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ON ROSENAU-TYPE APPROXIMATIONS TO FRACTIONAL
DIFFUSION EQUATIONS*

GIULIA FURIOLIt, ADA PULVIRENTI, ELIDE TERRANEOS, AND GIUSEPPE TOSCANIT

Abstract. Owing to the Rosenau argument [P. Rosenau, Physical Review A, 46, 12-15, 1992],
originally proposed to obtain a regularized version of the Chapman-Enskog expansion of hydrodynamics,
we introduce a non-local linear kinetic equation which approximates a fractional diffusion equation. We
then show that the solution to this approximation, apart of a rapidly vanishing in time perturbation,
approaches the fundamental solution of the fractional diffusion (a Lévy stable law) at large times.
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1. Introduction

In [28], Rosenau proposed a regularized version of the Chapman—Enskog expansion
of hydrodynamics, with a suitably modified viscosity term. This model is given by the
scalar equation

O f(w, ) +0,¥(f)(v,t) =D f(v,t), vER, t>0 (1.1)
where € <1 is a small positive parameter,
— —e€2
Dsf(f»t)—mf(fi),

and g(&) denotes the Fourier transform of g(v)

Fo©)=3(6)= [ glv)e"av, ¢eR,
The operator on the right hand side looks like the usual viscosity term ¢f,, at low
wave-numbers &, while for higher wave numbers it is intended to model a bounded ap-
proximation of a linearized collision operator, thereby avoiding the artificial instabilities
that occur when the Chapman—Enskog expansion for such an operator is truncated after
a finite number of terms.
Note that the right hand side of (1.1) can be written in the Fourier variable as

—e£? € 1 ~ ~ 1
o 60 = s (T 60~ 760 ) = F (oo = 1)) (60

where € =me, * denotes convolution and

1
Nw(v)zﬂe lol/ (1.2)
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1164 ROSENAU-TYPE FRACTIONAL DIFFUSIONS

is a non-negative function satisfying ||N,||.: =1. In other words, the approximation
proposed by Rosenau consists in substituting the linear diffusion equation

8tg(vvt) = agvg(vat)

with the linear non-local kinetic equation

219(0,0) = % [N = 9(0.) ~g(0.1) (13)

in which the background “Maxwellian” N, is given by (1.2) [6, 24].

The study of the main properties of the Rosenau approximation (1.1) and of its
relaxation part (1.3) has attracted a lot of interest [21, 27, 31]. Indeed, while it is
clear that at fixed time the solution to (1.3) represents, for sufficiently small values
of the ¢ parameter, a good approximation of the solution to the heat equation, the
characteristics of its solution for large times and its possible similarities with that of
the heat equation are not evident. This last problem has been recently addressed and
studied in details in [27].

In view of the recent results in [27], the argument proposed by Rosenau for the
linear heat equation appears to be of high interest for further applications. Maybe the
most natural extension of his idea is to apply a similar modification to other types of
linear diffusion equations, like the fractional diffusion equations. Fractional-in-space dif-
fusion equations share in fact with the linear diffusion a simple representation in Fourier
variables, which is at the basis of the introduction of a suitable Rosenau approximation.
However, while interesting for its possible applications, this type of approximation has
not been studied so far.

Fractional-in-space diffusion equations appear in many contexts. Among others, the
review paper by Klafter et al. [15] provides numerous references to physical phenomena
in which these anomalous diffusion occurs (cf. [5, 9, 12, 22, 30, 35] and the references
therein for various details on both mathematical and physical aspects).

As it can be argued from the original application, the Rosenau approximation es-
tablishes a clear connection between diffusion equations and non-local kinetic equations.
Possible connections between Boltzmann type equations and fractional-in-space diffu-
sion equations have been studied only recently in [11, 23]. While the analysis of Mellet,
Mischler and Mouhot in [23] is devoted to the study of linear kinetic equations of Boltz-
mann type and their connection with fractional diffusion equations, the results in [11]
refer to the nonlinear one dimensional Kac model for dissipative collisions introduced
in [26] and to its grazing collision limit.

The fractional diffusion equations read

3tg(v,t):f(\/j)/\g(v,t), (14)

where 0 <A< 2. The fractional derivative operator (v/—A)? is defined in the Fourier
variable as

F((V=Bh) (&) =[e1"h(e). (L5)

Similarly to (1.1), the Rosenau-type correction consists in substituting the fractional
diffusion equation (in Fourier variable)

0g(&.t) = —le1g(&.0) (1.6)
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with the equation

—|gr —
09(6.) = 1 60 = 5 [V a6 ~g(€.0)]. (1.7

where € < 1. Note that in this case the Maxwellian function is expressed in Fourier
variable by

— 1

It is notable that, for all 0 <\ <2, this Maxwellian function is the characteristic func-
tion of a symmetric probability distribution known in probability theory with the name
of Linnik distribution [18, 19]. In addition, when A>1, M, € L'(R), which allows us
to apply the inversion formula to conclude that M) is a probability density function.
Consequently, in the case of a fractional diffusion equation with A > 1, Rosenau approx-
imation consists in substituting the fractional diffusion (1.4) with the non-local linear
Boltzmann equation

0u9(0,6)= =5 [Myc59(0.) ~g(0,0)], (1.9

where the Maxwellian M) . is defined through its Fourier transform by the formula
]\//TA,S(S) :J\YA(eg). Unlikely we note that, on the contrary to what happens in the case
of the linear heat equation, where the Maxwellian N, is explicitly given by (1.2), in
(1.9) the expression of the Maxwellian (1.8) is no more explicit in the physical space.

This situation has evident analogies with the central limit theorem of probability
theory [20]. Indeed, while the Rosenau approximation of the heat equation is the ana-
logue of the classical central limit theorem, and the large-time behavior is driven by
a Gaussian density (the self-similar solution to the heat equation), the approximation
(1.9) is the analogue of the central limit theorem for stable laws, where the expression
of the stable law is explicitly known only in the Fourier variable.

Thanks to this analogy, the main features of the Maxwellian function (1.8) can be
extracted from classical results on the central limit theorem for stable laws [20, 1, 16].
The distribution function associated to the Maxwellian M belongs in fact to the domain
of normal attraction of the Lévy symmetric stable distribution of order A, defined by

Ly(&)=elE1", (1.10)

We recall [10, 20] that a distribution function F belongs to the domain of normal
attraction of the stable law Ly (v)dv if for any sequence of independent and identically
distributed real-valued random variables (X,,),>1 with common distribution function
F there exists a sequence of real numbers (c,,),>1 such that the law of

X1+ + X,
A

converges weakly to the stable law Ly (v)dv. We will come back to this and other prop-
erties of the Linnik distributions in Section 4 where we give a different characterization
of the domain of normal attraction in terms of the asymptotic behavior at infinity.
Without loss of generality, we will restrict our analysis to centered distributions, so that
¢, =0.
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It is important to outline that the fractional diffusion equation (1.4) has a funda-
mental solution, given by the Lévy distribution of order A. Indeed, the Fourier version
(1.6) is easily solved to give the solution

(&) =go(€)e ™. (1.11)

In addition to the aforementioned difficulties related to the fact that both Linnik dis-
tributions and the Lévy distribution are not explicitly expressed in the physical space,
a second main difference with respect to the case of the heat equation is that in this
case the Maxwellian function has moments bounded only up to a certain order. These
facts mean that it is not immediate to assert that the correction (1.7), for a fixed time
and a sufficiently small ¢, is a good approximation to the fractional diffusion equa-
tion. Moreover, it is not clear whether or not the large-time behavior of the solution to
this approximation agrees with the large-time behavior of the solution to the fractional
diffusion.

The aim of this article is to give an answer to the previous questions in the range
1< A<2 of fractional diffusion. Like in the case of the heat equation, these results
underline that the Rosenau-type approximation can be viewed as a particular case
of a general approximation to the fractional diffusion equation by means of a linear
kinetic equation of type (1.9), provided the background density M) is a probability
density function which lies in the domain of normal attraction of the stable law (1.10).
In Theorem 4.3, it will be shown that, in a certain metric equivalent to the weak*-
convergence of measures, the distance between the solution to the fractional diffusion
equation and the solution to the kinetic equation can be bounded in terms of ¢ and t.
The precise result is the following

THEOREM 1.1. Let 1<A<2, and let g(t) and g-(t) be the solutions of the fractional
diffusion equation (1.4) and, respectively, of the Rosenau approximation (1.9), corre-
sponding to the same initial probability density go. Let us suppose moreover that the
Mazwellian M)y in (1.8) satisfies some extra properties (cf. conditions (4.3)—(4.4)).
Then for any 0<s<\ there exists a positive constant C=C(\,s,0) such that, in the
Fourier distance ds defined in (1.14)

ds(g(t),ge(t)) < Ot/ OH0 o0/ A40),
While the previous bound allows us to obtain convergence for € — 0, validating in
this way the approximating model, the same bound is not enough to get convergence

for large times, even in this weak sense. The solution of Equation (1.9), which in the
Fourier variable can be easily written as

G-(.1) :e—ta’*(l—]\//l\g,x(f))/g\o(g)
can be expressed at least in a formal way, as a convolution in the physical space
gg(l},t) = PA,E(’at) *go(’l}).

At difference with the solution to the fractional diffusion Equation (1.11), since M. Ae €
Co(R) it follows that Py .(v,t) cannot belong to L' (R) at any positive time. Indeed, as
we will see in Section 3 resorting to a suitable expansion

- e/ t\"1
Prett=e M Y (5) Danno)

n=1
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One identifies in the above expression a singular part e_Eﬂt(SO, which vanishes expo-
nentially fast both for € —0 and ¢t — +o00, and a regular part belonging to L!(R). For
the particular case when M) is a Linnik distribution (1.8), we will be able to recover
the long time asymptotic behavior in L (IR) at the price of discarding this singular part.
This will be done by introducing a regularized approximated solution, in which the
convolution kernel P, . is replaced by

Prcreg(,t) =Py c(v,t)+e° (M (v) =80 (v)), (1.12)

g g

obtained by substituting the e== §*go term by e~ _AtMA_E *gg. The main result is

the following

THEOREM 1.2. Let 1<A<2, and let g(t) and gereq(t) denote the solutions of the
Cauchy problem for the fractional diffusion equation (1.4) and, respectively, the solution
of the Rosenau approximation (1.9), reqularized with the convolution kernel (1.12), and
corresponding to the same initial density go. Then, if for all 0<a <A, go has bounded
moment of order a,

lim ||ge,reqg(t) —g(t)|| ;1 =0.

t——+oo

The plan on the article is then as follows. In Section 2 we list various properties
of the fractional diffusion equation. In particular, we prove convergence in L!'(R) for
large times to the fundamental solution (1.11). In Section 3, using tools of the kinetic
theory of rarefied gases, we introduce a possible derivation and the main features of the
Rosenau approximation with a general Maxwellian belonging to the domain of normal
attraction of the stable law (1.10). This kinetic formulation is used to obtain explicit
solutions to the Rosenau equation (1.9), using both Fourier transform and Wild sums
[24]. In Section 4 we deal with the problem of approximating the fractional diffusion at
any fixed finite time with the Rosenau-type equation (1.9) with a general Maxwellian.
Last, in Section 5, we investigate the large time behavior of the solutions to (1.9)
with a Linnik distribution as a Maxwellian. We first show that with a suitable time-
scaling, the approximated solution behaves asymptotically in time as the solution of the
fractional diffusion equation in a suitable Fourier-based metric (see next subsection). As
a consequence, both scaled solutions converge in the same metric towards the asymptotic
profile of the fundamental solution. Then, we show that after a suitable regularization
of the Rosenau equation, obtained by discarding its singular part, the approximated
solution behaves asymptotically in L!'(R) as the solution of the fractional diffusion
equation. -

The case A =1 is a special case, since M7 (€)= (1+£])~! is not in L (R) and we did
not succeed in performing analogous calculations as in the cases 1 <\ <2. However, the
same results can be obtained with minor modifications provided the Linnik distribution
M (€) is replaced in Equation (1.9) by the Lévy distribution L;(¢) =e~ ¢! itself.

These technical results possess an evident interest for a consistent numerical approx-
imation of the fractional diffusion equation (1.4). Indeed, let us start with a probability
density function g(v,t=0)=gg(v). Then a semi-implicit Euler scheme applied to the
kinetic equation (1.9) shows that, in a fixed small time-interval A¢, the solution can be
approximated according to the rule

€ At
t+At)= —— —_—
g(v,t+Al) € e+ At

My % g(v,1). 1.1
+At ne*g(v,t) (1.13)

g(v,t)+
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Therefore, at the time step n+ 1, the solution is obtained by a convex combination of
the solution at the time step n, and of the convolution between the solution at the time
step n with the constant Maxwellian M) .. In particular, expression (1.13) can be easily
implemented by Monte Carlo methods [24].

1.1. Functional framework. Before entering into the main topic of this paper,
we list below the various functional spaces, distances and norms used in our analysis.
For p€[1,4+00) and g€ [1,+00), we denote by L} the weighted Lebesgue spaces

LE(R):= {f:R—>R measurable; ||f|\’£g = /R |f(0)]P (1 +0%)"2dv < +oo}.
In particular, the usual Lebesgue spaces are given by
LP:=L%.

Moreover, for f eLé, we can define for any a<gq the a!” order moment of f as the
quantity

me(f) ::/f(v) [v|*dv < +o0.
R
For s €N, we denote by W*P the Sobolev spaces
P
Wer®)i={ f€ il = 3 [ [#90)] dococ
k|<s”R

If p=2 we set H®:=W%2,
Given a probability density f, we define its Fourier transform F,(f) by

FAD©=F©)= [ rwe v, cer
and the inverse Fourier transform as

o (v)= o

T or

[ ot ac

R

The Sobolev space H® can equivalently be defined for any s>0 by the norm
1l 2= 1 () 3.

The homogeneous Sobolev space H* is then defined by the homogeneous norm

112, = / €176 e,

Finally, we introduce a family of Fourier-based metrics in the following way: given
s>0 and two probability densities f and g, their Fourier-based distance ds(f,g) is the
quantity

Fle)-ac)|
ds(f.9):=sup

R — 1.14
€40 €]* (1.14)
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This distance is finite, provided that f and g have finite moment of order s and

/ka(v)dv:/vkg(v)dv, k=1,2,...,[s]

where, if s¢N, [s] denotes the entire part of s (or up to order s—1 if s€N). Moreover
ds is an ideal metric [8]. Its main properties are the following

i) For all probability densities f, g, h,

ds(f*h,gxh) <ds(f,9);

ii) Define for a given nonnegative constant a the dilation

1 v
faw) =1 (%)
Then for any pair of probability densities f, g, and any nonnegative constant a

ds(fa;ga):asds(fag>' (1'15)

The ds-metric is related to other more known metrics of large use in probability theory
[13]. In particular, two classical interpolation inequalities (see [7] for proofs) will be
used in the following:

2a

17l <CUIET ma(n ™, a>o0
RO e (1.16)
£l <0 (sup 2O i s
e£0 [€]

2. The fractional diffusion equation
We recall here the existence result for the Cauchy problem associated to the frac-
tional diffusion equation of order \, 0 <\ <2, with initial data go € L!(R),

{atg(v,t) =—(V=A)g(v,t), veER,t>0 21)

9(v,0)=go(v)
and we briefly list properties of the solution that are used in our analysis.

By considering Equation (2.1) in the Fourier variable it is straightforward to show
that for any initial data go € L' there exists a unique solution

9.0 = 5175 (5175 ) * 900, (22)

where L) is the Lévy distribution of order A\ defined by EA(é) =e~l¢1*. For the sake of
simplicity we denote the fundamental solution of the fractional diffusion equation by

1 v
PA(”at):mLA (m»

and so

g(v,t):P)\(-,t)*go(v).
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To outline the analogies between the present problem and the classical central limit
theorem for stable laws [20], we will further assume in the rest of the paper that g is
a probability density function. By mass conservation, the solution ¢(t) will remain a
probability density for all subsequent times.

It is well known [20] that in the interval 0 <A <2, Ly belongs to Co(R) and it is
an even probability density. For A=1 the Lévy symmetric stable distribution coincides
with the Cauchy distribution

1
w1402

L1 (U)

Even though for A#1 L (v) is not known explicitly in the physical variable, its behavior
for large v is known in details [25]. It holds

1 A
Ly(v)~=IT(1+\)sin (2) [o] =Ny = oo

™

In consequence the heavy tailed density L) has bounded moments only up to some order
/|v|aL>\(v)dv:ma(L>\)<+oo, O<a<A (2.3)
R

The case A=2 in Equation (2.1) corresponds to the heat equation

{8,59(1},25) =Ag(v,t) vER, t>0
9(v,0)=go(v) € L'(R).

In this case it is well known that the explicit solution is

g(v,t) =Q(,t) x go(v)

2

where Q(v,t) = e” 4 is the heat kernel. It can be shown [2, 32] that ¢(t) behaves

1
VArt
as the heat kernel as t — +o00, provided that gg is a probability density of finite energy
and entropy, namely

/vzgo(v)dv<—|—oo7 /|lngo(v)|go(v)dv<—|—oo
R R

and more precisely the following bound is known to be sharp

C
V142t

lg(t) = Q)| < t>0
where C is an explicit constant.

A similar behavior occurs for the solution of the fractional diffusion equation, but
in this case it appears difficult to obtain an explicit rate of approximation. However
one can state the following proposition:

PROPOSITION 2.1. Let g(t) be the solution of the Cauchy problem (2.1), corresponding
to the initial value gg, a probability density function. Then

=0.

. 1 :
A%Hg(t)‘w“ (77) .
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Proof. As in the case of the heat equation, this convergence can be obtained by
passing from the fractional diffusion equation (2.1) to the corresponding Fokker—Planck
equation

2
Opu(v,t) =—(V —A))‘u(v,t)JrX&)(vu(v,t)) (2.4)
through the change of unknown function
2t 1
u(v,t):e%tg (eitv,e 5 ) (2.5)

or, in an equivalent way,

o) = 1 " w In(27+1) - -
AN = <(WT+1)2/” 2 ) (20

If we write equations (2.1) and (2.4) in the Fourier variable
8ig(&.t) =—erg(¢.)
~ ~ 2.0~
atu(§7t) = —|§|)\U(f,t) - Xgaﬁu(fvt)

and the explicit expression of the Fourier transform of the solution of the fractional
A
diffusion equation with go as initial data as §(&,t) =e €175, (€), we get

-2t )
i) = (~IeP 5 Jan (e F1¢).

In [11], Proposition 3, it was proved that for a given probability density go we have

-7 (e (19)

=0.
L1

lim
t—+4oo

This implies

In(27+1 A
i |l (L BCTHDN e (o (60 0.
T+00 2 2 Lt
By the scaling invariance of the L! norm we get
. 1 . In(27+1)
m a3 N 2 -
(\/27—1—1) («/27’—1—1)
2/x A
[Cezzaina
Fi exp | — =0.
2
Lt
Therefore
. _ 2%+1)
tim [lg(t)— 71 (exp (- E 1) )| =0
HITOOHQ() F (exp< 5 I€] 70
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In order to get the desired result, it is enough to verify that

: v _ _ 1 —t|§|*>‘ _
t_lg_nooH t1/>\ 2\ (tl/A) _tl}inong(t) a (e L =0.
This follows since
2t 1
lim H]—"l (e_”ﬂk)—]-'_1 (exp< @+l |§’\>) =0.
t—+o0 L1
Indeed
—1( —tle] _L v
FH e ) =B (am)
_ 2t+1 1 v
7 (e (-5 ) ) = -
(t+1/2) (t+1/2)
C
with Ly the Lévy distribution, with Ly (v) < W for all veR. O

Another important argument concerned with the solution of the fractional diffusion
equation is the evolution of moments which are initially bounded. We already noticed
in (2.3) that the moments m,(Ly) of Ly are bounded for 0 < o< A. Let us consider the
Cauchy problem (2.1) with initial data go, a probability density with bounded moments
in the range 0 < a <A,

/ [v]*go(v)dv=m4(go) < +00.
R

Since

9(00)= PAC,1) 5 90(0) = s Do (75 ) #60(0)

and
(e} « 1 «
/R|v| PA(v,t)dv:/RM S (o ) dv=tm (L) (2.7)
one obtains

/R|U\QP/\('¢)*go(v)dU:/R/RIUIQP,\(v—w,t)go(w)dwdv
z/R/R|v—w+w|°‘P,\(v—w,t)go(w)dwdv.

Let 0<a<1. Then we get

//|v—w—!—w\o‘P,\(v—w,t)go(w)dwdv
BJR (2.8)

S//(lvﬂvl°“+Iw\“)PA(vfw,t)go(w)dwdv:ta“ma(LA)+m(go)~
RJR
Ifl<a<A

//|U—w+w|“P>\(v—w,t)gO(w)dwdv
RJR

< [ [ Qo+ ) Pro =g (w)dudu =21 (12am, (mea(gog 0



G. FURIOLI, A. PULVIRENTI, E. TERRANEO, AND G. TOSCANI 1173

In both cases, the moments of the solution are uniformly bounded above by an explicit
function of time which grows as t/.

We end this Section by proving that, in complete analogy with the heat equation,
any convex functional is non-increasing along the solution to the fractional diffusion
equation. First of all, we remark that for to >t; >0

Pa(&,t2) =La(ety™) =612 = o €M (2=t o=l = P (¢, 8y — 1) P (€,11).
Owing to expression (2.2) for the solution we obtain, for t5 >¢; >0,
g(v,tQ) :PA('atQ) *go(v) :P)\('atQ *tl) *g(vtl)(v)

Now, let ¢(r), 7>0 be a (smooth) convex function of r and consider the functional

B(g)(t) = / o(g(v.0)) do.

If to >t >0, we get

2(6)(t2) = [ clatvtaao= [ o [ Pwnta—tgto—w.taw ) av

Now, use the fact that Py is a probability density, so that by Jensen’s inequality
/gp </g(vw,t1)P>\(w,t2 tl)dw> dv S// o(g(v—w,t1))Pr(w,ty —t1)dvdw
R R R?
- [ elatv.t)av=a(g)n).

Hence ®(g) is non-increasing.

3. The linear kinetic equation

In this Section, we will briefly discuss both the derivation and the main properties of
the linear kinetic equation (1.9). Let us consider a system composed of many identical
particles. Let the number of particles with velocity v at time ¢ be described by the
process X (t) with probability density ¢(¢), and suppose that the variation of X ()
is solely due to interaction with an external background. The background B) is here
described by a random variable with probability density M), which we will assume in the
domain of attraction of a Lévy distribution of order A, given by (1.10). Let us further
assume that the interaction process of a particle with velocity v with a background
particle with velocity w generates a post-interaction velocity v* given by

v =v+w. (3.1)
In terms of the process X (¢) the law of change given by (3.1) can be rewritten as
X*(t)=X(t)+ Ba,

which implies, in the case in which By and X (¢) are independent, that the law of X*(¢)
is the convolution of the laws of By and X (t). Assuming that X (¢), B are independent
each other, for a given observable quantity ¢(-), we then have that the mean value of
©(X) satisfies

G [eatwaan= G =c [[ et - g ninwdude, (62



1174 ROSENAU-TYPE FRACTIONAL DIFFUSIONS

where the constant ¢ >0 denotes as usual the interaction frequency. Note that choosing
©(v) =1 one shows that, independently of the background distribution, g(¢) remains a
probability density

/Rg(v,t)dvz/Rgo(v)dv:L

This is in general the unique conservation law associated to Equation (3.2).

The effects of the background can be easily modulated by considering, for a given
small positive parameter ¢, the random variable £B). To emphasize this dependence,
we will denote its distribution as

My o (w)=e "My (e w).

By inserting M) .(w) into (3.2), and setting the interaction frequency o=1/¢*, the
kinetic equation (3.2) coincides with the Rosenau approximation (1.9) in weak form.
Hence, the Rosenau approximation of a fractional diffusion equation of order A\ de-
scribes a system of particles which modify their distribution through interactions with
a background distributed according to a probability law in the domain of attraction of
a Lévy stable law of order .

3.1. Representations of the solution to the Rosenau approximation.
The Rosenau approximated equation

1
atga(v7t):ET[MA,E*QE(Uat)_QE(U’t)L el (33)

where ]\//.TA,E(f):J\/Z)\(Ef) and M) belongs to the domain of normal attraction of the
stable law (1.10), is a linear non local kinetic equation of Boltzmann type. Existence
results for this equation are well-established. To find a solution of the Cauchy problem
with gop € L' as initial data, we can resort to two equivalent methods. Resorting to the
equation in the Fourier variable one can get a first explicit representation of the solution.
This solution can be expressed as

gs('Uat):P/\,e('vt)*g()(v)a (34)

where, in the Fourier variable
Pro(gt)=c H1-M0e@) (3.5)

We note that, since My € L*(R) for every t>0, Py .(¢,t)¢ Co(R) and consequently
Py (v,t) ¢ L*(R). This (unpleasant) feature of Py .(-,¢) will appear in a clearer way by
applying the so-called Wild sum expansion.

This expansion allows a useful representation of the solution of Equation (3.3). It
has been first introduced by Wild to construct a solution to the Boltzmann equation
for Maxwell molecules [33], and it appears well adapted to both linear and nonlinear
kinetic equations [24]. Let h.(v,t) :esfktge(v,t). Then the Cauchy problem associated
to Equation (3.3) can be written as a fixed point problem as follows. Since

e M

€
X MA,E*gE(Wt)(U)

1 _
(&gg(v,t) + {_:,\gs('U,t)) os M

9:(v,0)=go(v),
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then

-\ 1 t —A
ge(v,t)e” tfgs(v,O):E—)\/ e® "My e xge(v,s)ds.
0

Therefore

he(v,t) = go(v /Mmh (v,5)ds = . (h2) (0,0).
Starting from
h{9 (v) = go(v)
and defining for any n >0
WD (v,) = @ (h{M) (v, )

we construct the monotone sequence

- el *M
hg”)(v,t):hgn 1)(v,t)+(t5 /\) o A,s*gO(U)v

which converges in L!(R) towards

he(v,t) =go(v i( )” M2 # go(v).

Finally, we obtain the expression

ge(v,t) =™ go(v) e~ ”i (EA)nn "% go(v). (3.6)

By comparing (3.6) with (3.4) one obtains an explicit representation of the fundamental
solution Py .(-,t)

Pyo(vt)=e= 15o(v)+e *tZ(EQ — M (v). (3.7)

At difference with the fundamental solution of the original fractional diffusion equation
(1.4), expression (3.7) shows that Py .(-,¢) contains a singular part, the Dirac delta
function dy located in v=0, of size exponentially decaying with time and e.

3.2. Properties of the solution to the Rosenau approximation. Equation
(3.2) allows us to control the time evolution of the moments of g(t). For a given constant
a>0, let us take p(v)=|v|*. We obtain

d 1
—/|v|°‘g(v,t)dv:—/\// [v*|* = [v|*] g(v,t) M  (w) dvdw.
de¢ R € R2

Since |[v*|* =|v+w|* <co(Jv]* +|w|*), the moment of g(t) of order « is bounded if the
corresponding moment of the background distribution is bounded. Proceeding as in
Lemma 5.7 one shows that the evolution of the moments is polynomial in time and in
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perfect agreement with the evolution of the corresponding moments for the solution of
the fractional diffusion equation as given by (2.8), (2.9) (see Remark 5.9).

Having in mind the discussion in [27], a further interesting analogy with the linear
diffusion is found by looking at the evolution of convex functionals along the solution.
Let ©(r), r >0 be a (smooth) convex function of r and consider

B(0)(1) = [ plo(v.0)do.
Then, using Equation (1.9) we obtain

F2O0 =g [ elotwni= | lot0.0) 2 v

R
1

:57)‘ cp’(g(v,t))(M)\’E*g(v,t)—g(v,t))dv.
R

Thanks to the convexity of ¢, for r,s>0

¢ (s)(r—s) <p(r) —¢(s),

and one obtains

G [ etana< 5 [ (e rgto.0) - plato.n) dv

Now, use the fact that M) . is a probability density, so that by Jensen’s inequality

/Rso(MA,e*g(vi))dv:/Rw(/Rg(v—wi)Mx,g(w)dw> dv
< [ eloto=w) cw)dvdu= [ plae.0)c

R

to conclude

d

—_ < 0.
T Rw(g(vi))dv_o

Thus any convex functional is non-increasing along the solution to the Rosenau type
kinetic Equation (1.9).

4. An approximation result

As briefly discussed in the introduction, one of the main novelties that can be ex-
tracted by the Rosenau approximation is that the kinetic model (3.3) has an evident
interest from the point of view of its numerical approximation. This feature has been
extensively investigated in the case of the linear diffusion in [27], where it has been
shown that the linear kinetic model represents a consistent approximation of the heat
equation even if the Maxwellian density generated by the Rosenau idea is substituted
by a different one, provided that some properties about moments are fulfilled. One of
the results of this investigation has been the inclusion of a singular Maxwellian pro-
ducing the central difference scheme among the admissible Maxwellian densities for the
corresponding linear kinetic model. Trying to get a similar result for the problem under
consideration we consider a linear kinetic equation of type (3.3)

1
0t 9 (’U,t) = o [MA,s *Je (v,t) —9Ye (th)} )
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in which the Linnik density (1.8) is replaced by a Maxwellian M) with the properties
to be even and the density of a centered distribution function belonging to the domain
of normal attraction of the stable law Ly(v)dv, of exponent A€ (1,2). The evident
advantage to work with a Maxwellian density different from Linnik distribution is that,
as we will see, one can resort to a density which is explicitly known in the physical
space.

In the rest of this section we aim at proving that, with a suitable choice of distance,
at any fixed time the solutions to (3.3) and to the fractional diffusion equation are
getting closer in terms of the parameter . First of all we underline that it is not even
clear in which sense the solution to (3.3) represents an approximation to the solution
of the fractional diffusion equation (1.4) as € tends to zero. This is in contrast with

what happens to the original Rosenau approximation to the heat equation (1.3). In this

. L v .
case the Maxwellian function N, (v)= 2—6_ < has finite moments of any order, and the
3

meaning of approximation is standard. Let us consider Equation (1.3) in weak form

cclit/g‘S(U t)p //R2 (v+w) —(v))ge(v,t) Ne(w)dvdw.

By expanding ¢(v+w) in Taylor series around v

e(v+w)=p)+¢ (v)w+ w* + w’, D€ (v,w)

we get

iR%@@ﬂw@=;[@(¢wm+¢§%f+¢§” )%wo (1) dvduw.

Since

/ng(w)dw=0, /wQNE(w)dw=2a2, /\w|3N5(w)dw:12€3,
R R R

we end up with the equation

G Lo00p0)d= [ g e +ce)

where the remainder satisfies
|C(e)] §25||¢’/’||Loo/ |wPN (w)dw -0, &—0.
R

In the case of the fractional diffusion approximation, the operator (v/—A)? is non-local

and the Maxwellian M} . has finite moments only for & <. This requires a different
way of looking to the problem. We begin by defining in which sense we can consider
Equation (3.3) as an approximation of the fractional diffusion equation.

We recall that a centered distribution function F' belongs to the domain of normal
attraction of the stable law Ly (v)dv if for any sequence of independent and identically
distributed real-valued random variables (X,,),>1 with common distribution function
F, the law of

X1+ +X,

s (4.1)
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converges weakly to the stable law Ly (v)dv.

Let us recall some properties of a distribution F' belonging to the domain of normal
attraction of a stable law. More information about this topic can be found in the book
[14] or, among others, in the papers [3, 4]. It is well-known that a centered distribution
F belongs to the domain of normal attraction of the A-stable law (1.10) with density
Ly (v) if and only if F satisfies [v|* F(v) — ¢ as v — —oo and v* (1 — F(v)) — ¢ as v — +00
ie.

c

F(—U)ZW

+Si(—v)  and  1-F(u)=—+8(v)  (v>0)
v (4.2)
Si(v)=o(|v|™) as|v|—=+oo, i=1,2

TA

where ¢= @ sin (7) Concerning the moments of the distribution function F' and of

the distributions F), associated to the sum (X; +---+X,)/n'/* considered in (4.1), we
recall the following propositions:

PROPOSITION 4.1 (see [14], Theorem 2.6.4 page 84). Let F' belong to the domain
of normal attraction of Ly. Then, for any a such that 0 <a <A,

/ [v|*dF (v) < 4o0.
R

PROPOSITION 4.2 (see [14], Lemma 5.2.2 page 142). Let F,, denote the distribution
function associated to the sum (X3 —&—---—&—Xn)/nl/)‘ converging weakly to the stable law
Ly(v)dv. Then, for any 0<a <,

JERLS

1s uniformly bounded with respect to n.

The behavior of F' in the physical space (4.2) leads to a characterization of the
domain of normal attraction of Ly in terms of characteristic functions. Indeed, if ® is
the characteristic function of the distribution function F satisfying (4.2) then

1—®(&) = (1+vo()) €],
where
vo€ LC(R) and |uvo(§)|=0(1), [£|—0.

In the following we will consider a stronger assumption on the characteristic function.
We will denote by M) any density of a centered distribution function belonging to the
domain of normal attraction of the stable law with density L), which has the extra
property that the Fourier—Stieltjes transform of the function M) satisfies

1= M (&) = (1+v0(&)) ¢, (4.3)

where vg(€) is such that, for some ¢ >0,

weL™R) and |vg(€)|=0(¢), [0 (4.4)
A main example is furnished by the so-called Barenblatt function
Ba(v)= a veR (4.5)

A+ oI



G. FURIOLI, A. PULVIRENTI, E. TERRANEO, AND G. TOSCANI 1179

B dv a I(A)sin(%}) .
where «,3 >0, o= STEREI ey and NGTR - . This type of func-
tion is mainly related to the study of nonlinear equations for fast diffusion, given by
8tg(vvt) = agvgp(vat)7 (46)

as p< 1. The Barenblatt function (4.5) corresponds to the case p=(A—1)/(A+1). The
function tO+D/N By (tA1D/(2N) 1) represents the intermediate asymptotic profile of
the nonlinear diffusion (4.6) [34]. The case p<1 appears when modelling diffusion in
metals and ceramic materials. In these materials, over a wide range of temperatures,
the diffusion coefficient can be approximated as u~%, where 0 <a <2 [29].

The distribution function F(z)= [*_ Bx(v)dv is such that

: T
) Aq o« _F()\)sm(T)
i (0= F@) ==
Moreover for any 0 < § <2 there exists a constant C > 0 such that for any x >0 we have

|2 (1 - F(z)) — 2’| < C.

=C.

This in enough to guarantee that the Fourier transform of B), satisfies the extra property
(4.3)—(4.4) (see [4]). Property (4.4) has been already considered in kinetic theory. In
particular, it has been used to determine the rate of convergence to equilibrium for the
dissipative Kac model [4].

Under this condition on the Maxwellian function, we can prove convergence of the
approximated solution (3.3) to the solution to the fractional diffusion equation (1.4) in
the Fourier-based distance dg, as € — 0.

THEOREM 4.3. Let 1<A<2, and let g(t) and g-(t) be the solutions of the fractional
diffusion equation (2.1) and, respectively, of the Rosenau approzimation (3.3), corre-
sponding to the same initial probability density go. Let us suppose moreover that the
Mazwellian My, in (3.3) satisfies the extra properties (4.3)—(4.4). Then for any 0<s<A
there exists a positive constant C'=C(\,s,d) such that

ds(g(t),g- (1)) < Ot/ O+ g0/ (A+),

Proof. Since gg is a probability density, [go(£)| <1, and we have

dy(g(t), 9. (1)) =sup ‘@0(5) (e—\élxt _efs—/\t(lfﬁ/\yi(g))) ‘

££0 (3§
o lEMt _ o= t(1-Mi . (9) ‘

<sup
££0 1€l

Therefore, for any R>0
‘e—\sm_e—s—*t(km,s<§>)‘

2
ds(g(t),g9:(t)) < 5z + sup

Thanks to the inequality |[e™® —e Y| < |z —y], valid for any x,y >0, we get

’|§|’\t*57At 1*]\/4\,\, (€) ‘ tleP
sup (8 : ) < sup [3 |vos(€f)\_
0<|¢|<R I3 o<igl<r €l
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In the last inequality we used the expression of the Fourier transform of M) (4.3).
Thanks to (4.4) we obtain

qp HEPO Ol (o e g’

A+6—s_0
€]* < G <CtR 5g9,
0<|¢|<R £ o<lgl<r 1§

9 1/(A+9)
Finally, choose R= <C’t{—:5> to obtain

ds(g(t),ge(t)) < Ot/ A9 g0/ (A+3),

5. Large time behavior

The result of the previous section justifies the choice of a Barenblatt type Maxwellian
density in the linear kinetic model (1.7), to obtain an explicit in-space linear kinetic
equation which approximates, at any fixed time, the fractional diffusion equation. The
result of Theorem 4.3, however, is such that the rate of convergence in the ds-metric is
time-dependent, and fails as t —oo. As the analysis in [27] shows, the weakness of this
result with respect to time could be generated by the choice of a general Maxwellian
in the linear kinetic model, that, while maintaining the kinetic form of the approxi-
mation, is loosing the precise shape of the Maxwellian predicted by the Rosenau idea.
Consequently, in this section we will restrict the study of the large time behavior of the
solution to the approximated Rosenau equation (1.7), where M) . is a Linnik distribu-
tion (1.8). Provided that we discard the singular part of the approximating solution,
our analysis will confirm that in this case the solution to (1.7) behaves like the fractional
diffusion equation for large times.

5.1. Convergence in the Fourier based metric. In analogy with the solution
of the fractional diffusion equation, for all £ € R we have

lim (g;(t,g)_e—‘f‘*t)zo.

t——+o00

This convergence can be refined using the Fourier-based distance ds. In order to capture
the asymptotic profile in the limit for ¢ — 400 we consider the scaled solution obtained

by the change of variable & — W Let us denote by

h(v,t) =1+ g((1+) 0,t) -
he(v,t)=(1+8) g (1+)v,1), )

the scaled solutions of the fractional diffusion equation and of the approximated equation
respectively. Then using the explicit representation of the solution established in (3.4)—
(3.5), we get

- N 13 N 3
=P () ()

=exp (—EAt (1 s ((145)1“))) % ((1+§5)1/A)

R . ¢ o tg
£ t(]._-Z\I)\,E<(1<Ft)1/)\)>_1"‘7&‘“3’3&\|£|A

and since




G. FURIOLI, A. PULVIRENTI, E. TERRANEO, AND G. TOSCANI 1181

for t — +o0o0 we get, for £€R and € >0 fixed

Lo _ e e

i he(€5t) =exp (=€]*) o (0).
PROPOSITION 5.1. Let 1<A<2, and let h(t) and he(t) be the solutions of (5.1), the
scaled fractional diffusion equation (2.1) and, respectively, of its Rosenau approzimation
(1.7), corresponding to the same initial probability density go. If ds(go,Ly) <400 for
some 0< s <A\, then there exists a positive constant C=C(\,s) such that

ds(h(t),he(t)) < C e%/? e 5.2
s(h(t),he(t)) <C &7 ——r, .
(h(t),he(t))<C e AT (5.2)
and
ds(he(t),Ly) <C 2t 5.3
S = t 9 S s . .
(he(t): L) ((1+t)5/A te (1+t)5/>‘> (5:3)
Proof. By the scaling rule (1.15), we have
1
ds(h(t),he(t)) = ——+ds(g(t),g:(1)).
(h(t),he(t)) AT (9(t),9¢(t))
—~ 1
The first inequality (5.2) follows therefore from Theorem 4.3. Indeed, M) (&) = e
and so
1T (©) =leP (1- 15 ) = (1 ()
1+¢*
with
w© =5~ o). -0,
1+[¢*

The second inequality (5.3) is a consequence of the first one. Indeed, we apply the
triangular inequality

ds(he(t),Ly) <ds (he(t),h(t))+ds (h(t),Ly),

where
= £ [ A
go (W) exp(— 11t ) —exp(—[¢]") 1
ds(h(t),Ly :sup‘ < —~ds(g0,Lx)-
d
5.2. Strong convergence in L' of a regularized solution. As given by

expression (3.7), the fundamental solution P .(-,t) contains a singular part, with a size
which is exponentially decaying to zero. The effect of this singular part on the solution
to the approximation is clear. For this reason, we study here the large time behavior
of the regularized part. The main result will be that this suitable regularized solution
to the Rosenau approximation converges in strong sense (namely in L'-norm) to the
solution of the fractional diffusion equation.
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We define the regularized fundamental solution to the Rosenau approximation by

e, reg (U,t) = P)\,E,reg('vt) *do (U) (54)

where
Prcreg(v,t) =Py c(v,t)+e= T (My () —5o(v)). (5.5)

REMARK 5.2. Note that function (5.5) is obtained from (3.7) by substituting the
singular part with the order zero term of the sum. In this way, the difference between
the fundamental solution and the regularized one is still exponentially decaying to zero
both with respect to time and ¢, with the additional property that it vanishes at the
point £ =0. In other words, the regularized solution is constructed in such a way that
the masses of Py .(-,t) and Py  yeq(-,t) coincide.

REMARK 5.3. It is immediate to prove that Py e, (t) € L'(R) for each value of ¢ >0.
Indeed

nl

P)\ € reg —e Z t _)\ *' *n +€_E tM)\,Ev (56)

and the Maxwellian term M) . belongs to L' (R). Then the series in (5.6) converges in
LY(R) for any ¢ > 0.

The main result of this paper is contained in the following

THEOREM 5.4. Let 1<A<2, and let g(t) and gereq(t) denote the solutions of the
Cauchy problem for the fractional diffusion equation (2.1) and, respectively, the solution
of the regularized Rosenau approximation (5.4), corresponding to the same initial density
go- Then, if for all 0 <a <A, go has bounded moment of order «

lim ”ge 76_(]( )—gl(t )”Ll =0.

t—+oo
By Theorem 5.4 and Proposition 2.1 we get immediately the following corollary.

COROLLARY 5.5. Let 1 <A<2, and let gy be a probability density with bounded moment
of order a, for all 0 <a<A. Then

=0

. 1 i
lim e, reg (t> - mLA (m) I

t—>+oo‘

with Ly the Lévy symmetric stable distribution (1.10).

The proof of Theorem 5.4 follows by various steps, we will split into different lem-
mas, that we will prove below. The first one is concerned with the convergence (after
scaling) of the fundamental solution of the fractional diffusion equation to the regular-
ized fundamental solution. For the sake of simplicity let us denote

Py(v,t) = (14+0)Y Py ((141) 0,t),

; (5.7)
Pacoreg(0,8) = (1482 Py 2 peg (148) 0, t).

The result follows in consequence of Proposition 5.1.
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LEMMA 5.6. Let 1 <A<2. For any 0<s <A\ there exists a positive constant C=C(\,s)
such that
5 85/2

dS(P)\(t)715>\,s,reg(t))SOW, t>0.

The second lemma describes the growth of the a-moment of the scaled fundamental
solution of the fractional diffusion equation and of the scaled regularized fundamental
solution of the Rosenau approximation.

LEMMA 5.7. Let 1<A<2. For any 0<a<X and any t>0
ma(PA(0) = [ ol Pa(0.)dv < ma(Ly).
R
Moreover, there exist positive constants C =C(\,«) such that

ma(P)\,e,reg(t)) :/ |v‘ap/\,€,reg(v7t) dv S C.
R

The third lemma deals with the evolution of the Sobolev norms of both the scaled
fundamental solution of the fractional diffusion equation and of the scaled regularized
fundamental solution of the Rosenau approximation.

LEMMA 5.8. Let 1<A<2. For any 0<s<(A—1)/2, any 0<B<1/X and for t large
enough there are positive constants C; =C1(\,s) and Cy=Co(N,B,s) such that

- 1 . B
HPA,&,EQ@)H <C?m<1+f>< +1/2)(1/A-5)
With these results at hand, we can prove Theorem 5.4.

Proof.  (Proof of Theorem 5.4.) The proof of the theorem can be divided into
different steps. Recalling that ||go||z1 =1, g(t) = Px(t) *go and ge reg(t) = P e req(t) * 90,
we get for t >0

lg(t) _ge,reg(t)HLl <|[|PA() _PME,TEg(t)HLl .

Thanks to the invariance by scaling of the L' norm we get

)

IPA®) = Prcirea @) = | Pr(®) = Prcirea (1)

1

with Py and PA,SMQ defined in (5.7). By using the interpolation inequalities (1.16), for
t>0 and «a,s € (0,\) we obtain

H P\(t)— P)\,E,TEg (t) ’

Ll

_2a 1
<C|Pa®) = Prcores @) [ma(Pr(®) +ma(Prcrea )] T
2a(142s) (58)

(1+4s)(14+2a)

4sa
SCds (PA(t)upA,e,reg(t)) ()

’P)\ (t) - p)\,e,reg (t)

Hs
S
:| T+2a

[ (Pr(E) (P (1)
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Thanks to estimate (5.8), the bounds in Lemmas 5.6, 5.7 and 5.8 imply

1PA(t) = Pre.reg (8) |20

e (1+4j)s((;+2a) N
<|iios] maE) T
20 (142s)
(1+4s)(1+2a)
[014—02 i (1 _~_t)(s+1/2)(1/A—B) chw(s,a)(1+t)5(s,a)

where C'>0 depends on A\, s and B3, v(s,a)= % and §(s,a)=

_452;)\Tfiils4)'(21i)_;$)_)‘ﬁ ). By choosing 1— A3 small enough, we get d(s,a) < 0. Hence

the result follows. 0

5.3. Proofs of the lemmas.
Proof. (Proof of Lemma 5.6.) We have

ds (ﬁh(t)a ]5/\7877“69 (t))

e (1t — B .
=sup ——|e " H — [e t(l M (<1+t>1/*>> —em <1M)\5< ] 1//\)>
g0 [€]° (1+¢)
A —
<sup— 7‘5‘/\%“_6—5 t(l—st(4(1+f)1/)\>> +
£40 |§|S
—e M i 3
sup ——|e” ¢ <l—M,\, ())’
€40 \ﬁls T\ (1+)A
=I+1I.
The term I can be written in the form
N —
S W e v
:SuP S S p S
££0 €| (1+f) Nezo €]

Therefore, since 1 <A <2, and 0<s <\ for £#0 we get

‘1_M>\’E<§)‘ /\|§|/\ )\|€|)\ s
€ls el +eNEP) T
Thus, for any given positive constant R >0
1-M0e©] |1-10,c(6)| N~
sup————— < —-+ sup 78_—5—&—5 °.
e20 ¢ R ocig<r €] R
By choosing R=1/¢ we get
11 <2e%.
Finally, we get the bound
—e Mt
[r<ce -
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The first term coincides with the term estimated in Proposition 5.1. For this term we
proved the bound

3/ (2X)

I<Cs/27.
= (1+¢)s/>

This is enough to conclude Lemma 5.6. |

Proof. (Proof of Lemma 5.7.) Let us now estimate the moments. Recall that
Py(v,t)=(14+)Y Py ((1+) 0 1)
and that in (2.7) we stated that
/|U\O‘P,\(v,t)dvzta/)‘ma(L,\).
R
Hence we obtain

/ 0] Pr(0,£)dv = / 0] (L+) APy (L4 0, ) do
R R

= | w*Py(v,t)dv <mu(Ly).
T P g ()

To estimate 1 (Py  req(t)), we remark that, thanks to expression (5.6), it is enough to

prove that
1
/( Z() — ML (v )) dv <t/
R

M;Z(v) :E_le\‘”(e_lv),

/\v|”‘M§fz(v)dv:€a/|v\aM)’f”(v)dv
R R

Note that n'/AM;™(n'/*v) is the density of the sum (Xj+---+X,)/n'/?, where
(Xn)n>1 is a sequence of independent and identically distributed real-valued random
variables with common density M) in the domain of normal attraction of Ly (v)dv. This
fact can be used to write

/|U|QM;"(v)dv=n°‘/’\/|w|an1/)‘M;\‘”(n1/>‘w)dw
R R

Since M, is a centered distribution, (X +---4 X,,)/n/* converges in law to Ly (v)dv.
Therefore, thanks to Lemma 5.2.2 in [14] (see Proposition 4.2) one obtains

By definition

and this implies

/ lw|*n A M (2 w)dw < C,
R
and this implies

/ [v|* M2 (v)dv < Ce“n®/™,
R
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In conclusion

/ |v|a(— ”Z( ) & iz >)d=+f(t)§, [ 1ol 23 0) o

N 00 n n 1
—e~ t§ : a/
n .

— (5’\) n!

We will now prove that

or equivalenty

X/ N1 nya/r et
(=) i) ==
er) nl\t e
n=1
If 7=c"t, and B=a/\, this amounts to proving that, if 0 <8< 1
oo _p

E :L(E)BSQT.
n! \r
1

To this end, it is enough to remark that, if 5=0

+oo n
D=1
n=1 s
On the other side, if 5=1 we get
=Xmon X
SROE pass
ol \7/  =nl
Hence, if 0< <1
+oo _n 8 +oo n +oo
™ /n
3 () <5 G(1.) <o £ 53 o
n=1 n=1 n=0
All these bounds imply
ta/A
/Ivl Py e reg(v,t)dv < (Ht)mc<c

O
REMARK 5.9. A direct consequence of this lemma is that the moment of order « of the
approximated solution g¢.(t) of Equation (3.3), grows at a polynomial rate in time in
correspondence to any generic centered distribution My (v)dv belonging to the domain
of normal attraction of the stable law Ly (v)dv

/ || ge (v,t)dv < Ot/
R
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Proof. (Proof of Lemma 5.8.) By definition

o=(7) () )

Therefore, for ¢ >0 large enough and s >0

(s+1/2)/X
- 1412
2], =(5) Il <cn

Expressions (5.5) and (3.5) lead to

~ _emA _ —_ § ir f
F(Prereg) (61) = [exp (5 I ((1+t)1“>> —14 M., ((Ht)l”)] :

Therefore

“]5,\,57reg(t)st SC/R‘QQSQX[)(—QDE_)\) (exp <E_>‘t M, ((1+€t)1/’\>> — 1)2 d¢

— ¢ 2
+/R|£\25exp(—2ts‘A)Mx,g (O)”*) d¢=A+B.

+t
(5.9)
By a change of variable, term B can be estimated as follows
s _ s exp (—2te ™A
B=(1 —&—t)(?( +1)/AeXp(—2t5 A) ”M/\,EHZIS _ (1_,_75)(2( +1)//\% HM)\H?JS

exp (—2t5’>‘)

SO (10BN
(5.10)

for s<A—1/2.
Likewise, the term A can be expressed as

A=(1 +t)(2s+1)//\/R|n|2s (exp (—ts”\ (1 —J/\/[\,\,s(n))) —exp (—ts”\)>2 dn

= (1+1)3 VAL (1),
To estimate the term I.(t), consider that it satisfies the differential equation

1. _ -~
d(Tft):_zg AL(1) 426 AL (1),

where A.(t) can bounded in a precise way. In fact

dlgit) :/R|77|252 (exp (—ta”‘ (1—]/\4\,\75(77))) —exp (—ts”‘)) x
(—exp (—ta‘A (1 —]/\4:\75(17))) 1—1/\?}\5(77) + Ei}\exp (—t5_>‘)> dn
= —25_>‘/R|77\2S (exp (—ts‘A (1 —M\A,E(n))) —exp (—t&_)‘))2 dn
+2£7’\/R\77|23 (exp (—ta”‘ (1 —]/\4\,\75(17))) —exp (—ts’A)) X

M. (1) exp (—tE_A (1 _A?M(n))) A= —2e"ML() 42 AL(1).
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It remains to estimate the term A.(¢). For a given 8>0, we split the A.(¢) term into
two terms

A= [ 3 ctnpexo (<2 (1= T0c0) ) (1= (~t Vo)) )

- T e T e (2= (1=00cm) ) (1—exp (—te" M () ) dn
+f P nexp (<2t (1T o)) (1 exp (—t o)) ) dy

(1+t)8

=A; + As.

Since 0 < M\,\,a(ﬁ) <1, we have

1
a+of 2 1 C
A < 2Sd — _ s .
1_/0 Inf™ dn 2s+1 (14+¢)P@s+h)  (14¢)P2s+1)

Moreover
+oo _ P P
Ao = / |77\23M>\,E (n)exp (72t5*/\ (1 — MA,s(U))) (1 —exp (fts*)‘MAVE(n))) dn
(1+1t)15
—~ +m —
< swp (-2 (1-000)) [ PNy
n1> e EEDL

1 A r
:O)‘vsg%ﬁ sup exp(—?ts (I—M,\@(n))),

1> arne
—~ — 1
where C s = [ [7** Mx(n)dn < 400 for s < (A—1)/2. Now, since M) -(n) = TP we
obtain
—~ 2 A
sup  exp (—2155_)‘ (1 —MA’E(n)>) = sup exp (_1+|2I)‘> .
Inl> Inl> o &l
A
Since the function exp (— 142-te|:]||n| A) is decreasing in 7, we get
1
wpemeWﬂ>_m«4t<HW>ﬂmc_%)
BYPNEN A X1 = by Bx |-
Inl> 757 L+en] 1+ e e+ (1+)

If 0<B<1/A, we conclude that there exists a constant Czg >0 such that

2t Ot B
= ) <e O )
eXp( s)‘+(1+t)ﬁ’\> =¢

In the end, for t>0 and 0< 8 <1/) there exists a constant C'=C/(}A,s,/3) >0 such that

Cs Ci.s —cﬁtl‘“>< ¢ ! (5.11)

AE(t) S ((]_+t)ﬁ(25+1) + 525—&-18 — 825+1 (1+t)ﬂ(2s+1) :
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With this estimate we can study the differential relation

I - _
dTiﬂ:—Qs ML) 426N AL(1).

For a >0 to be suitably chosen, we get
t
L(t)e* "t —I(as*)e2 =2 / A.(0)e* "7 do.
ag™

Since, for 0<s<A—1/2,

P 2 —2a a 2
Is(a(‘:)\):/m‘Qs (efa(lflw/\,g(n))_efa) dn:%ﬂ/mﬁs (eu—\sl,\ _1) d¢
R € R
1

(5.12)
= Osﬂﬁ < +o0,
for t>a>as* we get
I.(t)=I.(ac*)e 2 "(tmas?) 4 9= / tk A(o)e 2 (=) g, (5.13)
Thanks to estimate (5.11) we get
—2e=Mt—0
/a:A A(o)e~ 2= gp < €2§+1 /a; ‘ 02;(2:1) i do. (5.14)

Integrating by parts

t 6725_’\@70)
A A —2e7MNt—ae™) A t =2 t—o)
1
€ et e € 25+1)/ e

T 9 (B(2st1) 9 gB2st1) AB(2s11) + ?B(

e 1 e B(2s+1) [P e 2 (o)
=9 B2s+1) T 9 geX . oB(st1)

ag

do.

Let us choose a such that 1— W >0 (a depends on s and 3). We obtain

t 6726_A(t70) X
/A gy 90 =Cssamay

Getting back to (5.12), (5.13) and (5.14), we proved that there exists a constant C'=
C(A,s,0) >0 such that

1 ope—A 1
Ie(t)gcg2s+1 (e € +tﬁ(23+1)> . (515)
Finally, by (5.9), (5.10) and (5.15), we get

_ 2 R R GRS |
HP)\,e,reg(t)HHSSCT e " T BEsTD)

1 2s5+1)(1/ A=
and deIlOtiIlg CQ - C

) 1 .
HPA7E,Teg(t)HHS < Co i (L) T2 00,
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6. Conclusions

In this paper we studied an approximation to fractional diffusion equations ob-
tained by using the argument originally proposed for the linear diffusion equation by
Rosenau [28]. As it happens for the linear diffusion, the approximation coincides with
a linear kinetic equation of Boltzmann type, in which the Maxwellian background is
now represented by a Linnik distribution [18, 19]. A detailed analysis of the solution
to this kinetic equation allows us to obtain various interesting properties. Among oth-
ers, it was interesting to discover that the solution to the Rosenau approximation can
be split into two parts, easily identified in terms of their regularity: one singular, and
the other regular. The former simply represents a perturbation of mass zero, and it
decays to zero exponentially both with respect to time and to the small parameter
characterizing the approximation. The latter is shown to approach in time, for any fixed
value of the parameter e, the fundamental solution to the fractional diffusion equation
in strong sense. This allows us to conclude that the Rosenau argument introduces in a
natural way a consistent approximation of fractional diffusion equations, which not only
reproduces the limit phenomenon at fixed time and for small values of the parameter
e, but also reproduces, apart of rapidly decaying perturbations, the limit phenomenon
for large times. Without doubt, these results could be fruitfully employed to construct
new numerical approximations to fractional diffusion equations.

Acknowledgement. This work has been written within the activities of the Na-
tional Group of Mathematical Physics (GNFM) and of the National Group of Mathe-
matical Analysis, Probability and Applications (GNAMPA) of INDAM. Two authors
(AP) and (GT) acknowledge support by the MIUR project “Optimal mass transporta-
tion, geometrical and functional inequalities with applications”. We thank Federico
Bassetti for useful discussions about the domain of normal attraction of a stable law.

REFERENCES

[1] D.N. Anderson and B.C. Arnold, Linnik distributions and processes, J. Appl. Probab., 30, 330—
340, 1993.
[2] J.P. Bartier, A. Blanchet, J. Dolbeault, and M. Escobedo, Improved intermediate asymptotics for
the heat equation, Appl. Math. Letters, 24, 76-81, 2011.
[3] F. Bassetti, L. Ladelli, and D. Matthes, Central limit theorem for a class of one-dimensional
kinetic equations, Probab. Theory Related Fields, 150, 77-109, 2011.
[4] F.Bassetti, L. Ladelli, and E. Regazzini, Probabilistic study of the speed of approach to equilibrium
for an inelastic Kac model, J. Stat. Phys., 133, 683-710, 2008.
[5] D.A. Benson, S.W. Wheatcraft, and M.M. Meerschaert, The fractional-order governing equation
of Lévy motion, Water Resources Research, 36, 1413—-1423, 2000.
[6] C. Cercignani, The Boltzmann equation and its applications, Appl. Math. Sci., Springer-Verlag,
New York, 67, 1988.
[7] E.A. Carlen, E. Gabetta, and G. Toscani, Propagation of smoothness and the rate of exponential
convergence to equilibrium for a spatially homogeneous Mazwellian gas, Commun. Math.
Phys., 199, 521-546, 1999.
[8] J.A. Carrillo and G. Toscani, Contractive probability metrics and asymptotic behavior of dissipa-
tive kinetic equations, Notes of the Porto Ercole School, June 2006, Riv. Mat. Univ. Parma,
7, 75-198, 2007.
[9] A.S. Chaves, A fractional diffusion equation to describe Lévy flights, Phys. Lett. A, 239, 13-16,
1998.
[10] W. Feller, An introduction to probability theory and its applications, Second Edition, John Wiley
& Sons Inc., New York, Vol. II, 1971.
[11] G. Furioli, A. Pulvirenti, E. Terraneo, and G. Toscani, The grazing collision limit of the inelastic
Kac model around a Lévy-type equilibrium, SIAM J. Math. Anal., 44, 827-850, 2012.
[12] R. Gorenko and F. Mainardi, Fractional calculus and stable probability distributions, Arch. Mech.,
50, 377-388, 1998.



G. FURIOLI, A. PULVIRENTI, E. TERRANEO, AND G. TOSCANI 1191

[13] E. Gabetta, G. Toscani, and B. Wennberg, Metrics for probability distributions and the trend to
equilibrium for solutions of the Boltzmann equation, J. Stat. Phys., 81, 901-934, 1995.

[14] L.A. Ibragimov and Yu.V. Linnik, Independent and stationary sequences of random variables,
With a supplementary chapter by I.A. Ibragimov and v.V. Petrov, Translation from the
Russian edited by J.F.C. Kingman, Wolters-Noordhoff Publishing, Groningen, 443, 1971.

[15] J. Klafter, G. Zumofen, and M.F. Shlesinger, Long-tailed distributions and non-Brownian trans-
port in complex systems, in: F. Mallamace, H.E. Stanley (Eds.), The Physics of Complex
Systems, 10S Press, Amsterdam, 85-94, 1997.

[16] S. Kotz, I.V. Ostrovskil, and A. Hayfavi, Analytic and asymptotic properties of Linnik’s probability
densities. I, J. Math. Anal. Appl., 193, 353-371, 1995.

[17] Z. Lin and Z. Bai, Probability Inequalities, Science Press Beijing, Beijing, 2010.

[18] Yu.V. Linnik, Linear forms and statistical criteria. II, Ukrain. Mat. Zurnal, 5, 247-290, 1953.

[19] Ju.V. Linnik, Linear forms and statistical criteria. I,II, Selected Transl. Math. Stat. Prob., Amer.
Math. Soc., Providence, R.I., 3, 1-90, 1962.

[20] R.G. Laha and V.K. Rohatgi, Probability Theory, John Wiley & Sons, New York-Chichester-
Brisbane, Wiley Series in Probability and Mathematical Statistics, 1979.

[21] H. Liu and E. Tadmor, Critical thresholds in a convolution model for nonlinear conservation
laws, STAM J. Math. Anal., 33, 930-945, 2001.

[22] F. J. Molz, G.J. Fix, and S. Lu, A physical interpretation for the fractional derivative in Levy
diffusion, Appl. Math. Lett., 15, 907-911, 2002.

[23] A. Mellet, S. Mischler, and C. Mouhot, Fractional diffusion limit for collisional kinetic equations,
Arch. Rat. Mech. Anal., 199, 493-525, 2011.

[24] L. Pareschi and G. Toscani, Interacting Multiagent Systems. Kinetic Equations & Monte Carlo
Methods, Oxford University Press, Oxford, 2013.

[25] G. Pdlya, On the zeros of an integral function represented by Fourier’s integral, Mess. Math., 52,
185-188, 1923.

A. Pulvirenti and G. Toscani, Asymptotic properties of the inelastic Kac model, J. Stat. Phys.,
114, 1453-1480, 2004.

[27] T. Rey and G. Toscani, Large-time behavior of the solutions to Rosenau type approzimations to
the heat equation, STAM J. Appl. Math., 73, 1416-1438, 2013.

[28] P. Rosenau, Tempered diffusion: A transport process with propagating fronts and inertial delay,
Physical Review A, 46, 12-15, 1992.

[29] P. Rosenau, Fast and superfast diffusion processes, Phys. Rev. Lett., 74, 1056-1059, 1995.

[30] R. Schumer, D.A. Benson, M.M. Meerschaert, and S.W. Wheatcraft, Eulerian derivation of the
fractional advection—dispersion equation, Journal of Contaminant Hydrology, 48, 69—-88, 2001.

[31] S. Schochet and E. Tadmor, The regularized Chapman-Enskog expansion for scalar conservation
laws, Arch. Rat. Mech. Anal., 119, 95-107, 1992.

[32] G. Toscani, Kinetic approach to the asymptotic behaviour of the solution to diffusion equations,
Rend. Mat. Appl., 7(16), 329-346, 1996.

[33] E. Wild, On Boltzmann’s equation in the kinetic theory of gases, Proc. Cambridge Philos. Soc.,
47, 602-609, 1951.

[34] J.L. Vazquez, The Porous Medium Equation: Mathematical Theory, Oxford, UK, Oxford Uni-
versity Press, 2007.

[35] J.L. Vazquez, From Newton’s equation to fractional diffusion and wave equations, Advances in
Difference Equations, ID 169421, 13, 2011.

[26]




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


