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STABILITY OF CONTACT DISCONTINUITY FOR THE
NAVIER-STOKES-POISSON SYSTEM WITH FREE BOUNDARY*

SHUANGQIAN LIUt, HAIYAN YIN!, AND CHANGJIANG ZHUS

Abstract. This paper is concerned with the study of the nonlinear stability of the contact dis-
continuity of the Navier—Stokes—Poisson system with free boundary in the case where the electron
background density satisfies an analogue of the Boltzmann relation. We especially allow that the elec-
tric potential can take distinct constant states at boundary. On account of the quasineutral assumption,
we first construct a viscous contact wave through the quasineutral Euler equations and then prove that
such a non-trivial profile is time-asymptotically stable under small perturbations for the correspond-
ing initial boundary value problem of the Navier—-Stokes—Poisson system. The analysis is based on an
elementary energy method.
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1. Introduction

1.1. The problem. The dynamics of the charged particles in the collisional
dusty plasma can be described by the Navier—Stokes—Poisson (denoted as NSP in the
sequel) system [15]. The one-dimensional NSP system in the Eulerian coordinates takes
the form of

Osp+0x(pu) =0,
By (pu) + 0 (pu® +p) = pOy -+ pndu,
W 40, (Wupu) = pudypd + pdy (udyu) + k020,
020=p—pe(9)-
The unknown functions p, u, and 6 stand for the density, velocity and absolute temper-
ature of ions, respectively, while >0 is the viscosity coeflicient and x>0 is the heat

conductivity coefficient. W stands for the total energy of the ions, taking the following
form:

(1.1)

2
pu p
w=""—4+ £
2 +'y—l’

where 7> 1 is the adiabatic exponent. p is the pressure, which is given by
p=Rpf=ApTe’ ™ S,

where S is the entropy and A, R are both positive constants. The self-consistent electric
potential ¢ =¢@(z,t) is induced by the total charges through the Poisson equation. The
density p. = pe (o) of electrons in system (1.1) depends only on the potential in the sense
of an analogue of the so-called Boltzmann relation (cf. [5,20]). Specifically, through the
paper we suppose that
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1860 NAVIER-STOKES-POISSON SYSTEM

(A) pe(®): (dmsdnrr) = (Pm,par) is a smooth function with

pm= Inf  p(@), pu= sup pe(o),
¢7n<¢<¢1¥1 ¢7n<¢<¢1\/1

satisfying the following two assumptions:
(A1) pe(0)=1 with 0 € (¢m,dn);
(A2) pe(¢)>0, p.(¢) <O for each ¢ € (¢m,dnr).-

The assumption (A;) just means that the electron density has been normalized to be
unit when the potential is zero, since the electric potential in system (1.1) can be up
to an arbitrary constant. The sign of the first derivative of the function p.(¢) in the
assumption (As) plays a crucial role in our analysis. It is to be further clarified later
on, see Equation (1.16), etc. An important example satisfying (A) can be given as

e*]- ﬁ e
p€(¢): |:1’Y,y j:| ) (z)m:*OO, QS]W:%Aea (12)

with 7. >1 and A.>0 being constants. Note that pe(¢>—>€7“% and ¢y — 400 as
~e — 17, which corresponds to the classical Boltzmann relation. In fact, Equation (1.2)
can be formally deduced from the momentum equation of the isentropic Euler—Poisson
system for the fluid of electrons with the adiabatic exponent =, under the zero-limit of
electron mass, namely, 0, (Aeple) = —pe0s®.

In this paper, we consider the system (1.1) in the part +o0o > x > x(t), where x = x(t)
is a free boundary with the following dynamical boundary conditions:

dx(t
) u(a(0).). 2(0)=0, (0 i) r—oo=p—. O(a(0).0)=6_. Bx(t).t)=0_.
(1.3)
We also assume ¢ satisfies the boundary condition at far field:
lim_o(a,0) =6 (1.4)
The initial data is given by
(p,u,0)(x,0) = (po,uo,00) (), IETOO(/)()»UOﬁO)(x):(p+vu+70+)' (1.5)

Here py >0, 0+ >0, p_>0, uy, and ¢+ are assumed to be constant states. Also,
po(2) >0 is supposed, so that the ion flow has no vacuum state. In addition, we of course
assume fy(x) satisfies the compatibility condition and ¢ satisfies the the quasineutral
condition at far field, i.e.

00(0)=0_, pe(d+)=p+. (1.6)

Our main purpose concerns the large time behavior of solutions to Equations (1.1), (1.3),
(1.4), and (1.5). To explore this, it is more convenient to use Lagrangian coordinates.
That is, consider the coordinate transformation
x
= ply,t)dy, t=t.
x(t)

We still denote the Lagrangian coordinates by (x,t) for simplicity of notation. Noticing
that

/ p(y,t)dy — +o00, as ©— 400,
z(t)



S. LIU, H. YIN, AND C. ZHU 1861

one sees that Equations (1.1), (1.3), (1.4), and (1.5) can be transformed to a problem
with fixed boundary of the form

Ow—0,u=0, >0, t>0,

Ou+O0yp= z¢+ R ( U”), x>0, t>0,

(1.7)

2
i 6t9+p8u ,u(a ) + K0y <8U9)7 x>0, t>0,

8x< z¢)1vpe(¢)a x>0, >0,

with boundary condition

0(0,t)=0_, < -

and the initial data

) 00=p-s 6000t bl =6 120, (19

(v,u,0)(x,0) = (vo,up,00)(x), x>0, limoo(vo,uo,ﬂo)(x):(v+,u+,9+). (1.9)

T—+
Here v=1/p stands for the specific volume. Moreover,

1

00(0)=0_ and v, =
ol0) T o)

hold according to Equation (1.6).

2. Quasineutral Euler equations and contact waves. In order to study
the large time behavior of the solution [v(z,t),u(z,t),0(z,t),¢(x,t)] to the initial bound-
ary value problem (1.7)—(1.9). We expect that [v(z,t),u(z,t),0(x,t),P(x,t)] tends time-
asymptotically to viscous contact wave to the Riemann problem on the quasineutral
Euler system

Oy — 0yu=0,
Opu+0yp= w¢
(1.10)
_18t0+p5'mu:0,
1/v=pe(8),
with Riemann initial data given by
[v_yu_,0_], =<0,
[v,u,0)(x,0)= (1.11)
[v+7u+70+]7 x>0.

According to [6,43], one sees that the Riemann problem (1.10) and Equation (1.11)
admit a contact discontinuity solution

v_,u_,9_,¢_ ;<0
[UCD’uCD700D’¢CD] ($,t>: [ ] (112)
[U+,U+,0+,¢+], ZL’>0,
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on the condition that

u-=up, p-=p(v_,0-)=py+p®(vy) —p®(v-), (1.13)
where
v 1
pu(pet(3))
On the other hand, due to the dissipation effect of the NSP system (1.7), a

viscous contact wave [de,quﬁCd,gde] corresponding to the contact discontinuity
[vCD7uCD,6'CD,¢CD] defined as in Equation (1.12) can be constructed as follows. We

first denote p°? = p°(v°? fcd) = %Zd. Since the quasineutral pressure p+p? for the
profile [UCd,qu,HCd@Cd] is expected to be almost constant, we set

p+:p<v+a9+)a ¢i:p;1(1/vi) and p¢:p¢(’u):/ dQ

cd

v 1
cd
p—=p +/ —————do. (1.14)
o 00L(pc ' (3))
Noticing that gfj’—ij <0 and p.(-) <0, Equation (1.14), and the implicit function theorem,

we see that there exists a differentiable function f(6°?) such that
vl = f(0°Y), ve = f(0s), (1.15)
provided that | —60_]| is suitably small. Furthermore, by a direct calculation, it follows
that
R

cd
F10°) = —— 1 >0. (1.16)
p (UCd)Zp/e((de)

We now rewrite the leading part of Equation (1.7), (the third equation of the system
(1.7)) as

ped

cd
ilatacupcdamucd:naz (319 > . (1.17)
o

With Equations (1.15) and (1.17) in hand, we further conjecture that [v°? uc?, 6]
satisfies

&gUCd—@qud:O, UCd:f(GCd),

zgcd
%c’wcd +p0,u = kO, (avcd ) : (1.18)

0°4(0,t) =0_, 6°U(+o0,t) =0, v°4(0,t) =v_, v (4o00,t)=v.

By virtue of Equation (1.18), we obtain a nonlinear diffusion equation as follows:

cd K awecd cd cd
007 = 0. (g ) 0100 =0-, 0 (ke =0o. (119)

where g(0°¢) = 7—131 +p°df(6°?) > 0. Applying the same argument as in [1], one sees that

Equation (1.19) admits a unique self similarity solution §°¢(¢), & = \/f? Additionally,
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it turns out that 6°? is a monotone function, increasing if 6, >60_ and decreasing if
0 <60_, and more importantly, one can show that there exists some positive constant
5 such that, for =0, —0_| <9, 0°? satisfies

(1+1)]0260% |+ (1+1)% 9,6 +[6°¢ — 6| <Cse= T as 2 oo, (1.20)

where ¢; is some positive constant. After #°¢ and v°¢ are obtained, we now define
[qu,qSCd] as follows

¢ =p.t(1/v"),

cd_ o0 f’(QCd) axecd
otz [ o )

RPN o [T @8 (PN
=t oo paen) = *“/I ) (g> (6%)de
¢ 0,t) = b, ¢°(F00,t) =, u(+oo,t) =u,.

It should be noted that ¢+ =p;1(1/v4), and u°¢(0,#) may not equal to u..
In view of Equations (1.12) and (1.21) and inequalities (1.18) and (1.20), it is
straightforward to compute that [de,qu,GCd,qSCd] satisfies

(1.21)

|| [,UcdiUC’D’ucdiuCD’ecdiecD’d)cdi(bCD] ||LP(]R+) —0 (/@ﬁ) (1+t)%, p>1,

which implies the viscous contact wave [de,UCd,GCd@Cd] (z,t) constructed in Equations
(1.18) and (1.21) approximates the contact discontinuity solution [UCD,uCD,OCD,QSCD]
to the quasineutral Euler system (1.10) in LP norm, p>1, on any finite time interval
as the heat conductivity coefficients x tend to zero. Moreover, we see that the viscous
contact wave [de,qu,HCd,¢Cd] (z,t) solves the Navier—Stokes—Poisson system (1.7) time
asymptotically, that is,

cd cd
00 — 0pu =0,

aI cd 81u6d
Dyt + 0, p° = v(fd +u8w( ool >+R1,

R 0. cd\2 alocd
7_1(’9t9°d+p“l&ﬂﬂl:u( iid) + K0y (vd )+Rz,

83? cd
o0 (P50 ) =1 o,

where
— Hf/(QCd) cd e /Q(anCd)2 (f/>l cd _ n cd
R1 =0 <g(05d)f(96d)8$9 +/z F(0°0) g (0°Y)dx | — pd, 0, [In (f(6°Y))]
—O0) (1483 as 2400,
1(pcd cd)? 2
R2=—MW:O(5)(1+&_26%, as r— 400,
and

c 47‘2
- =0(8)(1+t)"le” 17, as z— +oo.
v

cd
ruma (2°)
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1.3. Main results. Now we are in a position to state our main results.

THEOREM 1.1. For any given [vi,uy,04,p_] with vy >0 and 04 >0, sup-
pose that [v_,u_,0_] satisfies Equation (1.13) and ¢+ =p, (vy) with ¢+ € (pm,Prr),
and the function p.(-) satisfies the assumption (A).  Let [v®%,u 0% ¢ (z,t)
be the wiscous contact wave defined in Equations (1.18) and (1.21) with strength
0=1|04+—0_|. There exist positive constants eo>0 and Co>0 such that, if
[vo(2) —v°(x,0),up(z) —u(x,0)] € HY, [6(z) —0°U(x,0)] € Hj and

|| [vo(x) — v°(z,0),uo(x) —u(x,0),00(z) — Gc‘i(x,())] +0 < e,

I

then the initial boundary wvalue problem (1.7)~(1.9) admits a unique global solu-
tion [v,u,0,0](x,t) satisfying [’U—’UCd,U—UCd]EC(O,+OO;H1), [9(1‘)—96‘1,¢—¢6d]6
C(0,+00; H}), and

sup || [o— v u—u?,0 -6, ¢ —¢]|| .., < Coeg”. (1.22)
>0

Moreover, it holds that

lim sup |[v—v’u—u 00" ¢—¢]|=0. (1.23)

t_>+oowER+

From a physical point of view, the motion of the ion-dust plasma (cf. [15,32]), the self-
gravitational viscous gaseous stars (cf. [3]), and the charged particles in semiconductor
devices (cf. [37]) can be governed by the NSP system. On the other hand, the NSP
system at the fluid level can be justified by taking the hydrodynamical limit of the
Vlasov-type Boltzmann equation by the Chapman—Enskog expansion (cf. [4,17-19]). In
recent years, there have been a great number of mathematical studies of the NSP system.
In what follows, we only mention some of them related to our interest. Ducomet [14]
obtained the existence of nontrivial stationary solutions with compact support and
proved the dynamical stability related to a free-boundary value problem for the three-
dimensional NSP system in the case that the background profile is vacuum. Donatelli [8]
established the global existence of weak solutions to the Cauchy problem with large
initial data. Recently, Ding-Wen—Yao—Zhu [7] proved the global existence of weak
solutions to the one dimensional isentropic NSP system with density-dependent viscosity
and free boundary. Donatelli-Marcati [9] studied the quasineutral limit by using some
dispersive estimates of Strichartz type. We point out that some nonexistence result
of global weak solutions was also obtained in Chae [2]. Zhang-Fang [47] studied the
large-time behavior of the spherically symmetric NSP system with degenerate viscosity
coefficients and with vacuum in three dimensions. Jang—Tice [28] investigated the linear
and nonlinear dynamical instability for the Lane-Emden solutions of the NSP system
in three dimensions under some condition on the adiabatic exponent. Tan—Yang—Zhao—
Zou [44] established the global strong solution to the one-dimensional non-isentropic
NSP system with large data for density-dependent viscosity. In the case when the
background profile is strictly positive, the global existence and convergence rates for
the three-dimensional NSP system around a non-vacuum constant state were studied
by Li-Matsumura—Zhang [33], Zhang-Li-Zhu [46] and Hsiao-Li [21] through carrying
out the spectrum analysis. We point out that Duan [10] also used the method of Green’s
function to obtain the large time behaviors of the more complex Navier—Stokes—Maxwell
system.
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Another interesting and challenging problem is to study the stability of the NSP
system on half space. To the best of our knowledge, there are very few results in this
line. Duan—Yang [13] recently proved the stability of the rarefaction wave and boundary
layer for the outflow problem on the two-fluid NSP system. The convergence rate of
corresponding solutions toward the stationary solution was obtained in Zhou-Li [48].
We remark that due to the techniques of the proof, it was assumed in [13] that all
physical parameters in the model must be unit, which is obviously impractical since
ions and electrons generally have different masses and temperatures. One important
point used in [13] is that the large-time behavior of the electric potential is trivial and
hence the two fluids indeed have the same asymptotic profiles which are constructed
from the Navier—Stokes equations without any force instead of the quasineutral system.
Duan-Liu [11] then improved the results of [13] in the sense that all physical constants
appearing in the model can be taken in a general way, and the large-time profile of
the electric potential is nontrivial on the basis of the quasineutral assumption. For the
investigations in the stability of the rarefaction wave of the related models, see also [12]
for the study of the more complicated Vlasov—Poisson-Boltzmann system with more
general background profile.

When there is no self-consistent force, the NSP system reduces to the well-known
Navier—Stokes equations. It is known that there have been extensive investigations on
the stability of wave patterns, namely, shock wave, rarefaction wave, contact discon-
tinuity and their compositions, in the context of gas dynamical equations and related
kinetic equations. Among them, we only mention [16, 23,27, 29-31, 34-36, 38-42, 45]
and references therein. Moreover, we would also point out some previous works only
related to the current work. Huang—Mastumura—Shi [24] proved the stability of contact
discontinuity of compressible Navier—Stokes equations with free boundary for the ideal
polytropic gas through the construction of viscous contact wave profiles. The key ob-
servation in [24] is that the asymptotic profile of the temperature 0 satisfies a nonlinear
diffusion equation, which can be solved by the technique developed in [1,22], and later
on Huang-Mastumura—Xin [25] and Huang-Li-Mastumura [23] established the stability
of the contact waves of the Cauchy problem. Recently Huang—Wang-Zhai [26] extended
the results in [24] to the general gas. However, for the Cauchy problem, it still remains
an interesting open problem to generalize the results in [23,25] for the general gas.

In this paper, we intend to study the stability of the contact wave of the NSP
system (1.1) with free boundary. Motivated by [11] and [24], we first construct the
nontrivial asymptotic profiles of the quasineural Euler equations, it should be noted
that the background density p.(¢) satisfying assumption (A) allows that the asymptotic
profile of the electrical potential can be distinct at the boundary. Then we perform
the elementary energy estimates to the perturbative equations to obtain the global
existence and the large time behaviors. Compared to the classical Navier-Stokes system
without any force, the main difficulty in the proof for the NSP system is to treat the
estimates on the terms caused by the potential function ¢. Precisely, the delicate term

(M — M) ¥ cannot be directly controlled, as in [11], the key point to overcome the

v ved
difficulty is to use the good dissipative property from the Poisson equation by expanding
pe(¢) around the asymptotic profile up to the third order. In addition, it is shown [11]
that the sign of the first derivative of the rarefaction profile of the velocity and the
good time decay properties of the smooth rarefaction profiles are important to the a
priori estimate. Thus compared with [11], in which the stability of the rarefaction
wave of the NSP system is proved, a new difficulty will arise, that is, the critical term

fOT fR+w2 (0,0°4)2dxdt is beyond control, unlike that of [23], we need to pay extra effort
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to take care of the terms involving the self-consistent force, and it can be seen that the
assumption (Ag) plays an essential role to obtain the desired estimates, see Lemma A.3
for the details.

The rest of the paper is arranged as follows. In the main part Section 2, we give the
a priori estimates on the solutions of the perturbative equations. The proof of Theorem
1.1 is concluded in Section 3. In the Appendix, we present the details that are left in
the proofs of the previous sections for completeness of the paper.

Notation. Throughout this paper, we denote a generally large constant by C, which
may vary from line to line. For two quantities a and b, a ~b means %a <b<C(Ca. LP=
LP(Ry) (1<p<o0) denotes the usual Lebesgue space on Ry =[0,+00] with its norm
|- I|z#, and for convenient, we write ||-|/z2=]-|. We also use H* (k>0) to denote the
usual Sobolev space with respect to  variable on R. C([0,7]; H*)(k >0) denotes the
space of the continuous functions on the interval [0,7] with values in H*. We use (-,-)
to denote the inner product over the Hilbert space L2. [f1,f2] € H! means f; € H! and
fo€H', and so on so forth.

2. The a priori estimates
In order to study the stability of contact wave of the initial boundary value problem
(1.7)—(1.9)—that is, to prove Theorem 1.1—we first define the perturbation as

[%1[1’(,‘7](55775) = [U_deaU_qu59_06d3¢_¢Cd] (.’,E,t)
Then [p,1,(,0](x,t) satisfies

Orp— 010 =0, (2.1)
cd
Opp +0,p— 0, p©t = (6”5 — ‘%f’d ) + 10, (6”) +F, (2.2)
v v v
n 6t<+paru7p6damu6d =r0y <ax0 - afesd) G7 (23)
v—1 v v
o0, (22 ) o [L—utpu o-ro) -0t (220, (2.4
(p(v,@) —,uazu) (0,t)=p_, ¢(0,t)=0(0,t) =0 (400,t) =0, (2.5)
[%%C](%O) = [90071/}07C0] (1’)
= [vo(x) —v(2,0),u0(x) —u(2,0),00(z) - 9°*(,0)], (2.6)

where >0, t>0, F = —0ut + u(’“)z(a””;fd )and G = u%. We note that the structural
identity (2.4) will be of extremal importance for the later proof.

The local existence of Equations (1.7), (1.8), and (1.9) can be established by the
standard iteration argument (cf. [24]) and hence will be skipped in the paper. To
obtain the global existence part of Theorem 1.1, it suffices to prove the following a

priori estimates. For results in this direction, we have the following

PROPOSITION 2.1.  Assume all the conditions listed in Theorem 1.1 hold. Let [p,1,(,0]
be a solution to the initial boundary value problem (2.1)~(2.6) on 0<t<T for some
positive constant T. There are constants § >0, €¢9>0, and C>0 such that, if [¢,0] €
C(0,T;HY), [¢,0) € C(0,T;HY), and

,aat l(sga
3 ll,G.o10) 1 +0 <o @7



S. LIU, H. YIN, AND C. ZHU 1867
then the solution [p,1,(,0](x,t) satisfies

T
sup II[w,ib,C,o](t)Hier/ [0x0l” + 1102 [1,¢, 0] |72 dt
0<t<T 0

<C+C|l[po,10,Col | 11r - (2.8)

Proof. We divide it by the following three steps.

Step 1. The zero-order energy estimates.

Multiplying Equations (2.1), (2.2), and (2.3) by —R@°? (% v‘"”’) Y, and CO71,
respectively, then taking the summation of the resulting equations, we obtain

4 (021)?
cd cd
( v+ RO (- )+—9 @(acd))wv
Opd Opp©® 2.9
00 Hy Qo Q=P St (22007, (29)
v 0 v ped
I
where
P(s)=s—1—1ns,
o cay., WO € %7&59“
H=(p—p“)¢—p 5 ”9<u vl )
Q :—Raecdcb(i)— cdgyped (9 UV
1 t ool p Ot ood "
R Ci GCd C Ci C
_18159 d(p( 9 >+9(pp d)ﬁmu d,
and
ngfn—(f) (—k Ca ged 1 g;paaa ged.

Let us now consider the most delicate term I; on the right-hand side of Equation
(2.9). The key technique to handle I is to use the good dissipative property of the
Poisson equation by expanding p.(c+¢°?) around the asymptotic profile up to the
third order. Only in this way can we observe some new cancelations and obtain the
higher order nonlinear terms. With the aid of Equations (2.4) and (2.1), one has

cd cd
b= S e+ (V)
=—0, {—v“l@w (820) +w (1 —UCdpe(o—i—(de)) —v°9, (a$f0d>} ov !
I
+0, [deax <8za> +v(1—vpe(o+¢)) —v*d0, (azf6d>] Yov 2

I 2
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+ [deaz <a::}0> +v (1 *UCdpe(0+¢Cd)) 7UCdam (amfcal)]

I 31
cd
B0 ) gl o4 0, (7). (2.10)
I132 va °

To deal with the lower order terms involving 1—v°?p, (o +¢°?), we first get from the
Taylor’s formula with an integral remainder that

ed 11 sed (93 )2
1—9p° pe(a__|_¢(‘d) v(‘dp/e((bcd)o_ v pe (¢ ) 2 UCd/ p/e//(Q) ((b Q) dQ. (2.11)
2 ¢cd 2

Io

By virtue of Equation (2.11), we then compute I3 1, I1 2, and I 3 as follows:

1 ved 00 ved 1 ved
=30 (o) <o (o0 (7)) 50 () 0o

v\ 9,0 . Oy0o _ 1 . .
+az< . > 00— daz( . >U§t(v 1)+§a (v pl(¢°Y)0?)
1 O 1
4= 3 (UCdp/el((ﬁCd) ) at100+ ’()Cdp/e(¢0d)0'2 _,'_58 (UCdP/e(¢Cd)) 0_2
I3
1 8tv cd 11/ 1 cd cd 11/ 1cd 7@ cd af(vde —1
+5, v Pe(9 )’ + =0, (v p (¢°1)) o Too+ 0, (v, (| = ov
cd av cda aw
+8$8t<v 52 U) —0, (“;;’“) (2.12)
I o 8 c0yo 2500, (Yv™2) + 010,00, (v )0, (0hv™?)
aﬂf c c 837 2 C c
g e ff”” ol (0 0T g, (v (gr) Y
Iy
) ey OnT?
*UCdPé(éf’ d)Tw
L i 11 redy Ocvo3 1 ed 111 ediy O 1/) Oy Ioaw Oyvlgotp
*50 dPe (¢ d)ngar (U dﬂle (¢ d)) » . )
cd
+v°99, (@cf ) Oy (1/)011_2) — 0y (v“l@m ( Nb) Yov~ ) , (2.13)

JAp—y (5 cr) PO ve? _axvc‘im/}_lp;’((de)axdeaQi/)
A e N o A A
I Ig
R T (amcd) $0,v°
(ved)3pp(ged) TN v ) w(ved)2pl(¢od)”

(2.14)
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Note that I; (2<1<6) cannot be directly controlled. To overcome this difficulty, we
first get from Equations (2.4) and (2.11) that

(Io+1I5)+ 1+ 14
_ 8zUCdU"/)(p(U+UCd) o ple/<¢0d)a:vv0d0'2w —’UCd / (¢Cd) aw‘”ﬁ
(v0°)? 20, (e)(wez P Ty
a 2
1;0— 1/) cd /(¢cd) ( cdp/e(qscd))l-%

_aﬂUUCdUZw cd /¢ cd p/e/((bai) aﬂ?aaw cd /¢ cd aﬁUCdO’Qw p”((de)
= e g | e+
8 vo w el (e 18931)0‘1031/}(1)—1—1} ) s eds OxvlapIy(v+ve?)

02 (¢ ) vocd e(¢ )_ ,U(Ucd)Q

af”Cd”wf(wT)(””% | 0uvloyd, (%) (v + v

UQ,Ucd ,Ucd

+

)

which is further equal to

18x¢02 cd 1 ¢ pcd 2 cd / cd 1 1
571} pe<¢ )+U wv ((b ) v ’UCd
17
1 021/)g0 cd | 1 cd pe(d)c‘i) /I(¢Cd)
+§ V2 aﬂ?v pe(¢ )_ ’UCd (¢cd)
1 020, e . 1335@6%311; v4v° . vl Iy (v+v°?
Ty () ) et - o
v v v(ved)
D0, (—wv“)@wcd) 0t lrd, (52) (040 (0 Ly
+ v2ycd v de AN pe(0) ).
(2.15)
For I3 and I7, it follows from Equations (1.7),, (2.1), and (2.4) that
2 cd 2
Iyt =20 ey () 4 P g
_ 3900—2 cd ./ cd 3 cd ./ cd 0—2
=0 (21)’0 Pe(6°) oY Pe(°) 00y o
3 o2  O.ulo? | .
— 50 (0 pL(9°) T Tl (671). (2.16)

Plugging Equations (2.10) and (2.12)—(2.16)into Equation (2.9), integrating the result-
ing identity with respect to = over R, and using (Az), we arrive at

i/ﬂh( VRO (- )+—19°d <92d>+| PL(e)]o” +—(a o) )dm

d Opo ved 3d po? 1d .
— a — \dr—= cd 1 pcd do — = ced 11( cd Sd
+dt v v 7 ( v > r R+’U 'De(¢ ) v x 3 dt R+U Pe ((b )J €T

( zdj) K 2
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31

Qidx — dix—i—/ Fipda+ ngaH—ﬁ(O,t)—&—ZIl, (2.17)
Ry Ry Ry r, 0 =1
where
~ =~ wamil) C (0,0 0,0 o 00,0
= (o) =(p=pyo -0 o (20 200 ) - T (]
cd 2
= @28%0 +v°00, (a”¢> o2+ LT e (e
v v 2v
and
7 :/ Oy < ) Oa0 Ty= v°4, (810) o0 (v 1)dx,
R, v R v
1 cd
Ty =— Oilpodx, I,= —f/ O ( ) (0,0)%d
Ry 2 Ry v?

cd
15:—/ O 1 i, 16:/ 8t<v0daz<m>)av_ldx,
Ry U Ry v

,Ucd ,Ucd
I, = / 5 0200,00dx, Tg= / L (Yv~2)de,
Ry v Ry v
1
Igz/ 010,00, (v 1) 0, (opv~2)de, IIOZQ dr (vl (¢°)) o2 dx,
Ry

L[ dw 0 deIoz/J
Ty = 7/ cd /1 s cd de T :/ a:idm,
NS5y, o O T [ ey (e

vl i
113:/ Oevlooyp m:/ %loo¥
Ry

2
R, v v

Oy0 Oy v°? d Dy -2
= — — _—— f— c [
Ti5= /ﬂh Op ( ” ) (oD (7% dx, Iig /}RJr v°40, ( » Oy (1/}011 )da:,

0™ PO, v 1 d 11( pedy) -3

Tim=— 8;5 d ) Tis=— ¢ ‘ d ?
i / ( v ) o(oeZp(peh) " 6/& L) 7

Opvo 1 o’
Ilgz_i/ vl p (¢°h) = wd% I20:_7/ A ACE) ldx’

R, v2 2 Jr, v

002 1 1

T =-— / vt (o) B0 gy, Ty / * v (6°) 0 ( _cd> dz,
- v R, v

2 cd\ I ( hed
Tos = 1/ U;?p@wvcd {p/e((bcd) _ WG(MW} dz,

2 R, ,Ucd (¢cd)
1 o210, 1 004030 (v 4 v°?
I24 _ _5/ 1#2 ¥ cd / ((bcd) 1-25 _ 7/ ’(/}C(d )ple/(qf)cd)dx
R4 v 2 R, VU
cd
6wvcdo.w10(v+vcd) 6xUCdO'¢8x (ai%) (U+UCd)
I26 = — d{L‘7 127 = d.f,
cd)2 2.,cd
R, v(ved) R, v2v
9, cd 9, 00 + cd 9.2
128:/ veloy) g vd)(v ") e, 129:/ U0ty (40 da
R, VeVe R, v

2

3 o? 3 o?
130 = —7/ 8t (’UCdp/e(d)Cd)) %dl’, 1.31 = 75/ UCdp;(¢Cd)QOat <U> dzx.
R
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We now turn to estimate the right-hand side of Equation (2.17) term by term. It should
be noted that the following Poincaré type inequalities play an important role in our
computations:

C(a, )| <22 |0:C], ol t)| <|p(0,6)|+ 2% Dupll, [o(z,t)| <a%|dof.  (218)

From (2.18) and Lemma A.1, one can further obtain

/R 2 (026502 +1026°1)) dix < O8% | pol e~ 7' + C8%|| 0, 0|
+

(2.19)
| (@ oty (@t + 026 o < 08 l¢ o
Ry
where the following Sobolev inequality is also used:
Ih(@)] < V2IRI210,] 2 for h(z) € B (R,). (2.20)

By applying the bound (2.19), Lemma A.2, the a priori assumption (2.7), Cauchy—
Schwarz’s inequality with 0 <7 <1, and Sobolev’s inequality (2.20), we obtain the esti-
mates for terms involving @)1 and Q> as follows:

/R Q1dx
/]R Q2dx

For the terms involving F' and G, noticing that

SC/R(QDQHQ) ((0:0°1)2 +1026°) da < Collpoll Fre ™ "+ C|0s [, I,

(2.21)

<(Ceo+m0:CIP+C, / (024 C%)(0,6°)2dx

<(Ceo+m|[0uCI* +Cy82 ol Fne™ 7" + Cpd?[|0s [, C]II*. (2.22)

22 2

|0 =0(1)5(1+1) "3 e~ T | 020 = |0,0,0°Y = O(1)6(14+1) 3¢~ 157, as z— +00,

we get from Cauchy—Schwarz’s inequality that

/]R Fidx

g/ |8tu°d1/)\dx+0/ |02ucty| da
Ry Ry

+C/ |8mu6d3xv6dw|d:c+0/ |0, u?8, )| dar
Ry R,

<CH(L+8) " 7|2+ Co(1+) 32T 1. C5| 0, 0|%, (2.23)
where 0 <@ <1/2, and
ngm < C|¢] e 0w te]|? < Ce|| 0220 ||? + Ceo(1+1) 2. (2.24)
R+

We next compute the term PNI(O,t) arising from the boundary. Since ((0,t) =0(0,t) =0,
‘H(O,t)‘ can be reduced to

RO_(0,t) (roU)
1}(0)t)v_w(0’t)+ﬂ< U )(Ovt)

)
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which is further dominated by

Cl(0,6)(0,) |+ C|(9ep) (0,8)1(0, ) |
<Cleo(O)le™ 7 (00| < Cllpo (@)l [0/ 2e

<Cllpo(@)llzre” " +Cegllosvl?, (2.25)

according to Lemma A.2, Sobolev’s inequality (2.20) and Young’s inequaity.
In order to estimate Z; (1<1<31), we first calculate

1
Io~0®, atfoz—vcdatqb <¢ 0)p (e)do+ 5006 v ! (¢°)

AV
,atvcd/ (¢ 29) pgl(g)dQ
¢cd
~ Oy do? + 00?4+ 9vle® = 0,002 + 20,0402 + Ov°io®, (2.26)
and similarly,
O, lo ~0po0? +20,v°% 2 + 9, 0% (2.27)

In addition, from Equations (2.4) and (2.5), it follows that

3

0,0||? 4|04 0. U||2<C’||811/)||2+Ceo||[ Dpip,0%0,0,0,0%0 ]H +CH(1+t)"2. (2.28)
For the sake of completeness, the proof of Equation (2.28) is given in the appendix.
With (2.26), (2.27), and (2.28) in hand, we now employ the bound (2.19), Cauchy—

Schwarz’s inequality with 0 <n <1, Sobolev’s inequality and Lemma A.1 repeatedly to
present the following estimates:

|Z:| < C/ ‘890 [de,v]axoatU’ dx < Ceg H [6950, 850,@0] ||2,
Ry

\Ig|gc/ |02000,[v),u’ |da:+C/ 0,000, (0,070, [0, u] | da
+

SCEO ||8z [@7’(/1,0',6@,0'] ||27

\Zs| +|Z5| + [ Z11 |+ [ Tas]
|3 qu03|dx+C'/ }0 [0r0,0,1] |dx+C’/ |3x7,/104|da:+0/|3 u5d04|d3:
Ry

SCGO H [3,50,3950, aaﬂﬁ] || ’

<C / 104 [0°,][|20]2dx < Ceo |40, 020] |
R
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cd cd
(')t&cv“l(am(b )av_l dx—i—/ Dpvd <6w¢ )(’)wav_l
R, v
cd cd
az¢ )U@z(vl) d1'+/ 5mde3t <ax¢ )O”Ul
R

( :
cd cd
v°4d, (3x¢ ) Apov ! dm—|—/ v°4, <8xq$ ) 00, (v™1)
Ry v
+

v
Ceo|0: (10,9, 0z0]|I?,

dr

dx

dx

I Zz| < Cll | = (10201 + (107 ]1*) < Ceo]|0z [0, Ba0] |,

|Ig\§C/ |8§003ﬂ/}\d$+€/ |8§001/}5zg0\dx+6‘/ |02 000, v dx
Ry Ry Ry

<Ce¢||0:[t),,0,0] ||2 +Ceo/ (8$90d)202d1; <Ce||0:[¥,p,0,0,0] HQ,
Ry

|Ig\§C/ |0x00,v0,0)|dx+C |0z00,v00,0|dx+C |0z0 0, vod, 0| dx
Ry

Ry Ry
<Cl0zollg Y]l |10z0l|0zv]| + CllOzol g llo || 1111024 [| Oz v]]

+CN 0ol ol 9] [0l

+C0zolll0zp ol e 91 1 1020 11+ Cll s (00| + lo(De0°)?(|?)
<Ce||02]0,0.0,0,9]|1%,

| Z10| + [ Za9| +|Zs0| < C / |0,u 0| de<C [ ((8,0°%) +|026°Y)) 02 dar < C6| D0 |1%,
Ry Ry

|Z12| + |Z13| + |Z1a] +|Zio| + | Z20| + | Z25| + [ Z26]
SC’/ |6xUCdJS1/}|dI’+C/ 0. [,0]0° Y| da
R, R,
2 cd\2 2 2
<Cel|0x[o, 4]l +C€0/ (0:0°“)*0dx < Ceq|0z]0,¢]|%,
Ry
|Il5|§77/ |aza|2dx+c,7/ ?(9,0°)%dx
R, R,
+C \8,;081<p|2dx+0/ |0,00,0°)” dar
R+

Ry

<(Ceo+n)||0:[0,0,0]| +Cy | (8,6 %de,
Ry
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|Ti6| <C / 02040, 0p | da+ C / |020°00,1)| da
Ry Ry

+C |6§U6d[8x<p,8x06d}0¢| dx + C’/ |8xde [(%ga,(%v“]@xaw dx
R,

Ry

|8 vl [02 0,050 U@z¢|d$+0 |8xUCd[3z%azUCd]2U¢|df
R
s0mn@¢a%wm2+0&1+w‘%

| Z17|+|Z27] SC/
Ry

| (89606‘1)28331)1/)‘ dx+ C’/ |6§v6d3$115d1/1’ dx

3

<Ceo|\8map||2+c/ V2(0,0°N)dx+Co* (1+1) "2,

|121|+|122|+|123|+|124|<c/ o, 0lo z/1|dx+C/ |o® Y0, v | d

§C€o||8w[a,<p]||2—|—060/ (0,0°V)2p2dx
Ry

<Ce||02[0, 0]+ C6[|pol Fpre™ 7 *,

|Zos| <C / |0200,v o) |da+C / |0,00,v0,v° "o | dx

Ry Ry
§060||8$[0,8w0,<p]HQ—i—Ceo/ (8$9“l)202d:r:SC’GOH(‘?JC[U,&CU,@]HQ.
Ry

For the last term Z31, applying Equation (2.11) again, one can see that
3 2 : Oy i
131:—5/ v°pl (¢°4) 0y (0> (—U‘dam ( U) —i—v(l—v‘dpe(a—&-gzﬁc’i))
R, v v

cd
— v, <8m¢ ) )da:,
v

which implies

< Ceo | [041,000,0,0, 000,020 ||” +C5(141) 2.

d
1'31 _ %/ (,Ucdp:a (¢Cd))20'3d1'
Ry

Let us now define o¢(z) = o (x,0) = ¢(z,0) — ¢°¢(z,0). From the Poisson equation (2.4),
it follows that for any ¢ >0

o)l < Clle®?+ 0|26 +¢ | 0.0 0| <Cllevl? +0,
and hence in particular,

loollF1 < Cllgol|* +Ca2. (2.29)
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We now conclude from the bounds (2.17), (2.28), (2.29), (2.21)—(2.25), and the above
estimates on Z; (1<1<31) that

T
IIW,%C]IIQHIUII?p+eo||3z<p\|2+/0 10z [0, C] [P dt
T
<C||[¥o,Co]ll +C||soo||4/3 Ceo+n)/ 1020, 0010, 0,0,0]||*dt
0
T
+C, / V2(0,0°N)?dxdt + C9, (2.30)
0 JRy

for suitably small ¢ >0, § >0 and 1> 0.
Step 2. Dissipation of 0;[p,0,0,0].
We first differentiate Equation (2.1) with respect to x, to obtain

D10y — 029p =0. (2.31)

Then, multiplying Equations (2.4), (2.2), and (2.31) by 020, —vd,p, and ud,p, respec-
tively, and integrating the resulting equalities with respect to z over R, one has

cd
/ Y (320 )2da+ / o) o, (6°0)| (D) 2de
R, U Ry
cd
:/ %8xv(9z08£adx—/ 9pv [1—vpe(o+¢°Y)] Opodz
R, U R

+ [ 00 v (D)) od,oda
Ry

('d l/ cd
—|—/ V0, [ 2(¢ ) 52 } Oy odx + O pOpodr+ p(0,t)0,0(0,t)
Ry Ry

—/ vaxloamodx—/ de(%;( 0.9* )820dx (2.32)
Ry Ry

— 00y pdx — / (Ozp— azpCd)vﬁxapdx + Oz p0zodx
R, R, R,

cd cd
+/ (836(’25 — z¢ >v51<pd:r
Ry v

=— / OOy pda — / p2ut Oy pda
R, R

— O (v 1 Opuvdppda + Ol pde, (2.33)

and
/ 11(0:0up — 924)) Dypipda = 0. (2.34)
Ry
The summation of Equations (2.32), (2.33), and (2.34) further implies

1/1’0873 wdx +

2 dt

% (8m<p)2dx+/ pCd(F)‘m@)Qd:ﬂ
R
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,Ucd
+ / Y (020 2da + / oud] L (6°4)] (Do) 2d
R, Y Ry

W00, pdx — ¢v8t8x¢d$+/

Ry Ry Ry

RO, {ﬂ w0 pdx

Jl J2 J&

QCd
— R0, [ } v0,pdr

Ry
Jy
cd cd
—/ <(9m¢5 - x(b >v§mgodx / ,uaguc‘iamgodx—,u Bm(vfl)amuvazgpdx
Ry v Ry Ry
Js Je J7
,Ucd
+/ Taxvﬁxcr@iada:—/ 3;511[1—v‘:dpe(a—|—¢0d)]8xada:—|—<p(0,t)8xa(0,t)
Ry U Ry —_—
Jio
Jg J9
cd 11 ( hed
—/ vawloawada?—i—/ 00, [U“dp’e(qbc‘i)]aamadw—i—/ 00, [U pe(#”) o ]&cadaz
Ry Ry Ry 2
Ji1 Ji2 Jis
+ 8tu0dv(9zg0dx—/ v0d8I< 9r9° )820dx (2.35)
Ry Ry

J14 J15

We now turn to computing J; (1 <I<15) term by term. For brevity, we directly give
the following computations:

\J1|SC/ |¢<9x1/)3x¢|d93+0/ |[10,u 0, 0| dx < Ceol| 0, 1, ]| + CO(1+1)~3/2,
R, R,
V0,00 dx

/ v(@xw)de +
R4 Ry

3 ey P 2 -0l 205 ¢4
<Cllgollfre” # "+ Ceoll0x[1, ]||I* + Cll 04 ||* +C A ¥*(9,0°) dz,
+

|J2| < |w(07t)v(0at)(at90)(07t)| +

\Js\+|J4|+|Ja|S(77+Ceo)||3as<p||2JrCr;\IaacCHQJrCn/]R (¢ +¢)(0:0°")du
+
< (n+Ceo)ll0a . CII* + C | 0uCII* + Collpol7pie™ 7,

[Jo| < C8l10s ] +Ca(1+1) 72,

\J7|§C/ (3m<p)2|3z1/)|dx+0/ (020)?|0pu?|da
Ry

Ry

+C |8wv0d8$u0dam<p|da:+/ \8$00d8m1/}8w<p|d$
R, R,

<Ce||0x 1,000, 6]||> + CO(1+1) 2
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| Js]+ o] < Ceol|0s[ 0,020, 0] 1%,

4 4p _
|J10| < Ceol|0z0 |71 + Cllol| e 5 7,

| Jual+ [ Jiz] + [ Jis| + | J1a] + 15| < Ceo| 0z [, 0,050 ||+ CS(1+1)~5/2.

Substituting the above estimations for .J; (1<1<15) into Equation (2.35), letting >0
be suitably small, and combining with Equation (2.30), we obtain

T T
II[w,w,C]IIQJrIIUII?p+||3m</>\|2+/0 Hﬁ‘maH?de/ 182 [0,4,¢] || 2t

T
gceo/ |\8§z/}||2dt+06+0H[wo,co]||2+0||<po||4/3+0/ / V2(0,0°)2dadt. (2.36)
0

Step 3. Higher order energy estimates.
Multiplying Equation (2.2) by —d2t and integrating the resultant equality with
respect to x over Ry, one has

2,/,\2
%%/R (awz/’)zdiﬂ-l-u/R @d
cd
:,/ <8x¢ _ 0z ¢ >8§¢dm+ 8m(p*PCd)5§1/1d:r+p/ xwamcpazwd
Ry

v ped

R Ry
Jl6 Ji7 Jis
, a
p / 7’[’ v GVl 92yde— | Fo*pda—(04drp)(0,1). (2.37)
s s e
Jig Jao

To obtain the estimates for J; (16 <1 <21), we use Cauchy—Schwarz’s inequality with
0<n<1, Sobolev’s inequality (2.20), and the bound (2.19) repeatedly to perform the
calculations as follows:

|J16|§C/ ‘8zv0d<p8§w’dx+0/ 0,002 | da
Ry Ry

<(C6+0)|0: 0,00+ 10202 + Cll 0l e,
\J17|<0/ wazw!dxw/ €, 010s 0,002 |
<(Ceot1)[0s0.0u8] |2+ C 103 [C. 0] 12+ Cll o2~ 7,

| J1s| + | J19] < Ceo |0 [0, 0:9] |12,

‘J20|§C/ |8§u6da§¢‘d$+c/ fazquazvazib‘da:—kC/ |0yu? 02| da
R

5

<C6|0x [0, 001>+ CO(1+1) 2.
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For the last term Js1, in light of Lemma A.2, we have

o= =000k 0.0) = -0 0.0) + 00 L w0, 0 (239
Furthermore, it follows that
|($012)(0.T)] < Cipo (0)p(0, T~ 7 T < Ceollipal e 7 T (2.39)
and
|(6012)(0,0)| < Cliio0)0(0)] < C(Ioll3s + 1ol 3 ): (2.40)

By virtue of Equation (2.38), bounds (2.39) and (2.40), and carrying out similar calcu-
lations as in Equation (2.25), we thereby obtain

T
[/ s
0

Plug the above estimations for J; (16 <1 <21) into Equation (2.37), recall Equations
(2.36) and (2.30), then choose ¢y >0, 6 >0, and 1 >0 suitably small to derive

T 4
SCfo/ 10:1[12dt + Cllwol 31 + Clltboll Fn + Ceollpol -
0

1126, 0, 111 + ol 7 + 1020112 + (10|12
T T T
+ [ ouolnder [ lonlev.cliPa [ jo2olPar
0 0 0
T
<cs+Clal+Cllvaallifi+C [ [ v 2dode. (a1
o Jry

Similarly, multiplying Equation (2.3) by —02¢ and integrating the resulting equality
over R, we obtain

R d/ (&CC)Zdac—i—n/ wdm
Ry

2(y—1) dt R, U
cd
_ / (PO~ p*0,u 02 Cdr o [ 0P 020 4 / uC00 2. gy
Ry Ry VY Ry v
cd
tr / aw<‘pa“9d )aﬁgdx— Go2(dz, (2.42)
R, vo° R,

where we have used boundary condition ((0,¢)=0. The right-hand side of Equation
(2.42) can be handled as J; (16 <1<21), the details of which we omit. Therefore one
can get from Equations (2.42) and (2.41) that

T T T
1,12 + 102 + / 10,012 di + / 10, [0, 0, Pt + / 1621, ¢] [2dt
T
<05+ C [0, o)l V2 +-C / 0?(9,0°)? dudt. (2.43)
o Jry

Finally, letting § >0 small enough and combining (2.43) and (A.3) in Lemma A.3, we
obtain the inequality (2.8) as desired, this completes the proof of Proposition 2.1. ]
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3. Global existence and large time behavior
We are now in a position to complete the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1.) In view of the energy estimates obtained in Propo-
sition 2.1, one sees that

sup_[[i2,1,C,0(8)]% < O3+ [[.Con ool 1242 (3.1)
0<t<T

Notice that § >0 is a parameter independent of ¢y. By letting § >0 be small enough,
the global existence of the solution of the Cauchy problem (2.1)—(2.6) then follows from
the standard continuation argument based on the local existence (cf. [24]) and the a
priori estimate (2.8). Moreover, Equation (3.1) implies Equation (1.22). Our intention
next is to prove the large time behavior as Equation (1.23). For this, we first justify the
following limits:

. 2
im0, [p,6,¢)(0)32 =0 (3:2)
and
. 2
Jim [[0;0()]]” =0 (3.3)

To prove Equations (3.2) and (3.3), we get from Equations (2.1)-(2.3), (2.8), and (1.20)
that

+oo g 5 +o0
[ eslevcit|a=2 [ @, 0.l

“+o0
§C+C/0 102 [0,9,C,0,805 [1h,C, o] | dt < +00.  (3.4)

On the other hand, Equations (2.28) and (2.36) and the a priori estimate (2.8) yield

+oo
d 2
JAE

Consequently, Equations (3.4) and (3.5) together with Equation (2.8) give Equations
(3.2) and (3.3). Then Equation (1.23) follows from Equations (3.2) and (3.3) and
Sobolev’s inequality (2.20). This ends the proof of Theorem 1.1.

+oo
dt:2/ [(010,0,050)|dt < 4o0. (3.5)
0

d

Appendix A.
In this appendix, we will give some basic results used in the paper. The first lemma
is borrowed from [24].

LEMMA A.1. Let 0°¢ satisfy Equation (1.18), for |0, —0_| =4, it holds that

3 3
2 2

/(8190d)4dx§054(1+t)_ , / (026°)2dx < C8*(14-1) "2,
Ry Ry

/(820Cd)2da:§052(1+t)*%, / 2 ((0,0°%)% +1020°) dz < C6.
Ry

Ry

Next is the key observation from the boundary condition (2.5).
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LEMMA A.2. It holds that

©(0,t)=po(0)e” = °. (A1)
Proof.  Since 9,u(0,t) =0, from Equation (2.5) it follows that

R@, _ 6t<p(0,t) -
v+ o(0,8) Mosrp(0,0)

_, t>0,
which implies
Dup(0,1) = —%wo,w. (A.2)

Equation (A.1) follows from Equation (A.2) and the compatibility condition ¢(0,0)=
©0(0). This ends the proof of Lemma A.2. o

We now give the following estimates concerning the delicate term
T
/ (0,0°V)24p? dadt.
o JRy

LEMMA A.3. Assume all the conditions listed in Proposition 2.1 hold. Then, for any
0<T <+o0, there exists an energy functional E(p,¥,() with

E(,,0)| < C8%|| [, 0, (] 12
such that the following energy estimate holds

(00, 0)(T / / (0,6°0)20) dxdt<C(5+C(5||<p0HH1+C<5/ 10 [i0,0,C 0, D |2t
Ry

(A.3)
Proof. Define
w:/ (9,0°Y)%dy
0
It is easy to check that
[w(8)lo S CO*(141)7%, [|Dw(-)]loc < CE*(L48)72. (A4)
From Equations (2.4) and (2.11), it follows that
_ L
Ucd (¢cd)
1 d 0z0 UCdPII(¢Cd) 2 d 0z (A.5)
E—— PN 2 Pe\¥ o2 cdg (22 .
~wwedpl (¢od) [v ? < v >+< 2 7 0 |v+vTd v

M

On the other hand, Equation (2.2) can be rewritten as

_ped, cd
O+, (W)ax <11]> ‘/’3 ¢ + ud, (821/’)+F. (A.6)
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Substituting Equation (A.5) into Equation (A.6), one has

O+, (R“(wfdw)p“d)w)

v

=0, (M> — 0, (1> o- waxf;d + p0y (a“/)) +F. (A.7)
v v VU v

Multiplying Equation (A.7) by {RC + (W —pCd) @} vw, integrating the resulting

equation over R, leads to

. ! cd ’ cd\2
2/]R+ [R<+<Wd(¢cd) -p )«p} (0,0°%)dx
_d 1 _acd

n R+¢{RC+ (Wc‘ip’c(éf?“l) p )cp] vwdzx

1 cd .
‘/nh o {R“ (vvcdp;wcd) P ) 4 v

K1

/ﬂhw {RCJr (chd 1(¢Cd) pCd> 90] Opvwdzx

Ko

1 cd
‘/R+ v [R“ (vvcdpgwcd) K ) “’] V0w

Ks

Ozv R 1 d 2 d
‘/{ “(vwf L) P M war

Ka

Out 1 ‘
o 5o (e (g 7)) e

Ks

1
N G o

Ke

s 1 .
0 T 7

K

v 1 d
_ - nC d
o 02 ”[R“<vvcdpg<¢cd> P M v

Ks

o )9

Ko
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Spaa:Qde 1 cd
Jr/R+ vocd [RC+<wcd(¢cd) -p )4 vwdx. (A.8)

Kio

We now turn to computing K; (1<7<10) term by term. For the delicate term Ky, it
can be rewritten as

ICl:_/R*—wat(Rg_pcdgp)vwdaj—/ﬂh—wat <,U,Ucd(¢cd) )’UU]dl'

R
=—(y—=1) [ +owo, <C +p6dw) dr+v [ Yowp®d,pdr
R y—1 Ry

1 w
oplodr—= [ 0, (v? < )d
- Yowdyp™pdx 9 - (1/} ) ,Upd (¢pd) T

1
- / Vet <vvcdp;<<z>cd>) v

—(-1) /R b (RC—p) (0,4 + 0,0) de

K11
cdax _axgcd
+,€(7,1)/ M%am(wvw)dx
Ry VU

Ki,2

—(v-1) YowGdx —% / plovwip?da

Ry Ry

K13 K14

71/ Dpplowip®dr 4+ Powdyploda
2 Jr, Ry

K15 K16

1 ) c ! !
A G T e G

Ki,7

_/R+ Y0y (M) vwdz, (A.9)

Ki,s

where in the third identity we have used

RC— pCdSD (
v

R
iy cda —
’Y_l tC+p tp chd

cd o cd
81U6d+az1/1) + KOy (W) +G,

which is derived from Equations (2.1) and (2.3).
Since p/,(¢°?) <0 according to the assumption (A)2, Equation (A.9) further implies

1 . . :
<~ / <2vd(¢d) %p %)w(aﬁ Ndw=—Ki+) Ki (A.10)

=1
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To compute Ky, (1<1<8) and K; (2<1<10), by applying Equations (2.19) and (A.4),

Cauchy—Schwarz’s inequality, Sobolev’s inequality (2.20), Young’s inequality, and lem-
mas A.2 and A.1, we directly address the following estimates:

K11 ] 4Ky 6|+ K1 g] +[/Ca|
<c / o] (95| +[8:8°)) (€] + ) dz + C / ] (1C) + o] de
+ +
C
<Cllwad ) e g I + o0 + S / W, ¢2de
+

<C5]|0u ||+ Coeo(1+1) 2 +*HWIILoo||w|| e, €I

3

<CS||0,||1* + Cdeg(1+1) " 2,

<06||a [0y, ]I+ C8(1+1) %,

K1al <C /R low (D)2 + (8,0)2) | dac

<C [ P (0,u)de+C [ (9,u?)dz+Co|01)|>
Ry Ry

<C§||0,0|* +C5(1+1t)" 2,

K1 4| +|K1s|+ K17 < c/ ‘8I96dw1/12’dx+0/ |0 pwi? | dz
Ry Ry

<06 [ (0.0 o+ O30, P+ CO(1+ )
Ry

uc3|<c/ (¢ + o)) Buw| dz < Coeo(14)~%,

|’C4|+|’C10‘§C/ |3x9CdW(C2+s02)|dx+C/ |0z pw (G2 +¢?) | da
Ry R,

§05(1+t)_1/2/ 10:0° || (110:C11> +1|0 011 + | (0,1)]?) da

R+
C
+C0l1020, 117 + 5 il Z (ICCll+ el 22l 1 e- I

<Céllpollfpe™ 7" +Co|10:[p, QI +Co(1+1) 72

15| <C82(1+) P11 (IC oo + lllloc) < C82(14+0) 7 (K12 10211 + ol 0001 )
<O8|9alp. P +C8(141) 3,
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KA <C [ 10po(] + lelyulde < €51+ (Gl + el s o]
+
<Co(t+6)7F (ICIF10:C1E + Il 12201 F ) 1aselllo]

<C8|10:[p, I +Co(1+18) 7

K| < C/R 10,6V wl|o| (I +]¢]) dx < Collpoll3pe™ 7" +Cdl10x[0,¢, 012,
+

Kol <C [ (18201 + 0.00,0] +lo? +10,0%0.0]
Ry

[(10s Sl 10zl lwl + (I¢]+ 1D (@ ,0°1) + |0, vw))] do
<C6(|04[p,¢,0,0,0] ]|+ Co(1+1) 2.

We now plug the above estimates for K ; with 1 <! <8 into Equation (A.10) to obtain

K:l _/ <2UCd 1(¢Cd) ;/pCd’U> wZ(axacd)de

<C)|0, [0, 0, P+ CHA+1) "2 +C8 | (8,6°Y)22da. (A.11)

Ry

Next by substituting the estimates for K; (2 <1<10) and Equation (A.11) into Equation
(A.8) and integrating the resulting equality with respect to time over [0,77], one has

- [, o[+ (=) o] ot
)
o /{ 7+ (s ) 7
+< Soedy (50 (W)*V ca)uﬂ}( 20°0)? dwdt
<C6+ Cdeo+C8 ol +C’6/OT||6x[<p,1/),c,a,(9xa||2dt, (A.12)

for suitably small § >0 and €y > 0.
Let us now define

1 cd
5(S07¢»C):—/R+1P[RC+<1W(¢M) —p )gp} vwdz. (A.13)
Then, Equation (A.3) follows from Equations (A.12) and (A.13). This ends the proof
of Lemma A.3. 0

Finally we give a detailed proof of Equation (2.28).

Proof. (Proof of (2.28).) Taking the inner product of 9; times Equation (2.4) with
Oyo with respect to & over R, one has

,Ucd
/ Oy < )8 08t0d1+/
Ry v Ry Y

J1 T2

D200 0dx
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UCd ,Ucd
f/ Oy ( 5 3xv> 5‘105‘t0d17/ Tazvatach@todx
Ry v R, U

T3 Ja

S 8t<p8tadx+/ O (1 —depe(a—i—(de)) Osodx
R, R,

cd
+/ vat(1—v°dpe(a+¢0d))8tadx—/ Oy <vcdax <M>>atadx. (A.14)
Ry Ry v

We turn our attention first to J; (1<1<4), which cannot be directly controlled. Since
0(0,t) =0 (400,t) =0, by integration by parts and using the cancellation, we find

cd ) cd
To+TJs= —/ 040,00;0,0dx —/ =Y 00,00 0dx (A.15)
R, Y R,
and
o cd cd o cd
J1+\73:/ w ﬁgaﬁtad:ﬂr/ U—Qatvﬁxaamatadxf/ %&cv[)ﬂﬁ@todm
Ry Ry U R, U
(A.16)
On the other hand, similar to Equation (2.11), one has
¢
L= vlpu (ot o= —o (6o o [ pl(oo-ode, (A1)
¢C
Jo
and moreover
0T ~ oo + 0w+ 9vlo. (A.18)

Substituting Equations (A.15)—(A.18) into Equation (A.14) and applying Equations
(2.1) and (1.7), we deduce

cd
/ Y |6t8xa|2dx—/ vl pl (1) |0y |2da
Ry Ry

v
cd
/ O D200,0dx
Ry Y

<

+ +

cd
/ Ouv 010,00, 0dx
Ry U

UCd
/ Tatvaxaﬁ‘matadx
v
R+

+ S —
V2

cd
/ O 0,v0,00:0dx
Ry

+C’/ \3m1/16t0|dx+0/ |0z ucOo|dx
Ry Ry

+C’/ |3tv5d08ta|dz+0/ \3t008t0|dz+0/ \3tde028tJ|d:E
R, Ry

Ry

+C [ 10,0%v°0,0|dx+C / |0l d?vdoyolde +C | |0weldveld, w0 da
Ry Ry Ry

+ C/ 10,0402 ud; o |de,
R

which yields Equation (2.28), according to Cauchy—Schwarz’s inequality, Equation
(2.19), and Lemma A.1. This completes the proof of Equation (2.28). O
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