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ON THE GLOBAL WELL-POSEDNESS OF THE
MAGNETIC-CURVATURE-DRIVEN PLASMA EQUATIONS WITH
RANDOM EFFECTS IN R3*
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Abstract. The present paper is devoted to the study of the Cauchy problem for the magnetic-
curvature-driven electromagnetic fluid equation with random effects in a bounded domain of R3. We
first obtain a crucial property of the solution to the O.U. process. Thanks to the lemma, the local
well-posedness of the equation with the initial and boundary value is established by the contraction
mapping argument. Finally, by virtue of a priori estimates, the existence and uniqueness of a global
solution to the stochastic plasma equation is proven.

Key words. The magnetic-curvature-driven plasma equations with random effects, electromag-
netic fluid, the Cauchy problem, well-posedness, global existence of solution.

AMS subject classifications. 35R60, 76WO05.

1. Introduction

The magnetic-curvature-driven plasma equations are given by [7]:
on on dp . = =
g +vga—y +(vn—vg)a—y +2xVep-Vn
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where n, ¢ and ¢ denote the plasma density, the scalar electrostatic potential, and
the parallel (to the equilibrium magnetic field éeq) component of the vector potential.
Additionally, v, =cs/(RS;) is the gravitational drift speed arising through the curva-
ture terms and v, =c4/(L,€2;) denotes the diamagnetic drift speed where ¢4 is the ion
acoustic speed, R is the major radius of the curved toroidal machine, §2; is the ion
cyclotron frequency, and L,, is the equilibrium density scale length. Moreover, A and p
denote relevant diffusion and viscosity coefficients, respectively; therefore A and p are
positive real numbers. Finally, v4 is the Alfvén velocity normalized to the sound veloc-
ity (v =v2/c?) and the coefficient of resistivity 15 =v/wc. is a dimensionless parameter
which makes the drift-wave branch linearly unstable in certain parameter ranges.
When 7,04 A 19> 0v/0t, the requisite limiting procedure consists of letting ¢ — 0
but letting the parallel current contribution (proportional to A ) on the right-hand
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1666 THE MCD PLASMA WITH RANDOM EFFECTS IN R3
side of Equation (1.3) remain finite. Consequently, we deduce from Equation (1.3) that

1 0
A= @%(n*@) (1.4)

Substituting Equation (1.4) into Equation (1.1) and Equation (1.2) yields

Oin~+vy0yn+ (v, —vg) 0y +J(p,n) = é@g(n— ©)+AAn,
A +v0yn+J(p,Ap) = 1-02(n—p) +ul’p, (t,x) eRT xR, (1.5)
n(0,2) =ng(z),0(0,2) = po(x), reR?,

where J(p,n) = 0;00,n — 0ydyn. We will refer to the two evolution equations in Equa-
tion (1.5) as the 3D electrostatic model which describes the coupling between only two
variables, viz., density and the scalar potential with no electromagnetic effects. In the
absence of the gravitational drift Vj, the 3D electrostatic model, Equation (1.5), reduces
to the well-known Hasegawa—Wakatani equation [11, 19, 20], which has been studied in
great detail in order to understand the electrostatic low frequency plasma turbulence
phenomena in three dimensions. Recently, S. Kondo and A. Tain [13] established the
existence and uniqueness of the strong solution to the initial boundary value problem
of Equation (1.5) with v, =v, =0 in the case where the equilibrium density 7 is a pos-
itive constant and the initial datum satisfies compatibility conditions. By the theory
of parabolic equations and the semigroup theory [12, 14, 18], Wu, Guo, and Huang
[21] proved the existence of a global strong solution to the Cauchy problem associated
to Equation (1.5). They also addressed the existence of a global attractor and the
Hausdorff and fractal dimensions of the global attractor of Equation (1.5).

Letting 8/0z — 0 in Equation (1.5), we obtain the 2D plasma equations with mag-
netic inhomogeneity (effective gravity due to curvature) [5, 6],

On~+vg0yn+ (v, —vg)dyp+J(p,n) =AAn,
O Ap+vy0yn+J(p,Ap) =g, (t,2) ERT xR?, (1.6)
n(ovx):nO(x)7<p(07x):900(x)7 ZL’ERQ,

which describe the interaction of the excited oscillatory mode and the damped mono-
tonic mode.

As is well known, stochastic partial differential equations play an essential role in
the mathematical modeling of many physical phenomena. These equations are not only
generalizations of the deterministic cases, but they also lead to new and important phe-
nomena. For example, Crauel and Flandoli [4] showed that the deterministic pitchfork
bifurcation disappears as soon as an additive white noise of arbitrarily small intensity
is incorporated into the model. Hairer and Mattingly [10] characterized the class of
noises for which the 2D stochastic Navier—Stokes equation is ergodic. In a recent series
of papers and lectures, Flandoli et al. proved that for several examples of deterministic
partial differential equations which are ill-posed, a suitable random noise can restore
the well-posedness see such as [1, 8, 17]. More results of stochastic partial differential
equations can be found in [2, 3, 9, 16] as well as in the references cited therein. In this
paper, we consider the magnetic-curvature-driven plasma equation with random effects
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on the domain Q=0,1]? as follows:
Osn — ANAn — niagn = —vg0yn — (v, —vg)0yp— J(p,n) — i@f(p—i—@l %,
O Ao —uN2p— n%@fnz —vg0yn—J(p,Ap)— i@fgp—i— @2%, (1.7)
n(0,%) =no(Z),(0,%) = o (Z), Fe0,1]3.

Equation (1.7) adheres to the boundary conditions expressed by
on
=0 (92 - 07 = = 07 1.8
nlae =0, nfoq 7109 (1.8)

and
¢laa =0, Vlaa =0, Aplaa =0, (1.9)

where Bi,Bs are two-parameter Brownian motions on Rt xR3. &;,®, are Hilbert-
Schmidt operators, and 77 is the outward normal vector.

The remainder of this paper is organized as follows. In Section 2, we first prove a
lemma; by the lemma and fixed point argument, we address the local well-posedness of
the Cauchy problem associated to Equation (1.7). In Section 3, by a priori estimates, we
derive the existence and uniqueness of the global strong solution in time of the Cauchy
problem to Equation (1.7) with the boundary conditions (1.8) and (1.9).

2. The local well-posedness

In this subsection, the local well-posedness of Equation (1.7) with boundary condi-
tions (1.8) and (1.9) is established. First, for the convenience of the reader, we introduce
some notation. All spaces of functions are over the bounded domain €2, and for simplic-
ity, we drop €2 in our notation of function spaces if there is no ambiguity. Additionally,
if A is an unbounded operator, D(A) denotes the domain of the operator A. Let || -| g
and (-,-) denote the norm of H® and the inner product of L?, s€R, respectively. As
usual, we denote by C' a constant that may change from one line to the next.

Denote A= —A. Then A: D(A)C L?(Q,R) — L?(,R) and D(A) = H?(Q)NHL(Q).
Consequently, the operator A is positive self-adjoint with compact resolvent. By the
classical spectral theorem, there exists a sequence {\; }ren of eigenvalues of A such that

O< <A< <A< Aj — 00

with respect to the eigenvectors {ey } xey which form an orthonormal basis in L?($2) and
satisfy

ekEC"O(Q),|ek|§C,|Vek|§C\/>\k7 e

For convenience, without loss of generality, let ®; =®, be the identity operator. We
can then write the It6 form of Equation (1.7) as follows:

dn+ ()\An— n—lsafn+vgayn+ (U —vg) Oy +J(p,n) + 771—3(‘93@) dt=dW1,
dAp+ (uAAgo - i@fn+ vgOyn+J(p,Ap) + i&fcp) dt =dWs, (2.1)
n(0,%) =no(7),¢(0,7) =¢o(),  (t,7) eR* x[0,1]%,

where W; is the () Winner process such that

0B,

Wi(taxaw) - Or

o0
D akiBratwler(x), i=1.2,
k=1
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where {fk,; }ren denotes a sequence of independent Brownian motions in a fixed com-
plete probability space (G,F,P) adapted to a filtration {F; };>0.
We introduce the solution W;=(nz,Ap7)" of the following linear equation:

AW+ AW zdt =dW,  (t,7) e R x [0,1]?,
Wi(t,@)=0, (t,%) Rt xdQ, (2.2)
Wg|t:0:(n0(f)a<ﬁ0(f)):0a

where Q=1[0,1]3, the operator matrix A and dW satisfy, respectively,

/A 192 0 AW,
= Ns % =
A=(MTE ) av= ().
Therefore, (n,Ap) = (nz+N,Ap;+ V) is the solution of Equation (1.7) if and only
if (N, ¥) solves the following evolution equation:

0 (N ~( N f
a(w)+2()=(5) e
with initial data and boundary value
(Nv\]jj)‘t:O:(n()vASOO)u (Nv\Ij)|QQ:07 (24)

where

1
h=—02(n;+N),
s

f= _Ugay(nZ+N) - (Un_vg)ay(¢§+(A)_l‘I')
—J(sm(m-lw,nwv)—nisaﬁ«oﬁm)—l@),

- 1 -
9=—vg0y(nz+N)=J(pz+(A) 1‘I’7A<Pg+‘1’)*n*33(<ﬂg+(A) ).

For convenience of presentation, we first establish the property of the solution to
the O.U. process (2.2) by the following lemma.
LEMMA 2.1. Assume Y, a%)\zfl <oo. Then the solution W3 of the O.U. process
(2.2) is uniformly bounded in H° (). Moreover, if > o, a%)\z‘sw*l <00, for any 6§ >0
and 0 €]0,1], then A‘sWZ has a version which is ~y-Hélder continuous with respect to
x€Q and t€[0,T] for any 76]0,%[.

Proof. At first, one can easily check that the solution of Equation (2.2) has the
following form:

t —
W5 (t) :/ e~ =9 Aqm. (2.5)
0

Note that the Q Winner process is

0B;

W(t,x,w)= 5

:Zak7iﬁk,i(t,w)ek(x), 1=1,2. (2.6)
k=1
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We deduce from (2.5) and (2.6) that

Wit z)= i (ak /Ote(”)gdﬁk) er(z).

By virtue of the definition of the stochastic integral and the assumption of Lemma 2.1,
it follows that

g > t o 2
BUATWOE) =Y [ (Moxet=) as
k=170
a2\
< k7K
<0 D
k=1
For any s,t€[0,7], we have
E(lA ( ( r)— WK(S x))|2)
Z i/ |A%e= (=) A, | dT+Z/ 2| 4% (e=(t= A _ = (s-7) )ek( ) 2dr
Ii(s,t

)+I2(S’t’x>' (28)

A

Observe that for any 6 €]0,1],

(s,t,x) <CZa )\26/ e 2= k g

1— 672(t75))\;C

2426
k=1
S

<CY ATt —s)Ml’ < Clt— s, (2.9)
k=1

where we have used that > 7, ozi/\i‘we_l

Ir(s,t,x) as follows:

< 00. Analogous to (2.9), we can estimate

Ir(s,t,x) SC’ZQ%/\%‘S/ le= (=X _ o= (s=T) Ak 2
- 0

Sczai/\ié_l ((1 _e(sft))\k)2 _ (efsxk _eft)\k.)2>

k=1
gciazAzé—H(t—s)Am
§C|t_— s|”. (2.10)
Combining (2.8) and (2.9) with (2.10) yields

(\A‘S( (tx)— Wg(s7x))|2)§0|t—s|9. (2.11)
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Similarly to (2.11), for x,y €, one can easily check that

E(|A°(Wx(t,2) = Wxz(y)*) = Zai/ AR e 2Ok ey () — ex ()| Pdr
k=1

S

< CZai)\i‘s_”ek(ﬂf) —ex(y)
k=1

SC’Z&%A?"’G_l\m—yW§C|x—y\0, (2.12)
k=1
where we have used Y .-, a%)\i‘w(’*l < oo for any 6 €]0,1].

In view of (2.11) and (2.12), for any s,t€[0,7], z,y €£2, and 6 €]0,1], we deduce
E(|A°(W4(t,2) = Wx(s,9)[*) <C(Jt = s + [z —y]°).

Using Kolmogorov’s Test Theorem [15], we can derive the result. 0

REMARK 2.1. If we choose the orthonormal basis e, =2+v/2sinknz of the space L?(Q),
then {\r = (k7)?}ken is a sequence of eigenvalues of A=—A with respect to the eigen-
vectors {ey }ren. Define the @ Winner process

OB & ,
Wi(t,.’l},bd):%:Zak’iﬁk’i(t,W)ek«I;), 221727
k=1

where {8, tren denotes a sequence of independent Brownian motions. Let
;= (km)" T3 9>0keN.

Then the condition that >~ a%XZfl <00 in Lemma 2.1 holds.
Now, we establish the local well-posedness of Equation (2.3).

THEOREM 2.1.  Given Y oo a2)\] "' <oo, assume that the initial datum Vo=
(No,Wo) " = (no,Apo) " € Fy belongs to H? (), o> 3. Then there exists a small positive
random variable T(w) >0, such that Equation (2.3) has a unique solution V' in the space
C([0,T[,H(Q)) with the initial value Vo € HT ().

Proof. Let V=(N,U)" F=(fg+h)". Define the operator

~ t ~

L(V)=e"V + / e” (A Fds. (213)

0
Then
~ > e 2
le M Wollfr =~ (A% MWoser) <CUINollfre +1Wol%0). (2.14)
k=1

Set 1= (A)~1W. Then

(oo}

le™ DA f|[3 =) (e m9Af, AT e,)?

k=1
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i 2
< (nz+N)+0,(pz+1),e 79 A2ek>

k=1
< <PA+1/J7TLA+N)+82(<PA+¢) —(t= G)AA2@k>
(2.15)

éjl S t)+[2(8,t)

Thanks to Lemma 2.1, if | N||%.,||¥|%. <C, we obtain
Li(s,t) S e 20 (0 (nz+ N+pg+1),ATey)

k=1
S e (g + Ntz +9)|2 ¢

k=1
i)\k 20+1|t —20
k=1

(2.16)

|t 8‘ 29
where we have used Lemma 2.1 in the third inequality and used the fact that 3 <6< 1

in the last inequality.

If 0> 2, then HY is an algebra, and we can deal with I5(s,t) as follows
© 2
Io(s t)<||80g+¢||§10+2+Z<J(@g+¢7ng+N) =8 A% e, )
,e

<Z< <‘0A+w W,Z“‘N)—ay(@g‘f'w (TLA+N) - S)AA2€k>
(pz+)0, A%Gk—3x(¢g+1/1)0yA%ek,nA+N>2

(extlnz+N)|

— Ze—Q(t—S)Ak <a
k=1

Sl AT A (
k=1
TNV Lo+ Ol Ing + Nl

o0
Sl
k=1
S ‘t - | 7207
the second inequality follows since ||¢ 7 +1|| go+2 < C which is guaranteed by Lemma 2.1
We have used that o> 35 in the fifth inequality and used Lemma 2.1, >, 1)\1 2 <o

8y(90,1+1/})_82

(2.17)

in the last inequality.
Combining (2.15) and (2.16) with (2.17), it follows that
le™ A f|| o < Clt—s|~". (2.18)
(2.19)

Similarly, we can derive
le= =g e <Clt —s|~*
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Substituting (2.14) and (2.18)—(2.19) into (2.13), we see that ||N| go,|| V| g- <C and
6 €]3,1[. This gives

t
1LV e < / £ 5| ~7ds < oo,

where we have applied the following inequality:

t _ t ~
’/ €(t78)Ah(s)ds </ e(ts)Aag(ng+N)d87Ag€k>
0

0

2 2

M

Ho

x>
I
—_

2

WA
NE

t
</ e(t=)M e\ A% (ng+N)ds,ek>
0

>
Il
—

(1—6_”%)2 <A%(nZ+N),ek>2

A
M8

k
Slinz+ Nl

Il
-

On the other hand, let Vi = (N1, %) ", Vo= (N2, ¥3) " be two solutions of Equation (2.3)
with the same initial datum and boundary value. Denote Fy — Fo = (f1 — f2,91 —g2) .
Hence

E(Vl)ﬁ(Vz)/te(”)g(FlFQ)ds, (2.20)
0
where
J1— f2=—v40,(N1 = N3) — (0, —g) 0, ((A) "1 (¥1 — Ty))
—J((A) (W —Ta),n 5+ Ny)
— Tl (8) 7 W0, Ny = No) = 92(8) 7 (W1~ ),
and

91— 92 :*Ugay(Nl 7N2) *J((A)il(qll 7\112)’A§0A+\111)
1 1
—J(pz+(A) "Wy, Uy —Uy) — n*@g(ﬁ)_l(‘h —‘1/2)4—7782(N1 —Ny).

Observe that
e Ry~ )l Sl R0, [(Ny — Vo) (A) (W1~ )] e
+le T AT(A) T (W1~ Ua) g+ N 7o
e DA (o 1+ (A) " Wg, Ny — No) || %a
e TG (A) TN (0~ W) 3o (221)
Estimate the first and second term in right hand side of (2.21), we have
le= =48, [(N1 — Na) + (A) (T — 0s)] (%0
(o)

. - 2
S <8y[(N1_N2)+(A)_1(‘1/1—Wz)},Afe_(t_s)Aek>
k=1



X. WU 1673
SO ATt =T (INy = Na 3o + (1% — W2 3. ) (2.22)

k=1

and

le™ AT (A)TH (0 = W), n 5+ N1) |-

2
<Z< \IJl—\Ilg) 7’LA+N]_) A2€ (t= 9)A€k>

2
_Z< \I/l—\IJQ) A2€ (= S)Aek) TLA+N1>
SZ/\i_Qe\t*SI*%(H‘Pl*‘I’z\lfqa) (2.23)

Similarly to (2.22) and (2.23), we can deal with the last two term of (2.21). Plugging
(2.22) and (2.23) into (2.21) yields

le™ 21— Fo)lFe STt 5172 (1N = Nallfgo + (|91 = Ws[7-), 2.24)

where we have used that Y - )\,16_20 < oo which is guaranteed by 6> 3.

Analogous to our estimate of (2.24), we also have

le™ =94 (g1 — g2) 10 SIt =817 (I N1 = Nz + (191 — 2 30)- (2:25)

In view of (2.20) and (2.24)(2.25), it follows for 3 < <1 that

t
1£0) = £V)lme 5 [ eIV = Nallho + 122~ Wl ) s
0

‘ .

IN
|
>
~
—

— 1
"INy = Nolffgo + (01 = W270)

IN
N —

(IN1 = Naflze + |91 = W3 1), (2.26)

for sufficiently small ¢>0.

By applying the contraction mapping argument to (2.26), we see that there exists
a small positive random variable T'(w) such that Equation (2.3) has a unique solution
V in the space C([0,T[,H(£2)) with the initial Vo € H?(Q2) for o> 2, which completes
the proof. 0

3. The global existence of a solution
In this subsection, by a priori estimates, we will establish the global well-posedness
of Equation (2.3). A priori estimates are obtained by the following two lemmas.

LEMMA 3.1. Let (ng,A¢z)€ H(Q), 0> 3. If (N,¥) is the corresponding solution to
Equation (2.3) with the initial datum (No,Wy), then for any random variable T >0, we
have for all t€[0,T]

t
||N||2Lz+||‘I’||2L2+C/0 (IVNIIZz + VL) ()dr

t
<Cexp ( / (Lt sl + |Am||%{a>d7) .
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Moreover, if the initial datum (VNo, VW)€ L?(S2), then we deduce that
t t
||VN||2L2+)\/ ||AN||2L2(T)dTSC||VN0||2L2€fo(1+H(Asog+\l')(r)Hzl/z)dT’ (3.2)
0

and

t t
V|2, +p / AT (7)|[22dr < C|| VT[22l HIAL AT 2)dr (3.3)
0

where the constant C' depends on vy, vy, N, A, u, T ||n 5l 7, and |[A¢ ;| mo-
Furthermore, the solution (N,V) satisfies

(N, W) eC((0,T[H' () L*(0, T H2 ().

Proof. Multiplying Equation(2.3); by 2N and applying integration by parts,
Young’s inequality and Holder’s inequality yield that,

8t/N2dx+2)\/|VN|2dx+%/WNFdx
§2v9/(ng+N)8yNdm+2(vn—vg)/(gog—i—(A)_l\I/)ayNdx
—%/af(apg—l—(A)_lkll)Ndx—Q/J(gpg—&-(A)_llll,ng—i—N)Ndx
SINIZ2 + 12122+l 50172+ Ap 7172 +ell By N7
—2/J(gog+(A)_1\If,ng+N)Ndx. (3.4)
Note that
/J(WHA)*I\IJ,N)Ndx:o,
we can so estimate the last term in (3.4) by
/J(gong(A)*I\I/,ng+N)Ndx:/J(gang(A)*l\I/,ng)Ndz

:/[am(gaﬁ(A)*I\p)aynray(@ﬁ(A)*lxp)amngwdx
< Vilez+A) )| e[V ingllps |N || 2
S22 + lIn gl 3 1N 72 (3.5)

Substituting (3.5) into (3.4), for (n;,Ap;)€H(Q),0>32, we deduce that for suffi-
ciently small ¢,

OINIZ + MVNIL: SICNZe + A+ [In gl o) IV (3.6)

Similarly, multiplying Equation(2.3)s by 2¥ and integrating by parts, thanks to
Young’s inequality and Hélder’s inequality, we obtain
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at/\IJde+2,u/|V\I/|2dx
<— %/8ZN8Z\I/dI+2vg/(ng+N)8y\I/dx— %/8§(¢g+(A)’1‘1/)\Ifdx
—2/J(cpg+(A)_1\I/,Ag0g+\I!)\I/dx
§i(|l5'leliz [0y W) 72) + (72 + N2+ (I 7
el Wl + 1022l 2 [ Tox+(A) W Mg+ 1)V (37)
By virtue of the equality
/J(@g+(A)’1\I!,\II)\Ilda::O,
the last term in (3.7) can be estimated as follows:
/J(gpﬁ(A)*lqz,A@gw/)m
:/J(goﬁ(A)*qu,A@g)\ydx

:/[GI(QOng (A) )9, Ap 7 — 0y (9 5+ (A) 1) I, Ap 7] Tda

<IVLlez+ (D) ) lLe [ VL Ap gl ol 2] 2
S+ 12zl 7o) PIZe (3.8)

Plugging (3.8) into (3.7) yields
O WZ + 20l V|7,

1
SF(II%NHiz +110yWlI72) + INTZ2 + A+ 1 Ap £l ) NI L2 (3.9)

Adding (3.6) to (3.9), for 2uns <1 and 2Ans <1, in view of Gronwall’s inequality, one
can easily check that

t
INIIZ2 + (1217 +C/0 (IVNIIZz + VL) (r)dr

t
<Cexp ( / A+ I3 + |Asag||%{a>dr) |

Therefore, we get (3.1).

Applying the multiplier V to Equation (2.3), after taking the scalar product of
2V N and integrating by parts, from Young’s inequality and Holder’s inequality, it fol-
lows that
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8t||VN||L2+2>‘HAN”L2+ ||6 V||
2
<— 2vg/8VnA+N)VNdx+2 /8V¢A 1\P)VNd:c+n—/5f(<pg

—|—(A)—lﬁ/)ANda:—Q/VJ(gog—&-(A)_ltll,ng—i—N)VNdac
SIVnglZ: +el0y VN7 + | Apzll7e + 191172 + VN[
+e\|AN||%2—2/VJ(gog—i—(A)’l\I/,ng—kN)VNdx, (3.10)

where we have used Young’s inequality with € in the last inequality.
We estimate the last term of (3.10) as follows:

/VJ(cpg—i—(A)_l\I!,ng—kN)VNdx
Z/VJ(L,O;-F (A)_lklf,ng)VNda:—l—/VJ(gog—i—(A)_lllf,N)VNdx

:/J(cpg%—(A)_l\Il,ng)ANdx-i-/J(V(@g—l—(A)_l\I/),N)VNdx

SIVLpz+Q) T 0)ILe [ Vinzlle AN 22
+HIVLV(oz+ (D) 0| 1ol VLN 2] VN o
Slinzllze 180z + 2172 +1Ae g+ P72 [VN |72 +el VNIIZ- (3.11)

The above inequality follows from Holder’s inequality, Young’s inequality, and Sobolev’s
imbedding theorem. We have also used the equality

/J(gﬁg+(A)’1\I!,VN)VNdx:O.
Substituting (3.11) into (3.10) and applying Gronwall’s inequality, we obtain
t
IVNIIZ2 +A / |AN32(r)dr S|V No| 3l AN (319)
0

Thus, we derive the inequality (3.2). Next, we shall prove (3.3). Analogously to (3.10),
we have

O VO||72 + 20 A |22
<2 (32VN)de+2vg/ay(ng+N)Axpdx+%/(agcpﬁm)*hpmwx
—2/VJ (ps+(A) "W, Ap 7+ 0)VTda
SI0-VN|[72 +e| AW |72+ (04l 5+ Ap 5l 72 + N[
+H\IIH%Z)—Q/VJ(gong(A)*llll,Agong\Il)V\Ildx. (3.13)
Note that we have the following equality:

/J((pg-‘r (AU, V)V Wdr=0.
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Therefore, we can estimate the last term of (3.13) as follows:
/VJ(cpg—k(A)_l\If,Acpg—HIJ)V\I/dx
z/VJ(apg—l—(A)_l\II,Agog)V\I/dx—i-/VJ(apg—i—(A)_l\I/,\I!)V\I/dx

:—/J(go;—&—(A)_llll,Agpg)A\I'dx—l—/J(V(gag%-(A)_llll),\I/)V\I/dx

SIVLlez+ Q)T 0)|Le VL Ap 5l o | AT 2
HIVLV (0 + (D) )| 1ol VL Pl 2|V s
1Az E VY Lz +(A) T )T + A0z + 70 2 VO[T + e AT|T.,  (3.14)

where we have used Hélder’s inequality in the first inequality and the last inequality
follows by Young’s inequality and Sobolev’s imbedding theorem.
Plugging (3.14) into (3.13), for small enough e, Gronwall’s inequality yields

t
VU2, 4 / |AT(r)|2.dr

t ~ 2 t
SeliIOr s st (190013 + [ (O.TN+ NI + 1))
0
SHV\I,O”%QefJI\(Awﬁ‘l’)(f)l\il/zdf_ (3.15)

The last inequality follows by (3.12) and (3.1). This completes the proof of Lemma 3.1.
O

In order to get the global solution, we shall derive the more order estimates of the
solution (N,W).

LEMMA 3.2. Given (nz,Ap 7)€ H™(Q), let the initial datum (No,¥o) belong to H™ (£2),
m>0. If (N,U) is the corresponding solution to Equation (2.3), then for any random
variable T >0, we have, for all t €[0,T], the solution

(N, @) eC((0,T[; H™(Q))(\L*(0,T[; H™ ().

Moreover, (N,¥) satisfies

Fm)s (3.16)

t
IN [ +>\/O IN(7)[|3pmardr < C(1+ || No|

and

t
1020+ / VU () 2y dr < OO+ | Wo 2, (3.17)

where the constant C' depends only on vy, vg, Ns, A, i1, T, |[n 5| zm, and [|Ap z||gm .

Proof. As 0<m<1, thanks to Lemma 3.1, one can easily obtain (3.16) and
(3.17). By mathematical induction, assume the result of Lemma 3.2 is valid for the case
m=k>1.

Differentiating Equation (2.3); with respect to the space variables yields
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1
9;0°N — N0’ AN — nfafa&zvﬂgayaf‘(nﬁzv) + (v —vg) 0y (p 3
1
+(A) )+ T (p 5+ (A) T+ N) + n—aga&(er(A)—l\y) =0, (3.18)

where 0° is a differential operator of k+1 order.
Taking the scalar product of 20° N with (3.18), integrating by parts, and applying
Young’s inequality, we obtain

2
atnadNHiZ+2A||V85N||iz+n—||aza<5N||iz
SN0°ngll72 +110°(Ap 1+ D) |72 + €l VO N7
72/ Z J(0 o5+ (A)1W),07(n;+N)) | 9°Nda. (3.19)
i+j=3
Note that

/J(goﬁ(A)—lq/,aéN)aéNdx:o,
so using Lemma 3.1 and [[0°Ae 3|12 +[|0°n 7|2 < C, we have
/85N S IO (p 5+ (A) 1), 0 (n g+ N))da
i+j=6
:/J(¢g+(A)’1W,85ng)85Ndx
+/85N Z J(0 (54 (A)7'0),8 (nz+N))dz
i+j=6,j#8
SIVLO (054 (A) ") |16V n gl 23 |0° N 22 +110°n 5] 2
IVLIV L+ (D)) N[l L2 + [ Ap 5+ U 16 |[0° N 2 [|0° N | s
+[V L0 (9 5+ (D)7 0) | £ |V L N[ 22]|0° N | s
SIN(Z: +1Ae 2+ W7 (19°n 5172 +[10° N 72)
+(L+[[VN|72)10°(Ap 3+ P) |72 +€| VO N 22
SIFa 10 N[72 + N[ 10°W] 7. (3.20)
Substituting (3.20) into (3.19), for small enough €, from Gronwall’s inequality, we
deduce that
t
||85N||%2+)\/ IV0° N(r)|2adr
0

t
<eJT OHIT@IFdr o <||56N0|%2+/ ((1+|\I/(T)||%{1)|85\11(7')||2L2)d7'>
0
<[ No|[2els AHI¥@I )T, (3.21)

Therefore, we obtain (3.16).
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Now, we shall show (3.17). Applying the operator 8° to Equation (2.3)s, taking
the scalar product of 20° W, integrating by parts, and applying Young’s inequality, we
obtain

Oul|0° W72 + 2l VO W7
SHO:0° N7z +[10° (nz+N)|| 22 +10°(02¢ 5+ ) |72 +€| VO 2

_2/ S IO (p5+(8) 1), (Ap ;W) | 9° V. (3.22)
itj=5

We deal with the last term of (3.22) as follows:

/a‘\p > J@ (54 (D)), (Ap g+ T))da
i+j=4

— [Hez+@ e,

86A<pg)86\1/d$+/85\11 > (@ (px+(A)T), (Ap s+ T))da
i+=0,j#6
SIVL (03+(A) T ) Lo [V L Apzll s 079 12 + IV 1 0° A5 s
IV (o5 + (D) )26 |0°W L2 + IV L (@ 1+ ) s [V L ) 22079 || o
V1P 5+ (D) )| 18 ]|V L0 12|07 | o
SUARzI2 5 +1Aez+ T[T + VLT + 1Az + T2 4 )10V
0 ApzlLallAe )2 4 +el VO U
SUApzI2 5 +IVEIL)[0° 7. + el VO U7, (3.23)
where we have used Lemma 3.1 and [|0°A¢p |2 +(|0°n 5|2 <C.
Plugging (3.23) into (3.22), for small enough ¢, by virtue of Gronwall’s inequality, we
deduce that
t
0w+ | 9070 () e
0

<6fJ(1+IIAw;(T) %HIV‘I’(T)Hiz)dT

I?
t
x (|85Wo||i2+/0 (|6Z86N(7')||2L2+||(96N(T)%z)dT)

5“66@0||i2€f07-(1+”vqj(7-)”i2)dT- (3.24)

The last inequality follows from Lemma 3.1 and (3.21). This completes the proof of
Lemma 3.2. O

Using Lemma 3.1 and 3.2, we can establish the following main result of this paper.

THEOREM 3.1. Given (nz,A¢z)€H(Q),0> 3, if the initial datum (No,Vg) belongs
to H?(Q2), then there exists a unique global solution (N,¥) to Equation (2.3) with the
initial datum (No,WUy), and for any random variable T >0, we have for all t €[0,T], the

solution satisfies

(N, W) eC([0.T[;H7 () L*(0, T H ().
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Moreover, we have

(0:N,0,9) €C([0,T[;H7 () (LA([0, T H7 ().

Proof. By the local solution of Theorem 2.1 and a priori estimates of Lemma 3.2,
in order to complete the Theorem 3.1, we only need to prove that

(0:N,0,9) €C([0,T[; HO () (L ([0, T[; H ().
On the one hand, taking the inner product of Equation (2.3); with the function v, from
the inequality ||Ag ||g- +|n ;]| m- < C, we have
1
O o) =(AAN+ BN~ 5~ (A) )0 )~ {10y 5+ )

+(n = vg) 0y (9 7+ () T1)0) = (J(pz+(A) T, nz+N),v)
SIAN go-z2[vllg2-o +[n g+ Nl -0yl p--

T 1A@ 5+ 9] go-2 vl mz—o + [ Ap z+ ¥l 1 V]| -
SUIN e + 1]z ) 0]l 2o (3.25)

Consequently, it follows that
0N €C([0,T[; H ().

Deal with Equation (2.3); in a manner similar to the one used in the estimate of (3.25).
One can easily get that

0V eC([0,T[; H"2(Q)).

On the other hand, taking inner product of Equation(2.3); with the function v, after
integrating by parts with respect to time variable ¢ on [0,7], for any random variable
T >0, by Holder’s inequality, we deduce that

T T 1 -
/O <atN,U>dT:/O <)\AN+T]6§(N¢Z(A) 1\1!),v>d7
/ <vg (nz+N)+(v —Ug)ay(gag+(A)71\I/),v>dT

T
- [ Oea+ @) gt W)
S”AN”L%(HU*)HU”LzT(Hl*“) + HnZ”LQT(H“)HUHLQT(H“”)
Az + ¥ L2 mo-yllvll Lz -y + V(e 7+ W)z ) VOl L2 (-7
SUIN Lz zr+ey + 1| L2 1) [0l 2. (109 (3.26)
where we have used ||Ag 7| ge +||n z||ze < C. Therefore, we have
0N € L2((0,T[; H*=1(9).

Similarly, deal with Equation (2.3)2 in a manner similar to the one used in the estimate
of (3.26) to yield

0w € (10, T[: Ho>(@) (L0, 7[: Ho~ (),
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which completes the proof of Theorem 3.2. ]
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