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Mixed-Spin-P fields of Fermat polynomials
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This is the first part of the project toward an effective algorithm
to evaluate all genera Gromov-Witten invariants of quintic Calabi-
Yau threefolds. In this paper, we introduce the notion of Mixed-
Spin-P fields, construct their moduli spaces, and construct the vir-
tual cycles of these moduli spaces.

AMS 2000 SUBJECT CLASSIFICATIONS: 14N35.

1. Introduction

Explicitly solving all genera Gromov-Witten invariants (in short GW in-
variants) of Calabi-Yau threefolds is one of the major goals in the sub-
ject of Mirror Symmetry. For quintic Calabi-Yau threefolds, the mirror for-
mula of genus-zero GW invariants was conjectured in [CdGP] and proved in
[Gi, LLY]. The mirror formula of genus-one GW invariants was conjectured
in [BCOV] and proved in [LZ, Zi]. A complete determination of all genera
GW invariants based on degeneration is provided in [MP] and plays a cru-
cial role in the proof of the GW /Pairs correspondence [PP]|. However, the
mirror prediction on genus g GW invariants for 2 < g < 51 in [HKQ)] is still
open.

The mirror prediction in [HKQ)] includes both GW invariants of quin-
tic threefolds and FJRW invariants of the Fermat quintic. In this paper,
we introduce the notion of Mixed-Spin-P fields (in short MSP fields) of the
Fermat quintic polynomial, construct their moduli spaces, and establish ba-
sic properties of these moduli spaces. This class of moduli spaces will be
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employed in the sequel of this paper [CLLL] toward developing an effec-
tive theory evaluating all genera GW invariants of quintic threefolds and all
genera FJRW invariants of the Fermat quintic.

The theory of MSP fields, for the CY quintic polynomial F5 5, where

(L1) Fy,(a) =} +--- + i,

provides a transition between FJRW invariants [FJR] and GW invariants of
stable maps with p-fields [CL]. It is known that the FJRW invariants of the
Fermat quintic is the LG theory taking values in [C?/u;] (via spin fields),
and the GW invariants of stable maps with p-fields is the LG theory taking
values in Kps (via p-fields). Our idea is to use the master space technique to
study the field theories of the two GIT quotients [C®/u;] and Kp+ of [C/C*],
leading to the notion of MSP fields, and providing a geometric transition
between the LG theories of the two GIT quotients of [C/C*].

In this paper, we will introduce the notion of MSP fields for a Fermat
polynomial. We fix a Fermat polynomial Fi, as in (1.1) once and for all.
An MSP field (of Fi,) is a collection

(12) &Z(ECCG,L,N,Q@,p,I/),

consisting of a pointed twisted curve £¢ C €, invertible sheaves of Oe-
modules £ and N, fields ¢ € HO(L®N) and p € HO(C,LV®" @ wg®), and a
gauge field v = (v1,12) € HY(L @ N) @ H°(N). The numerical invariants of
¢ are the genus of €, the monodromy ; of £ at the marking ¢ (of £¢),
and the bi-degrees dyp = deg(L ® N) and do, = degN.

For a choice of g, v = (71, -+ ,7¢) and d = (dp, ds ), we form the moduli
Wy ~.a of equivalence classes of stable MSP fields of numerical data (g, v, d).
It is a separated DM stack, locally of finite type, though usually not proper.
The stack W, q admits a T' = G, action, via

t- (2 CCL,N, ¢, puv1,1n) = (2% CCLN, @ ptr, ).

It has a T-equivariant perfect (relative) obstruction theory, of virtual di-
mension (in case v = ()

vir.dim Wy ,—pq = (1 +N —=7)do + (1 = N +7)doc + (4 —N)(g9 — 1).

Theorem 1.1. The moduli stack Wy .a (of stable MSP fields of the Fermat
polynomial Fi,) is a separated DM stack, locally of finite type. It has a
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cosection localized T -equivariant virtual cycle

[Wg,%dngé € AZ(W_ d)Tu

957,

lying in a proper substack Wg_,’y,d CWyr.d-

In the sequel [CLLL], for the quintic Fermat polynomial Fs5, we ap-
ply the virtual localization formula to derive a doubly indexed polynomial
relations among the GW invariants of quintic threefolds and the FJRW in-
variants of the Fermat polynomial F5 5. These relations provide an effective
algorithm in evaluating all genera GW invariants of quintics in terms of
FJRW invariants of F55 (with insertions 2/5), and provide a collection of
relations among all genera FJRW invariants of F5 5 (with insertions 2/5).

This work is inspired by Witten’s vision that the “Landau-Ginzburg
looks like the analytic continuation of Calabi-Yau to negative Kahler class.”
(See [Wi, 3.1].) One interpretation of his proposed transition of theories is
that the LG theory of [C?/Zs] and that of Kp: differ by a field version of
“wall-crossing”. The MSP fields introduced can be viewed as a geometric
construction to realize this “wall-crossing”.

Around the time of the completion of the first draft of this paper,
there have been other approaches for high genus LG/CY correspondence
[CK, FJR2]. After this paper, in [CLLL], the torus localization formula gives
aforementioned recursion relations among GW and FJRW of the quintic
Fermat polynomial. Packaging the algorithms in [CLLL] gives the follow-
ing notable developments as an outcome. The explicit formula of the genus
one GW invariants of quintic threefolds has been recovered in [CGLZ] (it
was first obtained by A. Zinger). In [GR], Guo-Ross proved the genus-one
Landau-Ginzburg/Calabi-Yau conjecture of Chiodo and Ruan. Recently, in
[NMSP1], the authors replace the section v; of L ® N by N many sec-
tions (called N-Mixed Spin P fields), and use it to recover BCOV’s Feyn-
man rule of the GW invariants of quintic Calabi-Yau threefolds [NMSP3].
The rule determines the GW potential Fy of quintics, in a simple Feyn-
man graphical process, from 3¢ — 3 many initial conditions. Indeed, in
[NMSP2, NMSP3], the finite generation conjecture of Yamaguchi-Yau [YY],
the Yamaguchi-Yau (functional) equations, and the convergence of the GW
potential of quintic Calabi-Yau threefolds for genus g > 1 are all established
(cf. [BCOV, YY, ASYZ, LP]).

We remark that there shall be various MSP type objects giving more
applications. The properness of their degeneracy loci, as that of NMSP in
[NMSP1], follows from the argument in the current paper.
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This paper is organized as follows. In Section 2, we will introduce the no-
tion of Mixed-Spin-P fields of the Fermat polynomial, construct the moduli
spaces of stable Mixed-Spin-P fields, and construct the cosection localized
virtual cycles of these moduli spaces. These cycles lie in the degeneracy lo-
cus of the cosection mentioned. In Section 3 and 4, we will prove that these
degeneration locus are proper, separated and of finite type. In this paper,
all schemes are over the field C of complex numbers.

2. The moduli of Mixed-Spin-P fields

In this section, we introduce the notion of MSP (Mixed-Spin-P) fields, con-
struct their moduli stacks, and form their cosection localized virtual cycles.
We introduce the T-structure on it. The proof of the localization formula of
cosection localized virtual cycles appeared in [CKL].

2.1. Twisted curves and invertible sheaves

We recall the basic notions and properties of twisted curves with repre-
sentable invertible sheaves on them. The materials are drawn from [ACV,
AJ, AF, AGV, Cad].

A prestable twisted curve with ¢-markings is a one-dimensional proper,
separated connected DM stack C, with at most nodal singularities and mark-
ings ¥, -+ ,2p C Csuch that ™ —U;3; is a scheme and nodes are balanced.

Here a balanced node of index a looks like the following model

Va := [Spec(Clu, v]/(wv)) /pa] ¢+ (u,0) = (Cu, (o).
Similarly, an index a marking of a twisted curve looks like the model
[SpecC/p,) C Uq := [SpecClu]/p,], ¢ -u=Cu.
Via x — u® and y — v,
(2.1)  7a: Vg — Vg = Spec((C[x,y]/(xy)) and g : U, — U, := Al

define maps to their respective coarse moduli spaces. Note that V, contains
two subtwisted curves V, 1 and V, 2, each isomorphic to U, in (2.1). This
process Vo — Uqy [ [ Ua,v is called the decomposition of V, along its nodes.
The reverse process is called the gluing defined via a push out.
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We comment on our convention on invertible sheaves on a twisted curve
C near a stacky point. In the model case € = V,, an invertible sheaf on € is
a p,-module M,,, for 0 < m < a, so that, when m # 0,

My = =™ Clu] @15y v~ C] 1= ker {u™“"™Clu] & v~ "Clo] - T},

where the arrow is a homomorphism of p,-modules, p, leaves 1 € Clu]
and 1 € C[v] fixed and acts on 1 € C,, = C via ¢ -1 = (™1, and both
u= (" C[u] — C,, and v~""C[v] — C,, are surjective. When m = 0,

My := Clu] @ C[v] := ker{C[u] © C[v] — C},

where maps are defined similarly as the case of m # 0. Note that the iso-
morphism classes are indexed by m € {0,---,a — 1}. Furthermore, in the
convention (2.1), we have

(2.2)  7uMy, = Clz] ® Cly], when m # 0; 1M, = Oy, otherwise.

Similarly, invertible sheaves on € near an index a marking in the model
case C = U, looks like the p,-module

(2.3) My, = u "Clu].
Let {, = exp(2wi/a) € p,. Under u — (yu, the generator u="™1, —
Co Mu"" 1y,

Convention 2.1. We call {[* the monodromy of M,, at the marking, and
call m the monodromy index at the marking.

Note that for M,, over V,, M, restricted to V, 1 and to V, 2 have mon-
odromies ¢, and (", at their respective stacky points.

Definition 2.2. We call M,,, representable if (m,a) = 1.
Example 2.3. Let C = [A'/u,] be the obvious global quotient twisted curve
and p € Al be its origin. Then we use Oc(2p) to denote the sheaf (2.3)
having monodromy index m.

2.2. Definition of MSP fields
We denote by p, < C* the subgroup of the a-th roots of unity. We let

Bo = 1o U{(1,0), (L)}, and f, = pg — {1}
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For a € p,, we let (o) < C* be the subgroup generated by «; for the two
exceptional element (1, p) and (1, ) € i1}, we agree ((1,p)) = ((1,¢)) = (1).
We fix the polynomial Fy , (cf. (1.1)) throughout this paper. We pick

g Z 07 Y= (’Yl?' T 77[) € (ﬂa)Xé, a'nd d = (d07d00) S QX27

and call the triple (g,7,d) a numerical data (for MSP fields). In case v €
(11)**, we call (g,7v,d) a broad numerical data.
For an /-pointed twisted nodal curve £¢ C €, denote wlé);g’s D= we/S(Ze),

and for a € fu}, let ¢ = [, _, %F. We abbreviate £~ = £V&r.

Vi=o
Definition 2.4. Let S be a scheme and let (g,7,d) be a numerical data. An
S-family of MSP-fields (of Fermat type Fy ) of type (g,7,d) is a datum

(G’EC7L7N7¢7p7V)

such that

(1) U_ ¢ = %€ C C is an {-pointed genus g twisted curve over S such
that the i-th marking X¥ is banded by the group (v;) < C*;

(2) L and N are representable invertible sheaves on C, and L @ N and N
have fiberwise degrees dy and ds, respectively. The monodromy of L
along 3¢ is v; when (v;) # (1);

(3) v=(r,1n) € H (L ®N)® H°(N) such that (v1,vs) is nowhere van-
ishing;

(4) ¢ = (¢1,..,on) € HY(LEN), (p,v1) nowhere zero, and p|se = 0;

(1,¢)

(5) pe HO(L™ ®wleo/gs), (p,v2) is nowhere vanishing, and p\z(el = 0.

In the future, we call ¢ (resp. p) the p-field (resp. p-field).

Definition 2.5. If (g,7,d) is a broad numerical data, a similarly defined
(C, ¢, L,N, ¢, p,v) as in Def. 2.4 is called an S-family of broad MSP-fields.

We remark that in this paper we will only be concerned with MSP fields.

Definition 2.6. An arrow
(8/7 Eel’L,’ N/7 SO/7 p/’ V,) _> (67 267 L’ N7 90’ p’ V)

from an S"-MSP-field to an S-MSP-field consists of a morphism S’ — S and
a 3-tuple (a,b,c) such that

1.a: (2% C @) = (8¢ C @) xg 8 is an S'-isomorphism of twisted
curves;
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2. b:a*L — L' and c: a*N — N are isomorphisms of invertible sheaves
such that the pullbacks of ¢y, p and v; are o), p' and V. respectively,
where the pullbacks and the isomorphisms are induced by a, b and c.

We define Wgr;‘ q to be the category fibered in groupoids over the cate-
gory of schemes, such that objects in Wgrf: q(9) are S-families of MSP-fields,
and morphisms are given by Definition 2.6.

Definition 2.7. We call £ € Wgr::d((C) stable if Aut(§) is finite. We call

e W;)rjd(S’) stable if &|s is stable for every closed s € S.

Let Wy4.d C Wgrj q be the open substack of families of stable objects

. pre . _ * .
in Wg’%d. We introduce a T' = C* action on W, - 4 by

(24) t- (EG,C,L,N, P> Py (VlaVQ)) = (EG,G,L,N, @5 Py (tV1>V2))7 teT.

Theorem 2.8. The stack W, ,q is a DM T-stack, locally of finite type.

Proof. The theorem follows immediately from that the stack ./\/lgwg of stable
twisted /-pointed curves is a DM stack, and each of its connected components
is proper and of finite type (see [AJ, Ol]). O

In this paper, we will reserve the symbol T' = C* for this action on
Wyrd-

Example 2.9 (Stable maps with p-fields). A stable MSP-field £ € Wy .a
having v1 = 0 will have N = O¢, vo = 1. Then £ = (X¢,C,---) reduces
to a stable map f = [p] : £¢ C € — PN~ together with a p-field p €
HO(f*Opn-1(—7) ®w1é)g). Moduli of genus g {-pointed stable maps (to PN-1)
with p-fields will be denoted by Mg’g(IP’Nfl, d)P.

Example 2.10 (r-spin curves with p-fields). A stable MSP-field § € Wy 4 q
with vy = 0 will have N =2 LY, v1 = 1. Then & reduces to a pair of an r-spin
curve (X¢,C,p : L7 = wleog) and N p-fields @; € H°(L). Moduli of r-spin

curves with fixed monodromy ~v and N p-fields will be denoted by M;’/:;’Np

2.3. Cosection localized virtual cycle

The DM stack W, ,, 4 admits a tautological T-equivariant perfect obstruction
theory.

Let Dy, be the stack of (C,X¢, £, N), where ¢ C € are (-pointed genus
g connected twisted curves (objects in Mm), L and N are invertible sheaves
on € such that the monodromies of £ along marked points are given by ~.
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Because /\/lt“% is a smooth DM stack, D, - is a smooth Artin stack, locally of
finite type and of dimension (3g—3)+¢+2(g—1) = 5g—5+¢. Automorphisms
of (¢ C €,L,N) € D, ,(C) are triples (a,b,c) as in Definition 2.6.

Let

(2.5) 1:56CC— W,na with (L,N,9,p,v)
be the universal family over W,  q. Define
(2.6) q:Wgyd — Dyy

to be the forgetful morphism, forgetting the fields (p, p, v). The morphism
q is T-equivariant with T" acting on D, , trivially.

Let 0 < m; < r —1 be so that 7, = (/. For convenience, we let
by, =#{i|vi = (1,9)}, and let €, = #{i|v; € p,}. We abbreviate

_ T log

P=LT"® We W, o

Proposition 2.11. The pair q : Wy ya — Dy admits a tautological T'-
equivariant relative perfect obstruction theory taking the form

v
<R7r* (L(=2G )NV @ P(=2( ) @ (LON) @N)) — Ly, ./p, .
The virtual dimension 0(g,v,d) := vir.dim W, - q s

£,
(14N =)o+ (1= N +7)doo +(4— N)(g—1)+ £+ (1 —N)(&D%—Z%).

i=1
Proof. The construction of the obstruction theory is parallel to that in [CL,
Prop 2.5], and will be omitted. We compute its virtual dimension. Let £ =
(2€,6,L,--+) be a closed point in W, 4. Observe that when (v;) # {1},
<,0|2§ = 0. Thus by that (¢, 1) is nowhere vanishing, we see that 1/1|2§ #£0,
and the monodromy of £ ® N along ¢ is trivial. Therefore, let 7 : € — C
be the coarse moduli morphism, the degrees of W*(L ®@N), m.L and m,N are
do, do — doo — Zf;l and doo — £o + ZZ 1 7, respectively.

Further, the relative virtual dimension of Wy 4 — Dy, is

XE(=5§ )PV @ £V (-28 D owE o LaNaN).



Mixed-Spin-P fields of Fermat polynomials 327

Here we insert 28 ) and 28 p) because of (4) and (5) in Definition 2.4.

Using dim Dy = 5g — 5+ ¢ and applying Riemann-Roch theorem to x(£) =
X (L), we obtain the formula of §(g,~,d), as stated in the proposition. [

The relative obstruction sheaf of W, y a4 — Dy 5 is
C C
Obwgn,d/Dgw = Rlﬂ-* (L(_E(l,‘P))@N S P(_Z(LP)) ® ('C ® N) ® N)’

and the absolute obstruction sheaf Obyy, _ , is the cokernel of the tautological
map ¢*Tp,  — Obyy, . /p, , fitting into the exact sequence

(2.7) q*TDM — Ong,w,d/Dg,n, — Obw — 0.

g,7,d

We define a cosection

(28) o (I)b]/\/g,%d/pm7 — OW

g,7,d

by the rule that at an S-point £ € W, ~.a(S), € = (€, X¢,---), as in (1.2),

(2.9) a(&)(p, oy, 00) =1p > @i TP+ p Y 9f € H (weys) = H(0e)",
where

(@, ps 01, 00) € H' (L(=2( )N @ P(-2( ) @ LN & N).

Note that the term rp >_ ¢! ' ;45 > ¢ a priori lies in HY(C, wg’/gs(—zg ») )-
However, when (v;) # (1,p), ¢jlse = 0. Thus it lies in H(C,we/s).
Lemma 2.12. The rule (2.9) defines a T-equivariant homomorphism o as

in (2.8). Via (2.7) o lifts to a T-equivariant cosection of Obyy

g,7,d”

Proof. The proof that the cosection o lifts is exactly the same as in [CLL],
and will be omitted. That the homomorphism o is T-equivariant is because
T acts on W, , q via scaling v1, and that o is independent of 4. O

As in [KL], we define the degeneracy locus of o to be
(2.10) W, a(C) ={§ € Wy »,a(C) | ole =0},

endowed with the reduced structure. It is a closed substack of W, 4.

Lemma 2.13. The closed points of W, 4(C) are £ € Wy 5,a(C) such that

(2.11) (p=0U(e1+ - +ey=p=0)=C
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Proof. Consider individual terms in (2.9). Taking the term pp|~'¢;, by the
vanishing along X¢ (see the statement before Lemma 2.12), we conclude
that

poi Tt € HY(LY @ we®(—2°)) = HO (LY @ we).

By Serre duality, when pp; ! # 0, there is a ¢; € H'(£) so that ppl - ¢; #
0e H! ((,Ue).
Repeating this argument, we conclude that o|¢ = 0 if and only if

_1:..

PP C=ppN =@t oy =0.

This is equivalent to that (¢ =0) U (¢] + -+ ¢y =p=0) =C. 0

Note that (2.10) makes sense for £ € Wg:ﬁ 4(C) as well. Thus we denote

W;ﬁi;(@) ={¢e W;ﬁd(C) | (2.10) holds for ¢}.

Applying [KL, CKL], we obtain the cosection localized virtual cycle
[ng%d]roif: € Ag (Wg;%d)a 5 = 5(.9’ v d)
2.4. MSP invariants

Using the universal family (2.5), we define the evaluation maps (associated
to the marked sections X5):

evi : Wyna— X =PV up,.

In case (v;) # 1, define ev; to be the constant map to v; € p,; in case
v = (1,¢), define ev;(v;) =1 € p,. In case v; = (1,p), let s, : Wy a = C
be the i-th marked section of the universal curve!, by (2) of Definition 2.4 we
have sjp = 0, thus sj1s is nowhere zero and s;jN = Oyy, .. Thus, s} (¢,v1)
is a nonwhere zero section of s;kLEB(N +1)| defining the evaluation morphism

(2.12) ovi = [sip1,- - 57oN, 8]t Wypa = PV

such that eviOpn (1) = s} L.
Let T act on PV by

t'[9017"'7§0N7V1] = [9017"'7§0N7tyl]7

LAs 4; = (1, p), the i-th marking is a scheme marking.
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and let T" act trivially on p,. It makes ev; T-equivariant.

We introduce the MSP state space. As a C-vector space, the MSP state
space and the T-equivariant MSP state space are the cohomology group and
the T-equivariant cohomology group of the evaluation space X = PN U u,.:

HMSP — H*(X;Q), and HMSPT = HXA(X;Q).

In terms of generators, we have
Hi(PY:Q) = QH. 4/(HN(H + 1)), and  Hj(p,;Q) = @PQlH1.,

and the (non-equivariant) MSP state space is by setting t = 0, while the
grading is given by

2(N —1
(2.13) deg H =2, degt=2 and degll:(—)j,
v r

We formulate the gravitational descendants. Given
ala"'7a£€Z20> ¢17"‘7¢56HMSP:H*(X;Q%

we define the MSP-invariants

L
(2.14) (Ta, 01+ Taegb@?ﬁﬁ = /[W H w Fevior € Q,

g‘gd}loc k=1

where

[Wg,ﬁ,d]fgf:: Z [Wg,%dmg-
vE(i, )¢

Similarly for ¢; € HMSPT | define T-equivariant genus ¢ MSP-invariants:

(2.15)
¢

(ano1 -+ Tay 00) VST = /[W N virevion e 1w s7:0) = 0l

vir
loc k=1

[ v1r _ v1r
gfdloc* g’y, loc'

€(j1,)
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Here we use the same []/' to mean the T-equivariant class. Suppose

@1, ..., ¢p are homogeneous, and let

e(a.,¢.) ::i(ak . deg;bk)_

k=1
- ((1+N—r)d0+(1—N+r)dg+(4fN)(g—1)+€).

By the formula of the virtual dimension of W, s q, we see that

MSP, T
<Ta1¢1 .. .Tal¢£>g,€,d’ c Qte(a.,¢-)_

In case e(a., ¢.) < 0, we have vanishing
(216) tfe(aq(lﬁ-) . <7—a1¢1 . Ta2¢£>g/11257T:|0 = O’

where [-]o is the dimension 0 part of the pushforward to Hy(pt).

By virtual localization, we will express all genera full descendant MSP
invariants in terms of (1): GW invariants of the quintic threefold Q c P*; (2):
FJRW invariants of the Fermat quintic; and (3): the descendant integrals on
M, . The invariants in item (1) have been solved in genus zero [Gi, LLY]
and genus one for all degrees [LZ, Zi], and in all genera for degree zero.
Those in item (2) have been solved in genus zero [CR], and those in item (3)
have been solved in all genera. One of our goals to introduce MSP invariants
is to use vanishing (2.16) to obtain recursive relations to determine (1) and
(2) in all genera. This is addressed in details in [CLLL].

3. Valuative criterion for properness

In this section, we will prove that 1/\/9_7 g Satisfies the valuative criterion for
properness with residue field C.

3.1. The conventions

In this section, we denote by 19 € S a closed point in an affine smooth curve,
and denote S, = S — 1 its complement.

In using valuative criterion to prove properness, we need to take a finite
base change S” — S ramified over 79. By shrinking S if necessary, we assume
there is an étale S — Al so that 7 is the only point lying over 0 € Al. In
this way, for any positive integer a, we can take S’ to be S, = S xu Al,
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where Al — Al is via t — t%. Note that 7}, € S, lying over 79 € S is the only
point lying over 0 € Al, of ramification index a.

For notational convenience, for a property P that holds after a finite base
change S’ — S of a family £ over S, we say “after a finite base change, the
family & has the property P”, meaning that we have already done the finite
base change S’ — S and then replace S’ by S for abbreviation of notation.

pre

In this and the next section, for £ € W, 4(5), we understand

c T
(3.1) §=(2%C,L,N,0,p,v) € W ((S).
Similarly, we will use subscript “x” to denote families over S,. Hence &, €
W;ri a(Sx) takes the form
(32) g* = (Ee*ve*a'c*vN*ago*ap*ay*)-

We first prove a simple version of the extension result.

Proposition 3.1. Let &, € W;Wd(S*) be such that p, = 0. Then after a

finite base change, &, extends to a £ € W;%d(S).

Proof. Since p, = 0, vo, is nowhere vanishing and N, = O,. Thus (¢«, V14)
is a nowhere vanishing section of HY(LEN @ £,), and induces a morphism f,
from (X, C,) to PV, such that (f,)*Op~ (1) = L,. By the stability assump-
tion of &, this morphism is an S,-family of stable maps. By the properness
of moduli stack of stable maps, after a finite base change we can extend
(X€,C,) to (X¢,€) and extend f, to an S-family of stable maps f from
(2€,€) to PN. Let £ = f*Opn (1), which is an extension of £,. Then f is
provided by a section (¢,v1) € HO(LPN @ L), extending (@x, v14). Since
[f,2¢, @] is stable, the central fiber Gy is a connected curve with at worst
nodal singularities. Define N = Qe and v to be the isomorphism N = Q¢
extending vs,. Define p = 0. Then £ = (Ee, C,L,p,p, 1/) is a desired exten-
sion. ]

The case involving ¢, = 0 over some irreducible components is techni-
cally more involved. We will treat this case by first studying the case C, is
smooth. For this, we characterize stable objects in W;ﬁd (C). We say that
an irreducible component & C € is a rational curve if it is smooth and its
coarse moduli is isomorphic to P!. We quote a well-known result.

Lemma 3.2. Let p; # p2 € P! be two distinct closed points, G < Aut(P!)
be the subgroup fizing p1 and pa, and L be a G-linearized line bundle on P!
such that G acts trivially on Ll|p,. Then the following holds:
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1. any invariant s € HO(L)® with s(p1) = 0 must be the zero section;
2. suppose G acts trivially on L|p,, then L = Op:.

Lemma 3.3. Let ¢ € W;ﬁ;(@); it is unstable if and only if one of the
following holds:

1. C contains a rational curve & such that €N (Ee U Cging) contains two
points, and LZ"|e = O¢;

2. C contains a rational curve & such that €N (Ee U Cging) contains one
point, and either L|e = N|e = O¢ or ple is nowhere vanishing;

3. Cis a smooth rational curve with X =0, dy = dss = 0;

4. Cis irreducible, g =1, ¢ =0, and L®" = O¢ and LV = N.

Proof. We first prove the necessary part. Let £ € W;ﬁ;(@) be unstable. For
each irreducible € C C, let Autg (&) be the subgroup of Aut(§) keeping €
invariant. Since Aut(§) is infinite, there exists an & C € such that Auteg(§)
is infinite. If the image of Aute (€) — Aut(&) is finite, then for a finite index
subgroup G’ < Aute (&), G’ leaves € fixed, thus G’ acts on ¢ by acting on
the line bundles £ and N via scaling. However, by Definition 2.4, that G’
leaves (i, p,v) invariant implies that the image of G’ — Aut(£) x Aut(N)
is finite, a contradiction since this arrow is injective. Thus the group G =
im(Aute (§) — Aut(€)) is infinite.

We now consider the case where € has arithmetic genus zero (thus
smooth). We divide it into several cases. The first case (when g,(€) = 0) is
when € N (X¢ U Cying) contains one point, say p € €. Suppose p|e = 0, then
v9|e is nowhere vanishing, implying N|e = O¢. Thus (¢, v1)|e is a nowhere
vanishing section of HO(L®(+D|¢). Since G is infinite and (p,v1)]e is G-
equivariant, this is possible only if L]¢ = O¢ and (¢, v1)|e is a constant
section. This is Case (2).

Suppose ple # 0. We argue that p|e is nowhere vanishing. Otherwise,

vale # 0, and then degN|e > 0. Since £ € Wg;ea((C), we have plg = 0, thus

v1|e is nowhere vanishing and £V|e = N|¢. Because p|e # 0 and deg wlgg|g =
—1, we must have deg £|e < 0. Thus v5 € H(N|e) = H°(LY|¢) must vanish
at some point. Let p; and ps € € be such that p(p;) = 0 = va(p2). Since
(p,v2) is nowhere vanishing, we have p; # po. Furthermore, since G fixes p,
p1 and po, and is infinite, p = p; or po.

Suppose p = pi1, a similar argument shows that £L7" ® wlé)g e =2 0O¢, con-
tradicting to p # 0 and vanishing somewhere. Suppose p = ps, we conclude
that deg £|¢ = 0, contradicting to deg L]|e < 0. Combined, we proved that
if ple # 0, then p|e is nowhere vanishing. This is Case (2).

The second case is when & N (X¢ U Csing) contains two points, say p
and py € €. Then G fixes both p; and ps. A parallel argument shows that
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G acts trivially on £"|,, and £7|,,. Applying Lemma 3.2, we conclude that
L7 = O¢. This is Case (1). The third case is when & N (X¢ U Cying) = 0. A
parallel argument shows that in this case we must have £ =2 N = Qe. This
concludes the study of the case g,(€) = 0.

The remaining case is when g,(€) = 1, then € N X¢ = (), and a similar
argument shows that it must belong to Case (4). Combined, this proves that
if £ is unstable, then one of (1)-(4) holds.

We now prove the other direction that whenever there is an € C €
that satisfies one of (1)-(4), then £ is unstable. Most of the cases can be
argued easily, except a sub-case of (2) when p|e is nowhere vanishing, which
we now prove. Since € N (Xe U Cying) contains one point, say p € C, we
have degwlé’g\g = —1. Since pl|e is nowhere vanishing, we have deg L"|¢ =
—1. Thus p must be a stacky point. Hence & = Py, as stacks. Let P, =
Proj(k[z,y]) where degz = 1 and degy = r. Then p corresponds to the point
[0,1]. Let G = C (the additive group) act on Py, viaz =z, y = X\2" +y
for A € G. The G-action on Py, lifts to an action of wleog|g as well as
LY]e = Op, . (1). One can check via local calculations that G acts trivially
on (wlé’g\g)]p as well as (£71|¢)lp, thus trivially on (L7 ® wlgg)]p. Since
L7T7® wleog|g = ¢, and since G, = C has no non-trivial characters, by
Prop. 1.4 in [FMK], G acts on (L*’” ®wlgg) |e trivially as well. Hence G acts
trivially on p|e. Therefore the group G is a subgroup of the automorphism
group of &|¢. O

Corollary 3.4. Let £ € Wgr;‘(_i(@). Let m : € — @ be the normalization

of C, let »e — 72 U Cying), and let (Z),f\r,cﬁ,ﬁ, v) be the pullback of
(L,N,p,p,v) via 7. Writing € =[], C, the connected component decom-
position, and letting &, be (Eé N e, éa) paired with (E, N, 3, p, U)|g., then &
1s stable if and only if all éa are stable. |

Proof. If £ is unstable, then it contains an irreducible € satisfying one of
(1)-(4) in Lemma 3.3. This € (or its normalization) will appear in one of

&,, making it unstable. The other direction is the same. This proves the
Corollary. O

This lemma shows that the crucial part is to study the specialization of
MSP fields with irreducible domain curves.

3.2. The baskets

We begin with a special case. Let £ € W, 4(S%) be of the form (3.2). We
say that it is of p-vanishing type if C, is smooth (and connected), p, = 0,
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vo. # 0 and p, # 0.

Proposition 3.5. Let &, over S, be of p-vanishing type. Then after a finite
base change,

(al) (X%, C,) extends to a pointed twisted curve (X, @) over S such that
C — € is a scheme, C is smooth, and the central fiber Cy is reduced
with at worst nodal singularities and smooth irreducible components;

(a2) L, and N, extend to invertible sheaves L and N respectively on C so
that v, extends to a surjective v = (v1,v9) : LV & O — N;

(a3) ps extends to ap e (LT ® wléj/gs(D)) for a divisor D on € contained
i the central fiber Cy such that p restricting to every irreducible com-
ponent of Cy is non-trivial;

(ad) (px =0)N(rv2x =0) =0, (p« = 0) and (vax = 0) intersect Cy transver-
sally.

Proof. First, possibly after a finite base change, we can assume that
(ps =0) U (r2, = 0) is a union of disjoint sections of €, — S, and that
if we let 3$* be the union of those sections of (p. =0) U (v2. = 0) that
are not contained in ¥¢+, then ¥ is disjoint from X, If (¢ U XX C,)
is a stable pointed curve, let ¥2" = (). Otherwise, let X" be some ex-
tra sections of C, — S, disjoint from »Cu 3¢*, so that after letting
yeomb — $1C. 1 X Y ¥ the pair (X°MP €,) is stable.

Since (X°™P. @,) is stable, possibly after a finite base change, it extends
to an S-family of stable twisted curves (X°™P, /) such that all singular
points of its central fiber Cf, are non-stacky. Thus after blowing up €’ along
the singular points of € if necessary, taking a finite base change, and fol-
lowed by a minimal desingularization, we can assume that the resulting fam-
ily (2¢,C) is a family of pointed twisted curves with smooth € satisfying
Condition (al). Condition (a4) is satisfied due to the construction.

Since @, is identically zero, v14 is an isomorphism. We can extend N,
to an invertible sheaf N on € so that 19, extends to a section 9 of N. Let

£ =NV, We extend v, to an isomorphism v : LY — N, and extend p, to a
section p satisfying (a3), for a choice of D. This proves the proposition. [

Definition 3.6. An S-family of pre-stacky pointed nodal curves is a flat S-
family (X, C) of pointed nodal curves (i.e. not twisted curves) so that each
marked-section ¥; (of ¥) is assigned an integer r; for r; € Z~o. We call it
a good family if in addition C is smooth, and all irreducible components of
the central fiber Co = C' x g 19 are smooth.
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Note that if we let C' be the coarse moduli of the € in Proposition 3.5,
let 3; C C be the image of ¥¢ C € under € — C, call 3; pre-stacky if %
is stacky, and call it regular otherwise, then (X, C') with this assignment is
a good S-family of pre-stacky pointed nodal curves.

Given an S-family of pointed twisted curve (X, €) so that the only non-
scheme points of € are possibly along ¥, applying the procedure described,
we obtain a pre-stacky pointed nodal curve (X, C). We call this procedure
un-stacking. Conversely, applying the root construction (cf. [AGV, Cad))
to the S-family of pre-stacky pointed curves (X, C), we recover the original
family (X¢, ) after knowing the . -stacky structure of C along ¥, We call
the latter the stacking of (X,C). When r; = 1, C is a scheme along X¢.

Definition 3.7. Let (3,C) be a good S-family of pre-stacky pointed nodal
curves, and let D;, i € A, be irreducible components of Cy. A pre-basket of
(3,C) is a data

(33) B = (B + ZiGAliDi’ A+ ZieAmiDi)7
consisting of

1. A= Zf;l a;A;, where Ay, -- -, Ag, are disjoint sections of C' — S such
that for any pair (i, j), either A;NY; =0, or A; =%; and a; € %Z>0;
when a; = b;/r; is in reduced form, ¥; is assigned p, -stacky;

2. B = Zfil biB;, where b; € Z~o, B1,--- , By, are disjoint sections of
C — S such that for any pair (i,j7), either BiNY; =0 or B; = ¥;;
when B; = X;, X, is assigned regular;

3. A1, Ay, B1,- -, B, are mutually disjoint and intersect Cy trans-
versally;

4. ™m; € Z and l; € Z;

2

such that
(B4)  Oc(B+Y_LD)=0c(rA+Y rmiD,) @,

We call B a basket if in addition l; > 0, m; > 0 and l;m; = 0 for all 1.
Definition 3.8. We say a basket B final if it satisfies
(i) for everyi € A, BOAD; =0 if m; #0, and AND; =0 if l; # 0;
(ii) for distinct i # j € A such that lym; # 0, D; N D; = 0.
Let (C,L,N,p,v) and D be given by Proposition 3.5. Let {D;|i € A}

be the set of irreducible components of Cy. We form
(3.5)

A:(VQ*:O), B:(p*:O), (VQIO):.A—{—ZTFLZDZ, D:—legz,
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where the summations run over all ¢ € A. By the construction, v, and p

induce isomorphisms N = O¢(A + > - m;D;) and O Z L7 ® wléj}gs(D —B).

Using £V = N, we obtain an isomorphism
(3.6) Oc(B+ D 1iD;) = Oc(rA+ Y rmiD;) @ wg's.

Let (¥, C) be the good S-family of pre-stacky pointed nodal curves that
is the un-stacking of (X¢, @) as explained before Definition 3.7. Let D; C
Co be the image of D;. Since € away from (v = 0) is a scheme, and by
the construction carried out in the proof of Proposition 3.5, we have B =
Zfil b;B;, where B; are sections of € — S and b; € Z~, and for any (i, j)
either B; N E]Q =0orB; = E;-?, and in the latter case E? is a scheme. We let

B; C C be the image of B;. For A, it can also be written as A = Zf;l a;A;,
where A; are sections of € — S. Let A; be the image of A;. We form

k2

A= Z a;A; + Z %AZ, and B = szBz

A;¢{pre-stacky 2, } A;e{pre-stacky ¥, } =1

Lemma 3.9. Let (X,C) be as before, let B in (3.3) be such that the coeffi-
cients l; and m; are given in (3.5), and let A and B be given in the identities
above. Then B is a pre-basket.

Proof. That B satisfies (1)-(4) in Definition 3.7 follows from the proof of
Prop. 3.5. For the isomorphism (3.4), by our choice of A and B, we have

Oc(B+ ) 1LiD;) = 0c(B+ Y LiD;) ®o, Oe,
and
Oc(rA + Zrmiﬂi) ® wleo;g’s = (OC(rA + ZrmiDi) ® wlg/gs) ®o. Oc.
Therefore, (3.4) follows from (3.6). This proves the Lemma. O
3.3. Restacking

In this subsection, we fix an S-family of pre-stacky ¢-pointed nodal curves
(3, C) and a final basket B on it in the notation of Definition 3.7 and 3.8. Let
t be a uniformizing parameter of R, where S = Spec R, that is the pullback
of the standard coordinate variable of Al via the map S — Al specified at
the beginning of §3.1. Let R, = R[z]/(z" —t), and let S, = Spec R,..
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Lemma 3.10. Let R be a DVR and S = SpecR. Let C be a flat S-family
of nodal curves, let N be the singular points of the central fiber Cy, and let
M be an integral effective Cartier divisor on C such that M = rMy + My,
where My is an integral Weil divisor contained in Cy and where My, is an
integral Weil divisor such that none of its irreducible components lie in Co.
Then there is an Sy.-family of twisted curves C such that

1. let N C (i’o be the singular points of Gg, then © — N & (C— N) Xg Sp;

2.let g: C—N — C be the morphism induced by (1), then qb*( ) is
dwzszble by r, and qb*( ) extends to a Cartier divisor on C, denoted
by M ;

3. each p € N is either a scheme point or a o -stacky point of é, where
alr, such that the tautological map Aut(p) — Aut(Oz(Mu1)|5) is injec-
tive. "

Proof. Let p € N be a singular point of Cyp. We can choose a Zariski open
subset W of p in € such that any irreducible component of the divisor
W N M contains p, and W N M is given by the zero locus of a regular
function f. We can find an étale open neighborhood ¢q: (V,v,) — (C, p) with
an étale morphism 7: (V,v,) — (Y: = Spec(R[z,y]/(zy = t*)),0) over S.
Here t is the uniformizing parameter of R. Let D; and Dy be prime Weil
divisors on Y corresponding to the ideals (x,t) and (y,t) respectively. We
can choose V small enough such that v, is the only pre-image of p and
q*My = 7 (n1.D1 + n2 D) for some nonnegative integers ni and nao.

Consider the base change ¥ := Y xg S, — Y. Let 0 be the node in
the central fiber Y — SpecR,. Then we have ¢: ¥ = Spec(R [x,y]/(xy —
zk’”)) — Y, where z is the uniformizing parameter of R,.

Let U: = Spec (Ry[u, v]/(uv —2)). U is smooth. Consider the morphism
¢: U — Y via © — u* and y — v Consider a Uy,-action on U via
¢ (u,v) = (Cu, ¢ M) for ¢ € py, Then the quotient U/u,m, >~ Y. Let
D, = {u = 0} and Dy = {v = 0} be Cartier divisors in U. Let vV =
VxyY=VxgS and V' =U xy V. The py,-action on U lifts to a puy,.-
action on V', V is étale over Y, and V' is étale over U. Hence V' is smooth.
Let ': V' — U. Let ¢': (V',v]) — (W,p) be the induced morphism. We
can choose a Zariski open subset of V', still denoted by V'’ without loss of
generality, such that ¢"*(Mp) = W'*(krnlf?l + 'rknng) and

%q'*M = %(rq/*Mh + krny Dy + k:rng]__?g) = ¢*M}, + kn1D1 + kna Do,
where D; = 7/~1(D;). It is a Cartier divisor and g, -invariant. Let g be a
regular function in a Zariski open neighbourhood of v/, whose zero locus is the
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divisor %q’*M . Clearly ¢"*(f)/g" is a nowhere zero regular function. There
exists a py,-equivariant étale morphism g: X — V' and a regular function
h on X such that g*(¢*(f)/g") = h". Since ¢*f is p,-invariant, the action
of an element ¢ € py,. on the function (*¢* f)¢ is ¢*¢’* f. Thus the action of
an element ¢ € gy, on the function hg*g satisfies ((hg*g)¢)" = (hq*g)", that
is, (hq*g)¢ = (Phg*g for some nonnegative integer 8. Let u;, be the largest
subgroup of p;, such that hg*g is invariant under the action of p;. Let
K, = Mg,/ Then hq*g descends to a regular functlon gonX: = = X/ .
Let G: (X,%,) — (W,p) be the induced morphism. 1G*(M) is the divisor
defined by the zero of g and a p,-action on X such that, for ¢ € Wy, §° = £9G
where a and a are relatively prime. X /1, is étale over V. It is clear that
alr.

Let C: = C xg S, be the base change of C' and p be the node in C
mapped to p. The above discussions introduce possibly a stacky structure
at p, that is, we use [X/pu,] as a local chart for p. By repeating this over all
p € N, we obtain qg : @ — C such that € is a twisted curve defined in [AV]
and M 1= %QE*(M ) is an integral Cartier divisor satisfying the requirements

of the Lemma where ¢ is the morphism from C to C. O

Corollary 3.11. Let C be a flat S-family of nodal curves, let N be the
singular points of Co, and v € HY(M) be a section of an invertible sheaf M
on C — N so that M®" extends to an invertible sheaf on C. Then there is
an Sy-family of twisted nodal curves C such that

1. let N C Gy be the singular points of Cy, then € — N = (C—N) x5S,

2. there is an invertible sheaf M on € and a section © € H°(M) so that,
letting ¢ : C— N — C' be the morphism induced by (1), then M|é—]\7 ~
»*M, and U|e N = ¢*v;

3. each p € N is either a scheme point or a W, -stacky point, alr, of e,
and the tautological map Aut(p) — Aut(M|z) is injective.

Proof. Since C is normal, and M®" extends to an invertible sheaf on C, v"
extends to a regular section over C', thus M = (v" = 0) is a Cartier divisor
on C. As M|c_n = r(v = 0), we can write M = rM, + My, where M, is
supported on Cy and no irreducible components of Mj, lie in Cj.

Let ¢ : € — C be the S,-family of twisted curves constructed in the
previous Lemma for the Cartier divisor M = rM; + My, and M be the

Cartier divisor so that ¢—'(M) = TM%. Let M = Oé(M%). Then M is
invertible with a tautological section & € HO(M) so that (o = 0) = M. As

(5=0)N(€—N)=((v=0)x55,)N(€—N),
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we conclude that we have isomorphism M| e = P*M Ml|s_gsothat 0|z 5 =
qg*v|é7 5 - This proves the corollary. O

Let (X,C) be a good S-family of pre-stacky pointed curves and B be
a final basket in the notation of Definition 3.4 and 3.6. We shall provide a
procedure to construct a family in W;)rf’ (S).

We first restack the pre-stacky pointed curve (X x gS,., C'xgS,) to obtain
an S-family of pointed twisted curve (£¢, €). By abuse of notation, we still
use C' to represent the coarse moduli space of C. Let ¢ : € — (Cp)sing = C
be the projection. Let M = rA + > rm;D;, which is a Cartier divisor on
C so that D; are supported along Cy and no irreducible component of A
lies in Cy. Thus q*M is a Cartier divisor. We then apply Lemma 3.10 and
Corollary 3.11 to (Ee, C) to obtain an S,-family of pointed twisted curve
(¢, é) such that it is isomorphic to (¢, @) away from the singular points
of the central fiber, and there is an invertible sheaf M on € with a section
¥ so that M is the extension of oé*(éo)sin (%q*M) and v is the extension of
the tautological section of the latter.

Let (5 : € — C be the tautological morphism, let N = 3\7[, and let
Dy =0 € HYN) = HO(M). Let 7y : £ = NV. By (3.4), we conclude that

T . log
(B+> LDi) =L~ T

Let p € F(L "® wlo/gs) be induced by the above isomorphism and the tau-

tological inclusion Oy C Oé(gz;*(B + > 1;D;)). Because p, vanishes along

p lifts to a section in I'(£L ™" @ w g)/gs( E(e ,))- This proves

e.
(1,0
Lemma 3.12. With notation as above. Then f = (Eé, é,i,f\f, $»=0,p,7)
constructed from a final basket B belongs to W;T;;(S) for a choice of (g,7,d).

3.4. Modifying brackets

In the followings, we will perform a series of blowups, base changes, and
stabilizations to obtain an extension in W 4(S5). Let (X,C) be a good
S-family of pre-stacky pointed nodal curves.

Definition 3.13. Let B be a pre-basket of (X,C). We say B’ is a modifica-
tion of B if there is a finite base change S' — S, a good S’-family (X', C") of
pre-stacky pointed curves so that B’ is a basket of (X', C"), (X/,C") xg S, =
(3, C) xg S. as pre-stacky pointed nodal curves, and under this isomorphism
B xg S, =BxgS..
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We first show that we can find a basket B’, which is a modification of B
n (X,C). Indeed, let 7; = min(rm;,[;), and let

(3.7) =B+ (li—7)Di, A+ (m; —7i/r)D;).

It is easy to see that B’ is a modification of B.

In the following, we assume B is a basket as in Definition 3.13. We will
construct modifications of the basket B that will reduce the Zx-valued
quantities

Vi(B) = Z rmj, Va(B) = Z li, V3(B) = Z %

BND;#0 AND;#0 D;ND;#0

Lemma 3.14. Let (X,C) and B be as stated. Then there is a modification
B' of B such that V1 (B') = 0.

Proof. Let j be such that m; > 0and p € BN D; # (). Since B is a basket,
l; = 0. By the definition of basket, Cy is smooth at p and p ¢ A. We let

7: C = C be the blowup of C at p, let E be the exceptional divisor, and
let 7: C' — S be the induced projection. In the following, for any Cartier
divisor G C C, we denote by G its strict transform in C. Because B is an
integral divisor, 7*B = B + IE with 1 < [ € Z. By the blowing up formula,

log 1
we have wé/s T wg%(eE), where
(3.8) e=0whenped; e=1whenp¢3X.

We give & the pre-stacky assignments according to that of ¥. Form
B=(B+ leDz +(+e)B,A+ ijf)j +m;E).

We claim that it is a pre-basket of (X, C). Indeed, the conditions (1)-(4) in
the Definition 3.7 can be easily verified. It remains to verify the isomorphism
(3.4). Obviously we have

T 0c(B + ZliDz') = 0g(B+ ) IE+) LD,

™ ((Oc(rA+ Z rm;D;) @ wlg%) = O@(T[H-Z rm;D; +rm;E) @ T*wlg}gs,

* 1og o 10g(

Wejs = Wars —eF). Combined, we get

and 7

Oc(B+> (I+e)E+Y 1;D;) =0 rA+ZrmiDi+rm3E)®wg’§S.
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Thus B is a pre-basket. Let

. . o . 7
B'=(B+Y LiDi+(+e—7EA+> m;D;+ (m;— D)E),
where 1 < 7 = min{rm;,l + ¢} € Z since 0 # rm; € Z. By construction, it

is a modification of B'.
Since BN D; = ) and 0 < m; — T/r < m;, we have

Vi(B') = Z rmg+r(m;—-) = Z rm; —7 = Vi(B)—r < Vi(B).
BND;#0,j#j BND;#0)
The lemma is proved by induction. O

Lemma 3.15. Let (X,C) and B be as stated with V1(B) = 0. Then there is
a modification B’ of B such that Vi(B') = Va(B') = 0.

Proof. Suppose there is an I; > 0 such that AN D; # (). Since B is a basket,

m; = 0. Pick p e AND;. Let 7: C' — C be the blowup of C at p. If p lies on

a marking 3J;, let > cC be the strict transform of ¥;. By transversality,
A = A+ mFE where m € Z>0 Consider

B=(B+> LD+ (;+eEA+> m;D;+mE),

where € is as in (3.8). We have BN E =0, AN D; = (), and A intersects E
transversally. As in the proof of the previous Lemma, it is straight forward
to verify that B is a pre-basket. As in (3.7), let

N R s R 7
B =(B+)Y liDi+ (i +e—7)E,A+> m;D;+ (m— ;)E),
where 7 = min{rm, [; + ¢}. We claim that 7 > 1 4 e. Indeed, when p ¢ 3,
m > 1; when p € X, then rm>1bute=0. Thus 0 <l;+e—7 <I; and
Vo(B') < Va(B). Repeating this construction, we prove the Lemma. O

Lemma 3.16. Let (X,C) and B be as stated with Vi(B) = Va(B) = 0. Then
there is a final basket B' which is a modification of B.

Proof. Suppose there are pairs D; # D; such that p € D; N D;, and £; > 0
and mj; > 0. Without lose of generality, we assume that Cp has only one
node, which is p = D;NDj;. Take a base change Sz — S, and let C' = Sy%x5C.
Then near a node of the central fiber of C’, C' locally is of the form zy = t2.
Minimally resolve C’ to get a smooth C' with a (—2)-curve corresponding to
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that node. Let E be the (—2)-curve, the exceptional curve of the resolution
7:C — C'. Then wlcf)i% = %*wloofg’/SQ = T*wlc?/gs, where 7 is the composition
of 7 with the base change map 7/: ¢’ — C.

Let B = (B+ > ¢;D;,A+ > m;D;j). Since A and B do not intersect
D; N Dj, we have 7" A = A and 7*B = B. From the base-change and the
minimal resolution, we get a new pre-basket on C:

B=(B+Y 20:D; +2E, A+ 2m;D; + 2m;E).
C — C is a ramified double covering with branch locus D;. Then let
B = (B + Z 2&[)1' + (2¢6; — 7)E, A+ Z Qmij + (2m3 —7/r)E),

where 7 = min{2rm;, 2(;} as in (3.7). It is a basket. E intersects D; and lN);
at the nodes, and D; N D3 = . If £; > rm;, we have

ged(26; — T, 27“m3) > ged(24;, Qdmj) = 2gcd(4;, T‘mj),

which imply

(2€g — F) . 2rm3 25; . 27“m3 _ 5; ST
ged(26; — T, 2rm3)2 < 4gcd(€;,rm;)2 N gcd(f;,rm;)Q‘

Thus V3(B') < V3(B). If £;7 < rmj, same argument gives V3(B') < V3(B). As
the central fiber of C is reduced, the lemma follows by induction. O

Proposition 3.17. Let &, € W, a(Ss) be of p-vanishing type. Then possi-

bly after a finite base change, &, can be extended to a family & € W;ﬁ;(S).

Proof. Applying Proposition 3.5 and the discussion afterwards, possibly af-
ter a finite base change, we obtain a good S-family of pre-stacky pointed
nodal curves (X, C), and basket B as in (3.3). Applying results proved in
Section 3, we can modify B to get a final basket. By Lemma 3.12, the final
basket provides us a family £ € W;’fj;(s ). O

3.5. Stabilization

We will show that the extension £ constructed in Proposition 3.17 can be
made in W~ 4(5).
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Lemma 3.18. Let ¢ € nged(S) be such that & € W, 4(Sk). Suppose the
central fiber Co is irreducible, then & € ;%d(no).

Proof. Suppose & is unstable. Since € is irreducible, by Lemma 3.3, either
Co is a smooth rational curve satisfying one of (1)-(3) in Lemma 3.3, or Cy
satisfies (4) of the same Lemma.

In case Cp is a smooth rational curve and satisfies one of (1)-(3) men-
tioned, since the properties in (1)-(3) are deformation invariant, for general
s € Sy, Cs satisfies the same property, forcing £, unstable and thus contra-
dicting to that &, is a family of stable objects.

Therefore, Gy must be the Case (4) in Lemma 3.3. Therefore, for a closed
point s € Sy, X% = 0, and deg L, = deg Ny = 0. Here £% = ¢ nN¢,,
etc. By the non-vanishing assumption on (p,v2), (¢,v1) and (v1,12), as in
the proof of Lemma 3.3, when p|e. # 0, we conclude that L®"|e. = O,
and L]g = Nle,; when ¢le, # 0, we conclude that Lle, = Nle, = Oe,.
Therefore, & for general s € S, belongs to Case (4) of Lemma 3.3, thus
must be unstable. This proves the Lemma. O

Let £ € W;ﬂia(S) be the extension constructed in Proposition 3.17.
Suppose &y is not stable, by Lemma 3.18, €y is reducible. By Lemma 3.3,
we can find a rational curve & C € so that either (1) or (2) of Lemma 3.3
holds.

For case (1), we further divide it into two subcases: (la) when both
ENXC and €N Cosing consist of one point; (1b) when € N Cpging consists
of two points. For case (2), as Cg is reducible, we know € N X¢ = () and
€ N Co sing consists of one point.

Lemma 3.19. The extension & constructed in Proposition 3.17 can be made
in W, 4(S5).
Proof. As argued, we need to treat the case when €y (of the family &) is
reducible and belongs to cases (1a), (1b), or (2). As the treatments of cases
(1a) and (2) are similar, we will prove the case (la) in detail and skip (2).
Let € C € be of the case (1a), a rational curve intersecting the remaining
irreducible components of Gy at p € €. Let ¢ = X°NE. As € is of case (1a), we
know L"|¢ = O¢. Because £ is of p-vanishing type, degN|e = deg L]e = 0.
Thus, if p|e (resp. v2|e) is non-trivial, it is nowhere vanishing on €.
Consider the case when 1a|e = 0. Let (X,C) with B being the good
S-family of pre-stacky pointed nodal curves with a final basket B that con-
structs the family £ according to the proof of Prop. 3.17. Let E C Cy be
the irreducible component corresponding to €. Then F C C' is a (-1)-curve.
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Following the notation in (3.3), E C A+ Y m;D;, thus E = D,, for some
i0-

We blow down C' along E to get 7: C'— C. Let A, D;, B be the image of
A,D;, B under 7 : C' — C, respectively. Let Dj, be the one that intersects
E.Let c=A-E > 0. Because degN|e =0, (A + m;,D;, + m;D;) - E =0,
namely, ¢ —m;, +m; = 0. Thus

W*(A + Zmlf),) =A+cE+ ZmZDZ + ij
i i1
iio

Since we have

we obtain an isomorphism parallel to (3.4):

W*OG(B + Zflf)l) = W*Oé(TA +7r Z m;D;) @ W*wlg%.
i

Note that 7(F) € C is a marking on D; and thus wl(/?}gs = W*wlg}gs. Pushing

forward and using m, (Oc(E)) = Op, we get

OC’(B + Z&Dl) = OC*,(TA —+r Z mZDz) X WICS?S'
i

Hence B = (B+ Y. 1;D;, A+ > itio m;D;) is a final basket on a good family
of pointed curves (C,%).

To complete the study of (1a), we also need to take care of the case when
ple = 0, or the case both 15|e and p|e are non-trivial. The study of these
cases is parallel and will be omitted. Finally, by induction we conclude that
we can find £, extending &, such that only (1b) occurs.

Therefore, to prove the Lemma, we only need to consider the case where
the rational € C € that makes £ unstable are all of case (1b). Let D =
E1U---UE, C € be a maximal connected chain or loop of rational curves of
Co, of case (1b). We first rule out the loop case. If D is a loop, then €y = D,
thus £ has ¢ = 1, no markings, and deg L = degN = 0. Thus we have &,
unstable, a contradiction.

Let (C,X) and B be as in the beginning of this proof and D C C be the
union of curves D = Eq U ---U E} where E; C Cy corresponds to &; C Cy.
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Then D C C' is a connected chain of (-2)-curves. Let ¢ : C' — C’ be the
contraction of D, p’ = ¢(D) € C" and ¥/ = ¢(¥). By Lemma 3.3, we have
PNy =0.

We first assume that € is not a scheme along D. As £ is of (p-vanishing
type, £ = NV. Further, over this chain of rational curve D, we have
deg Lle, = 0 for any & C D. Since vy vanishes at the stacky point of
D, vo|p = 0, implying that p|p is nowhere vanishing. Let £y C Cp and Ex41q
be the two (could be one) irreducible component of €y that intersect £; and
E, respectively. Let g; be the node €, N E;41,7=0,---, k. Then using that
p|o is nowhere vanishing we conclude that the monodromy of £ at ¢;—1 and
q; along &; is exactly the opposite.

To proceed, we introduce a family of twisted curves €’ with coarse moduli
C’, the contraction morphism ¢ : C — C’ induces an isomorphism

o

¢:C —p—C-D,

and p’ is a scheme point.

Let (£,N, p,®,7) be the pullback of (£, N, p, p,v) via ¢. Since L7 |p =
Op, L extends to an invertible sheaf on €. As £ is isomorphic to NV near
p', N®7 extends to an invertible sheaf on €.

We now consider 7y € H(€' —p',N). Since N®" extends to an invertible
sheaf on €', we can apply Corollary 3.11 to (72, N) to introduce a p,-stacky
structure at p’ € €', for a | r, if necessary. After a finite base change,
we continue to denote by €' the resulting family of twisted curves. Then
N extends to an invertible sheaf N’ on € so that 7, extends to a regular
section v of N’. Since £V is isomorphic to N near p’, we extend £ to an
invertible sheaf £’ on € so that £’V is isomorphic to N’ near p/, and extend
the known isomorphism between £V and N. Because €' is normal near p/,
we can extend @, p and 7y to regular sections ¢', p/ and v} over C'.

We claim that ¢’ = (¢,¢,L/,---) € Wy q(S). For this, we only need
to check that (¢', 1)y, (¢, v5)|p and (v],4)|, are nonzero. First, as vy = 1,
v; is nowhere vanishing away from p’, thus v = 1. For the same reason, as
p|» is nowhere vanishing, p’|e/—, is nowhere vanishing near p’, this p’ is non-
zero at p’. This proves that (¢',11)]y, (p/,14)|y and (v], %), are nonzero.
Therefore, ¢ € W;f;;(s ) and satisfies &, = ..

The case that C is a scheme along D can be proved similarly.

Apply induction on the number of such chains of rational curves, we
prove that we can extend &, to a family & € Wg_md(S). This proves the
lemma. O

We prove the desired existence for the general case.
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Proposition 3.20. Let & € W;Vd(S*) be such that C, is smooth. Then
possibly after a finite base change of S, &, extends to a & € Wg_vd(S).

Proof. Let & = (X%, €y, ---). We distinguish several cases. The case p, = 0
is proved in Proposition 3.1. The next case is when ¢, = v5, = 0. In this case
(p« = 0) = 0 and £Y = N,. So we get a r-spin twisted curve (C., Ly). By
[AJ], we can extend (Cy, L) to a r-spin twisted curve (€, £) over possibly a
finite base change of S. Here the extension ¢ is in W, .. q(S). The last case
is when ¢, = 0, p, # 0 and o, # 0. This case is proved in Lemma 3.19.
This proves the proposition. O

3.6. Valuative criterion for properness

We verify the valuative criterion for properness by gluing the extensions
constructed in the previous subsections, using the construction in [AGV,
Appendix] (cf. [AF, Def. 1.4.1]).

Let X be an S-family of not necessary connected twisted nodal curves
with two markings I'; and I's which are p,-gerbes over S where a|r, let X be
the moduli of X with the natural projection 7: X — X, and s1,s9: S — X
be two sections such that s;(S) = 7(I';). The line bundle N¥%.. descends to

r;/x
the normal bundle of 7(I";) in X.

Lemma 3.21 ([AF, Def. 1.4.1]). With notation and assumptions as above.
Assume s*{NI‘fl/x = SENF_Z%C. Then possibly after a finite base change, we can
find an S-family of not necessary connected twisted nodal curves X' together
with an S-morphism o : X — X' that is the gluing of X via (an appropriate
S-isomorphism) I'y = T's.

Proof. Possibly after a finite base change, we can find an S-isomorphism
v : 't = I's and Np, )x ®7*Nr,/x = Or, that induces the given isomorphism
s’{NI‘il /x i 33]\71:2 [;x In case I'y and I'y lie in different connected components
of X, the gluing is given in [AF, Definition 1.4.1]. The case I'y and I'y lie

in the same connected component of X can be deduced by adopting the
construction in the Appendix of [AGV]. O

We can also glue the sheaves and sections. Let the situation be as in
Lemma 3.21, and let « : I'y — I's be the isomorphism given in its proof.

Corollary 3.22. Suppose we have an invertible sheaf L on X and an iso-
morphism v*(L|r,) = Llr,. Then the sheaf L glues to get an invertible sheaf
L' on X' via the exact sequence

0 — L' — L = au(Lp,) — 0,
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where the arrow € takes the form
(@:£)Ir = e (£lr,) © @ (£lr) = an (L),

where €1 is the identity a.(Llp,) = ax(L|r,), and ez is the isomorphism
ax(Llr,) = ax(L|r,) induced by the isomorphism v*(L|r,) = Llr, given.
Furthermore, suppose s € H(a,L) is a section so that e(s) = 0, then s lifts
to a section s' € HO(L').

Proposition 3.23. Let S, C S be as before and &, € Wg_,yd(S*). Then,
possibly after a finite base change, &, extends to £ € W;vd(S).

Proof. Let & = (X%,Cyy--+) € W, a(Ss). Possibly after a finite base
change, we can assume that every connected component of the singular
locus (Cy)sing is the image of a section of €, — S,. Let

ﬂ:@ﬂor:H@a*%e*

be the normalization of C,, with every C,4 connected. After a finite base
change, we can assume that C,. — S, have connected fibers. Let 7,4 :
Cax — €, be the tautological morphism. For each C,., we endow it with the
markings the (disjoint) union of 7,1(X¢*) and 7,1 ((Cs)sing)- Let Lax, etc.,
be the pullbacks of Ly, etc., via 74«. By Corollary 3.4,

ga* = (Eea*a ea*aLa*yNa*,(Pa*,pa*;Va*) S Wg_a,nmda(s*)’

for a choice of (gq,na,dq)-
Applying Proposition 3.20, after a finite base change S, — S, we can
extend &ox to a §, € W, (Sa). We then pick a finite base change

9asNa,

S— S, factoring through all S, — S, and form &, = & xg, S. Therefore,
after denoting S by S, we conclude that possibly after a finite base change,
every {ox extends to a §o € W, 4 (5).

We now glue &,’s to a £ that is a stable extension of &,. Let €= 11Ca,
T, C Cy be a section of (Cy)sing, and Y1, [[ T2, C CI" be the preimage
of T,. Using (C,)"°" — C,, they are markings in C.. Since markings in C.x
extend to markings in C,, after a finite base change, we can assume that all
T;. extend to sections T; in @ such that the Si-isomorphisms T, = T, &
T, extend to an S-isomorphisms o : T1 = Ts.

Then possibly after a finite base change, we can find an isomorphism

0" Ny, ® Ny, e = Or,
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whose restriction to Y1, is consistent with the isomorphism Ext!(Qe,,0¢,) =
Oc,. Applying Lemma 3.21, we obtain a gluing € of e along T1 = Yo,
resulting in a family of twisted pointed curves. After performing such gluing
to all sections of (Ci)sing, We obtain an S-family of twisted nodal curves
C — S that is an extension of C, — S,. Denote the gluing morphism by

(3.9) B:C—C.

We next glue the sheaves and fields. Let (i, 3~\f, &, p, V) be the sheaves and
sections on € so that its restriction to G, is a part of the extension Eo- We will
show that possibly after a finite base change, we can find (£, N, ¢, p, ) over
C together with isomorphisms (Zl,f\f) =~ 5*(L,N) and (¢, p,0) = B*(¢, p,v).

Without loss of generality, we can assume that (C.)sng consists of a
single S,-section. Thus C is the gluing of § along T1 = Ts. Let

LlZT—>é

be the composite T 2 T; — € of the tautological maps. We ﬁrst consider the
case where ¢]¢ # 0. Then necessarily ¢5¢ # 0. Since &, € g ede a. (8),p=0
in a neighborhood U of Y1 U Ts in G thus », which is nowhere vanishing
in U, induces an isomorphism N]u = Oy, hence inducing L*N O~ so that
;5 = 1. Note that in this case, C is a scheme along 1.

For i = 1 or 2, we consider (¢f@,. 7), which is a nowhere vanishing
section of HO(1;LEWN+D), Tt induces a morphism §; : T — PN. Because
Bilr. = Bz|x., we have 81 = f2. Consequently, we have a unique isomor-
phism ¢ : 1L 22 /5L so that

(3.10) ¢ (139, 1501) = (1@, 1171).-

Using Ljf\f = Oy and (/7 = 1, we have isomorphism ¢ : ¢ N = L2N so that
509 = 1D

Applying the scheme version of Cor. 3.22, we obtain invertible sheaves £
and N on € with isomorphisms 8*£ = £ and 8*N 2 N whose restrictions to
T are ¢ and ¢’ respectively. By (3.10) and Cor. 3.22, we also obtain sections
o € H°(L)®N and 1o € H(N) that are liftings of 5. and B.i%, respectively,
which satisfy 5*¢ = ¢ and §*vs = Dy, under the given isomorphisms.

It remains to check that ; and p can be glued to sections over C. In
this case, since € is a scheme along (Y1) = 8(Y2), using that £ glues to £
we conclude that £7" ® wlog

/s

glues to L77 ® wg’/gs. Since p vanishes along
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T1 U Ty, Bip lifts to p so that p|gy,) = 0. The gluing of 7 is similar. This
proves the existence of gluing in this case.

The other case is when ¢jp # 0, which implies that (55 # 0. In this case,
we must have @|z = 0 over a neighborhood Uof T1UT, in €. Consequently,
1]q is nowhere vanishing, forcing Lv|u = N|u. In particular, we have the
induced isomorphism L*(Z] ® N) = Oy and ¢f71 = 1 under this isomorphism

log
To proceed, we use the canonical isomorphisms ¢jw>?, = Oy due to

e/s
that T; C € is a section along smooth locus of fibers of € — S. Using this
isomorphism, we can view ¢} as a section in H(1;£~"). Using 15£Y = 1N,
Vi is a section in HO(1LV). Because (11p, 1) is nowhere vanishing, it
defines a morphism f; : T; — P, ;). Because 81 xg Sx = f2 X5 Sx, we have
B1 = B2. Thus there are isomorphisms

¢, : /’T'E = /BikO]P’(TJ)(l) = /BSOIP(TJ)(l) = L;Z’

so that 1]p = 13p and (2 = 1505 (with the known ¢ e}gs =~ Oy).

Like before, using ¢’, and applying Corollary 3.22, we can glue £ to get
L on C so that, letting ¢ : T = (Y1) C € be the tautological inclusion,
the isomorphisms U{Zl =00 = L;Z: induce the isomorphism ¢’. We next
glue N. Let U be the image of U under € — €, which is a neighborhood of
T C C. Then using Z)v]ﬂ & 3~\f|ﬂ, we see that N glues to get N on € so that
Ny = £V, consistent with the isomorphism £V|g 2 N|g.

As before, applying Corollary 3.22 and using that (]7p = 1509 and (jp1 =
L5p2 under ¢’ : L’{E > Lgi, we conclude that s and p glue to 15 and p of N
and L7 ®w1(_§’/gs, respectively. Since @ly = 0, it glues to ¢ such that ¢|y = 0.
For 7y, since it induces isomorphism 3~\f|ﬂ = Ziv]a, and this isomorphism
descends to Ny = £'V|y, we see that 7; glues to get vq. Finally, we let ©¢
be the image of X¢ — (T1 U Tg). Then

62(26765’573\[’@7/)7 )GWQ'Y, (S)

This proves the Proposition. O

Let WgN acC Wy .~,a be the reduced closed substack where close points
are £ € Wy 4, d((C) such that (¢ =0)U(p =0) = C (cf. Lemma 2.13). As the
proof doesn’t use the condition @] + ...+ ¢’y = 0, we have

Corollary 3.24. Proposition 3.23 holds with W ~v.d replaced by W
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4. The proof of Theorem 1.1

We first verify the valuative criterion for separatedness of W, , 4. We then
show that Wg—w q is of finite type. Combined, they prove Theorem 1.1.

4.1. Valuative criterion for separatedness

As before, g € S is a closed point in a smooth curve over C, and S, = S—np.

Lemma 4.1. Let &, £ € Wy ,.a(S) be such that & = &, € Wy.a(Ss).
Suppose Cy is smooth. Then & = ¢'.

Proof. Let € = (£¢,6,L,---) and & = (2%,€,L/,--), let C (resp. C’) be
the coarse moduli of € (resp. €’), and let 7 : X — C (resp. @' : X' — ()
be the minimal desingularization. Thus 7 and 7’ are contractions of chains
of (—2)-curves.

Let f: X --» X' be the birational map induced by & =&/, let Uy C X
be the largest open subset over which f is well-defined. Suppose Uy C X,
then X —Uj is discrete. Let X1 be the blowing up of X at X —Uj. Inductively,
suppose X — X is a successive blowing up along points, let U, C X} be the
largest open subset over which the birational f : X --+ X' is well-defined,
then let Xj1 be the blowing up of X}, along Xy — Uy. After finite steps, we
have Xz = Uj,. Denote Y = X}, with

7:Y —X and f:Y — X'

the induced projection and birational morphism.

Let £ C Y be the exceptional divisor of 7. Write E = >, E}, where
E;, C E is the proper transform of the exceptional divisor of X; — Xj_1
when k& > 2 and the exceptional divisor of the map X; — X when k = 1.
Let E' C Y be the exceptional divisor of f. By our construction, E and
E’ share no common irreducible curves. Let Yy = U?Dj be the irreducible
component decomposition of the central fiber Yj.

Furthermore, by our construction for V=Y — E’, fly, : V — f(V) is an
isomorphism, and by the blowing up formula, we have
(4.1) s = WE(D B and Wl = POl ol

(2

Let L and M (resp. L' and M’) be the line bundles on X (resp. X’) which
are the pullbacks of the descents of £L&" and N®" (resp. £'®" and N'®") to
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C' (resp. C"). Using &, = ¢, we can find integers a; and b; so that
(4.2) FL =L D) and f*M' =7"M()_bD).

Let w1, ug and hj be the pullbacks of the descents of v{, v5 and 7, respec-
tively, which are sections of L ® M, M and L, respectively. Denote by u},
us and A be the pullbacks of the descents of 11", vy and ¢ similarly. By

lo
X/s)

the same reason, we will view p and p’ as sections in H(X,L™! ® w
and HO( X', L'"' ® wﬁ?ig/s) respectively.

We now show that £ = (), namely, f is a morphism. Suppose not, let
D; C E be an irreducible component with z = 7(D;) € X. We first remark
that x is a smooth point of the central fiber Xg. Indeed, that x is a singular
point of Xy implies that Vj = V' xg ng is not reduced. On the other hand,
since fly : V — X' is an S-isomorphism onto its image and X\, is reduced,
V0 is reduced too. This proves that x is a smooth point of Xj.

For the same z = 7(Dj), by the construction of # we know 7 !(z) is
a tree of rational curves. By reindexing Yy = U’_; D, we can assume that
D1+ -4+ Dy, form a maximal chain of rational curves in fr_l(x) with D; C E;
for i <k, and D; N D;41 # 0 for i < k, thus Dy, C Y is a (—1)-curve. Since
x is a smooth point of Xy, by our construction of (7, f), f(D1),---, f(Dg)
is a chain of rational curves in X', and f(Dy) is a (—1)-curve in X'. In
particular, the image of f(Dy) in C), denoted by D', is a rational curve. Let

z € Dy be a general point and let y = f(z). Note z = 7(z).
Sublemma 4.2. Let the situation be as stated. Then we have ua(x) = 0.

Proof. We prove by contradiction. Suppose ug(x) # 0. We claim that a =
by, = 0.

We divide it into two cases. The first is when uy(z) # 0. Since T uy €
HO(V,7*M) and non-trivial along V N Dy, and since f*u}, € HO(V, f*M’),
using (4.2) and that T*us|yx.s. = f ublyxss., we conclude that by > 0.
Similarly, using that uj(x) # 0, we conclude that ay + bx > 0.

We claim that ay, + by, = 0. Suppose not, then by (4.2), we have v} (y) =
0, thus u)(y) # 0 and (hi(y))X, # 0, which forces b, < 0 and a; < 0,
contradicting to ax + by > 0. This proves ag + by = 0.

We now prove ay = by = 0. Suppose not. Since ap + b = 0 and by > 0,
we must have by > 0. Then a; < 0 and u)(y) = 0. Note that because of
(4.1) and (4.2), for any ¢ < k and a dense open U C D; that is disjoint from
the nodes of Yy,

(4.3) I @wg oo =27 (L @ wiE)((i - ai) Di)lu.
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Applying to i = k, we conclude that p'(y) = 0, contradicting to u(y) = 0.
Thus ay, = b, = 0.

The other case is when u1(z) = 0. Since u;(x) = 0, we have (h;(x))Y, #
0. Similar to the argument above, using h;(x)) # 0 (resp. ua(x) # 0), we
conclude that ay > 0 (resp. by > 0).

We now show that by = 0. Suppose not, that is by > 0, then we must
have f*ub|p, = 0, which forces f*p'|p, # 0. Applying (4.1) and (4.2), we
must have k — a; <0, thus ax > k > 1, which forces f*U/ﬂDk. = 0, violating
that (u},u}) is nowhere vanishing. This proves b = 0.

A similar argument shows that a; > 0 would lead to f*hl|p, = f*u}|p, =
0, a contradiction. Therefore, a; = by = 0 in this case, too.

Let D’ C €' be the irreducible component whose image in C’ is the same
as the image of Dy, under Y — X’ — C'. Since f(Dy,) is a (-1)-curve, D’ is
a smooth rational curve in € and contains exactly one node of € and at
most one marking of ©¢".

Next, we use (4.1) and aj, = by, = 0 to conclude that p'|p, = 0. Therefore,
N|p = Opr, and (@, -+, @y, )| D defines a morphism 8’ : D' — PV, Let
¢’ € D' be the node of €. By (4.2) and that ax = by, = 0, we conclude that

(44) f*(solh 7309V7V1)|D’*(1' = ﬁ'*((@l, a@N7V1)|x)‘D’7q’~

Thus ' : D' — PV is a constant map. Since D’ contains one node of €
and at most one marking in ¥¢, adding that p'|p. = 0, by Lemma 3.3 we
conclude that & is unstable, a contradiction. This proves the Sublemma. [

We continue to denote by D + --- 4+ Dj, a maximal chain of rational
curves in 71 (z) with D; € E;.

Sublemma 4.3. We have ap =k, a; < a;41 — 2 fori <k, and a; +b; =0
for all i < k.

Proof. First, we have (4.3). We claim that for i < k,
(4.5) i1—a; >0 and a; +b; =0.

In fact, by the previous Sublemma, we know wug(z) = 0, thus p(z) # 0 and
7*p|p, # 0. Adding that f*p’ is regular along V and coincides with 7*p over
V xg Sk, we obtain the first inequality in (4.5). Similarly, using u;(x) # 0,
we obtain a; + b; > 0.

We now show a; +b; = 0. Suppose not, say a; +b; > 0, then f*u}|p, = 0,
which forces f*h; p, # 0 for some j, and by (4.2), we obtain a; < 0. As
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a; + b; > 0, we obtain b; > 0, and hence f*u’Q\Di = 0, contradicting to
(u)(y),uh(y)) # 0. This proves (4.5).

We next prove ay = k. Suppose not, by (4.5) we have k — a; > 1. Then
f*0'|p, = 0, which forces f*uj|p, nowhere vanishing. By (4.2), we have
b < 0; adding ar + b = 0, we have a; > 0.

We claim aj > 0. Suppose not, i.e., ar = 0. Let D’ C €', as before, be
the irreducible component whose image in C” is the same as the image of
Dy, under Y — X’ — C’. As argued in the proof of the previous Sublemma,
D’ is a smooth rational curve in € and contains one node ¢’ of Cf. As
ap =0, p'lpr =0, N'|p, = Op/, and (¢, , ¢y, V])|p defines a morphism
B : D' — PN, which is a constant map by (4.4). Therefore, as D’ contains at
most one marking of ©¢', &), becomes unstable, a contradiction. This proves
that ay is positive.

Adding f*p'|p, = 0, we have p|p = ¢'|p, = 0, thus v}|p, and vh|p, are
nowhere vanishing. Because D’ contains one node and at most one marking
of Cf, &, becomes unstable, a contradiction. This proves that a; = k.

Finally, we prove a; < aj41 — 2. Let A ={1 <i <k |a; £ ajy1 —2}.
The intended inequality is equivalent to A = (). Suppose A # 0, and let
i be the largest element in A. Suppose i = k — 1. Since a = k, we have
ax—1 > ap — 1 = k — 1. By (4.5), we conclude that ay_1 = k — 1, which
implies deg f*L'|p, = —1.

Consequently, using (4.3), we conclude that f*p'|p, is nowhere vanishing.
Like before, let D' C €, be the irreducible component associated to Dy, C E,
via Y — C’" and €’ — C’. Then D’ is a rational curve, contains one node
of €, and with ¢/|p = 0, p/| - nowhere vanishing and deg £'|p: = —%. By
Lemma 3.3, this makes £ unstable, a contradiction. Therefore, i < k — 1.

Since i +1 ¢ A, (i +1) — a;;1 > 1, which forces f*p/
then f*ub|p,., is nowhere vanishing and f*M’|p,., = Op,,,. We claim that
f*L|p,,, 2 Op,,,. Since 7#(Dj+1) =z, T (L ® M) = Op,.,. Because a;11 +
biy1 = 0 (cf. (4.5)), by (4.2) f*(L'@M') = Op,,,. Using f*M’|p,,, = Op, .,
we conclude f*L|p,,, = Op,,,.

Now let D;, Dit9, Dy,, - -, Dg, be the irreducible components in E that
intersect D;y1. Since i +1 &€ A, a;41 < a2 — 2. Possibly by changing
to a different maximal chain of rational curves in 7 '(z), we can assume
without loss of generality that a;4+; < ap, — 2 for all 2 < s < [. Because
f*L/

D,., = 0, and

D, = 0p,,,, we have

(ai = air1) + (aiv2 — aip1) + ) _(ar, — ais1) = 0.
S
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Thus, a; — a;+1 < —2, a contraction. This proves A = (), and the Sublemma
follows. O

We continue our proof of Lemma 4.1. We keep the maximal chain of
rational curves Dq,---, Dy C E. We claim k£ = 1. Otherwise, kK > 2 and
a1 < az —2 < 0. By (4.3) we obtain f*p'|p, = 0 and thus f*ub|p, is
nowhere vanishing. Since uz(x) = 0 by Sublemma 4.2, we get @ us|p, = 0.
Thus from (4.2), we get by < 0 and hence a; = —b; > 0, a contradiction to
a1 <0. Thus k£ = 1.

Next we prove that every D; C Yy not in I that intersects one of D; C E
must be contracted by f. Indeed, if f(D;) is not a point, since 7(D,) is not
a point as well, we must have a; = b; = 0 and D; NV is dense in D;.
Since D; is a (—1)-curve, the combination of (4.1), (4.2) and p(x) # 0 (since
ua(x) = 0) implies f*p'|p, is nowhere vanishing. From (4.2), we also have
deg(f*L'|p,) = —1 since a; = 1 and a; = 0. Thus &, satisfies the condition
(2) in the Lemma 3.3 and hence is not stable, a contradiction.

In conclusion, we have proved that F is a disjoint union of (-1)-curves,
likewise for E’, and that every irreducible component in Yy not in E must
be in E’. Since Y — X is by first blowing up smooth points of X, and
since Yj is connected, this is possible only if both F = P!, and then Y is the
blowing up of X = S x P! at a single point in Xj.

Then a direct analysis shows that this is impossible, assuming both &
and &) are stable. (As this analysis is straightforward, we omit the details
here.) This proves that £ = () and f : X — X' is a birational morphism.
By symmetry, f~' : X’ — X is also a birational morphism. Therefore,
f: X =2 X' is an isomorphism.

Knowing that f is an isomorphism, a parallel argument shows that

(46) f*ngL, f*M/ng and f (p hk7 1)_(p7hk7ui)‘

We prove that this implies C' =2 C’. Indeed, it is easy to show that a D; C X
is contracted by pr : X — C if and only if D; C X is a (-2)-curve and
L|p, =2 M|p, = Op,. Therefore, D; is contracted by the map X — C if and
only if f(D;) is contracted by the map X’ — C”. This proves that f : X = X’
induces an isomorphism ¢ : C' = C".

Let A (resp. A’) be the set of singular points of Cy (resp. €). Let
m:C — C and 7’ : ¢’ — C’ be the coarse moduli morphisms. Then the
isomorphisms ¢ and (4.6) (with a; = b; = 0) induce isomorphisms

(4.7) P PL(RC, LI NE G o V) 22 pl (R L8 N ol )
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and isomorphisms ¢ : € — A S - A,
(4.8) ¢ L'=L, HN'ZN, and ¢°(¢. 0, 1) = (@, p 1),

extending &, = &,.

Now let p € A be a point and let p’ € A’ be the corresponding point.
Pick an open subset U C € of p € € so that UN A = p. Let W C € be the
open subset of p’ € €’ so that W NA" =p' and ¢(U —p) =U —p'.

If va(p) # 0, then v4(p’) # 0. Hence both p and p’ are scheme points.
The uniqueness of extensions is straightforward.

Next, let’s consider the case that va(p) = v4(p’) = 0. Hence, we have
p(p) # 0. Thus, v1(p) # 0. Hence, after shrinking U if necessary, v is
nowhere vanishing on U, which provides an isomorphism £ = N~!. Similarly,
v}, after shrinking U if necessary, is nowhere vanishing on W, resulting an
isomorphism £’ 22 N'~!. We now assume that v, = 0 on the whole curve €,
then /4, = 0 on the whole curve €’. This implies that p and p’ are nowhere
vanishing on the whole € and €’ respectively, which reduces to the case of
stable spin curves. By the result in [AJ, CLL], the extension is unique.

The other case is when {ro = 0} and {4 = 0} are divisors on C
and € respectively. Let R be the (strict) henselization of the local ring
Os,,- For a scheme Y over C and a point p on Y, let Y;,h represent the
(strict) henselization of Y at p. The same notation applies to rings. Since
the coarse moduli spaces C' and C” are isomorphic, we can write C’Il} = C’;‘, =
Spec (R[a:, yl"/ (xy — tk)) Following the description of twisted curves in §1.3
of [AJ], we have G’Z = [Spec(R[u, v]" /(wv — t*)) /p,], where ab = k and the
group action by p, is given by ¢ - (u,v) = ((u, (') for ¢ € p,. For the
same reason, Gg? = [Spec(R[u/,v']"/(u'v' — t*))/py], where k = a'b’ and
[, -action is given by ¢’ - (u/,v") = (¢'u', 1) for ¢’ € p,,.

By abuse of notation, we still use 7 for the morphism Spec(R[u, v]" / (uv—
) — C’I’} via (z,y) — (u®,v®); ' for the morphism Spec(R[w/,v']"/(u'v' —
) — C’I’ff via (z,y) — (u*,v'). The sheaf N restricted to €% can be
identified with a p,-equivariant (structure) sheaf O of Spec(R[u, v]"/(uv —
tb)), with the p, action given by 1¢ = (=1, where ¢ € u,, 0 < a < a,
and 1 is the constant section 1 of O. Because £L = N shown before, the
representability of (£,N) implies that « is relatively prime to a. Using 1,
we can write the lift of v as f - 1, for an f € Rlu,v])"/(uv — t°). As the lift
of v9 must be p,-invariant, we have

fA=(f-1)f=ofn
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(Here for the group action, we follow the convention that for a function f
on a G-scheme X, f9(x) = f(¢g~'-x) for g € G and = € X.) Thus f¢ = ¢*f.

We do the same thing for the pair (v/,N’). After trivializing the lift
of N’ to Gg}, we can write the lift of v/ as f’-1’, with the p, action as
(f) = ¢ f, where ¢ € p, and 0 < o/ < @'. As before (a/,a/) = 1.

Let d = ged(b,V'), the greatest common divisor of b and b'; we write
b= bd and b’ = b'd, thus ged(b, V') = 1. Let ¢ = lem(a, a’). Because ab = a'V/,
we obtain ¢ = ab = a'b’.

Let Z = Spec(R|[z, w]"/(zw — t%)). We define morphisms

71 Z — Spec(R[u, v]" / (uv — tb)), u— 2, v b

7'+ Z — Spec(R[u, ']/ (u'v — tb/)), W=
We let ¢ = €2™/™ be the obvious generator of the group W,,, and let the
group p, acts on Z via (. - (z,w) = ({2, (. w). Direct calculations give

(T*f)CC = 37'*]0, and (T/*f/)Cc — CC?//TI*f'.

Since, as divisors, {f" = 0} = 7*{uz = 0} and {f"" = 0} = #"*{u), = 0},
and since {ug = 0} = {u), = 0}, the vanishing of 7*f and 7"*f’ at the node
are identical. This implies that (¢ = ¢&. Because (a,a) = (a/,a/) = 1, we
conclude a = @, and thus o = .

Therefore, ¢ extends to a morphism ¢ : (G — A)UU — (€' — A)UUW so
that (4.8) extends to

(49) Q;*ngﬁ, Q;*N/ gN? é*(@/ap,ayiayé) = (807:0’ V17V2)7

and ¢ is an isomorphism. By going through this local extension throughout
all points in A, we conclude that ¢ extends to an isomorphism ¢ : € — €’
so that (4.8) extends to (4.9). This proves that £ = &', O

Proposition 4.4. Lemma 4.1 holds without assuming that Cy. is smooth.

Proof. Let € = (X¢,€,---) be as before, and let &,, a € =, be families
constructed as in Corollary 3.4. Let & = (£¢, €, --.) and likewise £/, a € Z,
be the similar decomposition. Here both &, and &/, are indexed by the same
set = because &, = .. By Corollary 3.4, all &, and &, are stable families of
MSP-fields.

Since &, = &, we have £, = &,. By Lemma 4.1, £, = &, extends to
Eo =2 &, Then a direct argument shows that as the isomorphisms &, = &,
are consistent with the isomorphism &, = &, they induce an isomorphism
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£ =2 ¢ extending & = &,. As the argument is straightforward, we omit the
detail here. O

4.2. W, _ 4 is of finite type

We know W, ,q is a T-stack, and Wg_yd C Wy~,a is T-equivariant. We
consider the fixed locus W 4O,

Let ¢ € ng%d((C)T be of the presentation (X, €, -+ ). An easy argument
shows that for any irreducible component D C C, one of the following holds:
vile =0, or ra|p =0, or p|p = p|p =0, or D is a (twisted) rational curve.

We let G (resp. Coo; resp. €1) be the dimension one part of CN (1 = 0)yed
(resp. €N (v2 = 0)req; resp. CN(p = ¢ = 0)eq)- Let Co1 (resp. Cioo) be union
of irreducible components in €N (p = 0)red (resp. €N (¢ = 0)red) that are
not in Gy U €1 U Cuxe.

Lemma 4.5. We have
1. The curves Cp, €1 and Cs are mutually disjoint;

2. no two of Cy, Co1, C1, Cieo, Coo share common irreducible components;
3. C=CuUCp UL UCis UCxo-

We derive some information of the degrees of £ and N along C,. First,
since v2|e,uey,ue, is nowhere vanishing, Nle,ue,,ue, = Oe,ue,,ue, - Thus

(4.10) doo = degN = deg Nle,._ue.. -
Similarly, since vy restricted to €1 U €100 U Cop is nowhere vanishing,

L ® Nle,ue,ue. = 0le,ue,ue., -
Combined, we get
(411)  degLleuen =do, degLle, =0, degLle,ue. = —doo.

We let T¢ be the dual graph of ¥¢ c €. Namely, vertices of T¢ cor-
respond to irreducible components of C, edges of Y¢ correspond to nodes
connecting two different irreducible components of €, and legs of YT, corre-
spond to markings $¢. Let V(Y¢) be the set of vertices, and E(Y¢) be the set
of edges. Furthermore, each vertex v € V(Y¢) is decorated by g, := g(Cy),
the arithmetic genus of the irreducible component €, associated to v.

Given a decorated graph T as above (i.e. a connected graph with legs,
vertices v decorated by g, € Z>p, and without circular-edges), we say v €
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V(T) is stable (resp. semistable) if 2g, — 2+ |E,| > 1 (resp. > 0), where E,
is the set of legs and edges in T attached to v.

Proposition 4.6. The set © :={Y¢[{ €W, 4(C )T} is a finite set.

Proof. Let € € Wg_’%d (C)T. As the curve ¢ C € may not be stable, knowing
the total genus and the number of legs of T¢ is not sufficient to bound the
geometry of T¢. Our approach is to use the information of line bundles £
and N on C given by £ to add legs to T¢ to form a semistable TE

First, let I = {0,01,1, 100, 00}. Using (3) of Lemma 4.5, for a € 1 we
define V(Y¢)y = {v € V(Y¢) | Cy C Cq}. By the stability criterion Lemma
3.3, we know that all v € V(Y¢)1 UV (Y¢)s are stable.

We now add new legs to vertices in V' (T¢), called auxiliary legs. For every
v e V(YTe)oUV(YTe)o1, we add 3deg Lle, auxiliary legs to v. By (4.11), the
total new legs added to all vertices in V(Y¢)o U V(Y¢)o1 is 3dp.

We next treat the vertices in V(Y¢)100. We first introduce

w =1{e€ E(Y¢) | e € E, for some v € V(Y¢)so }-
For v € V(Y¢)100, we define
(4.12) d(v) = rdegNle, — |Ey N Ex| € Z>o.

Since |E, N Ex| = 0 or 1, and since deg N|e, > 1/r, 6(v) > 0. It takes value
in Z>g since degN|e, € 1Z. To each v € V(Y¢)100, we add 26(v) many
auxiliary legs to v.

We now show that the number of new legs added to V' (Y¢)1 is bounded
by 2rds + 4g + 20. Let C@L_,..., G5 be the connected components of C,
m; be the number of markings on C%_. Because plei_ is nowhere vanishing,
using the discussion leading to (4.11), we have

0= —rdegLlei_ +degweg|@ = rdeg N|e: +(29(CL)—2+|CLNCroo|+m;).

Therefore, using that degN|e, = 0 unless v € V(Y¢)106 UV (T¢)oo, and using
that 3, cv(r,),.. [Bv N Eoo| = 3211 [€4 N Cioo], We obtain

doo = degN = Z (2 —29(CL) — |€L N Croo| — m;) + Z degNle,
vEV(Ye)1oo
_ 25 (1L ; 1
I ;(mi +29(C%)) + - Z 6 (v)-

r :
=1 VEV(Te)1oo
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Thus the total number of auxiliary legs added to vertices in V(T¢)iso is
bounded by 2rd., + 4g + 2¢; the number s of connected components of Cq
is bounded by the same number, too.

Let Tg be the resulting graph after adding auxiliary legs to v € V(Y¢)
according to the rules specified above. We now study the stability of vertices
of T¢. Let v € V(Y¢) be a not-stable vertex. Then v € V(Y¢)100, |By| = 1
or 2, and §(v) = 0. In case |E,| = 1, by (4.12) we have degNle, = 1|E, N
Ey(vy..| < 1. On the other hand, degNle, € 170. Thus |E, N Ex| = 1
and degN|e, = % By Lemma 3.3, ¢ is not stable, impossible. Thus |E,| = 2
and deg N|e, = %, and v is a strictly semistable vertex of Tg.

We now show that Tg contains no chain of strictly semistable vertices
of length more than two. Indeed, suppose v1,v2,v3 € V(Tg) with edges e
and ey forming a chain of unstable vertices in T¢, where e; connects v and
ve, and eo connects v2 and v3. By our construction, all v; € V(Tg)loo. Since
¢ is stable, by Lemma 3.3, degNle, > % Since both v; and vz are not in
V(Y¢)oos By, N Exg = 0, contradicting to 6(v2) = 0.

For T¢, we let (T¢)™ be the stabilization of T¢. Since the total genus
of (Tg)St is g, while the number of marking of (Tg)St is bounded by some
constant N, the set

0% = {(Te)* | T¢ € ©)

is finite. Because the contraction Y¢ ~ (T¢)** is by contracting chains of at
most length two strictly semistable vertices, ©%' is finite implies that © is
finite. O

Proposition 4.7. The collection W, d((C)T is bounded.

Proof. Since O is finite, we only need to show that to any T € O, the set
Wy ={eW, 4(C)[Te=T}is bounded. But this is a routine check,
and will be omitted. OJ

4.3. Proof of the theorem

Proposition 4.8. The stack W, q is separated.

Proof. Because W, q if locally of finite type, to prove that it is separated
we only need to show that any finite type open substack W C W, q is
separated. Then because each W is defined over C and is of finite type, to
show that it is separated we only need to verify the statement in Proposition
4.4. (see [Zh].) By Proposition 4.4, W is separated. This proves W, q is
separated. O
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Proposition 4.9. The stack W vd 8 of finite type.

Proof. Since Wj 4 q is of locally finite type, we can cover it by a collection

of étale morphisms f;: U; — W, d where ¢ € A, such that the index set A

is possibly infinite and each Uj is of finite type. Since W, 4(C)T is of finite
type, we can find a finite subset Ag C A such that

W,,a©F = J (i) nw,_, 4(C)7).

i€y

In this way, the map f: U = [[ U; — W .4 is an étale neighbourhood of
€A

(Wg_md

We claim that the morphism

7.

FrUxC =W g (u,t) =t f(u)

is surjective. Indeed, let § € W, 4 — F(U x C*); let F¢ : C* = W__ 4,
t—t-& Then F(C*)NF(U x (C*) (). On the other hand, by Proposition
3.23, Fe(t) specializes to a & € Wgﬁ/d((C) as t specializes to 0. By the
construction of F¢, §o € W, 4 4(C)T. But since f(U) is an open neighborhood
of &o, F¢(C*)N f(U) # 0. Finally, since f(U) C F(U x C*), we get F¢(C*)N

F(U xC*) # (), a contradiction. This proves the claim and, as a consequence,

that W . 8 of finite type. O

Proposition 4.10. The stack W 9. 18 proper.

Proof. Because W vd is defined over C, separated and of finite type, to
prove it is proper We only need to prove the statement of Proposition 3.23.
(cf. [Zh].) By Proposition 3.23, the stack W, 4 is proper. O
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