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ON THE GLOBAL WELL-POSEDNESS OF THE
MAGNETIC-CURVATURE-DRIVEN PLASMA EQUATIONS WITH

RANDOM EFFECTS IN R
3∗
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Abstract. The present paper is devoted to the study of the Cauchy problem for the magnetic-
curvature-driven electromagnetic fluid equation with random effects in a bounded domain of R3. We
first obtain a crucial property of the solution to the O.U. process. Thanks to the lemma, the local
well-posedness of the equation with the initial and boundary value is established by the contraction
mapping argument. Finally, by virtue of a priori estimates, the existence and uniqueness of a global
solution to the stochastic plasma equation is proven.
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1. Introduction
The magnetic-curvature-driven plasma equations are given by [7]:

∂n

∂t
+vg

∂n

∂y
+(vn−vg)

∂ϕ

∂y
+ ẑ× �∇ϕ · �∇n

−v2A

{
∂

∂z
Δ⊥ψ+ ẑ× �∇ψ · �∇Δ⊥ψ

}
=λΔn,

(1.1)

∂

∂t
Δϕ+vg

∂n

∂y
+ ẑ× �∇ϕ · �∇Δϕ

−v2A

{
∂

∂z
Δ⊥ψ+ ẑ× �∇ψ · �∇Δ⊥ψ

}
=μΔ2ϕ,

(1.2)

∂ψ

∂t
+

∂

∂z
(n−ϕ)+vn

∂ψ

∂y
− ẑ× �∇ψ · �∇(ϕ−n)=ηsv

2
AΔ⊥ψ, (1.3)

where n, ϕ and ψ denote the plasma density, the scalar electrostatic potential, and
the parallel (to the equilibrium magnetic field �Beq) component of the vector potential.
Additionally, vg = cs/(RΩi) is the gravitational drift speed arising through the curva-
ture terms and vn= cs/(LnΩi) denotes the diamagnetic drift speed where cs is the ion
acoustic speed, R is the major radius of the curved toroidal machine, Ωi is the ion
cyclotron frequency, and Ln is the equilibrium density scale length. Moreover, λ and μ
denote relevant diffusion and viscosity coefficients, respectively; therefore λ and μ are
positive real numbers. Finally, vA is the Alfvén velocity normalized to the sound veloc-
ity (v2A=v2a/c

2
s) and the coefficient of resistivity ηs=v/ωce is a dimensionless parameter

which makes the drift-wave branch linearly unstable in certain parameter ranges.
When ηsv

2
A�⊥ψ�∂ψ/∂t, the requisite limiting procedure consists of letting ψ→0

but letting the parallel current contribution (proportional to �⊥ψ) on the right-hand

∗Received: March 12, 2014; accepted (in revised form): August 26, 2014. Communicated by Yan
Guo.

†Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, West No. 30 Xiao
Hong Shan, Wuhan 430071, P.R. China (wxl8758669@aliyun.com).

1665



1666 THE MCD PLASMA WITH RANDOM EFFECTS IN R
3

side of Equation (1.3) remain finite. Consequently, we deduce from Equation (1.3) that

Δ⊥ψ=
1

ηsv2A

∂

∂z
(n−ϕ). (1.4)

Substituting Equation (1.4) into Equation (1.1) and Equation (1.2) yields

⎧⎪⎪⎨
⎪⎪⎩

∂tn+vg∂yn+(vn−vg)∂yϕ+J(ϕ,n)= 1
ηs
∂2
z (n−ϕ)+λΔn,

∂tΔϕ+vg∂yn+J(ϕ,Δϕ)= 1
ηs
∂2
z (n−ϕ)+μΔ2ϕ, (t,x)∈R

+×R
3,

n(0,x)=n0(x),ϕ(0,x)=ϕ0(x), x∈R
3,

(1.5)

where J(ϕ,η)=∂xϕ∂yη−∂yϕ∂xη. We will refer to the two evolution equations in Equa-
tion (1.5) as the 3D electrostatic model which describes the coupling between only two
variables, viz., density and the scalar potential with no electromagnetic effects. In the
absence of the gravitational drift Vg, the 3D electrostatic model, Equation (1.5), reduces
to the well-known Hasegawa–Wakatani equation [11, 19, 20], which has been studied in
great detail in order to understand the electrostatic low frequency plasma turbulence
phenomena in three dimensions. Recently, S. Kondo and A. Tain [13] established the
existence and uniqueness of the strong solution to the initial boundary value problem
of Equation (1.5) with vg =vn=0 in the case where the equilibrium density n̄ is a pos-
itive constant and the initial datum satisfies compatibility conditions. By the theory
of parabolic equations and the semigroup theory [12, 14, 18], Wu, Guo, and Huang
[21] proved the existence of a global strong solution to the Cauchy problem associated
to Equation (1.5). They also addressed the existence of a global attractor and the
Hausdorff and fractal dimensions of the global attractor of Equation (1.5).

Letting ∂/∂z→0 in Equation (1.5), we obtain the 2D plasma equations with mag-
netic inhomogeneity (effective gravity due to curvature) [5, 6],

⎧⎪⎪⎨
⎪⎪⎩

∂tn+vg∂yn+(vn−vg)∂yϕ+J(ϕ,n)=λΔn,

∂tΔϕ+vg∂yn+J(ϕ,Δϕ)=μΔ2ϕ, (t,x)∈R
+×R

2,

n(0,x)=n0(x),ϕ(0,x)=ϕ0(x), x∈R
2,

(1.6)

which describe the interaction of the excited oscillatory mode and the damped mono-
tonic mode.

As is well known, stochastic partial differential equations play an essential role in
the mathematical modeling of many physical phenomena. These equations are not only
generalizations of the deterministic cases, but they also lead to new and important phe-
nomena. For example, Crauel and Flandoli [4] showed that the deterministic pitchfork
bifurcation disappears as soon as an additive white noise of arbitrarily small intensity
is incorporated into the model. Hairer and Mattingly [10] characterized the class of
noises for which the 2D stochastic Navier–Stokes equation is ergodic. In a recent series
of papers and lectures, Flandoli et al. proved that for several examples of deterministic
partial differential equations which are ill-posed, a suitable random noise can restore
the well-posedness see such as [1, 8, 17]. More results of stochastic partial differential
equations can be found in [2, 3, 9, 16] as well as in the references cited therein. In this
paper, we consider the magnetic-curvature-driven plasma equation with random effects
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on the domain Ω=[0,1]3 as follows:⎧⎪⎪⎨
⎪⎪⎩

∂tn−λΔn− 1
ηs
∂2
zn=−vg∂yn−(vn−vg)∂yϕ−J(ϕ,n)− 1

ηs
∂2
zϕ+Φ1

∂2B1

∂t∂x ,

∂tΔϕ−μΔ2ϕ− 1
ηs
∂2
zn=−vg∂yn−J(ϕ,Δϕ)− 1

ηs
∂2
zϕ+Φ2

∂2B2

∂t∂x ,

n(0,�x)=n0(�x),ϕ(0,�x)=ϕ0(�x), �x∈ [0,1]3.

(1.7)

Equation (1.7) adheres to the boundary conditions expressed by

n|∂Ω=0, ∂zn|∂Ω=0,
∂n

∂�n
|∂Ω=0, (1.8)

and

ϕ|∂Ω=0, ∇ϕ|∂Ω=0, Δϕ|∂Ω=0, (1.9)

where B1,B2 are two-parameter Brownian motions on R
+×R

3. Φ1,Φ2 are Hilbert-
Schmidt operators, and �n is the outward normal vector.

The remainder of this paper is organized as follows. In Section 2, we first prove a
lemma; by the lemma and fixed point argument, we address the local well-posedness of
the Cauchy problem associated to Equation (1.7). In Section 3, by a priori estimates, we
derive the existence and uniqueness of the global strong solution in time of the Cauchy
problem to Equation (1.7) with the boundary conditions (1.8) and (1.9).

2. The local well-posedness
In this subsection, the local well-posedness of Equation (1.7) with boundary condi-

tions (1.8) and (1.9) is established. First, for the convenience of the reader, we introduce
some notation. All spaces of functions are over the bounded domain Ω, and for simplic-
ity, we drop Ω in our notation of function spaces if there is no ambiguity. Additionally,
if A is an unbounded operator, D(A) denotes the domain of the operator A. Let ‖·‖Hs

and 〈·, ·〉 denote the norm of Hs and the inner product of L2, s∈R, respectively. As
usual, we denote by C a constant that may change from one line to the next.

Denote A�−Δ. Then A :D(A)⊂L2(Ω,R)→L2(Ω,R) and D(A)=H2(Ω)∩H1
0 (Ω).

Consequently, the operator A is positive self-adjoint with compact resolvent. By the
classical spectral theorem, there exists a sequence {λk}k∈N of eigenvalues of A such that

0<λ1≤λ2≤···≤λk≤··· , λk→∞
with respect to the eigenvectors {ek}k∈N which form an orthonormal basis in L2(Ω) and
satisfy

ek ∈C∞(Ω), |ek|≤C, |∇ek|≤C
√
λk, x∈Ω.

For convenience, without loss of generality, let Φ1=Φ2 be the identity operator. We
can then write the Itô form of Equation (1.7) as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
dn+

(
λAn− 1

ηs
∂2
zn+vg∂yn+(vn−vg)∂yϕ+J(ϕ,n)+ 1

ηs
∂2
zϕ

)
dt=dW1,

dΔϕ+
(
μAΔϕ− 1

ηs
∂2
zn+vg∂yn+J(ϕ,Δϕ)+ 1

ηs
∂2
zϕ

)
dt=dW2,

n(0,�x)=n0(�x),ϕ(0,�x)=ϕ0(�x), (t,�x)∈R
+× [0,1]3,

(2.1)

where Wi is the Q Winner process such that

Wi(t,x,ω)=
∂Bi

∂x
=

∞∑
k=1

αk,iβk,i(t,ω)ek(x), i=1,2,
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where {βk,i}k∈N denotes a sequence of independent Brownian motions in a fixed com-
plete probability space (G,F ,P) adapted to a filtration {Ft}t≥0.

We introduce the solution WÃ=(nÃ,ΔϕÃ)
� of the following linear equation:⎧⎪⎪⎨

⎪⎪⎩
dWÃ+ÃWÃdt=dW, (t,�x)∈R

+× [0,1]3,

WÃ(t,�x)=0, (t,�x)∈R
+×∂Ω,

WÃ|t=0=(n0(�x),ϕ0(�x))=0,

(2.2)

where Ω=[0,1]3, the operator matrix Ã and dW satisfy, respectively,

Ã=

(
λA− 1

ηs
∂2
z 0

0 μA

)
, dW =

(
dW1

dW2

)
.

Therefore, (n,Δϕ)=(nÃ+N,ΔϕÃ+Ψ) is the solution of Equation (1.7) if and only
if (N,Ψ) solves the following evolution equation:

∂

∂t

(
N
Ψ

)
+Ã

(
N
Ψ

)
=

(
f

g+h

)
, (2.3)

with initial data and boundary value

(N,Ψ)|t=0=(n0,Δϕ0), (N,Ψ)|∂Ω=0, (2.4)

where

h=
1

ηs
∂2
z (nÃ+N),

f =−vg∂y(nÃ+N)−(vn−vg)∂y(ϕÃ+(Δ)−1Ψ)

−J(ϕÃ+(Δ)−1Ψ,nÃ+N)− 1

ηs
∂2
z (ϕÃ+(Δ)−1Ψ),

g=−vg∂y(nÃ+N)−J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)− 1

ηs
∂2
z (ϕÃ+(Δ)−1Ψ).

For convenience of presentation, we first establish the property of the solution to
the O.U. process (2.2) by the following lemma.

Lemma 2.1. Assume
∑∞

k=1α
2
kλ

σ−1
k <∞. Then the solution WÃ of the O.U. process

(2.2) is uniformly bounded in Hσ(Ω). Moreover, if
∑∞

k=1α
2
kλ

2δ+θ−1
k <∞, for any δ>0

and θ∈]0,1], then AδWÃ has a version which is γ-Hölder continuous with respect to

x∈Ω and t∈ [0,T ] for any γ∈]0, θ2 [.
Proof. At first, one can easily check that the solution of Equation (2.2) has the

following form:

WÃ(t)=

∫ t

0

e−(t−s)ÃdW. (2.5)

Note that the Q Winner process is

Wi(t,x,ω)=
∂Bi

∂x
=

∞∑
k=1

αk,iβk,i(t,ω)ek(x), i=1,2. (2.6)
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We deduce from (2.5) and (2.6) that

WÃ(t,x)=

∞∑
k=1

(
αk

∫ t

0

e−(t−s)Ãdβk

)
ek(x).

By virtue of the definition of the stochastic integral and the assumption of Lemma 2.1,
it follows that

E(‖Aσ
2 WÃ(t)‖2L2)=

∞∑
k=1

∫ t

0

(
λ

σ
2

k αke
(s−t)λk

)2

ds

≤C
∞∑
k=1

α2
kλ

σ
k

2λk
<∞.

(2.7)

For any s,t∈ [0,T ], we have

E(|Aδ(WÃ(t,x)−WÃ(s,x))|2)

=

∞∑
k=1

α2
k

∫ t

s

|Aδe−(t−τ)Ãek|2dτ+
∞∑
k=1

∫ s

0

α2
k|Aδ(e−(t−τ)Ã−e−(s−τ)Ã)ek(x)|2dτ

� I1(s,t,x)+I2(s,t,x). (2.8)

Observe that for any θ∈]0,1],

I1(s,t,x)≤C

∞∑
k=1

α2
kλ

2δ
k

∫ t

s

e−2(t−τ)λkdτ

≤C

∞∑
k=1

α2
kλ

2δ
k

1−e−2(t−s)λk

2λk

≤C

∞∑
k=1

α2
kλ

2δ−1
k |(t−s)λk|θ≤C|t−s|θ, (2.9)

where we have used that
∑∞

k=1α
2
kλ

2δ+θ−1
k <∞. Analogous to (2.9), we can estimate

I2(s,t,x) as follows:

I2(s,t,x)≤C

∞∑
k=1

α2
kλ

2δ
k

∫ s

0

|e−(t−τ)λk −e−(s−τ)λk |2dτ

≤C

∞∑
k=1

α2
kλ

2δ−1
k

(
(1−e(s−t)λk)2−(e−sλk −e−tλk)2

)

≤C
∞∑
k=1

α2
kλ

2δ−1
k |(t−s)λk|θ

≤C|t−s|θ. (2.10)

Combining (2.8) and (2.9) with (2.10) yields

E(|Aδ(WÃ(t,x)−WÃ(s,x))|2)≤C|t−s|θ. (2.11)
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Similarly to (2.11), for x,y∈Ω, one can easily check that

E(|Aδ(WÃ(t,x)−WÃ(,y))|2)=
∞∑
k=1

α2
k

∫ t

s

λ2δ
k e−2(t−τ)λk |ek(x)−ek(y))|2dτ

≤C

∞∑
k=1

α2
kλ

2δ−1
k |ek(x)−ek(y)|2

≤C

∞∑
k=1

α2
kλ

2δ+θ−1
k |x−y|θ≤C|x−y|θ, (2.12)

where we have used
∑∞

k=1α
2
kλ

2δ+θ−1
k <∞ for any θ∈]0,1].

In view of (2.11) and (2.12), for any s,t∈ [0,T ], x,y∈Ω, and θ∈]0,1], we deduce

E(|Aδ(WÃ(t,x)−WÃ(s,y))|2)≤C(|t−s|θ+ |x−y|θ).

Using Kolmogorov’s Test Theorem [15], we can derive the result.

Remark 2.1. If we choose the orthonormal basis ek=2
√
2sinkπx of the space L2(Ω),

then {λk=(kπ)2}k∈N is a sequence of eigenvalues of A=−Δ with respect to the eigen-
vectors {ek}k∈N. Define the Q Winner process

Wi(t,x,ω)=
∂B

∂x
=

∞∑
k=1

αk,iβk,i(t,ω)ek(x), i=1,2,

where {βk,i}k∈N denotes a sequence of independent Brownian motions. Let

αk,i=(kπ)−(σ+ϑ− 1
2 ), ϑ>0,k∈N.

Then the condition that
∑∞

k=1α
2
kλ

σ−1
k <∞ in Lemma 2.1 holds.

Now, we establish the local well-posedness of Equation (2.3).

Theorem 2.1. Given
∑∞

k=1α
2
kλ

σ−1
k <∞, assume that the initial datum V0=

(N0,Ψ0)
�=(n0,Δϕ0)

�∈F0 belongs to Hσ(Ω), σ> 3
2 . Then there exists a small positive

random variable T (ω)>0, such that Equation (2.3) has a unique solution V in the space
C([0,T [,Hσ(Ω)) with the initial value V0∈Hσ(Ω).

Proof. Let V =(N,Ψ)�, F =(f,g+h)�. Define the operator

L(V )= e−tÃV0+

∫ t

0

e−(t−s)ÃFds. (2.13)

Then

‖e−tÃV0‖2Hσ =

∞∑
k=1

〈
A

σ
2 e−tÃV0,ek

〉2

≤C(‖N0‖2Hσ +‖Ψ0‖2Hσ ). (2.14)

Set ψ=(Δ)−1Ψ. Then

‖e−(t−s)Ãf‖2Hσ =

∞∑
k=1

〈e−(t−s)Ãf,A
σ
2 ek〉2
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�
∞∑
k=1

〈
∂y(nÃ+N)+∂y(ϕÃ+ψ),e−(t−s)ÃA

σ
2 ek

〉2

+

∞∑
k=1

〈
J(ϕÃ+ψ,nÃ+N)+∂2

z (ϕÃ+ψ),e−(t−s)ÃA
σ
2 ek

〉2

� I1(s,t)+I2(s,t). (2.15)

Thanks to Lemma 2.1, if ‖N‖2Hσ ,‖Ψ‖2Hσ ≤C, we obtain

I1(s,t)�
∞∑
k=1

e−2(t−s)λk
〈
∂y(nÃ+N+ϕÃ+ψ),A

σ
2 ek

〉2

�
∞∑
k=1

λke
−2(t−s)λk‖(nÃ+N+ϕÃ+ψ)‖2

A
σ
2

�
∞∑
k=1

λ−2θ+1
k |t−s|−2θ

� |t−s|−2θ, (2.16)

where we have used Lemma 2.1 in the third inequality and used the fact that 3
4 <θ<1

in the last inequality.
If σ> 3

2 , then Hσ is an algebra, and we can deal with I2(s,t) as follows:

I2(s,t)�‖ϕÃ+ψ‖2Hσ+2 +

∞∑
k=1

〈
J(ϕÃ+ψ,nÃ+N),e−(t−s)ÃA

σ
2 ek

〉2

�
∞∑
k=1

〈
∂x(ϕÃ+ψ)∂y(nÃ+N)−∂y(ϕÃ+ψ)∂x(nÃ+N),e−(t−s)ÃA

σ
2 ek

〉2

=

∞∑
k=1

e−2(t−s)λk
〈
∂y(ϕÃ+ψ)∂xA

σ
2 ek−∂x(ϕÃ+ψ)∂yA

σ
2 ek,nÃ+N

〉2

�
∞∑
k=1

|t−s|−2θλ1−2θ
k

∥∥Aσ
2

(
[∂y(ϕÃ+ψ)−∂x(ϕÃ+ψ)](nÃ+N)

)∥∥2
L2

�
∞∑
k=1

|t−s|−2θλ1−2θ
k ‖∇⊥(ϕÃ+ψ)‖2Hσ‖nÃ+N‖2Hσ

� |t−s|−2θ, (2.17)

the second inequality follows since ‖ϕÃ+ψ‖Hσ+2 ≤C which is guaranteed by Lemma 2.1.

We have used that σ> 3
2 in the fifth inequality and used Lemma 2.1,

∑∞
k=1λ

1−2θ
k <∞

in the last inequality.
Combining (2.15) and (2.16) with (2.17), it follows that

‖e−(t−s)Ãf‖Hσ ≤C|t−s|−θ. (2.18)

Similarly, we can derive

‖e−(t−s)Ãg‖Hσ ≤C|t−s|−θ. (2.19)
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Substituting (2.14) and (2.18)–(2.19) into (2.13), we see that ‖N‖Hσ ,‖Ψ‖Hσ ≤C and
θ∈] 34 ,1[. This gives

‖L(V )‖Hσ �
∫ t

0

|t−s|−θds<∞,

where we have applied the following inequality:∥∥∥∥
∫ t

0

e(t−s)Ãh(s)ds

∥∥∥∥
2

Hσ

=

∞∑
k=1

〈∫ t

0

e(t−s)Ã∂2
z (nÃ+N)ds,A

σ
2 ek

〉2

�
∞∑
k=1

〈∫ t

0

e(t−s)λkλkA
σ
2 (nÃ+N)ds,ek

〉2

�
∞∑
k=1

(1−e−tλk)2
〈
A

σ
2 (nÃ+N),ek

〉2
�‖nÃ+N‖2Hσ .

On the other hand, let V1=(N1,Ψ1)
�, V2=(N2,Ψ2)

� be two solutions of Equation (2.3)
with the same initial datum and boundary value. Denote F1−F2=(f1−f2,g1−g2)

�.
Hence

L(V1)−L(V2)=

∫ t

0

e−(t−s)Ã(F1−F2)ds, (2.20)

where

f1−f2=−vg∂y(N1−N2)−(vn−vg)∂y((Δ)−1(Ψ1−Ψ2))

−J((Δ)−1(Ψ1−Ψ2),nÃ+N1)

−J(ϕÃ+(Δ)−1Ψ2,N1−N2)− 1

ηs
∂2
z (Δ)−1(Ψ1−Ψ2),

and

g1−g2=−vg∂y(N1−N2)−J((Δ)−1(Ψ1−Ψ2),ΔϕÃ+Ψ1)

−J(ϕÃ+(Δ)−1Ψ2,Ψ1−Ψ2)− 1

ηs
∂2
z (Δ)−1(Ψ1−Ψ2)+

1

ηs
∂2
z (N1−N2).

Observe that

‖e−(t−s)Ã(f1−f2)‖2Hσ �‖e−(t−s)Ã∂y[(N1−N2)+(Δ)−1(Ψ1−Ψ2)]‖2Hσ

+‖e−(t−s)ÃJ((Δ)−1(Ψ1−Ψ2),nÃ+N1)‖2Hσ

+‖e−(t−s)ÃJ(ϕÃ+(Δ)−1Ψ2,N1−N2)‖2Hσ

+‖e−(t−s)Ã∂2
z (Δ)−1(Ψ1−Ψ2)‖2Hσ . (2.21)

Estimate the first and second term in right hand side of (2.21), we have

‖e−(t−s)Ã∂y[(N1−N2)+(Δ)−1(Ψ1−Ψ2)]‖2Hσ

�
∞∑
k=1

〈
∂y[(N1−N2)+(Δ)−1(Ψ1−Ψ2)],A

σ
2 e−(t−s)Ãek

〉2
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�
∞∑
k=1

λ1−2θ
k |t−s|−2θ(‖N1−N2‖2Hσ +‖Ψ1−Ψ2‖2Hσ ) (2.22)

and

‖e−(t−s)ÃJ((Δ)−1(Ψ1−Ψ2),nÃ+N1)‖2Hσ

�
∞∑
k=1

〈
J((Δ)−1(Ψ1−Ψ2),nÃ+N1),A

σ
2 e−(t−s)Ãek

〉2

=

∞∑
k=1

〈
J((Δ)−1(Ψ1−Ψ2),A

σ
2 e−(t−s)Ãek),nÃ+N1

〉2

�
∞∑
k=1

λ1−2θ
k |t−s|−2θ(‖Ψ1−Ψ2‖2Hσ ). (2.23)

Similarly to (2.22) and (2.23), we can deal with the last two term of (2.21). Plugging
(2.22) and (2.23) into (2.21) yields

‖e−(t−s)Ã(f1−f2)‖2Hσ � |t−s|−2θ(‖N1−N2‖2Hσ +‖Ψ1−Ψ2‖2Hσ ), (2.24)

where we have used that
∑∞

k=1λ
1−2θ
k <∞ which is guaranteed by θ> 3

4 .
Analogous to our estimate of (2.24), we also have

‖e−(t−s)Ã(g1−g2)‖2Hσ � |t−s|−2θ(‖N1−N2‖2Hσ +‖Ψ1−Ψ2‖2Hσ ). (2.25)

In view of (2.20) and (2.24)–(2.25), it follows for 3
4 <θ<1 that

‖L(V1)−L(V2)‖Hσ �
∫ t

0

|t−s|−θ(‖N1−N2‖2Hσ +‖Ψ1−Ψ2‖2Hσ )
1
2 ds

≤ 1

1−θ
t1−θ(‖N1−N2‖2Hσ +‖Ψ1−Ψ2‖2Hσ )

1
2

≤ 1

2
(‖N1−N2‖Hσ +‖Ψ1−Ψ2‖Hσ ), (2.26)

for sufficiently small t>0.
By applying the contraction mapping argument to (2.26), we see that there exists

a small positive random variable T (ω) such that Equation (2.3) has a unique solution
V in the space C([0,T [,Hσ(Ω)) with the initial V0∈Hσ(Ω) for σ> 3

2 , which completes
the proof.

3. The global existence of a solution
In this subsection, by a priori estimates, we will establish the global well-posedness

of Equation (2.3). A priori estimates are obtained by the following two lemmas.

Lemma 3.1. Let (nÃ,ΔϕÃ)∈Hσ(Ω), σ> 3
2 . If (N,Ψ) is the corresponding solution to

Equation (2.3) with the initial datum (N0,Ψ0), then for any random variable T >0, we
have for all t∈ [0,T ]

‖N‖2L2 +‖Ψ‖2L2 +C

∫ t

0

(‖∇N‖2L2 +‖∇Ψ‖2L2)(τ)dτ

≤C exp

(∫ t

0

(1+‖nÃ‖2Hσ +‖ΔϕÃ‖2Hσ )dτ

)
.

(3.1)
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Moreover, if the initial datum (∇N0,∇Ψ0)∈L2(Ω), then we deduce that

‖∇N‖2L2 +λ

∫ t

0

‖ΔN‖2L2(τ)dτ ≤C‖∇N0‖2L2e
∫ t
0
(1+‖(ΔϕÃ+Ψ)(τ)‖2

H1/2 )dτ , (3.2)

and

‖∇Ψ‖2L2 +μ

∫ t

0

‖ΔΨ(τ)‖2L2dτ ≤C‖∇Ψ0‖2L2e
∫ t
0
(1+‖(ΔϕÃ+Ψ)(τ)‖2

H1/2 )dτ , (3.3)

where the constant C depends on vn, vg, ηs, λ, μ, T, ‖nÃ‖Hσ , and ‖ΔϕÃ‖Hσ .
Furthermore, the solution (N,Ψ) satisfies

(N,Ψ)∈C([0,T [;H1(Ω))
⋂

L2([0,T [;H2(Ω)).

Proof. Multiplying Equation(2.3)1 by 2N and applying integration by parts,
Young’s inequality and Hölder’s inequality yield that,

∂t

∫
N2dx+2λ

∫
|∇N |2dx+ 2

ηs

∫
|∇N |2dx

≤2vg

∫
(nÃ+N)∂yNdx+2(vn−vg)

∫
(ϕÃ+(Δ)−1Ψ)∂yNdx

− 2

ηs

∫
∂2
z (ϕÃ+(Δ)−1Ψ)Ndx−2

∫
J(ϕÃ+(Δ)−1Ψ,nÃ+N)Ndx

�‖N‖2L2 +‖Ψ‖2L2 +‖nÃ‖2L2 +‖ΔϕÃ‖2L2 +ε‖∂yN‖2L2

−2

∫
J(ϕÃ+(Δ)−1Ψ,nÃ+N)Ndx. (3.4)

Note that ∫
J(ϕÃ+(Δ)−1Ψ,N)Ndx=0,

we can so estimate the last term in (3.4) by∫
J(ϕÃ+(Δ)−1Ψ,nÃ+N)Ndx=

∫
J(ϕÃ+(Δ)−1Ψ,nÃ)Ndx

=

∫
[∂x(ϕÃ+(Δ)−1Ψ)∂ynÃ−∂y(ϕÃ+(Δ)−1Ψ)∂xnÃ]Ndx

≤‖∇⊥(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥nÃ‖L3‖N‖L2

�‖Ψ‖2L2 +‖nÃ‖2Hσ‖N‖2L2 . (3.5)

Substituting (3.5) into (3.4), for (nÃ,ΔϕÃ)∈Hσ(Ω), σ> 3
2 , we deduce that for suffi-

ciently small ε,

∂t‖N‖2L2 +λ‖∇N‖2L2 �‖Ψ‖2L2 +(1+‖nÃ‖2Hσ )‖N‖2L2 . (3.6)

Similarly, multiplying Equation(2.3)2 by 2Ψ and integrating by parts, thanks to
Young’s inequality and Hölder’s inequality, we obtain
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∂t

∫
Ψ2dx+2μ

∫
|∇Ψ|2dx

≤− 2

ηs

∫
∂zN∂zΨdx+2vg

∫
(nÃ+N)∂yΨdx− 2

ηs

∫
∂2
z (ϕÃ+(Δ)−1Ψ)Ψdx

−2

∫
J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)Ψdx

� 1

ηs
(‖∂yN‖2L2 +‖∂yΨ‖2L2)+‖Ψ‖2L2 +‖N‖2L2 +‖nÃ‖2L2

+ε‖∂yΨ‖2L2 +‖∂2
zϕÃ‖2L2 −2

∫
J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)Ψdx. (3.7)

By virtue of the equality ∫
J(ϕÃ+(Δ)−1Ψ,Ψ)Ψdx=0,

the last term in (3.7) can be estimated as follows:∫
J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)Ψdx

=

∫
J(ϕÃ+(Δ)−1Ψ,ΔϕÃ)Ψdx

=

∫
[∂x(ϕÃ+(Δ)−1Ψ)∂yΔϕÃ−∂y(ϕÃ+(Δ)−1Ψ)∂xΔϕÃ]Ψdx

≤‖∇⊥(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥ΔϕÃ‖L3‖Ψ‖L2

�(1+‖ΔϕÃ‖2Hσ )‖Ψ‖2L2 . (3.8)

Plugging (3.8) into (3.7) yields

∂t‖Ψ‖2L2 +2μ‖∇Ψ‖2L2

� 1

ηs
(‖∂yN‖2L2 +‖∂yΨ‖2L2)+‖N‖2L2 +(1+‖ΔϕÃ‖2Hσ )‖Ψ‖2L2 . (3.9)

Adding (3.6) to (3.9), for 2μηs<1 and 2ληs<1, in view of Gronwall’s inequality, one
can easily check that

‖N‖2L2 +‖Ψ‖2L2 +C

∫ t

0

(‖∇N‖2L2 +‖∇Ψ‖2L2)(τ)dτ

≤C exp

(∫ t

0

(1+‖nÃ‖2Hσ +‖ΔϕÃ‖2Hσ )dτ

)
.

Therefore, we get (3.1).
Applying the multiplier ∇ to Equation (2.3)1, after taking the scalar product of

2∇N and integrating by parts, from Young’s inequality and Hölder’s inequality, it fol-
lows that
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∂t‖∇N‖2L2 +2λ‖ΔN‖2L2 +
2

ηs
‖∂z∇N‖2L2

≤−2vg

∫
∂y∇(nÃ+N)∇Ndx+2(vg−vn)

∫
∂y∇(ϕÃ+(Δ)−1Ψ)∇Ndx+

2

ηs

∫
∂2
z (ϕÃ

+(Δ)−1Ψ)ΔNdx−2

∫
∇J(ϕÃ+(Δ)−1Ψ,nÃ+N)∇Ndx

�‖∇nÃ‖2L2 +ε‖∂y∇N‖2L2 +‖ΔϕÃ‖2L2 +‖Ψ‖2L2 +‖∇N‖2L2

+ε‖ΔN‖2L2 −2

∫
∇J(ϕÃ+(Δ)−1Ψ,nÃ+N)∇Ndx, (3.10)

where we have used Young’s inequality with ε in the last inequality.
We estimate the last term of (3.10) as follows:∫

∇J(ϕÃ+(Δ)−1Ψ,nÃ+N)∇Ndx

=

∫
∇J(ϕÃ+(Δ)−1Ψ,nÃ)∇Ndx+

∫
∇J(ϕÃ+(Δ)−1Ψ,N)∇Ndx

=

∫
J(ϕÃ+(Δ)−1Ψ,nÃ)ΔNdx+

∫
J(∇(ϕÃ+(Δ)−1Ψ),N)∇Ndx

�‖∇⊥(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥nÃ‖L3‖ΔN‖L2

+‖∇⊥∇(ϕÃ+(Δ)−1Ψ)‖L3‖∇⊥N‖L2‖∇N‖L6

�‖nÃ‖2Hσ‖ΔϕÃ+Ψ‖2L2 +‖ΔϕÃ+Ψ‖2H1/2‖∇N‖2L2 +ε‖∇N‖2L2 . (3.11)

The above inequality follows from Hölder’s inequality, Young’s inequality, and Sobolev’s
imbedding theorem. We have also used the equality∫

J(ϕÃ+(Δ)−1Ψ,∇N)∇Ndx=0.

Substituting (3.11) into (3.10) and applying Gronwall’s inequality, we obtain

‖∇N‖2L2 +λ

∫ t

0

‖ΔN‖2L2(τ)dτ �‖∇N0‖2L2e
∫ t
0
(1+‖(ΔϕÃ+Ψ)(τ)‖2

H1/2 )dτ . (3.12)

Thus, we derive the inequality (3.2). Next, we shall prove (3.3). Analogously to (3.10),
we have

∂t‖∇Ψ‖2L2 +2μ‖ΔΨ‖2L2

≤ 2

ηs

∫
(∂2

z∇N)∇Ψdx+2vg

∫
∂y(nÃ+N)ΔΨdx+

2

ηs

∫
(∂2

zϕÃ+(Δ)−1Ψ)ΔΨdx

−2

∫
∇J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)∇Ψdx

�‖∂z∇N‖2L2 +ε‖ΔΨ‖2L2 +(‖nÃ‖2H1 +‖ΔϕÃ‖2L2 +‖N‖2L2

+‖Ψ‖2L2)−2

∫
∇J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)∇Ψdx. (3.13)

Note that we have the following equality:∫
J(ϕÃ+(Δ)−1Ψ,∇Ψ)∇Ψdx=0.
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Therefore, we can estimate the last term of (3.13) as follows:∫
∇J(ϕÃ+(Δ)−1Ψ,ΔϕÃ+Ψ)∇Ψdx

=

∫
∇J(ϕÃ+(Δ)−1Ψ,ΔϕÃ)∇Ψdx+

∫
∇J(ϕÃ+(Δ)−1Ψ,Ψ)∇Ψdx

=−
∫

J(ϕÃ+(Δ)−1Ψ,ΔϕÃ)ΔΨdx+

∫
J(∇(ϕÃ+(Δ)−1Ψ),Ψ)∇Ψdx

�‖∇⊥(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥ΔϕÃ‖L3‖ΔΨ‖L2

+‖∇⊥∇(ϕÃ+(Δ)−1Ψ)‖L3‖∇⊥Ψ‖L2‖∇Ψ‖L6

�‖ΔϕÃ‖2Hσ‖∇∇⊥(ϕÃ+(Δ)−1Ψ)‖2L2 +‖ΔϕÃ+Ψ‖2H1/2‖∇Ψ‖2L2 +ε‖ΔΨ‖2L2 , (3.14)

where we have used Hölder’s inequality in the first inequality and the last inequality
follows by Young’s inequality and Sobolev’s imbedding theorem.

Plugging (3.14) into (3.13), for small enough ε, Gronwall’s inequality yields

‖∇Ψ‖2L2 +μ

∫ t

0

‖ΔΨ(τ)‖2L2dτ

�e
∫ t
0
‖(ΔϕÃ+Ψ)(τ)‖2

H1/2dτ ×
(
‖∇Ψ0‖2L2 +

∫ t

0

(‖∂z∇N‖2L2 +‖N‖2L2 +‖Ψ‖2L2)(τ)dτ

)

�‖∇Ψ0‖2L2e
∫ t
0
‖(ΔϕÃ+Ψ)(τ)‖2

H1/2dτ . (3.15)

The last inequality follows by (3.12) and (3.1). This completes the proof of Lemma 3.1.

In order to get the global solution, we shall derive the more order estimates of the
solution (N,Ψ).

Lemma 3.2. Given (nÃ,ΔϕÃ)∈Hm(Ω), let the initial datum (N0,Ψ0) belong to Hm(Ω),
m≥0. If (N,Ψ) is the corresponding solution to Equation (2.3), then for any random
variable T >0, we have, for all t∈ [0,T ], the solution

(N,Ψ)∈C([0,T [;Hm(Ω))
⋂

L2([0,T [;Hm+1(Ω)).

Moreover, (N,Ψ) satisfies

‖N‖2Hm +λ

∫ t

0

‖N(τ)‖2Hm+1dτ ≤C(1+‖N0‖2Hm), (3.16)

and

‖Ψ‖2Hm +μ

∫ t

0

‖∇Ψ(τ)‖2Hmdτ ≤C(1+‖Ψ0‖2Hm), (3.17)

where the constant C depends only on vn, vg, ηs, λ, μ, T, ‖nÃ‖Hm , and ‖ΔϕÃ‖Hm .

Proof. As 0≤m≤1, thanks to Lemma 3.1, one can easily obtain (3.16) and
(3.17). By mathematical induction, assume the result of Lemma 3.2 is valid for the case
m=k≥1.

Differentiating Equation (2.3)1 with respect to the space variables yields
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∂t∂
δN−λ∂δΔN− 1

ηs
∂2
z∂

δN+vg∂y∂
δ(nÃ+N)+(vn−vg)∂y∂

δ(ϕÃ

+(Δ)−1Ψ)+∂δJ(ϕÃ+(Δ)−1Ψ,nÃ+N)+
1

ηs
∂2
z∂

δ(ϕÃ+(Δ)−1Ψ)=0, (3.18)

where ∂δ is a differential operator of k+1 order.
Taking the scalar product of 2∂δN with (3.18), integrating by parts, and applying

Young’s inequality, we obtain

∂t‖∂δN‖2L2 +2λ‖∇∂δN‖2L2 +
2

ηs
‖∂z∂δN‖2L2

�‖∂δnÃ‖2L2 +‖∂δ(ΔϕÃ+Ψ)‖2L2 +ε‖∇∂δN‖2L2

−2

∫ ⎛
⎝ ∑

i+j=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(nÃ+N))

⎞
⎠∂δNdx. (3.19)

Note that ∫
J(ϕÃ+(Δ)−1Ψ,∂δN)∂δNdx=0,

so using Lemma 3.1 and ‖∂δΔϕÃ‖L2 +‖∂δnÃ‖L2 ≤C, we have∫
∂δN

∑
i+j=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(nÃ+N))dx

=

∫
J(ϕÃ+(Δ)−1Ψ,∂δnÃ)∂

δNdx

+

∫
∂δN

∑
i+j=δ,j 
=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(nÃ+N))dx

�‖∇⊥∂δ(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥nÃ‖L3‖∂δN‖L2 +‖∂δnÃ‖L2

‖∇⊥[∇⊥(ϕÃ+(Δ)−1Ψ)∂δN ]‖L2 +‖ΔϕÃ+Ψ‖L6‖∂δN‖L2‖∂δN‖L3

+‖∇⊥∂δ(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥N‖L2‖∂δN‖L3

�‖∂δN‖2L2 +‖ΔϕÃ+Ψ‖2H1(‖∂δnÃ‖2L2 +‖∂δN‖2L2)

+(1+‖∇N‖2L2)‖∂δ(ΔϕÃ+Ψ)‖2L2 +ε‖∇∂δN‖2L2

�‖Ψ‖2H1‖∂δN‖2L2 +‖N‖2H1‖∂δΨ‖2L2 . (3.20)

Substituting (3.20) into (3.19), for small enough ε, from Gronwall’s inequality, we
deduce that

‖∂δN‖2L2 +λ

∫ t

0

‖∇∂δN(τ)‖2L2dτ

�e
∫ τ
0
(1+‖Ψ(τ)‖2

H1 )dτ ×
(
‖∂δN0‖2L2 +

∫ t

0

((1+‖Ψ(τ)‖2H1)‖∂δΨ(τ)‖2L2)dτ

)
�‖∂δN0‖2L2e

∫ τ
0
(1+‖Ψ(τ)‖2

H1 )dτ . (3.21)

Therefore, we obtain (3.16).
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Now, we shall show (3.17). Applying the operator ∂δ to Equation (2.3)2, taking
the scalar product of 2∂δΨ, integrating by parts, and applying Young’s inequality, we
obtain

∂t‖∂δΨ‖2L2 +2μ‖∇∂δΨ‖2L2

�‖∂z∂δN‖2L2 +‖∂δ(nÃ+N)‖2L2 +‖∂δ(∂2
zϕÃ+Ψ)‖2L2 +ε‖∇∂δΨ‖2L2

−2

∫ ⎛
⎝ ∑

i+j=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(ΔϕÃ+Ψ))

⎞
⎠∂δΨdx. (3.22)

We deal with the last term of (3.22) as follows:∫
∂δΨ

∑
i+j=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(ΔϕÃ+Ψ))dx

=

∫
J(ϕÃ+(Δ)−1Ψ,

∂δΔϕÃ)∂
δΨdx+

∫
∂δΨ

∑
i+j=δ,j 
=δ

J(∂i(ϕÃ+(Δ)−1Ψ),∂j(ΔϕÃ+Ψ))dx

�‖∇⊥∂δ(ϕÃ+(Δ)−1Ψ)‖L6‖∇⊥ΔϕÃ‖L3‖∂δΨ‖L2 +‖∇⊥∂δΔϕÃ‖L3

‖∇⊥(ϕÃ+(Δ)−1Ψ)‖L6‖∂δΨ‖L2 +‖∇⊥∂δ(ϕÃ+Ψ)‖L3‖∇⊥Ψ‖L2‖∂δΨ‖L6

+‖∇⊥∂(ϕÃ+(Δ)−1Ψ)‖L3‖∇⊥∂δ−1Ψ‖L2‖∂δΨ‖L6

�(‖ΔϕÃ‖2H 3
2
+‖ΔϕÃ+Ψ‖2L2 +‖∇⊥Ψ‖2L2 +‖ΔϕÃ+Ψ‖2

H
3
2
)‖∂δΨ‖2L2

+‖∂δΔϕÃ‖2L2‖ΔϕÃ‖2H 3
2
+ε‖∇∂δΨ‖2L2

�(‖ΔϕÃ‖2H 3
2
+‖∇Ψ‖2L2)‖∂δΨ‖2L2 +ε‖∇∂δΨ‖2L2 , (3.23)

where we have used Lemma 3.1 and ‖∂δΔϕÃ‖L2 +‖∂δnÃ‖L2 ≤C.
Plugging (3.23) into (3.22), for small enough ε, by virtue of Gronwall’s inequality, we
deduce that

‖∂δΨ‖2L2 +μ

∫ t

0

‖∇∂δΨ(τ)‖2L2dτ

�e

∫ τ
0
(1+‖ΔϕÃ(τ)‖2

H
3
2
+‖∇Ψ(τ)‖2

L2 )dτ

×
(
‖∂δΨ0‖2L2 +

∫ t

0

(‖∂z∂δN(τ)‖2L2 +‖∂δN(τ)‖2L2)dτ

)
�‖∂δΨ0‖2L2e

∫ τ
0
(1+‖∇Ψ(τ)‖2

L2 )dτ . (3.24)

The last inequality follows from Lemma 3.1 and (3.21). This completes the proof of
Lemma 3.2.

Using Lemma 3.1 and 3.2, we can establish the following main result of this paper.

Theorem 3.1. Given (nÃ,ΔϕÃ)∈Hσ(Ω), σ> 3
2 , if the initial datum (N0,Ψ0) belongs

to Hσ(Ω), then there exists a unique global solution (N,Ψ) to Equation (2.3) with the
initial datum (N0,Ψ0), and for any random variable T >0, we have for all t∈ [0,T ], the
solution satisfies

(N,Ψ)∈C([0,T [;Hσ(Ω))
⋂

L2([0,T [;Hσ+1(Ω)).
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Moreover, we have

(∂tN,∂tΨ)∈C([0,T [;Hσ−2(Ω))
⋂

L2([0,T [;Hσ−1(Ω)).

Proof. By the local solution of Theorem 2.1 and a priori estimates of Lemma 3.2,
in order to complete the Theorem 3.1, we only need to prove that

(∂tN,∂tΨ)∈C([0,T [;Hσ−2(Ω))
⋂

L2([0,T [;Hσ−1(Ω)).

On the one hand, taking the inner product of Equation (2.3)1 with the function v, from
the inequality ‖ΔϕÃ‖Hσ +‖nÃ‖Hσ ≤C, we have

〈∂tN,v〉=
〈
λΔN+

1

ηs
∂2
z (N−ϕÃ−(Δ)−1Ψ),v

〉
−〈vg∂y(nÃ+N)

+(vn−vg)∂y(ϕÃ+(Δ)−1Ψ),v〉−〈J(ϕÃ+(Δ)−1Ψ,nÃ+N),v〉
�‖ΔN‖Hσ−2‖v‖H2−σ +‖nÃ+N‖Hσ‖∂yv‖H−σ

+‖ΔϕÃ+Ψ‖Hσ−2‖v‖H2−σ +‖ΔϕÃ+Ψ‖Hσ‖v‖H1−σ

�(‖N‖Hσ +‖Ψ‖Hσ )‖v‖H2−σ . (3.25)

Consequently, it follows that

∂tN ∈C([0,T [;Hσ−2(Ω)).

Deal with Equation (2.3)2 in a manner similar to the one used in the estimate of (3.25).
One can easily get that

∂tΨ∈C([0,T [;Hσ−2(Ω)).

On the other hand, taking inner product of Equation(2.3)1 with the function v, after
integrating by parts with respect to time variable t on [0,T ], for any random variable
T >0, by Hölder’s inequality, we deduce that∫ T

0

〈∂tN,v〉dτ =
∫ T

0

〈
λΔN+

1

ηs
∂2
z (N−ϕÃ−(Δ)−1Ψ),v

〉
dτ

−
∫ T

0

〈
vg∂y(nÃ+N)+(vn−vg)∂y(ϕÃ+(Δ)−1Ψ),v

〉
dτ

−
∫ T

0

〈J(ϕÃ+(Δ)−1Ψ,nÃ+N),v〉dτ
�‖ΔN‖L2

T (Hσ−1)‖v‖L2
T (H1−σ)+‖nÃ‖L2

T (Hσ)‖v‖L2
T (H1−σ)

+‖ΔϕÃ+Ψ‖L2
T (Hσ−1)‖v‖L2

T (H1−σ)+‖∇(ϕÃ+Ψ)‖L2
T (Hσ)‖∇v‖L2

T (H−σ)

�(‖N‖L2
T (H1+σ)+‖Ψ‖L2

T (H1+σ))‖v‖L2
T (H1−σ), (3.26)

where we have used ‖ΔϕÃ‖Hσ +‖nÃ‖Hσ ≤C. Therefore, we have

∂tN ∈L2([0,T [;Hσ−1(Ω)).

Similarly, deal with Equation (2.3)2 in a manner similar to the one used in the estimate
of (3.26) to yield

∂tΨ∈C([0,T [;Hσ−2(Ω))
⋂

L2([0,T [;Hσ−1(Ω)),
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which completes the proof of Theorem 3.2.
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1995.
[15] G.D. Parto and J. Zabczyk, Stochastic Equations in Infinite Dimensionas, Encyclopedia of Math-

ematics and its Applications, Cambridge University Press, 1992.
[16] G.D. Prato, A. Debussche, and R. Temam, Stochastic Burgers’ equation, Nonlinear Diff. Eqs.

Appl., 1, 389–402, 1994.
[17] G.D. Prato and F. Flandoli, Pathwise uniqueness for a class of SDE in Hilbert spaces and appli-

cations, J. Funct. Anal., 1, 243–267, 2010.
[18] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Spring–Verlag, New York, 1983.
[19] P.W. Terry and P.H. Diamond, Theory of dissipative density gradient driven turbulence in the

tokamak edge, Phys. Fluids, 28, 1985. doi: 10.1063/1.864977.
[20] M. Wakatani and A. Hasegawa, A collisional drift wave description of plasma edge turbulence,

Phys. Fluids, 27, 1984. doi: 10.1063/1.864660.
[21] X.L. Wu, B.L. Guo, and D.W. Huang, On the Cauchy problem of the plasma equations with

magnetic-curvature-driven in R
3, submitted.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (This is the built-in "Press Quality", but modified as follows: Compatibility changed from "Acrobat 5.0" to "Acrobat 8.0".)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


