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FRACTIONAL FOKKER-PLANCK EQUATION*

ISABELLE TRISTANIf

Abstract. This paper deals with the long time behavior of solutions to a “fractional Fokker—
Planck” equation of the form 9 f = I[f] 4 div(z f) where the operator I stands for a fractional Laplacian.
We prove an exponential in time convergence towards equilibrium in new spaces. Indeed, such a result
was already obtained in a L? space with a weight prescribed by the equilibrium in [I. Gentil and
C. Imbert, Asymptot. Anal., 59, 125-138, 2008]. We improve this result obtaining the convergence
in a L' space with a polynomial weight. To do that, we take advantage of the recent paper [M. P.
Gualdani, S. Mischler, and C. Mouhot, http://hal.archives-ouvertes.fr/ccsd-0049578, 2013] in which an
abstract theory of enlargement of the functional space of the semigroup decay is developed.
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1. Introduction

1.1. Model and main result. For a€(0,2), we consider the following gener-
alization of the Fokker—Planck equation:

O f=—(=A)? f+div(zf), inR (1.1)
with an initial data fy. In the sequel, we will use the shorthand notations

I[fl=—(=A)2f and Lf=I[f]+div(zf).

The operator (—A)*/? is a fractional Laplacian, we first define it on the space of
Schwartz functions S (Rd) and we then extend the definition to others functions. We
refer to Section 2 for the exact definition and for properties.

We also define here weighted LP spaces in the following way: for some given Borel

weight function m >0 on R?, let us define LP(m), 1 <p<+oo0, as the Lebesgue space
associated to the norm

1]l Lo () = Ilhm| Lo

Finally, we introduce the notation (z):=(1+ |z|?)'/? for any z € R%.
Before going into the statement of our main result, we mention here that it is a

known fact that there exists a unique steady state of (1.1) of mass 1 and we denote it
i (see Subsection 4.1 for more details).

THEOREM 1.1.  Let us consider k€ (0,«). For any a€(—min(\,k),0) (where A>0
will be defined in Corollary 4.5) and for any initial data fo € L*({(x)*), the solution f(t)
of the Equation (1.1) satisfies the following decay:

VE>0, [If(8) = pulfo)llLr ey < Cae® |l fo—ulfo)llLr(r)

where {fo) f]Rd fo and for some constant Cy > 0.
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1.2. Known results.  The main references to mention here are the papers [4]
and [6]. In these two papers, “Lévy—Fokker—Planck equations” (the fractional Laplacian
is replaced by a Lévy operator) are studied using the entropy production method. There
is a proof of existence and uniqueness of a nonnegative steady state of mass 1 of the
associated stationary equation. Then, in a weighted L? space with a weight prescribed
by the equilibrium, a convergence (with an exponential rate) of the solution of the full
equation towards equilibrium is obtained. Let us give more details about these results.
We first introduce the main tools used.

Consider a smooth convex function ®: R — R and v positive such that [, v(z)dz=
1 and define the ®-entropy: for any nonnegative function f,

Entf(f)::/Rdfb(f)udx—fb(/Rdfudx).

Jensen’s inequality gives that Entg)( f)>0. Let fy be an initial condition of a Lévy—
Fokker—Planck equation or of the classical Fokker—Planck equation:

of=Af+div(zf), inRY (1.2)

Then, let us introduce the quantity Fe(fo)(t):= Entﬁ> (%) (where p denote the unique

steady state of the equation considered of mass 1) which is well-defined for any ¢ > 0.

In the case of the classical Fokker—Planck Equation (1.2), by using functional in-
equalities as Poincaré, logarithmic Sobolev or ®-entropy inequalities, one obtains ex-
ponential decays to zero of Eg(fo). Then, the solution f of (1.2) converges towards
the steady state of mass 1 in the sense of ®-entropy. Methods to prove such results are
usually based on entropy/entropy-production tools. See [1, 2, 3, 5] for different methods
and applications.

In [4], Biler and Karch study Lévy—Fokker—Planck equations where the Lévy oper-
ators are Fourier multipliers associated to symbols a(€) satisfying for some real number

pe(0,2],
a(§) a(§) a(§)

0 <liminf —= <limsup —= <oo and 0<inf—=.
=0 [E1F T o [€)° €12

They prove that there exist C'>0 and ¢ >0 such that
B2 2(fo)(t) <Ce™,

which means that the solution converges towards equilibrium at an exponential rate in
L? (u‘l/ 2). They deduce a similar result in L? and finally, under some more restrictive
regularity and decay assumptions on fj, they prove that the exponential convergence
holds in L'.

In [6], taking advantage of the paper [4], Gentil and Imbert prove an exponential
decay of the ®-entropies for a class of convex functions ® and for a larger class of
operators which includes the fractional Laplacian.

In the present paper, we only consider the Equation (1.1) but we are able to enlarge
the space where we have a decay towards equilibrium with minimal assumptions on fj.
If we compare our result to the one obtained in [4] for others operators defined above,
we have to underline the fact that the result of convergence of the solution towards
equilibrium in L' from [4] requires additional assumptions on fy (fo must have finite
moments of a large order), it is not the case in our main result where fy is only supposed
to belong to L' ({z)*) with k< a.
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1.3. Method of proof and outline of the paper. The main outcome of
the present paper is a result of decay towards equilibrium with an exponential rate of
convergence in L'({x)*) (with k < a) for solutions of our Equation (1.1). To do that, we
adopt the same strategy as the one adopted in [7] by Gualdani, Mischler, and Mouhot
for the classical Fokker—Planck equation. Let us explain in more details this strategy.
It is based on the theory of enlargement of the functional space of the semigroup decay
developed in [7]. It enables us to get a spectral gap in a larger space when we already
have one in a smaller space. It applies to operators £ which can be splitted into two
parts, £L=A+B with A bounded and B dissipative. Moreover, if we denote €5t the
semigroup associated to the operator B, the semigroup (.AeBt) is required to have some
regularization properties. The fact that we can use this theory for our operator is based
on two facts:

e we know from [6] that our operator has a spectral gap in L?(u~'/?) where we
recall that u is the only steady state of mass 1 of (1.1);

e we are able to get a splitting satisfying the previous properties using computa-
tions based on properties of the fractional Laplacian.

In Section 2, we recall some technical tools about the fractional Laplacian that are
useful in order to get a splitting of the operator. In Section 4, we state results from [6]
which are necessary to apply the abstract theorem of enlargement of spectral gap, which
is reminded in Section 3. Finally, in Section 5, we apply this theorem to obtain our
main result on the convergence towards equilibrium of the solution of (1.1) in L!({z)*)
with k<a.

2. Preliminaries on the fractional Laplacian

In this section, we recall some elementary properties of the fractional Laplacian
that we will need through this paper. The usual reference for these kind of operators is
Landkof’s book [9].

2.1. Definition on S(]Rd). Let us consider a € (0,2). The fractional Laplacian
(—A)a/2 is an operator defined on S(R?) by:

erS(Rd), (7A)a/2f(1-): Rdwc@. (2.1)

This definition has to be understood in the sense of principal value:

@)~ 1),

(—A)*" f(x) = lim Tra

20 ja—y|>e |z —y|
Due to the singularity of the kernel, the right hand-side of (2.1) is not well defined

in general. However, when « € (0,1), the integral is not really singular near z. Indeed,
since f € S(R?), both f and V f are bounded. We hence deduce the following inequality:

@~ ,

ri |z —y|*T

dy dy
§||W||Loo/7 mﬂ\fﬂm/ T e
B(z,1) |2 —y] RN\B(z,1) [T —y|

When a€(0,2), we can also write the fractional Laplacian with a non principal
value integral. For any f€S(R?), we have

1 [ flat+y)+fla—y) —2f(z)

VeeRY, (—A)?f(x)=— e
Y

d 2.2
2 ). Yy (2.2)
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and this integral is well defined.
We can extend the integral definition of the fractional Laplacian to the following

set of functions:
{f — ’/Rd71+|fﬂ|d+a xr <00

In particular, we can define (—A)®/2(z)* when k < cv.

2.2. Fractional Laplacian and Fourier transform. Let us recall a well-
known fact about the Fourier transform of the fractional Laplacian of a Schwartz func-
tion.

LEMMA 2.1.  There exists C'>0 such that for any fES(Rd), we have:

o~

F(a)12f) @ =cle fe).

If f is a Schwartz function, there is a singularity at 0 in the Fourier transform of
(=A)*/2f. Tt implies a lack of decay at infinity for (—A)*/2f itself, (—A)*/2f is not a
Schwartz function. We can prove that (—A)®/2f decays at infinity as |z|~¢~2.

We now mention a very useful property of the fractional Laplacian which can be
seen as a sort of integration by parts.

LEMMA 2.2. Let us consider f and g two Schwartz functions. Then, we have
[ a2 p@g@de= [ fo)(-8)"g(z)ds
R4 R4
If k< a, we can also prove that

/ (D)2 (@) ) dr= [ f(x) (D)2 (x) da.
R4 Rd

2.3. Fractional Laplacian and fractional Sobolev spaces. = Most of the time,
fractional Sobolev spaces H*® (Rd) are defined in the following way: H*® (Rd) =Ws?2 (Rd)

s/2
for s >0 is the set of functions f € L? (R?) such that {(1 + ||2) f] is also in L? (R?).
We recall here an equivalent definition which is going to be useful in what follows.
LEMMA 2.3. Let us consider s€(0,1). We have:
HS(Rd):{fEL2<Rd> ‘f(x)_{—(i_y”eLQ(Rded) .
lz—y[=™°

We also have the following fact:

ol [ A

for some C > 0.
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3. Theorem of enlargement of the functional space of the semigroup
decay

3.1. Notations. For a given real number a € R, we define the half complex
plane

Ay:={z€C,Rez>a}.

For some given Banach spaces (E,||-||g) and (€,]|]l¢) we denote by B(E,E) the
space of bounded linear operators from E to £ and we denote by ||-||zz.¢) or ||| e
the associated norm operator. We write #(E)=%(E,E) when E=&. We denote by
% (E,E) the space of closed unbounded linear operators from F to £ with dense domain,
and €(E)=%(E,E) in the case E=¢.

For a Banach space X and A € €' (X) we denote by e’ t >0, its semigroup, by D(A)
its domain, by N(A) its null space and by R(A) its range. We also denote by 3(A) its
spectrum, so that for any z belonging to the resolvent set p(A):=C\X(A) the operator
A — z is invertible and the resolvent operator

Ra(z):=(A—2)""1

is well-defined, belongs to #(X) and has range equal to D(A). We recall that £ € ¥(A)
is said to be an eigenvalue if N(A—¢)#{0}. Moreover, an eigenvalue £ € £(A) is said
to be isolated if

S(A)N{zeC, |z—¢|<r}={&} for some r>0.

In the case when ¢ is an isolated eigenvalue, we may define II . € (X)) the associated
spectral projector by

1

2i7T |Z—§|:T’

IIp = (A—2)"tdz

with 0 <7’ <r. Note that this definition is independent of the value of r’ as the ap-
plication C\X(A)— #(X), z— Ra(z) is holomorphic. For any £e€X(A) isolated, it
is well-known (see [8] paragraph I11-6.19) that TI3 , =TIx ¢, so that Ty ¢ is indeed a
projector.

When moreover the so-called “algebraic eigenspace” R(IIs ¢) is finite dimensional
we say that £ is a discrete eigenvalue, written as £ €X4(A). In that case, Ry is a
meromorphic function on a neighborhood of £, with non-removable finite-order pole &.

Finally for any a € R such that
EM)NA={&,... &k}
where &1,...,& are distinct discrete eigenvalues, we define without any risk of ambiguity
IOpg:=1pe +.. g, .

We shall also need the following definition on the convolution of semigroups. Con-
sider some Banach spaces X, Xo and X3. For two given functions

SieL' (RY;%(X1,X5)) and Se L' (RT;8(X,,X3)),
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the convolution Sy *S7 € L (RT; % (X1, X3)) is defined by
¢
V>0, SyxSi(t) :/ So(s) S (t—s)ds.
0

When S1=955 and X;=X,=Xs5, S0 is defined recursively by S*V =S and
S0 = §(t=1) for any £>2.

Let us now introduce the notion of hypodissipative operators (we refer to [7, Sub-
section 2.3] for further details on this subject). Given a Banach space (X,]-||x), and
an operator A€ € (X), (A—a) is said to be hypodissipative on X if there exists some
norm |- ||x on X equivalent to the initial norm |- || x such that

VfeD(A), FoeF(f) st Re(d,(A—a)f)<O0, (3.1)

where (-,-) is the duality bracket for the duality in X and X* and F(f) C X* is the dual
set of f defined by

F(f)=Fyyx (f)={oe X" {6, f) =IIfI% =lloll%- }-

We also mention that if A is a generator of a semigroup e*?, the fact that (A—a) is
hypodissipative on X is equivalent to the existence of a constant C'>1 such that the
semigroup e’ satisfies

VE>0, (e zx) <Ce™. (3.2)
Moreover, when || - || x is an Hilbert norm on X, we have F(f)={f} and (3.1) write

VfeD(A), Re((f,(A=a)f))x <0

where ((+,-)) x is the scalar product associated to ||-||x. Finally, we notice that a dissi-
pative operator is nothing but an hypodissipative one satisfying the previous definition
with ||-|lx = || | x or, equivalently, satisfying the semigroup estimate (3.2) with C'=1.

3.2. The abstract theorem. Let us now present an enlargement of the func-
tional space of a quantitative spectral mapping theorem (in the sense of semigroup decay
estimate). The aim is to enlarge the space where the decay estimate on the semigroup
holds. The version stated here comes from [7, Theorem 2.13] and [7, Lemma 2.17].

THEOREM 3.1. Let E, £ be two Banach spaces such that ECE with a dense and
continuous embedding, and consider LE€(E), L&C (E) with Lip=L and acR. We
assume:

(1) L generates a semigroup et and
E(L)ﬂAa:{fla'“aSk}Czd(L)
(with & # &k if k#£k and {&1,...,&} =0 if k=0) and L—a is dissipative on

R(Id—1II ,).

(2) There exist A,Be € (E) such that L=A+B (with corresponding restrictions A
and B on E) and some constants o €N*, C>1, beR and y€[0,1) so that

(1) B—a and B—a are hypodissipative respectively on E and &,
(ii) AcHB(E) and Ac B(E),
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(iii) Ty, = (.AeBt)(*EO) satisfies

bt
Vt>0, ||Te,®)ll e, my < Ci

Then the following estimate on the semigroup holds:

k
Va'>a,Vt>0, e“—Ze“Hc@ <Cype®t

i=1 B(E)

REMARK 3.2.  The assumption (2)-(iii) implies that for any a’ > a, there exist some
constructive constants n € N, Cys > 1 such that

V>0, || Tn(t)l e m < Cue’

4. Semigroup decay in L?(p~'/?) where p is the steady state

4.1. Preliminaries on steady states. = We recall results obtained in [6] about
existence of steady states. They prove such a theorem for a more general equation than
ours:

Of=T[f]+div(fVV) zeR%t>0
f(0,2)=fo(z)  xeR?

where foe L! (Rd). The operator Z is a Lévy operator defined as:

Z[f)(z)=div(eVf)(x) —b-Vf(a:)+/Rd (f(z+2) = f(x) =V [(z) 2h(z)) v(d2)

where o is a symmetric semi-definite d x d matrix, b€ R%, v denotes a nonnegative
singular measure on R? that satisfies v({0}) =0, [p,min (1, |z|2) v(dz)<oo, and h is a
truncature function, h(z)=1/(1+|z|?) for example.

The fractional Laplacian corresponds to a particular Lévy operator. Indeed, with
0=0,b=0and v(dz) =|z|"*"® dz, we obtain the fractional Laplacian. In this particular
case, the proof of existence of steady states of (1.1) is easier, we hence give a sketch of
a proof of it (it is adapted from the proof of [6, Theorem 1]).

We suppose that p is an equilibrium of the Equation (1.1). At least formally, we
have:

Ip]+div(zp)=0. (4.1)
We do the following computation in order to take the Fourier transform of (4.1):

d

d
F(div(zp)) ( Zf (@m) ()= i &F (i) (€)

j=1

=—Z£j8jﬁ(£):—£-vﬁ(£)-
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We deduce that an equilibrium p satisfies

€17 A (§) +&- Vii(€) =0,

which implies that fi(¢)=Ce~léI"/® for some constant C'>0 and, as a consequence,
pu=CF1 (e*"‘a/o‘). The constant C' can be chosen so that fRdy: 1. As announced in
the introduction, we denote p the only steady state of (1.1) of mass 1.

REMARK 4.1. Let us make some comments about this steady state p.
e It is a continuous positive distribution (cf [11] and [12, 10] for the positivity).

e Concerning the behavior at infinity, in the case of the classical Fokker—Planck Equa-
tion (1.2), the steady state is a Maxwellian, it is hence a Schwartz function. In
our case, the steady state is not anymore a Schwartz function because its Fourier
transform has a singularity at 0. If we denote by x; a smooth function which is
nonnegative, supported on |z| <2 and such that yi(z)=1 for |z|<1, we can write
the following decomposition of ji:

) =x1(8) (141 [¢]* +az €7 +...) + (1 —xa(§)) e €17/,

We see that the second part of the right-hand side is a Scwhartz function and the
first one induces a singularity at 0. We can hence prove that

() =]z~ when |z|— oc.

4.2. Decay properties in L?(u~/?).  We again use results obtained in [6]. We
just use them in our particular case, the fractional Laplacian.
For @ a convex function, we introduce Dg on (R+)2 as:
D (a,b) = (a) — 2(b) — @'(b)(a—b),
which is nonnegative on (R+)2.
We will not prove the next two lemmas which are going to enable us to prove the

decay towards equilibrium in L?(u~'/2). The first one is [6, Proposition 1] and the
second one is [6, Theorem 2| and comes from [5].

LEMMA 4.2. Consider fo a nonnegative initial data for the Equation (1.1) which
satisfies Entf (%’) <00. Then, for any smooth convex function ® and for any t>0,
the solution f(t) satisfies

d dz
g O=—[ [ Do ute—2) g ueye

where u(t,x) = f(t,x)/pu(x).

LEMMA 4.3. Let us suppose that ® is a smooth conver function such that
(a,b) = Dg(a+Db,b) is convex on {a+b>0,b>0}. (4.2)
Then, for any smooth function v, we have:

dz
Entf(v(t,-))gK/Rd RdDq,(v(t,gc),v(t,x—i—z))w,u(:lc)d;v

for some K >0.
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We can now state the main Theorem ([6, Theorem 1)) of this section, its proof is a
direct consequence of the two previous lemmas and the Gronwall lemma.

THEOREM 4.4. Consider ® a smooth convex function satisfying (4.2) and a nonneg-
ative initial data fo such that Entz’ (%”) <o0. Then, the estimate on the solution f(t)
holds:

Vvt >0, Entﬁ) (T) <e_t/KEntf ({f) .

COROLLARY 4.5. Consider a nonnegative initial data fo such that
||f0—u<f0>||L2(H,1/2) is finite. Then there exists A\>0 such that the solution f(t) satis-

fies

V20, () = nlfo)ll a(-rr2y S€ M o= nlfo)ll (/o) -

Proof. Theorem 4.4 applied to ®(s)=(s—(fy))? gives the result. |

REMARK 4.6.  Since ||| 12(,-1/2) is a Hilbert norm, using the previous corollary, we
have for any f € L?(u~1/?),

[ o=t -uirnt= [ cfpu
R4 RY
<A =P 172y
In what follows, we denote fi(x) := (z)~?~*. We now give a corollary which gives a
decay property in the space L?(i~'/2) i.e. L? (<x>(d+o‘)/2).

COROLLARY 4.7. Consider a nonnegative initial data fo such that || fo—p{fo)|l - (i-1/2)
1s finite. Then, there exists C' >0 such that:

L (8) = 11 fodl 2 172y S Ce™ [l fo =l fodl 2 (12

where X\ is defined in Corollary 4.5.

Proof. We use Remark 4.1 which implies that there exist two constants C7, Co >0
such that C7 p <p<Cypu. As a consequence, we have the following series of inequalities:

196 = 1)1y < C IO = oM 212
<Crte M| fo—plfo) ”Lz(u*l/?)
<Cy Cfle_)‘t Il fo _N<f0>||L2(;1—1/2) )

which concludes the proof. 0
5. Semigroup decay in L!((z)¥)

5.1. Splitting of the operator. = We would like to get a splitting of our operator
L into two operators which satisfies hypothesis of Theorem 3.1 with E=L?(zi~'/?) and
E=L'((z)*) with k < . In what follows, we denote m(x):=(2)*, k<a.
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LEMMA 5.1. Consider a € (—min(k,\),0) where A\>0 is defined in Corollary 4.5.
There exist two operators A and B which satisfy the following conditions:

(i) L=A+E8,
(ii) Ac B(L*(i~1/?)) and Ac B(L'(m)),
(iii) B—a is hypodissipative on L*(i~'/?) and L' (m).

Proof. ~ We are going to estimate the integral [Lfsign(f)m with f a Schwartz
function. The inequality obtained will also hold for any f € L'(m) because of the density
of S(Rd) in L'(m). We split the integral into two parts:

[ rsin(pym= [ tifjsign(syme+ [ divief)sig(s)m
R4 R4 R4
ZZT1—|—T2.

As far as Ty is concerned, we introduce the function ®(s):=|s| on R¢ which
is convex and its derivative is ®’(s)=sign(s). We also introduce the notation
K(x):=|z|7%“. Let us do the following computation:

| U@ =1@) Ko —g)dysiens(a)
= [ () = FD@' (@) + 07 ) ~ (1) K o)y
+ [ (@) - 2 (@) K= y)dy
R4
< [ 410~ 1f1@) K —y)dy =7 o)
Rd

where the last inequality comes from the convexity of ®. We hence deduce that

ti< [ dlfm= [ 1fitim)= [ (im0

Let us now deal with T5. Performing integrations by parts, we obtain:

because of Lemma 2.2.

ng/Rddiv(xf)sign(f)m
=d . sign
[ ntme+ [ oV siznm

= [ ifim+ [ a-iflm
= [ Afim=d [ 1fm= [ \fle-Im
== [ m T

We now introduce )y, 1:=1[m]/m—x-Vm/m. Let us study the behavior of ¢, 1
at infinity. First, - Vm(z)/m(x) tends to k as |z| tends to infinity. Then, we prove
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that I[m](z)/m(x) tends to 0 as |x| tends to infinity. We use both representations (2.1)
and (2.2) to split I[m](x) into two parts:

I[m](z)= ;/I - (m(z+z)+m(x—2z)—2m(x)) K(z)dz

[ ) —mla)) Ko —y)dy
lo—y|>1
=:Li[m](x)+ I2[m](z).
Concerning I;[m], using a Taylor expansion, we obtain:

[m(z+2) +m(x—2) —2m(z)| < sup ID*m(x + 2)l| o |21

<Cla) 212/,

from which we deduce that
dz

him@ <o [

s1<1 12

(5.1)

Concerning Is[m], let us introduce the function 1(s) :=s*/? on R*. Using the fact
that v is k/2-Hélder continuous on Rt because k/2 <1, we obtain for any x,y € R%:

(1 +|2]2) = (1+]y2)| <C |22 = [y

for some C >0. We deduce the following inequalities:

m(@) = m(y)| < C ko]~ [y|*/* |2l + |y} */*
< Cla—y|*/2(Jo] +|a—y| +|z))"/2
<C (lo=y/* 22l + |z —y|").

Finally, we obtain the following estimate on I5[m]:

dz dz
Lml|(x)<C xk/Q/ 7—&—/ — |, 5.2
2[m]() <| | 231 |z|d+a—k/2 21 |z|d+a—k (5-2)

where we notice that the integrals are convergent because k < a.
Gathering (5.1) and (5.2), we deduce that I[m]/m tends to 0 at infinity. Finally,
we obtain:

/Lfsignfmg/ |flmipy, with  lim ), 1(z) =—k <O0.
R4 Rd |z]| =00

We introduce the smooth function xg (R>0) which is nonnegative, supported on
|z| <2R, and such that xg(z)=1 for |z| <R. For any a>—min(\,k), we may find M
and R large enough so that

Ve eRY, b1 (z)— Mxg(z)<a. (5.3)

Indeed, if we choose R large enough such that for any |z|>R, tm1(z)<a and
M :=max|;|< g Ym,1(x) —a, we have (5.3).
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We then introduce A:=Mypr and B:=L— Myxgr. We finally obtain:
/ (B—a)fsignfm:/ (L—Mxgr—a) fsignfm
R4 R4

m _M -
S/}Rd(w 1 Xr—a)|flm
0,

IN

which implies that B—a is dissipative on L!(m).
Let us now check that B—a is hypodissipative on L?(fi~'/2), using Remark 4.6, we

obtain:
/Bff/fl:/ ﬁffu’l—M/ XS
R4 Rd R4
<N =gy =M [ xnfu
Rd

=AM By = (12) =M [ s (5.4
Using Cauchy—Schwarz inequality, we have:
(f)’<Co [ f*x)™3,
Rd

for some constant Cy > 0. We now use Remark 4.1. On the one hand, possibly increasing
the value of R, we can suppose that

(3 )\
o2 R (245 < {20,
which implies that
2o [ p@tEisaen [ Pt (55)
e[>R o[> R
On the other hand, up to increasing the value of M, we can suppose that
(] M
2l < R= (@)% < S u ™
we deduce that
)\Co/ Fyite <M fut (5.6)
lz|<R lz|<R
Gathering (5.5) and (5.6), we can conclude that
MP<@en) [ Purten [Pt
Rd lz|<R

Going back to (5.4), we finally obtain
/ BfFu <allf 2o,
Rd

B —a is thus hypodissipative on Lz(ﬁ_l/ %) because of the equivalence of the norms
| lz2-172) and || [ L2172y

We can now conclude. This splitting £=_A+ B fulfills conditions (i), (ii) and (iii) of
Lemma 5.1. Indeed, it is immediate to check assumption (ii) because A is a truncation
operator. ]
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5.2. Regularization properties of (.AeBt)(*n). We are now going to show

that there exists n €N such that (.AeBt)(*n) has a regularizing effect. In order to get
such a result, we are going to use the negative term in the computations done to get the
dissipativity of B. Let us state a result which is going to be useful to get an estimate
on this negative term.

LeEMMA 5.2 (Fractional Nash inequality). Consider a€(0,2). There exists a
constant C >0 such that for any g€ L*(RY) N H*/2(R?), we have:

Proof. We use the Plancherel formula to get the following equality for any R > 0:

)| dz=C AGIR GO de ).
| Jota) <A<R|g<£>| e [ e f)

The first part of the integral can be bounded as follows:
2 12 2
[ @ de<r gl - < Bl
l€I<R
As far as the second part is concerned, we use Lemma 2.3

/|s|2R| ‘dE‘R“/ <I°! 'dg_Ra/Rd/Rdlrcyld(*o)“)dydx

We denote

2
1‘ —

a=|g]7: andbzc/ / lo@)=9(®)"
Rt R |2 —y|

and the aim is to minimize the function ¢(R):=aR?+bR™® to get an optimal inequality.
We compute

1 ab\ e
/ = d_l— = = _—
¢'(R)=0<=adR Osza_H 0<=R <ad) ,

) ((ab) M) :Caﬂ%bd%,
ad

which concludes the proof. 0

and

Let us now prove the following lemma which is the cornerstone of the proof of the
regularizing effect of (AeBt)(*n). We introduce the following measure:

mo(x):=(x)* with ko< min(k,a/2).

Let us notice that this assumption on kg allows us to define I[m})] for any p € [1,2] and
that mg satisfies L?(ji=1/2) C L9(my) for any g€ [1,2].
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LEMMA 5.3. There are b,C >0 such that for any p and q, 1 <p<q<2, we have:

Ce bt
VtZO, HeBtfHLq(mo)S d(1_1 ||fHLP(m0
tu(p q)
Proof. For pe|[1,2], we denote
I[mg]  p—1 = V(m )
ql)mo,p:: D +d 0
pmy p pmo
and we introduce b € R such that sup ey o) ¥mg,q < -
Let us prove that for any p € [1,2], we have:
Vt20, €% fllLrmo) < €™ Fll Lo mo)- (5.7)

We now do the same kind of computations as in the proof of Lemma 5.1:

/,Cf|f|p—1signfmg=/ I[f]\f|p_1signfmg+/ div(zf)|f|P~ " signfm}
Rd Rd Rd
::f1+fg.

As far as T} is concerned, we introduce the function ®(z) :=|z|? /p on R? which is convex
and its derivative is ®'(x) =|z|P~!sign(x). Let us do the following computation:

/Rd(f(y)—f(x))K(x—y)dy\flpfl(x)sign(f(m))
=/Rd((f(y)—f(x))@’(f(x))+<1>(f(1?))—<1>(f(y)))K(x—y)dy
+ [ @U) - e K-y
Rd
Loew Py T :1 Pl(g
S/R“;(Ifl () = 1f1°(2)) K(@—y)dy =TI/ "](x),
where the last inequality comes from the convexity of ®. We hence deduce that

fiss [ aigplmg=> [ iering= [ g T,

Concerning TQ, using integration by parts, we obtain:

sz/Rd |:dp_1 _.%‘V(mg):| |fPmP

P pmg

Finally, the previous estimates imply that
[ i sinsmb < [ =)l i<t [ s
R R

using the definition of b. This implies the estimate (5.7).

In order to establish the gain of integrability estimate, we have to use the nonpositive
term in a sharper way, i.e. not merely the fact that it is nonpositive. It is enough to do
that in the simplest case when p=2.
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Let us consider a solution f; of the equation
Oufe=Bf, fo=feL(mo).

The previous computation involving the function ®(x) is simpler in the case p=2 and
becomes:

1 - 2
/RdBffm(z):—Z/Rd/RdWdym%(x)dx—}-/ﬂmg(zbmmg—MXR)

1 |f(x)—f(y)|2 2 2,2
Q/Rd/my|<1|x—y|d+a dymo(m)d:c—i-b/f mg.

Let us deal with the negative part of the last inequality.

Ad/w yl<1 |$ y|d+a ymg(iﬂ)dm

L[] edle) - s ) )=l g,
R J|z—y|<1

|z —y| T

| fe(x)mo(x) — (y)mo(y)l
/Rd/|1; y|<1 dto Ay

Ifr Y|

[mo () —mo(y )I
/Rd/lr y|<1 \x y|d+a ft( Jdy
|fr(@)mo () = fuly) mo(y) |
_Q/Rd/]Rd iz y|d+a dydz
| fi(@)mo(a) = fi(y) mo(y)|*
T v

/R”’/Iw yl<1 |m0x yld“g oL A fiwdy

We treat the first term using Lemma 5.2 with g= fymg:

2a

[z mo(x) — fi(y)mo(y) ( 2 )( )
/Rd/Rd |z — y|d+a dydr>C /Rd|ft‘ my /Rd|ft|mo .

(5.8)
We crudely bound the second term from above:
2
// | fe(z)mo (@) — dg) mo(y)] dym?(z) da
R J|z—y|>1 Iw yl
<C / / il dm d dz +/ / [fe(y d(+o?| dady
RS jo—y|>1 [z — yl R |o—y[>1 |z —y|
<c [ 15fmd (59
Rd

Finally, the third term is bounded using the fact that supg, 1)|Vmol* <Cmg(y):

2
m —mo(y
[ e g g g)ay
Rd J|z—y|<1 |I’ y‘
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[z —y|*sup g, 1) [Vmol®
<C / / ) YO 4 12 (y) dy
Re J|z—y|<1

|z =yl
1
SC/ / mdsz(y)mg(y)dy
R J|z|<1 |2]
<C | fFmd. (5.10)
Rd
Gathering (5.8), (5.9) and (5.10), we obtain:

/ / [fil@ d( )I dym?(z)dz
Rd J|z—y|<1 |:17 y| e

2

>C (/Rd|ft|2mg) s (/Rd|ft|mo>_d _c’ (/Rdffmg) (5.11)

for some constants C', C' >0. We introduce the following notations:
2
X(t):= ||ft||L2(m0) and Y (t):= ||ft||L1(m0)-

On the one hand, if X< (2C"/C)*Y2, because of estimate (5.7), we have:
V>0, X (t)1/2<Ce" X} We hence obtain

V>0, X(8)Y2<CeY,.
On the other hand, we treat the case Xy > (2C”/C’)d/a Y#. By the previous step
(5.11), we end up with the differential inequality

d

%X(t)g—CY(t)_zTaX(t)”% +C'X(t). (5.12)

We also have from estimate (5.7): Y (t) <Ce?* Y (0) for any ¢ >0. So, we obtain for any
tel0,1], Y(t) <CY(0) changing the value of C. Putting this together with (5.12), we
obtain:

vte[o,1], %X(t)g—CYJ%X(t)H% +C' X (t). (5.13)

Let us introduce 7 :zsup{t €10,1]: X(s) > (2c’ /)Y YZ,Vse [O,t]}. For any
€]0,7[, we have —1/2CX(t)1+O‘/dYO_2&/d <—C"X(t). Then, using (5.13), we obtain:

d 1 e )
vie(0r), LX()<-30% T X)),

which finally implies

Qla

Vie(0,7), X(t)< ( (5.14)

e
| QY
S
m‘g’
~
N———
|

Moreover, because of estimate (5.7), we get:

!
Ve [r,400), X(H)Y2<CettD X(1)1/2< bt <2C> Y5. (5.15)
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Therefore, gathering inequalities (5.14) an (5.15), we obtain:
Vt>0, X(t)2 <Ct %Y.
As a conclusion, we have

V>0, HeBtfHL2 <C€btt_%||f||L1(mo)'

(mo) —

Which means that the operator €5 is continuous from L*(my) into L?(my).

Let us now consider p and ¢, 1<p<g<2, 8 is continuous from L?(myg) into
L%(my) using the Riesz—Thorin interpolation theorem. Moreover, if we let Cy,; denote
the norm of eB: L(mg) — L¥(mg), we get the following estimate:

2—2 2/qg—1 2/p—2
Cpg <Oy /PO Opgr e

and
0222—2/1D 0121/‘1—1 0122/1’—2/‘1 — O bt(2=2/p) bt(2/q—1) bt(2/p—2/q) 4—d/(20) (2/p—2/q)
Cebt
which yields the result. ]

Using the same method as in [7], we can deduce the following corollary:

COROLLARY 5.4.  There exists a constant C such that for any p and q, 1<p<q¢<2,
we have:

lo—1 bt

t e
VE=0, ([T () fllLa(me) < C@ LF 1l 2o (mo)

te

a \p

where bg=F [i (l —%)} +1.

5.3. Proof of the main result. As a conclusion, we can now apply Theo-
rem 3.1 with E=L?(i~'/?) and £=L'(m). Hypothesis (1) comes from Corollary 4.7.
Hypotheses (2)-(i) and (2)-(ii) come from Lemma 5.1. We can also prove that assump-
tion (2)-(iii) is satisfied.

Indeed, we can check by an immediate computation that we have the following
estimate for any function f: |[Af]|za(m) <C | AfllLa(m,). Moreover, we have that
LP(m) C LP(mg) with continuous embedding (because ko <k). Using these two last
facts and Corollary 5.4, we can deduce that for any p and ¢, 1 <p<q¢<2, we have:

tfo—lebt
V>0, |(Te,(t)fllLa(m) Scm Il 2o (m)- (5.16)

Moreover, we can show that [ Af||,2-1/2) <C|Af| L2 (m)- Finally, using this last esti-

mate combined with (5.16) with p=1, ¢=2 and denoting v:= - — E (5L ), we obtain:

obt
1T O 1 (my—sL2@-1/2) < CtTv

with v€[0,1), which implies that (2)-(iii) is fulfilled.
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We can conclude that Theorem 1.1 holds.

REMARK 5.5. To obtain a similar result as Theorem 1.1 in LP((x)*) with pe€ (1,2],
we need a very restrictive assumption: d(1—1/p) <k <a. Indeed, it implies that the
limit at infinity of vy, , is negative, which allows us to get the dissipativity of B—a in
LP({z)¥) for any a>d(1—1/p)— k. The rest of the proof can be done in the same way.
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