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For each integer n > 2, we study linear relations among weight n
double zeta values and the nth power of the Carlitz period over
the rational function field F,(¢). We show that all the F,(6)-linear
relations are induced from the F,[t]-linear relations among certain
explicitly constructed special points in the nth tensor power of the
Carlitz module. We then establish a principle of Siegel’s lemma for
computing and determining the F,[t]-linear relations mentioned
above, and thus obtain an effective criterion for computing the
dimension of weight n double zeta values space.
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1. Introduction
1.1. Classical theory

Classical multiple zeta values (abbreviated as MZV’s) are defined by the
series: for § = (s1,...,5,) € N with s; > 2,

1
C(ﬁ) = Z W S RX.
ny>->ne>1 0 1 "

Here wt(s) := > _;s; is called the weight and r is called the depth of
the presentation (4(s). MZV’s have many connections with various research
topics. For example, see [293, Z94, Cart02, André04, B12, Zh16].

*The author was partially supported by a Golden-Jade fellowship of the Kenda
Foundation and MOST Grant 102-2115-M-007-013-MY5. He thanks NCTS for of-
fering a center scientist position, which is very helpful to research.

289


http://www.intlpress.com/CJM/

290 Chieh-Yu Chang

Let Zo := Q, Zy := {0} and Z,, be the Q-vector space spanned by the
weight n MZV’s for integers n > 2. Putting Z := )" ., Zy. It is well known
that Z,;,Zy, C Zp4n, and so Z has a Q-algebra structure. The Goncharov’s
direct sum conjecture [Gon97] asserts that Z is a graded algebra (graded by
weights). Therefore, understanding the Q-algebraic relations among MZV’s
boils down to understanding the Q-linear relations among the same weight
MZV’s. However, to date computing the dimension of Z,, for each n is out
of reach. Note that Zagier’s dimension conjecture predicts that {dimg Z, }
satisfies the recursive relation: dg = 1, d; = 0 and

dp = dyp—2 +d,_3 for n > 3,

and one knows by Goncharov and Terasoma that dimg Z,, < d,, for each n
(see [Te02, DGO5)).

Now, we focus on depth two MZV’s, which are called double zeta values.
It is a natural question to ask how to compute the dimension of the Q-vector
space

DZ,, := Spang { (2rv—1)",((2,n — 2),((3,n = 3),--- ,{(n — 1,1)}

for n > 3. This is still a very difficult problem in the classical theory as
dimg DZ,, is only known for n = 3,4. Zagier (cf. [Z94]) gave a conjectural
formula for d, in terms of the dimension of weight n cusp forms.

Conjecture 1.1.1. (Zagier) For n > 3, we put

8y, = 5 — 1 —dimc S, (SL2(Z))  if n is even,
et if n is odd,

where Sy, (SLa(Z)) is space of weight n cusp forms for SLa(Z). Then we have
dimg DZ,, = sj.

The best known result toward this conjecture is due to Gangl, Kaneko
and Zagier [GKZ06], who showed that dimgDZ, < s, for each n > 3.
One of their approaches is to introduce and study the double Eisenstein
series to explain the relation between double zeta values and cusp forms for
SLo(Z). The main result of this paper is to establish an effective criterion for
computing the analogue of dimg DZ,, in the positive characteristic function
field setting.
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1.2. The main result

Let A :=TF4[6] be the polynomial ring in the variable 6 over the finite field
F, of g elements with characteristic p, and k be its quotient field. Denote
by oo the infinite place of k. Let koo := Fy((3)) be the co-adic completion
of k, and ko be a fixed algebraic closure of ke. Denote by Co the oo-adic
completion of k. Finally, we let A, be the set of all monic polynomials in
A. We then have the following comparisons:

AL N, A Z, k- Q, koo o R, Cyp & C.

For any r-tuple of positive integers s = (s1,...,s,) € N", Thakur [T04]
introduced the multiple series

1
CA(ﬁ) = Z ﬁ S k007
1

where the sum is taken over r-tuples (a1, ...,a,) € A’ satisfying the strict
inequalities degga; > --- > degya,. In analogy with the classical MZV’s,
r is called the depth and wt(s) := s; + -+ + s, is called the weight of the
presentation (4(s). These special values (4(s) are called multizeta values
(abbreviated as MZV’s too) and each of them is non-vanishing by [T09a].
Moreover, these MZV’s have a t-motivic interpretation in the sense that
they occur as periods of certain mixed Carlitz-Tate ¢t-motives by the work
of Anderson and Thakur [AT09].

In [T'10], Thakur showed that the product of two MZV’s can be expressed
as an [Fp-linear combination of some MZV’s with the same weight, which is
regarded as a kind of shuffle product relation (cf. (1.2.2)), and so the Fp-
vector space spanned by MZV’s has a ring structure. Further, an analogue of
Goncharov’s direct sum conjecture was shown by the author [C14], that the
k-algebra generated by all MZV’s is a graded algebra (graded by weights).
In other words, all k-linear relations among MZV’s are generated by those
k-linear relations among the same weight MZV’s.

In the classical theory of MZV’s, (regularized) double shuffle relations
give rise to rich Q-linear relations among the same weight MZV’s
(see [IKZ06]). Unlike the classical situation, there is no natural total or-
der on A, and so far a nice analogue of the iterated integral expression for
MZV’s is not developed yet. To date there is no different expression for the
product of two MZV’s other than Thakur’s relation mentioned above, and
hence we do not have the analogue of double shuffle relations to produce
k-linear relations among MZV’s naturally. In his Ph.D. thesis, Todd [Tol5]
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tried to produce k-linear relations among the same weight MZV’s using
power sums and used lattice reduction methods to give a conjecture on the
dimensions in question.

Let 7 be a fixed fundamental period of the Carlitz F,[t]-module C, which
plays the analogous role of 2my/—1, and let C®™ be the nth tensor power of
the Carlitz module C for a positive integer n (see §§ 2.2 for the definitions).
The main result of this paper gives a new point of view to completely de-
termine the k-linear relations among weight n double zeta values together
with 7. It is stated as follows and its proof is given in Corollary 5.2.1 and
Theorem 6.1.1.

Theorem 1.2.1. Let n > 2 be a positive integer. Put
¥ = {(s1,82) € N*s1 + 82 =n and (g —1)|s2} .

(1) For each s € ¥, we explicitly construct a special point =, € C®"(A)
so that

dimg Spank {ﬁn7CA(17n - 1>7CA(21n - 2)7 T 7(14(” -1, 1)}

= n-— L%J + ranky, ;) Spang {Estecy -

(2) We establish an effective algorithm for computing the rank

rank, 1 Spang 1 {Es}eey -

In other words, we relate the k-linear relations among double zeta values
to the Fy[t]-linear relations among the special points {Zs},.4, and which
can be effectively computed and determined.

We mention that although Todd [Tol5] provided some ways of producing
k-linear relations among the same weight MZV’s, it is not clear how to derive
k-linear relations among weight n double zeta values together with 7™ from
Todd’s relation. When the given weight n > 2 is A-even, i.e., (¢ — 1)|n (as
g — 1 is the cardinality of the unit group A*), one can use the following
formula to produce linear relations. For two positive A-even integers r and
s with r + s = n, one has
(1.2.2)

Ca(r)Ca(s) = Ca(r,s) + Cals,r) + Ca(r + s)

+ 2 e (0] o (22))] )

itj=n
(a=1)]j
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(see [T10] for the existence of such relations and [Chenl5] for the explicit
formula). By work of Carlitz [Ca35], we know that

Calr)/7" €k, Ca(s)/7®° €k, Ca(n)/7" € k,

and so (1.2.2) gives rise to a nontrivial linear relation among 7" and weight
n double zeta values. As all the coefficients of the double zeta values are
in [F,, Thakur call it an “F,-linear relation”. Our effective algorithm based
on Theorem 1.2.1 is able to find all the independent k-linear relations in
question. As observed by Thakur [T09b], those F)-linear relations produced
by (1.2.2) can not generate all the k-linear relations, and our computational
data can capture the difference precisely. We refer the reader to the end of
this paper.

We mention that there is a difference between Conjecture 1.1.1 and our
results, and refer the reader to Remark 3.1.12 about the detailed compari-
son. We further mention that in [Chenl16], Drinfeld double Eisenstein series
are introduced. Since double zeta values occur as the constant terms of
Drinfeld double Eisenstein series, one naturally expects that Drinfeld cusps
forms [Go80, Ge88] can have connections with double zeta values if they can
be shown to be a subspace of the space of Drinfeld double Eisenstein series
(cf. [GKZ06]).

1.3. Methods of proof

Let notation and hypothesis be given as in Theorem 1.2.1. We outline the
major steps in the proof of Theorem 1.2.1.

(I) A necessary condition. We show that all the k-linear relations among
the set

{ﬁ-n} U {CA(lvn - 1)7 s 7CA(n -1, 1)}
are those coming from the k-linear relations among {7" }U{CA($)},c >
and so we are reduced to studying the k-linear relations among {7"} U
{¢a(8)} ey - This result is Corollary 3.1.10.
(IT) Logarithmic interpretion. Let r > 2. For any s = (s1,...,8,) € N”
with Ca(s2,...,s,) Eulerian, i.e.,

Ca(s2,...,8,) /72T T € |,

we relate C4(s) to the last coordinate of the logarithm of C®(s1+-+s)
at an explicit integral point. This result is Theorem 4.1.1.

(III) The identity. Using the results in (I) and (II), we establish the equality
in Theorem 1.2.1 (1) by appealing to Yu’s transcendence theory [Yu91]
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for the last coordinate of the logarithm of C®™ at algebraic points. This
result is Corollary 5.2.1.

(IV) A Siegel’s Lemma. We establish a principle of Siegel’s lemma for inte-
gral points in C®" to achieve Theorem 1.2.1 (2). This result is Theo-
rem 6.1.1.

The four steps laid out above give an approach toward producing k-linear
relations among the same weight MZV’s of arbitrary depths. Actually, for
weight n > 2 combining the ideas of (II), (III) and (IV) above one determine
all the k-linear relations among the set

{Ca(n)} U{Cal(s);s € &},

where &), is the set consisting of all s € N” with » > 2 and wt(s) = n
satisfying that (4(s’) is Eulerian, where s’ = (s2,...,s,) for s = (s1,...,5,).
This result is Corollary 5.1.3 together with Theorem 6.1.1. In [CPY14] an
effective criterion for Eulerian MZV’s is established, and conjecturally one
can describe the set &, precisely (see [CPY14, § 6.2]). We note that assuming
Todd’s dimension conjecture [Tol5], for weight n > 2 the k-linear relations
among the set {Ca(n)} U {Ca(s);s € &,} are not enough to generate all the
k-linear relations among weight n MZV’s.

The idea of proving (I) above is to construct a suitable system of Frobe-
nius difference equations for each k-linear relation among the double zeta
values and 7", and then use ABP-criterion [ABP04, Thm. 3.1.1] in the study
of certain Ext'-modules. For the proof of (II) above, we need an explicit
formula for the bottom row of each coefficient matrix of the logarithm of
C®" due to Papanikolas [P14]. Combining with the period interpretation
of MZV’s given by Anderson-Thakur [AT09], one is able to relate 4(s) for
those s € 7 in Theorem 1.2.1 to the last coordinate of the logarithm of
C®". The proof of (III) is to use the functional equation of the exponential
function of C®" and apply Yu’s theory [Yu91]. To achieve (IV), we trans-
late the effectiveness question to a question of the type of Siegel’s lemma for
certain difference equations, and we prove it directly.

1.4. Outline of this paper

In order to let the present paper be self-contained, in §§ 2 we give some pre-
liminaries about some major results in [AT90, Yu91, CPY14]. We then give
proofs of (I)-(IV) above in §§ 3-6 respectively. The proof of Theorem 1.2.1
is given in Corollary 5.2.1 and Theorem 6.1.1. In §§ 6.2, we give an effective
algorithm for implementing Theorem 1.2.1, and at the end of this paper we
provide some data of this computation using Magma.
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2. Preliminaries
2.1. Notation

We adopt the following notation.

F, = the finite field with ¢ elements, for ¢ a power of a prime
number p.

0,t = independent variables.

A = [,[0], the polynomial ring in the variable 6 over F,.

Ay = set of monic polynomials in A.

k = TF,(8), the fraction field of A.

Koo = TF,(1/9)), the completion of k with respect to the infinite
place oo.

koo = a fixed algebraic closure of k.

k = the algebraic closure of k in k.

Cxo = the completion of k. with respect to the canonical extension
of oco.

|-lo = a fixed absolute value for the completed field C, so that
0]oc = g

Cx[t] = ring of formal power series in ¢ over C.

Cx((t) = field of Laurent series in ¢ over Cu.

T = the ring of power series in Cy[t] convergent on the closed unit
disc.

T a fixed fundamental period of the Carlitz module C.

Gq = the additive group scheme over A.
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2.2. Anderson t-modules revisited

We let 7 := (x — x7) be the gth power endomorphism of C,, and define
Coo{7} to be the twisted polynomial ring in the variable 7 over C, subject
to the relation

Ta = o7 for o € Cp.

It follows that we have the matrix ring Mat,, (Coo{7}) with entries in Coo {7}
and any element in this ring can be expressed as

o= a'

i>0

with a; € Mat,(Cs) and a; = 0 for i > 0. We denote by d¢ := ay, the
constant matrix of . For convenience, we still denote by 7 the operator on
C%, which raises each component to the gth power. We denote by G} the n-
dimensional additive group scheme over A and note that Mat,, (Coc{7}) can
be identified with Endr, (G}(Cx)), the ring of Fy-linear endomorphisms of
the algebraic group G!(Cs) = CZ. Via this identification d¢p is the tangent
map of the morphism ¢ : G!(Cs) = G (Cx) at the identity.

By an n-dimensional t-module we mean a pair E = (G7, ¢), where the
underlying space of E is G'(Cy), which is equipped with an F,[t]-module
structure via the Fy-linear ring homomorphism

¢ : Fy[t] = Maty, (Coo{7})

so that (0¢; —6I,) is a nilpotent matrix. For such a ¢-module, Ander-
son [A86] showed that there is a unique n-variable power series expp defined
on the whole C7, called the exponential of the t-module E, for which:

e expp : Lie (G} (Cx)) = CL — E(Cy) is Fy-linear.
e expy is of the form I,, + 77, ;7" with a; € Mat,(Cs).
e expp satisfies the functional identity: for all a € F,[t],

expg 000 = ¢q 0 eXpp .

One typical example of a nontrivial t-module is the nth tensor power
of the Carlitz module denoted by C®" = (G2, [],) for n € N (see [AT90]).
Here [-],, is the Fy-linear ring homomorphism [-],, : F4[t] — Mat, (Coo[7])
determined by
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0 1 0 0 0 0
o . : :

[t]n = = T
6 10 - 0

When n =1, C := C®! is called the Carlitz F,[t]-module.
We denote by exp,, := expae- the exponential of C®". We define log,, :=

logcen to be the unique power series of n variables, called the logarithm of
C®" for which:

e log, is of the form log, = I,, + > oo; P with P, € Mat, (k).
e log, satisfies the functional identity: for any a € F,[t],

log,, olal, = 0dlal, o log, .
As formal power series we note that exp,, and log,, are inverses of each other:
exp,, olog,, = identity = log,, o exp,, .

In the case of n = 1, expc and loge are called the Carlitz exponential and
Carlitz logarithm respectively, and these two functions can be written down
explicitly as follows. Putting Dy = 1 and D; := H;;})(eql —07) for i € N,
then

(e}

expg = Z DLTZ

i=0 "t
We further put Lo := 1 and L; := ( — #9) --- (6 — 69) for i € N, and then
log~ = i iri
=0
For the details, see [G0o96, T04].
2.3. Review of the theories of Anderson-Thakur and Yu

2.3.1. Theory of Anderson-Thakur. In their seminal paper [AT90],
Anderson and Thakur first showed that for each n € N, exp, : C —
C®"(Cy) is surjective and its kernel is of rank one over A in the sense that

Kerexp,, = 0[F,[t]]nAn,
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where \,, € C is of the form

The 7 above is a fundamental period of the Carlitz module C in the sense
that Ker expe = Am, and it is fixed throughout this paper.
For a non-negative integer n, we express n as

n:Zniqi (0<n;<qg—1,n; =0 for i>0).
i=0
Then the Carlitz factorial is defined by

o0
Tnir =] D} € A.
1=0

One of the major results in [AT90] is to relate (4(n) to the last coordinate
of the logarithm of C®". It is stated as follows.

Theorem 2.3.1. (Anderson-Thakur [AT90, Thm. 3.8.3]) For each positive
integer n, one explicitly constructs an integral point v, € C®"(A) so that
there exists a vector Y, € C of the form

*
Y, = :
FnCA(n)

satisfying
exp,, (Yn) = vp.

For an integer m, we define m-fold Frobenius twisting by

Collt) = Cool(t), |
f = Zz a;t" f(m) = Zz aiqmtl.

We extend this to matrices with entries in C((t)) by twisting entry-wise.
We put Go(y) := 1 and define polynomials Gy, (y) € Fq[t,y] for n € N by
the product

n

) =TT (¢~ ).

=1
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For n =10,1,2,..., we define the sequence of Anderson-Thakur polynomials
H,, € Alt] by the generating function identity

—1
= Gi(0) >~ H,
(ST S T

—0 ilo=t 0 Lhtilo=t
We put
—0 t
o) = 07 [ (1 5 ) € Sl
where (—9)(1%1 is a suitable choice of (¢ — 1)-st root of —@ so that ~im = 7

0(0)
(cf. [ABPO04] and [ATO09]). The function 2 satisfies the difference equation
Q1 = (t — 0)Q. One important identity established in [AT90, AT09] is the

following: for any positive integer n and non-negative integer i, we have

i I',S;
(2.3.2) (" Hy, 1) | = &

7rn

where S;(n) is the partial sum

Here A ; denotes by the set of all monic polynomials in A with degree i.
For any (s1,...,s,) € N” we define the following series

(233) DE,W(SM__.,ST)(t) = Z (QS1H81_1)(i1) Ce (QSTHST_l)(iT) .
i1>0>0,>0
Then by (2.3.2), specialization at t = 0 of Z(,, ) gives
f(sl,”_m)(e) = Z FS1Si1 (31) - FS,«SiT(S'r’)ﬁ_SlJ’_.“J’_Sr

11>>1,20
g FSl “e . ]‘—‘STCA<317 . 737")/7"-('—31"1‘""‘1‘51"

We single out the following useful lemma, which is rooted in [C14,
Lem. 5.3.5] (see also [CPY14, Prop. 2.3.3)).

Lemma 2.3.4. For any (s1,...,s,) € N and any nonnegative integer N,
we have

Lsrrons)(07) = (Ts, -+ T Calsa, ..., 5p) f70 T o)1
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2.3.2. Yu’s theory. In [Yu91], Yu proved the transcendence of (4(n) for
each n € N. The key ingredient in Yu’s proof is to establish the following
theorem.

Theorem 2.3.5. (Yu [Yu91, Thm. 2.3]) Let n be a positive integer, and Y =
(Y1,---,yn)™ € CL be a nonzero vector satisfying that exp,,(Y) € C®"(k).
Then y, is transcendental over k.

Remark 2.3.6. Combining Theorems 2.3.1 and 2.3.5, one can show (see [Yu91,
Thm. 3.2]):

e (a(n)/7™ € k if and only if v,, is an Fy[t]-torsion point in C®"™(A).
e v, is an [ [t]-torsion point if and only if n is divisible by ¢ — 1.

2.4. Review of the CPY criterion for Eulerian MZV’s

In what follows, by a Frobenius module we mean a left k[t, o]-module that is
free of finite rank over k[t], where k[t, o] := k[t][o] is the twisted polynomial
ring generated by o over k[t] subject to the relation of = f (Vg for f €
k[t]. Morphisms of Frobenius modules are defined to be left k[t, o]-module
homomorphisms and we denote by .% the category of Frobenius modules.

In what follows, an object M in .% is said to be defined by a matrix
® € Mat, (k[t]) if M is free of rank r over k[t] and the o-action on a given
k[t]-basis of M is represented by the matrix ®. We denote by 1 the trivial
object in .#, where the underlying space of 1 is k[t] and on which o acts as
of = fC&U for f € 1. We further denote by C®" the nth tensor power of
the Carlitz motive for n € N. The underlying space of C®" is k[t], and on
which o acts by of := (t — 0)* =1 for f € C®™.

By an Anderson t-motive we mean an object M’ € .% that possesses the
following properties.

e M’ is also a free left k[o]-module of finite rank.
e oM’ C (t—0)"M' for all sufficiently large integers n.

Here we follow the terminology of Anderson ¢-motives in [P08] (cf. [A86,
ABPO04]).

For a fixed Anderson t-motive M’ of rank d over k[o], we are interested in
Ext’; (1, M), the set of equivalence classes of Frobenius modules M fitting
into a short exact sequence of Frobenius modules

0— M — M-—»1-0,

and we denote by [M] the equivalence class of M in Ext!; (1, M"). Since Fg|t]
is contained inside the center of k[t, o], left multiplication by any element
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of Fy[t] on M’ is a morphism and hence Ext’; (1, M’) has a natural F[t]-
module structure coming from Baer sum and pushout of morphisms of M’.
The following is a review of the [F4[t]-module isomorphisms established by
Anderson

Ext (1, M) = M'/(c —1)M' = E'(k),

where
(2.4.1) E' = (G p)

is the t-module over k associated to M’ in the sense that the k-valued points
of E' is isomorphic to M’ /(o —1)M" as Fg-vector spaces and the F,[t]-module
structure on E’ via p is induced by the F,[t]-action on M’/(o — 1)M’. For a
detailed description of the isomorphisms above, see [CPY14, § 5.2]. We also
refer the reader to [S97, PR03, HP04, Tal0, BP, CP12, HJ16] for related
discussions.

For example, let n be a positive integer. Then the nth tensor power
of Carlitz motive C®™ has a k[o]-basis {(t —6)""!,... (¢t — 0),1} and every
f € C® /(o0 —1)C®" has a unique representative polynomial (with degree <
n — 1) of the form uy(t — 0)" ! +--- + u, € k[t]. Then the maps above can
be characterized as

Extl(1,087) = (%0/(g—1)C%" (k)

(2.4.2) [Mf] — f : (ul, e ,un)tr7

where My € % is defined by the matrix

(2.4.3) D= < f(_(f)zte_)ne)n (1) > € Matz (k[t]).

Remark 2.4.4. For n € N, we note that Hfl:ll) (t—0)"=Hy,_1+(c—1)Hp1
in C®" and so

H V-0 = Hyy € 0% /(0 — 1)C%",

The special point v, given in Theorem 2.3.1 is defined to be the image of
Hr(;ll) (t — )" under the isomorphism C®" /(g — 1)C®" = C®"(k). For the
details, see [CPY14, p. 26].

Let Z be an MZV of weight w. Following [T04], we say that Z is Fu-

lerian if the ratio Z/7" is in k. In [CPY14], an effective criterion for Eu-



302 Chieh-Yu Chang

lerian MZV’s is established and we describe it as follows. Let r be a posi-

tive integer and fix an r-tuple s = (sy,...,s,) € N". We define the matrix
o, € Mat,,1(k[t]),
(2.4.5)
(t — @)srttse 0 0 e 0
Hs(;—li (t — g)s1ttsr (t — )szttsr 0 0
O, = 0 H (= g)satts
: (t —0) 0
0 - 0 H N@E—6) 1

Define @, € Mat,(k[t]) to be the square matrix of size r cut off from the
upper left square of ®g:

(2.4.6)
(t _ 9)51+---+37.
-1 S14- s, gtk s,
I B R e ()
o, = . .
Hs(:,ll)fl(t — g)s-1tse (¢ — g)sr
Define
(2.4.7)
Qsittse
QSQ+~~~+ST$SI ()52t tsr
Qs+ tsr 2 Qsstotse &
Ts 1= ) : € QL,1(T)
t. er,l—i-sr
QSTD%(SM--WST—I) QST"%SQ ..... 87-,1) QSTZSr—l er
’E’p(sl,...,sr) ~=g(52,...,sr) ’%sr_l,sr) Zs, 1
and let
(2.4.8)
st tse
QS2+”'+37'DZ;,1 szt tse
\I’lﬁ = QSB+M+ST°%(51,52) QSB+“'+ST.,%S2 . c GLT(T)
: : er—1+sr

QSTD%(.Sl,...,sT,l) erﬁs%...,sr,l) QSTBZS,‘A Q-
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be the square matrix cut off from the upper left square of ¥;. Then we have
that

(2.4.9) v = o0 and UV = 9,0,

(see [AT09, C14, CPY14)).

We let M, (resp. M!) be the Frobenius module defined by the matrix
®, (vesp. ®.). Then M, represents a class in Ext); (1, M]) = M!/(c —
1)M! = E’(k) and we define v, € E’(k) to be the image of [M] under the
composition of the isomorphisms above. Note that it is shown in [CPY14,
Thm. 5.3.4] that actually E. is defined over A and v, is an integral point in
E5(A).

The criterion of Chang-Papanikolas-Yu for Eulerian MZV’s is as follows.
Theorem 2.4.10. [CPY14, Thms. 5.3.5 and 6.1.1] For each r-tuple s =
(s$1,...,8.) € N", let E. and v be defined as above. Then we explicitly

construct a polynomial as € Fy[t] so that (a(s) is Eulerian if and only if v,
is an ag-torsion point in EL(A).

3. Step I: A necessary condition
3.1. The formulation

In this section, our main goal is to show the following necessary condition,
which will be applied to compute the dimension of double zeta values.

Theorem 3.1.1. Let n > 2 be an integer and for i = 1,...,m, let s5; =
(si1,8i2) € N2 be chosen with si1 + sio = n. Suppose that we have

(3.1.2) coCa(n) + ZCiCA(ﬁz‘) =0 for some cg,c1,...,Cm € k.
i=1

If the coefficient cj is nonzero for some 1 < j < m, then we have that
(g — 1)|sj2. In other words, all k-linear relations among {Ca(n),Ca(s1),...,
Ca(sm)} are those coming from the k-linear relations among {Ca(n)} U

{Cals;); (g — 1)[s;2}
Proof. Note that each double zeta value (4(s;) is associated to the system
of Frobenius difference equations

(3.1.3) vV = 9,0,
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where
(t—o6n 0 0
o= | H Y t-om (-0 0
0 HOY(t -0 1
and
Qr 0 O
U, = | Qg Qs o
1 #)
Here for each 1 <7 < m,
Ly =L, = (@ H,, )Y eT
£=0

and

e L= S (@ H,, ) (@, ) e,
£1>42>0

which satisfy for any integer N € Z>o,
(3.1.4)
L0 = (s, Calsin) /70T and ZL(077) = (T, TsCalsin, sin) /7™)"

N

(see Lemma 2.3.4).
Moreover, (4(n) is associated to the system of Frobenius difference equa-
tions

s (2) = (adiTor 1) (2)

where

(o)
L= (Hy)D eT
i=0
has the property that for N € Z>,

Z(09") = (TnCa(n) /7" (see Lemma 2.3.4).

To prove this theorem, without loss of generality we assume that each
coefficient ¢; # 0 for i = 1,...,m. Multiplying the equation (3.1.2) by a
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suitable element in F,[f], without loss of generality we may assume that

a; == —%—lo= and ag := {>|p—; are in F,[t] for i = 1,...,m. Note that
Si17 542 n

a1 #0,...,am,m # 0. So we have that

ag(0)TnCa(n) + Y ai(0)s, T, ((s:) = 0.
i=1
Define
(t—om
H(*l) (t e)n (t _ 9)812
81171
b= : .
HY (o) (t — )5
aH V-0 aHS Y (=) - anHD (6 —0)e 1
€ Mat,,12(k[t])
and
Qn
981232[1]
Y= S Mat(m+2)X1(T).
e 2l
aofn + eril az.,%[’l]

Using (3.1.3) and (3.1.5) one has ¢(71) = 1.
By hypothesis we have

(ao.ﬁfn + Z ai$§§]> (0) = coa(n) + Xiz; cia(si) =0.
i=1

ﬁ-n

It follows from the ABP-criterion [ABP04, Thm. 3.1.1] that there exists

f= (f07f17 . '7fma fm+1) € Matlx(erQ)(k[t]) so that

fi) = 0 and £(0) = (0,...,0,1).

Put f := -1 and note that fi) = 0. We take the (—1)-fold Frobenius twist

f7n+1 ~
of the equation fi¢y = 0 and then subtract it from itself, and then we have
that

f—fYe)yp =0.
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Note that the last coordinate of the vector f — £~V ® is zero. Define
(Ro, R1,...,Rp,0) := f_fDop

and note that

(3.1.6)
~ ~ (=1 m ~ (=1 — n - mn
Ro:= fo— o' )(t —0)" =22 i )Hiili)l(t —0)" —agH, ) (t )
= ATV =0y —a Y (6 - 0)

R = fou = fon V(6 = 0)52 — 0 HOV (1t — 0)m2,

Sm2—

where (f1,---, fm,0) :=f. We claim that Ry = Ry = --- = R,, = 0.
Assume this claim first. Put
1
1
v =
1
fo i oo fm 1

and note that the claim above implies the following difference equations

_ @’

where @' is the square matrix of size m+1 cut off from the upper left square
of ®.

By [CPY14, Prop. 2.2.1] the rational functions fo,..., fm have a
(nonzero) common denominator b € F,[t] so that bf; € k[t] fori = 0,1,...,m.
Since b(—1) = b, multiplication by b on the both sides of (3.1.6) shows that
if we put

1
bfo bfi ... bfym 1

and v := (bagH ") (t — )", bar H Y, (£ — 0)*2, ... ba, H. D (£ —0)%) €

Sm2 -1
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Mat (,41)x1 (k[t]), then we have

(3.1.7) ) ( CI: ) ) = ( @ ) )5.

Let M’ (resp. M) be the Frobenius module defined by ®' (resp. ®) and
note that [M] € Ext!; (1, M’). One checks directly that M’ is an Anderson
t-motive (cf. the proofs of [P08, Prop. 6.1.3] and [CY07, Lem. A.1]). So the
action of b on M denoted by b* M € %, is defined by the matrix

(I>/
b*CID.—( ) 1)

(see [CPY14, §§ 2.4]). So the system of difference equations (3.1.7) implies
that b+ M represents the trivial class in Ext); (1, M’). Furthermore, if we
let {2, 1,...,2m} be a k[t]-basis of M’ on which the action of o is repre-
sented by @, then we have the isomorphism of F[t]-modules (see [CPY14,
Thm. 5.2.1]):

Exty (1, M) = M'/(c —1)M’
[bx M) bx M := bagH' 2 (t — 6)"xq
+ 30 baH D (1= 0)%2; + (0 — 1) M.

Note that M’ fits into the short exact sequence of Frobenius modules
0— C%" = M — @2,C%%2 — 0,

where the projection map 7 : M" — @, C®%= is given by 7 := (Y~ gizi —
(g1, --,9m)). However, since the F[t]-linear map (o — 1) : @, C%%2 —
@, C®%2 is injective, the snake lemma shows that we have the following
short exact sequence of [Fy[t]-modules:

0— C®" /(0 — 1)C®" — M' /(0 — 1) M’
— @ (C¥%2 /(o — 1)C%*2) — 0.
b M > (baiH Y, (¢~ 0)™2)

%

For any s € N we recall the identification C®%/(c — 1)C®* = C®5(k),
which is an Fy[t]-module isomorphism and under which H Sj)(t —0)° is



308 Chieh-Yu Chang

mapped to the special point vy € C®5(A) (by Remark 2.4.4), itself associ-
ated to (a(s). It follows that (baiHs(;l_)l (t — 0)%2); is mapped to
([bai]s,, Vs, )i € @ C®52(A). Since b x M represents the trivial class in
Extl (1, M), b M is also trivial in M'/(c — 1)M" and hence [ba;]vs, =
0 € C®52(A) for each 1 < i < m. That is, each v, is ba;-torsion as ba; is
nonzero. It follows by Remark 2.3.6 that s;» must be divisible by ¢ — 1 for
each 1 <17 <m.

To finish the proof, it suffices to prove the claim above. Since s;1+s;2o = n
for each 1 < ¢ < m, without loss of generality we may assume that sjo >
S99 > -+ > S;,9. From the equation (f' — f(_l)@)w = 0 we have that

(3.1.8) Ry + Ry 2l o 4 R, gl — 0.
Dividing the equation above by 22 one has
(3.1.9) RoQmt 4 Rysie—sme gl 4 L R glml g,

Note that  has simple zero at each t = 64" for each N € N. Since each R; is
a rational function having only finitely many poles, we can pick a sufficiently
large integer N so that R; is regular at ¢ = #" for i = 1,..., m. Specializing
both sides of the equation (3.1.9) at t = #%" and using the formula (3.1.4)
show that

Rin(67") (T, ,Casma) /75m2) T = 0.

Since each MZV is non-vanishing by [T09a] and the equality above is valid
for N > 0, R,, has to be zero as it has only finitely many zeros.

We turn back to the equation (3.1.8) and repeat the arguments above.
We then eventually have R,,, = --- = Ro = 0 and so obtain

RoQ" + R =2l = 0.

Again, by dividing 2%, the arguments above show that Ry = 0 and hence
Ry =0. O

Corollary 3.1.10. Let n > 2 be an integer and for i =1,...,m, let 5; =

(si1, 8i2) € N2 be chosen with s;1 + s; = n. Suppose that we have

m
co™ + ZCz’CA(ﬁi) =0 for some cg,c1,...,Cm € k.

i=1
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If the coefficient c; is nonzero for some 1 < j < m, then we have that
(¢ — 1)|sj2. In other words, all k-linear relations among {7",Ca(s1),...,
Ca(sm)} are those coming from the k-linear relations among {7"} U{Ca(s;);
(¢ —1)lsj2}-

Proof. If n is A-even, then (4(n)/7™ € k by Carlitz [Ca35]. So the result
follows from Theorem 3.1.1. If n is A-odd (i.e., n is not divisible by ¢ — 1),
then 7 ¢ ko, and hence 7" is k-linearly independent from all MZV’s as
each MZV is in ks,. Therefore, we can put ¢y = 0 in Theorem 3.1.1 and the
desired result follows. O

Remark 3.1.11. The result above shows that the set {7"} U {Ca(s;);
(¢ — 1) 1 sjo} is linearly independent over k. It verifies the parity conjec-
ture of Thakur [T09b] in this depth two setting.

Remark 3.1.12. For an even integer n > 2, Gangl, Kaneko and
Zagier [GKZ06, Thms. 1 and 2| showed that

0= 2nv-1)"U{((3,n—3),((5,n—5),...,((n—3,3)}

is a set of generators for the vector space DZ,. Our point of view is that the
set O is generated by (27/—1)" and weight n double zeta values ¢ (odd, odd),
but excluding ¢(n —1,1) (¢ is not defined at 1 and so the odd 1 is special).
Note that § —1 is the cardinality of &' and hence Conjecture 1.1.1 in the case
of even n > 2 is equivalent to that there are dimc S,,(SL2(Z)) independent
Q-linear relations among the set &.

When the given weight n > 2 is A-even, we consider the set

Op = {7"} U{Ca(s1,s2)[s1 +s2 =nand (¢ — 1) {s2},

which is the analogue of the set & since each (4(s1,s2) € 04 has the property
that s; and ss are both A-odd. So it is not analogous to Conjecture 1.1.1 as
Oy is k-linearly independent by Corollary 3.1.10.

4. Step II: Logarithmic interpretation
4.1. The formulation

In this section, our goal is to establish the following result.

Theorem 4.1.1. Let r > 2 be an integer and let s := (s1,...,5,) € N with
no= Y. 8. Put s := (s2,...,s,) and suppose that (a(s') is Eulerian,
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i.e., Ca(S2,...,8p) /752t T8 € k. Let ag := ay € Fy[t] be given in Theo-
rem 2.4.10. Then we explicitly construct an integral point =, € C®"(A) so
that there exists a vector Yy € CL of the form

*
Ys = :
as(0)s, - Ts Cals1y- -y 8r)

satisfying
exp, (Ys) = Es.

We divide the proof into the following steps.
4.2. Difference equations arising from algebraic points of C®"

For each positive integer n, we denote by log,, the logarithm of C®". We
first recall the convergence domain D, of log,, (see [AT90, Prop. 2.4.3]):

D, = {z = (21, ., 20)" € C¥(Coo); |2io0 < |Oloo " for i = 1n}

For a fixed nonzero point u = (ug,...,u,)" € C®*(k) N D,, we define the
following polynomial associated to u:

(4.2.1) fo=far=u(t—0)"" 4y i (t—0) +up, € E[t].
We let My be the Frobenius module defined by the matrix ®; in (2.4.3) and

note that [M;] € Extl; (1,C%").
Now we define the series

(%) _
nf — € k[t],

(4.2.2) Ly = f+; o 6T

and note that this kind of series was introduced by Papanikolas [P08] and
later on studied in [CY07, C14, M14, CPY14].

Proposition 4.2.3. Let notation and assumptions be as above. Then there
exists Uy € GLo(T) so that \IISC_I) = Oy, So My is at-motive in the sense
of [POS].
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Proof. Note that by the definition of .2 we have

%0 (i) %
(-1) _ (-1) f _ (1) !
“ ! +§(t—9)nm(t—9qi)” / TE—or
and hence
(4.2.4) Q2 = fEV @ — 00 + Q"

It follows that if we put

aroo0
(4.2.5) U= < oz 1 ) ,

then we have
-1
v = 0w,
The hypotheses of u imply that Q".Z} satisfies the condition of [C14,
Lemma 5.3.1], whence Q".%; is an entire function and therefore My is a
t-motive (cf. [P08, Prop. 6.1.3] and [CYO07, §§ 3.2]). O

4.3. Some lemmas

Lemma 4.3.1. Let u be a nonzero point in C®"(k) N Dy, and let y be the
last coordinate of log, (u). Let f € k[t] be the polynomial associated to u
giwen in (4.2.1) and V¢ be defined in (4.2.5). Then we have

(170
To prove Lemma 4.3.1, we need the following formula due to Papanikolas.

Proposition 4.3.2. (Papanikolas [P14]) We write log,, = >0 BT, where
Py = I,, and P; € Mat, (k). For each positive integer i, the bottom row vector
of P; is given by

(_1)n—1(9q77 _ 9)n—1 (_1)n—€(9q1“£ _ G)n—é i
L? e In v T |

Proof of Lemma 4.5.1. As we know that Q"(0) = 1/7", by (4.2.5) it suffices
to show that

Z5(0) = y.
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We interpret .2 as

Lr=(ut—0)""+ - +u,_1(t—0) —l—un)
® (t— 0 e (= 07 Yl 4 ud

+; (t — ga) ...(t—Hq)

By specializing at t = 6 we have

07 — )l 4 (=107 — Ol | +ud

0) = u, + i =1 In
i=1

(2

Hence by Proposition 4.3.2 we obtain that y = .Z%(0).

Lemma 4.3.3. Let n be a positive integer and let = € C®*(k) be an al-
gebraic point. Then there exists a positive integer m and an algebraic point
u € C®(k) (depending on m) satisfying

o [t"],(u) =E (i.e., u is a t"-division point of =),
e log, (u) converges.

Proof. We recall that exp,, is an entire function on C7, and is of the form
exp, = In+ > 1o Q;7". By the inverse function theorem, there exists open
subsets U,V C CZ so that exp,, : U — V is one to one and its inverse is also
continuous. Note that as formal power series log,, is inverse to exp,, and so
log,, is defined on V. Since exp,, is surjective, there exists a vector X € C7,
for which exp,, (X) = E.

For each positive integer m, J[t™],, is an upper triangular matrix with
0™ down to the diagonals, and the other nonzero entries off the diagonals
have degrees in 0 strictly less than m. It follows that if we define || 9[t™];; ! ||
to be the maximum of the absolute values of entries of 9[t™],;!, then we have

o™t < 161"
Hence, we can pick a sufficiently large integer m for which
t™; 1 (X) e U.

Put u := exp,, (9[t"],! (X)) € V, at which log,, converges. By the functional
equation of exp,,, we observe that

[t (1) = [t"]n (exp,, (O[], (X)) = exp,, (X) = E. O
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4.4. Proof of Theorem 4.1.1

Put n:=s;+---+s, and s’ := (s2,...,5,) € N'"L. We let (E., vs,as) (resp.
(EL,,vs,as)) be given in Theorem 2.4.10 corresponding to s (resp. §'). Note
that in this setting we have the following exact sequence of t--modules defined
over A:

0 ——= C(k) —= Ey(k) —= Eg (k) —=0,
and note that the projection m maps vs to ve (see the proof [CPY14,
Thm. 6.1.1]).

To simplify the notation, we drop the subscript and put «a := a4 := as .
Since by hypothesis (4(s’) is Eulerian, Theorem 2.4.10 shows that vg is
an a-torsion point in EZ,. It follows that Z, := po(vs) € Kerm, and so we
identify Z; as a point in C®"(A). Recall that p is the map defining the
[F4[t]-module structure on EY (see (2.4.1)).

We write =5 = (vg,...,0,)" € C®"(A) and let g be the polynomial
in A[t] associated to Zs in (4.2.1). By Lemma 4.3.3 there exists a positive
integer m and us € C®"(k) (depending on m) so that [t™],(us) = =5 and
log,, (us) converges. We write us = (u1,...,u,)" € C®*(k) and let f be the
polynomial in k[t] associated to us in (4.2.1).

We recall the isomorphism A, : Ext’; (1, C®") =2 C®"(k) and note that
A, maps [My] (resp. [My]) to ug (resp. Z5) by (2.4.2), where My (resp. M)
is the Frobenius module defined by the matrix

Oy = < f((i)?te_)ng)n (1] ) (resp. g == ( g((f)(—te_);)n (1) > )-

Note that
Ap ([t™ = My]) = [t"]n (An([My])) = [t"]n (us) = Es,

where ¢ x My is the Frobenius module defined by

m o (t—o6n 0
Frtsi= ( U — o) 1 )

(see [CPY14, §§ 2.4]). It follows that ®, and ¢ * ®; define the same class of
Frobenius modules in Ext!; (1, C®") since the classes of their defining Frobe-
nius modules are mapped to same point =5 under A,,. In other words, there
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exists a polynomial h € k[t] satisfying the following Frobenius difference
equations

1o\ @-om o0\ t—6" 0\/1 0
ho1 g ie—or 1) \ V-0 1 ho1l)’
from which we derive the following identity
I, ol
h(71)707"'70 1 g(fl)(t—e)",O,,O 1

P’ I,
tmfEDE—6)",0,...,0 1 h,0,...,0 1 )’

where @ := @/, is given in (2.4.6).
We define the following two matrices

~ (I)/
g = < gVt —-0m,0,...,0 1 ) and

Let ¥ := ¥, € GL,(T) (resp. ¥ := ¥y € GL,41(T)) be given in (2.4.8)
(resp. (2.4.7)) and note that W is of the form

\I//
W_</~L 1)’

(4.4.1)

where

We further put

~ N
Wimp = < MmO Z4,0,...,0 1 >
and note that using (2.4.9) we have

i

)_ ~ ~
tm’f - q)tm.f\:[ltmf.

Claim. There exists a matrix v of the form

I, -
V= ( v, 1 > € GLT+1(k[t])
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so that
V) (ax @) = ‘T)tmf -V,
where
P’
¢ =, := < o 1 > given in (2.4.5),
and

/
oz*(I)::<(I> )
ap 1

We first assume the claim above to finish the proof. Define

ax W= ( c\fpla 1 ) € GLp41(T).
Since a € Fy[t], using (2.4.9) we have
(oz*\I/)(_l) =ax® - axW.
Note that the claim above implies
(u-a*\Il)(_l) =D -a*q)-a*\llsztmf(u-a*\lf).
In other words, v - a x V¥ is also a fundamental matriz for EIVDtm ¢ in the sense

of [P08, §§ 4.1.6] and hence by [P08, § 4.1.6] that there exists a matrix
v € GL;41(F4(2)) of the form

— Ir
v YyeoosYr 1

V'Oé*\:[/:{:[v}tmf"y.

so that

By comparing with the (r 4 1, 1)-entries of both sides of the equation above
we obtain the following identity

(4.4.2)

WA QL QL FaL ) = VL,

r

By Lemma 2.3.4 we have that for each N € Zx

N

Lo (07 = Lo )07 = (T, Ty Calst,. . 80) /77
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and by Lemma 4.3.1 and [CPY14, Prop. 2.3.3] we have that for each N €
Z>o,

(Q"Zp) (697) = ("Zp) (0) = (y/7™)""

where y is the last coordinate of log, (us) as f is the polynomial associated
to us. We mention that 71 must be in F[t] since all other terms of (4.4.2)
are in the Tate algebra T. Note that ) has a simple zero at ¢ = 91" for each
N € N and hence by Lemma 2.3.4

QSQ+~~+sr$(SI)<9qN) — .= QS”"’%Sh...,Sr—l)(eqN) —0.

It follows that specializing (4.4.2) at t = 97" for a positive integer N and
taking the ¢’V-th root we obtain the following identity

a(H)F51 o 'FSTCA(s) = emy + ’71(9)7?”'

Now we put
Yy := 0[t™],, - log, (us) + O[vi]nAn

and note that the last coordinate of Y is 0™y + v (6)7" = a(0)Ts, ---
I's,Ca(s). Since O[71]nAn € Ay, by the functional equation of exp,, we see that
exp,,(Ys) = [t™], (us) = Es, whence completing the proof of Theorem 4.1.1.

The rest task is to prove the claim above. We recall that M’ is the
Frobenius module defined by the matrix ® with respect to a k[t]-basis
{mi1,...,m;} of M’, and we have the following isomorphism as F,[t]-modules

Extl; (1, M') = E/(k)
and note that [M] is mapped to v,. Hence [a % M] is mapped to
Zs i= palvs) € CP"(A) — EL(A).

We note that M’ is a free left k[o]-module with a natural k[o]-basis:
(4.4.3)
{#=0) Tty o (E=0)my,ma, ., (E=0) " my, L (E—0)me, my )

(see [CPY14, Proof of Thm. 5.2.1]). We recall that g € A[t] is the polynomial
associated to Z, and hence via the isomorphism Extl; (1, M) = E.(k),
the class of the Frobenius module defined by the matrix ®, is mapped to



Linear relations among double zeta values 317

2s € C®"(A) — E[(A) via the basis (4.4.3) (see [CPY14, (5.2.2)]). In other
words, the two matrices ®, and

o o' 0
ES = _
“ 0,...,aH Y (t—0)> 1

define the same class of Frobenius modules in Ext’; (1, M’). Therefore there
exists a matrix

_ ( 51,.?,57, 1 ) € GLour (Bf])

so that
(4.4.4) SV . axd =23, 4.
Put

I, o _
= < h,0,...,0 1 > € GLrya (k[t])

and note that by (4.4.1) we have (=1 . 59 = @m,f -n. Putting v :=nd €

GL,+1(k[t]) and using (4.4.4) and (4.4.1) we have the desired identity
Vs d =D g x =) ég )= &)tmf -né = EDtmf 2

From the explicit forms of § and 1 we see that v has the desired form, whence
proving the claim above.

5. Step III: The identity
5.1. The dimension formula

In this section, we will give a proof of Theorem 1.2.1 (1). Combining Theo-
rems 4.1.1 and 2.3.5, we first prove the following.

Theorem 5.1.1. Let n > 2 be an integer and let v,, € C®"(A) be the
special point given in Theorem 2.53.1. For s = (s1,...,8,) € N" with r > 2,
we denote by ' :== (sa,...,s,). Put

&ni={s=1(s1,...,8) € N';r > 2, wt(s) = n and (a(s') is Eulerian} .
For each s € &,, let 25 € C®"(A) be given in Theorem 4.1.1. Then we have

dimy Spany, {7",(a(n), Ca(s); s € &n} = 1+rankg, ;) Spang, ) {Vn}Uses, {Es} -
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Proof. To prove the theorem, it suffices to prove the following equivalent
statements:

{7",Ca(n),Ca(s);s € &,} are linearly dependent over k
& {Vn}Uses, {Es} are linearly dependent over F[t].

Proof of (=). Suppose that there exist polynomials (not all zero) {n} U
{775 }gg,g"n g ]Fq [t] fOI“ Wthh

Ml (v) + Y [ns]n (25) = 0.

By Theorem 2.3.1, there exists a vector Y,, of the form

*
ve=|  Jec
FnCA(n)

for which exp,,(Y;,) = vy. For each s € &,, by Theorem 4.1.1 there exists
vectors Y, € Cl satisfying the property in Theorem 4.1.1. We define the
vector
Y = 0n]nYn + Z OnsInYs
SEE,
and note that

exp,(Y) = [ (exp,(Ya)) + D[] (exp, (Y2))
SEE,

= [nln(vn) + Z (1] (25) =0,

s€EE,

whence
Y € Kerexp,, = 0[F,[t]]nn.

Note that the last coordinate of A, is 7" and that for each a € F,[t], lal,
is an upper triangular matrix with a(f) down the diagonals. Taking the last
coordinates from both sides of the equality above gives the desired result.

Proof of («<). We suppose that there exist polynomials {d, 0, ds;
s € &,} € A (not all zero) so that

007" +8Ca(n) + ) 6sCals) =0,

5€E8,
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which can be also written as

d ds
B0+ 5 TuCaln) + ) —-0a(O)TsCa(s) = 0
n €&, 5 s

where I'g := T, ... Ts for s = (s1,...,s,) and as; € Fy[t] is given in The-
orem 4.1.1. Multiplying a common denominator of the coefficients of the
equation above shows that there exist polynomials {ng,n, (s;s € &,} C F,[t]
(not all zero) so that

770(9)7}” + 77 nCA + Z 775 065 5<A ) 0.
56&1

For each s € &, let Y; € CZ be given in Theorem 4.1.1 and note that its
last coordinate is as(6)I'sCa(s). So the last coordinate of

Y::a[WO] n+a Y+Za775
565’”

is zero by the equation above. Since

exp,, (V) = exp,, | d[nolndn + OlnYn + Y OlnslnY:
SEE,

Vn + Z 775 Hs € C®n(‘4)>
SEE,

Theorem 2.3.5 implies that Y has to be zero, and hence

]TL (Vn) + Z [775]71 (Es) =0. O

SEE,

Remark 5.1.2. For a positive integer n, we recall that (4(n)/7" € k for
A-even n by [Ca35b] and in which case v, is an Fy[t]-torsion point by Re-
mark 2.3.6. When n is A-odd, we have 7" ¢ ko and so 7" is k-linearly
independent from MZV’s, whence from the proof above we derive that

Jn(vn) + Z [Ms]n(Es) =
SEE,

if and only if
n(0)'nCa(n) + Z Ns(0)sCa(s

Heé)n
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for {n} Uses, {ns} € Fqltl.
By this remark, we immediately obtain the following two consequences.

Corollary 5.1.3. For an integer n > 2, we continue with the notation in
Theorem 5.1.1. Then we have

dimy, Spany, {Ca(n),Ca(s);s € &}
) 1+ rankg [ySpang, g {Es:5 € 6.} if n is A-even,
B rankg, [;)Spang, 1 {Vn, Es;5 € &,} if n is A-odd.

Corollary 5.1.4. Let n > 2 be a positive integer. Put
¥ = {(s1,52) € N% 81 + 82 =n and (g —1)|s2}.
For each s € V', let =5 be given in Theorem 4.1.1. Then we have
dimy, Spany, {7",Ca(s);8 € ¥} = 1 + rankg, [;Spang ) {Es}ecy -
5.2. Proof of Theorem 1.2.1 (1)

Here we give a proof for part (1) of Theorem 1.2.1, which is addressed as
the following result.

Corollary 5.2.1. Let n > 2 be an integer. Put

S =A{7",Ca(l,n—1),a(2,n—2),...,Ca(n —1,1)},

and
YV = {(s1,52) € N% 51 + sy =n and (q — 1)|s2} .

For each s € V', let =4 be given in Theorem 4.1.1. Then we have

n —

_ 1 -
dimy, Span,.¥ =n — | 1J + ranky, [ Spang {Estecr

Proof. Note that we have the following equalities

dimy Spang,. = |\ {7",Ca(s);s € ¥} | + dimy Span, {7", (a(s);s € ¥V}
= (n —1- L%J) + (1 + ranky, [ Spang, {55}5€"V>

= n-— L%J + rankp, [ Spang, {Estecy

where the first equality comes from Corollary 3.1.10, and the second equality
comes from Corollary 5.1.4. O
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Remark 5.2.2. Recently, some algebraic independence results of certain
MZV’s are obtained by Mishiba [M14], but the coordinates of those MZV’s
are restricted to be A-odd with other hypotheses. Concerning this issue, we
refer the reader to [M14].

6. Step IV: A Siegel’s lemma
6.1. The main result

The primary result in this section is the following theorem, which implies
Theorem 1.2.1 (2) and so allows us to compute the exact quantity in Theo-
rem 1.2.1 (1).

Theorem 6.1.1. Let n be a positive integer and vi,...,vy, € C®"(A).
Then we have an effective algorithm to compute the following rank

Tm = ranky, gSpang ;) {vi,..., v} .

Proof. We let v; := (vi1,...,vin)" € C®"(A), and let f; :== vy (t — 0)" 1 +
-+ + vy, € Aft] be its associated polynomial. Note that the class [M;] €
Ext) (1,0%") = C®"(k) is mapped to v;, where M; € .F is defined by the

matrix
(t—onr 0
V=0 1)

Fix m polynomials ai,...,an € F,[t] and put F := > " a;f;. Then

(2

the class [Mp] € Ext}; (1,C%") is mapped to the integral point Y i, [a;],Vi
(see [CPY14, §§ 2.4]), where Mp € .% is defined by the matrix

(ﬂg%w%n?>-

It follows that >, [a;],v; = 0 if and only if Mp presents the trivial class
in Ext}g; (1, C®™). Therefore, we have the following equivalence:

o YiLilailnvi =0€ C¥(A).
e there exists a polynomial § € k[t] for which

() (S D= DG,

which is equivalent to

(6.1.2) SVt -0+ FEV(E— )" = .



322 Chieh-Yu Chang

Step 1. Assume that there exist ai,...,a, € Tg4[t] for which
o lailnvi = 0, i.e., the equation (6.1.2) holds. Then the § in (6.1.2) must
be in A[t].

Proof of Step I. Note that the equation (6.1.2) is equivalent to §(t — 7)™ +
F(t — 07" = 5. Then the result follows from H.-J. Chen’s formulation in
the proof of [KL15, Thm. 2 (a)].

For a polynomial h = Y, u;t" € A[t], we define its sup-norm by || h [|:=
max; {|u;|o }. Note that for hy, hy € A[t] we have:

o || hahg |I=[ o | - [] 22 |-
o || ha+ ho [[<max {[| Ay [|, ]| ha [|}-

For each v;, we define || v; ||:= maxi<j<y, {|vij|oc}, and note that
I fi 1<l vi 16155

Put
D :=maxi<i<m {|| vi I} - 10125

and so
| F < D.

Step II. Let hypotheses be given as in Step I. Define
{ := max {log(ﬂm D +1, ﬂl + 1} .
q —_—

Then degyé < ¢ when we regard § as a polynomial in the variable 6 over
Iy t].

Proof of Step II. Suppose on the contrary that deg,§ > ¢, i.e., || & |> [0]%.
Note that by the definition of £ we have

(6.1.3) I F(t— 00" [|< |65 - 10120 <]l 6t —69)" || .
Therefore, (6.1.3) and the equality
5(t — 09" + F(t — 1) = 6V

imply that
16t — 6™ |1=[ 6™ |-
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In other words, we have that
degy 0 +ng = qdegy 6,

whence

nq
degyd = —— < ¢
€Zg q_1< )

a contradiction.
Step 11I: End of proof. Now we write

(6.1.4) §:= 10 -+ € F[t][0] and F = d16° L +--- +dy € F,[][0]

and note that the coefficients dy,...,d; are F,[t]-linear combinations of
ai, .- .,am. We recall that solving ay,...,a,, in the equation

m

> lailn(vi) =0

i=1
is equivalent to solving for § and aq,...,a,, satisfying

5(t — 0" 4+ F(t — 09" = 50,

However, putting the forms of § and F' (6.1.4) into the equation above and
comparing the coefficients of each 6% for i = 0,...,¢—1 we obtain a system of
linear equations in ci,...,¢p, ai, ..., an, over Fy[t]. Using Gauss elimination
we can solve for solutions c1,...,¢p, a1, ..., an, effectively, and particularly
obtain the rank of the solutions aq, ..., a.,, whence establishing the desired
result. O

Remark 6.1.5. We mention that in [De91, De92] Denis studied the ques-
tion of Siegel’s lemma type for t-modules. For integral points vi,...,v,, €
C®"(A), Denis showed that there exists a constant ¢ (depending on n and
V1i,...,Vm) so that the degrees of the coefficients of any F,[t]-linear rela-
tions among v, ..., v,, can be bounded by c¢. However, the value of ¢ is not
explicit in Denis’ results, and our approach is entirely different from his.

6.2. The algorithm

For weight n > 2, we provide the following algorithm to compute the di-
mension

dy,, = dimy, Spany, {7",a(1,n —1),{a(2,n —2),...,Ca(n —1,1)}.
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Let ¥ be given in Theorem 1.2.1. The algorithm is basically divided into
two parts (most of the first part was given in [CPY14, § 6.1.1]).
(I) Computing the integral points Eq: Fix an s = (s1,s52) € 7.

I-1 Compute the Anderson-Thakur polynomials Hs, 1, Hs,_1. B
I-2 Let M/ be the Frobenius module defined by @/ as in (2.4.6) with k[t]-
basis {mi,ma}. Put d = (s; + s2) + s2 and let {v1,...,v4} be the

k[o]-basis of M. given by

(t - 9)51+52_1m1, ey (t — H)ml, mi, (t - 9)52_1m2, ey (t - 9)m2, mao.
Identify M./(o0—1) M. with Matgx (k) via v, ...,vqin [CPY14, (5.2.2)].
[-3 Write down the t-action on M/./(0c — 1)M], and so give a t-module

structure on Matgy1(k), which we denote by (EZ, p).
I-4 Consider Hé;_lg(t — 0)2mg € M!/(c — 1)M., which corresponds to

an integral point vy = (ag,...,aq)" € E'(A) from the decomposition
Hs(;f{(t —0)*m, = X% a;vi (mod o —1). See [CPY14, §§ 5.2).

I-5 Decompose sy = p‘ng (qh — 1) where p 1 n; and h is the greatest
integer such that (¢" — 1) | so. Define the polynomial o = (7" —
‘4

t)P" € F,t], and then compute =, := pq, (Vs), which is identified in
C®"(A) — EL(A).

(IT) Computing the dimension d:

II-1 For each s € ¥, define || =4 || to the maximum of the absolute values of
components of =, and put D := max {|| Zs ||;5 € ¥ }-|0|% L. Compute

¢ := max {log9| D+ 1,% + 1}.
=) q_

II-2 Let f, € A[t] be the polynomial associated to Zs given in (4.2.1). Let
{as}tsey C Fylt] be parameters, and put F := 3, asfs.

I1-3 Let c1,...,c; € Fyt] be parameters and put § := 101+ -+ ¢, €
F,[t][0]. Write F = d10°"! + --- + dy € F,[t][f] and note that the
coefficients dy, ..., dy are Fy[t]-linear combinations of {as} -

II-4 Comparing the coefficients of #* from the equation 6(¢t — 69)" + F(t —
o = 6 we obtain a system of linear equations in ¢, ..., ¢, and
{as},cy with coefficients in F,[t]. Using Gaussian elimination we solve
for solutions cy,...,c; and {as},.y, and particularly solve for rank
7, of the solutions [as]sey, which is the number of independent F,[t]-
linear relations among {Zs}, -
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II-5 Compute r, = L%J — T, which is the rank of the F,[t]-module

Spanﬂ;q [t] {55}567/ .

Compute d,, :=n — L”T_H + ry,, which is the exact dimension we want

by Theorem 1.2.1.

s}

6.3. Computational data

In this section, we list some data of implementing the algorithm above us-
ing Magma. We thank Yi-Hsuan Lin for providing the code. In what fol-
lows, “Weight*’ means the weight n, and “Dimension” means d,, above, and
“IF)-linear” means the number of independent linear relations arising from
(1.2.2). When the weight n is A-odd (i.e., (¢ — 1) t n) the author does not
know whether (1.2.2) can produce a linear relation as (4(7)Ca(s) is a “mono-
mial” for one at least of r, s being A-odd. So we let the position of A-odd
weight be blank. “Zeta-like” means the number of weight n double zeta val-
ues (a(s) for which Ca(s)/Ca(n) € k. We list the computation data below
only for ¢ = 2 and ¢ = 3, although we have run the program for other ¢ up
to 11 with weight up to 150.
For ¢ = 2, we have:

Weight 2134|5678 910] 11| 12| 13| 14| 15
Dimension | 1| 2| 2| 3| 3| 3| 3| 4] 4 4 4 5 ) 5)
Fp-linear | O 1| 1|1 (2]2]2|3] 3 3 4 4 4 5
Zeta-like 11101021110 O 0 0 0 0 2

16 | 17| 18| 19| 20 | 21 | 22 | 23 | 24| 25| 26 | 27 | 28 | 29 | 30

ol
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61| 62| 63| 64| 65| 66| 67| 68|69 | 70|71 | 72| 73| 74| 75
13|13 13| 13| 14| 14| 14| 14| 15| 15| 15| 15| 16 | 16 | 16
201 20| 21 | 21 | 21| 22| 22| 22| 23|23 | 23| 24| 24| 24| 25
0 0 2 0 0 0 0 0 0 0 0 0 0 0 0
76 | 77| 78| 79| 80| 81| 82 | 83 | 84 | 85 | 8 | 87 | 88 | 89 | 90
6|16 | 16| 16 | 16 | 17 | 17 | 17| 17| 17| 17 | 17| 17| 18 | 18
25 1 25| 26 | 26 | 26 | 27 | 27 | 27 | 28 | 28 | 28| 29| 29 | 29 | 30
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91192193194 |95] 96| 97| 98|99 | 100 | 101 | 102 | 103 | 104 | 105
18118181818 |18(119|119|19| 19| 19| 19 | 19 | 19 | 20
3013031131 |31(32|13232|33| 33| 33| 34| 34| 34| 35
0] 00| O0]|O 01010 0 0 0 0 0
106 | 107| 108 | 109| 110 | 111| 112| 113| 114 | 115| 116| 117| 118| 119 120
201202020 20| 20| 20| 2121|2121 |21 |21| 21|21
351 35| 36| 36| 36| 37| 37|37 38| 38| 38|39 39| 39| 40
o(oyo0jo0o,0;0})0}0]0O0]O0O|O0O]O0O}|O0]O0

For ¢ = 3, we have:

Weight 3145|6789 10]11|12| 13| 14| 15| 16
Dimension | 3| 4| 5| 5| 7| 7|8 9| 10| 10| 12| 12| 13| 13
Fp-linear 0 0 1 1 1 1 2
Zeta-like | 10| 1111|100 0 0 0 0] 0 0
1718 19| 20| 21 | 22 | 23| 24| 25| 26| 27| 28| 29| 30 | 31
14|14 16| 16 | 17 | 17 | 18 | 18 | 19| 19| 20 | 21 | 22 | 22| 24

2 2 2 3 3 3 3
2 0 0 0 0 0 2 0 3 2 2 0 0 0 0
3213334 |35| 36| 37| 38|39 40| 41 | 42| 43 | 44 | 45 | 46
24 1 25| 25| 26| 26| 28| 2829|2930 30| 31| 31| 32 33
4 4 4 4 5 5 5 5
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
47 | 48 | 49 | 50 | b1 | 52 | B3 | 54 | 55 | 56 | B7 | B8 | 59 | 60 | 61
3413413535 36| 36| 37| 37|39 39| 40| 40 | 41 | 41 | 42
6 6 6 6 7 7 7
0 0 0 0 0 0 2 0 0 0 0 0 0 0 0
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62| 63| 64| 65| 66| 67| 68| 69| 70| 71| 72| 73| 74| 75| 76
42 | 43 | 44 | 45| 45 | 46 | 46 | 47 | 47 | 48 | 48 | 50 | 50 | 51 | 51
7 8 8 8 8 9 9 9
ojo,o0}0}]0,0]0]O0O|O0]2]0|0]O0]O01]|0
77| 781 79| 80| 81| 82| 83 | 84 | 85| 86 | 87 | 88| 89 | 90 | 91
52 | 52 | 53 | 53 | 54 | 55 | 56 | 56 | B8 | B8 | 59 | 59 | 60 | 60 | 62
9 10 10 10 10 11 11
4103} 2|0,0]0]O0JO0]O0]O0OJO0]O0]O0]|0O0
92|93 94] 95| 96| 97| 98| 99| 100 | 101 | 102 | 103 | 104 | 105| 106
62| 63| 63| 64| 64| 65| 65| 66| 67 | 68 | 68 | 69 | 69 | 70 | 70
11 11 12 12 12 12 13 13
0 o0joO0L0]0]O0O|0]O0] O 0 0 0 0 0 0
107|108 | 109| 110| 111|112 | 113|114 | 115| 116| 117| 118| 119| 120 121
7L 71 73] 73| 74| 74| 75| TH | 76| 76| 77| 78| 79| 79| 80
13 13 14 14 14 14 15
ofofofofofofoyoyo0;,0,0,01 0| 0/|O0
122|123 | 124 | 125|126 127| 128 | 129| 130| 131 | 132| 133| 134| 135| 136
80| 81 | 81| 82 | 82| 84 | 84 | 85 | 85| 86 | 86 | 87 | 87 | 88 | 89
15 15 15 16 16 16 16 17
ofofo0oyo0ofofo0ofoyo0oyo0y0,0,01 0| 0/|O0
137 138 | 139 | 140 | 141 | 142 | 143 | 144 | 145 | 146 | 147 | 148 | 149 | 150
90 | 90 | 91 | 91 | 92 | 92 | 93| 93 | 95| 95| 96 | 96 | 97 | 97
17 17 17 18 18 18 18
0 0 0 0 0 0 0 0 0 0 0 0 0 0
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