is very important in the field of computer vision and dig-
ital geometry processing, its ability in fitting segmentation boundaries is not
quite effective under the situation of local irregular gradient [3]. In addition,
the design of shape sensitivity feature need complex and comprehensive ge-
ometry knowledge, such as various curvatures. As a contrast, our method is
insensitive to input shape metrics.

The random walker algorithm, presented in [16], provides mesh segmen-
tation according to the probability value computed by minimizing a Dirichlet
energy, which is similar in spirit to the corresponding method for image seg-
mentation [10]. Its theoretical basis is standard graph Laplacian formulation
Lx = 0, where L is a matrix built from an edge weight matrix W and a di-
agonal weighted valency matrix D. Lai et al. [16] use initial seeds to segment
mesh, and then merge the regions found based on shape sensitivity feature.
Each non-seed triangle is determined to belong to the foreground region if
the triangle has a higher probability in reaching foreground seeds than oth-
ers. Their solution also can be figured out by a linear system. However, it was
shown in [29] that random walker prefer to produce the ”flatter” solution
because of its isotropy. Furthermore, it is not quite effective when captur-
ing mesh segmentation boundaries. Our method inherits the advantages of
random walker while compensates its defects.
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Brown et al. [2] and Fan et al. [6] utilize the Graph Cuts techniques to
achieve the mesh semantic parts segmentation. The rational is the graph-cut
formulation, finding the minimum cut by the hard constrains provided by
the user interactions and the soft constraints provided by the connection
relationships between adjacent vertices/faces of the mesh model. A min-
cut/max-flow algorithm usually deals the problem of unique solution and
reaches a good segmentation. Brown et al. [2] introduce a hierarchical accel-
eration based on a high-level octree hierarchy for fast cutting. Fan et al. [6]
achieve the mesh cutting tasks by Graph Cuts based on the Gaussian mix-
ture models on the shape diameter function metric of the shape. However,
these methods depend on complex mathematical foundations and solution
algorithms.

Other interactive mesh cutting methods, such as Hierarchical Aggrega-
tion [25] and Harmonic Field [21, 31]. Xiao et al. [25] employ a hierarchical
method for extracting features through local adaptive aggregation. It needs
the statistics of curvature to define the multi-scale similarity measure in the
processing of neighboring aggregation. Meng et al. [21] and Zheng et al. [31]
use a harmonic field generated by Possion equation 4Φ = 0 to complete the
interactive mesh segmentation. Then either Graph Cuts technique need to
be applied or best isoline need to be calculated for obtaining better segmen-
tation boundaries. Nevertheless, the shape sensitivity feature has an impact
on the segmentation boundary.

In recent years, automatic mesh segmentation obtains big improvements
because of the thriving of machine learning. Sidi et al. [23] introduce a
descriptor-space spectral clustering method for co-segmentation of shapes.
Xie et al. [26] apply extreme learning machine for 3D shape segmentation and
labeling. Guo et al. [11] use deep convolutional neural networks to acquire the
3D mesh labeling. However, these methods depend on plentiful meshes for
training good segmentation models and they are inflexible in understanding
the semantic information.

3. Laplace coordinates for interactive mesh cutting

In this section, we address our novel model for sketch-based interactive mesh
cutting. First, an adjacency graph is constructed with a common geometric
feature, which will be introduced in Sec. 3.1. Second, the details of Laplace
Coordinates and gradient based on interactive mesh cutting optimization
framework will be given in Sec. 3.2. Finally, the solution of our formulation
will be derived and the uniqueness of the solution will be analyzed in Sec. 3.3
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(a) SDF metric (b) Curvature metric (c) Normal metric

Figure 1: Comparison among SDF metric, curvature metric and common
normal metric. Our results are almost similar with the same sketches as
input semantic labels.

3.1. Graph construction

Considering the mesh M as a graph, we construct the graph G = {V,E}
on its dual graph, whose V is the set of face centriods of the mesh and E
is the set of edges connecting with neighboring face centroids. As described
in [19], features can be used to design shape metric on V only if they are
sensitive to the parts of mesh. Therefore, some mesh cutting methods [6,
13, 24] gingerly predefine a good shape metric by integrating some simple
geometrical features, which is quite complicated in designing. However, some
features are difficult to be calculated while the others are simple.Through a
large number of experiments, we find that the proposed method is insensitive
to geometrical features.

Figure 1 shows the interactive cutting results with different geometrical
features under the same sketches: (a) The shape diameter function (SDF),
introduced in [22], (b) Curvature [9], (c) Face Normal. From this figure
we can see that the cutting results are almost similar, and the cups are
completely segmented into two meaningful parts. SDF is a pose-invariant
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part-aware shape metric which measures the diameter of the object’s volume
in the neighborhood of each point on the surface [6]. In addition, it also has
some robustness in noises. So, to better deal with these situations during
mesh cutting, we use the SDF as our feature metric in this paper.

For a triangular face fi of the input M , the weight wij = w(fi, fj) of
neighboring faces is computed as follows:

(1) wij = exp

(
−β(ri − rj)2

σ2

)
,

where σ = max
E
|ri − rj | , ri and rj are the shape diameter function values

of fi and fj , and β is a constant parameter which is set to 1 in our paper.
Because wij = wji, the weight matrix is symmetric.

3.2. Quadratic energy functional

Given a set of sketches {C1, ..., CK}, Ci = {fi1, fi2, ..., } denotes the set of
triangular faces on the ith sketch, K is the number of sketches. Then we
define a label vector xCk

with length K for each set Ci as follows:

(2) xCk
=

{
xCk

(i) = 1, if i = k

xCk
(i) = 0, otherwise.

where, k = 1, ...,K. Based on the above definition, we proposed the following
quadratic energy functional for interactive mesh segmentation:

E(X) = µk

K∑
k=1

∑
fi∈Ck

‖xi − xCk
‖22 + λ

∑
fi∈F

∥∥∥∥∥∥dixi −
∑

fj∈N(fi)

wijxj

∥∥∥∥∥∥
2

2

(3)

+ η
∑
fi∈F

∑
fj∈N(fi)

‖xi − xj‖22,

where X denotes a n×K label index matrix, n is the number of faces, xi

represents the label index vector of fi which is the ith row in X, {µk}, λ, η
are trade-off parameters, F represents the triangular face set, N(fi) is the
neighborhood faces of fi, which is defined by sharing the same edge, and
di =

∑
fj∈N(fi)

wij is the weighted valency of fi.
Energy functional (3) is the weighted sum, which contains three items.

The first item is a data term, which is used to approximate the label index
vectors of faces in {C1, C2, ..., CK} as known label index vectors in Eq. (2),
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the second item is a propagation term, which is applied to the propagation
of the label index vectors in the neighboring faces, and the last one is a
gradient term which is used to shrink the cutting boundaries.

Once Eq. (3) is minimized with respect to X, the segmentation results
can be obtained by specifying the label yi ∈ {1, ...,K} to face fi ∈ F , as
follows:

(4) yi = k, if xi(k) = ‖xi‖∞,

where ‖ · ‖∞ represents the maximum of absolute value in its elements.
The propagation item is a simplified form of Laplace Coordinates. It

is widely used to handle the geometrical problems in the field of geometry
processing [27]. Let

(5) δi = xi −
1

di

∑
j∈N(i)

wijxj.

From the above definition we can see that δi evaluates the error between
its current label and the weighted average of its neighbors. The propaga-
tion term can effectively spread labels to the neighboring faces with similar
face normal and this propagation process stops when large normal jump is
encountered.

Figure 2 illustrates some properties of Laplace Coordinates at the case
of 1D graph with 500 nodes ordered from left to right. The colored nodes are
seeds as the constraint of data term. The black curves describe the distri-
bution of edge weights, unit weight or designed weight. The jump of weight
implies that the graph has ”cutting boundary”. The red, blue and green
curves are the each dimension distribution of the solution. For example, the
distribution of X(:, 1) is shown in the red curve. Note that, for composing,
we plus 1 to the weight function (WF) when plotting its distribution. The
solutions depict that the Laplace Coordinates have the remarkable ability
in propagating the information of seeds. Moreover, the solution of designed
weight emerges big jump at the boundary compared with the solution of unit
weight. Namely, nodes sharing similar attributes will be kept closer to each
other, showing the anisotropic behavior. In addition, the distributions of
solution also explain the fitting boundary capacity of Laplace Coordinates.
The results show the cutting boundaries, which can be obtained through
comparing the values of each dimension of solution.

The propagation item has the ability to perceive the meaningful bound-
aries of mesh parts, see the top row in the Fig 3. For better fitting bound-
ary, we design a regularization term composed of gradients, which is called
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(a) Two seeds propagation. (b) Three seeds propagation.

Figure 2: Comparison between the solutions of different edge weights, unit
weight or designed weight. Graphs are shown in the top row, whose colored
nodes are seeds. The solutions (red, green and blue curves) are shown in the
second and third rows while the corresponding edge weight functions are
shown in the black curves.

boundary shrinkage. It estimates the similarity between its current label
and its neighbors on boundary. Making it become small will shrink cutting
boundary. Figure 3 shows the cutting boundary of Bear model without and
with the gradient term. From this figure we can clearly see that the cut-
ting boundary is much better after the gradient term is added. Our model
possesses anisotropy benefiting from the Laplace Coordinates and boundary
gradient.
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Figure 3: First row: the results without gradient item. Second row: the re-
sults with gradient item. The third column is the back view of the second
column.

3.3. Solution and analysis

The label propagation term can be rewritten in matrix form as follows:

(6)
∑
i∈F

∥∥∥∥∥∥dixi −
∑

j∈N(i)

wijxj

∥∥∥∥∥∥
2

2

= ‖LX‖22,

where, L = D−W is the graph Laplace matrix, D is the diagonal matrix
with Dii = di, and W denotes the weighted adjacency matrix of the graph,

(7) Wij =

{
wij , if (fi, fj) ∈ E
0, otherwise.

The boundary shrinkage item can also be rewritten as:

(8)
∑
i∈F

∑
j∈N(i)

‖xi − xj‖22 = ‖SX‖22,
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where, S subjects to

(9) S(3i+k,j) =


1, if fi = fj

−1, if (fi, fj) ∈ E
0, otherwise.

k = 0, 1, 2.

Without loss of generality, by setting the trade-off parameters {µk} and
λ to 1, and η to 2 in Eq. (3), the quadratic energy functional E(X) can be
rewritten in a general matrix form:

(10) E(X) = XT(Ip + L2 + 2S2)X− 2XTB + C,

where, Ip is a diagonal matrix such that Ip(fi, fi) = 1, fi ∈
⋃K

k=1{Ck}, and
zero, otherwise, B is a matrix whose B(i, :) = xCk

, i ∈ Ck, and zero, oth-
erwise, and C is a constant matrix. Note that, Ip + L2 + 2S2 is symmetric
and positive definite. Therefore, minimizing E(X) could obtain a unique
solution, that is, solving the following linear system [12]

(11) (Ip + L2 + 2S2)X = B.

Eq. (11) can be efficiently solved in many ways, such as the Cholmod [5]
or MATLAB linear solvers. After we obtain the solution X, Eq. (4) is applied
to specify the labels of triangular faces.

4. Implementation and results

In this section, we will show some experimental results to demonstrate the
applicability and flexibility of our algorithm. Most 3D shapes used in this
paper are selected from the Princeton Segmentation Bencthmark (PSB) [4]
data set and [7]. It includes 19 object categories, such as ant, cup, and
glasses, with different poses or shapes. All experiments are implemented on
a PC with an Intel Core i7− 4790K. The average triangular face number of
3D shapes selected in this paper is 21583. For most meshes, the segmentation
results of our algorithm are acceptable.

4.1. Experimental parameters

In addition to the parameter η = 2, other parameters, such as {µk} and λ,
are all set to 1 in Eq. (3). After specifying the semantic sketches, our results
can be obtained in less than two seconds for tens of thousands of triangles
in the mesh.
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Figure 4: Cutting the shank of dinosaur model with different sketches. It
shows that our method is independent of the positions or directions of
sketches.

4.2. Foreground and background segmentation

This section illustrates the performance of our algorithm in the mesh fore-
ground and background segmentation. Namely, the user draws two strokes
on a mesh to specify the foreground and background, respectively. In this
situation, the K in Eq. (3) is equal to 2.

From the Fig. 4, we can see that the shank of dinosaur model is com-
pletely cut out by different positions or angles of sketches. Thus users can
obtain what they want to get by free paint on the mesh surface. Hence, our
method are independent of the positions or directions of sketches.

Although the three Armadillo models in Fig. 5 have different poses, the
cutting results are almost the same. Therefore, the proposed algorithm is
irrelevant to pose because of the SDF metric and it can understand the
semantic boundaries of models.

Figure 6 shows one example of using our method to cut a model with
different levels of noise. The noisy models are generated by adding Gaussian
noise to the vertices of meshes along the vertex normals [30]. As increas-
ing the noise, our method still can well approximate the cutting boundary.
However, we suggest using the guided filter method [30] to denoise the mesh
when the noise reaches 70%.

To further evaluate our algorithm, we compare our cutting method
with these methods on the data set [7]: the easy mesh cutting (EMC for
short) [13], the cross-boundary brushes tool (CBB for short) [31], the iCut-
ter tool (ICC for short) [20], and the paint mesh cutting (PMC for short) [6].
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Figure 5: The user can easily cut out the same parts from objects with
different poses. The second row is the corresponding back views of the first
row with small angle change.

Method EMC CBB ICC PMC Ours

BIJ 0.896 0.891 0.907 0.911 0.915

Table 1: Comparison of accuracy for five tools.

Since some methods may sensitive to the locations and shapes of sketches,
we generate three cutting results under different positions and shapes of
sketches for each algorithm and ask our colleagues to help us select the best
one to conduct a fair comparison. A region-based measure is to used to
compute the consistency degree between the cutting result produced by the
algorithms and the ground truth. The measure is based on binary jaccard
index (BJI), which is introduced in [6]. The averaged BJI value is displayed
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(a) 10% (b) 30% (c) 50%

Figure 6: The cutting results of a model with different levels of noise. The
numbers below the figures show the noisy intensity added the original mesh.
The second row is the corresponding back views of the first row.

(a) EMC (b) CBB (c) ICC (d) PMC (e) Ours (f) GT

Figure 7: Comparisons with other methods on the camel and bird meshes.
For a fair comparison, we conduct three experiments for each method with
the best results exhibiting here. The GT (ground truth) is derived from [7].

in Tab. 4.2 on the dataset [7] and the best metric value is highlighted. Fig-
ure 7 shows some segmentation results of different sketch-based methods.
The performance of other methods depends on the complex geometrical fea-
tures and mathematical methodology. From this figure and table, we can
see that the segmentation results generated with our algorithm are the most
close to the ground truth.
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Figure 8: More foreground and background segmentation results on the data
set [7] with interactive sketches.

(a) (b) (c)

Figure 9: (b) Results with interactive sketches. (a) and (c) are side views.
The wings are completely cut out.

Some other foreground and background segmentation results are shown
in Fig. 8. They further demonstrate the performance of our algorithm in
foreground and background segmentation.
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4.3. Multi-parts segmentation

We conclude this section showing that our model can easily cut a mesh into
several parts in one section. Other methods, like PMC [21] and [6], apply
iteratively specify the foreground and background sketches on the model
to produce multi-parts segmentation results. However, these methods may
depend on the order of the sketches. Eq. (3) unifies our segmentation model
no matter how many sketches. Multi-parts segmentation only depends on
the the situation of K ≥ 3 and can be solved in a similar linear system.

Figure 9 illustrates the result of cutting the gargoyle model with three
interactive sketches. Even though the user draw sketches only from one view,
the wings are completely cut out, see the Fig. 9(a,c).

Figure 10 shows the collections of multiple parts segmentation results
generated with our algorithm. Each sketch represents a semantic part of a
mesh, then using Laplace Coordinates and boundary shrinkage to generate
the cutting results where different parts are shown in different colors.

Figure 10: Our model is effectively applied to multiple-part segmentation
task with interactive sketches.



i
i

“1-Liu” — 2018/1/26 — 22:26 — page 80 — #16 i
i

i
i

i
i

80 B. Liu, W. Wang, J. Cao, and X. Liu

5. Conclusions

In this paper, we propose a novel model for cutting out semantic parts from
meshes with several simple sketches. It can produce the segmentation results
in real time for most test models. Compared with the state-of-the-art meth-
ods, our model has the following advantages. It has simple mathematical
formulation based on the Laplace Coordinates and gradient. Our model is
easy to implement and it can guarantee to have a unique solution. Further-
more, it holds an anisotropic behavior which has a good fitting capability for
cutting out the mesh boundaries. Our approach also has some limitations.
For example, although the gradient item has some ability about shrinking
boundary, it still appears little jaggy on the cutting boundaries. One poten-
tial solution is to apply a boundary refinement algorithm like [13, 24] after
producing cutting results.
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