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LOCAL EXISTENCE OF CLASSICAL SOLUTIONS TO THE
TWO-DIMENSIONAL VISCOUS COMPRESSIBLE FLOWS WITH
VACUUM*

ZHEN LUOf

Abstract. We consider the Cauchy problem of the barotropic compressible Navier-Stokes equa-
tions in 2D. The local existence of unique classical solution is established. We present some new
elaborate estimates to bound the LP-norm of the velocity u. The far field density is constant state,
which could be either vacuum or non-vacuum. The initial density is allowed to vanish and the spatial
measure of the set of vacuum can be arbitrarily large.
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1. Introduction
The motion of a compressible, viscous, barotropic Newtonian fluid occupying a
domain Q C R¥ is governed by the compressible Navier-Stokes equations:

pr+div(pu) =0,

(pu) +div(pu@u) — pAu— (u+ A)V(divu) + VP(p) =0, (L.1)

where p>0, u=(u',---,u”), and P=ap”(a>0,7>1) are the fluid density, velocity,

and pressure, respectively. The constant viscosity coefficients p and A satisfy the
physical restrictions

>0, 2u+NA>0. (1.2)

Let Q=R? and j be a fixed nonnegative constant. We look for the solutions
(p(x,t),u(x,t)) to the Cauchy problem for (1.1) with the far field behavior

u(z,t) =0, p(z,t)—p>0, as |z|—o0, (1.3)
and initial data,

(p,u)|t=0=(po,u0), =€R (1.4)

There is a vast literature studying the fluid dynamics. In particular, for (1.1), the
one-dimensional problem has been studied extensively by many mathematicians; see
Kazhikhov-Shelukhin [15] for sufficient smooth data, Serre [21,22] and Hoff [10] for
discontinuous initial data, and the references therein. For the multi-dimensional case,
the local existence and uniqueness of classical solutions without vacuum are known
by Nash [19] and Serrin [23], respectively. Matsumura and Nishida showed in their
pioneering paper [18] that the classical solutions exist globally in time for initial data
close to a non vacuum equilibrium. For the case that the initial density is allowed
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to vanish, in fundamental work [16] Lions developed an existence theory of global in
time weak solutions (see also Feireisl [8]). Better regularity of spatially periodic weak
solutions in both two and three spatial dimensions was proved by Desjardins [7] for
small time. Later, Hoff [12] obtained a new type of global weak solutions which has
extra regularity information if the far field density is away from vacuum. Note that
in [12] the weak solutions may contain vacuum even though the spatial measure of
the set of vacuum is small. Recently, for dimension N >3, the local existence and
uniqueness of classical solutions were obtained by Cho, Choe, Kim [3,4,6] and Salvi-
Stragkraba [20] for the case that the initial density need not be positive and may
vanish in open sets. Later on, Huang-Li-Xin [14] showed that classical solutions exist
globally in time with smooth initial data which is of small energy but possibly large
oscillations in R3, that is, possibly with initial vacuum.

However, the existence of strong or classical solutions to the two-dimensional (2D)
Cauchy problem for (1.1) is still open, especially when the initial density has compact
support. In this paper, we will investigate the local existence of classical solutions to
the Cauchy problem for the barotropic compressible Navier-Stokes equations (1.1) in
2D with constant far field state which could be either vacuum or non-vacuum. The
initial density is allowed to vanish and the spatial measure of the set of vacuum can
be arbitrarily large, in particular, the initial density can even have compact support.

We now give a brief overview of the analysis in this paper. We start with the
basic energy estimate and succeed in deriving estimates on the L2-norm of the gradient
and the material derivatives of the velocity. This is achieved by modifying the basic
estimates on the material derivatives of the velocity developed by Hoff [11]. Next, some
new elaborate estimates are needed to overcome the difficulties, which in fact are the
main ones of this paper, in bounding the LP-norm of the velocity u and the material
derivatives of the velocity, 4. Combining some careful estimates on suitable spatially
weighted norms of Vu and V4 with the Caffarelli-Kohn-Nirenberg inequality, Lemma
2.1, we obtain the desired bounds on the LP-norms of u and % for some constant
p=p(u,\). These facts, together with the Schauder fixed point theorem, Lemma 2.3,
are enough to close our arguments.

Before stating the main result, we explain the notations and conventions used
throughout this paper. For  C R?, we denote

/ fda= | fdz.

For 1 <r < oo, k€N we denote the standard homogeneous and inhomogeneous Sobolev
spaces as follows:

loc

L'=17(Q), D" ={ueLl ()]|VFullr-<oo}, [ullprr2|VFullL-,
Whr=LrnD"r, H*=W"2  DF=DF2  Df={uecD" ul,,=0}.

Then our main result in this paper can be stated as follows:

THEOREM 1.1. For p>0 and Q=R?, assume that the initial data (po>0,ug) satisfy
UOGD10D37 (pofﬁ,P(pO)fp(ﬁ))EH?’? (15)
and the compatibility condition

—/J,A’LL()—(u+)\)VdiWO+VP(p0)=pog, (1.6)
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for some g€ D' with p(l)/ggELz. Moreover, if p=0, in addition to (1.5) and (1.6),
suppose that

|22 Vug € L2, |2|*/2P(po) € L?,  |2|*/?py/*g € L, (1.7)
where
o2 1/ (4(2p+ V) € (0,1/8]. (1.8)

Then there exist a small time T* >0 and a unique strong solution (p,u) to the Cauchy
problem (1.1), (1.8), (1.4) on R? x [0,T*] such that for any 7€ (0,T*),

(03P P(3)) € C((0,T") HY),

we C([0,T*];LIND N D3N L2(0,T*; D*) N L™ (r,T*; DY),
wp € L(0,T*; DY) N L2(0,T*; LI D?),

ug € L°(7,T*; LN D?)NH (7, T*;D'),

JPur € L2(0,T* L2),  /puy € L2(0,T*; L2),

VPUt € Lo (7, T*; L?),

where

4=q =2, if p>0,
q=4/a, 1 =8/a, if p=0.

A few remarks are in order:

REMARK 1.2. The smoothing effect of the velocity w in ¢t € [7,7%], V7 € (0,T*) takes
us from the strong solution obtained in Theorem 1.1 to a classical one in R? x (0,7**],
for some T%* € (0,7*] (see [4]).

REMARK 1.3. The a priori estimates in [3,4,6,20] for the three-dimensional case
cannot be applied here. The main reason is that the 2D case is the critical case for
the standard Sobolev embedding theorem and it seems difficult to bound the LP-norm
of the velocity just in terms of the L2-norm of the gradient of it.

REMARK 1.4.  According to the blow up phenomena obtained in [13], the
CL([0,T);H?®) (s>2) solution to the 2D spherically symmetric compressible Navier-
Stokes Equations (1.1) with compactly supported initial density must blow up in finite
time. Therefore, for 2D compressible Navier-Stokes equations, the solutions in our
main result, Theorem 1.1, give a kind of class of solutions which are expected to exist
globally in time in the case that p=0.

The rest of the paper is organized as follows: In Section 2, we recall some known
results and inequalities which will be needed in later analysis. Section 3 is devoted to
deriving the necessary a priori estimates on classical solutions for p=0. Finally, the
main result, Theorem 1.1, is proved in Section 4.

2. Preliminaries
First, the following Caffarelli-Kohn-Nirenberg inequality will play a key role in
obtaining the LY estimate of u when p=0.

LEMMA 2.1. ( [1,2]) For a€(0,2), the following estimates hold for all u€ C§°(R?):

2
Jlal e < [leivulds, ul?. <) [lolTupde. @)
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Next, we recall some known results which will be also used later.

LEMMA 2.2. ( [24] Aubin-Lions) Let Xo, X, and X be three Banach spaces with
XoC X CX;. Suppose that X is compactly embedded in X and that X is continuously
embedded in X;.

i) Let G be bounded in LP(0,T;Xo) where 1<p<oo, and OG /0t be bounded in
LY(0,T;X1). Then G is relatively compact in LP(0,T;X).

ii) Let F' be bounded in L>°(0,T;Xo) and OF/0t be bounded in L™(0,T;X1) where
r>1. Then F is relatively compact in C([0,T);X).

LEMMA 2.3. ( [9] Schauder) Let R be a compact convex set in a Banach space B and
let T be a continuous mapping of RN into itself. Then T has a fived point, that is,
Tx=x for some x €R.

LEMMA 2.4. ( [17] Gagliardo-Nirenberg) For p€[2,00), g€ (1,00), and r€(2,00),
there exists some generic constant C'>0 which may depend on p,q,r such that for
feHY(R?) and g€ LY(R?)N D" (R?), we have

1 llze <CI IRV £ 57277, (2.2)

l9llo (=) <Cllgll7s ™ gl @reatr=2), (2.3)
Finally, the following lemma will be used to bound the L?-norm of u when 5> 0.

LEMMA 2.5. If p>0, then there exists some constant C(p) >0 such that the following
estimate holds for p—pe L?(R?), ue DY(R?), p'/?uc L?(R?),

ol <C ([ plufas-+ 13- plsgee I Ve ) (2.4)

Proof. (2.4) follows directly from the following simple fact that

7] do= [ pluPda+ [ (= plufs
2 R2

< [ pluda-+ 7=l

< [ pluP o+ Cllp= plzaceo fullagee IVl e

3. A priori estimates for p=0

In this section, for p=0, we derive some uniform local (in time) a priori estimates
on the solutions to the following linearized problems in a bounded smooth domain
Q CR2. The estimates we obtain here are independent of the lower bound of pg and
the size of the domain.

First, we consider the following linearized hyperbolic problem:

pt+div(pv)=0, in Qx(0,7),
P(-’E,O):Po, in Q>
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where v is a known vector field in  x (0,7) such that
veC([0,T); HynH3)NL2(0,T; HY). (3.2)

It is quite well-known that the linear problem (3.1) has a unique strong solution p for
any regular initial data py because the vector field v is sufficiently smooth. In fact,
the following result is proved essentially in [5] (see [4] also), and thus stated without
a detailed proof.

LEMMA 3.1. Assume that (3.2) holds and that 0< py€ H3(Q2). Then
(i) there exists a unique solution p to the problem (3.1) such that

peC((0,T)H?), p,eC((0,T);H?); (33)
(ii) the solution p satisfies the following estimate:

t
10(6) L5 < llpoll s exp (c / ||v<s>||D1mD4ds> , (3.4)

for some universal constant C,
(#ii) the solution p is represented by the formula

p(x,wpo(U(o;x,t))exp{ / divv(U(s;x,w,s)ds}, (35)

where U € C([0,T;[0,T] x ) is the solution to the initial value problem

gU(s;x,t):v(s;U(s;x,t)), 0<s<T, (3.6)
U(t;z,t)=u=, 0<s<T, zeq. '
Next, we deal with the following linearized parabolic problem:
pug+ pv-Vu—pAu— (u+A)V(divu) =—VP(p), in Qx(0,T),
u=0, on 90 x (0,T),  (3.7)

u(z,0) =wuo, in Q,
where p is a known scalar field in (0,7) x Q such that
p,pWEC([O,T];HS), pt,(p'y)tEO([O,T];H2), ,025 OHQX[OaT]7 (38)

for some constant § > 0. Recall that L2 —puA — (u+ \)Vdiv is a strongly elliptic oper-
ator (see [3] for instance). The following existence and regularity results on solutions
to the linear parabolic problem (3.7) can be proved by applying a standard method
such as a semidiscrete Galerkin method or the method of continuity (see [5,7]).

LEMMA 3.2. (i) Assume that ug€ Hg, (3.2), and (3.8) hold. Then there exists a
unique strong solution u to the problem (38.7) such that

ue C([0,T]; HY)NL*(0,T; H?), us € L*(0,T;L?). (3.9)
(ii) If in addition ug € HX N H? and v, € L>(0,T;L?), then the solution u satisfies

u€ L>®(0,T;H?), uy € L*(0,T; HY), ue € L2(0,T; H ). (3.10)
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(iii) Finally, if in addition ug€ H NH3, u(0)=p(0) "1 (VP(p(0)) — Lug) € H}, and
v € L%°(0,T; HY), then the solution u satisfies

uwe€ L>®(0,T;H?), w;€L*(0,T;H?), wy€L?(0,T;L?). (3.11)

We now derive the local (in time) a priori estimates for (p,u). These estimates
are independent of the lower bound ¢ of py and size of the domain €. Set

1/2
co 2 1+ lpy*uol|22 + 1| (o, P(po)) %5 + l[uol B

1/2

(3.12)
+[1(P(po), | Vuol, oo’ *[g) (141217172 + [l

For « as in (1.8), we define
t
®(v,t)£1+ sup <||VUH%11—&-H|a:|a/2VvH%2)+/ [Voll3 qwasads.  (3.13)
0<s<t 0

From now on, we always assume that 0 <t <7 <1 and C will denote a generic positive
constant depending on pu, A, a,7.
We start off with the following energy estimate for (p,u).

LEMMA 3.3. Let (p,u) be a smooth solution of (3.1), (3.7). Then

t
sup /(p|u|2+P2)da@+/ /|Vu|2dxdt§C’coexp{@(v,t)tlm}. (3.14)
0

0<s<t
Proof. Note that (3.1); implies that P satisfies
P, +v-VP+~Pdive=0. (3.15)
It is easy to check that
(I, P)I1Z2), < ClIV Ul Ll (p, P)1Z2, (3.16)
which together with (3.5) yields that

sup ([(p, P)II7=+II(p. P) I Z)

0<s<t

t
< Ccoexp{/ ||V'U||Lood8}
0

SCCoeXp{‘I)(’U,t)tl/z}. (3.17)

Now, the energy estimate gives

1
5(/ pu|2dx)t+ [ 9uP + Ot ) iva)?) do < G P+ 61Vl (315)

which together with (3.17) yields (3.14). O

The following lemma will give preliminary L? bounds for Vu and pu with @£
ug+v-Vu.
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LEMMA 3.4. Let (p,u) be as in Lemma 3.3. Then

t
sup ||Vul%, +/ /p|u|2dgcdt§Cc(z)exp{Ccotexp{C<I>(v,t)}}7
t 0

0<s<
and
B’(t)+/p|u\2|a:|°‘dx
<CA+[Vol g + [[oll =) [[2]°2 Vul 22 + 200 |2]* 2 Vi 2.
+CBcktexp{CP(v,t)},
where

A
B(t)é/|x|a (';|Vu|2—|-ﬂ—;divu|2—divuP+BP2> dx
>H/|x\°‘ (IVul*+ P?)da
4

for suitably large B(u,\) > 0.
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(3.19)

(3.20)

(3.21)

Proof. Multiplying (3.7) by 4 then integrating the resulting equality over €2 leads to

/p|1l|2dx:/(—1l~VP+uAu~?l—|—(/\+;L)Vdivu~1l)d:17

3
S
i=1
Using (3.1) and integrating by parts gives
M, = —/u-Vde

:/((divu)tP—(v'VU)'VP)dz

= < / divude) - / (P’ pdivudive — Pdivudive+ Po;v? 9;u’) da
t

(3.22)

g(/divude) +Ccé/2exp{c<§(v,t)t1/2}(||Vu|\2Lz+||Vv||%z), (3.23)
t

due to (3.17). Integration by parts implies
MQZ/MAu%ldJ:
:_%(HVUH%z)t—N/‘?iujai(vkakuj)dl“
< —% (IVulli2), +ClIVvll L Vul 72,
and similarly,

A
M3:_ﬂ(

Hdiqu%z)t—()\+u)/divudiv(v~Vu)dw

(3.24)
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A .
< -2 E (ldivul32),+ €90l o |Vl 3. (325)

Combining (3.16), (3.22)-(3.25) with Gronwall’s inequality gives (3.19).
Next, multiplying (3.7) by u|z|®, and then integrating the resulting equality over
Q leads to

/p|1l|2|x|°‘d:z::/|z|a(fﬂ~vp+uﬁu~d+(A+M)Vdivu~u)da¢

3
23 "M
=1

Using (3.1); and integrating by parts yields

(3.26)

M{:f/|z|a11~VPd:17
:/((\x|"‘divu)tP+am~u|m|°‘*2P+|x|adiv(v-Vu)P)dm
= (/|x“divude> —|—a/P|x|°‘_2x-udx

¢
+/P|z|a ((v—1)divudive + 9;07 9;u’) d

- a/ |2|*"2 Pz - (vdivu —v- Vu) dz.

1/2 1/2
m < ( [lalavade) o flaelipac) ([ Piopa)
t

+C||P|| o |[[]*/2 V0| 12 [[|2]** Vu)| 12
< </|x|adivude) +ua4/|x|a|Vﬂ|2dm+C/P2|x|°‘dac
t
+C||P|| o |[[]*/* V0|72 + C[| Pl oo ||| /> V| 7, (3:27)
where we have used (2.1). Integration by parts and (2.1) imply

Then,

Méz,u/|a:|o‘Au-udx
:—% (|||x|a/2VuH2L2)t—u/@iuj|x|°‘6i(vk6kuj)dx—au/aiujuj|x|°‘_2xidx

7!
<=2 (Ile*2Vulfs) +C V0l + ollz=) [ Vulz|*/2 3
+Cal|Vulal /2| 2 e |/ 2+ Clloll o= [Vl
M [e3% (6%
<=L (Ilel*2Vulfs) +CQ+IVol e + o) o]Vl

1 /2w
+5ale] 20|72+ C o] oo |V 72 (3.28)

and similarly,

Ap /2 1: @
My < ==2E (o] 2divul32 ) +C A+ Vol +[ollz=) | 21*/2Tul,
¢ (3.29)

+ Lot lle|*/2Vil[ 32 +Clo] e |Vl
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Now, multiplying (3.15) by P|z|%*, we obtain that

(/|x|°‘P2dx> §C/|:E|°‘*1P2|v|dx—|—0/\x|O‘P2|divv|dm
¢

1/2
<ClPle= ( [lolP2as) et 270ls

1/2
< Cel2exp{CPB(v,1)} < / x|("P2dx) . (3.30)
Then

sup /|x\aP2da:§Ccotexp{C<I>(v,t)}, (3.31)
0<s<t

which together with (3.30) gives

(/|xO‘P2dx>t <COctexp{CP(v,t)}. (3.32)

Combining (3.26)-(3.29) and (3.32) implies (3.20). O

LEMMA 3.5. Let (p,u) be as in Lemma 3.3. Then the following estimate holds for
g=4/a:

sup (IIV(p,P)I%szﬁIVQUI2L2+/(1+|x|a)(IVUI2+P2+pIﬁ|2)d$>

0<s<t

t t
+/ /(1+\x|°‘)|vu|2dazdt+/ V202, dt
0 0

<Cchexp {C’co exp{C®(v,t)} 1=/ 2a=1) } . (3.33)

Proof. First, applying 9; + 0y (v*-) to Equation (3.7); gives

(i) +pv- Vi
= p A+ (4 N Vdivi — pdy (9;0"0u) 4 0 (00" 0;u)
—110; (00" Ou) + (4 A) (V (divedivu) — V(90" pu? ) — div(Vvdivu))
+div(PVvt) 4 (y—1)V(Pdivv). (3.34)

After multiplying (3.34) by @ and integrating over 2, in view of (3.19) and (3.14)

we have
(/p|u|2dx> —|—u/|Vu|2dac+(u+/\)/|divu\2dx
t

§C/|Vv|2|Vu|2dw+/P2|Vv\2dx
<C|IV|3 (IIVull22 +]|P]2:)
< |V %@ 92| 410D (|| Vul 22 + || P)122)
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2 1/2 (¢—2)/(a—1) |72,/ (a—1)
<Ccyexpy Ceot ™/ “exp{CP(v,t)} ¢ |V }2 Vv 7a (3.35)
which yields
¢ ¢
sup /p\ﬂ|2dm+,u/ /|Vﬂ|2dazdt+(u+)\)/ /|divﬂ|2dazdt
0<s<t 0 0
<COci+Cciexp {Ccot1/2 exp{Cq)(v,t)}}q)(v,t)t(q_Q)/(z(q_l))

< Ccexp {CCOexp{C’@(v,t)}t(q_z)/@(q_l)) } ) (3.36)

where g=4/a.
Next, multiplying (3.34) by «@|z|* and integrating over 2 leads to

(;/|x“p|u2d:v>t+u/|x|“Vu|2dm+(u+)\)/|x|°‘|divu|2dx
<a [ slolliPlal* e +pa [ laf* Vit ilda
+(u+A)a/\x|a*1\divu||u|d:c
C’/(\VUHV'U|+P|VU|) (|Vu|\x|a+a|u\|x|a*1)dx
§C<I>1/2(v7t)/|x|°‘p\11|2dx+C||vHLoo/p|it|2dm+a3(2u+>\)/\x|0‘|Vﬂ|2dx
+5/|x|a|Vu|2dx+CaHVvH%oo/|:c\°‘(|Vu|2+P2)dac. (3.37)
Now from (1.8), we observe

( / |x|ap|u|2dx) b [ ol Vil o+ (o) [l divilda
t

(3.38)
<0 (v,1) / 2] pli2de+ C|| Vo3 B(t) + C o] 1 / plif*dz.

Recalling (3.20), we have

(B(t)+/|x|apu|2dm) +g/\x|a|Vﬂ|2dx
t

§C<I>1/2(U,t)/|x|°‘p|u|2dx+Cc(2Jexp{Cexp{Ccoé(v,t)}tﬂqq;j)}q)(v,t)
+C (L4 Vollzee + [[v]l e + Vol Zee ) B()

<C (@) + Vel &2 v ) (B<t>+ / |z|“p|u|2dx)
—I—C’c%exp{Ccoexp{CfI)(v,t)}tz’(qq;}U}@(U,t), where g=4/a.  (3.39)

Thus, Gronwall’s inequality implies
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sup (B(t)+/|xap|u2dm>
0<s<t
< C’cgexp{C@(v,t)t—k@(v,t)t?(qqfl) }
+Cct exp{C@(ut)t-i—cI)(U7t)t42<qqi2—l> }exp{CCOexp{C@(v,t)}tﬂqqi) }(I)(v,t)t

§chexp{C’coexp{C@(v,t)}tﬂqq_—Ql) } (3.40)

Combining (3.39) and (3.40), we discover

1
/ /|x|a\vu|2dxdt
0

<Cc (fb(v,t)t+ @(v,t)ti’&;j)) exp {C’co exp{Cq)(v,t)}t% }
—I—Cc%exp{C’coexp{Cq)(v,t)}t%}‘IJ(v,t)t
SC’cgexp{C’coexp{C@(ut)}t%}. (3.41)
Moreover, by virtue of (3.15), we have for p € [2,400),
(IVPlLs) <OVl L= VP Lo+ C I Pll = V0] s, (3.42)
which together with (3.17) yields that for p €[2,q],

sup ||[VP|r»
0<s<t

t t
<cep{c [ 1vulimas| (I9P@n) 1+ [ 1P 90l )
0 0
SCcoeXp{Cq)(v,t)tl/z}. (3.43)
Similarly, we deduce from (3.1); and (3.17) that

sup ||[VpllLe SC’coexp{C@(v,t)tl/z}. (3.44)
0<s<t

Note that u satisfies

{HAU+(H+A)VdivupiL+VP, in €, (3.45)

u=0, on Jf).

Thus, we derive from a standard LP estimate for elliptic equations (see [9]) that for
pe(1,00),

IV2ullze <C (llpill o + [V Pllzs). (3.46)

In view of (3.46), (3.41), (3.17), and (2.1), we have

t
/O IV 2ul? dt
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t
<C / (lpil2, + IV PI2,) de
0

t
<c [ (vl [ et 9iar+ 1P, )
0
< Ccexp {C’co exp{C®(v,t)}ta=2/(2a=1) } . (3.47)
Finally, it follows from (3.46), (3.36), and (3.17) that

sup ||[V2ul|2, <Cclexp {CCO exp {C®(v,t)} a2/ (2a=1) } : (3.48)

0<s<t

O
We finally present the following lemma to close our arguments on the a priori
estimates.

LEMMA 3.6. Assume that (p,u) is as in Lemma 3.3. Then there exists a time T™ €
(0,1] depending only on co,p,\,a,y such that

®(u,T*) < M,

provided ®(v,T*) <M with some given M = M (u,\,a,v,¢) > 1.
Proof. Lemmas 3.3-3.5 imply that for g=4/a,

®(u,t) < Ccyexp {C’co exp{C®(v,t)} a2/ (2a=1) } ,
which yields that
P(u,T") < M,
by choosing M = Ccge®“ and

T* :min{e*20M<Q*1>/<fI*2>,1}. (3.49)

4. Proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1. We first use the
Schauder fixed point theorem, Lemma 2.3, to obtain the following local existence of
strong solutions in a bounded smooth domain for p=0.

LEMMA 4.1. For p=0 and a bounded smooth domain Q CR?, suppose that (po,uq)
satisfies po >0 for some § >0 in addition to (1.5)-(1.7). Then for T* as in Lemma
3.6, there exists a unique strong solution (p,u) to the problem (1.1) on Qx[0,T*],
with

(p,u)l=0=(po,u0), uloa=0, (4.1)
satisfying

(0, P)€L®(0,T*;W'P),  (p,P), € L>(0,T*;LP),
we C([0,T%]);L1N D N D) N L2(0,T*; D>7), (4.2)
up € L2(0,T*LIN DY), /puy € L(0,T*;L2),



Z. LUO 539

for q=4/a and any p€[2,q]. Moreover, the following estimate holds:

sup </ p\u|2d:r+/(1+|m|a) (|Vu|2+P2+p|iL|2)dx>
) )

0<t<T™

+ sup (”VQUHLz(Q)+||(p7P)HW1’P(Q)+H(p7P)t||LP(Q))
0<t<T™

+/T /(1+|x°‘)|Vu|2dxdt+/T |\V2u||2Lq(Q)dt
SC(m)ia,%Qco). i (4.3)
Proof. For T* and M as in Lemma 3.6, set
B£L2(0,T*; Hy),
and
RE {veL®(0,7*;HyND*)NL*(0,T*;D*9)|v, € B,®(v,T*) < M}.

It is easy to see from Lemma 2.2 that R is a convex and compact subset of the Banach
space B. For any v € R, by virtue of Lemma 3.1, there exists a unique solution p= p(v)
solving the Equation (3.1) on X [0,7%] and satisfying (3.3). Moreover, according to
Lemma 3.2, there exists a unique solution u="T (v,p(v)) solving the problem (3.7) on
O x[0,7%]. Here, (p,u) satisfies the a priori estimates stated in Lemmas 3.3-3.6, so
that 7 maps R to R.

Next, we will show 7 is a continuous operator in B. By (3.33) and (3.1);, we have

S (@) lwra +11(p())ellza) < Cl A a,7,co)- (4.4)

Let v, €R, n=1,2,---, converge to v in B, that is,
vp—v  in L?(0,T*;H}), as n— +oo, (4.5)
which together with v,, € R implies
vp—v  w* in L®(0,T*; HiND?*)NL*(0,T*;D*7), as n— +oc. (4.6)
Thus, it follows from Lemma 2.2 and (4.4) that, up to a subsequence,
p(vn,)—=p in C(Qx[0,T%]), as nj —+oc. (4.7)

Taking the limits in (3.1) where p,v are replaced by p(v,;) and v, respectively, we
obtain that p is a weak solution to (3.1). Then, by the uniqueness of the weak solutions
due to (4.6) and (4.7), we have p=p(v), which again together with (4.7) and (4.4)
implies

p(vn)—p in C(QAx[0,T*]), as n— +o0, (4.8)
and

plvp) —p w*in L=(0,7%; W), as n— +oo. (4.9)

Denoting by u, =T (vn,p(vs)), by virtue of Lemmas 3.3-3.6 and Lemma 2.2 we get
that, up to a subsequence,

Up, —u w* in L°°(0,T*; HiND?*)NL*(0,T*;D*?), as n; — +oo,  (4.10)
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and
Up, > in B, as n; — +o00. (4.11)

Letting n; — +o00 in (3.7) where p,u,v are replaced by p(vp,),Un,,vn, respectively, we
obtain that u is a weak solution to (3.7) by (4.11), (4.8), (4.4), and (4.6), which again
yields the uniqueness of the weak solutions to (3.7), and then u=T (v,p(v)), which
implies (4.11) holds for w,, itself. That means 7 is a continuous operator in 5.

By Schauder fixed point theorem, Lemma 2.3, there exists u€ R such that
T (u,p(u)) =u, which together with Lemmas 3.3-3.5 implies (4.3). The uniqueness
of v and (4.2) follow from (4.3), standard Sobolev embedding theory, and Lemma 2.1.
O

PROPOSITION 4.2. For p=0 and Q=R?, assume that (pg>0,uq) satisfies the con-
ditions of Theorem 1.1. Then for T* as in Lemma 4.1, there exists a unique strong
solution (p,u) to the problem (1.1), (1.8), (1.4) on R? x [0,T*], satisfying (4.2) and
(4.3) with Q=R? q=4/a and any p€ [2,q].

Proof. Define Bg={z||z| <R} and

VP (x)=¢(x/R),g" () =¥ (2)g(x),p5 = po+ R ™2,

for (t,7) €R? x [0,T*], where 0 <1 € C5°(By) is a smooth cut-off function such that
Y =1in Bys. Let uff € Hj(Br) N H?(Bg) be the unique solution to the elliptic bound-
ary value problem

Lull=FF in Bp and ué%’aBRzo,
where
Fot==VP(pg)+1/pitg".
Extending uf to R? by defining it to be zero outside Br, we can show that
ull -ug in DY (Bgr) as R—oo0.

The proof is similar as in [4], so we omit it here.

By Lemma 4.1, there exists some 7™ >0 such that for each R>1, the initial-
boundary-value problem (1.1), (4.1), with Q= Bg and (po,uo) = (p&,ult) for plt,ulf
defined as above, has a unique strong solution (p,u) satisfying (4.2) and (4.3). We
denote such (p,u) by (pf,uft).

Extending (pf,u®) to R? by zero outside Bg, we have from (4.3) that for p € [2,q],

R R||?
su 4.12
()StSpT* H¢ p HWl,p ( )
<C sup / (pfPdx+C sup / |Vl |Pda (4.13)
0<t<T*JBgr 0<t<T*JBg
<C, (4.14)

and

swp [ @< sw [ |fpacsc (4.15)
0<t<T* JR2 0<t<T*JBgr
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Moreover, (4.3) gives

and

sup HVWRUR)H%I(RZ)JF sup ||7»/1RURH2Lq(1R2)
0<t<T* 0<t<T*

<C sup V2R 2 uf|?dz+C sup |V R 12 Vuldx
0<t<T* JR2 0<t<T* JR2

+C sup /¢R|V2uR|2dx+C’ sup VB Vur|2de
0<t<T* JR? 0<t<T* JR?

+C sup / |V B 2wl 2de+C  sup ||uR||%q(BR)
0<t<T* JR? 0<t<T

<CR™? sup / [uf*?dz+C sup / |Vu®2da
0<t<T*JBp 0<t<T*JBR

+C sup / IV2uf|2dz+C sup ||uRH%q(BR)
0<t<T*.JBp 0<t<T~

<CR*P2/0 sup |[u" |30, +C sup [[u"|Fuip, +C
0<t<T* Ost=T"
<C sup / |lz|® | Vult|?dz +C
0<t<T*.JBgr
o (4.16)

.

/0 O
r R 2

sc/o 112 0t

T* .
<c [ |
0

N
<c+C / 1012 w0 VB2 5,
<cC. (4.17)

2 T
dt+C Rovul?, , . dt
o HHC [ I

Next, (4.17) and (4.3) yield

-
SCR*Q/O IIUEH%Z(BR)dtJF/O HVUR’

-
/0 IV ()2 g

T

.
< / I —r / RV uR| 2, dt
0 0

T" 2

R Ry (2
ey HIV T

*

-
—4 R|2 R4
<CR MA ”%nuwmﬁ+cé [VuP|| e 5,y At
-
+c/ [ 2w V2R 2 g, i+ C
0

.
<c+C / VU120 [V20R 20 5
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<C. (4.18)

Therefore, by Lemma 2.2 and a diagonalization procedure, we can choose a subse-
quence of (pft,uft), still denoted by (pf,u®), such that as R— oo

PEpf—p  w* in L0, 7% WHY(R?)) N W (0,T*; LP(R?)), (4.19)
YEpf = pin C(B,, x[0,T7)), (4.20)
PR~y w* in L°°(0,7%; D' (R?) N D?(R?)), (4.21)
YRR~y win HY(0,T7%; LY(R?*) N D' (R?)), (4.22)
and
PRl = in C([0,T*];WH9(B,)), (4.23)

for any positive integer n.

Now, for any function ¢ € C§°(R? x [0,T*)), we take (v%)"¢ with r > max{y+1,4}
as test function in (1.1), (4.1). Then letting R — oo, it follows from (4.12)-(4.23) that
(p,u) is a unique strong solution of (1.1), (1.3), (1.4) on R? x [0,T*] satisfying (4.2),
(4.3) with Q=R2. O

The following Lemmas 4.3-4.6 deal with the higher order estimates of the unique
strong solution (p,u), obtained by Proposition 4.2 for p=0.

LEMMA 4.3. The following estimates hold

N
sup /p|ut|2dx—|—/ (lurll2o + [ Vue|2) de < C, (4.24)
0<t<T* 0
N
swp (Pl [ [Vulfpde<C. (4.25)
0<t<T* 0

Proof. Tt follows from (4.3) and (2.1) that

sup ||ul|panpe <C. (4.26)
0<t<T~

Estimate (4.24) follows directly from the following simple facts:

/p|ut|2dacg/p|1l|2dx+/p|u-Vu\2d:c

<C+Clpllze l[ull o [IVull72
<C,
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.
/ e 30
0

T o
§C/ ||u||%th+c/ |- Vul|%,dt
0 0

T* T*
gc/o |||x\°‘/2va||%2dt+0/0 ull [ V]2 d
<c,

and

[Vue||7> <|Val|7z 4[|V (u- Vu) |7
<|IVill7: +CllullZ<IV?ull32 + C||Vul 74
<||Va||3. +C,

due to (4.3), (4.26), and (2.2).
Next, we prove (4.25). Note that P satisfies

Pi+u-VP+~vPdivu=0, (4.27)

which, together with (1.1); and a simple computation, yields that

4 (192 Pz +19%]122)

(1+1Vullw) (192Pl2 +19pl12) + OVl + 19l (9] + 192
(1+ [Vl ) (192Pl2 +19%pl12) + OVl (14 [V o + [V P 22)
(1+[Vullwr) (IV2Pls +[9%0]12) + I V2ull

<O+ [Fullwr) (IV2Pl 1 + 1920l 2) + € (14 [ ol™/29 ]+ [ Vi) . (428)

<C
<C
<C

where we have used the following standard H'-estimate for elliptic system (3.45):
IVl g < C(llpitl| r + [V Pl 1)
<C (1"l 2 + IV pllil 2 + Vi 2 + [ 92 P12 )
<C(1+ Vol p2asa-o l|il La + |V L2 +[| V2P| .2)
<C (1+lllal*/2 Va2 + Vil 2 + V2Pl 2) (4.29)

due to (4.3) and 2¢/(q—2) €(2,q). It thus follows from (4.3), (4.28), and Gronwall’s
inequality that

sup ([[V2P| L2 +(V?pl £2) <C,
te[0,T%]

which together with (4.3) and (4.29) implies (4.25). m
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LEMMA 4.4. The following estimates hold:

-
sup (|l pellzr + ||Pt||H1)+/ (lpeell 7 + 1Peell72) dt < C,
0<t<T* 0

sup ||Vuelp2 +/ /putztdxdtSC.
0

0<t<T*

Proof. We first prove (4.30). One deduces from (4.27), (4.3), and (4.26) that
1P| 2 < CllullL=[[V P2 + C|[Vul| 2 <C.
Differentiating (4.27) yields
VP +u-VVP+Vu-VP+~yVPdivu+vPVdivu =0.
Hence, by (4.3), (4.26), and (4.25), one gets
IV P12 < Cllull L [IV2 Pl 2 + C| V]| 4 | VPl 4 + ClIVZul 12 < C.
The combination of (4.32) with (4.33) implies

sup || Pi|lgr <C.
0<t<T™

Note that P;; satisfies
Py +vyPidivu+yPdivus +ur - VP 4+u- VP, =0.

Thus, one gets from (4.35), (4.34), (4.3), and (4.24)-(4.26) that

-
/ | P20t
0

-
SC/ (1Pl [Vl s+ 1Vl 22+ e Lall VP oo + IV | 22)*d
0

<C.

One can handle p; and py similarly. Hence (4.30) is proved.

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

Next, we prove (4.31). Differentiating (1.1)y with respect to ¢, then multiplying

the resulting equation by ws, one gets after integration by parts that

d Atp,
dt/(g|Vut|2+2M(dlvut)2> dx+/puftd:r

d 1
= (—2/pt|ut|2d:c—/ptu~Vu~utda:—|—/Ptdivutdx>

1
+§/ptt|ut|2dx+ﬁptu'vu)t'Utdx_/put'vu'uttdx

—/pu~Vut-uttdx—/Pttdivutdx
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sd, %
=—] I;. 4.
7 o+; i (4.36)
It follows from (1.1)q, (4.3), (4.30), (4.24), and (4.26) that
0l

1
—5/pt|ut|2dx—/ptu-Vu-utdx—l—/Ptdivutdx

<‘/div(pu)|ut|2dm +C|| Pl 2| Vel 2

+C‘/pu-V(u-Vu-ut)dx

<C / plullur] (Ve + [Vl + [ul|V?ul) da +C / pluf2|Vul[Vus|da +C|[ Ve | 2

<Cllp"us]| 2 lull Lo ([ Vel L2 + | VuullZa + [l o [| V0] £2)
+C|ul oo |Vl L2 |V || 2 + C|| Vg | 2
<6||Vug72+Cs, (4.37)

and

2|I1| = ‘/ptt|ut|2dx

= ‘/Pﬂﬁ'ﬂut) -V (Jug[*)da
< Cllpell 2asca-» lfull oo e | o | V]| 2
O pM 2y | %O | | 4 | V| 2
< Cllug|30 +C|Vug|22 +C||Vu | 35200 ¢
< Cllug|20 +C| V|22 +C, (4.38)

due to 2(¢—2)/(¢—4) € (2,4) by (1.8). Moreover,

|I2| = ‘/(ptu-Vu)t-utdx

‘/(ptthuoutertutoVu~ut+ptu'Vut~ut)da:

<Cllpeell 2 llw- Vull p2ara—2 luel Lo +Cllpel 2 | we* | are [| Vel 20/ -0
+C|lpell p2asca-2 |ull Lo | Vug || 2 ||t £a
< Clpeel|?2 +Cllug]|20 + C||[ V|2 (4.39)

Cauchy’s inequality gives

|Is|+f4|=\ Jore uunda

+ ‘/pu Vug - upde

<Ollp" el (el Ll Vel ooz + [[ull Lo | Vae | £2)
<6llp 2|22 + Cslluelfo + sl Vue | 22, (4.40)

and

5= redivugdr | < || Py | pz||divug| e < tt|l 12 Ut||72-
|Is| = | [Pudivugde| < || Pyl 2 || divuy| 2 < C|[Pl|72 + [ Vuel|7
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Taking into account the compatibility condition (1.6), we can define
u(z,t=0)=g,
which implies
Ve (-,0)l 22 = [[Vi(-,0) = V(uo - Vuo) || 2
<IIVgllzz +C([Vuol 2 + luoll L= ) [ V*uol| 2
<[IVglr2+C. (4.41)

Now, combining all the estimates (4.37)-(4.41), we immediately deduce from (4.36),
(4.30), (4.24), and Gronwall’s inequality that (4.31) holds. O

LEMMA 4.5. It holds that
-
sfélr; ](Iles+P||H3+||Vu||H2)+/ (IVullfrs + [ Vuell7p)dt <O (4.42)
tel0,T* 0

Proof. The standard L?-estimate for elliptic system, (4.3), and Lemma 4.4 yield that
for p€lq,+00),
V2| 2 < C||pAug + (u+N) Vdivug|| 12
= ||pug + prus + pru- Vu+ pug - Vu+ pu- Vug + VP 12
< Cllpurell L2 +1pell 2o o-2 [uell Lo + [ pel o llull oo [ V]| o)
O (uell o 1Vl 2o/ -2 + [l oo [ Vuel 2 + [V Pl 12)
<O1p" gl 2 + Cllug || e + C, (4.43)

We observe from (4.43), (4.31), and (4.24) that
-
/ Ve dt < C. (4.44)
0

The standard L2-estimate for elliptic system yields that for p € [g,+00),
IV 4ull 2 < ClIV2(uAu+ (A Vdiva)| 1
< C|[V2(pit) |12+ C|[ V2Pl 12
<CH+C||Vul g2+ Cllug|| e + C||[ Vgl g2 +C||V? Pl 2, (4.45)
where one has used the following simple facts:
IV (pu) | 2
<C(IIVplluel 2 + 1V ol Ve[| 22 + [ VP2t £2)
<C(IV?pllez (luel e + Vel o) + [V pll Lo Ve | o +1V e £2)
<Cllue|| e +Cl[Vuel m,
and
IV2(pu-Vu)|| 2
<C(IIV*(pu) [ Vulll 2 + [V (pu) VUl [ 22 + | VPul =)
<C(IV2(pu)ll 2 [Vl gz + [V (pu) | 2 | V2] o+ [ VPl 2 )
<C(1+V20ll e llull o + Vol el Vul o + 1V 2ull 22 ) [ V] g2
<[Vl
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due to (4.25), (4.3), and (2.3). In view of (4.27), (4.25), and (4.45), we have

(IV°PIZ2),
<C(IIV°ul[V P2+ [[V?ul V2P| 2 + [ Vul [V Pl 2 + [V ul| £2) | V2 Pl| 2
<C(IV2ull 2|V Pl = + IVul 2 (1+ ]| V2P| 2)
HIVullL [V g2 + [ VEul| 12) [ V2P|l 2
<C(1+|Vull g2) A+ VP PI[72) + C(IVul 2 + V¥ 0l £2) [ VP P e
<C A+ Vullgz + luell e + [ Vuell ) 1+ V2 PlI72),

which, together with Gronwall’s inequality and (4.25), (4.24), (4.44), yields that

sup ||V3P||p2 <C. (4.46)
0<t<T*

It thus follows from (4.44)-(4.46), (4.24), (4.25), and (4.3) that

-
/ [ Vul|3sdt <C,
0

which, together with (4.46) and (4.25), shows that

-
sup ||PHH3+/ | Vul3:dt < C. (4.47)
0

0<t<T*

It is easy to check that similar arguments work for p by using (4.47). Hence,

sup |p|lgs <C. (4.48)
0<¢<T~

Furthermore, it follows directly from (4.44) and (4.47) that

sup ||V3ul|g2 <C. (4.49)
0<t<T*
Thus (4.42) holds by (4.47), (4.48), (4.44), (4.49), and (4.3). 0

LEMMA 4.6. The following estimate holds:

-
s ¢ (lalsrorps IV w0 Punlfe) + [t ualadt<c. (@50
0<t<T* 0

Proof. Differentiate (1.1)2 with respect to ¢ twice to get

PUgre + pu- Vg — pAugy — (4 A) Vdivay,
=2div(pu)uy +div(pu)us — 2(pu)t - Vug — (pru+2ppus ) - Vu — pugy - Vu— V Py
(4.51)
Multiplying (4.51) by us and then integrating the resulting equation over R?, one
gets after integration by parts that

1d .
§$/p\utt|2dx+/(,u|Vutt|2—i—(u—i—/\)(dlvutt)Q)dx
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=—4/uitpu-Vuitdx—/(pu)t-[V(ut~utt)+2Vut-utt] dz
fﬁpttu+2ptut)~Vu~uttdx7/putt~Vu~uttdx+/Pttdivuttdx

:74/uitpu~Vuitd1’f/put~[V(ut~utt)+2Vutoutt]dx
f/ptuiugaiu{tdm+3/div(pu)UoVu{u{tdx
+/(div(pu)tu+2div(pu)ut)~Vu-uttdx
— /putt -Vu-updr+ /Pttdivuttdx

:—4/uf;tpu-Vuitdx—/put-[V(ut~utt)+2Vut~utt]da:
—/,otuiufaiu{tdx—3/pui8i(u-Vu{ugt)dx
—/pui@i(ukﬁkujuzt)dx—/ptuiukakujaiu{tdx
—|—/div(pu)ui&(ukﬁkuj)ugtdx—Z/puiﬁi(uf()kujugt)dx

- /p’ll,tt -Vu- Uttdl’ + /Pttdivuttdx

10
S
i=1
We estimate each J;(i=1,---,10) as follows. Holder’s inequality gives

|J1| < Cllp 2uge|| g2 | Vutge | 2 |ul o
<[ Vueel3 2+ Csllp" P usel|7-.-

It follows from (4.24), (4.30), (4.31), and (4.3) that

| J2] SC/ (plue (Ve |+ plue|[ue][Vue|) da

< Cllp" 2|2 lJuell Lo | Vuteel| 2 + Cllp Puee | 2 el oo | Ve 2
<68 Vuul| 72+ Cs (luel 2o + 1 Vuel|Fe) +Cllp Puee | 72,

and

T3]+ | Js] SC/\ptIIUHVun\(IutI +ul[Vul)dz

(4.52)

(4.53)

(4.54)

<C (llpell pzara= llull os lfuel| o +lpell pallullZoe [Vl o) [ Veuee | 2

< 8| Vueell7z + Cslluell 2o + Cs.

Next, we observe

\J4|§C/p\u||utt|(|Vu||Vut|+|u||V2ut|)d$+C’/p|u\2\VutHVutt|dx

(4.55)
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<Cllp" Pl (lull o [ Vull ol Vgl o 4l oo 11V 2)
Ol Fe Ve 2| Vuee | 2
<0l Vuee |22 + sl Vuel 3 +Cllp Puse 7, (4.56)

and

< [ plusalua] (Val?+[ullul) do+C [ puslful]Val Vo

<Clp" st 2 uel| Lo (IVUlf a0/ am2) + [ V20l| 2002 [[]| oo )
+Cu | pal|ull oo VUl p2as (a2 [ Vg || 2
<) Vuge||7> + Cslluel| 7o+ Cllp" *uee |- (4.57)

Moreover,
|J7| = '/pulal(uic()l-(uk@kuj)u{t)da:
SC/P|UttHU| (IVul® +[ul[Vu| [V u| 4 [ul* [ Vul ) dz

+C’/p|u\2|Vutt| (1Vul? + [ul|[V2u]) da

<Cllp"Punel 2 (IVull 3o + | Vull s | V2ul| s + | VPul| 2
+C|Vu 2 (IVullFa +1V2ul| )

<Olp" *unl|72 + 6| Vun |72 +Cs, (4.58)

1= [ plualal (Val 9l el 92} d+-C [ plall Ve a9l

< Cllp" sl = (I Vuel| ol Vull o + e ol V20l 2070 )
FOVugel| L2 [Jue || La [Vl p2as a2
<Cllp"Punel| 22 +ClIVuellfp +Csllugl| 7o + 6l Vuul |72, (4.59)

and

| Jo| +1J10] < Cllp" *usel|3 2 |Vl Lo + C| et 12| Vatge || .2

(4.60)
<8||Vuge |32 +Csllp" Puse||7 2 + Cs]| Pee .2

Multiplying (4.52) by t and integrating the resulting equation with respect to ¢ over
(0,7*), we obtain, by using (4.53)-(4.60), (4.30), (4.31), and Gronwall’s inequality
after choosing ¢ suitably small, that

-
sup /tp|utt|2dx—|—/ tﬁVutthmdtSC’. (4.61)
0

0<t<T*

Next, setting v=w in (3.34) and multiplying the resulting equation by |x|*/2(w),,
we obtain after integrating by parts that

. 1d o . 0/ 1
[ttt o+ 5 5 <u JERE CRESER I /2|dwu|2dx)
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:‘/ plu- V)| (i), do

“O‘/au Velz|*/ 222t de — W/divu((u)t-xﬂﬂamddx

/(au D520) D (172 (), ) da — u/(8kuk8iu)8i(|33|°‘/2(u)t)dac
b1 [ @i 0y (a2 i) o — (1) [ [aivan(ist@oas
/(8 u 8kuj)dlv(\x|a/2( )g)dx — /(Vukdivu)~8k(|x|°‘/2( )t )dx]

9
—/(PVu ) O (|22 (0))da — (4 — )/Pdwud1v(|x|a/2( ))dx—zm.

(4.62)

In view of (2.1), Lemma 4.4 and 4.5, we estimate each term on the righthand side of
(4.62) as follows:

= \ [ ot Silel i)

<C||UHL°° 2 (@)ell® || 2 1Vl |2]*/ 2

§5llp1/2( @)ele|* 22 +CllIVal | 72

1
<Slp' 2 (@)ela|* | 7a + CllI V|22 2. + Ol Vil 7, (4.63)

= “O‘/au |9U|O‘/2 Zrtde

d .
S—MQfaa/5¢ﬂkﬂk|x|a/2_2x1d$+0/|V(d)t||u||$|(a_2)/2dx

d )
S—%aa/&-ukuk|x|0‘/2_2xldx+C’||V(utt+ut-Vu+u~Vut)||Lz||u|x|(a_2)/2||Lz

d
_7%%/aukuklx|a/2 2,0,

+O(IIValle]* 2l 72 + | Vuselga + el Fra V20l 2oy
HIVull g2 | Veel 72 +lul| Zoe [|V2ue ] Z2)

d .
< —%% /3i1lk1lk|a:|a/2_2xlda:

NI allel™ 4 Vel + e+ 1200l 32 +1), (464
_ kA a2
K4—,u/(5m 0iu) O (|| /= () )dx
<ngp [ @t 0u)0k (ol a0 +C [ 19| Fal((Villal*/2-+ il *2/2) o

<y [ (@0 (iaf* i) o
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+O(IVul poo [[Vue ]| 2) (| Vil *72 L2 + [ =72 2)
d
§u%/(3iuk3iu)8k(|x|°‘/21l)dx+C||V1'L|:17|a/2\\%2+C’, (4.65)

and
K=~ [ (PVW")-00(al/* (i) dz
g—%/(Pvuk)ﬁk(lx\a/%)dx
+C [ (PIVal+ PVl (Vo] + i ]o] ~2/%)do
<-4 [(POub)- 042l i) e+ O P 2Vl e + 1Pl o Vs 2)

= dt
x (V]2 2 + lfale] =272 12)

g_%/(pwv).ak(|x\a/2u)dx+C||Vﬂ|:c|“/2l\%z+C~ (4.66)

Similarly, we can estimate the other terms on the righthand side of (4.62). There-
fore, we arrive at

1 1d

3 [ el olinot 5 5 (o [1al219aPd G A) [ lof*/2divias

d . - (4.67)

<L) 4 OOl + NVl 3 + V2 + )
+C||V2Ut|‘%2 +C,

where

; A
U(t) A _Ho 8iukﬂk‘x|a/2*2xldx, M divit(u~x)|x|a/272dx
2 2

+pu / (9uF D) O (|| %) da — / (Bpuk8;u)0; (|| ?0) dx:
+,u/(@iukﬁku)ai(|x|o‘/21l)dx— (+X) [/(divu)zdiv(|x|a/2ﬁ)dx
- / (Dyuk B ) div([x| i) dx — / (Vukdiva) - O (|x]°/2i0)dx
f/(PVuk)~8k(\x|°‘/21l)dx—('y—1)/Pdivudiv(\x|°‘/2ﬂ)dx.
It is easy to show that
U (t)] < pa®[|[2]*/ 4V 72 + (4 A)a®|||2]*/* V4|7 2
+0 [ (9uP +19ul) (jel* 219l + il =) do
< (@t N2 ol 49l3+C [ 1Val(laf*/?| Vil + i ]o] /) do

(2u+N)a|[l2]**Val| 72 + Ol Vulz || 2 ] */* V| 2

<
<202p+ N2V a7z + O Vulz|* /|72 + Ol Vul 7.
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< Bllel*/ Vil +C. (4.68)

Multiplying (4.67) by ¢ and integrating the resulting equation over (0,7*), we deduce
from (4.68), (4.61), (4.3), and (4.24) that

T
sup /t|x|“/2|vn|2dx+/ t/|x|a/2p|ut|2dxdt
0

0<t<T™

-
< O/O (IValg2+ [ Vall[*/?| 2.

P
+t||Vutt||%2 + ||Ut|‘%4/a)dt+0/ (||V2Ut||%2 + 1)dt
0
<cC. (4.69)
It follows from (4.69) and (2.1) that

sup t[il|7e. <C sup t||z** Va3, <C,
0<t<T* 0<t<T™

which yields that

sup tllugl|7se <C sup t(l|ilFssa +[lu- Vull7s.)
0<t<T* 0<t< T

<C+C sup |ulFe<IVullZs/a
0<t<T*

<c. (4.70)
Choosing p=8/a in both (4.45) and (4.43), together with (4.42), yields that
sup t[|V*ul2, <C. (4.71)
0<t<T~
Hence (4.50) follows from (4.61), (4.70), and (4.71) directly. O

Now we prove our main result Theorem 1.1.
Proof of Theorem 1.1. Proof. If p=0, Theorem 1.1 is an easy consequence of
Proposition 4.2 and Lemmas 4.3-4.6. It remains to prove that (p,u) becomes a classical
solution for positive time, that is, for any 7€ (0,7%],

ug, V2u, Vp, p €C ([T,T*] X @) . (4.72)
It follows from (4.42) and (4.50) that for any 7€ (0,7%],

sup HV2u||Hz <C(r),
r<t<T*

which, together with (4.42), (V2u), € L?(R? x (0,T*)), gives that for p€ (2,+00),
V2ue O([r, T H NW?) s C (@x [T,T*]) . (4.73)

It follows from (4.50) and (4.31) that

T*
sup. (IlutIILs/aHIVUtIIHIH/ 1(Vue)el|Z=dt < C(7), (4.74)
<t<T* T

<
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which implies for p € (2,+00),
Vu; € C([r,T*]; LN LP). (4.75)
It follows from (4.74) and (4.75) directly that
e ec(@x [T,T*]). (4.76)
We deduce from (4.30) and (4.42) that
Vpe L>*(0,T*;H?), (Vp);€L>(0,T*L?),
which yields that for p € (2,400),
Vpe([0,T*]; H n\Wh?) s © (@x [O,T*]) . (4.77)
It follows from (1.1)y, (4.73), and (4.77) that
peC (@x [O,T*]) :

which together with (4.73), (4.76), and (4.77) gives (4.72).
If p>0, after bounding |ul|z2re2) and |[4||z2g2) by Lemma 2.5, we obtain
Theorem 1.1 as above. Hence, the proof of Theorem 1.1 is complete. O
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