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NON-RELATIVISTIC AND LOW MACH NUMBER LIMITS OF
TWO P1 APPROXIMATION MODEL ARISING IN
RADIATION HYDRODYNAMICS*

JISHAN FANT, FUCAI LI¥, AND GEN NAKAMURAS$

Abstract. In this paper we study the non-relativistic and low Mach number limits of two P1
approximation model arising in radiation hydrodynamics in T3, i.e. the barotropic model and the
Navier—Stokes—Fourier model. For the barotropic model, we consider the case that the initial data is
a small perturbation of stable equilbria while for the Navier—Stokes—Fourier model, we consider the
case that the initial data is large. For both models, we prove the convergence to the solution of the
incompressible Navier—Stokes equations with/without stationary transport equations.
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1. Introduction

Radiation hydrodynamics studies the propagation of thermal radiation through a
fluid, and the effect of this radiation on the hydrodynamics describing the fluid motion
[3,16,18]. Usually, the state of the radiation can described by a kinetic or transport
equation. However, from the computation of view, the total system to the Radiation
hydrodynamics are too complicated to compute effective and some simplified models are
introduced [2,10,11,20]. The simplified models can also be derived by taking singular
limits, for example, the diffusion limit [6, 7,10, 12], low Mach number limit [5,9] and
non-relativistic limit [14,17,19].

In this paper we study the non-relativistic and low Mach number limits of two
P1 approximation model arising in radiation hydrodynamics in T2, i.e. the barotropic
model and the Navier—Stokes—Fourier model. We first consider the following barotropic
model of radiative flow:

Orp+div(pu) =0, (1.1)
1

6t(pu)+div(pu®u)+6—2Vp(p) —pAu— (A4 p)Vdivu= €14, (1.2)
1

628t10+diV11 :B(p) —Io, (13)

626tI1+VIO:—I1 in T3X(0,OO). (14)

Recently, Danchin and Ducomet [5] studied the low Mach number limit (e; — 0 and
€2>0 is fixed) for the system (1.1)—(1.4) in the critical regularity framework. Here
we study the limit of e:=(ey,e2) —0. It is convenient to consider the flow with small
density variation, i.e.,

p=1+¢0,
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and we will take p'(1)=1, B(1)=1, and setting b:=B(p)— B(1),jo:=Ip—B(1) and
j1:=1I;. Then we can rewrite the system (1.1)—(1.4) as follows:

3to—|—div(au)+idivu:0, (1.5)
€1
1

PO+ pu-Vu+ e—p’(p)VJ — pAu— (A + p)Vdivu=eqj, (1.6)
1

€200 +div j1 =b— jo, (1.7)

€20¢j1+Vjo=—Jj1, (1.8)

with the initial condition
(0,u,50,51)(-,0) = (50,10, 400, 710) in T>. (1.9)
Here, we impose the following regularity conditions on the initial data:
00.,u0 € H?, joo,j10 € H', (940,04u,0:0,041)(+,0) € L?,

1 3
/00d33=07 /pouodﬂﬂ:(l /j10d90=07 §§P0§§-

(1.10)

We will prove the following theorem.

THEOREM 1.1. Let 0<ey, €2 <1, and assume that condition (1.10) holds. Then, there
exists a positive constant a such that if

106, u5) [l 2 +[[(G60, J10) | et + 195 (0,1, 55, 51)(0) [ 22 < e, (L.11)

then for any €1,€ea € (0,€0] where 0 < ey <1 is some constant, the problem (1.5)—(1.9) has
a unique strong solution (o€, uc,j§,75) satisfying

1 3
/Ued.’L‘:O, /pguedxzo, /jfdac:O, §§p€§§,
€€ L>(0,00; H?), 9;0¢ € L*°(0,00; L?)NL2(0,00; H'), (1.12)
uf € L>(0,00; H?)N L2(0,00; H?), dyuc € L>(0,00;L?) N L?(0,00; H'),
76,35 € L*°(0,00; L) N L?(0,00; H'), 8,(j§,45) € L*(0,00; L?),

with the corresponding norms that are uniformly bounded with respect to €. Furthermore,
(o€,uc,j§,7%) converge to (o,u,jo=0,j1=0) in certain Sobolev space as € —0, and there
exists a function w(x,t) such that (u,7) in C(0,00;H?) solves the following problem of
the incompressible Navier—Stokes equations:

(1.13)

du+u-Vu+Vr—puAu=0, divu=0,
u(-,0)=ug in T3,

where ug s the weak limit of u§ in H? with divug=0 in T?.

REMARK 1.1.  In the assumption (1.11), 0;0°(0) is indeed defined by —div(o§,u§)
+édivu8 through the density equation. Further, 0;u(0), 0:j§(0), and 0;75(0) are
defined by an analogous way.

Next we consider the singular limits of the following compressible Navier—Stokes—
Fourier-P1 approximate model arising in radiation hydrodynamics [3, 5]:
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Op+div(pu) =0, (1.14)
1
8t(pu)+div(pu®u)+€—2fo,uAuf(A+M)Vdivu:62h, (1.15)
1
Or(pe) +div (pue) + pdivu —div (kVT) = €2 <g|Vu+Vut|2 +)\(divu)2> +I—T4,
(1.16)
628tI0+diVI1 :T4—I0, (117)
€20i[1 +VIp=—1I; in T?x (0,00). (1.18)

For simplicity, we will consider the case that the fluid is a polytropic ideal gas, that

e:=CyT, p:=RpT. (1.19)
In the following, we introduce the new unknowns ¢ and 6 with

pi=1+e0, T:=1+€0. (1.20)

Then the non-dimensional system (1.14)—(1.18) can be rewritten as

1
3t(7—|—div(0u)—l——divuzO7 (1.21)
PO u+ pu - Vu—i— (VU+V€)+RV(09) pAu— (A +p)Vdivu=ea 17, (1.22)

Cyp(0:0+u-VO)+ R(pb+o)divu+ —divu— KAB
€1

=€ (g|Vu+Vut|2+)\(divu)2) +Io— (1+e€6)*, (1.23)
€20, Ip+divI; = (1+€,0)* — I, (1.24)
€20;[1 +VIp=—1I; in T?x(0,00). (1.25)

We impose the initial conditions

(O',U,07I(),Il)(-,0) = (Uo,UO,GmIoo,IlQ) in Ts. (126)

Very recently, Jiang—Li—Xie [14] studied the singular limit e — 0, when ¢; =1. The

aim of this paper is to study the singular limit e:=(e1,e2) — 0.

DEFINITION 1.1.

J
el g := Y NOFull rn—scrs),

=0

el 5 (O leﬁl M er—si(re)-

REMARK 1.2. To simplify the statement, similar to Remark 1.1, we have used d;u(0)
to signify the quantity d;u|;—o obtained through Equation (1.22), and 9?u(0) is given
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recursively by 9;(1.22) in the same manner. Similarly, we can define 9;0(0), 9,6(0),
0:15(0), 0:11(0), 925 (0), 820(0), 921(0), and 621;(0).

A local existence result for the problem (1.21)—(1.26) in the following sense can be
shown in a similar way as in [22]. Thus we omit the details of the proof.

PropPOSITION 1.1 (Local existence).  Let 0<ey,ea<1. Suppose that the initial data
(06,u§,00,160,150) satisfies that 1+e105>m >0 for some positive constant m, and

Ok a(0),0Fuc(0),0F6°(0),0F I5(0),0F 15 (0) € H>~H(T?), k=0,1,2.

Then there exists a positive constant T >0 such that the problem (1.21)—(1.26) has
a unique solution (o¢,uc,0°1§,1%), satisfying that 1+e€10¢>0 in T2 x (0,7¢), and for
k=0,1,2,
Of o, 0 I§,0F I € C([0,T; H* ™),
oFuc,0k0cc C([0,T); H**)NL2(0,T¢, H>").

THEOREM 1.2.  Assume that (o€,u¢,0° I§,1I5) is the unique solution obtained in Propo-
sition 1.1, where the initial data (o§,ug,05,150,15,) satisfies

(o, u,6°, I60, T50) 22 (0) + | (1+ €205) ™" | L= < Do. (1.27)

Then there exist positive constants Ty and D such that (o¢,uf,0°1§,1) satisfies the
following uniform estimates:

1
2

To
sup ([[(o,u,6%) 2.2+ [|(1+€109) ™ || ) () + (/0 |(U6796)|||§,2dt>

0<t<T,

+ sup (Ve (L5, 1) 2 + [[(L65, 1) | e + 110 (15, 17) [ 22) (2)
0<t<Tp

1
2

To
+</O ((157If)|%IQ+||at(l(§a[f)”%{1+||8t2(106a1f)|%2)dt> <D, (1.28)

with Dy, Ty, and D independent of €>0. Furthermore, (o¢,u,01I§,I5) converges to
(o,u,0,Ip=1,1; =0) in certain Sobolev space as ¢ — 0, and there exists a function 7(x,t)
such that (u,m) in C([0,Tp]; H?) solves the following problem of the incompressible
Navier—Stokes equations

{3tu+u~Vu+V7ruAuO, divu =0, (1.29)

u(-,0)=uy in T3,
where ug is the weak limit of ug in H? with divug=0 in T3.

DEFINITION 1.2. We denote
Me(t) = sup ([[(o°,u",6)]
0<s<t

+Os<ugt(\/5||(187ff)||m HNEG I + 110 (L5, 17) 1| 22) (s)
_s_

¢ 3 ¢ 3
+( / |||<uf,06>|||§,2ds) +( / |||<15,If>|||§,2ds) ,

l2.2(8)+ (1 +€10%) | o< (s))
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Mg :=M*(t=0).

THEOREM 1.3.  Let T be the mazimal time of existence for the problem (1.21)—(1.26)
in the sense of Proposition 1.1. Then for any t€[0,T¢), we have that

ME(t) < Co(ME) exp [tiC(ME(t))} : (1.30)

for some given nondecreasing continuous function Cy(-) and C(-).

Below we shall use C' to denote the generic positive constant which may change
from line to line and is independent of ¢; and es.
The remainder of this paper is devoted to the proofs of theorems 1.1, 1.2, and 1.3.

2. Proof of Theorem 1.1

Because the local existence for the problem (1.5)—(1.9) with fixed ¢ is standard [21],
we only need to prove Equation (1.12). To this end, we only need to prove that there
exists a constant <1 such that if

S (o) ()2 + [0 n) ) )l <, (2.1)

then for any ¢ € (0,77, it holds
(o) ()12 + (19 (07, ) () [ + 2l (oo ) () 7
+/Ot(||u§13+3t(07u)||?11 +11Go g 1 +110e (o, 1) 172)ds
<C||(0,u0) |32 + Ceall (o, i)l 1 + Cll0k (o1, jo,51) (-, 0) |- (2.2)

In fact, once Equation (2.2) is obtained, Equation (1.12) can be obtained directly and
the limit process is just an easy application of the uniform estimates and Arzeld—Ascoli
theorem.

First, we have that

/de:0, /jldx:(), /pudac=07 /patudx:O, (2.3)

. (2.4)

and

<p<

DO =
NIV

Testing Equation (1.5) with o, we see that

1d 1 1

1% GQd:L'JrG—/adivudx:75/UQdivudx§C||U||2L4||divu||L2 <Cn|lVoli.. (2.5)
1

Testing Equation (1.6) with u and using Equations (1.1) and (2.1), we find that

1d 1
ia/p|u\2dx—|—/(,u|Vu|2—|—()\—i—ﬂ)(divu)?)dx—&—:/uVadx
1

/ 1 o
z/MuVde—i—eg/jludm
€1

<Cllullzsllollze Vel Lz + el ll e [[ull 22
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<Cnl VoL +elliillellull e (2.6)
Summing up Equations (2.5) and (2.6), we infer that

1d

24 (o +plul )dw+/(u|VUI2+(A+u)(diVU)2)dﬂ¢§C??lWUII%z+62||j1HL2||UI|L2~

(2.7)
Applying V to Equation (1.5), testing by Vo, and using Equation (2.1), we derive
that

2dt/|v 12+ /levuVUda:——/Vdiv(au)Vde
<Cllullz2lloll =l Vol L2 < Cllo|Fe. (2.8)

Testing Equation (1.6) with Vdivu and using Equation (2.1), we get
1
(A 2u) || Vdivu||2. ff/VdivuVJdo:
€1

/ )
:/(put—|—pu-Vu)Vdivud:E—i—/IMVUVdivud:ﬂ—i—eg /j1Vdivudx
€1
1d

==5q p(divu) d:EJrl/puV(dlvu) d:er/pu'Vdeivudx

") — o' (1
N / P0) =P (D) G0 v divude + / j1Vdivuds
€1

<5 [ pldiveyde +Cllpl ol [dival o [ Velivall

+Clpll L [[ullLo< (| Vul 2 [ Vdivu| 2 + Cllo|| L6 | Vo L3 [ Vdivaul| 2
+ealjillp2 [ Vdivul| pe
1d . ‘ .
<—-— /p(dwu)2dx+cn||u||§{2 +Cnllo|3 + eallgn || o2 | Vdival| 2. (2.9)

Summing up Equations (2.8) and (2.9), we have that
Ld
2dt

<Cnllolz +Cnllulls +elljull 2| Vdival| 2. (2.10)

/(|VU|2—|—p(divu)2)dx+(>\+2,u)/\Vdivu|2dx

Denote w:=rotu. Applying rot to Equation (1.6), we observe that
pow+ pu-Vw — pAw = f +eorot jy, (2.11)
with

J=Vpx 8tU+ZV(/)Ui) X O;u.

i

Testing Equation (2.11) with d;w — Aw, we have that

5 dt/|rotw|2d:r+/(u\Aw|2+p|8tw\ )dx

:/[p@twAw—i—(f—pu-Vw)(atw—Aw)]dx—i—eg/rotjl(atw—Aw)dw
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=0y + 0y, (2.12)
It has been proved in [13] that

1d
£1§—5%/p\rotw|2dx+0n|\u||fqa+C77H8tu||§{1.

We bound /5 as follows.
by <ealrotjr[| 2 ([[Owl| L2 + | Aw| £2).

Substituting the above estimates into Equation (2.12), we have that

1d
o (u\rotw|2—|—p|r0tw\2)dx+/(u|Aw|2—|—p|3tw|2)da:
<OnllullFa +Cnlldvullin +e2llrot jil| 22 (0w 22 + [ Aw] £2).- (2.13)
Applying 0; to Equation (1.6), testing by Vdivu, and using Equation (2.1)

obtain

2
)\+ wd /‘levu|2 x——/patqulvud:C——/V@tJlevudx

/{[ ( e )VJ)—Fel@tau Vu+p(Owu-Vu+u- V@tu)} Vdivu
—|—p(div8tu)2+Vp8tudivatu}dx+62/atj1Vdivuda:
=:l3+1y. (2.14)

It has been proved in [13] that

We bound /4 as follows.
ly< €O Lz (| Vdivul|Lz.

Substituting the above estimates into Equation (2.14), we have that

2
A2 d /|levu|2dm——/p@tqulvudm——/V&thdlvudx

2
<Cn||V8tJ||L2 “!‘C??HleVU”Lz +C||8tu||H1 + €9 H@t]l ||L2 HVdIVUHLz

(2.15)

Applying V to Equation (1.5), testing by V9,0, and using Equation (2.1), we have
that
1
Voo |32 +f/V8tUVdivudm: —/Vdiv (cu)Voodx
€1

<Cllollazull g2V ro|l L2
SCUHUH%& +C’77\|V3ta||iz. (2.16)

Summing up Equations (2.15) and (2.16), we have that

)\—EQM d /\levu| dx——/pc?delvudx—l—/\V@m\ dx
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Applying V? to Equation (1.5), testing by V2o and using Equation (2.1), we have
that

1d
2.dt

—/[(u-V)V20+2Vu-V(VU)—|—V2u-VU—|—V2(adivu)]V20dw

/|V2 |*da+ — /VlevuVQde

<Cllullmsllo |3 < Cnllulliys +Cnllo||Z-- (2.18)

Applying V to Equation (1.6), testing by V2divu and using Equation (2.1), calcu-
lating as that in [13], we have that

1
(/\+2,u)HV2divu||%z—f/V2divuV20da:
€1
<Co||VAdivul|3. + O V|32 + Cnllul| -
+CO||Vrotwl||2s 4+ €2 V1| 22 | VAdivaul 2. (2.19)

for any 0<d<1.
Summing up Equations (2.18) and (2.19) and taking § small enough, we obtain

2dt/|V2o|2d$+ (A+p) /|V2d1vu|2daz
SCT]HU”H3 +O’I7||O'||H2 +C’||V3tu||H2 +OHVI‘Otw”%2 +€2||V]1||L2 HVleVU||L2 (220)
Applying 9; to Equation (1.5), testing by d;0 and using Equation (2.1), we have
that

1d
2 dt

<(0allpsllullze + lloll Lo [Opull Ls)[[VOea || L2
<Cn|deo |3 +Cnlldpul 7. (2.21)

1
(0y0)*dx + —/8tadiv8tuda?:/(atau—i—aatu)vatadm
€1

Applying 9; to Equation (1.6), testing by dyu, using Equation (2.1), and calculating
as that in [13], we reach

;C(lit/mat’UJ‘ dI+/(,LL|V8tu|2 ()\—F/l)(dlvatu) ) I—*/atodlvatuda:

<Cnlloeo|| 3 +Cnlldpull i + Cnllullfy + €201l 21| Opul| 2. (2.22)
Summing up Equations (2.21) and (2.22), we conclude that

1d
§£/((8t0>2+p|atu|2)dx+/(ﬂ‘vatu|2+()\+M)(divatu)2)dx

<Cnl|9eo |7+ CnllOpull 7+ Cllull s + €202t | 22 Ol - (2.23)

It follows from Equations (1.6) and (2.1) that

1 .
g\\VU||L2 <C||Owull2 + Cllull gz + Ceal| 1]l L2, (2.24)
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1 )
g||V20||L2 <Cllullgs +C|Opull g + Ce2| Vi | L2 (2.25)
The inequalities (2.3), (2.24), and (2.25) imply that
1 .
g||0||ﬁr2 < Cllull s +Clloull 1 + Cealljal - (2:26)

In addition, we use the following fact to control |lul|gs,
[ull s < C(lldivel g2 + [[rotull m2 + [Jull ) (2.27)

Testing Equations (1.7) and (1.8) with jy and ji, respectively, and summing up the
result, we get

€ d ) . . . )
25 [P [ +10P)do= [binds
<Ibllz ollz= < Cerllol o2 (228)

Applying V to Equations (1.7) and (1.8), testing by Vj, and Vji, respectively,
summing up the result, we have that

€ d ) . . .
25 QTP+ [FaPydor [(Viol 195 )ds
— [ 96 iode < [Vbl12[ Vol < Cerl] T2 Vol (229)

Applying 9; to Equations (1.7) and (1.8), testing by 0;jo and 9;j1, respectively, and
summing up the result, we arrive at

25 [ @iy + 10 Pydn+ [ (@) + 01 )da

— [ awdrjude < |0ub 2 01ol 1
<Ce 0| 2| jol| L2 (2.30)
Denote
<I>(t)::%/(a2+p|u\2+|Va\2+p(divu)2+u|rotw|2+p|rotw\2
+ k1 (A -2u) | Vdivu|? — ky pdyuVdivu + 2k | Vo |
+(910)* + plOyul® + e2(jg + 7 +[Viol* + Vi +1kdol” +104[*)d,
U (t) ::/(u|rotu|2+()\—I—Q,u)(divu)2+()\+2u)|Vdivu|2+M|Aw|2

+ plOsw|* + k1 |V Oso |2 + ko (A + p) | VEdivaul|? + plrot Opul?
+ (A +20) (divdyu)® + 35 + 37 + Vo > + Vi1 * + (9ejo) +|0ejr |7 da.
Applying  (2.7)+(2.10)+(2.13)4-ky (2.17)4+k2(2.20)+(2.23) +(2.28) +(2.29)+(2.30)

with suitable small k1 and ks, using Equations eqref20.26 and (2.27), taking e and 7
small enough, we conclude that

d
— 0 U <0.
0 +Co¥ <0
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Integrating the above inequality, we obtain Equation (1.12). Here we used the
well-known Poincaré inequality

a2 =

Thus we complete the proof of Theorem 1.1.

3. Proof of theorems 1.2 and 1.3

This section is devoted to the proof of theorems 1.2 and 1.3. In this section we
shall prove theorems 1.2 and 1.3 by combining the ideas developed in [1,4,8,15]. First,
by taking the similar arguments to those in [1,8,15], we know that in order to prove
Equation (1.28), we only need to show Equation (1 30)

Below we shall drop the superscript “€” of p¢,0,u,0¢, etc. for the sake of simplicity;
moreover, we write M€(¢) and M€(0) as M and MO, respectlvely Since the physical
constants k,Cy, and R do not bring any essential difficulties in our arguments, we shall
take k=Cy =R=1.

First, by the same calculations as that in [4], we get

(lollz.2 +llp™ |z ) () < Co(Mo) exp(VEC (M), (3.1)
(0w, O) (0172 + 1 (w012 (0,1:01) < Co(Mo) exp(VEC (M), (3.2)
1(Vo,diva, VO) () 72 + [|(Vdive, A0)|[ 72 1:2) < Co(Mo)exp(VEIC(M)).  (3.3)

LeEMMA 3.1.  For any 0<t<min(7T*¢,1), we have that
Jeotu(®)[2: + ot 2ulZs g ) < ColMo)exp(VIC(M)).
Proof. Let w:=rotu. From Equation (1.22) we easily derive
p(Opw+u-Vw) — pAw= K +egrot I, (3.4)

where K := f(8jp8tui — 8ip8tuj) — [aj (puk)akuz 761‘ (puk)akuj]
Testing Equation (3.4) with w and using Equation (1.14), we see that

*H\/EW( MZe +pllrotwl|Fa g 42

=Co(Mp)+ / /Kwd:cds+62/ /rotIlwdxds

<Co(Mp) exp(VEC(M)) 4¢3 / TP
<Co(My)exp(VIC(M)),

which leads to the lemma, where we used the estimate in [4]:

/Ot/KwdxdsSCO(MO)exp(\/iC(M)).

LEMMA 3.2.  For any 0<t<min(7T*¢,1), we have that

10 (0,u,0) (1)]|7.2 + || (xot Dyu, div Dy, VOO || 2 g 1.12) < Co(Mo) exp(VEC (M)).
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Proof.  Applying the operator 9; to Equations (1.21)—(1.23), we find that

8,520—|—idiv6tu=—divat(au), (3.5)
€1
p(02u+u-Vou)+ ?(V@m +V00) — pAdyu— (A + p)Vdivoru
1
=—OpOru— 0 (pu)-Vu— RV O (00) + €20 11, (3.6)

Cyp(020+u-Vo,0)+ Ediv@tu —kAOH
€1
=€10y <%|Vu—|—Vut\2 + /\(divu)2> —Cy O p0rt
—Cy0(pu)- VO — RO ((ph+o)divu) + 0, (Io — (1 +€10)%). (3.7)

Testing Equations (3.5), (3.6), and (3.7) with Rd;o, dyu, and 9,0, respectively, then
doing as that in [4], we reach the lemma. O

By the very similar calculations as in [4], we get

1(Vdive, AO) (1) 22 +[18:V(0,0) 172 (0,1,12) < Co(Mo) exp(VEIC(M)). (3.8)

LEMMA 3.3.  For any 0<t<min(7T*¢,1), we have that
lrot®u(t) |22 + | Arotul|Z2(g 4 p2) < Co(Mo) exp(VEIC(M)).
Proof. Testing Equation (3.4) with —Aw, we obtain
1
illx/ﬁfotwlliz () + 1l Awl[Z2 o 4;12)
t t
§C’0(M0)7/ /KAwdxder/ /on(V\rotw|2+AwVw)dzds
0 0
¢
—62/ /rotIlAwdxds::Kl + Ko+ K3+ Ky. (3.9)
0

It has been proved in [4] that
K1 —|—K2 —|—K3 S Oo(Mo)eXp(\/iC(M))

We bound K4 as follows.
t
K4 S 62/ HI‘OtIlan ||Aw||L2ds S 62\/£C(M)
0

Substituting the above estimates into Equation (3.9) gives the lemma. ]

LEMMA 3.4.  For any 0<t<min(7T*,1), we have that

/0 |[rot dyw|| g1 ds < Co(Mp) exp(VtC(M)).

Proof. Applying the operator 9; to Equation (3.4), we deduce that

p(@fw—i—u-vatw)—uA@thQ—i—egatrotIl, (3.10)
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where
Q:=0: K —9(pu) - Vw— 0 pdyw.

Then by the very similar calculations as that in [4], we reach the lemma. 0

LEMMA 3.5.  For any 0<t<min(7*,1), we have that

10 (D172 +10: V|2 (0,1,1.2) < Co(Mo) exp(VEC(M)).

Proof.  Testing Equation (3.10) with d;w and using Equation (1.14), we observe
that

1
§||\/i58tw”2L2(t)+U||V8tw||2L2(0,t;L2)
t ¢
zCo(MO)+/ /Q@twdxds—i—eg/ /8tr0t118twdxds. (3.11)
0 0

It has been proved in [4] that

/Ot/Qatwda:dsSCO(MO)exp(\/EC(M)).

We bound the third term of right-hand side of Equation (3.11) as

t
62/ /@roth@twdxds
0

t
<er / |8urot Iy = | Byl 2 ds
0

t

<e;C(M) / |Byrot In|| p2ds
0

<VIC(M).

Substituting the above estimates into Equation (3.11) yields the lemma. o

Now, by the very similar calculations as that in [4], we conclude that

104 (Vor, divu, V0) (£) |32 + |05 (Vdivee, A0) 220 4.2 < Co(Mo) exp (t%O(M)) . (3.12)
V20 ()72 + 1| V2divul|72 g 1.2y < Co(Mo) exp(VEC(M)), (3.13)
161 2(0.0:1) < Co(Mo)exp (tHC(M)), (3.14)
10 (7,6 (1) 32 + 19 (14,6) 32 0.101) < Co(Mo) exp (+FC(M) ). (3.15)

Finally, we estimate Iy and I in order to close the energy estimate.

LEMMA 3.6.  For any 0<t<min(7T*,1), we have that

\/aH(IOJl)(t)”QHZ+||(107[1)(t)||2H1+||at(10711)(t)||%2+/0 I(Zo, 11)II3 2ds

<Co(Mp)exp(VEC(M)).
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Proof.  Testing Equations (1.24) and (1.25) with Iy and I3, respectively, summing
up the resulting inequality, we infer that

t
%2 (I§+|11|2)(t)dz+/ /(I§+|Il|2)dxds
0

gCO(MO)+/t/(1+618)410d:13ds
0
<Co(My)exp(VtC(M)). (3.16)

Applying A to Equations (1.24) and (1.25), testing by Aly and AL, respectively,
summing up the resulting equalities, we have that

%2 ((AIO)2+|A11|2)(t)d:v+/0t/((AIO)2+AI12)dxds

t
SC’O(MO)+/ /A(1+619)4-A10dxds
0

<Co(Mo) + / JAQL +e20) 12| AT | 2ds
<Co(Mo)exp(VIC(M)). (3.17)

Applying 0;V to Equations (1.24) and (1.25), testing by V9:Iy and VI, respec-
tively, summing up the resulting equalities, we have that

t
%2 (|V8tIo|2+|V8t11|2)(t)dx+/ /(|vat10|2+|vat11|2)dxd5
0

SC()(MQ)+/t/8tV(1+619)46tV10d$d8
0
<Co(My)exp(VtC(M)). (3.18)

Applying 97 to Equations (1.24) and (1.25), testing by 071y and 9713, respectively,
summing up the resulting equalities, we have that

t
2 [t iotnPyodn+ [ [ (@) + 021 dads
0

SC()(MQ)+/t/(9t2(1+610)48t2]0d1‘d$
0
<Co(Mp)exp(VtC(M)). (3.19)

It follows from Equations (3.16) and (3.18) that

t t
||(I0,I1)(t)||%11 SCO(M0)+2/ /VIoatVIodl'd8+2/ /Ioat.[odl'ds
0 0

t t
+2/ /Vfl-atVIldl‘dS—f—Q/ /Ilatlldl‘ds
0 0

<Co(Mp)exp(VIC(M)). (3.20)

t t
10¢(To, I1) () || 32 gCO(M0)+2/ /8t108t2[0dmds+2/ /8t118t2[1dxds
0 0
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<Co(Mp)exp(VtC(M)). (3.21)

Combining Equations (3.16)—(3.21), we prove the lemma. ]

By collecting all the above results together, we completes the proof of Equation
(1.30).
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