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ON A SYSTEM OF PDES ASSOCIATED TO A GAME
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Abstract. We consider a general Bellman type system of parabolic partial differential equa-
tions with a special coupling in the zero order terms. We show the existence of solutions in
LP((0,T);W2P(O))NW1P((0,T) x ©O) by establishing suitable a priori bounds. The system is related
to a certain non zero sum stochastic differential game with a maximum of two players. The players
control a diffusion in order to minimise a certain cost functional. During the game it is possible that
present players may die or a new player may appear. We assume that the death, respectively the
birth time of a player is exponentially distributed with intensities that depend on the diffusion and the
controls of the players who are alive.
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1. Introduction

We consider a system of partial differential equations which is related to some non
zero sum stochastic differential game with a maximum of two players P1, P2. During
the game it is possible that present players may die or a new player might appear. We
assume that the birth and death times are independently exponentially distributed with
intensities that are controlled by the players who are alive and depend on a controlled
diffusion. The costs of any player develop as long as he is alive and is set to zero as soon
as he is dead. If no player is alive the game ends. Furthermore we assume that each
player can observe the diffusion and is informed about the controls of the other player
and about the set of players alive. So indeed the game takes place in three different
states. First the situation where two players are alive, second the case where only one
player (of type) P1 is alive and third the case where only the player (of type) P2 is
alive.

Since the pioneering work of Isaacs differential games have been an active field of
research (see [9] and references given therein). Stochastic differential games have first
been investigated by Friedman [8] and later by Bensoussan and Friedman [6] for the
case where the players have the possibility to end the game before a terminal time. To
investigate these games the theory of systems of partial differential equations (PDE)
respectively variational differential equations is used. The conditions imposed therein
were later weakened by Bensoussan and Frehse [1, 3] to consider non zero sum games
with payoffs that fulfill a quadratic growth condition in the control. In particular, these
conditions lead to the study of systems of PDE with quadratic growth in the gradient.
For the existence of a solution it is well known that the approaches that are usually
used do not directly apply and the proof requires a stronger regularity of the solutions.
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624 PDES FOR GAMES WITH VARYING NUMBER OF PLAYERS

Following the classical trail we are led to consider for our game a coupled system of
partial differential equations which are similar to the equations considered by Bensous-
san and Frehse in [4]. However, due to the possible death and birth of a player, we have
a much stronger coupling of the zero order terms. This requires in particular a special
care in deriving the L estimates, which constitute the main part of this paper. The
crucial Holder estimates can then be shown by adapting the results for the parabolic
case in [3].

2. Motivation

Here we content ourselves with a formal heuristic description of the model that can
be investigated using the systems of PDEs we consider below. For all s€[0,T], let I(s)
denote the set of players at time s. This is a random set with maximum number of 2,
i.e. with the possible values

I(s) € {0,{1},{2},{1,2}}.

Let OCR? be an open, bounded domain with smooth boundary. The dynamics
are given by a diffusion X*® in O which is controlled by the players who are alive.
To that end let B be a Brownian motion defined on a filtered probability space
(0, F,(Ft)refo,1),P) satisfying the usual conditions. We consider a diffusion with a drift
BY resp. By, 05 that is controlled by the players alive. More precisely

X =+ ] (5w(Xﬁ’waUl(T)vw(?"))lI(r):{l,z} + By (XE" 01 (r) L (r=(1}

(2.1)
S (XL, 03 (1)L )= 2y ) dr + V2B,

where v!,v? denote the controls of the two players with values in V :=R"™! x R’ for
mq,mg €N fixed with mo > 0. Furthermore, we set

T=inf{s>t: X" ¢ O}

and stop the process X% at T without changing the notation.

REMARK 2.1. The special structure of the control space is due to the linearity in the
controls we will to impose on the death and birth rates, which are naturally restricted
to be greater than or equal to zero.

The set I(s) evolves according to a birth and death process. However, when the
two players are present, only the death of one player can occur. Also, there is no game
when there are no players. We have the following evolution rules for € >0 small:

(i) If I(s)={1}, then

{1}  with probability 1— (A} (z,v1(s))+ 4 (x,v1(s)))e
I(s+€)=1 {1,2} with probability u4(x,vi(s))e
0 with probability AY(z,v1(s))e.

(ii) If I(s)={2}, then

{2}  with probability 1— (A4 (z,v2(s))+ul(z,v2(s)))e
I(s+€)=14 {1,2} with probability u}(z,v2(s))e
0 with probability Ay (z,va(s))e.
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(iii) If I(s)={1,2}, then

{1,2} with probability 1—(AY (z,v1(s),v2(s)) + A% (z,v1(s),v2(s)))e
I(s+¢e)=¢ {1}  with probability ¥ (z,v1(s),v2(s))e
{2} with probability AY (z,v1(s),v2(s))e.

(iv) If I(s) =0, then I(s+¢)=0.

The objective for each individual player is to minimize running costs which depend
on the diffusion and are controlled by the players alive. Furthermore the players have
to pay terminal costs which depend on the value of the diffusion at the terminal time
T >0. The payoffs of dead players are set to zero, i.e. we set, for all t€[0,T], x€ O,

Ji(t,x, 000 0% = Jo(t,z, 0501 0?) =0. (2.2)
Furthermore, for I € {{1},{2},{1,2}},
Ji(t,x, Lot v?)
—]E[ff (f1 (X5 01 (8),02(8)) L ()= q1,23 T [1UXE"01(8) 1 1(5)=(1}) ds (2.3)
g (XP) L r(r)={1,2} +91U(X;"7I)1I(T)—{l}} 7
and
Jo(t,x, I;0t v?)
_]E|:ft (73 (X537 01(8), 02N =2y H X7 02D i) ds gy
98 (XP") L 1(r)={1,2} +975(X?$)11(T)—{2}} ,

where 7% is the death time of Pi himself, i.e.
rl=inf{s>t:1(s)€{{2},0}}, 7°=inf{s>t:I(s)c{{1},0}}.
So for all t€[0,T], x€O,
Ji(t,z,{2};01,v2) = Jo(t,2,{1};01,v2) =0. (2.5)

It is well known for differential games with a fixed number of players that Nash equilibria
can be found by solving a system of PDEs. In this paper we show existence of the
solution (W7 (t,x), Wa(t,x), U1 (t,x), Us(t,z)) to a system of PDEs which is associated to
the game. The solutions can then be used to construct Nash optimal strategies, i.e.

Wl(t (ﬁ) Jl(t,x,{1,2};@1,ﬁ2)
( s L ) = JQ(t>xa{172};ﬁl7f}2) (2 6)
Ul(t7x) = Jl(t,.’E,{l};’lA}l,’lA)g) .
U2(t7x) - JQ(tVra{Q};@la’[)Q)
with 91,09, such that
Ji(t,x, I;01,99) < Jy(t,@,I;v1,92)  for all controls vt of player 1 (2.7)

Jo(t,x,I;01,02) < Jo(t,w,I;01,09)  for all controls v? of player 2.

In the following we will not go into detail about the explicit construction of Nash
equilibria but prefer to concentrate on the analytical part.



626 PDES FOR GAMES WITH VARYING NUMBER OF PLAYERS

3. The Hamiltonians

3.1. Formal definition. We define the Lagrangians for Player i=1,2 in the
case both player are alive: For (x,p1,p2,71,72,51,52) € O x (R%)? x R? x R?, we set

LY (x,p1,7m1,8135w1,w2) = BY (2, w1, w2)p1 + fi¥ (z,w1,w2)

(

—(AP(z, w1, wa) + AY (z,w1,ws2))r1 + A¥ (x, w1 ,wz)s1 3.1)
Ly (x,p2,7r2,52;w1,w2) = B (x,w1,we)p2 + f3 (T, w1,w2) '
—(Af

Yz wr,we) +AY (x,wy,wa))re + AV (z,w1,ws)S2,

where wi,wy € V. (We defined V=R"™ x R"* for mi,mz €N fixed with my>0).
In the case only a player of type 1 is alive we define the Lagrangian for P1 by
setting, for all (z,p,7,5) €O x RIXRxR, ucV,

Li(z,p,r,s5u) = Bi(z,u)p+ fi(v,u) — (A (@,u) + pl (z,0))r + ps (z,u) s, (3.2)
and similarly we define the Lagrangian for P2 only if he is alive, by
Ly (z,p,rys3u) = B3 (@, u)p+£3 (2,u) — (A5 (z,u) + p (2, w))r + pt (2,u)s. (3-3)

The terms in the above expression can be explained in the following way:

(i) The first two terms are due to the controlled diffusion, when nobody dies or is
born.

(ii) The middle term is a discounting factor to the actual cost due to the possibility
that one player might die or one player might be born.

(iii) The last term is the continuation value in the different state, where the opponent
is dead or a player is born. Note that the continuation value is set to zero
whenever the player dies himself.

So only when two players are alive we face a classical game situation, while in the
state where there is only one player alive the game reduces to a minimization problem.

To define the Hamiltonians we need assumptions that guarantee the following con-
dition:

DEFINITION 3.1. We say that the measurable functions

fulfill a Nash condition for the Lagrangians (LY, LY, LY, LY) if
(i) for all (z,p1,p2,71,72,51,52) € O x (R%)2 x R? x R?,

L%_U('r7p17T1aSl;wl(xap17p257ﬁ17742’81a82)5 7p1ap27T17r2a31752))
<L¥(
T,p1,P2,T1,72,51,52))

Wa(x

,DP1,71,81;W1, W2 (T, P1,P2,71,72,81,52)) Vw, €V
2(

2) Ywg €V,

(z
LY (x,p2,72,52;W1 (x,p1,D2,71,72,51,52),0
Ly

(27 p2a7“2732§wl(x7p1»p277"1a7“2731732)
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(ii) for all (x,p,r,s) €O xR xR xR,
LY (z,p,r,s;01(2,p,7,8)) < LY (,p,7,8301) Vui €V, (3.6)

(iii) for all (x,p,r,s) €O xR x R xR,
LY (x,p,r,s;t0(x,p,r,s)) < LY (z,p,7,s;u2) Yug € V. (3.7)

Assuming that we have (w!,%? a',4?%) satisfying the conditions of Definition 3.1,

we define for 1=1,2 the Hamiltonians

H;U(x7p1ap277"177“2731,32)

=LY (x,p1,r1,81;W1 (T, p1,P2,71,72,81,52), W2 (T, p1,P2,71,72,51,52)) (3:8)

and
H*(z,p,r,s)=L¥(x,p,r,s;0;(x,p,r,9)). (3.9)
3.2. Assumptions on the coefficients. Throughout the paper we will work

under the following regularity condition: For i=1,2 the functions
LA B OV xV =R

and
LA B OxV =R

are Carathéodory functions with Lipschitz continuous derivatives with respect to the
argument in V', V x V respectively. Furthermore, the functions

g 0O—=R, g':O—=R
are in WH°°(0) and fulfill the zero order compatibility condition
g (x)=g;'(x)=0 for all z€00.

Next we impose conditions which will be sufficient for the existence of a Nash point.

ASSUMPTION 3.1.

(i) Convexity: The functions f}':OxV xV =R are convex with respect to the i-th
control. Furthermore, fi':OxV =R are conver with respect to the argument
nV.

(ii) Coercivity: There exist co,0 >0 and K,Ks, such that, for all t€O and w=
(wl,wg) evVxV,

0

awi

£ (,w) - wi > colwi | — K|w[*~° = K,
and, for allz €O and ueV,

0
%ff(z,u)~u260|u|2—K.
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(#i) Linearity in the dynamics: The functions 5 :OxV xV =R are of the form
BY (z,w1,w) = AY (2)wy + A3 (2)wz +a™ (),
and the functions B}': O xV =R are of the form
Bt (@, u) = A (x)u+aj (),

where AY,AY are nxm matrices with coefficients in L>®(O) and a*,a} €
L>(O,R™).

(iv) Linearity in the death/birth rates: The functions A :OxV xV —R are of the
form

A (z,w1,w2) :A;"’l(az)wl” + Ay (x)wy" +1¥ (),

where for any veV we used the notation
,U/
v= ( ,,) with o' eR™, v" e R},
v

Furthermore, the functions A}, ;i : O xV =R are of the form

A (@) = N (2,0 u”) = A ()" + 1 (),
pi (2,u) = i (2,0’ u") = Mt ()" +-mif (),

where AP, A}, M} are vectors with non-negative coefficients in L>*(0) and

00 mi e L>*(0) are non-negative functions.

1 07

REMARK 3.2. If the birth and death rates are not linear in the controls it is a delicate
task to describe primal conditions for the existence of (wq,2,%1,12) fulfilling the Nash
condition. We impose the linearity in order to have sufficient conditions for the existence
of a Nash point for the Lagrangians. More general conditions (sub-quadratic growth)
can be imposed as long as the existence of a Nash point is guaranteed.

In the following we show the existence of a solution to a system of PDEs where
the Hamiltonians will enter as a non-linear term. In order to do so we impose certain
conditions on the cost function.

ASSUMPTION 3.2.
(i) Growth condition on the cost: There exists § >0 and K,Ks, such that, for all
re0 and weV xV,

i (w) < Klwi |+ K|w]*™° + K,
and, for allz €O and ueV,
fi(a,u) < Kluf’ + K.

Note that (iv) states that the non market interaction is of lower order. The
principle part however has quadratic growth.



A. BENSOUSSAN, J. FREHSE, AND C. GRUN 629

(ii) Semi-boundedness: There exist constants f;"", {7 >0, such that, for all €O
and weV xV,

[ (ww) > = £,

and, for allz €O and ueV,

fzu(%u) > _f?u-

Note that the semi-boundedness condition excludes cost functions like fi*(x,w) =
w2 +wiwe +c.

Since we work under critical growth conditions, it is crucial to establish L>°(Q)
bounds. In order to overcome the difficulties arising from the zero order coupling, we
have to impose the following two conditions.

Boundedness for the zero control: f/(z,0) are bounded from above by 7;* >0 uni-
formly € O. fi(x,0,w3), f&' (x,w1,0) are bounded from above by ~{*,+4’ >0 uniformly
inw; eV, ze0.

The latter assumption is fulfilled if we have e.g. the following structure:

[ (@ wr,we) = i (2, w;) +w; i1 (2, w1,w2) (3.10)

with f5(z,0) <.
Comparability assumption: We assume that there are constants o >0, © <1, such
that, for all z€R%, wy,we €V, i,5=1,2, and j #1,

(C]

)\}”(x,wl,wg)gm()\f(w,wl,wg)—l—a), (3.11)

and, for all z€R? and u €V,

i (z,u) < (A (z,u)+ ). (3.12)

(1-9)

REMARK 3.3.  Note that, with the linearity Assumption 3.1 (iv), inequality (3.11)
implies that, if the death rate of one player is zero, his opponent can not immediately
be eliminated. Similarly with (3.12) we have: when only one player is alive and his
death rate is zero, then he can not immediately get a second player to appear.

3.3. Properties of the Hamiltonians.  Assumption 3.1 ensures the existence
of Nash points, hence the Hamiltonians can be defined.

LEMMA 3.4. There are functions wy,ws,l1,1s: O x (R1)2xR2xR2 =V that fulfill
the Nash condition. Furthermore, for i=1,2,

i < K(Ir],|s])(Ipsl + [pl' =0 +1) (3.13)

for all (z,p1,p2,71,79,51,52) €O x (R1)? xR?xR?; K¥(|r|,|s|) denotes a constant de-
pending on (r,s) = (r1,r9,51,82), which remains bounded as long as r and s remain in a
bounded set. Similarly, for i=1,2, (z,p;,r:,5;) €O x R4 xR xR,

|| < K3 (Jral, [si]) (pil +1), (3.14)

where K*(|rsl,1s:]) is a constant depending on (r;,s;) which remains bounded as long as
r; and s; remain i a bounded set.
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Proof. We only prove the first statement. The estimate of the second statement
can then be shown in a similar way. Due to convexity, the Nash conditions are equivalent
to a system of variational inequalities: for ¢,j7=1,2, j#1,

0 .
OZ <a _L;D(xvpiyriaSi;w17w2)‘w1,w2awi—wi>
:<(A;ﬂ(q;))Tpl—|—awZ ﬁj(m’wl’wQ)_(awi /\?(l‘,ﬁ]l,’lﬂg)—Fawi /\;p(x,’lf)l,lz}g))’l“i
0 N
+6wi )\;”(:E,wl,wg)s,wi—wi> YV w; €V. (3.15)

This is solvable due to the coercivity condition (note A are linear in the controls), see
[10]. Setting w; =0 in (3.15) we have using the coercivity

colwil* < KJw[*~° + K5 — (A} (2))pi, i) + K (2|r] +s]), (3.16)

hence using Hélder, i.e. for all a,b€RY, € >0, |ab| <e|a|?+ ;-|b|?, this gives
(co—O)i* < K[>~ + K5+ £ (A1) |oolpil* + K (2|r| + |s]). (3.17)
2

So choosing 0<e<cy, we get for i=1,2 an estimate for |@;|? in terms of |w|?>%+

Ipi|? +1 multiplied by a large enough constant K*(|r|,|s|) depending on |r|,|s|. To
establish (3.13), it remains to estimate |@|?>~% =|(w1,12)|>~°, which is done by using
the inequality above. O

We note that the previous Lemma implies the following structure for the Hamilto-
nians.

LEMMA 3.5.  For all (z,p,r,s) = (,p1,p2,71,72,51,52) € O x (R?)? x R? x R?
HY(z,p,r,s)=G" (x,p,r,s) - pi+ H,"" (x,p,7,5), (3.18)
where G¥ and H*° are such that

|G (,p,m,5)] < K*(|r],[s])|p]

(3.19)
w,0 w —e€
|H"  (@,p,r,8)] < K(|r,[s))(1+[p[>~).
Furthermore, for all (x,p;,ri,5;) € OxRI xR xR,
|Hi (,ps, i, s0)| < Kl [sil) (L [pil ). (3:20)

By definitions (3.1) and (3.8) we can use Lemma 3.4 with Assumption 3.2 (i), (ii)
for (3.19). By definitions (3.2), (3.3) respectively, and (3.9) we can conclude in the same
manner for (3.20).

4. Main theorem

We set Q=(0,T) x O and ¥ =1[0,T] x 00. In order to determine the value functions
and thus determine the optimal strategies one is led to consider the following system of
PDEs (the so called Bellman system):

(2 +A)Wi(t,x) = —HY (2, VW1, VWa, Wi, Wa,Uy,Us)
(%"’A) Wa(t,z) = —HY (2, VW1, VWa, W1, W5, Uy, Uz)
(& 4+A)UL(t,x) = —H{(x, VU, U, Wh)
(& +A)Us(t,z) = —Hy(x,V Uz, Uy, W2)
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with the boundary conditions
Wi(T,2) =gV (2), Wa(T,2) = g¥'(2), UL(T\a) =g} (2), Us(T,2)=gi(x) Va€O (4.2)
and
Wi (t,x) =Wa(t,x) =Us(t,2) =Us(t,z) =0 Y(t,z)€X. (4.3)

We denote by WP the Sobolev spaces of functions with generalized derivatives
of order ! that belong to L. For 1<p<oo and a Banach space X with norm |||/ x
we denote by LP(0,7;X) the set of functions f:[0,7] — X such that u(¢,-) € X for a.e.
t€[0,77], the LP(0,7;X) norm of f is given by

(U e ) %edt) ™, i 1<p<oo (4.4)

I fllze(0,7:x) ==
SUP¢e(0,T) u(t,)x, for p=oc.

The following is the main theorem of this paper.

THEOREM 4.1. The system of PDEs (4.1) has a solution Wy, Wy,U1,Us €
LP(0,T;W2P(0)NWLP(Q), 2<p<oo.

In the following section we will give the proof for the existence of a solution
W1, Wa,Uy,Us € LP(0,T;W2P(O))NWLP(Q) by an appropriate approximation of the
system of Equation (4.1).

The regularity of the solution allows us to use the It6-Krylov formula ([11] 2.10
Theorem 1) in order to show that 9',9? defined by

(4.5)

is a feedback equilibrium of the game in the sense of (2.7). To give a concise proof, a
more careful construction of the game is necessary which is beyond the scope of this
article. We refer the reader to [5], where a more general case is treated.

5. Proof of the main theorem

5.1. Approximation of the Bellman system. In order to show existence
for a solution to the system (4.1) we will consider for § >0 the following approximative
system:

O L AYWS = —F ' HY (2, VW, W, U?

ot 1 ) 1

O L AYWE = —F'HY (2, VW, W9, U

ot 2 ) 2 (5 1)
(Z+M)UP = —F; 'Hy(x, VUL, U, WY)

(Z+A)US = —F; 'HY (2, VU, U, W3),

where W = (W2 W2), U= (U?,U2), and F5=Fs(x, VW, VU’ W?° U?), with

Fs=14+6(1+ W2 +|U°») (14 | VW 2+ |VU°|?). (5.2)
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Then by the classical theory for semi-linear PDE, the system has for any 6 >0 a
solution W, W3, U, U € LP(0,T;W1P(0)), such that for the generalized time deriva-
tives we have %W{s, %Wf, %U{S7 %Ug € LP(0,T;W=1P(0)). In the following we imply
this regularity whenever we refer to a solution of (5.1).

For fixed d > 0 one can use the classical theory for linear PDE and apply the theory
of monotone operators of Leray and Lions [13], since F; 'H*, F; 'H" are uniformly
bounded by a constant K(9) depending on 6. Moreover, using the standard parabolic
theory for scalar equations (Ladyzenskaja et al. [12]) one can show the stronger regu-
larity: for any 6 >0, W9, W9, UP, U3 € LP(0,T;W2P(O))NWLP(Q).

The crucial point now is to have uniform estimates in ¢ in order to go to the limit
in the Equation (5.1). Indeed the result of the following sections imply:

PROPOSITION 5.1. Fori=1,2 we have

||%U{$||LP(Q) + ||UZ§HLP(0,T;W247(@)) <K

(5.3)
| %Wf ||LP(Q) + HW{S HLP(O,T;WM(@)) <K

independent on 6.
The main theorem then follows by extracting a subsequence which converges in the
appropriate spaces.

5.2. L°(Q) estimates. The first step in attaining uniform estimates is to
establish L a priori estimates for the solution to (5.1). The comparability assumption
will be crucial in the proof. We show the result under a smoothness assumption which
is fulfilled by the solutions of (5.1) (for ¢ >0 fixed), in case the coefficients are Holder
continuous in x. In the case that the dependence of the data with respect to = is
only measurable, we may use an approximation by convolution with common mollifiers.
Thereby the coefficients keep the conditions of the previous assumptions, notably the
comparability condition above. In the following we will skip the superscript § for the
solutions of (5.1) for reasons of readability.

5.2.1. L*°(Q) estimates from below.
LEMMA 5.2.  Let (W;,U;)i=1,2 be a solution of (5.1). Fori=1,2, let (t},z}),(t}, x}) €
Int(Q), such that e**W;, e“*U; respectively attains a negative interior minimum. Then,

fOT’ i»j:]w?; .77&7’7

(a+> N0 (2% 4y 1)) et Wi (tW, xd)

m=1,2""m 2

> ot f100 (2 Ay o) + N (2l by 1n) € U (£, 2),

w (5.4)
(O‘+>‘;L76(x7ilvai) +u;76(z?vai)) et Ui(ty,x)

> Ot £ (@) () et W(HE 2,

where \{"? = F5 'XW, NP = Fy '\, p® = Fytpd, and f°° =F L 10, fi° =F 0
fori=1,2.
Proof. For Wy, Wy,U;,Us €C%(Q)NC(Q) we have, for i=1,2,

VWi(t{, i) =0, VU(t},z})=0, (5.5)

3

and

w O w ) w
et aWi(t}“”,xﬁ“):faeati Wt z), et &Ui(t?,xz‘):faeati U, (t¢,z). (5.6)
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Furthermore, the fact that it is a minimum implies

AW;(t,z?) >0, AU (t),xf)>0, i=1,2 (5.7)
in the matrix sense, hence (5.1) implies the Lemma. |
THEOREM 5.3.  Let (W;,U;)i=1,2 be a solution of (5.1). Then

. . eaT f:7w+®fi*7u o fi*7w *,U *, W
_mln{O,Wi}”Loo(Q)zmln{—a(1_(—)2)’—6 T(T_F@gi’ ),—g;
(5.8)
and
. . e fi*’u‘f'@fi*)w o fi*yu *,W *,u
_||m1n{O,UZ-}||Lx(Q)Zmln{—a(1_62)7_6 T(T—l—@gi’ ),—g; }, (5.9)

where g7 =|min{0,g}'}|| L= 0y and g;"* = | min{0,g{"}|| L (0)-

REMARK 5.4.  We note that, the factor e®? is unfortunate because one gets only an
estimate in time which grows exponentially in the terminal time. We note that one can
avoid this if one assumes that the death and birth coefficients are strictly positive. One
can substitute a by their lower bound in é and let « —0 in the proof. (Note that in
this case we may take o =0 in the comparability condition.)

Proof.  Let (t¥,z),(t¥,z¥) be both negative interior minima. We have

17

et Wit z) < eti Wi (td,zy), eti U;(td,xzi) < et U, ),

K2 K2

hence, combining the two inequalities in Lemma 5.3 (5.4), we get

(F(S(zzu)a + Zm:1,2 )\%(z;u’wth))eat;“ Wl(tw ‘Tw)

AR Rt}
Zeat?fgu<x1ilj7wlaw2)

+(F5(x?)a+)‘g(m?7ﬁi) +/~L}L(xgvﬁi))7l)‘}ﬂ (x;u7w17w2)eat;‘f;1(m%ﬁi)

w

+(Fs(z)a+ A (z,4;) —i—uj(x?,di))_l)\}”(x%”,wl,lbg)u}‘(xf,ﬂi) et Wi (tw,x),

K3
(5.10)
where, with the comparability assumption and the fact that Fs>1 for all § >0,
/\;p(xqiﬂ?ﬁ)hd&) ,U;L(xgvﬂZ)
Fs(ai)o+ 30,1 o A (@ 01,12) - Fis(a})or+ A (@, 4) + pf (2, 05)

<0?<1. (5.11)

So we have, using the assumption on the lower boundedness of the cost functionals B
(ii), the estimate
e Wit a))

3

> =™ (1-0%) 7 (Fs(@)a+ Y Ao (alf 1))~

m=1,2
H(Fs ()t Ny ) + prj (o)) O S ) (5.12)

which yields the desired estimate for inner minima. Moreover, the above calculation
holds for all £>0, and we have the estimate at t=0 by enlarging the domain using a
suitable continuation for the coefficients. The possibility of minima (¢,z¥), (t¥,x¥) at
the boundary [0,7]x 0OU{T} x O is captured by the second term and third term in
the estimate. |
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5.2.2. L*°(Q) estimates from above.  Now, for the L* bounds from above,
remember that H;", i=1,2 were defined via a Nash point of the Lagrangian, hence

H{ (x, VW, W,U)
< BY (@, wy,e) VIV 4 f17 (w1, 102)
+ Y (z,w1,102) Uy — (A (zyw1,09) + AY (w1 ,w9) )Wy Yw €V, (5.13)
and
Hy (x, VW, W,U)
< BY (1, w2) VW2 + f37 (2,101, w2)
FAY (2,01, w2)Us — (AY (x,01,we) + Ay (2,01, w2) )W YwaeV.  (5.14)
Also we have, for i,j=1,2, j#i, for all u; €V,
H! (x,VU;,U;,W;)
< B (z,u)) VUL + [ (2, u) + pf (2, u) W — (N (@,u5) + g (2,u4) ) U - (5.15)
This implies the following Lemma:

LEMMA 5.5.  Let (W;,U;)i=1.2 be a solution of (5.1). Fori=1,2 let (t&,z),(t! z¥) €

7
Int(Q), such that e**W;, e**U; respectively attains a positive interior mazimum. Then

(a4 A2 (2,0,109) + A2 (20,10 ) e Wy (£, %)

< e f0 (20 0,Dg) + AY (2%,0,109) e Uy (£, 2%),

. (5.16)
(a4 A2 (2% by, 0) 4+ A2 (2 1y, 0))e™s Wa (12, )
< et f170 (@ 1y, 0)+ A5 (2F 101,00 Uy (t5,2%),
and fori,j=1,2, j#1i,
(@t A (2,0) + 1 (x2,0)) e Uy (2, xt)
' I e (5.17)

< et [0 (@l 0) g (2, 0)e Wi (1 ),
where A0 = Fy AW, A0 = F I, 0 = Fy b, and [0 = Fy L fed ) pd = pyt gl
fori=1,2.
Proof. Again we assume that Wy, Wo,Uy,Us €C2(Q)NCY(Q). For i=1,2 let
(tw,x), (t¥,z%) € Int(Q), such that e W;, e U, respectively attains a positive maxi-
mum. Then we have, for i=1,2,

VW;(t,z?)=0, VU(t},z)=0, (5.18)
and
at? 0 w W at? w W at? 0 u U at? U U
e &Wl(tl ,xy ) =—ae™ Wit x)), e atUi(ti ) =—ae™ U (td,x). (5.19)

Furthermore, the fact that it is a maximum implies

AW (2, 22) <0,  AU;(t%,2%) <0, i=1,2 (5.20)



A. BENSOUSSAN, J. FREHSE, AND C. GRUN 635

in the matrix sense. Using the sub-optimality in (5.13), respectively (5.14) with w; =0
we have, by (5.1), the first statement of (5.16), while using (5.15) with w=0 gives the
second. |

THEOREM 5.6.  Let (W;,U;)i=1,2 be a solution of (5.1). Then

T (1 +09) ey w
||maX{07Wi}L°°(Q)§maX{a1_(92;a(’Y¢ +®gi)’gi }a (5.21)
and
T (1 +O0) T ooy au
maX{U,Ui}ILw(Q)SmaX{a(1_@2),a(% +0g"),9; }7 (5.22)

where gi =||max{0,g;'}|| L= (o) and g’ = ||max{0,g;" }|| L (0)-
Proof. Using now the fact that e®tU(t4,2%)>e Uy(tyY,2}y) and
W (1P, 27) > eI W (t},2}), we can combine the inequalities of Lemma 5.5 to get
(F5 (‘Tilu)a +AY (mllll}’O’wQ) +AY (33711}70712]2))604# Wi (t1107'7;11u)
< e fif (x,0,2) + (Fs(xi)a+Xf (2, 0) +p3 (f,0)) eI Ay (2, 0,2) fi* (2, 0)
H(Es(xt)a+ MY (21,0) + ps (a1,0)) 7T NG (), 0,12 ) g (2, 0) e W1 (21, 2f)
(5.23)
for inner positive minima. By the comparability assumption we get, since Fs>1 with
the assumption on f{*, f{’, the desired result for inner maxima and, by enlarging the

domain, for maxima at t=0. Maxima in [0,7]x 0OU{T} x O are estimated by the
second and third term in the estimate. d

5.3. L*(0,T;W12(0)) estimates.  In order to establish uniform estimates for
VU;,VW; we can make use of the L estimates of Theorem 5.3 and Theorem 5.6. We
note that, with Lemma 3.5, we have

HE (2, VW, W,U) =G (&, VW,W,U) - VW, + H>" (z, VW, W,U), (5.24)
where G and H;""" satisfy

|G (2, VW, W, U)| < K([[Wl(z<@))2: IU (£ (@))2) VW]

w (5.25)
|H O (2, VW, W,U)| < K(|W]| (L@ Ul Lo (q2) L+ VIV [27).
Similarly, we have
|H (2, VU, Ui, W) | S K (|Will oo (@) Uil o= (@) (L VUG ). (5.26)
LEMMA 5.7.  Let (W;,U;)i=1.2 be a solution of (5.1) in (L*=°(Q))*. Then
[WillL20,mwr2(0)) < KWl @)2: 1Ull (2 (@))2) (5.27)

Uil L2 0,m5w120)) < KW (oo @))2: U]l (2o (@))2)-

The estimate for VU; is rather simple since it reduces to a scalar case which was
treated in [12]. The main idea consists of using the test function

Wi _o=Ui (5.28)
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for v >0 sufficiently large.

The estimate for VI¥; is more much more involved, however the equations for W;
are of the structure (5.24) with the estimates (5.25), where the terms depending on U;
in the equations for W; may be considered as pollution terms. In this case it is sufficient
to work with a simple method of “iterated exponentials” as in [2], i.e. using

(e’YWi _ e*’yWi)eXp <V (e’YWI 4+ e?Wa _omYWr _ €7W2)> (529)
Y

as test functions.
We note that the sub-quadratic term |[VIW|2~¢ (coming from H!") can be treated
easily using Young’s inequality.

5.4. Campanato test and C'%:%(Q) estimates. For the uniform C'2:* es-
timate - based on Morrey estimates - we may directly apply the main theorem of [3],
since the structure condition is satisfied in our case, see (5.24) and (5.26). The proof in
[3] is involved, since multiple iterated exponential functions are used as test functions.
Since in our case the Bellman system consists of four equations, where two equations
are scalar, we may also argue with the simpler setting presented in [2].

Indeed, for the solutions Uy,Us of the scalar nonlinear equations, we have C'%®
and WH2P estimates due to [12]. On the other hand, the equations for W; are of the
structure (5.24) with the estimates (5.25) with Uy,Us as pollution terms. In this case
it is sufficient to work with

(YWimei) _e=vWi=ci)yoxp %Z(ev(Wer)_ef'Y(Wer)) I(to,z0)T  (5.30)

7j=1,2

as test function, where I'(-;tp,z0) is the fundamental solution to the heat equation
with singularity at (tg,z9) and 7 is a localisation function satisfying in particular
7| (t—ap2y+ =0. ¢=(c1,c2) are constants discussed later. Although the proof is elaborated
in [2], respectively [3], it might be useful to present some discussion of the analytical
background here.

For some (t,z) eR"*, p>0, we denote Q,(t,x) the parabolic cylinder centred at
(t,x), ie. Q,(t,x)=([(t—p*)",t] x B,(x))NQ. We note that in our case with the Lapla-
cian as elliptic principle part, Aronson’s estimate

cop_dgf(t,x;to,mo)gl(p_d on Q2,(to,x0) \ @p(to, o) (5.31)
can be extended for the first derivatives, i.e.
|VF(t,$;t0,JTO)| SKp_d_l on Qgp(to,lio)\Qp(to,xo). (532)

Using (5.30) as test function the domination of the right hand side by the principle part
is completely analog to the elliptic case, and one arrives at

|W (tg,x0) —c|? —l—szp VW T (t,x;5t0,w0) Tdxdt

C . (5.33)
<Kp szp\Qp VW ||W — c|dzdt + pollution.

Now one would like to estimate p~¢~1 sz \Q |W —c|? similarly to the elliptic case by
p\&p
choosing ¢ to be some mean value of u taken over Q2,\ @,. Using Poincaré’s inequality

/ |W—c|2dx§/ VW Pdz, (5.34)
B2P\Bﬂ BQ/J\BP
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we would then have a classical hole filling inequality as in the elliptic case. Un-
fortunately this cannot be done directly since W depends also on ¢ and c¢ does
not. So in all papers on the subject an additional analysis is done to compare
the mean value m Ik pr(to xO)dedt with the time dependent mean values
oo zo 3 f / B (10 -)dz in order to determine an adequate c¢. To that end we multiply

the parabohc system with a Lipschitz continuous localising function 7,(z), where 7, is
chosen such that

7,(x)=1on [0,7] x B,(z0),7,=0 on [0,T] x C(Ba,(z0)) and |V7,|<p~!

Then we integrate with respect to x and multiply the result by

c,(t)—c, (5.35)
with
~1
I
c,(t)= / Tpda Wdr and c,=— c,(t)dt. (5.36)
Ba, BQF, P to—4p?

The idea to use these special mean values is due to Struwe [15]. This simplifies the
calculation considerably. We get

LEMMA 5.8.  For all t € [to—4p?,to],

~1
%@ |cp (1) —c;|2 + (IB2,, Tpdx) fB% VWNVT(c,(t)—c])dx

. (5.37)
(fBz Tpdx) fsz |VW|2|c; (t) —c,|dz + pollution.
From (5.37) we derive an estimate for
sup |c;(t)fc;|2. (5.38)

t€fto—4p2,to]
Let the supremum be attained by t* € [to—4p®,tg]. By classical calculus there is a
t5 € [to—4p?,to] such that ¢} (t5)=c). Integrating (5.37) from t§ to t*, we get from
(5.33)

1
S osup e (t)—¢f?
2 te[to—4p2,to) g

K fo
<e sup |c;(t)—c;|2+fp7d/ / VW |2dxdt
te[to—4p2,to] € to—4p2 J B

—l—Kp_d/ / VIV |2 |cp(t) — cp|dxdt+ pollution, (5.39)
to—4p? J Bs,

where the last (non pollution) term on the right hand side is estimated by

2
K fo
e sup |c)(t)—c)|P+— p_d/ / VW 2dzdt | . (5.40)
te[to—4p2,to] € to—4p2 J B,
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Now we use that the technique using iterated exponentials of W gives the inhomogeneous
hole filling inequality

1
_ _ t 2 .
pd fQ2p|VW|2dxdt§§(p afto fB2p\BP|VW|2dmdt) + pollution.  (5.41)

to—4p

In fact, this inequality follows similarly to (5.33) with T" replaced by 1, i.e. without
using a weight, and multiplying with p=¢. The “difficult” factor |W —¢| in (5.33) is just
estimated by a constant since W is bounded. The arising term

to
Kp*dfl/ / VW ||W — ¢|dzdt (5.42)
t074p2 BQP\BP

is estimated via Holder’s inequality, also enlarging the domain of integration, by

1
—d—1 2 2 d+2\1
Kp ( Jouna, VW da:dt) (K pt2)3 .

_ 3
gK(szp\Qp pd |VW|2dxdt) .

2
This estimate is used in (5.40), and the term (p*d sz |VW|2d:cdt) can be replaced by
a hole filling term p=¢ [, @20\, |[VW|2dzdt. Thus we arrive at the hole filling inequality

Jo,, [VWPTdzdt <K [, .\, [VW[*T'dzdt+ pollution, (5.44)

which implies (eliminating the pollution terms)

/ |VW |*Tdxdt < K p** (5.45)

P

for an a>0. Since (5.45) holds for I'=T'(¢,x;t0,20) with (to,z0) € Q,, we arrive at

/ |VW |2dadt < K p?+2>, (5.46)

P

We note that there is also the additional information from (5.33):
|W (to,z0) —c|* < p** (5.47)

which is very convenient to employ. We have

LEMMA 5.9.  Let (W,U) be a solution of (5.1) in (L*°(Q))* , then (W,U) satisfies the
following Morrey condition: for all (t,x) €Q,

[ W Pdsde <KW @ [0l e@pe)o™. (5.48)
Qp(to,o)

The Holder continuity of W follows then directly by Poincaré’s inequality and char-
acterisation of Campanato [7]:

THEOREM 5.10 (Campanato). Let f € L*(Q). If there is a constant K >0 such that

sup p~(d+2+20) // |f = fit,0),p2da’dt < K, (5.49)
(t,2)€[0,T]xR%,p>0 o(t,x)
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wherg f(t,w),p:mfop(t,z) fdl‘/dt,’ then fGO%va(Q)

Note that implicitly we assume that O satisfies the following condition: there exists
a constant A >0 such that for any p>0, €O,

meas(ONB,(z)) > Ap?. (5.50)

For higher regularity we need smoothness of the boundary, i.e. 90 ¢€C?*®, and
that the boundary conditions at time T' g, g® belong to W2?(0O) (see Schlag [14]).
The estimates

12 WillLe) + IWillLeo,mswzre0)) < KW |z (@))2: 1Ull (2 (@))2) (5.51)

can then be shown as in the proof of Proposition 5.1 in [3]. We note that the Holder
regularity up to the boundary is crucial in this step.
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