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1. Introduction and main result

In this work we consider the energy-critical focusing non-linear wave equa-
tion in space dimension 3:

(1.1)

O*u—Au—u® =0, (t,z)elxR3

Utt=0 = UQ EHl, 6tuhg:0:’u,1 €L2,
where I is an interval (0 € I), u is real-valued, H' := H'(R?), and L? :=
L?(R3).

More precisely, we are interested in the so-called “soliton resolution con-
jecture” for radial solutions of (1.1). There has been a widespread belief in
the mathematical physics community that, for large global solutions of dis-
persive equations, the evolution asymptotically decouples for large time into
a sum of modulated solitons, a free radiation term and a term which goes
to zero at infinity (see [37, 41, 40, 47, 46, 20]). Such a result should hold for
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globally well-posed equations (see [7] for a recent result in this direction for
mass-subcritical NLS), or in general with the additional imposition that the
solution does not blow up. When blow-up may occur, such decompositions
are always expected to be unstable, see Remark 1.1 below. So far, to the
authors knowledge, the only cases when results of this type are proved are
for the integrable KdV for data with regularity and decay, due to Eckhaus
and Schuur (see [16, 15]) and for the integrable mKdV (see [40]). Note that
even the radial case of this conjecture is considered quite challenging (see
[46] for example), and also that in the one dimensional case, only integrable
models have been treated rigorously (see also [48, 42] for heuristics in the
case of the cubic NLS in one space dimension).

In the case of equation (1.1), since we are dealing with radial solutions,
the solitons are of the form j:l%%W(%), > 0, where

22\ "
wW=[(1+1"-
(-5

is the radial positive solution of AW + W5 = 0.

Previous results for the equation (1.1) dealt with solutions close to W
(see [14] for the radial case and [13] for the nonradial case) and for large,
radial solutions in the case when the asymptotics hold along a specific se-
quence, and the solution is assumed to be bounded in norm [12]. Since we
are in a critical case, there is another regime in which one expects a similar
decomposition, that is for solutions which blow up in finite time, but with
bounded critical norm. We also establish such a result in this paper for radial
solutions of (1.1).

Results of this type for other equations in the global case include those
for data close to the soliton for subcritical nonlinearities: see the works of
Martel and Merle [27] in the case of generalized KdV equations, of Buslaev
and Perelman [4, 3] in the case of one dimensional NLS with specific nonlin-
earities, of Soffer and Weinstein [44] for NLS with specific non-linearities in
higher dimensions. For critical nonlinearities, see Martel and Merle for gener-
alized KdV [26]. For the finite time blow-up case in a critical setting, close to
the soliton, we have the work of Martel and Merle [28] for the critical general-
ized KdV, and of Raphaél and Merle [32, 33] for the mass-critical NLS. In the
finite time blow-up case, there are some large data results for critical equiv-
ariant wave-maps into the sphere due to Christodoulou—Tahvildar-Zadeh,
Shatah—Tahvildar-Zadeh and Struwe (see [8, 43, 45]) which show conver-
gence along some sequence of times, locally to a soliton (harmonic map). In
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the case where a global Lyapunov functional is present in self-similar vari-
ables, results have been obtained for one dimensional wave equation in the
work of Merle and Zaag [36]. For formation of similar structures (towering
bubbles) for critical elliptic equations, for example on domains excluding a
small ball, as the size of the ball goes to 0, see the work of Musso and Pistoia
[38] and references therein.

We now turn to the description of our result.

We will restrict ourselves to the case of radial solutions, and denote by
r = |x| the radial variable. The equation (1.1) is well-posed in H! x L?. We
will denote by (T-(u), T+ (u)) the maximal interval of existence of u. On this
interval of existence, the energy:

B(u(t), dpu(t) /|Vu (t,2) 2 da + = /(Otu(t, x))gda:—é/(u(t,x))de

is conserved.
In all the paper, if f and g are two positive functions defined in a neigh-
borhood of £ € RU {£o0}, we will write

f(t) < g(t) as t — £ if and only if hm@ = 0.

t—t g(t)

Theorem 1. Let u be a radial solution of (1.1) and Ty = T (u). Then one
of the following holds:

Type I blow-up: T, < oo and

(1.2) tim 1(u(®) BB 2 = +oc.

Type II blow-up: Ty < oo and there exist (vy,v1) € H' x L2, an integer
J € N\ {0}, and for all j € {1,...,J}, a sign t; € {£1}, and a positive
function \j(t) defined fort close to Ty such that

(1.3) Al(t) < )\Q(t) <<...<<)\J(t) LTy —tast—T4

(L4) | (u(), dpu(t)) - vo+z 1/2 (]i’;t)),m 0.

t—Ty
H1x L2

Global solution: Ty = +oco and there exist a solution vy, of the linear wave
equation, an integer J € N, and for all j € {1,...,J}, a sign v; € {£1},
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and a positive function \j(t) defined for large t such that
(1.5) M) < Xt) <... < \(t) <t ast — +oo
— 0.

. t—+00
H'xL?

(u(t), duu(t)) — +2xﬂ <ﬁ0ﬁm®

Remark 1.1. Tt is known that the set Sy of initial data (ug,u1) € H' x L?
such that the corresponding solution of (1.1) scatters forward in time is an
open subset of H! x L2. It is widely believed that the set Sy of initial data
leading to a type I blow-up in positive time is also open (see [29] for a similar
result for the supercritical heat equation). Theorem 1 says that any radial,
finite energy solution of (1.1) whose initial data is in the complementary set
S3 of S1 U Sy decouples in a finite sum of rescaled solitons and a radiation
term. We believe that one could deduce from Theorem 1, using arguments
similar to the ones in [30] for the radial heat equation or in [35] for the L>-
critical nonlinear Schrodinger equation, that S3 is the boundary of 57 U Ss.
We conjecture in particular that a nontrivial consequence of Theorem 1 is
that the asymptotic behaviour of solutions with initial data in S5 is unstable.

For critical problems, understanding the boundary of the set of initial
data leading to blow-up is relevant. For example, for the L?-critical NLS
equation viewed as a limit of the Zakharov system, the structurally stable
blow-up is given by the pseudo-conformal blow-up, which is unstable with
respect to the initial data (see [31]). See also [18] and [2] in the hyperbolic
context.

Remark 1.2. In the finite time blow-up case, Theorem 1 implies that

Jim 1u(2), 00(0)l s cpo = £ € (IVW |12, +00]

exists. In particular, there is no oscillation of the norm, or mixed asymp-
totics, where the limit is infinite for one sequence {¢,} — T} and finite for
another sequence {t,} — T'.

Remark 1.3. Another consequence of Theorem 1 in the case Ty < oo is that
solutions split into type I and type II blow-up. It is surprising that this can
be established in a critical problem outside the parabolic setting (see [29]
for example).

Remark 1.4. Note that in the case when Ty < oo, both type I (see [12, §6.2])
and type II (see [23], and also [19]) exist. We expect that type II solutions
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with arbitrary J > 1 exist. For such constructions in the elliptic radial case,
see for example [38], and in the hyperbolic one-dimensional setting [9].

Remark 1.5. For the case T} = +o00, Theorem 1 implies that (u(t), dyu(?))
is bounded in H! x L? on [0, +00). More precisely,

1 2
LW (TR A

=/ with 2E(ug,u1) < ¢ < 3E(ug,uq).
(Note that unless E(ug,u1) > 0, T4 < oo, see [24, 21].) Thus there are no
solutions such that 7y = oo and

limsup [ (u(t), Gru(t)) || gra L2 = +00-

t——+00

Such a result has been established before only in the dissipative case [6] and
for subcritical Klein-Gordon equations [5].

Solutions as in Theorem 1 with 7'y = +o00 and J = 1 have been recently
constructed in [11]. As in Remark 1.4, we expect that they exist for any

J > 0 (the existence of wave operators, i.e the case J = 0 is of course
E(“Oﬂh)
EW,0)

The fundamental new ingredient of the proof is the following dispersive
property that all radial solutions w to (1.1) (other than 0 and £W up to
scaling) verify in their domain of definition, namely that there exist R > 0,
1 > 0 such that for all £ > 0 or all ¢ < 0, we have

classical). In the case T = +o00, Theorem 1 implies that J <

(1.7) / Vult,2)2 + (Grult,z))? dz > n.
|z| >R+t

This property is established using only the behaviour of u outside regions as
in (1.7), without using any global integral identities of virial type. (In fact
this approach gives a new proof of the fact that 0 and £W are, up to scaling,
the only H' radial solutions of the elliptic equation Af + f5> = 0.) Using
(1.7) with R > 0, the finite speed of propagation and the profile decompo-
sition of Bahouri and Gérard [1], we are able to decouple the dynamics of
different profiles in regions of the type in (1.7). This is a fundamentally dif-
ferent approach to the one we used in [12], which ultimately relied on virial
identities. This new approach also yields a different proof of the character-
ization of radial solutions of (1.1) with a compact trajectory up to scaling
(see Theorem 2 of [14]) that does not rely on virial identities.

Let us emphasize that most of the proof of Theorem 1 does not use any
specific algebraic property of equation (1.1). In particular, the conservation
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of energy is only used in §3.2 to show that the H' x L? norm of a global
solution does not go to infinity as ¢ — +oo. For this reason, we expect
our general method to apply to many nonlinear dispersive equations and in
particular to other hyperbolic problems, at least in the radial case. Of course,
the channel property (1.7), which is specific to the three dimensional wave
equation, is essential in this paper, but we hope to find natural extensions
of it for different hyperbolic equations.

In the nonradial case, even the elliptic equation —Au = u® on R? is not
well-understood yet (see [10] for the existence of solutions with infinitely
many distinct energies), and we believe that for nonradial solutions of (1.1),
only analogs of Theorem 1 with some extra assumptions are within reach.
The nonradial case seems very challenging and out of reach in its full gen-
erality for now.

A key ingredient in our proof is the finite speed of propagation. However,
in the case of infinite speed of propagation, the channel of energy method
can still be applied (see e.g. [34]).

The outline of the article is as follows. In Section 2, we show the property
(1.7) for nonstationary solutions of (1.1). In Section 3 we prove Theorem
1 in the case of global solutions. In Section 4, we sketch the proofs in the
finite-time blow-up case.

2. Existence of energy channels for nonstationary solutions

We will denote by S(t)(vo,v1) the solution v to the linear wave equation on
R x R3:
2.1) Ov—Av=0, (t,z)elxR>

. V=0 = Vg € Hl, 3tv[t:0 =V € LQ.

One can show (see [12] and Lemma 2.3 below) that if v is not identically 0,

there exist R > 0 and n > 0 such that the following holds for all ¢ > 0 or
for all t < O:

/ \Vo(t,z) > + (dp(t, x))? dz > 7.
|z|>R+|t|

In this section, we prove that essentially all radial solutions of the nonlinear
equation (1.1) satisfy this “channel of energy” property in some sense, except
the stationary solutions 0 and %W (%), A>0.

If (ug,u1) € H' x L?, we will denote by

(2.2)  p(ug,u;) = inf {r >0, s.t. Hs >, (up(s),ui(s)) # OH = 0},
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where | - | denotes the Lebesgue measure. We make the convention that
p(ug,u1) = +oo if the set over which we take the infimum is empty. The
main results of this section are the following:

Proposition 2.1. Let u be a non-zero, radial solution of (1.1) such that
for all X > 0 and for all signs + or —, (up £ ﬁW(%),ul) is not compactly
supported. Then there exist constants R > 0, n > 0 and a global, radial solu-
tion w of (1.1), with initial data (ug,uy), scattering in both time directions
such that

(2.3) (up(r),ur(r)) = (up(r),ui(r)) forr > R,

and the following holds for allt > 0 or for allt < 0:
(2.4) / \Va(t,z)|> + (0su(t, z))? dx > 7.
|| > R+|t|

Proposition 2.2. Let Ry > 0 be a large constant. Then the following prop-
erties hold.

Let u be a radial solution of (1.1) such that (ho, h1) := (uo £ W,uy) is
compactly supported and not identically 0. Then:

a. There exist a solution @, defined fort € [—Ry, Ro|, and R’ € (0, p(ho, h1))
such that

(2.5) (to(r), w1 (r)) = (uo(r),ur(r)) forr > R,
and the following holds for all t € [0, Ro] or for allt € [—Ry,0]:
(2.6) p(a(t) = W, da(t)) = p(ho, h1) + |-

b. Assume furthermore that p(ho,h1) > Ry. Let R < p(ho,h1) be close
to p(hg,h1). Then there exist n > 0 and a global, radial solution u
of (1.1), scattering in both time directions, such that (2.3) holds, and
(2.4) is satisfied for allt >0 or for all t <0.

Let us mention that Propositions 2.1 and 2.2 generalize Theorem 2 of
[14] (for the case N = 3), which states that any radial solution of (1.1) which
has a relatively compact trajectory up to scaling in H' x L? is a stationary
solution.

The proofs of Propositions 2.1 and 2.2 are based on dispersive properties
of radial solutions to the linear wave equation (see Lemma 2.3 below), the
small data theory of (1.1) and related equations, and refined localization
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arguments based on finite speed of propagation. Note that we never use in
the proofs of the propositions any variational characterization of W or any
uniqueness result on the elliptic equation —Awu = u°: the fact that 0, W
and —W are (up to scaling) the only radial finite-energy solutions of this
equation on R? can be seen as consequences of Propositions 2.1 and 2.2.

2.1. Preliminaries
We start with a few notations. We will denote by @ = (u, Oyu).

Let (ug,u1) € H'x L? radial, and R > 0. We define (@, %1) = ¥ g(ug, u1)
by

uo(r) = uo(r), ui(r)=wui(r) forr > R
uo(r) = up(R), ui(r)=0 for r < R.

Note that (g, u1) € H' x L?, that (ug(r), u1(r)) = (Uo(r), U1 (r)) for 7 > R,
and

o, @) oz = [ (ol + o) do.
|z|>R

We will denote by Dy? the Fourier multiplier with symbol €12,

We recall the following Lemma on radial, linear solutions, proved in [14]:

Lemma 2.3. Let R > 0, (ug,u1) € H' x L? (radial) and u, = S(t)(uo, u1).
Then the following holds for all t > 0 or for all t < 0:

+eo 2 2
/ [ar(ruL(t,r))] +[8t(ruL(t,r))] dr

R+|t|

+oo
> L / [&(ruo(r))]z + [ru (r)]zdr.

7§R

The norm in Lemma 2.3 and the usual H! norm are related by the
following formula, given by a straightforward integration by parts: for any
radial f € H' and R > 0,

400 +oo
2.7) / (0.(rf))? dr—/ (0, )22 dr — RFX(R).

R R

We will also need the following small data Cauchy problem result:
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Lemma 2.4. There exists a small 69 > 0 with the following property. Let 1
be an interval with 0 € I. Let V =V (t,z) € L3(I x R3). Assume

2.8) IVl err s HDWV( HDWV?) .
(2.8)  [IVIlizs(rxmsy + || P LA (IR x L8 (IxE?)
+|[pive| | py2ve 5
I L2(IxR?) v L5 (IxR3)
and consider (hg, h1) € H' x L? such that
(29) ||(h0’hl)||H1><L2 < 50-

Then there exists a unique solution h of
(2.10)

O?h — Ah = 5Vih +10V3h2 +10V2h3 + 5VR + B°,  (t,2) € I x R3
hit=0 = ho, Othji—0 = h1,

with h € C° (I, H' x L2) , and h € L3(I xR3). Furthermore, letting hy(t) =
S(t)(ho, h1),

(2.11) sup ||1(t) — hy(t)

tel

1
o 00 )z

| .
H'xL?

We will use Lemma 2.4 with two choices of V, given by the following
claim:

Claim 2.5. a. Assume V(t,x) = W (x). Then there exists a small tog > 0
such that (2.8) holds with I = (—2tg, 2ty).
b. Let Ry > 0 and define V (t,x) as

(2.12)

V(t,x) = W(z) if 2| > Ro+|t]
V(t,x) = W(Ry+ |t]) if |z| < Ro + [t]-

Then if Ry is large, (2.8) holds with I = R.

We will prove Lemma 2.4 and Claim 2.5 in Appendix A.
We conclude this preliminary subsection with the following elementary
claim that will be needed throughout the proofs:

Claim 2.6. Let u be a global solution of (1.1) such that for some R > 0,

t—4o00

(2.13) lim sup/ \Va(t, z)|? + (8su(t, z))? dz > 0,
|z|>R+|t|
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then (2.4) holds for some n > 0 and all t > 0. An analoguous statement
holds for negative times.

Proof. Indeed, assume (2.13), and (by contradiction) that there exists a
sequence t, — oo such that

lim |Vi(tn, 2)|? + (Odu(ty, x))* dz = 0.
=00 g > Rt |t

Let wu,, be the solution of (1.1) such that

(un(tn), Opun(tn)) = VRt (u(tn), Opu(tn)).

Then
Jim_ | (un(tn), Butn(£0)) 12 = 0.

Consider a small € > 0 and let n such that ||(un(tn), Ostn (tn)) || 1w 2 < €-
By the small data theory, u, is globally defined and for all ¢,

”(Un(t)ﬁtun(t))HHleg < 2e.
By finite speed of propagation, for all ¢,
Uty +t,7), Oty +1,7)) = (un(tn +1t,7), Optin (tn +1,7)) if 7 > RA-t, + |t],

and hence

lim sup/ \Va(t, z)|> + (0su(t, x))* do < 2e.
|x|>R+t

t——+o0

As e > 0 is arbitrarily small, this contradicts (2.13), concluding the proof.
O

2.2. Proof of the channel of energy property

This subsection is dedicated to the proofs. We start by showing Proposi-
tion 2.2 (§2.2.1 and 2.2.2), then prove Proposition 2.1 (see §2.2.3).

2.2.1. Propagation of the support for a compactly supported per-
turbation of W In this subsection, we prove point (a) of Proposition 2.2.
We divide the proof into three steps.
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Step 1: linearization around W. By our assumptions (up to a sign change),
(ug,u1) = (W,0) + (hg, h1) where (hg,h1) is compactly supported. Using
that W is globally defined, we get that there exists € > 0 such that for
any solution U of (1.1) with [[(W,0) — (U,0:U) =0l 5152 < €, we have
[—Ro, +Ro) - Irgax(U).

We let (ho,h1) = Vg (ho, h1), where R' < p(ho,h1) is chosen close to
p(ho, h1), so that

0< ||(h0’il1)||H1><L2 < €.

%
(h, Oh) =0 = (ho, ).

By the definition of €, @ and A are defined on [—Rp, Ro]. By finite speed of
propagation, (@, 0yu) = (W,0) for r > p(ho, h1) + |t|, and thus

(215)  p(h(£),00h(t)) < p(ho,ha) + |t], t € [~ Ry, Ro]
We must show that for all ¢ € [—Ry, 0] or for all ¢ € [0, Ry,
(2.16) p(h(t), 0i1(t)) = p(ho, 1) + |t|, t € [~Ro, Ro).

Step 2: small time interval.

By Claim 2.5, there exists a small g > 0 such that W satisfies the
assumption (2.8) of Lemma 2.4 with I = [—tg, tg]. We show in this step that
(2.16) holds for all ¢t € [—t¢,0] or all ¢ € [0, to].

Let pg close to p(hg, h1) such that R' < pg < p(hg, h1), and define

(90, 91) = W, (ho, h1).

If p(ho, h1) — po is small enough, we can assume

H(go,gl)HH1><L2 S 60)

where Jg is given by Lemma 2.4. By Lemma 2.4, there exists a unique solu-
tion g of

(2.17)

{afg — Ag=5Wg+10W3g% + 10W2g> + 5W gt + ¢°, t € [~to, to], z € R?

(9,0:9) 1t=0 = (90, 91),
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and denoting by gi.(t) = S(¢)(g0, 91),

S S 1
(2.18) sup  [|§(t) = Gl g1z < 5110905 90) | g 2
—to<t<to 10

By Lemma 2.3 and formula (2.7), the following holds for all ¢ € [0, to] or for
all £ € [—to, 0)]:

(2.19) / (IVau(t,2) + (Bugn (t,2))%) do
@] po+]1]
too 2 2
> / (0 (rau(t, 1)) + (u(rgu(t,7)))? dr

po+lt|

+oo
/ (0, (rg0))2+(rgr)2 dr =

1
> / (IVa0l? + 62) da—— po(go(p0))?.
2> po 2

N | —
N | —

We have

p(ho,h1)
(2.20) |go(po)| = / Brgolr) dr

Po

< \/ (stho.) = p0) [ " gt e

Po

\/ (ho, h1) — plhosha)
05 1 PO\// 8g0 )) 7"2d7”,
P

and thus if pg is close enough to p(ho, k1), polgo(po)|* < 1l Vgol|%2. Combin-
ing with (2.18) (2.19) we get that the following holds for all £ > 0 or for all
t<0:
(2.21)
(IVg(t,2)[* + (Bug(t, ))?) dx > = (IVgol? + g7) dz > 0.
2l po-+11 40

By finite speed of propagation (see the argument after (2.27) below), one
can replace g by h in the left-hand side of (2.21). Hence

p(h(t),0h(t)) > po + |t]

for all t € [—tg, 0] or for all ¢ € [0, ¢o]. Letting po — p(ho, h1), we get (in view
of (2.15)) that (2.16) holds on [—tg, 0] or on [0, ¢o], concluding this step.
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Step 3: end of the proof.

It is now easy to conclude by an induction argument. Assume to fix ideas
that (2.16) holds for all ¢ € [0,%g]. Applying Step 2, to t — h(t +to), we get
that the following holds for all ¢ € [—t¢, 0] or for all ¢ € [0, min(tg, Ry — to)]:

(2.22) p (h(to +1),8ih(to + 1)) = p(ho, h1) + [to| + [¢].

If (2.22) holds on [—tp,0], we get a contradiction with the fact that (2.16)
holds at ¢ = 0. Thus (2.22) holds on [0, min(o, Ro—to)]. Arguing inductively,
we get that (2.16) holds on [0, Rp].

2.2.2. Compactly supported perturbation of W with large support
In this part, we prove case (b) of Proposition 2.2. Let u be a radial solution
of (1.1) such that

(ug,u1) = (W,0) + (ho, h1) and Ry < p(hg, h1) < 00,

where the large parameter Ry > 0 is given by Claim 2.5.
Define V (¢, x) by (2.12). Let R € (Ry, p(ho, h1)) and (g0, 91) = Y r(ho, h1).
We choose R close to p(hg, h1), so that

H(nghgl)HHlxlﬂ < 507

where dg is given by Lemma 2.4. By Lemma 2.4, there exists a unique solu-
tion g of
(2.23)

{ 79— Ag=5Vig+10V3g2 +10V3¢° + 5V  + ¢°, (t,z) € R x R

grt=0 = 9o, Orgr=0 = g1.

Furthermore, letting g, = S(t)(go0, 91), we have
S . 1
(2.24) sup [|9.(t) — GOl x> < 75 1090, 91712
teR

We divide the proof into two steps.

Step 1. In this step, we show that the following holds for all ¢ > 0 or for all
t<O0:

1 2

2.25 Vgt z)]* + (0g(t, 2))%) dx > —I(90, 91) 1%, 1. > 0.
(2.25) /WMU ot ) + 9(1,2))?) d> 00,00y,
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Indeed by Lemma 2.3 and the integration by parts formula (2.7), the fol-
lowing holds for all ¢ > 0 or for all £ < 0:

/ (Vg (t,2) > + (Degu(t,2))?) da
|z >R+t
+o0
> / ((ar(TgL>)2 + (6t(7’gL))2) dr
R+t

(IVgoll7> + lo1ll7> — Rgg(R)) -

N[ —

+oo
> %/R ((0-(rg0))? + (rg1)?) dr =

By (2.20) (with R instead of pg), and using that p(ho, h1) = p(go, 91), we get
that if R is close enough to p(ho, h1), R|go(R)[> < 3[[Vgol|3., which shows
(2.25) in view of (2.24).

Step 2: conclusion of the proof.

Let w be the solution of (1.1) with initial data (ug,u1) = Vg (ug,u1) =
Ur(W + ho,hy). Let h =1u—W.If Ry is chosen large and R > Ry close
enough to p(ho, h1), it is easy to see that ||(uo, @1)|| 1 - is small, and thus

that @ is globally defined and scatters in both time directions. Moreover,
satisfies
(2.26)~ ) . . . o
O2h — Ah = 5Wh + 10W3h% + 10W?2h% + 5Wh* + h°,  (t,z) € R x R®
(A(t,7),0h(t, 7)) 1e=0 = (ho(r), ha(r)) = (go(r), g1(r)) if r > R.

Using that W = V if |z| > Rp + |t| we get by finite speed of propagation
and the equations (2.23) and (2.26),

(2.27) (h, Oh)(t,7) = (9,049)(t,7) for r > R +|t|.
Indeed, w = h — g satisfies the equation:

O*w — Aw — Mw=F
where

3 4
M(t, ) =5W*+10W? (htg)+10W2 (B +gh+g°)+5W > h¥Fghy " pt=kgh
k=0 k=0

and

F(t,z) =5V = Whg 4+ 10(V3 — W3)g? + 10(VZ = W?) g3 +4(V — W)gt.
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One can check that for any compact interval I ¢ R, M € L3(I x R3),
DY?M € LMI x R3) and DY?F € L/3(I x R?). Moreover, F(t,z) = 0 for
|z| > Ry + |t|, and (w, dyw) =0 = 0 for |z| > Ry.

The solution w can be constructed by a fixed point on small time in-
tervals as in Appendix A. Writing the solution w iteratively via Duhamel
formula, one shows using the finite speed of propagation for the free wave
propagator that w = 0 for |z| > Ry + [t|, which gives (2.27). We omit the
details.

By Step 1, we deduce that the following holds for all ¢ > 0 or for all
t<0:

(228) L (FHOP = @h0)?) do 2

where n = %H(gg,gl)ﬂzlﬁ2 > (. Using that
lim VW |?dx = 0,
t=%00 J|2|> R+ 1|

we get that one of the following holds at least for one sign + or —:

t—+o0

lim sup /|m|>R+t| (IVa(t)[® + (9,u(t)?) dx >,

which concludes the proof of case (b) of Proposition 2.2, in view of Claim 2.6.

2.2.3. Other solutions In this part we prove Proposition 2.1 as a con-
sequence of the following lemma:

Lemma 2.7. Let u be a global, radial solution of (1.1) such that, for some
R >0,

(2.29) lim \Vu(t,z)|* + (Bpult, z))* dz
t=+00 Jiz|> R+t

= lim |Vu(t, 2)|? + (Bpu(t, 2))? dx = 0.
7700 Jfal> Rt

Then (ug,u1) is compactly supported, or there exist A > 0 and ¢ € {£1}

such that
o~ (0 ()

is compactly supported.
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End of the proof of Proposition 2.1. We first assume Lemma 2.7 and prove
Proposition 2.1. Let u be a radial solution of (1.1).

We first note that the conclusion of Proposition 2.1 holds when (ug, u1)
is compactly supported. Indeed, in this case, the proof of §2.2.2 remains
valid, replacing V' and W by 0, and using the standard small data Cauchy
theory for equation (1.1) instead of Lemma 2.4. We note that this case was
treated in [12] (see Lemma 3.4).

Assume that (ug,u;) is not compactly supported, and let (ug,u;) =
U r(ug,u1), where R > 0 is chosen large, so that (¢ > 0 is given by the small
data Cauchy theory for (1.1)):

0< H(ﬁo,ﬁl)HHleQ < €.

Let u be the solution of (1.1) with initial data (up,u;). According to
Claim 2.6, there exists n > 0 such that u satisfies (2.4) for all ¢ > 0 or
all t < 0 unless:

(2.30)  lim \Va(t, z)|* + (Opu(t, z))* dx
=400 J 12> R+|¢|

= lim \Va(t, z)|? + (8su(t, z))? dz = 0.
=700 Jia|> R+Jt|

Assume (2.30). Then by Lemma 2.7, (up, uy) is compactly supported or there
exist A > 0 and ¢ € {£1} such that (ug,u1) — (57zW(%),0) is compactly
supported. In the first case, (ug, u1) is compactly supported, which is already
excluded. In the second case, (ug, u1)—(xiz W (%), 0) is compactly supported,
contradicting the assumptions of Proposition 2.1 and concluding the proof.

O

It remains to prove Lemma 2.7. Let v be as in Lemma 2.7. We let v = ru,
vg = rug and vy = ruy. We first show two Lemmas.

Lemma 2.8. There exists a constant Cy > 0 (not depending on u) such if
for some rqg >0

+oo
(2.31) / ((&«uo)2 + u%) 2 dr < é,
where dg > 0 is small, then

(2.32) /+oo ((&«vo)? + u‘f’) dr < COM.
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Furthermore, for all r,r" with ro <r <7’ < 2r,

(2.33) ‘7)0( - 1)() ‘ \/>‘ ot” < \/>(50‘1)0

Proof. We first assume (2.32) and prove (2.33). If ro < r <17’ < 2r, we have
by (2.32):

+o0o on (7 5
o (r)—vo ()] < g\/r/ (8rvo(a))2da§@’ 22/2)

/ Orvo(o) do

hence the first inequality in (2.33). If » > r¢, then (see formula 2.7),

+o0
L2) = rid(r) < / (Bruo(0))%0” do < &,
r T

which yields the second inequality in (2.33).

We next show (2.32). Let uy(t,r) = S(t)(up,u1) and v, = ruy. By
Lemma 2.3, the following holds for all £ > 0 or for all ¢ <0

+00 +0oo
(2.34) / (Dpur(t, )% + (Bpun(t,r)) 2 dr > % / (Opvo(r))? 4 v2(r) dr.

ot

Recall the definition of ¥ from the beginning of Subsection 2.1. Let (ug, u1) =
U, (ug,ur), uy, = S(t)(uo,u1), and u the solution of (1.1) with initial data

(tip, u1). By assumption (2.31), ||(to,u1)||%, o2 < 00. Taking do small, we

get by the small data Cauchy theory that for all t € R,

H(fl — Uy, Oyt — 8taL)(t)||Hle2

5/2
< C|l(to, w) ||H1><L2 = ( ((Oruo)? + uf) r? dr>

5/2
((0rv0)* + v) dr + roug(r0)> .

/\
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Hence

“+00
/ (@ (1) + (@i ()*) r2 dr
ro+|t|
“+o00
<C ((6@@))2 v (8tﬂ(t))2) r2 dr
ro+|t|
5

+C </T:OO ((8rvo)? + 07) dr + Toug(rﬂ)) :

By finite speed of propagation,
- -
u(t,r) = w(t,r) and u,(t,r) = wy(t,r), r>ro+|t],

and we obtain:

+o0
2.35 Oy, ()% + (Opuy ())?) r2 dr
39 [ (10a0) + om)?)

<C / o <(8ru(t))2+(8tu(t))2) 2 dr

o+t

+C </TO+OO ((87«1)0)2 + v%) dr + rou%(r0)>5 )

Combining (2.34) and (2.35), we see that the following holds for all ¢ > 0 or
for all t < O:

(2.36) %/m ((9rv0)? + v3) dr
Hoe 2 2 2
<C ((aru(t)) + (Bpu(t)) )7« dr
T0+|t|

5

+C </T:OO ((0yv0)* + v) dr + roug(r0)> )

Letting t — +o0 or t — —oo in (2.36), we see that the first term of the
right-hand side of (2.36) goes to 0 by our assumption on u. Since

+oo +o00
/ ((8rv0)2 T U%) dr < / ((aru0)2 + U%) r? dr <,
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and dg is small, we can neglect the term f:goo ( Orvg)? + U1) dr in the right-
hand side of (2.36). Noting that rjul’(ro) = ©0) e get (2.32). O

g

Lemma 2.9. The function vy(r) has a limit £ € R as r — +oo. Further-
more, there exists C' > 0 such that

C
(2.37) Vr>1, |v(r)—¢ < 2

Proof. We first claim that there exists C' > 0 such that for large 7:
(2.38) luo(r)] < Cr'/10,

Indeed by (2.33), if n € N, |vg(2"ro)| < (1 + +/Cod3) |vo(2"70)|. Hence by

an elementary induction
oo (2"r0)] < (14 V/Codd) " [on(ro).

Choosing a smaller §g if necessary, we can assume 1 + \/0058 < 21710 and
thus

v (2"70)| < 215 vy (7o),

which shows the inequality (2.38) for r = 2"ry, n € N. The general case for
(2.38) follows from (2.33).

We next prove that vg(r) has a limit as » — +00. By (2.33), we get, for
n €N,

(2m
|v0(2”7’o) — vp( 2"+1 | \/_|UO TO
By (2.38), there exists C' > 0 such that

C C
)| < Geem = i

‘Uo(QnT’()) — UQ<2n+lT’0

Using that ) 2% converges, we get

Z |vo(2™r0) — 00(2""'17“0)‘ < 00,
n>1

which shows that there exists ¢ € R such that

. no
nll}rfoo vo(2"rg) = L.
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Using (2.33) and (2.38), we get

lim wvy(r) = ¢.

r—-+00

It remains to prove (2.37). Using that vg(r) converges as r — oo, we get
that it is bounded for r > 7¢, and thus the first inequality in (2.33) implies,
for r > rg and n € N,

[0 (21 r) = 00(2")| < sy

Summing up, we get

C 1
€= vo(r)| = | D (vo(2"F'r) —vo(2"r))| < 2 > yox
n>0 n>0
which concludes the proof of Lemma 2.9. ]

End of the proof of Lemma 2.7. Consider the limit ¢ of vy defined in Lem-
ma 2.9. We distinguish between two cases, depending on /.

The case £ = 0.
In this case we will show that (vg,v;) is compactly supported. We fix a
large r. By (2.33), using that dy is small,

{UO(Z”HT)‘ > —|vp(2"r)|, VneN.

3
4
By induction, we obtain |vg(2"r)| > (23)"|vg(r)|. Since ¢ = 0, (2.37) in
Lemma 2.9 implies: |vg(2"r)| < <. Hence

Letting n — 400, we get a contradiction unless vy(r) = 0. Since r is any
large positive number, we have shown that the support of vy is compact. By
(2.32), we get that the support of v; is also compact, concluding this case.

The case ¢ # 0. In this case we will show that there exist A > 0 and a sign
+ or — such that (ug £ ﬁW(%), uy) is compactly supported. We note that
for large r,

C
<

L (5) YR

r -3
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Thus Lemma 2.9 implies the existence of a constant C' > 0 such that

1

‘imw <X) *UO(’I") Sr—g, T'Zl,
where \ = % and the sign + is the sign of £. Rescaling u, and replacing u
by —u if £ < 0, we can assume:
C
(2.39) luo(r) —W(r)| < —, r>1

Let h=u— W, H =rh. We claim that for a large Ry > 0 we have

e 2 2 1 H§(ro)
(2.40) \V/’r’o > Ro, / ((&HO) + Hl) dr < = 5
o 16 To
where (Ho, H1) = (H, 0¢H);4—0. Assuming (2.40), it is easy to conclude that
(Ho(r), Hi(r)) = (0,0) for large r exactly as in the case £ = 0. Indeed, (2.40)
implies, for large r and n € N:

o [Ho(2"7)]
Hy(2nH1 2"r)| < 2% / (0,Ho(s))2ds < 2% 8 :
| Ho(2""r) = Ho( S o(s))Pds < 25 VT 231 4

which implies |Ho(2"17)| > 2|Ho(2"r)|. By an elementary induction,

(Ho(2r)] > (3)nrﬂo< )

By (2.39), we have |Hy(2"r)| < foz. Letting n — +o0, we get a contradic-
tion unless Hy(r) = 0. Thus Ho is compactly supported. By (2.40) again,
we obtain that H; is compactly supported concluding the proof.

It remains to show (2.40). Consider the large positive number Ry and
the potential V' defined by Claim 2.5. Let g > Ry, and define

(90,91) = Yy, (ho, h).

Let g.(t) = S(t)(go, 91), and consider the solution g of
(2.41)
{ O2g — Ag =5Vig+10V3¢% + 10V2g2 + 5Vt +¢°, (t,z) eR xR?

(9,0:9) 1t=0 = (90, 91)-
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By Lemma 2.4, we get that g is globally defined and satisfies
- ~ 1
(2.42) sup [|§(t) — GL(O)ll 12 = 7511090, 90 e-
teR

By Lemma 2.3, the following holds for all ¢ > 0 or for all t < 0:

+00 +oo
e [ L0002 + @] a2 5[ oy« HE ar

Combining (2.42) and (2.43), we get that for all ¢ > 0 or for all t <0,

+oo

+oo
(244) / (00 Ho)? + HE) dr < / (@007 + @07 ar

—+00

< / " ((0rgL)* + (OugL)?) 1 dr
’!’0+ t

1 +o00 400

=50 / ((9rgo)* + i) rdr + 2/ ((0:9)* + (9rg)?) r* dr.

To T0+‘t|

By finite speed of propagation (as in Step 2 of §2.2.2) we get
G(t,r) = h(t,r) for r > 1o+ |t|.

Letting t — +00 or ¢ - —o0 and using that

+oo
lim (0, W)2r?dr =0,

t—=o0 7’g+|t|

and our assumption on u, we obtain that the second term of the last line of
(2.44) goes to 0. Hence (2.44) implies

1 [t L[
5/ [0 Ho)* + Hi] dr < o5 | ((Org0)” +g7) rdr
1 o 2 2 1o
=5 : [(8-Ho)? + H{| dr + EHO (ro) |,

hence (2.40). O
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3. Proof of the main result in the global case

In this section we prove Theorem 1 in the global case: we show that all
global radial solutions of (1.1), can be expanded as in (1.6). We start by
recalling a few useful facts about the profile decomposition of Bahouri and
Gérard [1]. In Subsection 3.2, we prove, using finite speed of propagation and
convexity /monotonicity as in [21], that a global solution is bounded along a
sequence of times going to infinity. In Subsection 3.3, we show that a global
solution u has a linear behaviour at finite distance from the boundary {|z| =
|t|} of the wave cone, thus constructing the free wave v, of the expansion
(1.6). The core of the proof is Subsection 3.4 where we use the channel of
energy method and the results of Section 2 to prove that an expansion as
(1.6) holds (after extraction of a subsequence) along any sequence of times
going to infinity for which the solution is bounded. In Subsection 3.5 we
conclude the proof, using continuity arguments to choose the signs ¢; and
the scaling parameters \;(t) independently of the choice of the sequence of
times.

3.1. Preliminaries on profile decomposition

We gather in this subsection well known facts about the profile decomposi-
tion of Bahouri and Gérard [1].

3.1.1. Definition Consider a sequence {(uon,u1,n)}, of radial functions
in A' x L?, which is bounded in H' x L2. By [1], there exists a subsequence
of {(uo,n,u1,n)},, (that we still denote by {(uo,n,u1,n)},,) with the following
properties. '

There exist a sequence (U});>1 of radial solutions of the linear equation
(2.1) with initial data (U], U]) € H' x L2, and, for j > 1, sequences {\jn }n,
{tjn}n with X\;, >0, t;, € R satisfying the pseudo-orthogonality relation

)\jn )\k,n + ‘tj,n — tk,n‘ _

3.1 £k li ’
(3.1) j# k= lim S + N o

00,

such that, if




Radial solutions of the energy-critical wave equation 99

then

3.3 lim li J L. =0,
(3:3) it sup [Joop | g
where

wy (t) = S() (wh y wi ).

One says that (ugn, U1, ), admits a profile decomposition with profiles {Uﬁ }
and parameters {Ajn, tjn}; -

The profiles can be constructed as follows. Let vy, (t) = S(¢)(uon, uin).
Then

1/2 3/2 j j
B34)  (Ahon G i) A 0u0m (b, Agin) ) —— (U3, 07,
35) j<J= (Amw‘] (tm Ajin) s A2 O] (tj,m)\j,n‘)) —0,

. s A

weakly in H' x L2. In other words, the initial data (U, J , Uf ) of the profiles
are exactly the weak limits, in H' x L2, of sequences

{Ai/z’l)n(tna /\n)7 )\2/28tvn(t”’ )\n)} ’

where {\,},,, {tn}, are sequences in (0,00) and R respectively.
The following expansions hold for all J > 1:

J 2
) ool =3 |02 (522 |+l + ont0)
Jj=1 ’
2 -~ i —tj 2 2
n
@W\mwp:§:aw<xi>B+W%wm+%m

j=1
(3'8) E(UO,na 'Ul,n)

J
. tin ) tin
— ZE <U5 (——/\Jj ) ,OU7 (——)\]f >> + E (wi o wi ) + on(1).
j=1 J,m 7,

We denote, for simplicity:
; 1 (t—ti, «x
(3.9) Ul (t,z) = U/ < L —> .

Jsn ’
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3.1.2. Approximation by a sum of profiles Translating in time and
rescaling U} (¢, z), and extracting subsequences, we will always assume that
one of the following two cases occurs

(3.10) Vn, tjn=0 or lim —2* = +oo.

n—00 ;
]7n

As a consequence, using the local well-posedness of (1.1) in the first case
and the existence of wave operators for (1.1) in the second case, one can
construct a solution U7 of (1.1) such that —¢;,,/);, is in the domain of U’
for large n and

nh—>H;o Hﬁj(_tj,n/)‘J n) Uj Jn/)‘]" ||H1><L2 =0.

The solution U7 is called the nonlinear profile associated to Uf7 {Njnstintn.
We will use the notation:

) 1 (=t T
3.11 Ul(t,x) = U’ L
(310 (o) A2 ( Ajn Aj,n>
]7”
We also recall the following approximation result, consequence of a long
time perturbation argument. See the Main Theorem p. 135 in [1] for the

defocusing case, and a sketch of proof right after Proposition 2.8 in [14].

Proposition 3.1. Let {(ugn, u1.n)}n be a bounded sequence in H' x L? ad-
mitting a profile decomposition with profiles {U; } and parameters {t;n, Xjn}-
Let 0, € [0,+00). Assume

O —tin ;
(3.12) Vj>1, Vn, A;J <T.(U?) and
VL)

)

hmsupHUJH s((—tin Ontin) o) < o0

n—-+00

Let uy, be the solution of (1.1) with initial data (uon,u1,). Then for large
n, uy is defined on [0,6,),

(3.13) lim sup [|uy, ||

n—-+00

L5 ((0.0.) xR?) < 00,

and

J
(3.14) VEE[0,6n), un(t,z)=> Uj(tx)+wy(t,z)+r)(t ),

j=1
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where w; (t) = S(t) (w(‘{n, wi]m) and
(3.15)

lim i J T2 + 10 ()|lr2) | = 0.
;lim Jim sup HTHL%wﬂwxw)+Q;g%)wan(”h + 10y (8)]]22)

An analoguous statement holds if 6, < 0.

3.1.3. An orthogonality property

Claim 3.2. Let {(uon,u1,n)}n, (Ui}, {tin,\jn} and 6, € R satisfy the
assumptions of Proposition 3.1. Consider sequences {pp}n, {on}n such that
for allm, 0 < p, < oy, (the case o, = +00 is not excluded). Then:

(3.16) jA k=

lim / VU (0, 2) - VUE O, 2) + U3 (00, 2) - UL (0 2)) da = 0
n—0o0 pn<|z|<0on

(3.17) J>j=

lim (VU%(Hn,x) Vw! (0, ) + 8,U (0, ) - dyw;! (Gn,az)) dz = 0.

N0 Jp, <|z|<on

The proof of Claim 3.2 is given in Appendix B.

3.1.4. Localization of a profile The following Lemma is an easy con-
sequence of the strong Huygens principle. We refer to [14] for the proof.

Lemma 3.3. Let Uin be defined by (3.9), and assume

lim —2* = ¢; € [—o0, +00).

n—oo )\]?n

Then, if £; = o0,

: 2
lim hmsup/ |VU£H( 0)24 2|Ugn( )|2+<3tUg’n(0)> dr =0
|t |2 RN, 2]

R—oc0 nooo

and if {; € R,

. , 2
lim limsup/{|x>R)\j,"} ]VUgm(O)’?—i-‘ |2\Ugn( )‘2+<8tUg7n(0)) dx = 0.

R—00 pnooo
U{lz[<E A0}



102 Thomas Duyckaerts et al.

3.2. Boundedness along a subsequence

Proposition 3.4. Let u be a solution of (1.1) such that T'y (u) = +oo. Then
the energy of u is nonnegative and

liminf || Vu(t)||2 + || 0eu(t)]|2: < 3E(ug, u1).
t—+o00

In particular, there exists a sequence t, — 400 such that i(t,) is bounded
in H' x L2,

Remark 3.5. Proposition 3.4 also holds in a nonradial context with the same
proof.

Remark 3.6. In [21], it was shown that if [ |[Vug|? > [ |[VW|? and E(ug,u) <
E(W,0), then T (u) is finite. In this case, the variational characterization
of W implies that for all ¢ in the domain of definition of w,

(3.18) /|vu(t)y2 > / VW = 3E(W,0),

which, together with the condition F(ug,u;) < E(W,0), implies || Vu(t)|%.+
|0u(t)||22 > 3E(ug,u1) + € for some £ > 0 independent of t. Thus Propo-
sition 3.4 implies the blow-up result of [21]. The proof of Proposition 3.4 is
almost the same as the one in [21], which uses an argument going back to
H. Levine [24]. We sketch it for the sake of completeness.

Proof. We argue by contradiction. Assume that the conclusion of the propo-
sition does not hold. Then there exist tg > 0, &g > 0 such that

(3.19) Vt > to, ||Vu(t)]|2: 4 [|0su(t)]|22 > (3 + o) E(ug, u1) + €o.

Let ¢ € C*™(R?) be a radial function such that ¢(r) = 1if r < 2, ¢(r) =0
if » > 3. Let

ot) = [ o (5) lutt.0) da.

We will show that there exists v > 1 such that for large ¢,
(3.20) y'(t) >0, and 7y ()* < y(t)y"(1).

This will give a contradiction by standard ODE arguments. Indeed, (3.20)

implies that for large ¢,
d y'(t)
—1 >
s () =
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Thus there exists ¢g > 0 such that for large t,

which contradicts the fact that y is nonnegative.

It remains to prove (3.20). Combining finite speed of propagation, the
small data Cauchy theory for (1.1), Hardy and Sobolev inequalities, we easily
get that

(3.21)
1
Jim [ (19004 pglute o)+ e+ e ) ) de =0
Then
(3.22) vt >0, y(t)Z/ Ju(t, z)|? da.
|z| <2t
Furthermore,

(3.23) y'(t) = 2/u8tu<p (%) dx — tl? u?z - Vo <%> dz,

and thus by (3.21),
(3.24) [y (t)] < 2/ |u| |Opu| dx + o(t) as t — +o0.
| <2t

Differentiating (3.23) and using equation (1.1), we get, in view of (3.21),

y'(t) = 2/(8tu)2dx — 2/ |Vu|? dx + 2/u6 dx 4+ o(1) as t — 400
(3.25)
y"(t) = —12E(uo, u1) + 8/(6tu)2 dx + 4/ |Vul|? dz 4 o(1) as t — +oo0.

By (3.19), there exists t; > to such that for some small £; > 0,
(3.26) Vt>t, y'(t) > (4+e1) /(8tu)2 dr + 1.

(Note that if E(ug,u1) < 0, (3.26) follows immediately from (3.25) and we
do not need (3.19). Of course this case was already treated in [24, 21].)
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In particular, liminf,, o +4/(t) > €1, and (3.24) implies that for large t,

€1
327) 0<y(t) < (24 — dpuld
821 0<y0 = (24 355) [ wliawas

1/2 1/2
€1 2 2
<24 — / ul® dx / Owul|” dx .
( 100) ( \x|szt’ | > < mgzt‘ i )

Combining (3.22), (3.26) and (3.27), we get (3.20), concluding the proof of
Proposition 3.4. O

3.3. Existence of the free wave

Lemma 3.7. Let u be a radial solution of (1.1) such that Ty (u) = +o0.

Then there exists a radial solution vy, of (2.1) such that
(3.28)

VAeR, lim IV (u— o) (t, ) > 4+ (Op(u — vi)(t, 2))? dz = 0.

t—400 \x|2th

We first prove a preliminary result. Let {¢s}s be a family of radial C*°
functions on R3, defined for § > 0 small and such that

C
0< s <1, |Vis| < =,
(3.20) < s < Vs| < 5

|| > 1 -0 = ps(z) =1, |z] <1—20 = ¢s(x) = 0.

Lemma 3.8. Let u be a solution of (1.1) such that Ty (u) = +oo0, and &
be a small positive number. Then there exist t, — +o0o and a small § > 0
such that ¢s(;-)i(t,) has a profile decomposition with profiles {Ug}j and
parameters {\jn,tjn}; , such that

—t
(3.30) Vi>2, lim " = too,
n—-+0o )‘j»n
(3.31) tl,n =0 and H(U&7 Ull)HHle2 <e

Proof. The proof is very close to [12, Proof of Lemma 3.8]. We recall it for
the sake of completeness. We divide the proof in two steps.
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Step 1. In this step we show that there exist ¢’ > 0 and a sequence s,, — 400
such that {¢s (£)td(sn)}n has a profile decomposition with profiles {V};

and parameters {/ij, Sjn};, satisfying

(3.32)
Vj>2, lim —2% € {+o0} and hm —2 e [-1,28 — 1] U1 — 28, 1],
n—+0o0o Nj n Sn
€
(3.33) sin =0 and [[(Vg, Vi)l e < 5

First note that by finite speed of propagation and small data theory,

(3.34) lim lim sup/ \Vu|? + (9pu)? dx = 0.
|z|>t+R

R—+00 t—+400

By Proposition 3.4, there exists a sequence s, — 400 such that (s,)
is bounded in H' x L2 After extraction of a subsequence in n, we know
from [1] that {(s,)}, has a profile decomposition with profiles {VL }; and
parameters {/ijn, Sjn};,- By (3.34) and Lemma 3.3, for all j,

(3.35) T
n—+o00 Sy,
(3.36) lim 27 < oo

(as usual, extracting subsequences, we can always assume that these limits
exist).

: i,
If lim,, oo —

> 0 then we cannot have lim,,_, oo ‘ij:‘ = 400 which
would contradict (3.35). Thus we can assume s;, = 0 for all n. Using the
pseudo-orthogonality of the parameters, we deduce that there is at most one
index j such that lim,_, & 2% > 0. We will assume that this index is j = 1,
and that p1, = s, for all n." By (3.34),

(3.37) supp(Vy, V1) C {Ja| < 1}.

Then

1~ 1 1
# (@) R E) ()= (e () (D)
Sp, s2 Sp, 37% Sp, s2 Sn/) g2 Sn,

where (Vi Vi) = go(g«(x)(%l,‘N/ll). Using (3.29) and (3.37), one can easily
show that (3.33) is satisfied for small §' > 0.



106 Thomas Duyckaerts et al.

Let 7 > 2, and distinguish two cases:

o If s;,, = 0 for all n, by quasi-orthogonality, lim,_, | SJT*L = 0, which

shows by Lemma 3.3,
e\ =
oo (£) V200)

o If lim, s o Z’—” = 400, then, denoting by
7,mn

(3.38) lim ‘ = 0.

n—-+00

Hix L2

7= lim —2" e [—1,+1],

n—oo Sy

we have, by Lemma 3.3,

vor | o V1n(0) = ws (

n

(3.39)  lim ’ = 0.
n—oo

- .
- vz,nm)\

H1xL?

= . .
In particular, if |7;] <1 —2¢, @5 (f) V1 .,(0) goes to 0 in H' x L?
as n tends to infinity.

‘We have:
(3.40)

%/(é)(lt( ), Opu(sa) Zw( )v1n<>+w <1> (wi )

n

where

o lﬁiup 1) (s wT) | gy = O

By [14, Claim 2.11],

=0.

(3.41) lim limsup HS(t) [go(;/ <£> (w(‘in,win)}
s L3 (R*)

J—00 p—4oo n

Combining (3.38), (3.39), (3.40) and (3.41) we get that {¢s (;=)u(sn)}n has
a profile decomposition satisfying (3.32) and (3.33), which concludes Step 1.

Step 2.
Let uy, be the solution of (1.1) with initial data pg (;-)i(s,). Then by
Proposition 3.1, u, is defined on [0, s,,/2] and

aon/2) = 3" Ths0/2) + Bl0/2) + 72,

7j=1
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where

Jim timsup |7 (s /2)| 2 + 90 (5n/2)| 2 = 0

. 1 (T — s T
7 _ 7 »n
Vn(t7$)_ 1/2V ( M ’/,L‘ )7
/‘Lj,n 7,m Jn

and V7 are the nonlinear profiles associated to the profiles Vin defined in
Step 1.

Let t, = %sn and 0 = %. By finite speed of propagation and the defini-
tion of g,

|| > (; — 5’) Sp = (1 —20)t, = tUn(sn/2,2) = U(ty,x).

Thus

()

£y

(1) = 03 () o/

n

_ g% <t£> Vi (50/2) + 8 (}) (@ (50/2) + 72 (50/2))

n

and the conclusion of the lemma follows from a similar analysis to the one
at the end of Step 1. O

Proof of Lemma 3.7. Step 1. In this step we show that for all A € R, there
exists a radial solution v/ to the linear equation (2.1) such that

. A 2 A 2
(3.42) t_lgrnoo - V(u—vi)(t, )|+ (9(u—v{)(t,x))" do = 0.

Again, the proof is close to the one in [12]. Consider the sequence t, giv-
en by Lemma 3.8, and let w, be the solution of (1.1) with initial data
w5(x/ty)i(ty, z) at t = 0. It follows from (3.30), (3.31) and Proposition 3.1
that for large n, u, is globally defined and scatters for positive times. We fix
a large n and let ¥y, be the solution of the linear equation (2.1) such that

) . -
lim ||un(t) - v L,n(t)HHl xL2 — 0.

t——+o00
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By finite speed of propagation, u(t, +t,z) = @, (t,z) for |x| > (1 —d)t, +t,
t > 0. Hence

/| | IVult, z) — Vg (t — tn, )| +|0su(t, ) — Oy n(t — tn, x)|* da
x|>—8t,+t

— 0.
t—+o00

Choosing n large, so that &t, > A, we get (3.42) with v(t,z) = O, (t —
tn, ), concluding this step.

Step 2: end of the proof. Consider the sequence {t,}, given by Proposi—
tion 3.4, and assume, after extraction of a subsequence in n, that S(—t,)u(t,)
has a weak limit (vg,v1,.), as n tends to infinity, in H' x L2. Furthermore,
extracting again, we can assume that the sequence (t,) has a profile de-
composition

(3.43) ii(tn) = T (tn) + 27 + (W wi,).

Note that in this decomposition, we have chosen the first profile as U} = vy,
with parameters A\;, =1, t1, = —t,, which is consistent with the definition
of profiles as weak limits, see (3.4).

Let A € R and v be the linear solution given by Step 1. Then (t,) —
U A(t,) has the following profile decomposition:

i(tn) — V() = (tn) — )+ Z T4 1(0) + (wi wi),

where the first profile is [7L1 = v — vf, and the corresponding parameters

are again A1, = 1 and t1,, = —t,,. By Claim 3.2, we get that (3.42) implies

lim (|V(v£4 —v) (tn, )| + (B (v — UL)(tn,x))2) dz = 0.

n—0o0 |$|2tn—A

Using that v/* — v, is a solution to the linear wave equation, the decay of
the free energy of v — v, outside the lightcone {]m| >t — A} implies:

lim (IV @ = o)t 2) P + (20! = v.)(t,2))?) do =0,

t—+o0 |£E|2t—A

which, together with (3.42), yields (3.28). O
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3.4. Analysis along a sequence of times

In this subsection, we show:

Proposition 3.9. Let t,, — +oo be such that {i(t,)}, is bounded in H' x
L?, and v, be the linear solution given by Lemma 3.7. Then, after extraction
of a subsequence in n, there exist J > 0, t1,...,t;5 € {£1} and sequences

{Njntn with 0 < A\, < ... K< Ay <ty such that

J Lj x
(3.44) (ty) — Ty (tn) — Z (Al—f/zw (m o) ,o) 0
Jj=1 Jn ’
in H' x L2

Let us emphasize the difference between Proposition 3.9 and Theorem 4
of [12]. Theorem 4 of [12] states that if @ is bounded in H' x L?, there exists
a sequence t,, — +oo such that (3.44) holds, whereas in Proposition 3.9, the
sequence t, — +0o can be chosen as a subsequence of any sequence {t] },
such that (t]) is bounded. This apparently small difference allows us to
prove that the expansion (1.6) holds for all large time, and not only along a
sequence of times as in [12].

Let us quickly explain the proof of Proposition 3.9. Arguing by contra-
diction, we expand w(t,) into profiles and assume for example that one of
the nonzero profiles is not equal to +W. Using the results of Section 2, we
show that this profile will send an energy channel into the future (which
contradicts Lemma 3.7) or into the past (giving an initial data with infi-
nite energy, a contradiction). This channel of energy method was already
used in our previous articles [14, 13] and [12]. However, in these articles, we
could only show that small solutions of (1.1) (and also, in [12], compactly
supported solutions) have an appropriate energy channel property, whereas
Section 2 shows that this property holds in some sense for any nonstationary
radial solution of (1.1).

Before proving Proposition 3.9, we will need two technical lemmas.
Lemma 3.10 gives a “profile” version of the results of Section 2. Lemma 3.11
makes explicit the energy channel argument.

Lemma 3.10. Consider a non-zero profile*

Ul (t,x) = U/ P Ult) = St) (U, U!
L,n( 737) )\1/2 L < )\j,n 7Aj,n> ) L( ) ( )( ’ 1)7

j7n

!The index j is not necessary in the following statement, but will be convenient
when referring to the lemma.
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and assume that

_t'n
(3.45) lim A—J € {+o0}

n—oo j,n
or that tj, = 0 for all n and that one of the following holds:

a. for all p > 0, for both signs + or — (U] 1/2VV(ﬁ),Uf) is not
compactly supported, or A ‘

b. there exists a sign + or — such that (U £W, U}) is compactly supported
and

p (U3 +W.Uf) > Ro,
where p is defined in (2.2) and the constant Ry > 0 is given by Propo-
sition 2.2.

Then there exist a solution (7{ of the linear wave equation, and a sequence
{pjn}, of positive numbers such that the nonlinear profile U7 associated to

UL, {tjm: Ajn}n is globally defined and scatters in both time directions,

= .
(3.46) Vi, 2] > pin = U n(0,2) = U4 ,(0,2)

and there exists 1; > 0 such that the following holds for all t > 0 or for all
t<0

~. 2 ~. 2
(3.47) n, / VOt + |00 )| de >y
H—

We postpone the proof of Lemma 3.10 to Appendix C.

Lemma 3.11. There exists no sequence {t,}, — +oo with the following
properties.

There ezist a sequence of functions {(uon, w1,n)}n, bounded in H' x L2,
and a sequence {pp}n of nonnegative numbers such that

(3.48) |z| > pr, = (u(tpn, x), Ou(ty, x)) = (uon(x), uin(z)),

and there exist Jo € N, v1,...,1y, € {£1} such that (uopn,u1,n) has a profile
decomposition of the following form:

(3.49)

(o, t0) = Tt +Z<1/2 < ) ) b3 TLO)+ulul),

j=Jo+1
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where for all §j > Jo + 1, the nonlinear profile U7 is globally defined and
scatters in both time directions. Furthermore, there exists €9 > 0 such that
one of the following holds:

a. there exists jo > Jo + 1 such that for all t > 0 or for all t < 0:
(350)  n / VU, 2) 2+ (U (£ 7)) da >
|| >pp+t]

or
b. for at least one sign + or —,

(3.51)

lim liminf inf J(t, @) ; 2 dz > .
St [ R Qo) a2

Proof. We argue by contradiction, assuming the existence of a sequence
t, — +oo with the properties above.
Extracting subsequences if necessary, we may assume

lim “— =1L € [0,+o0].
If L > 1, we get by (3.34),

lim IV (uo,n(2) — vn(tn, 2))* + (urn(2) — vy (tn, ))* dz = 0,

00 Sz >p,,

which immediately contradicts (3.50) or (3.51) in view of Claim 3.2. We will
assume in the sequel

(3.52) lim 2% =1 e0,1].

n—+oo t,

We first note that for any j € {1,...,Jp},

Nin
(3.53) lim ~2% =0.

n—+oo T,

Indeed, if (3.53) does not hold, we may assume, after extraction

. )\j,n .
Since L is finite, we can fix a real number M > max (£, L) (M > 0 if

m = +00). Let p € C5°(R?) be a nonnegative, radial function such that
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|x| > M on the support of ¢. Assume furthermore that ¢ is not identically 0.
Then by (3.49),

(3.55) lim )\Jl-fuom()\jmx)cp(m) der =; / W(z)p(x)dz # 0.
n—oo ’

If z is in the support of ¢, [A\j,z| > M\;, =

n, by (3.52), (3.54) and the fact that M > £. As a consequence, on the

support of ¢, ugn(Ajn) = u(tn, A\jnx), and (3.55) implies

MAtJ—" % pn > pp for large

lim )\;fu(tn, Ajnx)p(z)dx # 0.

n—o0

By (3.54), we get

lim | tY%u(ty, tax)e(z/m) dz £ 0,
n—oo
which contradicts (3.34) since by the choice of M, |z| > 1 on the support of
©(-/m). The proof of (3.53) is complete.
We denote by v the solution of (1.1) such that

(3.56) lim {[|5(t) = 0.(0)| g1 2 = O

t——+o0

Translating » in time if necessary, we will assume that v is defined on
0,459).
We will prove the result by induction on Jp.

Case Jy = 0.
Let uy, be the solution of (1.1) with data (ugn, u1,,). By Proposition 3.1,
(wo,n, U1 ) is defined on [—t,, +00) for large n and

J
(3.57) it x) = U(tn +t,2) + Ti(t,x) + Bt z) + 7t ),

=1
where

(3.58) lim limsup sup H?;ﬁ = 0.
)

T1 2
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First assume that (3.50) holds for all ¢ > 0 or that (3.51) holds with a +
sign. Then by (3.56), (3.57), (3.58), (3.50) (or (3.51)) and the orthogonality
Claim 3.2, the following holds for all large n and all ¢ > 0:

(3.59) / Vun (£, ) — Vou(tn + £, 7|
|z|>pn 4t

+ Byun(t, ) — Byvy (t + )2 dz > %0

By finite speed of propagation and (3.48), we deduce that for large n,

(3.60) / Vultn +t,2) — Vou(tn + t,2)]°
[z[>pn+t

+ (Opulty +t,x) — Oty +t,x))* do > PX
and thus,
(3.61)
lim inf \Vu(t, ) — Vo (L, z)|* 4 (dul(t, z) — Sy (t, z))? dz > 0,

E=2400 J|z|>p, —tn+t

contradicting (3.28).

Next, we assume that (3.50) holds for all ¢ < 0, or that (3.51) holds
with a — sign. By (3.57) at t = —t,, (3.58), (3.50) (or (3.51)) and the
orthogonality Claim 3.2, we get that for large n

/ (Vi (—tn, z) — Vo(0,2)]* + (Opu(—tp, z) — 04v(0,z))* dz > =
2|2 pattn 2

Using again (3.48) and finite speed of propagation, we deduce that for
large n,

/ (]Vuo(x) — VU(O,x)lz + (u1(z) — 8tv(0,x))2) dr > 6—20~
[z]>pn+tn

Letting n — 400, we get again a contradiction.

Inductive step. This part of the proof is close to [12, Proof of Lemma 4.5]. Fix
J1 > 0, and assume that the lemma holds when Jy < J;. Consider a sequence
t, — oo satisfying the assumptions of the lemma with Jy = J; + 1. We
assume to fix ideas that (3.50) or (3.51) holds for all ¢ > 0. The proof is the
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same in the other case. Reordering the profiles (and extracting a subsequence
if necessary), we may assume

A L Aoy L o K Ay L e

Let T > 0 be a large time. Using that W is globally defined, we get by
Proposition 3.1 and the fact that the nonlinear profiles U’ scatter for j >
Jo+ 1,

(3.62) @ A.nT) = Oy (tn + MnT) Z < Llj/QW ( ) ,0)

J
+ 3 Vi) + BLOwaT) + 70 (aT),

j=Jo+1

Miriszz =0

Let ((7&, 0) = U7 (W,0), where Uy is defined in the beginning of Subsec-
tion 2.1. Choosing T large, we can assume that the solution U with initial
data (17&, 0) is globally defined and scatters in both time directions. Let

where limj_,, limsup,, ., H?;{ (AT

B _ . ~ X
(3.63) (o, n) = Th(tn + AiaT) + (W Uo (T) ’0)

1n

J
+Z ( Llj/QW <7 0)) + Z ﬁ%()\l,nT)+E?;{b()\17nT)+?>i<)\1’nT).

j=Jo+1
We check that the sequences {t,}n, {pn}n and {(Uon,U1n)}n, With £, =
tn + M1, pn = pn + AT satisfy the assumptions of Lemma 3.11 with

Jo — 1 instead of Jj.
By finite speed of propagation,

(Won, Ut p) = UM T 2) =1 (fn,x) for |z| > pp + MpT = pn.

The expansion (3.63) yields a profile decomposition of (U p, U1 y):

Jo
~ ~ o F Lj x ~ x
o =0+ 35 (0 (52)-0) (3% (57) 0
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j _Ejn €T _g'n x -
) _ aU] Js _ ~J J

Jj=Jo+1 j,n 3,n

where fj,n = —A1n T +1;, (note that this preserves the pseudo-orthogonality
of the sequence of parameters {\;,}n, {tjn}n) and

(@) s @7 ) = By (A1 T) + 7 (A T).-
By the small data theory, the solution U of (1.1) with initial data (Llﬁ&, 0)

is globally defined and scatters in both time directions. Finally, if (3.50)
holds then, for all ¢ > 0,

/ IVUP Mo T +t,2) " + |00 (MnT + t,2)| da > &
||>prn+A1,n T+t

Letting Ul =

Uj(t;ﬁ”\ ) = UJ()\I »T +t,x), we obtain

)\11_/2 im gim
- 2 - 2
vt > 0, / ‘VU,{O(t,x)’ + ‘atUg;(t,x)‘ dz > &o.
|x|>pn+t
Similarly, if (3.51) holds we get:

lim liminf inf / V@ (¢, )2 + (9 (1, 2))2 dar > 2o,
|z >pn+t

J—+oo n—oo t>0

We are reduced to Jy — 1 profiles W, which closes the induction argument.
O

We are now in position to prove Proposition 3.9. We argue by contra-
diction. If the conclusion of the proposition does not hold, there exists a
subsequence of {t,}, (still denoted by {t,},) such that (¢,) has a profile
decomposition of the following form:

(3.64)
[’.7 w ﬁ J
( +Z 1/2 + Z wOn’wln)7
j=Jo+1
where Jy > 0, ¢; € {£1} and, for j > Jy + 1, one of the following holds
3.65 lim —97 e (+
(3.65) im0 € oo

j7n
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or
(3.66)  tu=0 and VA>0, (UF,.U1,) # <imW (A> ) .

Furthermore, one of the following holds:

(3.67) U/t £ 0
or
(3.68) Vj>Jo+1, U9 =0 and hmme o)) >0

We split the proof in various cases. In each case, using in particular Lem-
ma 3.10, we reduce to the situation where (t,) coincides for |z| > p,, (for
some nonnegative parameter p,,), with a sum of rescaled £W and of globally
defined profiles creating energy channels in the cone {|z| > p, + |t|}. Lem-
ma 3.11 will then yield a contradiction. This argument can be performed
directly along the sequence {t,}, (see cases 1, 2a and 2b below) unless the
profile U 7, J = Jo+1 which is “further” from the origin x = 0, is of the form
(W + h}, h), where p(h},h]) is small. In this case, we will use case (a) in
Proposition 2.2, finite speed of propagation and Proposition 3.1 to get the
same situation along another sequence {f,}, (see Case 2c).

Case 1. Assume that (3.68) holds. As a consequence, w; = S(t)(w({n,win)
is independent of J > Jy+ 1 and we will simply denote it by w,. There exist
Ny > 0 and a small 9 > 0 such that for n > Ny, |[(wo,n, Win)| g1y 2 = €0-
Using that (letting R — 0 in (2.7)):

+00
| @) + runa)?] dr = [ (T + (w1,0)) da
0 R3
we get by Lemma 2.3 that the following holds for all ¢ > 0 or for all £ < 0:
Wn > No, / (1Vwn(t,2) + (pwn(t, 2))%) da
el
+00 €0
> [ 0wt )? + @ulrwn ()] dr = 5
[t

We are thus exactly in the setting of Lemma 3.11, with (ugn,u1,) =
(u(ty), Ou(ty)), and p, = 0, which gives a contradiction.
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Case 2. Assume that (3.67) holds, and choose a small parameter ¢ > 0 such
that

(3.69) e < J(UF0), U7 (0) | 112

and that any solution v of (1.1) with data (vo, v1) satisfying || (vo, v1)|| g1y 2 <
10¢e is globally defined and scatters.

Reordering the profiles again, we may assume that there exist Ji, Jo,
with Jy < J; < Jy such that

370)  h+1<j<h=|(0.000)], >
(3.71) Jot1<j= H(U{(O),atUg’(O)) HHIW <e
and

o if Jo+1<j<Jp,tjn=0forallnand (U,U)) = 1;(W,0) + (k), b)),
where ¢; € {£1} and (hé,h{) € H' x L? is nonzero and compactly
supported;

o if J1 +1<j < Jy, then lim, i oo tjn/Ajn = F00, or tj, = 0 for all
n and for all A > 0, (Ug(x),Uf(x)) + (532 W (%),0) is not compactly
supported.

Note that by (3.69), we must have Jy + 1 < Js.

In order to distinguish between the three remaining cases, we will need
to define new sequences of parameters {p;,}n for Jo+1 < j < Js.

If Jo+1 < j < .Ji, we will denote by p;,, = p(h}, h])\jn, where p(-)
is defined in (2.2). Reordering the profiles and extracting subsequences, we
will assume

(3.72) )\(]0_,_17” ... K )\Jhn.
Equivalently
(3.73) Plotin K oo L PJn-

By Lemma 3.10, if J1 +1 < j < Js, there exists ((73711, [7{1) such that the

nonlinear profile U7 associated to U7, {tin}n, {Njn}n is globally defined,
scatters, and satisfies (3.46), (3.47) for some p;,, > 0. Reordering the profiles
and extracting subsequences, we will assume:

(374) PJi+1,n S cee S Plyn-
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If Jy < J1 < Jo we can assume, after extraction of a subsequence in n that
the following limit exists

. J:
0= lim 22"
n—oo le,n

€ [0, +00].

We will make the following conventions: if J; = Jy (i.e. {ps, n}n is not
defined), we set £ = +oo; if Ji = Jo, (i.e. {psn}n is not defined), we set
¢ = 0. We distinguish between the cases ¢ € (1,+o0], £ =1 and ¢ € [0,1).

Case 2a: £ > 1. In particular, Jy = J; or Jy < J1 < Jo and for large n,

(375) PJn = PJin:

Let

(wo,n, u1,n) = (vn(tn), Bror(tn))

L Jo
+Z< 1J/2W< ) >+ Z U (wO'mwln)'
Jj=Ji+1
Note that for Jy+1 < j < J; we have, if |z| > pjn

(3.76) T4, (0,2) = (Alj/QW (AJ n> ,0) .

Jn

Thus, by (3.73) and (3.75), the equality (3.76) holds for any = such that
|z| > pj,n. As a consequence, (ugn(x),u1n(x)) = (u(tn,x), Ou(ty,z)) for
|z| > pJ,m- Using that (by the definition of U”? in Lemma 3.10):

(3.77) / (‘vﬁ;& (t,x)f v (atﬁ;& (t,x))2> >5>0
|Z1>p.55 . n+t]

holds for all ¢ > 0 or for all ¢ < 0, we see that we are exactly in the setting
of Lemma 3.11, which yields the desired contradiction.

Case 2b: ¢ = 1. This case is very similar to case 2a. Let

1 T 1 x
(Hs 1) = W | 508" ( ) h ( )
’ 2.m /2 0 » . 3/2 1 ’
)\Jhn )‘len )\len )\len
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where (hgﬂhf) is defined right after (3.71) and the operator ¥p in the
beginning of Subsection 2.1. Define

Ju
(Uo,nvul,n) = (UL(tn),at’UL(tn)) + Z (#W </\i> ’O)

i=1 \Ajin n
J2
gj 0 HJI HJ1 Ja Jo
+ Z L,n( )+ O,n"*1,n + wO,n’wl,n ’

and note that (ugn(z),u1n(x)) = (u(tn,z), Owu(ty, z)) for x| > pr, . We
have

/RS (IVE P + |H, ) do

J T 2 7 T 2 dx
Lo (o GG G2,
/|37|2P,12,n ‘ 0 (Ajl,n> ! >\J1,n Agl,n

([ + (00)") a0

n—-+00

PJy,n Iy g J
/?J|ijinp(holvh11)

because ¢ = 1. Since (3.77) holds, the assumptions of Lemma 3.11 are again
satisfied, yielding a contradiction.

Case 2¢c: £ € [0,1).

Note that if p(hgl, hi*) > Ry (Ry is defined by Proposition 2.2) we can,
using Lemma 3.10, replace U”* by a globally defined profile U”* with the
suitable energy channel property, and argue as in the preceding cases. In
what follows, we reduce to this case using Proposition 2.2 (a).

Let U”* be the solution obtained from U”* by Proposition 2.2 (a). It has
the following properties:

e U’ is defined for t € [~Ryg, Rol;
e there exists R € (0, p(hi*, hi")) such that

(3.78) (U7, 0,07 (0,z) = (U, 9,U") (0,) for |z > R;

e the following holds for all ¢ € [0, Ry] or for all ¢ € [— Ry, 0]:

(3.79) p(07(t) = 00, W, 007 () = p (hg B ) + It
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Assume to fix ideas that (3.79) holds for all ¢ € [0, Rp]. The proof is the same
in the other case. Let ¢ € C§°(R?) radial, such that ¢(z) = 1 for |z > 3
and p(z) =0 for |z| < i. Taking a larger R if necessary, we can assume:

(3.80) to (W) < R<p(n n).
Let

(3.81) (o, u1,n)

I
=
—~

~~
3
S~—

We first claim that for large n:
(3.82) |z| > RAj, o = (o.n(x), U1 n(x)) = (u(tn, x), Ou(tn, x)),

and that for all J > Js,

(3.83) (o, G1n) = T (tn) +Z( LIJ/QW< ),0)
],n

JEJ

J
+ (T(0), 8,U7 (0) Z Tin@)+ S B0 + (i),

j=J1+1 j=Jo+1

where
~J «J
Jim timsup [0 . 07,0) | sy =

and J is the set of indexes j € {1,...,Jp} such that

)\A
lim =™
n—oo )\Jl n

= +o00.

g .
For large n, U{ ,(0,z) = ﬁ{n(o,m) for |x| > pj, n, and thus, by (3.80)
and the definition of ¢, for |x| > RAj, ,. Combining with (3.78), we get
(3.82).



Radial solutions of the energy-critical wave equation 121

By the pseudo-orthogonality of the parameters, if j € {1,...,Jo} \ J,

then lim,, o )\)‘J

Jo
€T L] . L]
() 2 G () o) -2 (v () o)

J=1 Jn

= 0. As a consequence

HixL?
— 0.

n—oo

Furthermore, if j = Jo+1,...,J;1 — 1, then limy,_,00 Aj /A, » = 0 and thus

Ji—1
Jm e (RAjl,) > ﬁ =0

j=Jo+1 HxL?

Thus (3.83) follows from (3.81).
Let u, be the solution of (1.1) with initial data (upn,u1,,). By (3.83)
and Proposition 3.1, u, is defined on [0, A, ,Ro] and:

- . 4
(3.84)  wn(Ag nRo) = Uity + As, nRo) + Z ()\1/2W (A]n> ,0)

jej

%
U (A, nRo) + Z T1 (gonRo) + Z T3\ gy nRo) + (0 .0,

j=J1+1 J=J2+1

where

(3.85) Jim. 117?Lsup\\s ) (@3 @7 ) || L@y = 0
Note that

= 1 . T 1 - x
U;{l ()\Jl,nRO? l’) = UJl <RO’ —) ) —atUjl (RO’ —> 9
)\1/2 n )\3/2

Jl,n Jl,n
and recall that by Proposition 2.2,
p (U (Ro) — 1, W,0,U" (Ro)) = Ro + p(hy*, h{*) > Ro.

Choose a positive R’ close to p(hd', h{") such that R < R’ < p(hi*, h).
By Proposition 2.2 (b), there exists a globally defined solution Ut of (1.1),
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scattering in both time directions such that,
(3.86)

2| > Ry + R = (U (Ro, ), 0" (Ro, ) = (ﬁjl(Ro,x),atﬁjl(Ro,x)>

and, there exists n > 0 such that for all £ > 0 or for all t < 0:
(3.87)

~7 2 ~ 7 2
/ VO (Ro + [t )| + (907 (Ro 1t 2)) | dwr >,
|z|>|t|+Ro+R’
Let

(o, u1,n) = Ti(tn)
) S i)j ~Jo Jo
+ Z 1/2W ’0 + Z Un()‘JhTLRO) (w0n7w1 n)
]GJ ]’n ]:J1

where (wOJQn, wy n) is defined by (3.84). By finite speed of propagation, (3.82),
(3.84) and (3. 86) we have
/ = —
|z| > Aj, n(R'+Ro) = (uon, u1,n)(2) = Un(Ag, nRo,x) = U (th+Ag, nRo, ).
Furthermore, by (3.87), the following holds for all ¢ > 0 or for all ¢ < 0:
. 2
/ VUnl(AJhnRO—i_ ’ﬂvx)‘
[2[=X 5, n (R 4Ro)+1]
2
+ (0T g0+ [t],2)) da >,

The assumptions of Lemma 3.11 are satisfied with p, = A Jhn(R/ + Ry) along

the sequence of time {fn}, tn =tn+ A J1.nIo, yielding again a contradiction,
which concludes the proof of Proposition 3.9. U

3.5. Proof for all times

We now conclude the proof of the global case in Theorem 1. Let u be a
solution of (1.1) such that 7% (u) = 400, and let v, be given by Lemma 3.7.
By Proposition 3.4, there exists a sequence t, — +oo such that {u(t,)},
is bounded in H' x L2. By Proposition 3.9, there exist J € N, ¢1,...,15 €
{#£1}7 and sequences {\;}, with

O<)\1’n<<...<<)\(]7n<<tn
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such that (after extraction of a subsequence)

J
. _ - 2 : Ly x —

Jj=1 Jin

Step 1. Convergence of the norms. We first show

(3.89) Jim [V (u =) ()72 =TIV
. 2
(3.90) im0 (u = o) (0)]Z: = 0.

Indeed, by (3.88),

im [V = u)(t) 3 = TIVWR
By the intermediate value theorem, if (3.89) does not hold, there exist a
sequence t,, — 400 and a small € # 0 such that

. I\12 2
(3.91) HETOO [V (u—v)(t)] . = JIVW |7 +e.
By the critical Sobolev inequality, the sequence {u(t})}, is bounded in LS.
By the conservation of the energy, we deduce that the sequence {d;u(t],)},,

is bounded in L?. By Proposition 3.9, there exist a subsequence of {t/},
and J' € N such that

lim [|V(u—v)(t)]7 = JIVWI3.,

n—-+00

contradicting (3.91). This proves (3.89). We omit the very close proof of
(3.90).

Step 2. Choice of the scaling. Define, for j = 1,...,J and t > 0 large,

Bj = (j — 1)|[VW|3. + /

|z|<

VW (z)|? dz
1
and

(3.92) Aj(t) :=inf {)\ > 0 s.t. /
\

IV (u— o) (¢, ) de > BJ} .
z|<A
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In this step we show that if 6, — +o0, there exist a subsequence of {6, },
and (},...,.; € {£1}’ such that

(3.93)
J /
| ;( 7 (A»(%)) ’O> o !
(3.94) AM(0p) < X)) € ... < /\J(Qn) < 0,.

Indeed, we know by Proposition 3.9 that there exist a subsequence of {6, },
signs {Lg}jzlmJ and sequences {)‘;}n}"’ such that

l
X
(3.95)  lim ||(6,) — (0 )=y ( RTE (X—> ,o) —0
Jj=1 J,m HixL2
(3.96) 0< N, < .. <X, < by

Let j € {1,...,J}. In view of (3.95), if 79 > 0,

lim IV (u—v.)(On, )| da = (5 — 1)| VW3 + / VWV |? d.
z|<rg

%
=00 Jlz|<roX;,

This shows that if rg < 1, ro)\;m < Xj(0y) for large n, and if rg > 1,
7oA}, > Aj(6n) for large n. Hence

Ai(0,
hm ]( )

n—-+4oo )\/ n

=1,

and (3.93) and (3.94) follow from (3.95) and (3.96)

Step 8. End of the proof Let § > 0 and Z = (ay,...,ay) € {—1,+1}7.
Define Az s as the set

>‘J+1

. (6
feH, I, ..., \;>0st.||f — ZAJ?W(M) +Z
j=1 1

Then:
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Claim 3.12. There exists a small 5o > 0 such that if T,7' € {—1,+1}/
with T # 1', then

(f € Azs, and g € Az 5,) = ||f — gllzn > o-

Proof. If not, we obtain sequences {Ain}n, s {Asntns ANty AN 30
such that
M oo L Ay and A, <L <A,

and

J J
' Yo () - % r —
i 2w () - St ()| -
J=1"n ’ i
which implies easily a; = o for all j, i.e. T = 7', contradicting the assump-
tions. [

Let dg be as in Claim 3.12. From Step 2, there exists ¢y > 0 such that

Vt>to, u(t)—wv(t)e |J Azs.
Ze{£1}’

By Claim 3.12 and the continuity of u in H?, there exists Z such that
Vit >tg, wu(t) —o(t) € Az, .

Letting Z = (¢1,...,t7), we get by Step 2 and an easy contradiction argu-
ment that

which concludes the proof.
4. Sketch of proof in the finite time blow-up case

This section is devoted to the finite time blow-up case in Theorem 1. Since it
is very similar to the proof of the global case which makes up the preceding
section, we will only sketch it, highlighting two points where the proofs are
different.

Consider a solution w of (1.1) such that 7% (u) < oo which does not
satisfy (1.2). We must show the expansion (1.4). Assume without loss of
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generality that 7% (u) = 1. In Subsection 4.1 (the analog of Subsection 3.3),
we show that u converges outside the light cone {|z| < 1 — ¢}, i.e. we con-
struct the regular part (vg,v;1) of the expansion (1.4). The short proof, based
on the small data theory and finite speed of propagation, is standard. In
Subsection 4.2 (the analog of Subsection 3.4), we state that the expansion
(1.4) holds along sequences of times. More precisely, as in Subsection 3.4,
this type of expansion holds (after extraction) along any sequence of times
tn — 1 such that {@(t,)},, is bounded in H' x L?. We omit most of the proof,
which is exactly the same as in the global case except for the contradiction
by the energy channel argument (the analog of Lemma 3.11) where we give
some details. The proof of the fact that the results of Subsection 4.2 imply
the full expansion (1.4) follows almost word by word Subsection 3.5 and we
also omit it.

4.1. Convergence outside the light cone

Lemma 4.1. Let u be a radial solution of (1.1) such that T4 (u) =1 and
assume (1.2) does not hold. Then there exists (vo,v1) € H' x L? such that

(4.1)  lim \Vu(t, z) — Vg(2)|* + (Qpu(t, z) — vi(z))? dz = 0.

t—1 |z|217t

Proof. The proof is very close to the one in [14, Section 3], we only need to
check that the assumption that @ is bounded in H' x L? made in this article
can be relaxed to the assumption that « is only bounded along a sequence
of times.

Since (1.2) does not hold, there exists a sequence ¢, — 1 such that
{@(tn)}n is bounded in H' x L?. After extraction of a subsequence, we can
assume that there exists (vp,v1) € H' x L? such that

U(tn) —_ (vo,v1) weakly in H' x L2

Let 2o € R?, and &y > 0 be a small parameter to be specified later. We
distinguish two cases:

e First case: there exist € > 0 and a subsequence of {¢,}, (still denoted
by {t,}n) such that

lim (IVultn, 2)|* + (u(tn, 2))? + (Qwu(tn, 2))?) dz < d.

=00 J|g—zo|<e
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In this case, we say that zg is a regular point, and we show that
(4.2)

lim ([Vu(t,z) — Vuo(z)? + (Bpult, z) — ’U1(£L‘))2) dz = 0.

t—1 le—zo|<e/2

Indeed, choose n large, so that |t, — 1| < /2 and
/ (IVu(tn, 2)|? + (u(tn, 7))* + (Opultn, x))?) dx < 2.
|lz—x0|<e

Let (tp, 1) € H' x L? such that
(4.3)
(@, ur)(x) = U(ty, ) for [r—xo| <e/2 and ||(uo,u1)| g1z < Codo

(Cp is an absolute constant). Let © be the solution of (1.1) such that
(u(ty), Owu(ty)) = (up,u1). Choosing dy > 0 small enough, the small
data theory implies that w is globally defined. As a consequence,

lim (IV(u—0) (¢, 2)* + (9(u — 0)(t,2))?) dz =0

t—1 |z—xzo|<e/2

(indeed by finite speed of propagation and (4.3), the integrand is 0 if
|t —tn| < e/2). By the definition of (vp,v1) and uniqueness of the weak
limit, we deduce (4.2).

e Second case: for all ¢ > 0,

n—oo

liminf/ (IVu(tn, z)|* + (u(tn, 2))* + (Bpu(tn, 2))?) dz > .
|lx—x0|<e

In this case we say that x( is singular.

As {i(t,)}n is bounded, there is only a finite number of singular point. By
the radial symmetry, 0 is the only singular point, and the local convergence
(4.2) holds for any o € R?\ {0}. By a similar proof to the proof of (4.2),
we can show that there exists a large M > 0 such that

(4.4) lim/| |>M/ (IVu(t,z) — vo(2)]* + (Bpu(t, z) — vi(z))?) dz = 0.

1
Combining with (4.2) we get that (4.4) holds for any M > 0. Let v be
the solution of (1.1) with data (vg,v1) at t = 1. By (4.4) and finite speed of

propagation, we get that for t < 1 close to 1 and |z| > 1—¢, ¥(t,x) = u(t, x).
Hence (4.1). O
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2. Analysis along a sequence of times

The analog of Proposition 3.9 is the following:

Proposition 4.2. Let u be a solution of (1.1) such that T4 (u) = 1. Assume
that there exists t, — 1 such that {ii(t,)}, is bounded in H' x L?, and let

n
(v, v1) be given by Lemma 3.7. Then, after extraction of subsequences in n,

there exist J > 1, 11,...,1y € {£1} and sequences {\jn}n with 0 < Ai, <
L A K 1 —t, such that

J
(4.5) U(tn) — (vo,v1) Z ( 1/2 < j,n’0> ’0> oo 0

in H' x L2.
The following lemma is the finite-time analog of Lemma 3.11:

Lemma 4.3. Let u be as in Proposition 4.2. There exists no sequence {t,}n
such that t,, — 1 with the following property. There exist a sequence of func-
tions {(uo n, u1.n) n, bounded in H' x L?, and a sequence {p,} of nonnegative
numbers such that

(4.6) [ = pn = (ultn, ), Oultn, ) = (uon(2), u1n(2)),

and there exist Jo € N, v1,..., 0y, € {£1} such that (ugn,u1,n) has a profile
decomposition of the following form.:

(4.7)

(0,1, u1,n) = (V0,01 +Z< LIJ/QW< ) )+ Z ﬁ wOn?len)

j=Jo+1

where for all j > Jy + 1, the nonlinear profile U’ is globally defined and
scatters in both time directions. Furthermore, there exists ¢g > 0 such that
one of the following holds:

a. there exists jo > Jo + 1 such that for all t > 0 or for all t < 0:
(4.8) Vn / VU (t, x)|* + (9,U (t,2))? da > &g
2> pnA4-12]

or
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b. for at least one sign + or —,

(4.9)

lim  lim inf J(t, @) J 2dz > .
J oo oo :E?ZO/|I>;) +t] Va2 + (Brun (t,2)) de > &

Assuming Lemma 4.3, the proof of Proposition 4.2 is the same as the
one of Proposition 3.9, replacing everywhere Lemma 3.11 by Lemma 4.3,
t — 400 by t = 1 and (v.(t), O:vL(t)) by (vo, v1). We leave the details to the
reader.

Proof of Lemma 4.3. As in the proof of Lemma 3.11, we argue by induction
on Jo. The inductive step is the same as in Lemma 3.11 and we will only
detail the case Jy = 0.

We denote by v the solution of (1.1) such that ©(1) = (vg,v1). Using
scaling and time translation, we can assume without loss of generality that
[0,2] is included in Iax(v).

Let u,, be the solution of (1.1) with data (ugn,u1,) at t = 0. By Propo-
sition 3.1, u,, is defined on [—1, 1] for large n. Furthermore,

J
(4.10) n(t,x) = 0(1+t,2) + ) Ti(t,2) + @ (4, 2) + 77 (1 x),
=1
where

(4.11) hm limsup sup H? t,x) Hip =0.

x L?
J=00 n—oo te[-1,1)

First assume that (4.8) or (4.9) hold for all ¢ > 0. Then by (4.10) at t = 15t
(4.8) or (4.9) and the orthogonality Claim 3.2, we get that for large n,

1—ty 1+t
(4.12) / Vuy, < ,:c) - Vo ( + n,x)
]2 p,+ 15 2 2
1—ty 1+t 2
+/ <atun (— > O ( + ,:c)) dx > 0.
2> p 2510 2 2 2

We have used that lim,, 5= = 0, and hence, by continuity of v at t = 1,

14+t 1—t
6( +”>—17<1+ ”)H =0.
2 2 H!'x L2

2
dr
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By finite speed of propagation and (4.6), we deduce from (4.12) that for
large n,

(4.13) /
12+ 15

2

2

(w-vm(lzt”,x)

1 2
+ ((atu—atv) ( —;tn,:ﬁ>> dx > %O.

Idt, _ 1—ty, .
5™ = —5=, this is a

Since u — v is supported in {|z| < 1 —t}, and 1 —
contradiction.

Next, we assume that (4.8) or (4.9) hold for all ¢ < 0. By (4.10) at
t = —tp, (4.8) or (4.9) and Claim 3.2, we get that for large n:

/ Vatn(—tn, ) — V(0,2 + (Dptin(—tn, ) — B0(0,2))% dz > 2.
|z|>pn+tn 2

Using again (4.6) and finite speed of propagation, we deduce that for large n,

Letting n — oo, and using that (ug —v(0, z), u; — (0, z)) is almost every-
where 0 in the set {|z| > 1}, we get again a contradiction, concluding the
proof. O

Appendix A. Cauchy problem for the linearized equation

In this appendix we prove Lemma 2.4 and Claim 2.5.
Proof of Lemma 2.4. Let Fy(h) = 5V*h + 10V3h% 4+ 10V2h3 + 5Vh* + RS,
We want to solve the equation

t—s)vV—-A)
vV—=A

o) = SO0 ) + [ ( Fi (h(s)) ds

by fixed point. Define
L = LP(1,LY(R%)),  ||hlls = llhllzszs,  1Bllw = 7]l caze.
For a > 0, we let

By = {ve LiL% st |olls < a and | DY2vlw < af
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and

— s)V=A)
V—A

We will show that if (2.8) and (2.9) hold, we can choose a > 0 so that

® oy (V) = S(t)(ho, hn) + /0 sin (¢ Fy(u(s)) ds.

<I>(h07h1) : Ba — Ba
and is a contraction. By the Strichartz inequality (see [17, 25])

(A1) 15(8)(ho, h)l|s + |1 D3/2S(8) (o, ha)llw < Céo,

and, for t € I,

/t sin ((t — s)vV—A)

Asmapﬂhczhww@»@

VA

w
< CHD}/QFV(U)‘

4/3 .
LY? a3

We estimate HD;};/ ’Fy (V)| as3 45 using the chain, Leibnitz rule [22]:
I

1/2/,5 4 1/2
(A-2) | P20y < CUNIDY 0l
(a3 PPy = Ol il DV e
OV lzers | DY 4( .
OV lgee [DY20Y) 3,
< Coolloll + Caolloly | D20 |
1/2 2,3 3 1/2 2
(A.4) HDQ/ (V2 )(WW <Ol 5,4 D}*(v )\ Ui
1/2,3 2
+C ||y N L P

< Caollelly + Caploll} | %e||

(A5) ||Dy (Vi) DY (v?)]

<clp

2
L§/3L4/3 HL%L4 L2L2?
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DY? (%)

OVl 027 07)

< Caollolll + Cailolls | DY

(A.6) HD,}P (Vi)

< CHD}/%V‘*)(

L3 Lass Lyt lvlls

+Cv?

liyoe | D3],

< Caollolls + €t [ DY?||

By (A.1), we need that for some large Cy > 0:

Codo < a/2.
By (A.2), we need for some large C7 > 0:

Cia* <1/2.
Finally, by (A.3), (A.4), (A.5) and (A.6) we need that for some large Cy > 0

Csdp (a® +a® + dpa® + a+ dga+ 1+ 63) < 1/2.

Taking a = 2Cyd, we see that the preceding conditions are satisfied for small

00, which shows that @, 4,) maps B, to B,. The contraction argument is
similar and we omit it. O

Proof of Claim 2.5. We will write f(r) ~ g(r) if f(r)/g(r) has a limit in
(0, +00) as r — oo.
We have, for k € N\ {0},

1 1
(A7) Wk(r) ~ e V(Wk) ~ meg
Thus, if p € [1, 00),
(A.8) Wk e LP(R?) < kp>3
and in this case

1 1

A9 WP (2) de ~ —— Wk (R) do ~ ——.
(A9) j2|>R (r) e~ s je|<R (B)dr ~ Frms
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Similarly, if g € [1, 00),
(A.10)

VIW*) e LY(R?) < (k+1)¢ > 3, /
|2[>R

dr ~

q 1
’ = Rk+1)g—3"

’V(Wk)

Recall from [39, Lemma 5] the following interpolation inequalities

1 1 1
< Ol e IV oty 5= 5 + 5

(A.11) HD}/Qf‘L[(RS) Lo (R Li®) p~ 9p " 9g

By (A.8), W € L3(R3). By (A.8), (A.10) and (A.11) we get:
(k=1,(=4,p=6,9=3) DY*WelL

) DY2(W?) e Ls

4 /21173 2
k:z3,£=2,p:4,q:§ D/*(W?) e L
<k=4, Ezg,ng, q=—> Dy*(W*) € Ls.

This shows point (a) in the Claim.
To prove (b), we use the same values of ¢, p and ¢ as before to show that
for all t,

8

V(t)e L8, DY?v(t)e L', DY*(V%(t)) e Ls,
DY2(V3() e L2, DY} V(1) e L.

Furthermore, by (A.9),

1

VOB~

Ry + |t| = 400,
and by (A.9), (A.10) and (A.11) with the values of ¢, p, ¢ given above we
get, for any k = 1,2, 3, 4,

£

14 £
|p2vh )|, s v ;

Le ™ ip HV(VE"@)) Lo

< 1 y 1 < 1

T+ Ry (] Ro)H a3 (] + Ry
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Checking that in each case, kf + % — 3 > 1, we get that for large Ry, V
satisfies (2.8). The proof is complete. g

Appendix B. Pseudo-orthogonality of the profiles

In this appendix we prove Claim 3.2.

9n)\_jt:',n — +OO
(respectively —o0), then by (3.12), U7 scatters forward in time (respectively
backward in time), i.e. there exists a solution V7 to the linear wave equation

such that

lim H?J’(t) —ﬁj(t)H

t——+00

Step 1: reduction to solutions of the linear equation. If lim,

m ...=0).

= 0 (respectively th
——00

Hix L2

On—tin : :
If =5—2=, is bounded, we can always assume, after extraction, that it con-
J

verges to a real number ty, and we define VLj as the solution of the linear
wave equation (2.1) with data U'7(ty) at t = tg. In both cases, V;/ satisfies

lim ‘ﬁg’l(en)—V{,n(en) R
n— 00 HxIL?2
where
; 1 St —t; T
B.1 V2ot z) = —V/ ).
(B Lm( ') )\]1’/112 ‘ ( Ajn ’>‘j7n>

Arguing similarly for the index &, we see that it is sufficient to prove (3.16)
and (3.17) with the nonlinear profiles U;, and Uk replaced by the linear
profiles V//,, and VLkn Replacing t; , and ty,, by tj, — 0, and ¢}, —0,, and
w] (t,z) by w](t — 0,,x), we see that we can also assume 6,, = 0. Finally,
we must prove:

(B.2) j# k= lim / VVZ,(0,2) - VVF (0, 2)
pu<lz|<on

n—oo

+ OV (0, 2) - OV (0,2) dz = 0

n—oo

(B.3) J>j= lim/ VVZ,(0,2) - Vw (0, z)
pn<|z|<on

+ 8tVL];n(O, ) - 8tw;{(0, x)dx = 0.
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Step 2. Proof of (B.2). As usual, we will use that a radial, finite energy

solution v of (2.1) satisfies, for some f € L2 (R) such that f € L?(R):

loc
ro(t,|r]) = ft+7) = f(t—7), (t,r) € R%

Letting w be an other radial solution of (2.1), such that rw(t,|r|) = g(t +
r) — g(t — r), we obtain by a straightforward integration by parts:

(B.4) /Un(&nv(t, row(t, ) + Oy (t, r)Ow(t,r))ridr

- 2/0" (f'(t+r)g(t+r) Ot —r)g(t — 7‘)) dr

n

+ pnv(t, pn)w(tv pn) - O'nv(ta O'n)w(ta O'n)-

Let rVLj’k(t, Ir|) = fok(t +r) — fPF(t —r). Applying (B.4) to VLjn and VLkn7
we get,

(B.5) / (vw;n(o, z) - VVE(0,2) + 8.V, (0,2) - B, ViE, (0, x)) dz
pn,S‘ZElSO'n

on 1 —tint+r\ 1 o [ —tpn+T
— ] Js k 9
(4-) / el ( Ajn >)\,1€/2f ( Mo )dr
J,m ,n
O 1 —tin—7\ 1 [ —ten—T
(Ba) [ () e ()
o A7 Nin ) N2 A
1/2 1/2
(C ) _ Un/ Vj _tj,n U_n Un/ Vk _tk,n On
" A2 N X A ) A2\ Ao A
1/2 1/2
Pn j —tin  Pn Pn g —tkn  Pn
D, Vi , V. , .
(D) " A2 </\j,n /\j,n) A2 (Ak,n /\k7n>
]7 7n

By density, we can assume Vi (0), 8,Vi""(0) € C&°(R3). Then there exists
a constant C' > 0 such that

; C
B. (¢ Rt < —
(B.6) V() V<

(this follows from the expression VLj(t, r) = % ttj: fi (s) ds and the fact that

fj is bounded and compactly supported).
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From (B.6), we see that the term (C,) goes to zero as n — +oo un-
less (after extraction of a subsequence) the Sequences {5 v fyon =}, and {~ beny

converge in (0, —|—oo)
This is excluded by the pseudo- orthogonahty of the sequences of parameters
{Njn> tin) by {(Mens ten) bn. Thus lim, oo (Cy) = 0 and by the same proof
lim,, 00 (Dy) = 0.

It remains to treat the terms (A,) and (B,). We will focus on (A,), the
proof that (B,) goes to zero is similar. We distinguish two cases.

e Assume lim, o0 )\J n ¢ {0, +00}. Using that f7 and f* are compactly
supported, we see that the domain of integration in the integral defin-
ing (A;) has Lebesgue measure smaller than C' min(\;,, \g ). Hence

min(Ajn, A\kn)

[(An)| < C — 0.
" /\1‘/3 )\Ilg/i n—o0
o If (after extraction) lim, i‘ﬂ—” = ¢ € (0,+00), then we must have,
by pseudo-orthogonality lim,, .~ “/\—t’“l = +o00, which shows that

the supports of the j and the & terms in (A,,) are disjoint for large n,
and thus that A,, = 0 for large n. This concludes the proof of (B.2).

Step 3. Proof of (B.3). In view of (B.2), it is sufficient to show (B.3) for
some large J > j. We write w; = 2 (gJ/(t +r) — gJ(t — r)). First note that:

(B.7) Vi< J, gl(\jnr +tin) ——0in L*(R, dr).
This follows easily from (3.5) and we omit the proof. We have:

(B.8)
/ Vw(‘{n(x)-vwn(O)dx—i—/ w{ ,(x) - OV, (0) dx =
pn<|z|<on

pn<lz|<on

Tn 1 .. [(—ti,+r Tn 1 .. [(—ti,—7T
- J J,n - J 7,
)10 ( )ar+ [T aen—a )ar
/pn )\317/,'12 )\],TL Pn )\;’/73 A],n

+ Unwf)],n(an)voj,n(gn) - pnw({n(pn)‘/(in(Pn)'

The map f ~ f(1) is a bounded linear form on the space H_ ;(R?) of radial
H* functions. Taking J large, we can assume

1/2w0n(pn ) — 0 weakly in H*
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and thus
lim py/?wy,(pn) = 0.
n—oo

Thus for large J, the boundary terms in (B.8) tend to 0 as n — oo. Fur-
thermore

On 1 .. [—tin+7r
(B.9) / 3 ff( i )dr
Pn )\j17/n2 )\jvn

:/ AML )‘;,/fgi()\j,nr+tj,n)fj(r)dr‘

We skip the proof of the following claim, which follows immediately from
the dominated convergence theorem:

Claim B.1. Let I, be a sequence of intervals of R, 11 the characteristic
function of I,,, and assume u, — 0 in L*(R). Then 1 u, — 0 in L*(R).

Using (B.7) and the claim, we see that the left-hand side in (B.9) goes
to 0 as n — oo. Similarly, the other integral term in (B.8) tends to 0, which
concludes the proof of Claim 3.2. O

Appendix C. Energy channels for profiles
In this appendix we prove Lemma 3.10. We will need the following prelimi-

nary result to treat the case where (3.45) holds:

Claim C.1. Let u;, be a nonzero radial solution of the linear wave equation
(2.1). Then there exists a radial solution u, of (2.1) with arbitrarily small
energy, and constants tg > 0, n > 0 and p € R such that

(C.1) Vit > to, Vx| > p+t, (a0 (t,x) = (ug, Opuy)(t, x)
(C2) Vi, / VLt 2)? + (0 (t, 7))’ dx > 1.
|z|>p+t
Let us postpone the proof of Claim C.1 and prove Lemma 3.10.

First assume that t;, = 0 for all n. Then by Proposition 2.1 or Propo-

sition 2.2, case (b), there exist a solution U7 of (1.1), globally defined and
scattering in both time directions and positive numbers R;, ; such that

(U7,0,07)(0,z) = (U, ,U7)(0, ) if || > Ry
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and the following holds for all t > 0 or for all £ < 0
.. 2 -
/ ‘VUJ(t,:c)‘ + (U (t, )2 dx > .
|z|>R;+[t]

In this case the conclusion of the lemma holds with p;, = A;,R; and
Ui = S(t)(U7(0), 0,U7(0)).
Next, assume

lim —2%

= +o0.
n—-+00 Aj,n

(The case where this limit is —oo follows from the change of variable ¢ — —t.)
Let p; € R, m; > 0, t; > 0 and U/ be given by Claim C.1. Let U’ be the
solution of (1.1) such that TF(U7) = +oco and

~ . ~ . 2 ~ . ~ . 2
(C.3) lim HV(UJ - U{)(t,a:)HLz + Hé)t(UJ - U{)(t,x)‘ —0.

t—+o00

L2

Taking a larger ¢; and a smaller n; > 0 if necessary, we can assume by (C.3)
and the small data theory

Vi L, / VT (¢, ) + (0,07 (¢, ) da > .
|z|>p;+t

Using that ﬁgn(t,:v) = #ﬁg(t;ﬁj’", 1) and the analoguous formula for

Ug,n, we get (taking n large, so that —t;,/X;, > t;),

—-=. .
U4 0(0,2) = Ui,(0,2) for [z > pjAjm — tin

and

vt >0, / VU, (¢, 2)* + QU3 (t, ) da >,
lz1=pjAjntt—tjn

which yields the conclusion of the lemma with pZL = pjAjn — tjn which is
positive for large n. O

Proof of Claim C.1. Using as usual that U(t,r) = ru.(t, |r|) is a solution of
the transport equation 92U — 92U = 0, which is odd in the variable r, we
get

ru(t, [r]) = f(t+r) — f(t—7),
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where f € L2 (R), f € L*(R) and, for r > 0,

loc

(C.4) £(r) = 5 (00 (rus(0,7)) + 0Llru) 0, 7))
(C5) f=r) = 5 (= 0rlrm (0,) + Bulrun) 0,1)).

Let t > 0 and pg € R. A simple integration by parts yields:
/ |V (t,2)|* + (Opuy(t, x))? da
2| > po+t

+oo . '
:2//Jo+t (f2(t+'r)+f2(t—7")> dr + (po + t) (ur(t, po +1))2.

Hence:

(C.6) / IV (t,2)° + (O (t, 2))? da
|z|>po+t

+oo | —po 1
2 [ Poyarez [ U Reydrs o (20 - 1)
po+2t o po+1
Let € be a small positive number. Choose pg € R such that
—pPo
(.7) 2/ Pr)dr =e.

We have, for Ry > 0 large and r > Ry

[f(r) = f(Ro)| =

" f(s)ds
Ry

<V /R f2(s) ds,

which shows (arguing similarly for negative ),

(C.8) lim 1fz(r) =0.

r—too r

By (C.6), (C.7) and (C.8), we get that there exists top > 0 such that

Vit >tg, €< / |Vu|* + (Opu)? do < 2.
|z]>po+t

Letting w;, be the solution of the linear wave equation (2.1) with initial data
W0+, (u(to), Oru(to)) at t = to, we get the conclusion of the claim. O
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