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Indefinite theta functions arising in Gromov-Witten
theory of elliptic orbifolds®

KATHRIN BRINGMANN, JONAS KASZIAN, AND LARRY ROLEN

In this paper, we consider natural geometric objects coming from
Lagrangian Floer theory and mirror symmetry. Lau and Zhou
showed that some of the explicit Gromov-Witten potentials com-
puted by Cho, Hong, Kim, and Lau are essentially classical mod-
ular forms. Recent work by Zwegers and two of the authors de-
termined modularity properties of several simpler pieces of the
last, and most mysterious, function by developing several identities
between functions with properties generalizing those of the mock
modular forms in Zwegers’ thesis. Here, we complete the analy-
sis of all pieces of Cho, Hong, Kim, and Lau’s functions, inspired
by recent work of Alexandrov, Banerjee, Manschot, and Pioline
on similar functions. Combined with the work of Lau and Zhou,
as well as the aforementioned work of Zwegers and two of the
authors, this affords a complete understanding of the modularity
transformation properties of the open Gromov-Witten potentials
of elliptic orbifolds of the form IF’}Lb,C computed by Cho, Hong,
Kim, and Lau. It is hoped that this will provide a fuller picture of
the mirror-symmetric properties of these orbifolds in subsequent
works.

1. Introduction and statement of results

Cho, Hong, and Lau [4] described open Gromov-Witten potentials for elliptic
orbifolds (and homological mirror symmetry). Explicit expressions for these
were computed by Cho, Hong, Kim, and Lau [3]. Recently, Lau and Zhou
[11] investigated the modularity properties of some of these Gromov-Witten
potentials. In the course of their work, they showed that several of them are
essentially modular forms, a fact which they showed closely relates to their
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mirror-symmetric interpretation. More precisely, they considered the four
elliptic P! orbifolds denoted by P! for a € {(3,3,3),(2,4,4),(2,3,6), (2,2,
2,2)}. For these choices of a, Cho, Hong, Kim, and Lau explicitly computed
the open Gromov-Witten potentials W, (X,Y, Z) of P!, which are polyno-
mials in the variables X,Y,Z. The reader is also referred to [3, 5, 6] for
related results, as well as to Sections 2 and 3 of [11] for the definitions of
the relevant geometric objects. These generating functions turn out to have
quite natural modularity properties, as Lau and Zhou proved in Theorem
1.1 of [11].

Theorem (Lau, Zhou). For a € {(3,3,3),(2,4,4),(2,2,2,2)}, the coeffi-

cients of Wy(X,Y, Z) are essentially linear combinations of modular forms.

Such results are particularly useful as they allow one to extend the do-
main of these potentials to global moduli spaces. In fact, this connection
provides the geometric intuition for why modular or at least near-modular,
behavior may be expected (cf. [3]). In the last case a = (2,3,6), the rel-
evant functions fail to be combinations of ordinary modular forms. How-
ever, it is natural to ask whether a suitably modified transformation still
holds.

Question (Lau, Zhou). Can a simple description of the modular transfor-
mations of Wy(X,Y, Z) be given for a =(2,3,6)?

The first steps towards addressing Lau and Zhou’s question were taken
in [2], where new generalizations of mock modular forms were defined and
utilized. However, several remaining pieces remained out of reach due to
lack of theoretical structure for such series. In the meantime, important new
work of Alexandrov, Banerjee, Manschot, and Pioline [1] has further ex-
plained and generalized the class of functions considered in [2], leading to a
new theory of non-holomorphic modular objects extending those considered
in Zwegers’ seminal thesis [15]. The understanding of the structure of these
non-holomorphic modular forms was furthered by Kudla in [9], where he
showed that they can be viewed as integrals of Kudla-Millson theta series
(cf. [10]). Further extensions to a general, geometric setting were given by
Westerholt-Raum in [13]. The authors have also been informed that forth-
coming work of Zagier and Zwegers will further fill in details of the general
picture.

Here, we push things one step further by showing how to interpret the
last pieces of Lau and Zhou’s functions in terms of further classes of modular-
type objects. As we shall see, these cannot be accounted for by the means
presented in [1] due to unique features naturally arising in these functions
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which seem to deviate from the most basic higher type indefinite theta func-
tions. In particular, we solve this question by providing “simpler” completion
terms which combine with the coefficients of W, to yield modular objects.
These are, in the language of Zagier and Zwegers, known as higher depth
mock modular forms, which are automorphic functions characterized and
inductively defined by the key property that their images under “lowering
operators” essentially lie in lower depth spaces (for example, in the case
of classical “depth 1”7 mock modular forms, the Maass lowering operator
essentially yields a classical modular form).

Theorem 1.1. The function cz is a higher depth mock modular form.

Remark. The higher depth structure of ¢z may be deduced from its
“shadow”, the computation of which is discussed in the proof of Lemma
4.2 (cf. the remark after Lemma 2.3; the word “shadow” is justified since
it is essentially the image under the Brunier-Funke operator & for classical
harmonic Maass forms).

The answer to Lau and Zhou’s original question about the modularity
of ¢z can be directly read off of the transformation of the completed func-
tion in Theorem 1.1. Although we do not explicitly write it down here, the
interested reader can see (4.5) and the surrounding text for a discussion of
how to determine it. After using explicit representations due to Lau and
Zhou, the key step in the proof of Theorem 1.1 is to understand how to
complete a certain indefinite theta function of signature (3,1) (see (2.1) be-
low). (Throughout, the second component denotes the number of negative
eigenvalues).

The paper is organized as follows. In Section 2, we recall general indef-
inite theta series due to Vignéras and in particular give examples in sig-
natures (n,1) and (n,2). In Section 3, we introduce the generalized error
integrals which are our building blocks and investigate some of their proper-
ties. In Section 4, we rewrite certain generating functions in Gromov-Witten
theory and start the investigation of their modularity properties. Section 5 is
then devoted to modularity properties of a certain indefinite theta function
of signature (3,1).
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2. Indefinite theta functions
2.1. Results of Vignéras

Let B(n,m) := nT Am be a symmetric non-degenerate bilinear form on
RN (N € N) which takes integral values on a lattice L C RY and set Q(n) :=
+B(n,n). Further let p € L'/L (where L’ is the dual lattice of L), X € Z,

and a function p : RN — C. Following Vignéras, we define the following

indefinite theta function (7 = v +iv € H, z = x + iy € CV, q := >™7)

(2.1)

OuLapa(z7) = Ou(z7) =073 D p (‘/5 (" + %)) g Ane2miBm),
nepu+L

Vignéras [12] gave conditions under which the indefinite theta series are in

fact modular.

Theorem 2.1 (Vignéras). Assuming the notation above, suppose that p
satisfies the following conditions:

1. For any differential operator D of order 2 and only polynomial R of degree
at most 2, D(w)(p(w)e™@™) and R(w)p(w)e™@™) belong to L*(RN) N
LY(RM).

2. D%ﬁning tge Euler and Laplace operators (w := (w1, ...,wy)’, Oy :=
(urs - o))

E=wld, and A=Ap1:=03LA710,,

for some \ € Z the Vignéras differential equation holds:

1
(5 — —A) D= Ap.
47
Then, assuming that ©,, is absolutely locally convergent, we have the follow-
ing modular transformations:

z 1
o,(% -2
g (T, T>
(—Z'T)A—i_% i —1 A% A—1 g% I, Y 27
62B(A A* ATLAY) § : e 2miB(p,v)+ 22 Q(z)@ (Z'T)
’L//L’ 14 b )
\ vel'/L
Ou(z; 7+ 1) = B 3AT A AT ) g (7).

where A* := (Al,la PN ,AN7N)T.
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To simplify the calculations below, the following lemma allows us to re-
strict to specific diagonal matrices. In particular, writing A = P~TDP~!
with P € GLy(R) and D := diag(1,...,1,—1,...,—1) (with uniquely de-
termined signs), we easily obtain the following.

Lemma 2.2. Assume the notation above. If p(x) := p(Px) satisfies Vign-
eras’ differential equation for D, then ©, 1 A, transforms like a vector-
valued Jacobi form.

Remark. We frequently make use of the well-known fact that specializing
the elliptic variable of Jacobi forms to torsion points yields modular forms
or related objects. (See [7] for the classical one-dimensional case).

We next introduce a differential operator which, when applied to
Vignéras’ theta functions, often makes them simpler. Let

N

0

X_ = —22’1}2% — 200 Zyjagj,
j=1

be the (multivariable) Maass lowering operator which decreases the weight
of a (non-holomorphic) Jacobi form by 2. A direct calculation gives.

Lemma 2.3. We have
Xﬁ (@M7L7A=p7>\) = @M7L7A7PX7>\
with

N
px(@) =Y 20, (p(x)).
=1

Remark. We let ©, 1, 4, be the holomorphic part of © (whenever this is
well-defined as we comment on later) and call it higher depth Jacobi form
with shadow ©,, 1, A, - Specializing to torsion points yields higher depth
mock modular forms.

2.2. Examples of indefinite theta functions

Although Vignéras’ beautiful theorem has a simple statement, it is far from
obvious how one can find appropriate functions p such that the correspond-
ing indefinite theta function converges and which has a fixed, desired “holo-
morphic part”. In his celebrated thesis [15], Zwegers succeeded in doing this
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for quadratic forms of signature (n,1). In this case, the usual error function

E(w) :=2 /0 e ™ dt

plays a vital role. For comparison with functions we shall need later, note
that, as w — +oo,

(2.2) E(w) ~ sgn(w).
Moreover, we clearly find that
E'(w) = 2e~ ™

Also note that £ may be written as

E(w) = /R sgn(t)e "t gt

To discuss Zwegers’ breakthrough, we now fix a quadratic form @) of
signature (n, 1). We must first discuss a few preliminary geometric consider-
ations to describe the full behavior. The set of vectors ¢ € R with Q(c) < 0
splits into two connected components. Two given vectors ¢; and ¢y lie in the
same component if and only if B(c1,c2) < 0. We fix one of the components
and denote it Cg. Picking any vector cg € Cg, we then have

Co={ce RY : Q(c) <0, B(c,c) < 0}.
Then the cusps are those vectors in the following set:

Sq = {c = (c1,¢2,...,¢N) € /AR ged(ep, eo,...,en) =1,
Q(c) = 0, B(c,cp) < 0}.

A compactification Of_C’Q may be formed by taking the union C := CqUSq.
Defining for any c € Cg

R(0) RN if ¢ € Cy,
c) =
{a e RN : B(c,a) ¢ Z} ifc€ Sg,

we set

D(c) := {(Z,T) eCVN xH: % € R(c)}
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Zwegers’ indefinite theta functions, which transform as modular forms
and which are (almost always) non-holomorphic, are defined as follows. For
(2,7) € D(c1) N D(c2), we consider the theta function

(23) 0(2;7) = Z p (n + g; 7—) qQ(n)GQWiB(Z,n)7 where
nezN v
(2.4) p(n;7) = pg @ (n;7) = p™(n;7) — p=(n;7)  with

Here and throughout we use the usual convention that for x € R, sgn(0) := 0
and sgn(z) = z/|z| for z € R\ {0}. Note that the cuspidal case, ¢ € Sg,
may be viewed as a limiting case of the general situation (for example by

(2.2)).

Zwegers showed that (2.3) indeed converges. This is far from obvious,
since the indefiniteness of Q implies that ¢@™ is unbounded for n € ZV. In
fact, as in our case, this is one of the more subtle and substantive aspects
of his proof of modularity. The main reason for the interest in this theta
function lies in the Jacobi transformation properties of #, which are described
using the following auxiliary set:

D(c) :={(at +b,7): 7 € H,a,b € R", B(¢,a), B(c,b) € Z} .

Theorem 2.4 (Zwegers). Assuming the notation above, the function 0 sat-
isfies the following transformations:

1. For all X € ZN and p € A7'ZN, we have (e(x) := €*™)
0(z+ At + 11;7) = ¢ “WVe(=B(2,1))0(z; 7).
2. We have
O(z;7+1) =0 <z + %A_lA*;T> .

3. If (2,7) € D(c1) N D(c2), then

N

o(5t) -t 5 (e
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In a pathbreaking paper, Alexandrov, Banerjee, Manschot, and Pioline
[1] then generalized Zwegers’ construction to quadratic forms of signature
(n,2). We do not state their beautiful results as we do not require them for
this paper. We only note in their setting FE got replaced by (a € R)

Es(a;wy, we) ::/ sgn(t1) sgn(ty + oztg)e_”(wl_t1)2_”(w2_t2)2dt1dt2.
RQ

We note for comparison that their notation slightly differs from ours. We
have, as A — oo,

(2.5) Es(a; Awy, Awa) ~ sgn(wy ) sgn(wa + aws).
Moreover

(2.6) <8511 + 05, + 21 (w10, + w20y, ) )Eg (o wi,we) =0,
(2.7)

Ow, B2 (oi; wi, wy) = ﬁe_%ﬁE (%) , and

(2.8)

2 2 _ m(wataw)? —
B (0, 09) = 26T B () + 2 ().

——¢ 14+a2
V1+ a? V1+ a?

3. Generalized error integrals

In this section, we introduce higher-dimensional analogies of the error func-
tion, following ideas of [1, 14].

3.1. Definitions and basic properties
The authors of [1] proposed a 3-dimensional analogue of Fy, namely
E3(on, oz, ag; wi, w2, w3)
= /ngn(tl + ajants + asts) sgn(tz + asasts + asty)
x sgn(ts + agaity + aqty)e (Wit Hwa—t)* Hws=t)%) gy qpo .

Here we define a modified version which is convenient for our explicit func-
tions. After finishing this article, Pioline pointed out to the authors that
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there is an explicit map from the suggested higher dimensional E3 function
of [1]; however, our function may also offer some advantages as it seems eas-
ier to directly work with in at least some examples. We define a generalized

N(N—1)

error function Exy: R~ 2~ x RN = R by

(3.1)
En(o;w) == /RN sgn(t1) sgn(te + ayty)

x sgn(ts + agty + asta) - - - sgn (tN + ...+ OéN(N—l)th]_> e*””t*wﬂgdt,
2

where ||a||2 := VaTa denotes the Euclidian norm. Note that we use || - ||
for different dimensions, the meaning being clear from context. Higher-
dimensional Ex collapse to lower-dimensional ones if certain o; are 0. For
example,

(3.2) Es(a,0,0;w) = Ey(a; wi, we) E(ws),
(3.3) E5(0, o, 0;w) = E(wa)Ea(a; wy, ws).

From now on, we restrict to N = 3, however most of our statements
hold for general N. The following lemma, which generalizes (2.2) and (2.5),

describes the asymptotic behavior of E, which is crucial in the construction
of the appropriate completions of Lau and Zhou’s functions.

Lemma 3.1. For any o = (a1, as,a3),w = (wy,ws, ws3) € R3, we have, as
A — 00,

En(a; Aw) ~ sgn (w1) sgn (wg + aywy) sgn (ws + agwy + azws) .
Remark. Throughout the paper, we write Ex(a;w) ~ % to mean that
En(a; Aw) ~ * as A — oo.

Proof of Lemma 3.1. Changing variables yields
E3 (o;wy, w2, w3) = / e ™ Mbgon (t) + wy) sgn (t2 + v2) sgn (t3 + v3) dt,
RB
where t := (tl,tQ,tg)T,’UQ = wo + w1, V3 = w3 + aowy + agwe, and
1+ (paz —ag)? + a2 —ag —az(aas —az) ajag — as

M:=| —a1 — as(aiag — a9) aZ +1 —ag3
a1z — (g —Qs3 1
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Note that det(M) = 1 and that M is positive-definite.
Then consider the difference

E3(o; Awy, Awg, Aws) — sgn (wi) sgn (w2 + arw) sgn (ws + agws + agwi)
= / e_”tTMt(sgn (t1 + Av1) sgn (t2 + Av2) sgn (t3 + Avs)
R?»
— sgn (v1) sgn (vz) sgn (vs) ) dt.

It is easily checked that the integrand vanishes whenever |t;| < A|v;| for all
j. Denote the complement of the cube given by these three inequalities for
t by B(\). Outside of B(\) we bound the sum by 2 and obtain the following
as an upper bound of the absolute value:

2/ e Mt gy
B(X\)

Since M is positive-definite, this converges to 0 as A — oo whenever v; # 0,
proving the statement in this case. If (at least) one v; vanishes, the integral
expression for £3 vanishes which may be seen by changing ¢; — —t;. O

Certain sign-factors that occur throughout our investigation turn out to
not quite have the correct shape. For this, the following elementary lemma,
whose proof we skip, is useful.

Lemma 3.2. For a,b,c € R\{0} and \; > 0 (j = 1,2,3), ¢ € {£1}, we
have (unless (A1, A2) = (0,0))

(3.4) sgn(a) sgn(b) = —e + sgn(Aa + \aeb)(esgn(a) + sgn(b))
and (unless (A1, A2, A3) = (0,0,0))

(3.5)
sgn(a) sgn(b) sgn(c) + sgn(a) + sgn(b) + sgn(c)
=sgn(Ara + Aob + Azc)(sgn(a) sgn(b) + sgn(a) sgn(c) + sgn(b) sgn(c) + 1).

Remark. Applying Lemma 3.2 to FEo(a;w) gives, for a # 0,
Es(a; wi, w2) = E(wr)E(w2) — sgn(a) By (Cfl; w2,w1) + sgn(a).

In the “cuspidal case” considered below, we must allow certain values to be
0. To do so, the following lemma turns out to be useful.
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Lemma 3.3. For a1, s, as, wy, ws, ws, ws € R with ag, ayag — ag # 0, we
have

E3(a; wy, wo, w3) 1= Tll_{lgo E3 (o, Taz, Tasz; wy, we, Tw3)

= sgn(a3)E(wy) + dsgn(as)E (—w2 + a1w1> — <w3 + gt ¥ a3w2>

o +1 Vad+ o

— sgn (azws) (1 + 0Es (aq; wi,wa) + 6 Ea (ozzagl; wy, aglwg + w2)

a1 + a3 we + aqjw
o 109 + 3; 2+ aq 17
—ao + a0 a?+1

a% + 1 wa + (Oéloég — 042)(0511,02 — ’LU1)
- + 13 3 Oé% +1 ’

where 0 := sgn(as(as — ajas)).

Proof. We directly compute that

E3 (a1, Tag, Taz; wy, wa, Tws)
o0 / eItz sgn(t; + wy) sgn(te + agty + wa + aywy)
RS
X sgn(a2t1 + asto + w3 + avwy + Oé3w2)dt.

The integral over t3 may now be computed to be 1.

To determine the remaining two-dimensional integral, we use Lemma 3.2,
with A\ = ’ag —Oéloég‘, Ay = |Oz3’, A3=1,a= (5(751 —wl), b=ty + aity + v,
and ¢ = sgn(—as)agt; — |as|te + sgn(—as)vs, where vo := wa + aywy, v :=
ws + aowy + azwe, gives that the product of the signs equals (outside the
zero set given by abc = 0)

sgn(a3)5<sgn (0 (t1 + w1)) + sgn (t2 + a1ty + v2)
+ sgn (sgn(—as)asgt; — |as|te + sgn(—as)vs) )
— sgn(asws) <1 +sgn (d (t1 + w)) sgn (t2 + aqty + v9)
+ sgn (6 (t1 +w1)) sgn (sgn(—as)asty — |as|ts + sgn(—as)vs)
+ sgn (te + a1ty + v2) sgn (sgn(—ag)a2t1 — |as|te + sgn(—a3)03)>.
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We compute all like integrals separately. The terms — sgn(asws) and sgn(as)
x sgn(t; + wy) directly give —sgn(wsas) and sgn(as)E(w;), respectively.
To consider the contribution from sgn(as)d sgn(te + a1ty +v2), we define

the orthonormal matrix M := (a? + 1)z (™ a11 ). Since M; is orthogonal,

| Mit||2 = ||t]|]2. Thus, the contribution from this term gives

dsgn(as) / e~ IUE sgn <t1 + (o +1)2 1)2> dtydty
R2

(%)
=Jdsgn(a3z)F | ——— | .
gn(as) < a§+1>

The contribution from —d sgn(agt +agte+wvs) is treated in exactly the same
way, giving

U3
—0F | —— | .
(\/oz% +a§>

Next, we consider the product of two sgn-factors. The terms —d sgn(azws)
x sgn(t1+wi ) sgn(te+art1+ve) and —d sgn(asws) sgn(t;+ws) sgn(agagltﬂ-
ts + az'vs) yield the contributions —dsgn(azws)Ba(ar;wr,we) and
-0 sgn(agwg)Eg(agagl; we, 0551’1)3 — agaglwl), respectively.

Finally

sgn (ws) / eIl sgn (ty + a1ty + va) sgn (aat; + agte + vs) dt
RQ

= sgn (wg)/ eIz sgn ((Mlt)1 a2+ 1+ vg>
R2

X sgn (Oéztl + asto + Ug) dt
= sgn (wg)/ e~ mIHE sgn (t1 +(af+1)2 Ug)
RQ

X sgn (a2 (]\4_125)1 + a3 (M_lt)2 + 113) dt
= —dsgn (azws)

xE2<a1ozz+a3 v a?+1 <U3_a1az+agv2>>_ 0

—ax+ajaz’ /o2 +1 —a2 +ajaz of +1

We next show that the function Fs3 satisfies a special differential equa-
tion.
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Lemma 3.4. We have

((’“)12% + ij('“)wj) Es(a;w) = 0.
j=1

Proof. We write
Es(a; w)
RZ

X / sgn (t2) sgn (t3+ (e—oas) t1 + agtz)e_”((tz_wz_o‘ltl)z“t?’_“’3)2)dt
RZ
= / sgn(tl)Eg (ag; wo + aqty, ws + (042 - alag) tl) e_ﬂ(tl_wlydtl.
R

Applying the operator on the left-hand-side gives

0 2
1) — ((=2mty)e m(tr—w1)
/RSE;H( 1)(%1 (( mt1)e )

X Ey (a3;wa + artr,ws + (a2 — aas) ty) dty

—1—/sgm(tl)(—27Tt1)e_7r(tl_““)2
R
(1,0) .
X <a1E2 (ag, wg + aty, w3 + (042 — alag) tl)
+ (CKQ — 041043) Eéo’l) (043; wg + a1y, w3 + (Oég — alag) t1)> dt1
0
—_9 ) — (t —7(t1—w1)
Tr/ngn( 1)8t1 1€

X Ea(asz;wa + aitr,ws + (o — aras) t1)>dt1

2

=0,

by (2.6) and the chain rule. This gives the claim. O

Lemma 3.5. We have

_ w(14+03)
2 e 1+aZ+a3
V143

o3 — Q1 (a% + 1)

V(U +03) (1+03+a3)

(ws +azwat+azw; )2

owsEs(a;w) =

XE2
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(w2 + Ozgwg) a9 — (1 + a%) w1 3wz — W2
V1+aZ+al V1403 )]
2oy )

Owy Es(o; w) = 2 S E
v 1 —|—a§
o3 — o] (a% + 1) .
V(1+03) (1+a3+0a3)
(we + agws) g — (1 + Oé%) w1 Q3w3z — Wy

+ Lefﬂ'(alwlfwz)zEQ g — Oéloég; W1 — QW2 s ),
Vita? Vital 1+a?
— m(1+e3) )
O Bs(a; w) = 201 (1 + a2 ozg)(;ua%w§ (w3 +oswatazw; )
Vital
agaz —ay (a3 +1)
V(U +a3) (1+ad +a3)

(we + agwsy) g — (1 + Oé%) w1 Q3w3z — Wy

\/1+a%+a§ ’ Vl—i—a%

2 (042 - 051053) e—ﬂ(alwl—w2)2E2 G2 — Q103 W — A1W2 5
V1+ai Vital J1+al'

+ 2F5 (o3 wa, ws) e~ Wi

(ws+azws +a2w1)2

XEQ

XEQ

Proof. In the proof of Lemma 3.4, we see that
E3(Oz; w) = / sgn (tl) 67ﬂ(t17w1)2E2 (ag; wo + aqty, w3 + (052 — alag) tl) dty.
R

We apply first (2.7) to get

O, B3 (0 w)

~ 2
- / sgn (tl) eiﬂ-(tlfuh)z 2 e-@(wzﬁ‘azh""as’wz)
R

V1+ a3
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< E as (w3 + (Oéz — 041043) tl) — (’wQ + Oéltl) dty
1+ oz%

(wz+oazwa+azw, )2

2 (1to3)r
— 76_ I+aZ+a3

B v 1+ a%
—TT \/1+a§+a§t1+122((w3+a3w2)0¢2(1+0‘§)w1)2>
X / sgn (t1)e ( ViTeates
R

(36) < E <(()é20[3 — alag — 011) t1 + agws — w2> dty.

Making the change of variables ¢ — \/ﬁ then gives the claim.
We next apply 0,,. By (2.8), we get
Ow, E3(a; w)
= /]ngn(tl)e”(tl“’1)2 (010w, (B2 (a3 we 4 arty, ws + (ag — aras) ty))
+ 2¢ Mwatent)’ (w3 + (2 — ara3) t1) )dty.

The first summand is computed as above. The second term gives the claimed
contribution by simplifying and making the change of variables t; +— —-&

Vitaz

Finally we apply 0, to give, using integration by parts,
Ow, B3 (0; w) = 2By (ag; wo, ws) e~ ™

2 0
+ / sgn (tl) e_ﬂ(tl_wl) 051% (Eg (ag; wa + aqty, w3 + (062 — a1a3) tl))
R 2

0
+ (a2 — Ozlag) 8—11;3 (EQ (042; wg + aty, w3 + (az — alag) tl)) dtq.

From the above the result follows. O
3.2. The function E3 as a building block

The theta functions of interest in Gromov-Witten theory are indefinite theta
functions in which the summation conditions may be written in terms of sgn-
functions. The following proposition shows how to turn their sgn-factors into
functions satisfying Vignéras differential equation.
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Proposition 3.6. For N € Ny, let A = P Tdiag(Iy,—I3)P~! €
Maty3(R) be a symmetric matriz of signature (N,3), P € GLyn4+3(R),
and assume that a,b,c € RNT3 generate a 3-dimensional space of signature
(N4, N_) with respect to the bilinear form (-,-) given by A~'. Then there
exist d,e, f € RV*3 and ay, az, a3 € R (determined explicitly in Lemma 3.7
below) such that the following are true.

1. For (Ny,N_) = (0,3) the map X + E3(a1,a2,a3;d PX,e" PX, fTPX

satisfies Vignéras’ differential equation for diag(In,—13), and for alln €
RN*3 we have

Es (al, as,as;d'n,eln, an) ~ sgn (aTn) sgn (an) sgn (cTn) .

2. For (N4+,N_) = (0,2) the map X — &3 (al,ag,ag;dTPX, e’ PX, fTPX)
satisfies Vignéras’ differential equation for diag(In, —I3) and for alln €
RN*3 we have

Es (al, as,as;d n,eln, an) ~ sgn (aTn) sgn (an) sgn (cTn) .

Before proving Proposition 3.6, we require an auxiliary lemma.
Lemma 3.7. Assume that a,b,c € RNT3 generate a 3-dimensional space
of signature (0,3) or (0,2) with respect to a symmetric bilinear form (-,-)

of signature (N,3) on RN*3. Then there exist pairwise orthogonal vectors
d,e, f € RNT3\{0} and scalars \, i, v € R\{0}, a1,a2,a3 € R

(3.7) d = \a, e + ard = pb, [+ asd+ aze =ve

such that squares of the norms of d,e, f are (—2,—2,—2) for signature (0,3)
and (—2,—2,0) for signature (0,2), respectively. Explicitly, they can be de-
fined (after permuting a,b,c such that span{a,b} has signature (0,2)) as

N T ~2[a?
T el T\ Tl a6

el ee? 1, (0,5)(0,0)\?
=y TP 0“*‘ TalP >’
w_{m\i if p#0,

1 if p=0,

1
o1 = — M, g = — <aéc> v, ag = —gHV ((b, c) +

(a,b)(a, C>A2> |
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Furthermore, p > 0 vanishes if and only if the signature is (0,2).

Proof. Since by assumption a and b generate a negative-definite two-dimen-
sional space, we have |la||?> < 0. The definition of A directly yields that
|d||> = —2. Because the space spanned by a and b is negative-definite, we in
particular have ||a||?||b]|? — (a, b)? > 0. Therefore, y is a well-defined positive
number. We then compute, using that ||d||> = —2 and the definition of y,
(d,e) = u{d, by + 2c; = Ap{a, b) — (a,byAu = 0,
lel? = (ub — aad, &) = (b, ub — arAa)

1
= 2P = anulan) = (B + a2 ) = -2

Then by the choices of ay and a3, we obtain that f, as defined in (3.7), is
orthogonal to d and e, using (d,e) = 0:

(d, f) = (d,vc — aad — aze) = v{d, c) + 2as = Av{a,c) — Av{a,c) =0,

(e, f) = (e,ve — agd — ase) = vie,c) + 2a3

a,b)(a, c)\?
=v{ub — aqAa,c) — pv ((b, c) + W%)

= <a2b> Nuv{a,c) — pv

The above then yields
el = v=2 (I f1I* — 203 — 203) .

{a,b){a,c)\?

=0.
2

Finally we rewrite

el eg? 1 2a? (@b’
2 T 2a? t ATalPOP — (.52 <<b’> Tl )

B L <_||a|2||b||2 ~ (a. b>2>‘1 <<b’c> _la b><a,c>>2

2 2fal® 4 2/ja” la]?
2 2, 1 b (a, )22\
_ el fa)? s L <<b7c>+ (a,b)(a, ) > '

2 4 2
Using the definition of v then yields

1 a,b)(a, c)\? 2
e Tl (O R iy
—2sgn(p) if p # 0.

This shows that p vanishes if and only if span{d,e, f} = span{a,b,c} has
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signature (0,2). Since span{a, b, c} is negative semi-definite, || f[|*> < 0 and
thus ||f]|> € {—2,0}. Therefore v = p~3 > 0if p # 0 such that v agrees
with the definition in the proposition. O

We are now ready to prove Proposition 3.6.

Proof of Proposition 3.6. (1) We let d,e, f € RV and aj,a9,a3 € R
be as in Lemma 3.7. The definitions of a1, as,as,d, e, f, together with
Lemma 3.1, ensure that the asymptotics hold. Lemma 3.7 also implies that
PTd, PTe, PT f are pairwise orthogonal with squared norm —2 each (with re-
spect to D™! = D := diag(Iy, —I3)). Combining this with Lemma 3.4 and
the chain rule then gives the claimed satisfaction of Vignéras’ differential
equation.

(2) Lemma 3.7 shows that v,w € {d, e, f} satisfy
20y (1= 050) = (,w) =07 A" w = oT PD™ P w = (PTv)" DPTw.

Therefore (PTd, PTe, PT f) forms an orthogonal basis with norms squared
(—2,—2,0) with respect to D~! = D. Note that there exists a subspace of
signature (1,3) with orthogonal basis (d,e, f4, f—) such that f = f, + f_.
Setting (note that || f-[| = [ f+])

1
we = —m——=((1 =) fy + (1 + ) f),
V2 f e
we compute ||w.||> = —2. Therefore (P*d, PTe, PTw.) is an orthogonal basis

with norms squared (—2,—2, —2) with respect to D. Just like the previous
case, applying Lemma 3.4 and the chain rule shows that

1 1
2,
V20 Fl2e ™ V2l f+ )%

is a solution of Vigneras’ differential equation. The scalar factors for ay and
a3 ensure that the function has the right asymtotic behavior. O

X + Fj <a1, as;d'PX,eTPX, wZPX>

4. Lau and Zhou’s explicit Gromov-Witten potential and
simplifications for the proof of Theorem 1.1

In this section, we explicitly recall the functions arising in Gromov-Witten
theory, which were studied by Lau and Zhou in [11], as well the explicit
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summation formulas for them by Cho, Hong, Kim, and Lau [3], and we
start the investigation of their modularity properties. We assume throughout
that a = (2, 3,6) and study the function W(2,3,6) defined in [11]. Namely,
noting that in the notation of [11] we have ¢ = qég, and writing the resulting
coeflicients as functions of 7, by (3.29) of [11], W,(2,3,6) can be expanded
as

(4.1) W,(2,3,6)
= X2 = qu XY Z+ ey ()Y +ez(r) 28+ ey z2(r)Y2 2% + ey za (7)Y Z°,

where
(4.2)
ey (1) i= qis SO (-1 (2n + g5
n>0
(4.3)
CYZQ(T) = q*i Z <(_1)n+a<6n — %+ S)q%*%
n>a>0
+(2n + 4)q”+an+1—a2> 7
(4.4)
17 (n+1)(n42)  a(a+1) (b+1
cyz4(T) i=q % Z (—1)" o+ (6n — 20 — 2b+ T)g thintn_eeen _sorn
B
(4.5)
(6n. =20 =2 =2 46) snas
cz(q):=q s Y (—1)rretbe abe)
(n,a,b,¢) ETIUT,UT5UTs n(n,a,b,c)
where

A(n,a,b,¢) = <n+2> B <a—|—1> B <b+1> B (c—i—l)’
2 2 2 2
T6 :={(3a,a,a,a) : a € No},
(3a + k,a,a,a) : a € No,k € N},
(a+b+c,a,b,c):a,b,ce Nysuch that a < min(b,c) or a = ¢ < b},
(a+b+c+k,abc): keNa,b,ceNy
such that a < min(b, ¢) or a = ¢ < b},

T3 ::{
Ty :={
Tl Z:{

n(n,a,b,c) = jif (n,a,b,c) € Tj.
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Note that the authors in [3] and [11] have an extra condition “distinct” in
T1. This turns out to just be a typo.

In [2] modularity properties of cy,cyz2, and cyz4 were laid out and
proven. We are thus left to investigate the hardest piece cz. The following
lemma decomposes cz into 3 simpler pieces.

Lemma 4.1. We have

qicz(T) = F(1) - Fa(7) — §F3(T)’ where

46) Fi(r)==| > = > | (-=D*(Bk+2a+2b+2c+3)
“RSe’ 0N
a<min(b,c) a>max(b,c)

K2 13k 4 abtactak-+betbk+ck+atbtetl
)

X q 2
1 2
(4.7) FQ(T) = 5 (6@ +2b+ 3)q3a +2ab+3a+b+2’
a,b>0 a,b<0
3 ) 5
(4.8) F3(7) := 1 Z - Z (—1)F (20 + k 4 1) g3 F3ak 30+ 54541
a,k>0  a,k<0
Proof. Let

f](T) :1 Z g(na a, ba C;T)a

J (n,a,b,c) €T}
G(n,a,b,c;7) = (=1)"rHH(6n — 20 — 2b — 2¢ + 6)gA 0O

and g(k,a,b,¢;7) :==gla+ b+ c+ k,a,b,c;7) and split

fi(r) = fu(m) + fiz(7),  fo(7) = faa(7) + foa(7)

with
fll(T) = Z g(k7a7 ba C;T)a le(T) = Z g(kaav b7 & 7—)7
S mints e
1 1
f21(7—) = 5 Z g(k,a,b,c;T), fQZ(T) = 5 Z g(k7a7b7c;7—)‘
a,b,c>0,k=0 a,b,c>0,k=0

a<min(b,c) c=a<b
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Note that

g(-n—-3,—a—1,-b—1,—c—1) =g (n,a,b,c),
g(_ka —a — 17_b_ 1,—0— 1) :g(k,a,b,c),

which we use repeatedly. We now compute

1
filr) == - g(k,a,b,c;T)
2
a,b,c>0,k>0 a,b,c,k<0
a<min(b,c) a>max(b,c)
1
= 5 Z - Z g(kaa7bac;7—)_f21(7—))
a,b,c>0,k>0 a,b,c<0,k<0
a<min(b,c) a>max(b,c)
and similarly
J12(7) + 2 fa2(7)
= Y gkaben)+ Y. gkaber)= > gkabeT)
a,b,c>0,k>0 a,b,c>0,k=0 a,b,c>0,k>0
1
=3 Z g(k,a,b,c;T) a Z g(k‘,a,b,c,T)
2 a,b,c,k>0 a,b,c,k>0
a= (b,c) c=a=b
1 3 6
=—5 2 gkaben) = Sfs(r) - S fs().

a,b,c<0,<0
a=max(b,c)

Therefore

Fulr) + o)+ foalm) + 3 fo(r) + 3fo(r)

= () 4 fro(r) + for(7) + 2faa(r) + 2 fa(r) + 3fo(7)

2
1 1
25 E - E g(k,a,b,c;T)—§ § g(k,a,b,c;T)
a,b,c>0,k>0 a,b,e<0,k<0 a,b,e<0,k<0
a<min(b,c) a>max(b,c) a=max(b,c)
1
=3 E — E g(k,a,b,c;7) = Fy(1).
a,b,c>0,k>0 a,b,c<0,k<0

a<min(b,c) a>max(b,c)
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For f99, we find that

foa(T) :% Z 9(0,a,b,¢;7) :i Z — Z 9(0,a,b,¢;7)

a,b,c>0 a,b,c>0 a,b,c<0
c=a<b c=a<b c=a>b

_ i Z — Z 9(0,a,b,¢;7) — gf6(7)~

a,b,c>0 a,b,c<0
c=a<b c=a>b

Making the change of variables b — b + a, we obtain that the first sum
equals

i Z — Z 9(0,a,a +b,a;7)

a,b>0 a,b<0

1 2
_ Z Z - Z (12a +4b+ 6)q3a +2ab+3a+b+2 _ FQ(T).
a,b>0  a,b<0

Finally, we compute

3f3(1) +3f6(7)
1
- Z g(k,a,b,c)—i—— Z g(k,a,b,c;r)
a=b=c>0 2 a=b=c>0
k>0 k=0
1 1
:i Z - Z g(kaavbac;7)+§ Z g(kva’baC;T)
a=£§gzo a,:zz:)<o a,:zig>o
1
= 5 Z - Z g(kaa/?bac;T)
a=b=c>0 a=b=c<0
k>0 k<0
1 2 K2 k
=3 Z _ Z (—1)*(12a + 6k + 6)¢> +3ak+3a+E- 4241 AF3(7).

a,k>0  a,k<0

Combining completes the proof. O

Lemma 4.2. The functions Fy and F3 have modular completions.
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Proof. We view F3 as a derivative of an indefinite theta series with additional
Jacobi variables (where (j := e?™%/)

3 3a(a+1) a
F2(217227 ) = C22 Z - Z ( ) Clcb + b
Then

ab>0  a,b<0

N =

Fy(1) = qz [(1241 G +4Cz% +3> FQ(Z“ZQ;T)] ¢
Define

Ca=q
i 2
Fy(z1, 205 7) = Fy(z1, 20;7) + 3 ZCQ (21 + k7;37)R(329 — 21 — kT;37)
k=0
where (with z = x + iy)
Wz ) i= Z 62m’n(z+%)q§
nG%—&-Z
— _Z'q%efﬂiz H (1 - qn) (1 - 627Tizqn71) (1 - 672m'zqn) 7
n>1
R(z;71) :=

= Z (sgn(n) - F ((n—i— %) @)) (—1)7172‘]
nei+z
Setting

77 6727rznz

~

Fy(7) = % [(12{, 0

0 ~

+ 4{2— + 3> Fy (z1,Z2;T)] ¢y=1
C C C2=q

n1, N2, M1, M2 € Z

we have F, = F,. Using [14] we see that we have, for (2}) € SLy(Z) and

~ Z1 Z9 at + b wic(—3z%+zzlz2) -
2 : _ p
2<¢T—|—d’c¢—|—d’c7+d> (et +d)e

ceT+d

Fy (z1,20;7)
Fs (z1 + nim + ma, 22 + notT + m2)

2

= (- 1)n1+m1§3n2 nlC_nQ

M By (21, 295 7)
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From this one can then derive the transformation law of Fy(z1 + %, 22+ 55T).

Taking the appropriate derivatives with respect to z; and zo then gives

additional terms involving 1, 7,72 which can be removed with the help of

1/v-terms (or using powers of the weight 2 Eisenstein series). This yields the

modular completion. The shadow of F5(7) can be determined using (2.7) and

(2.8) for Fh (21, 22;7) and then applying the appropriate Jacobi derivatives.
We next turn to F3 and define the Jacobi version of I3

b2
Fy(ar,20im) o= | D0 = D | (icgg™ =i

ab>0  a,b<0

Then
3q 0 0
Br) =2t L 162 11)F : :
5(7) 1 [( CI8Q1+<28§2+ > 3(2172277)} ame
Ca=—q2
Writing
Fs(z ,ZQ'T):1 Z sgn a—i—1 + sgn b—i—1 CO¢hgz@b)
s <2 2 92 2 152

a,beZ

with Q(a, b) := 6a? + b% + 6ab, we obtain the completion

Fy(z1, 200 7) = % 3 (E <\/5 <\/6a+ % +y1>>

a,bEZ
~E (\/5 (b + % + y2)) ) x ¢ ¢3qz 9.
The proof then follows as before. O
5. An indefinite theta function of signature (1, 3)
A key in understanding F} is the following indefinite theta function

O(2;7) == Opz2,45,0(2;7),

1
%),and
0

P0) = —E(l) — E (\/552) Y E(l— 0) B (

where A = <

e
RO
—O

1 1
il (—ly—ly 12
7 1\/3( 9 — 43 4))



Indefinite theta functions 49

(\;— \/7 \/7 ls — 52, 52 — V3 + 2f4), \/g(fz + l3 + f4)>

+ sgn (01 + o + 03)
X (E (1) B (b3 — Us) — B (1301, —y — 205) + B (— 1305 — fo, by + 03) + 1)
+sgn (01 + Uy + £y)
X (E (61) B (£y — 03) — B (1301, —fy — 205) + B (=13 04 — fo, b5 + Uy) +1).

Theorem 5.1. The function © transforms like a vector-valued Jacobi form.

There are two main steps that have to be made: convergence and showing
that p satisfies Vignéras’ differential equation.

Proposition 5.2. The theta series ©gz+ A po(2;7T), as well as its modular
completion ©g 71 4 50(2;T) converges absolutely and uniformly on compact
subsets of {(z,7) € C" x C: B(cj, £) ¢ Z (j € {0,1,2,3})}. Here

p(l) :== (sgn (i) +sgn (cf ) )
X (sgn (cgﬁ) + sgn (02 5) ) (sgn (01 E) + sgn (C3T€) )
= (sgn (1) + sgn (¢2))
X (sgn (€2) + sgn (€3 — £2)) (sgn (£1) + sgn ({4 — £2))
with co = (0,1,0,0)T ¢; == (1,0,0,0)7, ¢y := (0,—1,1,0)T and c3 =
(0,-1,0,1)T.

Proof. We begin by proving (absolute local uniform) convergence of the
holomorphic theta series ©¢ 71 4 p.0, so that it suffices to additionally prove
the convergence of ©¢ 71 4 5—po = ©0,21,450 — ©0,21,4,p,0- We also note that
for (z,7) lying in the stated range, we have B(c;,n + £) # 0 for all n € Z.

The proof of the convergence of the holomorphic theta function is a
straightforward generalization of the proof by Zwegers [15] and Alexandrov,
Banerjee, Manschot, and Pioline [1]. We rewrite

(sgn (cfﬁ) + sgn (cjrﬁ) ) = (sgn ((A_lck)TAﬁ) + sgn ((A_lcj)TAE) )
in p and observe that

‘ qQ(n) CAn

= exp ( — qont An — 27TyTAn>

— exp (~27Q (Vi (n+ %)) ) exp (2“5(*”)) ,
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so that

nep+L
Therefore we need to investigate

3 plame-2rt

meA
for A some lattice. Note that B(cj,m) = c]TAm = (Acj)T'm. Since the
sgn(cJTAm) do not vanish, p(m) # 0 only if all sgn(cJTAm) are equal. There-
fore we obtain B(cj,m)B(cg,m) > 0 for all j,k € {0,1,2,3} whenever
p(m) # 0. The matrix

B(m,m) B(cy,m) B(ci,m) B(ca,m) B(cz,m)
B(ep,m) B(co,co) B(co,c1) Bleg,c2) Blco,cs)
B(cl,m) B(Co,cl) B(Cl, 1) B(Cl,CQ) B(Cl,C;),)
B(ea,m) B(cp,c2) B(ci,ca) Blea,ca) Bca,cs)
B(es,m) B(co,c3) B(ei,e3) Blea,cs) Bes,cs)

has determinant zero. We refer to the bottom right 4 x 4 block as G, which
has negative determinant. Both of these statements come from the fact that
span{cy, 1, ca, c3} has signature (1,3). Furthermore, a Laplace expansion
along the first column and then another along the first row lets us write the
determinant as

3
0 > B(m,m)det(G ZB Ck, M det((Gp,q)p,q;ék)
_9 Z 1)¥ B(cj,m) B(ck, m) det ((Gp.g)ptr,qrs )
0<j<k<3

Now note that det((Gpg)pqzr) < 0 since the space span{c,;p # k} has
signature (0,3) or (0,2) and the sgn (det ((Gp.q)pskqj)) = (—1)F+ by
direct calculation. Therefore, whenever it is B(cj, m)B(cg,m) > 0 for all
J,k €40,1,2,3} we obtain

3
B(m,m) = det(G)~! (Z B(cg, m)? det((Gp,g)p,qk)

-2 Z (¢j, m)B(cg,m) |det (( pq)p;«ék,q#j)’)

0<j<k<3
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3
= |det(G ( Z B, m)?|det((Gp.g)pgk)|
k=0

+2 > |Blej,m)B(ck,m) det ((Gpg)prkars)| )

0<j<k<3
=: K(m) > 0.

If p(m) # 0, then at most two B(c;j, m) vanish, such that some terms in
the second sum do not vanish and the inequality is strict. Therefore, with
p(m) < 8, we obtain

Z p(m)€—27rQ(m) <8 Z e—27rK(m).

meA meN

Now since none of the determinants in the second sum of K (m) vanishes
and the B(c;j, m) do not vanish, we obtain for some constant ¢ > 0 that

K(m) = cmin(|B(c;,m)]),

which yields exponential decay of e 27K(™) a5 |m| — oo and thus the

convergence (uniform on compact sets with respect to translations of A) of

Zp( ) —2mQ(m <8Ze QﬂK(m

meA meA

Next we treat the difference between the holomorphic part and the mod-
ular completion. By multiplying out p and coupling the terms of p and p
appropriately, we get a sum of series over terms which have either the shape

_E3 (a;B(dlﬂm>7B(d27m)7B(d37m)) + H Sgn(B(Cj7m))

7€{0,1,2,31\{¢}
> qQ(n) eQﬂ’iB(z,n) ,

where dy, da + a1di, d3 + aady + agds are the c¢; appearing in the product
or the same shape with F3 replaced by &3 or

(sgn(B(ce,m)) — E(B(cg,m))) sgn(B(cy, m))*q?e*mP=m)

for some (k,¢) € {(0,1),(0,3),(1,0),(1,2)}. In a similar fashion as in the
proof of Theorem 4.2 of [1], one can decompose each of these terms into a sum
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of integrals decaying square- exponentlally in some directions {c¢j,,...,¢;,}
(i.e., it grows like e~ 2x Bleim ™)* in addition to the general factor e —m2Q(m)),
By comblmng the integrals of the same decay from different terms, one
obtains cancellation of the sign-terms whenever the integrals times do not
decay. This gives convergence of the the theta function. Further details can
also be found in the second author’s doctoral thesis [8]. Therefore the theta
series O 74 4 p—p,0 and Og zs 4 50 converge. O

We next turn to proving that Vignéras’ differential equation is satisfied
in our situation.

Proposition 5.3. The function ¢ — p(PY{) is a solution of Vignéras’ dif-
ferential equation with respect to D := diag(1,—1,—1,—1). It approximates

p if £1,42 # 0.

Proof. Our approach is to split p(¢) into various terms, which we treat sep-
arately using Proposition 3.6 and Lemma 2.2. Multiplying the product of
signs out, we obtain, using that ¢; and fo do not vanish

sgn (£1) + sgn (f2) + sgn (f3 — £2)

+ sgn (¢4 — l2) + sgn (£2) sgn (b3 — l2) sgn (£g — {2)

+ sgn (1) sgn (¢2) sgn (¢3 — £2) + sgn (¢1) sgn (L2) sgn (L4 — £3)
+ sgn (¢1) sgn (b3 — £2) sgn (L4 — o) .

21 1 1
We first compute A~! = < % _01 Pl 8 )
100 -1
The single sign factors are treated as in Zwegers’ thesis [15] (see the

description in Section 2.2), yielding the following function

FE (ﬁl) + F (\/562) + F (53 — 62) + F (@4 — EQ)
~ sgn (£1) + sgn (¢2) + sgn (¢3 — lo) +sgn ({4 — £3),

where each of the summands on the left satisfies Vignéras differential equa-
tion in (41, ¢e, ¢3,¢4) with respect to diag(1, —I3) as can be verified directly.
Thus we are left to consider 3 sign factors.

We start with sgn(¢1) sgn(fs — f2) sgn(¢y — ¢2) and set

vy = (1,0,0,0)7, vy = (0,—1,1,0)7, v3 == (0,—1,0,1)T.
Then, with (a,b) = a” A~'b, we obtain

o)1 = -2, (v1,v2) = (v1,v3) =0, (v2,v3) = —1.
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This easily gives that the corresponding signature is (0,3). We plug these
into (3.7) to obtain

A=1, w=1 V= — a; =0, az =0, ag =

5l

d=vi, e=v, f=-—72u3——x=

2 1
v w9.
N

Lemma 3.1 then yields that

1 1
Es3 <07 ﬁﬂ);ﬂl,f?, — L, %(—52 — 3+ 254))
~ sgn(f1)sgn(ls — lo) sgn(ly — £3)

and X — B3(0, 7z, 0;vf P,vj X P, 372 (20f —vI)P). The claim then follows
using (3.3).
We next turn to the case sgn(fs) sgn(fs — ¢3) sgn(f4 — ¢2) and set
vy = (0,-1,1,0)7, wy:=(0,-1,0,1)T, w3:=(0,1,0,0)T.
Then
o> = [loall? = =2, Jlus]|* = (v1,02) = =1, (v1,03) = (v, v3) = 1.

We plug these into Lemma 3.7 to obtain

2 1 3 1
>‘:1’ = = V:\/g) alp = —=, « __\/j’ a3 = ———,
SRV RV 2 T A
and
d 1(0 1,-1,2)7 f \/5(0111)T
=V e = —— — — o — .
1 \/g ) ’ ) ) 3 5 Ly Ly

Thus we obtain the completion

1 3 1 1 2
Ey| —, =\ =, ———=:¥l3 — 0y, —(—¥y — ¢ 20 Y 14 V4
3<\/§7 \/;, 73 3 2,\/5( 9 — L3+ 4),\/;( 9+ 03+ 4))

~ sgn(ly) sgn(ls — l2) sgn(ly — lo).
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We now turn to the case sgn(¢;)sgn(f2) sgn(fs — ¢2) and set
vy == (1,0,0,0)7, wy:=(0,-1,1,007, w3:=(0,1,0,0)T.
We compute
lor]? = lloal P = =2, los]|* = =1, (v1,v2) =0, (v1,v3) = (v2,03) = 1.

We plug these into the (3.7) to obtain

1 1
)\:1) :U’:]-7 V:]-u alz()) Oé2:_§7 a3:_§,

1
d=vi, e=us, f:§(1,1,1,0)T.

We use the second part of Proposition 3.6 to obtain the differential equation
for & and then use Lemma 3.3 to obtain explicitely

_E(l)—E(ls— ) — E (ﬂ@) +

sgn (21 + by + 53) (EQ (0;61,63 — EQ) — Fy (1;[1, -0 — 282)
+ Fy (*1;53 — fg,fg + fg) + 1)

In the same way, replacing ¢3 by ¢4 yields the completion for sgn(¢;), sgn(¢s2),
sgn(ly — {2)

—E(l)-E({y—10) - FE (\/552) +
sen(fy + b + £4) (B (05 01,4 — £2) — By (1561, 1 — 20)
By (—Lily — 03,0+ £3) +1)).
Combining all terms then gives the claim. O

Corollary 5.4. The function Fy has a modular completion.

Proof. Define

F(z1,29,23,24;7) := Z - Z

ng,ngz,ng>0 no,ng,ng <0
n1>0 n1<0
no<min(ng,ng) no>max(ng,ng)

’!L2 .
x (=1)™ q71+n1nz+n1n3+n1n4+n2n3+n2n4+n3n4 e2miB(z,n)

2miB(z,;n) _  nitnetnz+ng sni+nz+ng sni4ne+ng snitnz4n
( ) — Cll 2 3 4(21 3 4(31 2 4(41 2 3

Noting e , we obtain
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that Fi equals

. 0 9 9 T T T
wlg]g+ [(34— 27m'8w> F <—w T, 2WT + W T + 5,211}7'—1— 5,211}7'4— 5,7)}

With z(w) := 7(—w?, 2w+ w? + 1, 2w+ £, 2w + £) we write for w > 0 small
enough

Fle@)in) =Y (n + M)

'7L2 .
> (_1)n1q71+n1n2+n1n3+n1n4+n2n3+n2n4+n3n4 e?mB(z(w),n)

)

since
1 1 1\"
pln+ —w2,2w+w2+—,2w+—,2w+—
2 2 2
8 ifn1>0,n220,n3>n2,n4>n2,

=4¢ -8 if n; <0,n2 <0,n3 < ng,ng < no,

0 otherwise.

Since p(x) = p(y/vx), we obtain

8F (z(w); 1) = Z P <n + M) (_1)n1q%nTAn62ﬂ'iB(z,n)

v
nez*

_ Z P <n+ Im(i@))) q%nTAn627riB(z+A*1(%,0,0,0),71)

nezZ*

1
=0 (z(w) + §A*l(l, O,O,O)T;T> .

By Lemma 2.2 and Proposition 5.3, (:)0 = ©¢,z4 45,0 is the modular com-
pletion of ©g = ©¢ 71 4p0. Note that for w > 0 small enough, we have
z(w) € {(z,7) € C" x C : B(cj, %) ¢ Z (j € {0,1,2,3})} such that with
Proposition 5.2 and Proposition 5.3,

1 . a -~ 1 -1 T,
gwh%n(}+ [(3 + 2771'610) O9 <z(w) + §A (1,0,0,0) ,T>:|
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is the modular completion of

Fi(r) = lim <3+

w—0+t

1 0 1
= li AT T
811:18+ <3+2m'8w) O <z(w)+2 (1,0,0,0) ,7'),

) Fe(wyin)

2miow

which proves the claim. ]
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