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Morse index and multiplicity of min-max minimal
hypersurfaces

FERNANDO C. MARQUES* AND ANDRE NEVEsS'

The Min-max Theory for the area functional, started by Almgren
in the early 1960s and greatly improved by Pitts in 1981, was left
incomplete because it gave no Morse index estimate for the min-
max minimal hypersurface.

We advance the theory further and prove the first general Morse
index bounds for minimal hypersurfaces produced by it. We also
settle the multiplicity problem for the classical case of one-parame-
ter sweepouts.

1. Introduction

The Min-max Theory for the area functional was started by Almgren in
the early 1960s [4, 5] and greatly improved by Pitts in 1981, resulting in
the proof of the Almgren-Pitts Min-max Theorem [25]. The subject can be
regarded as a deep higher-dimensional generalization of the study of closed
geodesics and uses the regularity results of Schoen-Simon [27].

Despite the many applications of this theory found recently, no gen-
eral information about the Morse index was known. The difficulty is mainly
caused by the weak notions of convergence (in the sense of Geometric Mea-~
sure Theory) and the possibility of multiplicity. There is no Hilbert space
structure or a Palais-Smale condition to check.

In this paper we prove the first general Morse index bounds for minimal
hypersurfaces produced by this theory. Inspired by finite-dimensional Morse
theory, one expects that the Morse index of the critical point being produced
should be less than or equal to the number of parameters (dimension of the
families used in the min-max process). Here we confirm this heuristic for the
index of the support of the minimal hypersurface, i.e. the sum of the indices
of the components.
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We also prove the first general multiplicity one theorem in min-max the-
ory, in the setting of one-parameter sweepouts. These sweepouts have been
considered since the work of Birkhoff [6]. We show that for manifolds with
generic metrics, the min-max minimal hypersurface either has Morse index
one with a multiplicity one two-sided unstable component, or is stable (i.e.
has Morse index zero) and contains an one-sided component with even mul-
tiplicity and unstable double cover. We do not know whether the second case
can be perturbed away in general, except of course if there are no one-sided
closed hypersurfaces like in the case of manifolds M"*! with H,, (M, Zs) = 0.
Nonetheless, the fact that a two-sided min-max minimal hypersurface must
be unstable generically was not known prior to our work.

Motivated by our finding, we propose the following conjecture for the
k-parameter min-max setting:

Multiplicity One Conjecture. For generic metrics on M" ', 3 < (n +
1) < 7, two-sided unstable components of closed minimal hypersurfaces ob-
tained by min-max methods must have multiplicity one.

Theorem 1.7 of this paper proves this conjecture in the case of min-max
with one parameter.

The one-parameter case in manifolds with positive Ricci curvature had
been studied before by Zhou [35, 36], who did important work extending
to high dimensions previous work of the authors [19]. These results have
been improved recently by Ketover and the authors in [16], where new index
characterizations and multiplicity one theorems are proven as a consequence
of the catenoid estimate. Related results have been proven for the least-area
closed minimal hypersurface by Mazet and Rosenberg [23] and later by Song
[30].

Remark 1.1. For surfaces the conjecture is not true as it is shown in Aiex
[2]. This case is special because when n = 1 the Almgren-Pitts Min-max
Theorem provides the existence of a stationary geodesic network, not nec-
essarily smooth.

We now state the main theorems and some applications.

Let (M™*! g) be an (n + 1)-dimensional closed Riemannian manifold,
with 3 < (n+ 1) < 7. Let X be a simplicial complex of dimension k£ and
®: X — Z,(M"; F;G) be a continuous map. Here G is either the group
Z or Zsy, while Z,(M;G) denotes the space of n-dimensional flat chains 7'
in M with coefficients in G and 07T = 0. These are called flat cycles. The
notation Z,(M;F;G) indicates the space Z,(M;G) endowed with the F-
metric, to be defined later. Basically this means ® is continuous in both the
flat and the varifold topologies.
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We let I be the class of all continuous maps & : X — Z,(M"1 F; Q)
such that ® and ®’ are homotopic to each other in the flat topology. The
width of II is defined to be the min-max invariant:

L) = inf EEE{M(@'(JJ))L

where M(T') denotes the mass of T (or n-dimensional area).

Given a sequence {®;};cn of continuous maps from X into Z,(M;F;G),
we set

L({®;}ien) := lim sup sup M(®;(x)).
i—o00 x€X

When L({®;}ien) = L(II), we say {®;}ien is a min-max sequence in 1.

The Almgren-Pitts min-max theory is actually formulated in terms of
sequences of maps defined on the vertices of finer and finer subdivisions of
X and that become finer and finer in the mass topology. This imposes quite
a bit of notation and technicalities. In Section 3, we explain how to use the
original discretized setting to obtain a min-max theory for maps that are
continuous in the F-topology as above. A similar construction for the mass
topology was done by the authors in [22].

The next theorem establishes general upper Morse index bounds for the
min-max minimal hypersurface. It is a consequence of Deformation Theorem
A of Section 5 and its proof is left to Section 6.

Theorem 1.2. Let (M™*, g) be an (n+1)-dimensional closed Riemannian
manifold, with 3 < (n+ 1) < 7. There exists an integral stationary varifold
Y € V(M) with the following properties:

o [[X][(M) = L(ID),
o the support of X2 is a smooth closed embedded hypersurface in M,
e index(supportof ¥) < k.

Simon-Smith variant 1.3. For three-dimensional manifolds M3, one can
restrict to sweepouts by smooth surfaces (or by level sets of Morse func-
tions) and consider the class II of all sweepouts that differ from a fixed one
by the action of ambient isotopies. The isotopies vary smoothly in the pa-
rameter space. This is the Simon-Smith variant of Almgren-Pitts theory (see
Smith [29] and a survey by Colding-De Lellis [11]). This variant is specially
convenient if one wants to control the topology of the min-max minimal
surface. Genus bounds were proven recently by Ketover [15] (see also De
Lellis-Pellandini [12]), as conjectured by Pitts and Rubinstein [26]. We note
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that another variant of min-max theory, based on phase transition partial
differential equations, has been recently proposed by Guaraco [14].

If one follows the proof of Theorem 1.2, which is based on Deformation
Theorem A, one will see that all deformations are by isotopies. By mollifying
these deformations so that they depend smoothly of the parameters, we get
that Theorem 1.2 is also true in the Simon-Smith setting. We leave the
details to the reader. As an application, the main result of Ketover-Zhou
[17] about the entropy of closed surfaces can be extended to surfaces with
genus different than one.

Willmore and Freedman-He-Wang conjectures 1.4. We proved the
Willmore conjecture in [20] by introducing certain five-parameter sweepouts
of closed surfaces in the three-sphere and using min-max theory. Later we
proved jointly with I. Agol [1] the Freedman-He-Wang conjecture about
links following a similar strategy. The basic intuition was that the min-max
minimal surface produced would have index less than or equal to five (the
number of parameters) and then it could be only an equatorial sphere or the
Clifford torus by a theorem of Urbano [31]. The possibility of an equatorial
sphere is ruled out by topological arguments. The index bound was not
available at the time of those papers, and we had to proceed indirectly.
With Theorem 1.2 we can argue directly and conclude the min-max surface
is a Clifford torus. This simplifies a bit the work involved in the proofs of
the main statements of [20] and [1].

The space of cycles 1.5. The calculation by Almgren [4] of the homotopy
groups of the space of n-cycles mod 2 in M™*! gives that this space is weakly
homotopically equivalent to RP> (see [21]).

We used this structure in [21] to prove Yau’s conjecture [34] about the
existence of infinitely many closed minimal hypersurfaces, in the case the
manifold has positive Ricci curvature. The minimal hypersurfaces are con-
structed by applying min-max theory to the class of k-sweepouts, which are
multiparameter families defined by a cohomological condition, for each k.
We now explain how to deduce from Theorem 1.2 that the support of the
corresponding min-max minimal hypersurface must have index less than or
equal to k. There has been considerable activity after our paper [21] regard-
ing compactness properties of minimal hypersurfaces with bounded index
(18], [9], [10], [18]).

We have HY(Z,(M;Z);Z2) = Zo = {0,\} and, for every k € N, we
consider the set Py, of all continuous maps ® : X — Z,,(M;F;Zs) such that
®*(A\)* does not vanish in H¥(X;Zy), where X is some finite dimensional
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compact simplicial complex. We defined in [21]

Wy, 1= ¢1£7£k xe;,:g(@) M(®(z)).

The first remark is that if P, denotes those elements ® € Pj, whose domain
of definition is a compact simplicial complex of dimension k then

wr = inf  sup M(P(z)).
PEP, xedmn(P)

Indeed, given ® € P, consider X*¥) the k-skeleton of X := dmn(®). Then
HE(X, X (k). Z3) = 0 and so the long exact cohomology sequence gives that
the natural pullback map from H¥(X;Zs) into H¥(X®);Z,) is injective,
which means that @ xw € Py and so ®jxw € Pe.

Consider a min-max sequence {®;}ien C P, for wy. Each ®; induces
a homotopy class II;, ¢ € N. From Theorem 1.2 we obtain that L(II;) =
[|2:]|(M), where the support of ¥; has index < k. Note that L(II;) tends
to wg. The Compactness Theorem proven by Sharp [28] implies that, after
passing to a subsequence, {¥;} converges in the varifold sense to an integral
stationary varifold ¥ with support a minimal embedded hypersurface with
index < k and ||X||(M) = wg.

One-parameter case 1.6. Next we assume that X is the interval [0, 1],
for simplicity. We further assume that the continuous maps satisfy ®(0) =
®(1) = 0 and the homotopy class is relative to 9[0,1] = {0,1}. The case
X = S is also considered in the paper.

The metric g is called bumpy if there is no smooth immersed minimal
hypersurface with a non-trivial Jacobi field. White showed in [32, 33] that
bumpy metrics are generic in the Baire sense.

The next theorem establishes the instability of the min-max minimal hy-
persurface, and proves that the multiplicity of an unstable two-sided compo-
nent must be exactly equal to one. The proof uses the Deformation Theorems
B and C and is left to Section 6.

Theorem 1.7. Suppose (M, g) is a bumpy metric, and X = [0,1]. For any
min-max sequence {®;}ien in II, there exists a subsequence i; — oo such
that, for some x;, € X, ®; (x;,) converges in varifold sense to an integral
stationary varifold ¥ € V,,(M) with ||Z||(M) = L(II) and satisfying:

(a) the support of ¥ is a smooth closed embedded minimal hypersurface in
M;
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and either

(b1) index (support of ¥) = 1, and the unstable component of ¥ has multi-
plicity one;

or

(b2) index (support of ¥.) = 0, and at least one component of ¥ is one-sided,
has even multiplicity and unstable double cover.

The theorem has the following corollary:

Corollary 1.8. Suppose (M, g) contains no one-sided embedded hypersur-
faces, and X = [0,1]. There ezists an integral stationary varifold ¥ € V,,(M)
with ||X||(M) = L(II) and satisfying the following properties:

(a) the support of ¥ is a smooth closed embedded minimal hypersurface in
M;
(b) we have

index(supportof ¥) <1
< index(support of ¥) + nullity(support of X);

(c) any unstable component (necessarily unique) must have multiplicity
one;

(d) if the metric g is bumpy and {®;}ien is a min-max sequence, ¥ can
be chosen so that for some subsequence i; — oo there is some x;; € X
such that ®; (z;,) converges in varifold sense to ¥.

Notice that the topological assumption being required in Corollary 1.8
is automatically satisfied if H,_1(M,Zy) = 0.

This paper is organized as follows. In Section 2, we set up some basic
notation for the rest of the article. In Section 3, we describe how to formulate
a min-max theory that makes sense in a continuous setting. In Section 4,
we define instability of stationary varifolds and derive some consequences.
In Section 5, we prove Deformation Theorems A, B and C which are the
fundamental tools in our analysis. In Section 6, we prove the main theorems
on the Morse index and multiplicity of min-max minimal hypersurfaces.

2. Basic notation
Let (M™*1 g) be an (n + 1)-dimensional closed Riemannian manifold. We

assume, for convenience, that (M, g) is isometrically embedded in some Eu-
clidean space R”.
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Let G be either the group Z or Zy. The spaces we will work with in this
paper are:

e the space I,,(M; G) of n-dimensional flat chains in R” with coefficients
in G and support contained in M;

e the space Z,(M;G) of flat chains T' € I,(M; G) with 9T = 0. These
are called flat cycles;

e the space Z,(U;G) of flat cycles with support contained in the open
set U;

e the closure V,,(M), in the weak topology, of the space of n-dimensional
rectifiable varifolds in R” with support contained in M.

Given T' € I,(M; G), we denote by |T'| and ||T'|| the integral varifold and
the Radon measure in M associated with |T'|, respectively; given V € V,,(M),
|V]| denotes the Radon measure in M associated with V.

The above spaces come with several relevant metrics. The flat metric and
the mass of T' € I,(M; G), denoted by F(T') and M(T'), are defined in [13],
respectively. The F-metric is defined in Pitts book [25, page 66] and induces
the varifold weak topology on V, (M) N{V : ||V||(M) < a} for any a. We

denote by E(;F(V) and BY (V) the closed and open metric balls, respectively,

with radius § and center V € V,(M). Similarly, we denote by E(;F(T ) and
B5f (T') the corresponding balls with center T' € Z,,(M; G) in the flat metric.
Finally, the F-metric on I,,(M;G) is defined by

F(S,T)=F(S-T)+F(S|,|T|).

We assume that I,(M;G) and Z,(M;G) have the topology induced
by the flat metric. When endowed with the topology of the F-metric or
the mass norm, these spaces will be denoted by 1,(M;F;G), Z,(M;F;G),
I.(M;M,;G), Z,(M;M;QG), respectively. The space V,(M) is considered
with the weak topology of varifolds. Given A, B C V,,(M), we also define

F(A,B) =inf{F(V,W):V € AW € B}.

We take X to be a cubical complex of dimension k, i.e. a subcomplex of
dimension k of the m-dimensional cube I" = [0, 1]" for some m. Each p-cell
of I is of the form a; ® - -+ ® auy, where «; € {0,1,[0, 1]} for every i and
> dim(a;) = p. By Construction 4.8 of [7], any k-dimensional simplicial
complex is homeomorphic to a cubical complex of dimension k. If Y is a
subcomplex of X, we denote by Y the set of vertices of Y.
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Throughout this paper we will make use of results contained in [20]
and [21]. In Section 2 of [21] we described modifications to the Almgren-
Pitts Min-Max Theory so that the k-dimensional cube I* is replaced by X
as the parameter space. We refer the reader to Section 2 of [21] for more
details of the Almgren-Pitts discrete formulation of min-max theory. In that
formulation, continuous maps ® defined on X are replaced by sequences
of maps ¢; defined on the vertices of finer and finer subdivisions of X, so
that M (¢p;(z) — ¢i(y)) becomes arbitrarily small whenever z,y are adjacent
vertices as 1 — 00.

3. Min-max theory in continuous setting

As mentioned in the last section, the Almgren-Pitts min-max theory is for-
mulated in terms of sequences of maps defined on the vertices of finer and
finer grids. This requires quite a bit of notation and a lot of technical work.
Besides, one works with the mass topology ([25]) which is rather unusual
and very strong. The families that appear naturally in applications tend to
be defined on the full parameter space X and are continuous with respect
to either the flat or the F topologies. The use of discretizations for families
in Z,(M;G) seems to be essential in order to prove regularity, but it can be
restricted to the proofs so that a more reasonable continuous theory can be
formulated. This is what we accomplish in this section.

Let @ : X — Z,(M"";F;G) be a continuous map. We let II be the
class of all continuous maps ® : X — Z,(M"!;F;G) such that ® and &’
are homotopic to each other in the flat topology.

Definition 3.1. The width of II is defined by:

L) = jof, sup {M(@(x)}.

If X = I*, we can also restrict to maps that are zero at 9I* and homotopies
are taken relative to 9IF.

Example 3.2. Let f: M — R be a Morse function with f(M) = [0, 1] and
set ®(t) =0 ({x e M : f(x) <t}), te0,1]. If M is non-orientable we must
necessarily choose G = Zj, otherwise we have both possibilities G = Z or
G = Zy. Then ® : [ — Z,(M™"1; F; G) is continuous, with ®(0) = ®(1) = 0.
We denote by II; the class of all maps ® : I — Z,(M™"!; F;G) such that
®’(0) = ®'(1) = 0 and such that @’ is homotopic to ® in the flat topology
relative to 9I = {0, 1}. Almgren’s work [4] (see also Section 3 of [21]) implies
L(II) > 0.
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Definition 3.3. A sequence {®;}; C Il is called a min-maz sequence if

L(®;) := sup M(®;(x))
zeX
satisfies L({®; }ien) := limsup,_, ., L(®;) = L(II).
Definition 3.4. The image set of {®;};en is defined by

A({®i}ien) = {V € Vu(M) : Isequences {i;} — oo, x;, € X
such that lim F(|®; (z;,)[,V) = 0}.
j—o0

Definition 3.5. If {®;};en is a min-max sequence in II such that L =
L({®;}ien), the critical set of {®;}ien is defined by

C({®itien) ={V € A({®i}) : [[V||(M) = L}.

Pull-tight 3.6. Following Pitts ([25] p. 153, see also [11, 20]), we can define
a continuous map

H:Ix(Z,(M"NF:G) n {T:M(T) < 2L(I)})
= (Zn(M"THF;G)N{T - M(T) < 2L(1D)})

such that:

e H(0,7)=T for all T}
o H(t,T) =T for all t € [0,1] if |T'| is stationary;
e M(H(1,T)) < M(T) if |T| is not stationary.

Given a min-max sequence {®}} C II, we define ®;(x) = H(1, ®}(z)) for
every x € X. Then {®,;} C Il is also a min-max sequence. It follows from the
construction that C({®;}) C C({®}) and that every element of C({®;}) is
stationary.

Definition 3.7. Any min-max sequence {®;} C II such that every element
of C({®;}) is stationary is called pulled-tight.

Min-max Theorem 3.8. Suppose L(II) > 0, and let {®;}; be a min-maz
sequence for 11. Then there exists a stationary integral varifold Ve C({®;})
(hence ||V||(M) = L(II) ), with support a closed minimal hypersurface that
s smooth embedded outside a set of dimension n — 7.

Remark 3.9. A slightly different version of this theorem was proven in
Theorem 2.4 of [22].
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Proof. 1t follows from the pull-tight procedure that we can assume every
element of C({®;}) is stationary. Given ®; : X — Z,(M""4F;Q), the
continuity in the F-metric and a compactness argument imply there is no
concentration of mass:

lim sup |[|®;(2)|[(Br(p)) =0,
r=0zeX peM

where B,(p) denotes the open geodesic ball of radius r and center p € M.
Theorem 3.9 of [21] (the analogous statement holds for G = Z) implies there
exist a sequence of maps

¢l 1 X (K)o — Z,(M;G),

with k; < k; +1, and a sequence of positive numbers {5;-}3‘61\1 converging to
zero such that

(i) |
Si = {¢Z }jeN
is an (X, M)-homotopy sequence of mappings into Z,(M; M; G) with
f(¢]) < 0%

sup{}"((bg(x) —Pi(x)):x € X(k;)o} < 6;;
sup{M(qZ)g(x)) tx € X(k:;)o} <sup{M(®;(z)) :z € X} + 5;
We can also guarantee that (see Theorem 13.1 (i) of [20] for the case X = I™)
(iv) for some l; — 00 and every y € X(k;-)o,
M(¢](y)) < sup{M(®;(x)) : « € X(I}),x,y € a} + 5.

Because x € X — M(®;(z)) is continuous, we get from property (iv)
above that for every y € X(k;)o,

M(¢](y)) < M(®i(y)) + 7!

with 77; — 0 as j — oo. If we apply Lemma 4.1 of [20] with § = ®;(X),
property [(ii)] above implies

sup{F (] (z), ®;(z)) : z € X(kl)o} — 0

as j — o0.
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We can choose j(i) — oo as i — oo (note that necessarily k;.() — 00)

such that ¢; = gbg(i) : X(ké(i))o — Z,(M;G) satisfies:

sup{F(p;(x),®;(x)) : z € X(k;.(i))[)} < a; with lim;_, a; = 0;
Sup{F((I)z(.CE),(DZ(y)) r,yeo, e X(k;(z))} < a;;

the finess f(p;) tends to zero as i — oo;

the Almgren extension @ O x - Z,(M;M,; G) is homotopic to ®;
in the flat topology (by Corollary 3.12 (ii) of [21] and its analogue for
G=17).

Following the notation of Subsection 2.12 of [21], if S = {¢;}; we have
L(S) = L({®;}ien) and C(S) = C({®; }ien). In particular, every element of
C(S) is stationary.

By Theorem 2.13 of [21] (and its analogue for G = Z), if no element V' €
C(S) is G-almost minimizing in annuli we can find a sequence S* = {¢}} of
maps

o X(k:;(i) +L)o = Z,(M;G)
such that

e ¢; and ¢; are homotopic to each other with finesses tending to zero
as 1 — 00;
o L(S*) < L(S).

By Corollary 3.12 (i) of [21] (and its analogue for G = Z), the Almgren
extensions of ¢;, ¢;:

oD & X o Z,(M;M; G),

respectively, are homotopic to each other in the flat topology for sufficiently
large ¢. Hence @} is homotopic to ®; in the flat topology and so ®; € II for
sufficiently large i. It follows from Theorem 3.10 of [21] (and its analogue
for G = Z) that

limsup sup{M(®;(z) : z € X} < L(S*) < L(S) = L(II).
1—00
This is a contradiction, hence some element V' € C(S) is G-almost minimiz-
ing in annuli. Since C(S) = C({®;}ien), the theorem follows by the regu-
larity theory of Pitts [25, Theorem 3.13 and Section 7] and Schoen-Simon
[27, Theorem 4] (see also Theorem 2.11 of [21]). O

The following remark will be useful in Section 6 where we handle the
case in which the min-max hypersurfaces are one-sided.
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Remark 3.10. The proof actually gives more. It was observed by X. Zhou
[35] that Pitts contradiction arguments (Theorem 4.10 of [25]) imply that
some element V of C(S) = C({®;}ien) must be G-almost minimizing in
annuli in the following stronger sense (compared to Pitts notion): for every
p € M there exists r > 0 so that for any 0 < s < r and any € > 0 there exists
T € Z,(M;G) and § > 0 such that T € 2,(B,(p) \ Bs(p),e,d) (Definition
6.3 of [35], Definition 3.1 of [25]) and F(V,|T|) < e. If ®(x) is a boundary
for any ® € Il and € X, we can further require that 7" is a boundary too,
i.e., there exists U € I,,41(M;G) such that 7' = 0U. In that case we say V
is G-almost minimizing of boundary type in annuli.

4. Unstable variations and the Morse index

If ¥ is a smooth embedded closed minimal hypersurface, its Morse index
is the maximal dimension of a subspace of normal variations restricted to
which the second variation of area quadratic form Q(-, ) is negative definite.
Here we have to consider the general case of stationary varifolds.

Definition 4.1. Let ¥ be a stationary varifold in V,,(M) and € > 0. We
say that X is k-unstable in an e-neighborhood if there exist 0 < ¢y < 1 and a

smooth family {F,}, 5+ C Diff(M) with Fy = 1d, F_, = F,  for allv € B'
such that, for any V € Ei(z), the smooth function

AVBY (0,00),  AY(0) = ||(F)gVII(M)

satisfies:

e AV has a unique maximum at m(V) € B* /m(O);

Co

® _é Id < D?AY(u) < —cgld for all u € B*.

Here (F},)4 denotes the push-forward operation. Also, because ¥ is station-
ary, necessarily m(X) = 0.

The map V — m(V) is continuous on EgE(E) and

(1) A (m(V)) ~ 2—;!1& —m(V)[? < A" (w) < AV (m(V)) = ju—m(V)[?

for all w € B".

If V; tends to V in the F-topology then A" tends to AV in the smooth
topology [25, Section 2.3]. Thus if ¥ is stationary and k-unstable in a 0-
neighborhood then it is k-unstable in an e-neighborhood for some ¢ > 0.
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Definition 4.2. We say that ¥ is k-unstable if it is stationary and k-unstable
in an e-neighborhood for some ¢ > 0.

Proposition 4.3. If ¥ is smooth embedded closed and minimal, then ¥ is
k-unstable if and only if index(X) > k.

Proof. Denote by Q(-,-) the second variation of area quadratic form, acting
on normal vector fields along Y. Suppose index(X) > k. Then there exist
normal vector fields X1,..., X along 3 such that

Q(Z a; X, Z%’X

for any (a;) # 0 € R¥. These vector fields can be extended to ambient vector
fields X1,..., Xy in M. Denote by ¢ the flow of X and, for some J to be
chosen later, define

Fy(z) = F(v,2) = ¢5 " (2)

for ve B' and z € M. Then Fy = Id, F_, = F; ! for all v € B", DA%(0) =
0. Moreover, since

Ftv,z) = ¢ "% (2) = ¢p = "N (),

we have

9
Ot |t=0

F(tv,x) = 5ZUiX x

Hence D?A*(0) < 0. By choosing ¢ sufficiently small, we conclude that ¥ is
k-unstable.
Now suppose X is k-unstable, and let {F } 5+ be the corresponding

family of diffeomorphisms. Define Y;(z) = F(te@, x) = g—i((), x). Then

o 8t [t=0

d2
> @It area(Fy, (2 ZUZYJ‘ ZUZYJ‘

where X; = Y;L is the normal component of Y; along 3. This means { X1, ...,
X} is linearly independent and spans a subspace of normal vector fields
restricted to which @ is negative definite. Therefore index(X) > k. O

In what follows we assume that X is a stationary n-varifold that is k-
unstable in an e-neighborhood, € > 0, and derive two basic lemmas. The
family {7} _p+ is as in Definition 4.1.
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Lemma 4.4. There exist 1 = 1(e, X, {F,}) > 0, so that if V € V,,(M) with
F(V,X) > ¢ satisfies

(Fo) VM) < [[VI[(M) + 7

for some v € Ek, then F((Fy)4V, %) > 27.

Proof. We argue by contradiction and assume that there is a sequence V; €

V(M) with F(V;, %) > ¢,
IRVl < VIO + 3

for some v; € Ek, and (F,,)#V; tending to X in the F-topology. After passing

to a subsequence we can assume that v; tends to v € B". Hence V; converges
to (F_y)xX and ||X||(M) < ||(F-y)4X||(M), which forces v = 0. Thus V;
tends to X, which is impossible because F(V;,X) > ¢ for all i € N. O

For each V' € EEE(E), consider the one-parameter flow {¢V (-,1)};>0 C
Diff (Ek) generated by the vector field

us —(1—u)VAY (w), uweB"

With u € B" fixed we have that ¢ — AV (¢Y (u,t)) is non-increasing.
Lemma 4.5. For all 6 < 1/4 there is T = T(0,¢,%,{Fy,},co) > 0 so that

for any V € Ei(z) and v € B" with |lv —m(V)| > § we have

AV (¢Y (v, 7)) < AV (0) — % and |¢V (v, T)| > %0.

Proof. Because m(V) € B*

Ny m(O), we have by inequality (1) that

sup AV (u) = AV (m(V)) < AV (0) + 2.
Jul<1 20

So, to prove the first inequality in Lemma 4.5 it suffices to show the existence
of T so that

(2) VeBLE)L-—m(V) =5 = AY(¢" (1)) < sup A (u) - 2.
lul<1

We argue by contradiction and assume that for all ¢ € N there exist
v € B  and V; € EzFE(Z) so that |v; — m(V;)| > ¢ but
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AV’i(qSVi(vi,i)) > sup AV (u) — %0.

lul<1
This inequality implies

AV (Y (v, 1)) > sup AV (u) — %0 for all 0 < ¢ < i.
jul <1

Since both EQFE(E) and B" are compact, we obtain subsequential limits
V € By.() and v € B"\ BE(m(V)) so that

AV (¢Y (v, 1)) > sup AV (u) — %0 for all t > 0.
[ul<1

Because |v — m(V)| > §, we have lim; .o [¢¥ (v,t)| = 1 and thus we
deduce from the inequality above that

sup AV (u) > sup AV (u) — @,
Jul=1 jul<1 5

On the other hand, |[u —m(V)| > 2/3 for all u € B* with |u| = 1. Hence, by
inequality (1),

92\ 2
sup AV (u) < sup AV (u) — = <—) < sup AV (u) — =,
Jul=1 ul <1 2 \3
which gives us the desired contradiction.

We now show the second inequality of Lemma 4.5. If w € B" has lw| <
cp/4, then |w — m(V)| < ¢o(1/4 4+ 1/4/10) < ¢o(1/4 4+ 1/3) and so, using
inequality (1) again,

1 1)
AV (w) > sup A (u) — @ (— + —) > sup AV (u) — @,
[ul<1 2\ 3 s 5
Combining this inequality with (2) we obtain the desired statement. O

5. Deformation theorems

Let {®;};en be a sequence of continuous maps from X into Z,(M;F; Q).
We set
L = L({®;}ien) := lim sup sup M(®;(z)).

1—o0 xEX
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If X = I*, we can also consider maps that are zero at OI* with homotopies
relative to OI*.

In this section we will prove some deformation theorems that will be
fundamental in the proof of the index estimates. The basic idea is to produce
homotopic families {¥;};en to {®;}ien that do not increase the area and
avoid minimal hypersurfaces with large index or multiplicity.

Deformation Theorem A 5.1. Suppose that

(a) ¥ € V(M) is stationary and (k + 1)-unstable;

(b) K C V(M) is a compact set so that ¥ ¢ K and |®;|(X)NK =0 for
all 1 > io,’

(c) [IZ|[(M) = L.

There exist £ > 0, jo € N, and another sequence {V;};en so that

(i) V; is homotopic to ®; in the F-topology for all i € N;
(it) L({¥i}tien) < L;
(iii) for alli > jo, |T;|(X) N (BL(S)UK) = 0.

Proof. Set d =min{F(X,7): Z € K} > 0.

By assumption, 3 satisfies the conditions of Definition 4.1 with (k + 1)
in place of k for some ¢ > 0. Let {F,} ¢+ and ¢ be the corresponding
family and constant. Without loss of generality (by changing e, {F,}, ¢p) we
can assume that

3) min{F(F)4V.2): ZeKveB

}>d/2 forall V € By (%)

Let X (k;) be a sufficiently fine subdivision of X (see Section 2 of [21]) so
that F(|®;(z)l, |P;i(y)|) < §; for any =,y belonging to the same cell in X (k;),
with §; = min{2-0*+++2) ¢ /4}. We can also assume

m(1@(2)]) — m(|@i(y))| < 4

for any x,y with F(|®;(x)],X) < 2, F(|®i(y)|,X) < 2¢, and belonging
to the same cell in X (k;). For n > 0, let U;, be the union of all cells
o € X(k;) so that F(|®;(z)|,X) <n for all z € 0. Then U, is a subcomplex
of X(k;). If 8 ¢ U, ), then F(|®;(z)|,X) > n for some 2’ € 5. Consequently,
F(|®;(z)],X) > n—9; for all x € 8. For each i € N and z € U; 2. we use the
notation A? = Al®@| m;(x) = m(|®;(2)]) and ¢7 = ¢l® @),

The function m; : U; 2. — B is continuous. We would like to define a
continuous homotopy

H;:Uj2 x[0,1] — Bfle(O) so that PAII(:J:, 0) =0 for all x € Uj 2¢
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and

(4) inf |m;(x) — Hi(z, 1) = ni >0
z€U; 2

for some n; > 0. Hypothesis (a) is crucial for the construction of H; and,
roughly speaking, the motivation is the following: the subspaces 4; = {(z,0) :
x € Ujo-} and B; = {(x,m;(z)) : © € Uj 2.} have both dimension k and are
contained in a space of dimension 2k + 1. Hence one should be able to
perturb A; slightly so that it does not intersect B; and thus show (4). We
now proceed to describe the construction of H; carefully. R

Because Bf/JFZI(O) is convex it is enough to define a;(x) = H;(z,1). We
will write a;(x) = m;(x) + bj(x) and define b;(z) for = € U 2.. Hence we
need b;(z) # 0 and b;(x) € Blf/z}(—mi(x)) for all 2 € Uj 2.

We will define the function b; inductively on the skeletons of U; o.. Let
Ui(jQ)6 denote the j-dimensional skeleton, and recall that X is k-dimensional.
For every = € Ui(g)a it is easy to choose b;(z) # 0 and b;(z) € Bgiﬂm (—m;(x)).
Suppose we have defined b; on U(Jz?E so that b;(z) # 0 and

bi(x) € BEL, , (~my(z)) for allz € UY)..

Let o € Ui(’éjl), and let z, be its center. Then b;(z) € Bgihk_ﬂwi(—mi(:ﬂg))
for every x € do. Because dim(do) < j < (k — 1) and 7;(B**1\ {0}) = 0,
we can find a continuous extension of b; to o so that b;(x) # 0 and b;(z) €
Bgihk,j)wi(—mi(azg)) for every x € 0. Then b;(x) € Bgihk,j)Jr%i(—mi(x))
for every x € o. But 27 (+h—0) 195, < 2= (+k—i=1) completing the induction
step.

Let ¢ : [0,00] — [0,1] be a cutoff function which is non-increasing, one
in a neighborhood of [0,3¢/2], and zero in a neighborhood of [7e/4, 400).

Note that if y ¢ U; 2, then F(|®;(y)|,X) > 2e — §; > 7e/4. Hence
c(F(|2i(y), %)) = 0 for ally ¢ Ui .
Consider H; : X x [0,1] — BS1(0) given by
Hi(z,t) = H(x, «(F(|®;(x)], ©)t) if € U 2

and
HZ'(.CE,t) =0 ifzeX \ Ui725.

The map H; is continuous.
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With #; given by (4), consider T; = T'(n;,e, %, {Fy},c0) > 0 given by
Lemma 4.5. We now set

Di: X » B Di(z) = ¢ (Hi(w, 1), c(F(|®s(2)], D) T}) if @ € Uyge
and
Dz<l‘) =0 ifzxeX \ Ui725.
The map D; is continuous. Define
U, : X — ZR(M; F; G), \IJZ(.ZC) = (FDL(I))#(CI)z@:))
In particular,
\I/,(a;) = CI)Z(.T) ifreX \ UZ'725.

The map D; is homotopic to the zero map in §k+1, so ¥; is homotopic
to @, in the F-topology for all i € N.

From the mass non-increasing property of ¢7 we have that for all z € X

Wi (@)[|(M) < |(Fa, (1)) 5 (@i (2)) [ (M).

Note that ||F, — Id||c= tends to zero uniformly as v € B¥*! tends to zero.

Thus, using the fact that H;(x,1) C Blf/gl (0) for all x € X, we have that

6) Jim sup | 12:(@) | ()~ 1|(Fa o) (@i (M) | =0

and this finishes the proof.

Claim 2. There exists € > 0 so that, for all sufficiently large i, |¥;[(X) N
=F

B: (X)) =0.

There are three cases to consider. If x € X \ Uj ¢, then ¥;(z) = ®;(x)
and so F(|¥;(z)],X) > 7e/4.

If © € Usoe \ Ujpeya, then F(|®;(7)[,X) > €. The mass non-increasing
property of ¢7 implies

Wi (2)[[(M) = ||(Fp, (2))#(®i(@)) (M) < [[(Fr,(@,1)) % (Pi(2))[[(M).

From (5) we have that for all ¢ sufficiently large

(Fr, 1) # (@im)[(M) < [[@i(y)||(M) 17 for all y € X,



Morse index and multiplicity of min-max minimal hypersurfaces 481

where 77 = 7(¢,3,{F,}) > 0 is given by Lemma 4.4. Combining the two
inequalities above with Lemma 4.4 applied to V = |®;(x)| and v = D;(x)
we have that F(|¥;(x)|, %) > 27.
The last case to consider is when z € Uj 5. /4. Then c¢(F(|®;(z),¥)) = 1.
Note that there exists ¥ = (X, cg) > 0 so that
Co

(6) IVII(M) < [[Z][(M) - 55 = F(V,%) > 27.

Choose i large enough so that

€o
sup ||@:(«)[|(M) < [[Z]|(M) + 5.
zeX

From Lemma 4.5 (with § = n;, V = |®;(z)|, v = H;(z,1)) we have

13 (@) (M) = AF (67 (Hi(w, 1), T0)) < A7(0) = T = [|@a(@)l| (M) - &

and so

Co
1:(2)[[(M) < [[EII(M) = 55
From (6) we obtain that F(|¥;(z)],¥) > 2%. This ends the proof of Claim
2.

Claim 3. For all i, |¥;|(X)N K = 0.

If r €¢ X \ U7;725, then |\Ifl(l‘)‘ = |q)l(:L‘)| ¢ K. If x € Ui72€, then
F(|®;(x)|,X) < 2¢ and we have from (3) that |¥;(x)| ¢ K. We have proved
the theorem. O

Remark 5.2. In Deformation Theorem A, if there is a subcomplex Y C X
such that (®;)y =0 then (¥;);y =0 and the homotopy is relative to Y.

Throughout the rest of the section the space X can be either S! or [0, 1],
and as before G is either Z or Zy. Let {®;};en be a sequence of continuous
maps from X into Z,(M;F;G) and let L = L{®;}ien). If X = [0,1],
assume further that ®;(0) = ®;(1) = 0 and that all homotopies are relative
to 0[0,1] = {0, 1}.

Deformation Theorem B 5.3. Suppose that ¥ € V,,(M) is a stationary
integral varifold such that:

(a) the support of ¥ is a smooth embedded closed minimal hypersurface
with a connected component S of Morse index one;
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(b) for any sufficiently small tubular neighborhood Q@ C M of S we have
[|1Z][(2) = m||S||(R2) for some integer m > 2;

(c) there exists a compact set K C V(M) so that ¥ ¢ K and |®;|(X) N
K =0 for all i > ip;

(@) |ISI/(M) = L.

Then there exist & > 0, jo € N so that for all i > jo one can find ¥; : X —
Z,(M;F;G) such that

(i) U; is homotopic to ®; in the flat topology;
(ir) L({¥i}ien) % L;
(i) [i|(X) N B (%) = 0;
(i) [V |(X)N KNV |[VI[(M) =2 L - & =0.
Proof. Set d =min{F(X,72) : Z € K} > 0. Let Si,...,Sp be the connected
components of 3, with S; = S. Then, as a stationary integral varifold,

X =my-[S|+ - +mp-|Sp|

with m, € N and m; > 2.

Let Sp be the finite set of all T' = 3 aj, - Sy € Z,(M;G) with ap € G
and |ap| < my. If G = Z and S, is non-orientable, we set a, = 0. We choose a
constant § > 0 so that for all T’ € Sp, the balls BJ;(T') are mutually disjoint
and any two paths in BJ;(7) with common endpoints are homotopic (not
necessarily in BJ5(T)) to each other relative to the boundary in the flat
topology. The existence of such constant follows from the work of Almgren
[4] (see also Proposition 3.5 or Appendix A of [21]).

The fact that S has index one implies that ¥ is l1-unstable in an e-
neighborhood for some & > 0 (Definition 4.1). Let {F},},e[—1,1) and ¢p > 0
be the corresponding family and constant. Note that we can choose the
family of diffeomorphisms {F,} such that they are all equal to the identity
map outside some small tubular neighborhood of S. We let J = [—1, 1] and
denote

Si ={(Fy)4T :ve JTeS}CZ,(M,;G).
By changing £ > 0, {F,} and ¢y if necessary, we can assume that

(ho) every T € Sy with |T'| # 3 satisfies ||(Fy,)(|T|)||(M) < ||Z[|(M) — co
for all v € J;
(h1) for all T € S; and v € J, (F,)xT € Bf/(le)(T);

(hy) for all V € By (%)

min{F((F,)4V,Z): Z e K,v e J} > d/2;
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(hs) for all V € By, (%), [[V]|(M) < [|S/|(M) + ¢o/20.
We need to prove some lemmas.

Lemma 5.4. There ezists 1 > 0 so that if V. € V,(M) is such that
F(V,U) < ey for some U € Sy then ||VI||(M) < ||U||(M) + ¢o/20.

Proof. The result is a direct consequence of the fact that |S;| is compact in
Vi (M). O

Lemma 5.5. For all 0 < n < 26 there exists 3 = e2(n,X) > 0 so that
for any continuous map in the flat topology ¥ : [0,1] — Z,(M;G) with
[W[([0,1]) € BE,(X) there exists T € Sy so that ¥([0,1]) C By (T).

Proof. First we prove that there exists eo = €9(n, ) > 0 such that if 77 €
Z,(M;G) satisfies F(|T"|,X) < €2, then there exists T € Sy with 7" €
B/ (T).

Suppose this is not true. Then for some n > 0 we can find a sequence
T! € Z,(M;QG) satistying F(|T}|,X) < 1/i and F(T!,T) > n for every
T € Syp. We have M(T7) < C for all i and some C' > 0, hence by compactness
a subsequence T]’ converges to T e Z,(M;G) in the flat topology. The
convergence of |T7| to ¥ in the F-metric implies |[7}]|(M \ supp(X)) — 0
and for appropriate tubular neighborhoods Uy, of Sy, ||T}|[(Up) — my, - [Sp|.
Then supp(T) C supp(X) and by the Constancy Theorem T = Zp ap - Sp
for a, € G, where we set a, = 0 if S}, is unorientable and G = Z. Lower
semicontinuity of mass implies |a,| < m, and thus T € Sy. Contradiction
because we were assuming F(T},T) > n for every T € Sy.

If U:[0,1] — Z,(M;G) is a continuous map in the flat topology with
1@|([0,1]) C BE (), then by what we just proved {\Ilfl(an(T))}Teg0 is
a family of disjoint open sets covering [0, 1]. By connectedness, there must
exist a single 7" € Sp so that ¥([0,1]) C B;T(T). O

Finally, there is a constant C' > 1 so that for all S,T € Z,(M;G) we

have
ue

Fix & < {0/2, ¢o/40}. Consider 1 = (81,0, L) < & given by Proposition
A.2, &1 > 0 given by Lemma 5.4, e = e2(n/C,X) > 0 given by Lemma 5.5,
and choose 0 < & < min{e,e1/2,e2/2}.

If |®;|(X) C BE (¥), Lemma 5.5 and the choice of § imply in this case
®,; is homotopic to a constant path in the flat topology. Then Deformation
Theorem B automatically holds by choosing ¥; = 0. Likewise, if |®;|(X) N
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BE(X) = 0 we can just take ¥; = ®; and so we assume that this case does
not occur as well.

Elementary considerations allow us to find a closed set V; C X with
finitely many connected components which are homeomorphic to closed in-
tervals, OV; ¢ a finite union of points, and such that

(1) [®i|(Vig) CBL(E) and |@i](X \ Vig) C Vu(M) \ B ().

Consequently, |®;](0V; z) € BE(X)\BE(X). It also follows that M(®;(y)) <
M(X) + ¢/20 for every y € V; s by property (hs) above.
Choose a continuous map

H}: 0V x [0,1] — Bi/i(O) so that Hj (z,0) = 0 for all x € 9V; ¢
and

inf  |mg(x) — H (x,1)] > n;
¥ dnf i) = 1) 2 0> 0

for some n; > 0. Consider
D;:0Vig x [0,1] = J, Di(x,t) = ¢F(H} (2,1),tT}),

where T; = T(n;,&,X,{Fy,},c0) > 0 is given by Lemma 4.5. We have
|Di(x,1)| > co/4 for z € OV;z.

Let ‘N/Lg be one of the connected components of Vi From Lemma 5.5
we obtain the existence of T; € Sy so that ®;(V; ) C B /C( T;) and thus

(9) F((F)g®i(x), (F)4T;) <n forall x € Vig,v e J

In particular this holds for =z € 8171-75—. Therefore, we can invoke Proposition
A.2 and derive the existence of a continuous map H? : 9V x [0,1] —
Z,(M;M,; G) such that

(a) H2(»’C 0) = (Fp,( 1))#‘1’ (), HY(x,1) = (Fp,(z,1)) #T3;
(b) H(z,[0,1]) C B ((Fp,(1))#T3); )
(¢) M(H, ( 1)) < M((Fp, 171))# i(x))+d foral 0<t<1.

From the third property and Lemma 4.5 we obtain that for all x € 8171'75 and
0<t<1

(10) M(HZ (2, 1)) < M(@i(x)) — <> + 8 < M(®;(x)) — 3.
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If |T;] # 3, we have from property (hg) that
M((Fy)4T;) < M(X) —¢o forall v e J

Hencg there eNXists a continuous map =; : ‘N/i’g — &1 so that Z; equals HE(, 1)
on 0Vig, 2i(Vig) C {(Fy)4Ti;v € J} and

(11) swp M(E:(2) < [911(M) — o

If |T;] = [2], then T; = 3 ny, - Sp with [n,| = [m,|. Because my > 2 we
must necessarily have G = Z and S; orientable. By possibly changing the
orientation of S1, we can assume n; = my > 2. We proceed as follows. Set

A={(u,v) € JxJ:|ul >co/4or |v]| >co/d}
and write f/i,e— = [a;, b;], where 8‘7@,5— = {ai, bi}. Denote by v;(t) = (u;(t), vi(t)),
a; <t < b;, a path in A with vi(a;) = (Di(as, 1), Dias, 1)) and (b)) =
(D;(b;, 1), D;i(b;, 1)). i

Note that (Fy)4(T3) = ma - (Fy)#(S1) + 32,52 np - Sp- Define Z; : Vi = —
Z,(M;F;G) as

Ei(t) = (Fu,)#S1 + (m1 — D)(Fy) 51 + > np - Sp.

p=>2
The map Z; equals H?(-,1) on dV; ¢ and

M(Ei(t)) < M((Fu)#S1) + (m1 — DM(Fy ) 451) + Y Imyp| - M(Sy)

p>2
CO 2 CO 2
< _ _ _ _ 1)
< 181 5 (O + om — 1)1S1] — (1~ 1) Jo(o)
+Z [myp| - M(Sp)
p>2
12 < |Eien-9
- 32

because max{|u(p, )|, [v(p,t)|} > co/4. We have used the inequality (1) ap-
plied to V = X and the fact that the diffeomorphisms F,, differ from the
identity only in a small neighborhood of S;.

We define a map ¥; on the space <8‘~/i,5— x [0, 1]> U (‘7@5 X {1}) by
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(Fr(o,30)#®i(x) if w=(z,t) € V;e x [0,1/3],
\Il(w) _ (FDi(a:,?)tfl))#(I)i(x) if w= (ac,t) S 8[/;"5 X [1/3, 2/3],
’ H?(z,3t —2) if w=(z,t) € 0Vis x [2/3,1],
Zi(z) ifw=(x,1) € Viex {1}.

The map ¥, : ‘71',5 — Z,(M;F;G) is defined by composing ¥; with a home-
omorphism from Vj ¢ to (8‘71-’5— x [0, 1]) U (f/i,s— X {1})
Since VU;(y) = ®;(y) for every y € 8‘71-75, we can apply the constructions

above to every connected component of V; - and get a well-defined continuous
map ¥; : X — Z,(M;F;G) with ¥; = ®; on X \ V-

Claim 1. ¥; is homotopic to ®; in the flat topology for all i € N,

It suffices to show that (\Ili)“;, _ is homotopic to (<I>i)|‘~,_ _relative to Bf/i’g

in the flat topology for all ¢ € N and every connected component ‘725 From
(9) and property (b) of H? we have that

T; ((@Vhe x [0,1) U (Vi x {1})) € BE(Ty).

Recall that ®;(V;z) C Bn]:/C(Ti) C B‘(SF/Q(Ti) and so the result follows from
the choice of §.

Claim 2. limsup;_,, sup{M(¥;(z)) : z € V;} < L.

The image of H} is contained in Bi/i(O) and thus, because ||F, — Id||c2
tends to zero uniformly as v € J tends to zero, we have that

lini)sup sup{M(¥;(y)) : y € OV; = x [0,1/3]}
— timsupsup{M((Fyy (r.)) 4 (@(2) : (1) € Vi x [0,1]} < L.

1—00

From the mass non-increasing property of ¢7, we have that for all (z,t) €
6%75 X [0, 1],

(13) N(FD, (2,0)) (i (@)[[(M) < [[(Frz (2,1)) % (®i(2))[|(M)

and so
lim sup sup{M(¥;(y)) : y € dV; = x [1/3,2/3]} < L.

i—00

Thus the claim follows from (10), (11), and (12).
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Claim 3. There exists 0 < & < min{co/40,c3/32} so that |¥;|(Viz) N
E?(E) =0 for all i sufficiently large.

Again because the image of H} is contained in B11 /i(O), we have that

lim sup{F (|®;()], (Fu: (@))% (| Pi(@)])) = (2,8) € OVieg x [0,1]} = 0.

1—00
Hence from (7) we have that, for all i sufficiently large, F(|¥;(y)|, 3) > &/2

for all y € OV; z x [0,1/3].
From (13) we have that, for all sufficiently large 7,

(FD, (2,0)) 3 (@i () [[ (M) < [[@i(2)|[(M) + 17 for all (z,t) € OVie x [0, 1],

where 7 = 7)(¢, %, {F,,}) > 0 is given by Lemma 4.4. Hence, we obtain from
Lemma 4.4 and (7) that F(|¥;(y)|,X) > 27 for all y € 0V; - x [1/3,2/3].
We have by (10) and property (hs) that

M(H? (2.1)) < M(®i(x)) ~ 335 < M(E) ~ co/40.
for all (z,t) € OVj¢ x [0, 1]. Moreover (independently if |T;| # X or |T;| = X
in each connected component) we have

sup M(Es(2)) < [IZ[](M) min{co, c5/32}.
xe i€

Thus, we have that F(|U;(y)[,X) > 7 for all y in (0V; = x [2/3,1]) U
(Vie x 1) and some 4 = (3, ¢g) > 0. This concludes the proof of Claim 3.
Claim 4. For all sufficiently large i, |U;|(Vi ) NKN{V : ||[V||(M) > L—¢} =
0.

We see that if © € Vs and M(V;(x)) > L — &, then ¥;(x) = (F,,)4V for

somev € J,V e E];E—(E). The claim then follows from (hs).
This finishes the proof of Deformation Theorem B. O

Deformation Theorem C 5.6. Suppose the sequence {®;} is pulled-tight,
i.e., every varifold V. € A({®;}) with ||V||(M) = L is stationary. Let
{E(l),...,E(Q)} C V(M) be a collection of stationary integral varifolds
such that:

(a) the support of ¥ s a strictly stable two-sided closed embedded min-
imal hypersurface SO for every 1 < q < Q;
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(b) L =[[2D]|(M) for every 1 <q < Q.

Then there exist & > 0, jo € N so that for all i > jo one can find ¥; : X —
Z,(M;F;G) such that

(i) U; is homotopic to ®; in the flat topology;
((zzj lim sup;_, o sup{M(¥;(z)) :x € X} < L;
AW © (A{@D) \ UL BE(E®)) U (va(a) \ BE(D)),

where T is the collection of all stationary integral varifolds V- € V,,(M)
with L = ||V||(M).

Proof. We are going to consider the case () = 1. The general case follows
similarly with simple modifications.

Let ¥ =YW, § = 8M) TLet Sy,...,Sp be the connected components of
S. Then, as an integral varifold,

X =my-[S1|+ - +mp-|Sp|

with m, € N.

Let So be the finite set of all T' = }° ay, - S, € Z,(M;G) with ap € G
and |ap| < myp. If G = Z and S, is non-orientable, we set a,, = 0. We choose a
constant § > 0 so that for all T’ € Sp, the balls BJ;(7T") are mutually disjoint
and any two paths in B%}(T) with common endpoints are homotopic (not
necessarily in BJ5(T")) to each other relative to the boundary in the flat
topology. The existence of such constant follows from the work of Almgren
[4] (see also Proposition 3.5 or Appendix 2 of [21]).

The fact that S is strictly stable and two-sided implies that a neighbor-
hood of S can be foliated by hypersurfaces whose mean curvature vectors
point towards S. This can be done by using the first eigenfunction of the
Jacobi operator of S. As a consequence, we can define a real function f
defined on a neighborhood of S with Vf # 0, such that S(s) = f~1(s) are
smooth embedded hypersurfaces for all |s| <1, Sp = S, and S(s) is strictly
mean convex for all 0 < |s| < 1, i.e., s(Vf, H(S(s))) < 0. Denoting by
X =Vf/|Vf|? we consider the diffeomorphism onto its image

¢:Sx[-1,1] = M such that %(w,s) = X(¢(z,s)),

where ¢(S,s) = S(s) for all |s| < 1.
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Set Q. = ¢(S x (—r,7)) and consider
P:Qy x[0,1] = Q1 such that P(¢(x,s),t) = ¢(z, (1 —t)s).

Write P(x) = P(x,t).

Proposition 5.7. There exists o > 0 such that P : Q,, x [0,1] — Q,,
satisfies

(i) P(x,0) =z for allz € Q,,, P(x,t) =z forallz € S and 0 <t <1;
(ii) P(Qp,t) CQp for all0 <t <1, r <rg, and P(,,1) =S;
(i1i) the map P, : Qp, — Qp,, x — P(z,t), is a diffeomorphism onto its
image for all 0 <t < 1;
(iv) for allV € Vy,(§2y,) and every connected component 2 of Q. , the func-
tion t — ||(P:)4V||(2) has strictly negative derivative unless supp V N
Q C SN, in which case it is constant.

Proof. Directly from the definition we get that for every » < 1 the map P
restricted to Q, x [0, 1] satisfies conditions (i), (ii), and (iii) of Proposition
5.7.
For every 0 < t < 1, consider the vector field Z; = —%
y = ¢(x,s) € 4, we have P(y) = P(y,t) = P(¢(z,s),t) = ¢(z,
Hence f(P;(y)) = (1 —t)s and
d 0¢

SPuy) = —s5e (@, (1= 1)s) = —

X. Given
(1 —1)s).

f(Pt(y))
(EDR

Given z € Q7 and an n-dimensional subspace o C T,;, we use the
notation

(Pi(y)) = Zi(Pi(y))-

n
divyZi(x) = Z(DviZt, v;) where {v;};-; is an orthonormal basis for o.
i=1

The first variation formula says that for all V' € V,, (1),
d :
EH(Pt)#VH(M) = /leaZt duw (xz,0), where W = (P;)xV.

Given y = ¢(x, s) € Q1, we can choose local coordinates (z1,...,x,) in
a neighborhood of x € S. Then e¢; = g—z(z:, s),i=1,...,n,span T,S(s). Let
N =V f/|Vf|, and let A be the second fundamental form of S(s). We have

<DeiZta €j> = —<Zt, A(ei, €j)>,
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(D, Z, N) = _Lt <D 99 N> / <D%N, 8¢> = —(DNnZy,e;),

5 s’ 11 0x;
1

DnyZy, Ny = ——
<Nt7> 1—¢

(1+ f(DnX,N)).

Choose an orthonormal basis {v;}!' ; for ¢ so that vq,...,v,—1 are or-
thogonal to N. Then v,, = cos fu+sin N for some u € T,,S(s), |u| =1, and
angle 0. The expressions above show that y ;" | (Dy, Z;, v;) is equal to

1 -
— (IV 171N, F(51)) = sin® 6(1 + s(Dy X, N) + (X, A(u,u))) )
Thus there is 79 so that if |s| < ro we obtain that Y ;" | (D, Z;, v;) is always
non-positive and zero only if s = 0. This shows property (iv). O

We deduce the following corollary:

Corollary 5.8. There exists g = €9(X) > 0 so that every stationary integral
varifold V € V(M) in BE () coincides with ¥.

The above result does not hold if one does not require the stationary
varifold V' to be integral.

Proof. Suppose there is a sequence of stationary integral varifolds {V}};en
in V(M) converging to ¥ in the varifold norm with V; # X. Thus ||V}||(M \
Q,,/2) tends to zero as j tends to infinity and so the monotonicity formula
implies that supp V; C ,, for all j sufficiently large. From Proposition 5.7
(iv) we deduce that supp V; C S, which when combined with the Constancy
Theorem for stationary varifolds implies that V; = Zp njp|Sp| forn;, € Z,.
Since F(V},3) — 0, we necessarily have V; = 3 for all j sufficiently large.
Contradiction. O

From Proposition A.5 we see that we can assume, without loss of gen-
erality, that ®; is continuous in the mass topology for every 4.

Let X (k;) be a sufficiently fine subdivision of X so that M(®;(z) —
®,(y)) < 1/i and F(|®;(x)|,|Pi(y)|) < 1/i for any z,y belonging to the
same 1-cell in X (k;). For the purpose of this proof we redefine V;, to be
the union of all 1-cells 0 € X (k;) so that F(|®;(z)],X) < 2a for all x €
o.If B ¢ Viq, then F(|®;(2')],X) > 2« for some 2’ € . Consequently,
F(|®;(2)],X) > 2a — 1/i for all z € S.

First construction 5.9. The next Proposition deforms those cycles ®;(z)
that are very close to Y in varifold norm to cycles supported in a tubular
neighborhood of S. We use the deformation given by Lemma 7.1 of Mon-
tezuma [24].
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Proposition 5.10. There exists a constant C1 = C1(M) > 0 so that for
all p > 0 one can find € = &(X,rg,n) > 0 with the property that for all
0 < e <éE, there exists iy € N such that if i > i1, there is a continuous map
in the flat topology

H}! Vo x[0,1] = Z,(M; F;G)

such that

(i) H (x,0) = ®i(x) and supp H}(z,1) C Q,, )5 for all x € Vi;
(ii) for all (z,t) € V;. x [0,1] we have M(H}(z,t) — ®;(x)) < C1n and in
particular M(Hl(:r t)) < M(®;(x)) + Cin;
(iii) for all (x t) € Ve x [O 1] we have M(H}(x,t)) < M(®;(x)) + C1/i
and H} (z,t).Q,, /4 = ©i(2)Qy 4;
(iv) H} Testmcted to (0Vie x [0,1]) U (Vi x {1}) is continuous in the mass
topology
Proof. Let U = M\, /5 and W = M\ Qy, /5. Consider e; = &1(U, W) > 0
given by [24, Lemma 7.1]. In what follows let > 0 be such that 57 <
min{dp, €1 }, where dy is the constant provided by Theorem 3.10 of [21] (the
same statement holds if G = Z). There exists € = (3, 79,n) > 0 so that

F(|®i(2)], ) <28 = [|®i(2)[|(U) <

We assume that 0 < ¢ < min{&, n}.
Applying Lemma 7.1 of [24] to each image of ®; restricted to (V;.)o and

observing that the deformations are local, we obtain H} : (V;.)ox I(1,1;)o —
Z,(M; Q) for some [; € N sufficiently large such that

(al) H}(z,0) = ®;(x) and supp H}(z,1) C Qop,y /5 for all x € (Vio)o;

(b1) supp(H}(z,t) — ®;(z)) C U for all (z,t) € (Vic)o x I(1,1)o;

(c1) M(H}!z,t) — H(2,t')) < 1/i if (2,t), (z,t') are adjacent vertices in
(Vie)o x I(1,15)o;

(d1) M(H} (z,t).U) < M(®;(z) U) + 1/i for all (z,t) € (V;)o x I(1,1;)o.

We have
M(H} (x,t).U) + M(®;(z)U)

2M(®;(z)U) + 1/i
2n + 1/1,

M(H; (1) — ®;(x))

ININ A

for all (z,t) € (Vie)o x I(1,1;)9. Hence, for all (z,t), (2/,t) adjacent vertices
in (Vie)o x I(1, )0 and 7 sufficiently large, we have
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M(H] (z,t) = H} («/,1)) < M(H] (z,t) - i(x))
+M(D4(x) — i(')) + M(H] (2/,1) — ("))
< 4n+3/i
< o).

This implies the map I:Iil has fineness smaller than 51 < §p. Using The-
orem 3.10 of [21] (the same statement holds for G = Z), we obtain a con-
tinuous map H} : Vi. x [0,1] — Z,(M;M;G) in the mass topology (the
Almgren extension of H}) and Cy = Co(M) > 0 such that

(a2) H}(z,t) = H}(x,t) if (x,t) € (Vie)o x I(1,1;)0 and supp H} (z,1) C
Q2 for all z € Vi

(b2) lim;—yeo sup{M(®;(z) — H}(2,0)) : z € Vi .} = 0;

(c2) M(H}(z,t) — ®;(x)) < (5Ch + 3)n for all (z,t) € V; o x I

(d2) M(H}(z,t)) < M(®;(z)) + (Co +1)/i and

}_Iil (IE, t)‘—QT'O/4 == (I)l (CC)\_QT.O/4

for all (z,t) € OV; . x I.

Almgren interpolation results use a triangulation of M. The claims about
the supports above follow by choosing the triangulation sufficiently fine with
respect to 7o (see proof of Theorem 14.1 of [20]).

Note that H}(z,0) = ®;(z) for x € 9V, .. Using Proposition A.1 of the
Appendix and property (b2), we find a homotopy of ®;y; = and H(-,0). We
can glue that homotopy with H} to construct H} satisfying properties (i),
(ii), (iii) and (iv). O

Second construction 5.11. From the Constancy Theorem, there is 71 =
n1(X) > 0 so that any T € Z,,(M;G) with suppT C S, for some 1 <p < P
and M(T') < mpl|Sp||(M) + 21 must satisfy T = m - S, with m € G and
Im| < my,.

From the Constancy Theorem for stationary varifolds, there is also a > 0
(depending only on ¥) so that for every stationary integral varifold Z with
supp Z C S, M(Z) = M(X), but ¥ # Z, there is Q% a connected component
of Q,, so that || Z||(27) > ||Z||(2%)+2c. Moreover there is 3 > 0 (depending
on ¥ and «) so that every W € BE(E) has [[W]|(©2) < ||Z]|(R2) + /2 for
every connected component € of €2, .

Consider gy > 0 given by Corollary 5.8. We choose 1 > 0 (as in Propo-
sition 5.10) and € > 0 so that < min{(2m1)/(C1 + 1),e0/(6C1)}, € <
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min{&(X%,ro,n),e2/2,c0/4, 5/2}, where €3 = £2(0, X)) is as in Lemma 5.5. We
can also require

F(V,%) <25 = [[VII(QF),) < mylIS,/I(M) +7,

where QS: )/2 denotes the connected component of €2, /o that contains S,

1<p<P.

Like in the proof of Deformation Theorem B we can assume that |®;|(X)
is not contained in BE (X) and that intersects BY (). Thus V; . has finitely
many connected components which are homeomorphic to closed intervals
and OVj . is a non-empty union of vertices of X (k;).

For all ¢ > 41 consider the continuous map in the flat topology

H? : Vie x [0,1] > Zo(M3G),  H(w,1) = (P)(H} (2, 1)).

Denote by ‘71-75 a connected component of V; ..
Lemma 5.12. There exists io € N so that for all i > io:

(i) supp HZ(z,t) C Q2 for all (z,t) € Vie % [0,1] and H? is continuous
in the F-topology on Vm x [0,1);
(i) |[H? (2, )]|(2) < [[H}(z, 1)[|(Q) for every (z,t) € Vi x[0,1] and every
connected component Q of Qr,;
(iii) there exists ¥; € Sp so that le(x, 1)=3%; forallxz € ‘N/w

Proof. The first and second properties follow from Proposition 5.7 and
Proposition 5.10 (i).

From Proposition 5.10 (ii) we obtain the existence of i € N so that for
all 2 > 119 and 1 < p < P we have

M(H2(x, 1)LQ§1§)/2) < M(H)(z, 1)&5}3}2)
< M(®;(2).QP),) + Cn
< my||Sp[|(M) + (Cr + 1)y
< my|[Sp||(M) + 21,

From the choice of 7; we conclude that H?(z,1) € Sp for every € V;.. The
third property follows from the facts that Sp is finite, Hl2 is continuous in
the flat topology and V; . is connected. O

Third construction 5.13. For ¢ € N sufficiently large we have 1/i <
min{d/P,v3}, where P is the number of connected components of S and v is
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the constant of Corollary 1.14 of [4]. If F(T") < v3 for some T" € Z,,(M,G),
then there exists D' € I,,1(M,G) with D" = T' and M(D’) = F(T").
Consider n; = 1;(So, 1/i, L, W, U) given by Proposition A.2 of the Appendix,
where W =, /5 and U = Q..

Let VZ-S?, l=1,...,N;, be the connected components of V; . and ZZ(-l) be
the corresponding cycles given by Lemma 5.12 (iii). We obtain the existence
of 0 < ¢; < 1/i so that

B2V % [1 - ¢, 1)) c BL(SY) for all 1 < Nji > i,
Note that supp H?(z,1—¢;) C Q,, /2 for all (z,t) € V; . x[0,1], and supp T C
S C Qo for all T € Sp. Then (by the choice of v3 and the Constancy The-
orem) we have F(HZ?(z,1 — q;).Q, ZEZ)LQ) < n; for every connected com-
ponent €2 of Q. and = € 81/;(?. Therefore, we can invoke Proposition A.2

(since EEZ)LQ € Sp) and, for all i > i9, conclude the existence of a continuous

map H? : BVifg x [0,1] = Z,(M;M; G) such that

(a) H3(x,0) = H(z,1— q;), H}(z,1) = 2;

(b) H3(z,t) C Bﬁ/i(zgl)) and supp H3 (z,t) C Q,, for all (z,t) € 8‘/25‘? X
[0,1];

(c) 1H3 (., 1)||(R) < ||HZ(x, 1-q)||(€2)+1/i for every (z,1) € V.Y x [0,1]
and every connected component 2 of Q.

We set H}(z,1) = Egl) for x € Vl(? By the choice of 4, the maps
H2(-,1— qi)lvm and ( Z'3)|(6V.”)><[0,1])U(V.”)><{1}) are homotopic to each other
in the flat topblogy. ’ ’

Final construction 5.14. For each [ = 1,..., N;, we define a continuous
map in the F-metric ¥; on (0Vj. x [0,1]) U (Vi x {1}) as

H}(x,3t) if w=(z,t) € IV, x [0,1/3],
Bu(w) = H2(2,3(1 — i)t — 1 +¢q;) if w=(x,) € IV,Y x [1/3,2/3],
' H}(x,3t —2) ifw=(z,t) € 3V,) x [2/3,1],
) (

it w=(,1) € ;U x {1}

The map ¥, : VZ(? — Z,(M; F; Q) is defined by composing ¥; with a homeo-
morphism from Vi(l) to (Vi .0 x [0,1]) U <Vz(? X {1}> Since ¥;(x) = ®;(x)

&
for z € 8Vif?, this defines a map ¥; : X — Z,(M;F;G).
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Property (i) of Deformation Theorem C follows from the construction
of ;. Property (ii) follows from Proposition 5.10 (iii), Proposition 5.12 (ii),
and property (c) in Subsection 5.13.

We now prove Deformation Theorem C (iii).

Claim 1. There exist e3 = £3(3, 70,7, {H} }i) > 0 and i3 € N so that for all
1> i3 we have

|H}|(0Vie x [0,1]) N BE, (V) =0
for every stationary integral varifold V € V,,(M) with L = ||V ||(M).

It suffices to show that there exists no subsequence {j} C {i} and
{(zj,tj)}; in OV, x [0,1] such that for some stationary integral varifold
V; with L = ||V;||(M) we have F(\H}(xj,tj)],\/j) — 0 as j — oco. We can
further assume V; converges to V' in the F-metric.

If such a sequence exists, we have from Proposition 5.10 (ii) and the fact
that F(|S|,|T]) < M(S—T) for any S,T € Z,(M;Q) (see Pitts [25], Section
2.1),

F(]H]l(mj,tj)\,E) <2e4+Cin< 260/3.
Hence V; € BEO () for sufficiently large j and so V' = V; = ¥ by Corollary
5.8. Thus

lim M(Hjl(xjatj)LQro/S) =1L, lim M(Hjl(xjatj)L(M \ Qro/S)) =0.

j—o0 Jj—oo
We obtain from Proposition 5.10 (iii) that

lim M(fl)j(xj)LQ,.O/g) = L.

Jj—00
Since lim sup;_, . M(®;(z;)) < L, we also get

lim M((z;) (M \ 2, 5)) = 0.

J—00

Therefore
lim M(Hj(zj,t)) = @j(z;)) < lim (M((H](2),t)) = (2;))- Q)
AM(D; () (M \ Qp,ss)) + M(Hj (5, 1) (M \ Q,,5))) =0

and so |®;(z;)| converges to ¥ in varifold sense as j tends to infinity. This
is impossible because z; € dVj . for all j.

Claim 2. There is g4 = e4(X,70,n, {H?}i) > 0 and iy € N so that for all
1 > 14 we have
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[HE|(0Vie x [0,1) N BE(V) = 0
for every stationary integral varifold V€ V(M) with L = ||V ||(M).

Like before, it suffices to show that there exists no subsequence {j} C {i}
and {(z;,t;)}; in OV} x[0,1) such that for some stationary integral varifold
Vj with L = ||[V}]|(M) we have F(|H3(x;,t;)|,V;) = 0 as j — oco. We can
further assume V; converges to V' in the F-metric.

If such a sequence exists, we have from Lemma 5.12 (i) that suppV C
QTO/Q and thus suppV C S by Proposition 5.7 (iv). After passing to a
subsequence if necessary we can assume that, as j tends to infinity, ¢; tends to
t € [0,1] and |Hj (x;,1)| tends to V, where ||V||(M) < L. From the definition
of H? and Lemma 5.12 (ii) we see that V = (Py)x(V) and [|V||[(M) <
|[V||(M). Thus we have from Proposition 5.7 (i) and (iv) that V = V. This
contradicts Claim 1.

Claim 3. There is 61 = 61(%,70,n, {H?};) > 0 and i5s € N so that for all
i > 15, v € V. one can find §;, a connected component of €, so that

(PO (1H; (2, DDII(2) < [[Z]1(92) — 261

We argue by contradiction and assume there is a subsequence {j} C {i}
and {z;}; in OV} so that for every connected component €2 of ,, we have

limsup [|(Py) (| H] (x5, DDI(2) > [[Z]](2).

Jj—o00

We can assume (Pl)#(U—IJ1 (x,1)]) converges, in varifold sense, to V' € V,,(M)
as j tends to infinity, where |[V|[(M) = L and suppV C S. Arguing
like in the proof of Claim 2, we conclude that {\H]l(x], 1)|}; converges to
V € V(M) as well. Thus

lim M(H; (2, 1) (M \ Q,,/5)) =0 and  lim M(H;(z;,1).Q,,5) = L.

Jj—00 j—o0
We can argue like in the proof of Claim 1 to conclude that

lim M(Hj (z,1) — ®;(x;)) =0,

Jj—00

from which it follows that {|®;(x;)|}; converges to V. Hence F(V,X) > e.
On the other hand, ||V||(M) = L and hence V is stationary because the
sequence {®;} is pulled-tight. Since we have

VI][(©2) > ||X][(©2) for every connected component 2 of €2, ,
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the Constancy Theorem for stationary varifolds implies that V' = 3, which
is a contradiction.

From Claim 3 we see that we can choose 0 < ¢; < 1/i in Section 5.13
so that for every i > i5 and @ € dV;. we have ||H?(z,1 — ¢;)||(Q:(x)) <
15/1(€() — 1.

Claim 4. There exist 5 = e5(3, 10,1, {H}}i) > 0 and ig € N so that for all
i > ig we have

|H2|(Vie x [0,1]) NBE (V) =0
for every stationary integral V- € V(M) with L = ||V||(M).

Like before, suppose there is a subsequence {j} C {i} and {(z;,;)};
in OV, x [0,1] such that for some stationary integral varifold V; with
L = ||V}]|(M) we have F(|Hj3(a:j,tj)|,Vj) — 0 as j — oo. We can further
assume V; converges to V in the F-metric. Then supp V' C S. By Allard’s
compactness theorem [3] V' is also integral.

From property (c) in Section 5.13 we have that

LH (5, £)1((25)) < [1S1](25(5)) — 61/2

for all j sufficiently large. Hence ||[V][(2) < [|X]|(2) for some connected
component {2 of Q.

In particular V # ¥ and so, for some connected component Q" of Q,,,
we have that [|V|[(Q") > [|2[|(2") 4+ 2a.. Thus, we obtain from Proposition
5.12 (ii) and property (c) in Section 5.13 that, for all j sufficiently large,
HH}(xj, DIQY) > [|1Z]](2Y) + 3a/2. By passing to a subsequence, we can
assume ]Hjl(xj, 1)| converges to V € V, (M) with ||V||(M) < L, suppV C
Q,, 2. Since lim;_,q ||H]3(mj,tj)||(M) = L, we necessarily have ||[V||(M) =
L. It follows that lim;_ HHJQ(:rj,l/Z)H(M) = L. Since ]sz(xj,l/2)\ —
(Pr1j2)#(V) as j — oo, we have [|(Py2)4(V)[[(M) = [|[V]|(M) = L. There-

fore supp V' C S. We again have

lim M(H;(z;, 1) (M \ Q,/5)) =0 and  lim M(H](z;,1).Q,,5) = L.

j—00 j—00
Arguing like in Claim 1 we deduce that M(H}(:cj, 1) —®;(x;)) — 0,80 Vis
stationary because the sequence {®;}; is pulled-tight. But this also implies
that [|®;(z;)|[(QY) > ||Z]|(2Y) + a/2 for all j sufficiently large. This is
impossible because, since x; € Vj . we have F(®;(z;),X) < 2e < .
Deformation Theorem C (iii) follows from Claim 1, Claim 2 and Claim
4, together with the fact that ¥; = ®; in X \ V; . and hence F(¥;(z),%) > ¢
for all z ¢ Vj .. O
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6. Index bounds

We assume in this section that 3 < (n+ 1) < 7. Let X be a k-dimensional
cubical complex and ® : X — Z,(M" " F; G) be a continuous map. We let
II be the class of all continuous maps & : X — Z,(M"*!;F;G) such that
® and @ are homotopic to each other in the flat topology.

The metric (M, g) is said to be bumpy if no smooth immersed closed
minimal hypersurface has a non-trivial Jacobi vector field. White showed
[32, 33] that bumpy metrics are generic in the Baire sense.

Theorem 6.1. Assume (M,g) is a bumpy metric and let {®;};en be a
sequence in 11 such that L = L({®;}ien) = L(II).

There is ¥ € C({®;}ien) with support a smooth embedded closed minimal
hypersurface such that

L(II) = ||X|[(M) and index (support of ) < k.

Proof. 1t suffices to show that, for every r > 0, there is a stationary integral
varifold ¥ € V,(M) whose support is a smooth embedded closed minimal
hypersurface such that F(2, C({®;})ien) < 1,

L(II) = ||2||(M) and index (support of ) < k.

If we prove this we obtain a sequence ¥; € V,(M) whose supports are
smooth embedded closed minimal hypersurfaces of index less than or equal
to k and such that F(X;, C({®;})ien) < 1/j. By the monotonicity formula
and the mass bound we get that the number of connected components of the
support of ¥; and their multiplicities are uniformly bounded. The Compact-
ness Theorem proven by Sharp [28] and the assumption that the metric is
bumpy imply that there is a subsequence {m} C {j} such that {¥,,} = {X}.
This follows because otherwise we can find an embedded minimal surface
of index < k that is a nontrivial graphical limit away from finitely many
points and with finite multiplicity of embedded minimal surfaces of index
< k. This must induce a nontrivial Jacobi field in the limit surface (see [28],
Claim 6).

Denote by W the set of all stationary integral varifolds with mass L
whose support is a smooth embedded closed minimal hypersurface and by
W(r) the set

{V eEW: F(V, C({q)z})zeN) > ’I“}.

Lemma 6.2. There existig € N and &y > 0 so that \<I>i|(X)ﬂ§:—:)(W(r)) =
for all i > ig.
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Proof. If not there is a subsequence {j} C {i}, and z; € X, V; € W(r) so
that

lim F(|; (x,)], V}) = 0.

Jj—00
Thus lim; o ||®;(2;)||(M) = L and hence a subsequence of |®;(z;)| will
converge to some V € C({®;}). This is a contradiction. O

Denote by W¥*T! the collection of elements in W whose support has
index greater than or equal to (k+ 1). Because the metric is bumpy this set

is countable and thus we can write WF*! \EQ(W(T» ={¥1,%9,...}.
Using Deformation Theorem A with K = EEO(W(T)) and ¥ = ¥, we
find & > 0, i1 € N, and {®}};en in Z,(M;F;G) so that
e ®! is homotopic to ®; in the F-topology for all i € N;
o L({®}}ien) < L;
o for all i > iy, |BL[(X) N (BE, (1) UBE, (W(r))) = 0;
e 1o X; belongs to 8§§1(21).

We now look at Xs. If 39 ¢ Eg (X1), we apply Deformation Theorem A
and find &5 > 0, iy € N, and {®?},cy in Z,(M; F;G) so that

° (I’Z? is homotopic to ®; in the F-topology for all ¢ € N;

o L({®}}ien) < L;

o for all i > iy, |2|(X) N (BL, (1) UBL, (3) UBL (W(r))) = 0;

e 1no X, belongs to (")Eg(ill) U BE:-Z (32).
If X9 € Bg (X1), we skip it and repeat the procedure with 3s.

Proceeding inductively there are two possibilities. We can find for all
I € N a sequence {®!};cn, & > 0, i, € N, and ¥;, € Wkl \E?;(W(T)) for
some j; € N so that

° <I>é is homotopic to ®; in the F-topology for all i € N;
L({®}ien) < L

C —=F =F
for all ¢ > 4, [®}[(X) N (U, Bz, (25,) UB;, (W(r))) = 0;
{S1,...,5} CU_,BE (2,);
e 1o X, belongs to (‘3E§1(21) U---uJ 8§£(2jl).

Or the process ends in finitely many steps, which means we can find some

m € N, a sequence {®]"}ien, €1,...,6m > 0, 4y, € Ny and X;,,...,%; €
=F .

WHEHL\ B (W(r)) for some j; € N so that
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& is homotopic to ®; in the F-topology for all 7 € N;
L{®]"}ien) < L;

S —=F =F
for all i > i, |®(X) N (UL, B, (55,) UB, (W(r))) = 0;
{3j:j > 1} c UL BE (35,).

In the first case we choose an increasing sequence p; > i; so that
! 1
sup ||®,, [[(M) < L + 7
zeX

and set ¥; = @ﬁ,l. In the second case we set pp = [ and ¥; = ®;*. The
sequence {¥;};cy is such that

(i) ¥; is homotopic to @, in the F-topology for all | € N;
(i) LH{Yihen) < L;
(i) C{Tikien) N (WL UW(r)) =0.

The Min-max Theorem 3.8 implies W\ (W*™1 U W(r)) is nonempty and
this is what we wanted to prove. O

Remark 6.3. Again the proof gives more. One can choose X to be G-almost
minimizing as in Remark 3.10.

We deduce Theorem 1.2 from the previous theorem.

Theorem 1.2. Let (M™! g) be an (n+1)-dimensional closed Riemannian
manifold, with 3 < (n+ 1) < 7. There ezists an integral stationary varifold
Y € V(M) with the following properties:

o [[X[|(M) = L(ID),
e the support of ¥ is a smooth closed embedded hypersurface in M,
e index(supportof ) < k.

Proof. Consider a sequence of bumpy metrics {g;} en tending smoothly to
g [33]. If L; is the width of II with respect to g;, the previous theorem gives
a sequence {‘I’g}ieN in IT such that L; = L({@g}ieN) and X; € C({@g}ieN)
with support a smooth embedded minimal hypersurface of index < k such
that L; = ||X;]|(M) (with respect to the metric g;). The sequence {L;};en
tends to L = L(II) and so the result follows by using the Compactness
Theorem A.6 of [28] (for changing ambient metrics). O

Next we assume that X is either S! or [0,1], G is either Z or Zy, ® : X —
Z,(M™ 1 F; Q) is a continuous map, and II is the class of all continuous
maps ® : X — Z,(M";F;G) such that ® and @ are homotopic to each
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other in the flat topology. If X = [0, 1], assume further that ®'(0) = ®'(1) =
0 for all @’ € II and that all homotopies are relative to 9[0, 1] = {0, 1}.
We first prove Theorem 1.7 when the manifold M does not contain one-

sided embedded closed hypersurfaces. This is guaranteed if, for instance,
H,(M;Zy) = 0.

Theorem 6.4. We assume that M contains no one-sided embedded closed
hypersurfaces and that (M, g) is a bumpy metric. Let {®;};en be a sequence
in IT such that L = L({®;}ien) = L(II). There is ¥ € C({®;}ien) with
support a smooth embedded closed minimal hypersurface such that

L(II) = ||X|[(M), index (support of ¥) = 1.

Moreover, the unstable component of ¥ has multiplicity one.

Proof. Let W; be the set of all stationary integral varifolds with mass L
whose support is a smooth embedded closed minimal hypersurface with
index j, where j = 0, 1. Because the metric is bumpy, we obtain from |28,
Theorem 2.3] (or more precisely its proof) that Wy U W) is finite. There can
be at most one unstable component in each element in Wy. We set A to be
those elements of Wy UW), that do not belong to C({®; };cn) and set U to be
those elements of Wi NC({®; };en) for which its unstable component appears
with multiplicity higher than one. We want to show that Wy \ (AUU) is
non-empty.

There exist ig € N and £y > 0 so that |®;|(X) QESO (A) =0 for all i > ig.
Write U = {¥4,...,Xx}. Applying Deformation Theorem B to {®;}en,
with K = E:-:)(A) and ¥ = Xy, we find & > 0, 71 € N, and {‘D%}ieN in
Z,(M;F;G) so that

e ®! is homotopic to ®; in the flat topology for all i € N;

o L({®}}ien) < L;

o for all i > iy, |!|(X) N B, ({1} UA) = 0;

e no X; belongs to aﬁg({zl} UA).

If 5 € C({®}}ien), we apply Deformation Theorem B to a suitable
subsequence of {®!};en, with K = Eg({zl} UA) and ¥ = 3, to find
g2 >0, iz € N, and {®?}ien in Z,(M;F; G) so that

° (IDZZ is homotopic to ®; in the flat topology for all i € N;

o L({®7}ien) < L;

o for all i > iy, |B2|(X) N BL, ({S1, o} UA) = 0;

e no X; belongs to 8§§2({21, Yol UA).
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If ¥ is not in C({®}};en), then the above properties hold with ®? = &}
and for some small &5.

After a finite number of times we obtain {¥; };en in Z,(M; F; G), ix, € N,
and 0 > 0 so that

e U, is homotopic to ®; in the flat topology for all i € N;
o L{Witien) < L;
o for all i > i3, |I;|(X) N By (U U A) = 0.

Let ¥; be a pulled-tight sequence obtained from {¥,;}ien. This means
C({¥,;}) c C{¥;}) and every element of C({¥;}) is stationary. One can
then find another & > 0 and 541 € N so that [¥;|(X) By (U UAUB) =0
for all @ > ix11, where B is the collection of elements of W that are not in
C({WVi}ien). 3 3

Write Wo \ (AUB) = {X4,...,%;}. Every element in this set belongs to
C({¥;}ien). Then by Deformation Theorem C there exist £ > 0, jo € N so
that for all 4 > jo one can find ¥; : X — Z,(M;F;G) such that

(i) ¥, is homotopic to U, in the flat topology;
(i) L(¥}) < L;
(i)
AT} © (AQ#}) \ U BE(S,)) U (Va(M) \ BE(D)).
where T is the collection of all stationary integral varifolds V' € V,,(M)
with L = ||[V||(M).

_ In particular, C{V;}ien) N (U UWyU A) = (. Theorem 6.1 applied to
{W;} implies that (W U W) \ (U UW,y U A) is nonempty and this is what
we wanted to prove. O

The next proposition is similar to arguments of X. Zhou [35], who con-
sidered G = Z and the multiplicity of non-orientable components.

Proposition 6.5. Suppose ¥ € V, (M) is stationary and G-almost mini-
mizing of boundary type (see Remark 3.10) in annuli. Write
Y =m|Si|+ -+ mp|Sp|,

where m; € N and S1,...,Sp are the connected components of supp X
(smooth embedded closed minimal hypersurface). For any one-sided com-
ponent S;, m; is an even number.

Proof. As in the proof of Proposition 6.1 of [35], we can find p € S;, s > 0,
a sequence Tj € Z,(M;@Q), T; = 0Uj, such that F(|T;|,X) — 0 as j — o0
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and supp 7L Bs(p) is a smooth embedded stable minimal hypersurface. By
compactness, we can assume 1; — T = OU in the flat topology. For some
tubular neighborhood of S;, T.Q € Z, (M, M \ ; G) is a relative boundary.
But supp (7T.Q) C S;. Since S; is one-sided, the Constancy Theorem implies
T.Q = k;S; with k; even (if G = Z and S; is non-orientable, necessarily k; =
0). By stability and Schoen-Simon regularity theory [27], the convergence
of Tj to X is smooth and locally graphical near p. Since |a| = amod2 for
a € G, we have m; = k; mod 2. O

We can now prove Theorem 1.7 and Corollary 1.8.

Theorem 1.7. Suppose (M,g) is a bumpy metric, and X = [0,1]. We
assume {®;}ien is a sequence in Il such that L = L({®;},en) = L(II).
There exists ¥ € C({®; }ien) with support a smooth embedded closed minimal
hypersurface such that L(IT) = ||X|[(M) and either:

(a) index (support of ¥2) = 1, and the unstable component of ¥ has multi-
plicity one;

(b) index (support of X)) = 0, and at least one component of . is one-sided,
has even multiplicity and unstable double cover.

Proof. Let ¥ be an embedded one-sided closed minimal hypersurface. Since
the metric is bumpy, the double cover is either unstable or strictly stable. If
it is strictly stable, one can construct P; : €, — €, just like in Proposition
5.7, where €, is a neighborhood of ¥ in M. This means that embedded
one-sided closed minimal hypersurfaces with strictly stable double covers
can be treated just like strictly stable two-sided minimal hypersurfaces if
one follows the proof of Theorem 6.4 and Deformation Lemma C. With
the appropriate modifications, we get the existence of ¥ € C({®;};en) with
support a smooth embedded closed minimal hypersurface such that L(II) =
||X[|(M) and either:

(a) index (support of ¥) = 1, and the unstable component of ¥ has mul-
tiplicity one;

(b) index (support of 3) = 0, and at least one component of ¥ is one-sided,
and has unstable double cover.

Since X can be chosen to be G-almost minimizing of boundary type in annuli,
any one-sided component of it has even multiplicity by Proposition 6.5. This
proves Theorem 1.7. O

Corollary 1.8. Suppose (M, g) contains no one-sided embedded hypersur-
face, and X = [0,1]. There exists an integral stationary varifold ¥ € V, (M)
with ||X||(M) = L(II) and satisfying the following properties:



504 Fernando C. Marques and André Neves

(a) the support of ¥ is a smooth closed embedded minimal hypersurface in
M;
(b) we have

index(supportof 3) <1
< index(support of X) + nullity(support of X);

(c) any unstable component (necessarily unique) of 3 must have multiplic-
ity one;

(d) if the metric g is bumpy and {®;}ien is a min-mazx sequence, ¥ can
be chosen so that for some subsequence i; — oo there is some z;; € X
such that ®; (x;,) converges in varifold sense to X.

Proof. For bumpy metrics the result follows at once from Theorem 1.7. For
a general metric g, consider a sequence of bumpy metrics {g;};jen tending
smoothly to g (by [33]). If L; is the width of II with respect to g;, we obtain
a sequence {X;}jen € Vp(M) satisfying

e the support of X; is a smooth closed embedded minimal hypersurface
in M;

o index(supportof 3;) = 1;

e the unstable component of X; has multiplicity one;

o L; =||%;]|(M) (with respect to the metric g;) for all j € N.

The sequence {L;} jen tends to L = L(II) and the Compactness Theorem
A.6 of Sharp [28] (for changing ambient metrics) implies that, after passing
to a subsequence, {¥;}jen converges in the varifold sense to an integral
stationary varifold ¥ € V,, (M) satisfying (a) and such that ||X||(M) = L(II).
Moreover, it also follows from the same result that (after passing to a further
subsequence):

e the union of the stable components of XJ; with their respective multi-
plicities converges in the varifold sense to an integral stationary var-
ifold ¥, with support a smooth stable closed embedded minimal hy-
persurface in M;

e the unstable component of ; with multiplicity one converges in the
varifold sense to an integral stationary varifold ¥, with support a
smooth closed embedded minimal hypersurface in M.

Either the convergence to ¥, is smooth and graphical, in which case ¥, has
multiplicity one and satisfies (b) and (c), or the convergence is not smooth.
In the latter case 3, must be stable with nullity (see [28], Claim 6), and
therefore also satisfies (b). Since ¥ = ¥, + ¥,,, we are done. O
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Appendix A. Various interpolation results

Proposition A.1. There exist constants « = a(M) > 0 and A; = A1 (M) >
0 such that, if &1, P2 : [0,1] — Z,(M; F;G) are continuous maps in the flat
topology with ®1(0) = $2(0), ®1(1) = Po(1) and

sup{M(®;(z) — ®2(z)) : z € [0,1]} < v,

then there exists a homotopy H of ®1 and ®s, continuous in the flat topology
and relative to 0]0,1] = {0, 1}, such that

sup{M(H (z,t) — ®;(z)) : x € [0,1],t € [0,1]} < A1,

where 1 = 1, 2.

Proof. Let U(z) = ®o(x) — ®1(z). Note that F(V(z)) < M(¥(x)), ¥(0) =
U(1) = 0. By Theorem 8.2 of Almgren [4], if « is sufficiently small there
exists a homotopy h(zx,t) between ¥ and 0 such that

sup{M(h(x,t)) : x € [0,1],¢ € [0,1]} < pq sup{M(¥(z)) : = € [0,1]}.

The result follows by defining H(x,t) = ®2(x) — h(x,t). O
A related result to the next proposition was also proven by Zhou [36].

Proposition A.2. Given 6 >0, L >0, let S C Z,(M;F;G) be a compact
set with M(R) < 2L for every R € S. Then there exists n = n(S,0,L) < §
so that for all S € Z,(M;G) with

M(S) <2L and F(S,R)<n for someRES,
there exists H : [0,1] — Z,(M;M;G) continuous in the mass topology and
such that

e H(0) =S, H(1) =R, and H([0,1]) C B (R);
e M(H(z)) <M(S)+0 forall0 <z <1.

Moreover, if suppR C W CC U for all R € § and some open sets U, W,
we can choose n = n(S,0,L,W,U) < & such that if S is as above and
supp S C W we can choose H with supp H(t) C U for every t € [0,1].

Proof. The next two auxiliary lemmas were essentially proven in [25].

Lemma A.3. Let W CC U be open subsets of M. If V € V,,(M), T, Ty, ...,
are elements in Z,(W; G) with
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lim (F(T,T;) + F(V,|Ti])) = 0
1—00
then for every § > 0 there exist a sequence S1,Sa, ..., in Z,(U;G) such that
lim; 00 F(T, S;) = 0 and the following property holds:
For each i € N there is m; € N and a finite sequence Ré, . ,ani m
Z.(U; Q) such that R} = Tj, Rfm =5,

M(R) < M(T;) +98, M(Ri—Ri_))<§ forallj=1,...,m

and 1im; oo SUPo<j, <m, ]:(Ré-i,T) = 0.

Proof. In Lemma 3.7 of [25] (using 7% = 0 and K = V in his notation),
all properties are proven except for the fact that RZ tends to T" uniformly
in the flat topology as ¢ — oco. While Pitts did not state it, this property
follows from the proof of Lemma 3.7, as we now explain. We refer to the
notation used by Pitts. The currents R} are constructed either in [25, page
117], and one sees at once that ]-'(R;-,T) <M(Q;) = F(T;,T) for all i € N
and 0 < j < m;, or in [25, page 121] and one sees that, for all 0 < j < my,
R; coincides with 7; on M \ B,.(p;), where r; tends to zero and p; tends to
p, as ¢ — oo. In both cases R; tends to 7" uniformly in j;as ¢ — oco. O

Lemma A.4. Let W CC U be open subsets of M. Given L >0 and § > 0,
there exists ¢ = ¢(W,U, L,0) > 0 such that whenever Si,Ss € Z,(W;G)
have F(S1,82) < e and M(S;1) < L, M(S2) < L, there is a finite sequence
To,. .., Ty in Z,(U;G) such that Ty = S1, T, = So,

M(T;)) <L+0, M(T;—Tj_1)<d forallj=1,....,m

and F (T}, S1) <6 forall0<j<m.

Proof. In Lemma 3.8 of [25] (using T'= 0 and K = W in his notation), all
properties are proven except for the fact that F(7},S1) < d forall0 < j < m.
To prove this last property it suffices to do the following modification of the
proof of Lemma 3.8 of [25] (we now use his notation): On page 122 of [25],
use Lemma A.3 instead of Lemma 3.7. The whole argument carries over but
one needs to check that the currents 7} defined at the bottom of page 123
can be made arbitrarily close to S; in the flat metric and this is indeed the
case because F (5o, T;) < M(Q) = F(So,S;). O

Let Cop = Co(M,1) > 0 and dg = do(M) > 0 be as in Theorem 3.10 of
[21]. We can assume 0 < dp and set § = /(3 + Cp).
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We argue by contradiction and suppose there is a sequence S; €
Z,(M;G), M(S;) < 2L, such that F(S;,R;) < 1/i for some R; € S and
for which the conclusion of the proposition does not hold. After passing to
a subsequence if necessary, we find V' € V,,(M) and R € S such that

lim (F(R;, R) + F(|Si|,V)) =0 and M(R) < ||V]||(M).

1—00
Set L = ||V||(M) + & and consider € = e(M, M, L,d) given by Lemma A.4.
Choose 7 sufficiently large so that

1S:[|(M) < L <||Si]|(M) + 25, M(R;) < L, and F(S;, R;) < e.

Applying Lemma A.4 to S;, R; and using Theorem 3.10 of [21] we obtain H :
[0,1] — Z,(M;M;G) continuous in the mass topology such that H(0) = S;
H(1) = R;,

sup M(H(z)) < L+ (Co+1)6 < M(S;) + (Co + 3)6 < M(S;) + 6,
z€[0,1]

and H([0,1]) C BZZ‘OH)E(R") C B (R;). This is a contradiction and finishes
the first part of the proof of the Proposition.

To prove the last statement one needs to localize Theorem 3.10 of [21]
so that the deformations take place near U. This follows because Almgren
interpolation results and the proof of Theorem 3.10 of [21] use a triangulation
of M and so one chooses a triangulation sufficiently fine with respect to

d(U, M \ W) (see proof of Theorem 14.1 of [20]). O

Proposition A.5. Let Y be a cubical subcomplex of some I(m,l) and let
O:Y — Z,(M;F;G) be a continuous map in the F-topology. There exist a
sequence of maps continuous in the mass topology

®,:Y = Z,(M;M;G), jeN,
homotopic to ® in the flat topology, and such that
sup{F(®;(y), ®(y)) :y €Y} =0

as i — o00. If Z is a subcomplex of Y such that ®|z =0, then the sequence
{®i}ien can be chosen so that (®;);; =0 for all i € N and the homotopies
can be taken relative to Z.

Proof. Given ® : Y — Z,(M;F;G), Theorem 3.9 of [21] (the analogous
statement holds for G = Z) implies there exist a sequence of maps
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¢i : Y(kz)o — Zn(M,G),

with k; < ki+1, and a sequence of positive numbers {d;};en converging to
zero such that

(i)
S = {di}ien

is an (Y, M)-homotopy sequence of mappings into Z,,(M;M; G) with
£(¢i) < i

sup{F(¢i(z) — ®(x)) : v € Y(ki)o} < s;

sup{M(¢;(x)) : © € X (ki)o} < sup{M(®(z)) : x € Y} + 0;.
We can also guarantee that (see Theorem 13.1 (i) of [20] for the case Y = I")

(iv) for some l; — oo and every y € X (k;)o,
M(¢i(y)) < sup{M(®(2)) : a € X(;),z,y € a} + §;.

Because z € Y — M(®(x)) is continuous, we get from property (iv)
above that for every y € X (k;)o,

M(¢i(y)) < M(®(y)) + ns

with 7; — 0 as ¢ — oo. If we apply Lemma 4.1 of [20] with § = ®(X),
property [(ii)] above implies

(14) sup{F(¢i(z), ®(x)) : x € X(ki)o} — 0

as ¢ — 00.

For sufficiently large i, by Theorem 3.10 of [21] we can take the Almgren
extension of ¢;, ®; : Y — Z,(M;M;G). By Corollary 3.12 of [21], ®; and ¢
are homotopic to each other in the flat topology. By Theorem 3.10 (iii) [21],
(14) and since ® is continuous in the F-metric, we have that

sup{F(®;(y), ®(y)) :y €Y} =0

as ¢ — 00.

If &, =0, then naturally (®;)|; = 0 and the fact that the homotopies
can be taken relative to Z follows from the proof of Proposition 3.5 in the
Appendix of [21]. O
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