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A ROBUST HIGH-ORDER DISCONTINUOUS GALERKIN METHOD
WITH LARGE TIME STEPS FOR THE COMPRESSIBLE

EULER EQUATIONS∗

FLORENT RENAC†

Abstract. We present a high-order Lagrange-projection like method for the approximation of
the compressible Euler equations with a general equation of state. We extend the method introduced
in Renac [F. Renac, Numer. Math., 2016, DOI 10.1007/s00211-016-0807-0] in the case of the isen-
tropic gas dynamics to the compressible Euler equations and minimize the numerical dissipation by
quantifying it from a parameter evaluated locally in each element of the mesh. The method is based
on a decomposition between acoustic and transport operators associated to an implicit-explicit time
integration, thus relaxing the constraint of acoustic waves on the time step as proposed in Coquel et
al. [F. Coquel, Q. Long-Nguyen, M. Postel and Q.H. Tran, Math. Comput., 79:1493–1533, 2010] in
the context of a first-order finite volume method. We derive conditions on the time step and on a
local numerical dissipation parameter to keep positivity of the mean value of the discrete density and
internal energy in each element of the mesh and to satisfy a discrete inequality for the physical entropy
at any approximation order in space. These results are then used to design limiting procedures in order
to restore these properties at nodal values within elements. Moreover, the scheme is designed to avoid
over-resolution in space and time in the low Mach number regime. Numerical experiments support the
conclusions of the analysis and highlight stability and robustness of the present method when applied to
either discontinuous flows or vacuum. Large time steps are allowed while keeping accuracy on smooth
solutions even for low Mach number flows.

Keywords. Lagrange-projection; discontinuous Galerkin method; explicit-implicit; entropy-
satisfying; positivity-preserving; compressible Euler equations
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1. Introduction
This work pursues the nonlinear analysis of a robust high-order space-time integra-

tion method for the description of transport phenomena in fluid flows [22]. In many
applications these phenomena are associated to slow waves compared to the fast acoustic
waves and require accurate resolution, a classical example being the numerical simu-
lation of low speed flows. Numerical methods are however usually designed for the
resolution of all waves and suffer from restriction of the fast waves. In standard explicit
shock-capturing methods the time step is limited by the fast waves to ensure stability of
the numerical scheme. Moreover, their numerical diffusion is proportional to the speed
of the fastest waves and impose over-resolution in space and time.

Our objective here is to describe accurately the transport phenomena, while relaxing
the time step constraint due to the acoustic waves via a CFL condition. For that
purpose, we consider a Lagrange-projection (LP) like method introduced in [10] in
the context of a first-order finite volume discretization of the Euler equations. This
method uses the Lagrange-projection framework [15] for the splitting of acoustic and
transport operators, but no mesh movement is applied. The acoustic operator is solved
in Lagrangian coordinates, while the projection onto the grid is replaced by the transport
operator. The Lagrange step is integrated in time with an implicit backward-Euler
scheme in order to relax the time step restriction associated to acoustic waves. An
explicit forward Euler method is applied to the transport step in order to accurately
describe associated unsteady phenomena. A relaxation scheme is then used for the
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814 A HIGH-ORDER LAGRANGE-PROJECTION LIKE SCHEME

approximation of nonlinearities associated to the equation of state [9,13] which consists
in using an approximate quasi-linear system with stiff relaxation source terms for the
design of an efficient approximate Riemann solver for the Euler equations. This method
was then extended to high orders of approximation in [22] by using a discontinuous
Galerkin (DG) method [17, 18] and constitutes the LPDG scheme. DG discretizations
are now widely used for the solution of nonlinear convection dominated flow problems
[7,8,14,23–25]. The analysis of this scheme in [22] was restricted to the isentropic Euler
equations and established conditions on the time step and on a parameter setting the
amount of numerical dissipation to guaranty positivity of density and satisfy a discrete
entropy inequality.

We note that the present work share some similarities with preceding contributions
from the literature. The high-order DG discretization of a LP like method was first
proposed in [11] where the use of a linearized Riemann solver allowed one to prove
an entropy inequality for the acoustic step similar to the one in Equation (4.20). The
discretization of the convective step was different, however, and no results for positivity
and stability were established for the whole LP step. The method was then successfully
applied to the multi-dimensional Euler equations in axisymmetric geometry in [12].
Other approaches for the discretization of the Euler equations in Lagrangian coordinates
may also be found in [29,30].

On the one hand, the present work addresses two limitations of the LPDG scheme
in [22]: the restriction to the isentropic Euler equations and a global parameter tuning
the numerical dissipation. First, the numerical scheme is extended to the compressible
Euler equations with a general equation of state. We derive conditions to guaranty
positivity of the mean values of the discrete density and internal energy, as well as to
satisfy a discrete inequality for the physical entropy. Compared to the work in [22], the
proof for the entropy inequality uses an argument based on reversing the roles of energy
conservation and entropy inequality as initially introduced in [9]. Then, conditions for
positivity and stability are given for a numerical dissipation parameter evaluated locally
in each mesh element. This aspect is important to keep accuracy in smooth regions of
the flow where large numerical dissipation is not needed. The effect of the numerical
flux on the quality of the approximation is known to decrease as the polynomial degree
p in the DG method increases [8, 20, 21]. However, the present method is based on a
relaxation approximation [4,5,9,13] of the Euler equations with a quasi-linear enlarged
system thus introducing dissipation through the PDE model. In order to limit this
effect, we derive an evolution equation for the Lagrangian sound speed which allows
one to evaluate locally the numerical dissipation needed to satisfy a subcharacteristic
condition for stability. This strategy is also used for instance to design schemes adapted
to vacuum [3].

On the other hand, the scheme is designed with the objective of overcoming issues
related to over-resolution in space and time in the low Mach number limit. The acoustic
terms are integrated with an implicit time discretization, while the use of characteristic
variables in the discrete acoustic scheme avoids the divergence of the numerical dissipa-
tion as the Mach number tends to zero. A scale analysis of the truncation error of the
discrete scheme in the low Mach number limit as well as numerical experiments support
the relevance of this approach.

Finally, the properties of the numerical scheme are satisfied by the mean value of
the numerical solution in the elements of the mesh in the same spirit as the positivity
preserving scheme in [19] and the entropy satisfying scheme in [1]. A posteriori limiters
introduced in [31, 32] are then applied to extend the properties to nodal values within
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elements.

The paper is organized as follows. Section 2 presents the model problem with the
system of compressible Euler equations (Section 2.1) and the splitting between acoustic
and transport operators together with the relaxation approximation of the acoustic
step (Section 2.2). The numerical approach for the high-order space discretization is
introduced in Section 3, while time discretization is described in Section 4. The first-
order implicit-explicit time integration is described in Section 4.1, the properties of the
numerical scheme are analyzed in Section 4.2, low Mach number behavior is investigated
in Section 4.3, and limiting strategies are discussed in Section 4.4. These results are
assessed by several numerical experiments in Section 5. Finally, concluding remarks
about this work are given in Section 6.

2. One-dimensional model problem

2.1. Compressible Euler equations. The discussion in this paper focuses on
the compressible Euler equations in one space dimension. Let Ω=R be the space domain
and consider the following problem

∂tu+∂xf(u) = 0, in Ω×(0,∞), (2.1a)

u(·,0) = u0(·), in Ω, (2.1b)

where

u=

⎛⎝ ρ
ρu
ρE

⎞⎠ , f(u)=

⎛⎝ ρu
ρu2+p

(ρE+p)u

⎞⎠
represent the conservative variables and nonlinear convective fluxes with ρ the density,
u the velocity, E= e+u2/2 the specific total energy, and e the specific internal energy.
Equations (2.1) are supplemented with a general equation of state for the specific in-
ternal energy of the form e= e(τ,s) with τ =1/ρ the specific volume and s the specific
entropy defined by the first and second laws of thermodynamics

Tds=de+pdτ,

with T the temperature. Under classical assumptions, the pressure may be defined by
p=−(∂τe)s through the relation p=p(τ,s). The system (2.1a) is strictly hyperbolic
over the set of states

Ωa={u∈R3 : ρ>0,u∈R,E− u2

2 >0},

with eigenvalues μ1=u−c, μ3=u+c associated to nonlinear fields and μ2=u associated
to a linearly degenerate field. The sound speed is defined by c(τ,s)=

√−τ2(∂τp)s.
Note that it will be useful in the following to also express the internal energy

and entropy as functions of the conservative variables: e(u)=
(
ρE−(ρu)2/2ρ

)
/ρ and

s(u)=s
(
1/ρ,e(u)

)
.

It may be easily verified that the mapping U :Ωa�u �→U(u)=−ρs(u)∈R is a
strictly convex function [15]. Physically relevant solutions to the problem (2.1) must
hence satisfy an inequality of the form

∂tU+∂x(Uu)≤0. (2.2)
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2.2. Acoustic-transport operator splitting. Following [10,22], we decompose
the system (2.1a) between acoustic and transport operators with a sequential splitting:
the acoustic step reads

∂tu+(∂xu)u+∂x

⎛⎝ 0
p
pu

⎞⎠=0; (2.3)

then, setting ft(u)=uu, the transport step reads

∂tu+∂xft(u)−(∂xu)u=0. (2.4)

Let m be the mass variable defined by dm=ρ0(x)dx. We approximate the space
derivative operator τ∂x by τ(x,0)∂x with τ(·,0)=1/ρ0(·) in the acoustic step. Assuming
smooth solutions, the system (2.3) may be rewritten into the equivalent form

∂tτ−∂mu=0, ∂tu+∂mp=0, ∂tE+∂m(pu)=0. (2.5)

Solutions to the acoustic step (2.5) may be approximated by solutions of the fol-
lowing Suliciu relaxation system [5]

∂tw+∂mfa(w)= s(w), (2.6)

with

w=

⎛⎜⎜⎜⎜⎝
τ
u
E
Π
a2

a

⎞⎟⎟⎟⎟⎠ , fa(w)=

⎛⎜⎜⎜⎜⎝
−u
Π
Πu
u
0

⎞⎟⎟⎟⎟⎠ , s(w)=

⎛⎜⎜⎜⎜⎝
0
0
0

−Π−p(τ,s)
a2ε
0

⎞⎟⎟⎟⎟⎠ , (2.7)

where ε>0 represents a characteristic relaxation time. Equation (2.6d) models the
evolution of the pressure relaxation, Π, in flows subject to mechanical disequilibrium.
The variable Π may be viewed as a linearization of the pressure p around its equilibrium,
Π=p(τ,s), while a>0 is a parameter that approximates the Lagrangian sound speed,
ρc. It may be shown that the relaxation system (2.6) is a dissipative approximation of
the acoustic step (2.5) under the subcharacteristic condition

a>max
τ,s

√
−
(∂p
∂τ

)
s
, (2.8)

for all τ and s under consideration. In the limit of instantaneous relaxation this ensures
that

lim
ε→0

Π=p(τ,s), (2.9)

and system (2.6) converges formally toward the system (2.5). We refer the reader to [5,9]
for an in-depth discussion on the relaxation approximation of the Euler equations.

With a slight abuse, in the following the whole vector w will be referred to as the
Lagrange variables. We note that the choice of the non uniform relaxation parameter,
a, in the system (2.6) will allow to locally adapt the amount of numerical dissipation of
the numerical scheme (see Section 4.1).



FLORENT RENAC 817

It may be shown that the homogeneous system (2.6) is hyperbolic over the set of
states

Ωr={w∈R5 : ρ>0,u∈R,E− u2

2 >0,Π∈R,a>0},
with eigenvalues μ1=−a<μ2=μ3=μ4=0<μ5=a associated to linearly degenerate

fields. The characteristic variables associated with these eigenvalues are
↼
w=Π−au,

J =Π+a2τ , Y = e−Π2/2a2, a, and
⇀
w=Π+au, respectively, and satisfy

∂t
↼
w−a(∂mΠ−a∂mu) = 0, (2.10a)

∂tJ = 0, (2.10b)

∂tY = 0, (2.10c)

∂ta = 0, (2.10d)

∂t
⇀
w+a(∂mΠ+a∂mu) = 0. (2.10e)

Moreover, one may easily solve the Riemann problem defined by system (2.6) with-
out source terms, i.e., ε→∞, associated with the initial condition w(m,0)=wL if m<0
or w(m,0)=wR if m>0, where wL and wR are in Ωr. The unique solution to this prob-
lem is the self-similar solution W(·;wL,wR) defined by

W(mt ;wL,wR)=

⎧⎪⎪⎨⎪⎪⎩
wL,

m
t <−aL,

w�
L, −aL< m

t <0,
w�

R, 0< m
t <aR,

wR,
m
t >aR,

(2.11)

where w�
L=(τ�L,u

�,E�
L,Π

�/a2L,aL)
�, w�

R=(τ�R,u
�,E�

R,Π
�/a2R,aR)

�, and

u�= aLuL+aRuR+ΠL−ΠR

aL+aR
, (2.12a)

Π�= aRΠL+aLΠR+aLaR(uL−uR)
aL+aR

, (2.12b)

τ�L= τL+
u�−uL

aL
, τ�R= τR+ uR−u�

aR
, (2.12c)

E�
L=EL− Π�u�−ΠLuL

aL
, E�

R=ER− ΠRuR−Π�u�

aR
. (2.12d)

Indeed, using the linear degeneracy of fields associated to eigenvalues μ1=−a and
μ5=a, we obtain a�L=aL and a�R=aR. The Rankine–Hugoniot relations associated with
the continuity and momentum Equations (2.6a,b) through the steady 2-wave impose
u�
L=u�

R=u� and Π�
L=Π�

R=Π�. Now, applying the Rankine–Hugoniot relations across
the 1- and 5-waves, one obtains

−aL(τ
�
L−τL)+(u�−uL) = 0, (2.13a)

aR(τR−τ�R)+(uR−u�) = 0, (2.13b)

−aL(u�−uL)−(Π�−ΠL) = 0, (2.13c)

aR(uR−u�)−(ΠR−Π�) = 0, (2.13d)

−aL(E�
L−EL)−(Π�u�−ΠLuL) = 0, (2.13e)

aR(ER−E�
R)−(ΠRuR−Π�u�) = 0. (2.13f)

Adding and subtracting Equations (2.13c) and (2.13d), one obtains the expressions
for u� and Π�, respectively. Then, Equations (2.13a) and (2.13b) lead to the expressions
(2.12c), while Equations (2.13e) and (2.13f) give Equation (2.12d).
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3. Discontinuous Galerkin formulation
The DG method consists in defining a discrete weak formulation of problem (2.4),

(2.6), and (2.1b). The domain is discretized with a grid Ωh=∪j∈Zκj with cells κj =
[xj− 1

2
,xj+ 1

2
], xj+ 1

2
=(j+ 1

2 )h and h>0 the space step (see Figure 3.1) that we assume
to be uniform without loss of generality.

Fig. 3.1. Mesh with definition of left and right traces at interfaces xj± 1
2
.

3.1. Numerical solution. We look for approximate solutions in the function
space of discontinuous polynomials Vp

h ={vh∈L2(Ωh) : vh|κj
∈Pp(κj), κj ∈Ωh}, where

Pp(κj) denotes the space of polynomials of degree at most p in the element κj . The
approximate solution to the Euler Equations (2.1) is sought under the form

uh(x,t)=

p∑
l=0

φl
j(x)U

l
j(t), ∀x∈κj , κj ∈Ωh, t≥0, (3.1)

where Ul
j =(ρlj ,ρU

l
j ,ρE

l
j)

� constitute the degrees of freedom (DOFs) in the element κj

and are associated to conservative variables. The subset (φ0
j , . . . ,φ

p
j ) constitutes a basis of

Vp
h restricted onto a given element. In this work we will use the Lagrange interpolation

polynomials �0≤k≤p associated to the Gauss–Lobatto nodes over the segment [−1,1]:
s0=−1<s1< · · ·<sp=1:

�k(sl)= δk,l, 0≤k,l≤p, (3.2)

with δk,l the Kronecker symbol. The basis functions in a given element κj thus read
φk
j (x)= �k(σj(x)), where σj(x)=2(x−xj)/h and xj =(xj+ 1

2
+xj− 1

2
)/2 denotes the cen-

ter of the element.
The DOFs thus correspond to the point values of the solution, e.g., given 0≤k≤p,

j in Z, and t≥0, we have uh(x
k
j ,t)=Uk

j (t) for xk
j =xj+skh/2. The left and right

traces of the numerical solution at interfaces xj± 1
2
of a given element hence read (see

Figure 3.1):

u−
j+ 1

2

(t) := uh(x
−
j+ 1

2

,t)=Up
j (t), ∀t≥0, (3.3a)

u+
j− 1

2

(t) := uh(x
+
j− 1

2

,t)=U0
j (t), ∀t≥0. (3.3b)

For the discretization of Equations (2.6), we use the interpolation polynomials

wh(x,t)=

p∑
l=0

φl
j(x)W

l
j(t), ∀x∈κj , κj ∈Ωh, t≥0, (3.4)



FLORENT RENAC 819

where Wl
j =(τ lj ,U

l
j ,E

l
j ,Π

l
j/a

2
j ,aj)

� are coefficients associated to Lagrange variables.
Note that aj is now a numerical parameter and is assumed to be uniform within each
element κj . In the following, we will also use nodal values of entropy and internal
energy:

Sl
j(t)=s

(
τ lj(t),e

l
j(t)

)
, elj(t)=El

j(t)−
(U l

j(t))
2

2
. (3.5)

Moreover, assuming equilibrium ε→0 for the relaxation system (2.6), the physical
and relaxation pressures satisfy

Πk
j (t)=p

(
τkj (t),S

k
j (t)

)
, 0≤k≤p, t>0. (3.6)

As a consequence, the conservative (3.1) and Lagrange variables (3.4) may be related
in a weak sense by the relations

Wk
j (t) = w(Uk

j (t)) 0≤k≤p, t≥0, (3.7a)

Uk
j (t) = u(Wk

j (t)) 0≤k≤p, t≥0, (3.7b)

where

w :Ωa→Ωr ; u �→w(u)=
(

1
ρ ,

ρu
ρ , ρEρ , 1

a2 p(
1
ρ ,s

(
1
ρ ,

ρE
ρ − (ρu)2

2ρ2 )
)
,a
)�

,

u :Ωr→Ωa ; w �→u(w)=
(

1
τ ,

u
τ ,

E
τ

)�
,

denote, with a slight abuse, the change from conservative to Lagrange variables and its
inverse, a being evaluated from the condition (2.8).

3.2. Space discretization. We follow the method introduced in [22] for the
space discretization. Substitute Equation (3.4) into the acoustic step without source
term, i.e., the system (2.6) with ε→∞. Multiply it with a test function vh in Vp

h with
support in a given element κj and integrate by parts over κj to obtain∫

κj

vh∂twhdx−
∫
κj

fa(wh)∂x(vhτh)dx+
[
vhτhha(w

−
h ,w

+
h )
]x

j+1
2

x
j− 1

2

=0,

where the physical flux at interfaces has been replaced by the numerical flux defined
from the solution of the Riemann problem (2.11):

ha(w
−
j+ 1

2

,w+
j+ 1

2

)= fa
(W(0;w−

j+ 1
2

,w+
j+ 1

2

)
)
=

⎛⎜⎜⎜⎜⎜⎝
−u�

j+ 1
2

Π�
j+ 1

2

Π�
j+ 1

2

u�
j+ 1

2

u�
j+ 1

2

0

⎞⎟⎟⎟⎟⎟⎠ , (3.8)

with data at equilibrium, i.e., Π±
j+ 1

2

=p
(
τ±
j+ 1

2

,s(τ±
j+ 1

2

,e±
j+ 1

2

)
)
.

Using a second integration by parts of the second integral, the semi-discrete equation
may be equivalently written as∫

κj

vh∂twhdx+

∫
κj

vhτh∂xfa(wh)dx+
[
vhτh

(
ha(w

−
h ,w

+
h )− fa(wh)

)]xj+1
2

x
j− 1

2

=0. (3.9)
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Likewise, considering the approximate solution (3.1) for the space discretization of
the transport problem (2.4), the semidiscrete form reads∫

κj

vh∂tuhdx+

∫
κj

(vhuh)∂xuhdx+
[
vh
(
ht(u

−
h ,u

+
h )−hu(u

−
h ,u

+
h )uh

)]xj+1
2

x
j− 1

2

=0, (3.10)

where ht :Ω
a×Ωa→R

3 and hu :R×R→R denote upwind numerical fluxes consistent
with the physical fluxes of the transport step: ht(u,u)=uu and hu(u,u)=u. Introduc-
ing

ûj+ 1
2
=

{
Up

j , u�
j+ 1

2

>0,

U0
j+1, u

�
j+ 1

2

≤0,
(3.11)

where the quantity u�
j+ 1

2

is defined from the numerical flux (3.8) for the acoustic step,

we set

ht(u
−
j+ 1

2

,u+
j+ 1

2

)=u�
j+ 1

2
ûj+ 1

2
=(u�

j+ 1
2
)+Up

j +(u�
j+ 1

2
)−U0

j+1, (3.12)

where

(u�
j+ 1

2
)+=max(u�

j+ 1
2
,0), (u�

j+ 1
2
)−=min(u�

j+ 1
2
,0),

represent positive and negative parts of u�
j+ 1

2

. Then, we set

hu(u
−
j+ 1

2

,u+
j+ 1

2

)=u�
j+ 1

2
. (3.13)

Following [22], the integrals in the semidiscrete Equations (3.9) and (3.10) are ap-
proximated by using a Gauss–Lobatto quadrature with nodes collocated with the inter-
polation points of the numerical solution∫

κj

f(x)dx� h

2

p∑
l=0

ωlf(x
l
j),

with ωl>0,
∑p

l=0ωl=2, xl
j =xj+slh/2 the weights and nodes of the quadrature rule,

and sl defined in Equation (3.2). This leads to the definition of the discrete inner
product in the element κj

〈f,g〉pj =
h

2

p∑
l=0

ωlf(x
l
j)g(x

l
j).

The integration by parts used in Equations (3.9) and (3.10) are thus replaced by
summation by parts. As noticed in [16], this operation holds true in a weak sense for
general functions f by considering its interpolation polynomial of degree p at integration
points: fh(·)=

∑p
l=0f(x

l
j)φ

l
j(·).

The present collocation strategy is important for the theoretical analysis in
Section 4 as it allows simple evaluation of integrals and trace values of the solution at
interfaces.
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4. Time discretization

4.1. First-order time discretization. Let t(n)=nΔt, with Δt>0 the time

step, and use the notation u
(n)
h (·)=uh(·,t(n)). The time integration of the Euler equa-

tions with LP over a time step is done with a sequential splitting: homogeneous acoustic
step (3.9) over (t(n),t(n+1−)] and transport step (3.10) over (t(n+1−),t(n+1)]. Relaxation
mechanisms in the system (2.6) are taken into account by imposing data at equilibrium
at each time step: Πk

j (t
(n))=p

(
τkj (t

(n)),Sk
j (t

(n))
)
with Sk

j (t
(n)) defined by Equations

(3.5).
We use an implicit backward-Euler scheme for the time discretization of the acoustic

step over (t(n),t(n+1−)]. Approximating the mass variable by Δm= τkj (t
(n))h at point

xk
j over (t(n),t(n+1−)] and setting vh=φk

j into (3.9), the discrete scheme now reads

Wk,n+1−
j =Wk,n

j −λkτ
k,n
j

[〈
∂xfa(w

n+1−
h ),φk

j

〉p
j

+δk,p
(
ha(W

p,n+1−
j ,W0,n+1−

j+1 )− fa(W
p,n+1−
j )

)
−δk,0

(
ha(W

p,n+1−
j−1 ,W0,n+1−

j )− fa(W
0,n+1−
j )

)]
, (4.1)

for all 0≤k≤p and j in Z, where we have used the notations Wk,n
j =Wk

j (t
(n)) and

λk=2λ/ωk with λ=Δt/h. without any possible confusion on the time and trace values.

The last equation in the system (4.1) imposes an+1−
j =anj , so aj is constant over

the whole time step (t(n),t(n+1)]. The subcharacteristic condition (2.8) is then imposed
at the discrete level by requiring that

anj > max
0≤k≤p

max
θ∈[0,1]

√
−∂τp

(
θτk,nj +(1−θ)τk,n+1−

j ,Sk,n
j

)
, n∈N, j∈Z. (4.2)

Likewise, we use an explicit forward Euler time integration of the semidiscrete
transport Equations (3.10). Introducing the definitions of the numerical fluxes (3.12)
and (3.13), we obtain

Uk,n+1
j =Uk,n+1−

j −λk

[〈
un+1−
h ∂xu

n+1−
h ,φk

j

〉p
j

+δk,pu
�,n+1−

j+ 1
2

(
ûn+1−

j+ 1
2

−Up,n+1−
j )−δk,0u�,n+1−

j− 1
2

(
ûn+1−

j− 1
2

−U0,n+1−
j )

]
. (4.3)

The discrete problem for the Euler equations now reads: for all times t(n+1) with
n≥0 find uh(·,t(n+1)) in (Vp

h)
3 such that Equations (4.1)–(4.3) are satisfied with

Wk,n
j = w

(
Uk,n

j

)
, 0≤k≤p, j∈Z, (4.4a)

Uk,n+1−
j = u

(
Wk,n+1−

j

)
, 0≤k≤p, j∈Z, (4.4b)

given by the transformations (3.7).
The time sequence uh(·,t(n)) is associated with the initial condition wh(·,0)=

w
(
u0(·)

)
in a weak sense, which reduces to Wk,0

j =w
(
u0(x

k
j )
)
for all 0≤k≤p and

j in Z.
Note that the acoustic step (4.1) may be rewritten as an implicit problem for the

conservative variables. Indeed, we observe that the first component of the discrete

Equation (4.1) reads τk,n+1−
j =Lk,n+1−

j τk,nj with

Lk,n+1−
j =1+λk

[〈
∂xu

n+1−
h ,φk

j

〉p
j



822 A HIGH-ORDER LAGRANGE-PROJECTION LIKE SCHEME

+δk,p(u
�,n+1−

j+ 1
2

−Up,n+1−
j )−δk,0(u

�,n+1−

j− 1
2

−U0,n+1−
j )

]
=1+λk

[
−〈

un+1−
h ,dxφ

k
j

〉p
j
+δk,pu

�,n+1−

j+ 1
2

−δk,0u
�,n+1−

j− 1
2

]
. (4.5)

Assuming that τk,nj >0 and τk,n+1−
j >0 (see (4.15) in Lemma 4.1), the first compo-

nent of the system (4.1) may thus be rewritten under the form

Lk,n+1−
j ρk,n+1−

j =ρk,nj . (4.6)

Then, dividing the three first components of the system (4.1) by τk,nj >0, using

Uk,n
j /τk,nj =Lk,n+1−

j ρUk,n+1−
j and Ek,n

j /τk,nj =Lk,n+1−
j ρEk,n+1−

j from Equation (4.6),
summing with Equation (4.3) and following the lines in Theorem 3 in [22], one obtains
the LPDG scheme which constitutes a conservative approximation consistent in time
and space with the Euler Equations (2.1a):

Uk,n+1
j =Uk,n

j −λk

[
−〈

f(un+1−
h ),dxφ

k
j

〉p
j
+δk,ph

n+1−

j+ 1
2

−δk,0h
n+1−

j− 1
2

]
, (4.7)

with the following numerical flux evaluated from DOFs at time t(n+1−):

hn+1−

j+ 1
2

=

⎛⎜⎜⎜⎜⎝
u�,n+1−

j+ 1
2

ρ̂n+1−

j+ 1
2

u�,n+1−

j+ 1
2

ρ̂u
n+1−

j+ 1
2

+Π�,n+1−

j+ 1
2

u�,n+1−

j+ 1
2

(
ρ̂E

n+1−

j+ 1
2

+Π�,n+1−

j+ 1
2

)
⎞⎟⎟⎟⎟⎠ . (4.8)

Then, we use the numerical scheme (4.1) to establish the discrete versions of the
conservation Equations (2.10) for the characteristic variables. First, we set

⇀

W
k,n

j =Πk,n
j +anj U

k,n
j ,

↼

W
k,n

j =Πk,n
j −anj U

k,n
j . (4.9)

We note that from the definition of the numerical flux (3.8) with Equations (2.12),
we have

Π�,n+1−

j+ 1
2

=
anj+1

⇀

W
p,n+1−

j +anj
↼

W
0,n+1−

j+1

anj +anj+1

, u�,n+1−

j+ 1
2

=

⇀

W
p,n+1−

j − ↼

W
0,n+1−

j+1

anj +anj+1

, (4.10)

and we deduce the relations

Π�,n+1−

j+ 1
2

+anj u
�,n+1−

j+ 1
2

=
⇀

W
p,n+1−

j ,

Π�,n+1−

j+ 1
2

−anj u
�,n+1−

j+ 1
2

=
(an

j+1−an
j )

⇀
W

p,n+1−
j +2an

j

↼
W

0,n+1−
j+1

an
j +an

j+1
,

Π�,n+1−

j− 1
2

+anj u
�,n+1−

j− 1
2

=
2an

j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

an
j−1+an

j
,

Π�,n+1−

j− 1
2

−anj u
�,n+1−

j− 1
2

=
↼

W
0,n+1−

j .

Using the above relations, simple combinations of equations in the system (4.1) give

⇀

W
k,n+1−

j =
⇀

W
k,n

j −anj λkτ
k,n
j

[〈
∂x

⇀
w

n+1−

h ,φk
j

〉p
j
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−δk,0
(

2an
j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

an
j−1+an

j
− ⇀

W
0,n+1−

j

)]
, (4.11a)

τk,n+1−
j =τk,nj − Πk,n+1−

j −Πk,n
j

(an
j )

2 , (4.11b)

Ek,n+1−
j =Ek,n

j +Uk,n+1−
j (Uk,n+1−

j −Uk,n
j )+

Πk,n+1−
j (Πk,n+1−

j −Πk,n
j )

(an
j )

2

+
λkτ

k,n
j

4an
j

[
δk,p

(↼

W
p,n+1−

j − ↼

W
0,n+1−

j+1

)2
+δk,0

(⇀

W
0,n+1−

j − ⇀

W
p,n+1−

j−1

)2]
,(4.11c)

↼

W
k,n+1−

j =
↼

W
k,n

j +anj λkτ
k,n
j

[〈
∂x

↼
w

n+1−

h ,φk
j

〉p
j

+δk,p

(
(an

j+1−an
j )

⇀
W

p,n+1−
j +2an

j

↼
W

0,n+1−
j+1

an
j +an

j+1
− ↼

W
p,n+1−

j

)]
. (4.11d)

The state un+1−
h in the discrete residuals of the LPDG scheme (4.7) is thus evaluated

from the linear implicit system (4.11a,d) that may be easily solved for the discrete

characteristic variables (4.9) at time t(n+1−). Then, we use Equations (4.9) to evaluate

Uk,n+1−
j and Πk,n+1−

j , while τk,n+1−
j and Ek,n+1−

j are given explicitly by (4.11b,c).
Note that compared to the method introduced in [22] for the isentropic Euler equa-

tions, the implicit linear system to be solved has the same size. This result is essential
for the performances of the present method.

4.2. Properties of the discrete scheme.

4.2.1. Preliminaries. In this section, we discuss the properties of the LPDG
scheme with a first-order time integration and arbitrary space discretization order. The
main results are given in Theorem 4.1 and prove positivity of density and internal energy
for the mean value of the numerical solution, as well as an entropy inequality. The mean
value of the numerical solution in a mesh element reads

un
j :=

1

h

∫
κj

uh(x,t
(n))dx=

p∑
l=0

ωl

2
Ul,n

j . (4.12)

The entropy inequality applies to U in the inequality (2.2) that we introduce at the
discrete level via its interpolant

Uh(x,t(n))=−
p∑

l=0

φl
j(x)ρS

l,n
j , ∀x∈κj ,n≥0, (4.13)

with Sl,n
j =Sl

j(t
(n)) defined by Equations (3.5).

Before going into the details, let us recall some preliminary results established in [22]
that are directly applicable here. These results are reported in Lemma 4.1 and we refer
to [22] for the proof.

Lemma 4.1. Assume that ρ0≤k≤p,n
j∈Z

>0. Then under the CFL condition

λmax
j∈Z

max
0≤k≤p

1

ωk

(〈
un+1−
h ,dxφ

k
j

〉p
j
−δk,p(u

�,n+1−

j+ 1
2

)−+δk,0(u
�,n+1−

j− 1
2

)+
)
<

1

2
, (4.14)

we have

ρk,n+1−
j >0, (4.15)
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and

un+1
j =

p∑
k=0

(
ωk

2
−λ

(〈
un+1−
h ,dxφ

k
j

〉p
j
−δk,p(u

�,n+1−

j+ 1
2

)−+δk,0(u
�,n+1−

j− 1
2

)+
))

Uk,n+1−
j

−λ(u�,n+1−

j+ 1
2

)−U0,n+1−
j+1 +λ(u�,n+1−

j− 1
2

)+Up,n+1−
j−1 (4.16)

is a convex combination of DOFs at time t(n+1−).

Now, we prove an entropy inequality for the acoustic step in the following lemma.

Lemma 4.2. Assume that ρ0≤k≤p,n
j∈Z

>0, then the discrete acoustic step satisfies the
following discrete entropy inequality

ηk,n+1−
j −ηk,n

j

2(an
j )

2 −λkτ
k,n
j

[〈
Πn+1−

h un+1−
h ,dxφ

k
j

〉p
j
−δk,pH

n+1−

j+ 1
2

+δk,0H
n+1−

j− 1
2

]
≤0, (4.17)

with

ηk,nj =
(
⇀

W
k,n

j )2+(
↼

W
k,n

j )2

2
, Hn+1−

j+ 1
2

=Π�,n+1−

j+ 1
2

u�,n+1−

j+ 1
2

, (4.18)

and where ηk,nj =η
(
wh(x

k
j ,t

(n))
)
, with 0≤k≤p, correspond to the point values in cell

κj of the entropy for the acoustic step (2.6) with η(w)=(
⇀
w

2
+

↼
w

2
)/2.

Proof. Multiplying Equation (4.11a) with
⇀

W
k,n+1−

j gives

(
⇀
W

k,n+1−
j )2

2 − (
⇀
W

k,n

j )2

2 +anj λkτ
k,n
j

[ ⇀

W
k,n+1−

j

〈
∂x

⇀
w

n+1−

h ,φk
j

〉p
j

−δk,0
⇀

W
0,n+1−

j

(
2an

j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

an
j−1+an

j
− ⇀

W
0,n+1−

j

)]
=− (

⇀
W

k,n+1−
j −⇀

W
k,n

j )2

2 .

Expanding

⇀

W
k,n+1−

j

〈
∂x

⇀
w

n+1−

h ,φk
j 〉pj = ωkh

2

⇀

W
k,n+1−

j

(
∂
⇀
wh

∂x

)n+1−

xk
j

=
〈∂x(

⇀
w

n+1−
h )2

2 ,φk
j

〉p
j
,

and using integration by parts, we obtain

(
⇀
W

k,n+1−
j )2

2 − (
⇀
W

k,n

j )2

2 +anj λkτ
k,n
j

[
−〈 (

⇀
w

n+1−
h )2

2 ,dxφ
k
j

〉p
j
+δk,p

(
⇀
W

p,n+1−
j )2

2

−δk,0
( ⇀

W
0,n+1−
j

(
2an

j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

)
an
j−1+an

j
− (

⇀
W

0,n+1−
j )2

2

)]
≤0.

Likewise, multiplying Equation (4.11d) with
↼

W
k,n+1−

j and applying similar manip-
ulations give

(
↼
W

k,n+1−
j )2

2 − (
↼
W

k,n

j )2

2 −anj λkτ
k,n
j

[
−〈 (

↼
w

n+1−
h )2

2 ,dxφ
k
j

〉p
j
−δk,0

(
↼
W

0,n+1−
j )2

2
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+δk,p

( ↼
W

p,n+1−
j

(
(an

j+1−an
j )

⇀
W

p,n+1−
j +2an

j

↼
W

0,n+1−
j+1

)
an
j +an

j+1
− (

↼
W

p,n+1−
j )2

2

)]
≤0.

Summing the two last equations gives

ηk,n+1−
j −ηk,nj +anj λkτ

k,n
j

[
−〈 (

⇀
w

n+1−
h )2

2 − (
↼
w

n+1−
h )2

2 ,dxφ
k
j

〉p
j

+δk,p

(
(
⇀
W

p,n+1−
j )2

2 +
(
↼
W

p,n+1−
j )2

2 −
↼
W

p,n+1−
j

(
(an

j+1−an
j )

⇀
W

p,n+1−
j +2an

j

↼
W

0,n+1−
j+1

)
an
j +an

j+1

)
−δk,0

( ⇀
W

0,n+1−
j

(
2an

j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

)
an
j−1+an

j
− (

⇀
W

0,n+1−
j )2

2 − (
↼
W

0,n+1−
j )2

2

)]
≤0. (4.19)

Now, the flux contributions in the inequality (4.19) may be transformed in terms
of the numerical fluxes in the inequality (4.17). Using (4.10), we get

Δ−
j+ 1

2

=
(
⇀
W

p,n+1−
j )2

2 +
(
↼
W

p,n+1−
j )2

2 −
↼
W

p,n+1−
j

(
(an

j+1−an
j )

⇀
W

p,n+1−
j +2an

j

↼
W

0,n+1−
j+1

)
an
j +an

j+1

−2anj Π�,n+1−

j+ 1
2

u�,n+1−

j+ 1
2

=
(
⇀
W

p,n+1−
j )2

2 +
(
↼
W

p,n+1−
j )2

2 − (an
j+1−an

j )
↼
W

p,n+1−
j

⇀
W

p,n+1−
j

an
j +an

j+1
− 2(an

j )
2

↼
W

p,n+1−
j

↼
W

0,n+1−
j+1

an
j +an

j+1

− 2an
j a

n
j+1(

↼
W

p,n+1−
j )2

an
j +an

j+1
+

2(an
j

↼
W

0,n+1−
j+1 )2

an
j +an

j+1
+

2an
j (a

n
j+1−an

j )
⇀
W

p,n+1−
j

↼
W

0,n+1−
j+1

an
j +an

j+1

= 1
2

(
an
j+1−an

j

an
j +an

j+1

⇀

W
p,n+1−

j − ↼

W
p,n+1−

j +
2an

j

an
j +an

j+1

↼

W
0,n+1−

j+1

)2

.

Likewise, we have

Δ+
j− 1

2

=
⇀
W

0,n+1−
j

(
2an

j

⇀
W

p,n+1−
j−1 +(an

j−1−an
j )

↼
W

0,n+1−
j

)
an
j−1+an

j
− (

⇀
W

0,n+1−
j )2

2 − (
↼
W

0,n+1−
j )2

2

−2anj Π�,n+1−

j− 1
2

u�,n+1−

j− 1
2

=− 1
2

(
an
j −an

j−1

an
j−1+an

j

↼

W
0,n+1−

j +
⇀

W
0,n+1−

j − 2an
j

an
j−1+an

j

⇀

W
p,n+1−

j−1

)2

.

Hence, using Δ−
j+ 1

2

≥0 and −Δ+
j− 1

2

≥0 in the inequality (4.19) and dividing by 2(anj )
2

give the inequality (4.17).

4.2.2. Main results. Now let us establish Lemma 4.3 which proves positivity
and an entropy inequality for the acoustic step, while Theorem 4.1 states the main
results of this work.

Lemma 4.3. Assume U0≤k≤p,n
j∈Z

are in Ωa. Then under the CFL condition (4.14) and
subcharacteristic condition (4.2), the discrete acoustic step satisfies

ek,n+1−
j >0, Sk,n+1−

j ≥Sk,n
j , (4.20)

with Sk,n
j defined in Equation (4.13) from the point values of the specific entropy.
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Proof. We follow the idea introduced in [9] (see also [3], Section 2.4) consisting
in reversing the roles of energy conservation and entropy inequality. First consider the

following system over the time interval (t(n),t(n+1#)]⊂ (t(n),t(n+1−)]:

∂tτ−∂mu=0, ∂tu+∂mp=0, ∂ts=0, (4.21)

together with the entropy inequality for the strictly convex mapping (τ,u,s) �→E(τ,u,s):

∂tE+∂m(pu)≤0.

Using the same procedure as the one introduced in Section 3 for the space-time
discretization, we obtain the following discrete scheme for the system (4.21):

τk,n+1#

j = τk,nj +λkτ
k,n
j

[〈
∂xu

n+1#

h ,φk
j

〉p
j
+δk,p

(
u�,n+1#

j+ 1
2

−Up,n+1#

j

)
−δk,0

(
u�,n+1#

j− 1
2

−U0,n+1#

j

)]
, (4.22a)

Uk,n+1#

j = Uk,n
j −λkτ

k,n
j

[〈
∂xΠ

n+1#

h ,φk
j

〉p
j
+δk,p

(
Π�,n+1#

j+ 1
2

−Πp,n+1#

j

)
−δk,0

(
Π�,n+1#

j− 1
2

−Π0,n+1#

j

)]
, (4.22b)

Sk,n+1#

j = Sk,n
j (4.22c)

Πk,n+1#

j = Πk,n
j −(anj )

2λkτ
k,n
j

[〈
∂xu

n+1#

h ,φk
j

〉p
j
+δk,p

(
u�,n+1#

j+ 1
2

−Up,n+1#

j

)
−δk,0

(
u�,n+1#

j− 1
2

−U0,n+1#

j

)]
. (4.22d)

Applying Lemma 4.2, the scheme satisfies for the entropy of the acoustic step (2.6)
the inequality

ηk,n+1#

j −ηk,n
j

2(an
j )

2 −λkτ
k,n
j

[〈
Πn+1#

h un+1#

h ,dxφ
k
j

〉p
j
−δk,pH

n+1#

j+ 1
2

+δk,0H
n+1#

j− 1
2

]
≤0. (4.23)

Using Equations (4.18), the specific total energy may be written as Ek,n
j =

e(τk,nj ,Sk,n
j )+(ηk,nj −(Πk,n

j )2)/2(anj )
2, so we have

Ek,n+1#

j −Ek,n
j = e(τk,n+1#

j ,Sk,n+1#

j )−e(τk,nj ,Sk,n
j )+

ηk,n+1#

j −ηk,nj

2(anj )
2

− (Πk,n+1#

j −Πk,n
j )2

2(anj )
2

− Πk,n
j (Πk,n+1#

j −Πk,n
j )

(anj )
2

.

Note that the operation (4.22d)+(anj )
2×(4.22a) leads to Πk,n+1#

j −Πk,n
j =

−(anj )2(τk,n+1#

j −τk,nj ). Moreover, data at time t(n) are at equilibrium, thus Πk,n
j =

p(τk,nj ,Sk,n
j )=−(∂τe)s(τk,nj ,Sk,n

j ). Further using (4.22c), we obtain

Ek,n+1#

j −Ek,n
j − ηk,n+1#

j −ηk,nj

2(anj )
2

= e(τk,n+1#

j ,Sk,n
j )−e(τk,nj ,Sk,n

j )
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−(∂τe)s(τk,nj ,Sk,n
j )(τk,n+1#

j −τk,nj )− (anj )
2

2
(τk,n+1#

j −τk,nj )2.

Applying a second-order Taylor development with integral remainder of

e(τk,n+1#

j ,Sk,n
j ) about (τk,nj ,Sk,n

j ), we obtain

Ek,n+1#

j −Ek,n
j − ηk,n+1#

j −ηk,nj

2(anj )
2

=(τk,n+1#

j −τk,nj )2×···∫ 1

0

(
(∂2

ττe)s
(
τk,nj +ξ(τk,n+1#

j −τk,nj ),Sk,n
j

)−(anj )
2
)
(1−ξ)dξ.

Using the subcharacteristic condition (4.2), with (∂2
ττe)s=−(∂τp)s, the right-hand-

side of the above equation is negative. Summing with the inequality (4.23), we get

Ek,n+1#

j −Ek,n
j −λkτ

k,n
j

[〈
Πn+1#

h un+1#

h ,dxφ
k
j

〉p
j
−δk,pH

n+1#

j+ 1
2

+δk,0H
n+1#

j− 1
2

]
≤0.

We now go back to the discrete scheme (4.1) for the acoustic step whose component
(4.1c) reads

Ek,n+1−
j −Ek,n

j −λkτ
k,n
j

[〈
Πn+1−

h un+1−
h ,dxφ

k
j

〉p
j
−δk,pH

n+1−

j+ 1
2

+δk,0H
n+1−

j− 1
2

]
=0.

Setting τk,n+1#

j = τk,n+1−
j , Uk,n+1#

j =Uk,n+1−
j , and Πk,n+1#

j =Πk,n+1−
j implies

Hn+1#

j± 1
2

=Hn+1−

j± 1
2

. Subtracting the two above equations, we obtain Ek,n+1#

j ≤Ek,n+1−
j

while Equations (4.1a,b,d) are identical to Equations (4.22a,b,d).

As a consequence, ek,n+1#

j = e(τk,n+1−
j ,Sk,n

j )≤ ek,n+1−
j = e(τk,n+1−

j ,Sk,n+1−
j ). Since

from the inequality (4.15) τk,n+1−
j >0, we obtain ek,n+1−

j ≥ ek,n+1#

j >0. Moreover, from

(∂es)τ >0 we get Sk,n+1−
j ≥Sk,n

j .

Theorem 4.1. Assume U0≤k≤p,n
j∈Z

are in Ωa. Then under the CFL condition (4.14)
and subcharacteristic condition (4.2), the LPDG scheme satisfies positivity for the mean
value of the numerical solution:

ρn+1
j >0, e(un+1

j )>0 (4.24)

and the discrete entropy inequality for U in the inequality (2.2):

U(un+1
j )−Un

j +λ
(
u�,n+1−

j+ 1
2

Ûn+1−

j+ 1
2

−u�,n+1−

j− 1
2

Ûn+1−

j− 1
2

)≤0, (4.25)

with

Ûn+1−

j+ 1
2

=−(u�,n+1−

j+ 1
2

)+ρSp,n+1−
j −(u�,n+1−

j+ 1
2

)−ρS0,n+1−
j+1 . (4.26)

Proof. From assumptions of Theorem 4.1, the results of Lemmas 4.1 and 4.3
hold. Positivity of the mean value of the density in the inequalities (4.24) thus fol-

lows from the convex combination (4.16) with ρ0≤k≤p,n+1−
j∈Z

>0. Likewise, the mapping

u �→ρe(u) being concave, we also obtain ρn+1
j e(un+1

j )>0 from Equations (4.16) with

e0≤k≤p,n+1−
j∈Z

>0.
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Then, multiplying the second of the inequalities (4.20) with ωk

2 Lk,n+1−
j ρk,n+1−

j =
ωk

2 ρk,nj >0 from Equation (4.6) and summing over 0≤k≤p gives

p∑
k=0

ωk

2

(
Lk,n+1−
j ρSk,n+1−

j −ρSk,n
j

)
=

p∑
k=0

ωk

2
Lk,n+1−
j ρSk,n+1−

j −ρS
n

j ≥0.

Now, using Equation (4.5) gives

ρS
n+1−

j ≥ρS
n

j −λ

p∑
k=0

ρSk,n+1−
j

[
−〈

un+1−
h ,dxφ

k
j

〉p
j
+δk,pu

�,n+1−

j+ 1
2

−δk,0u
�,n+1−

j− 1
2

]
.

Since u �→ρs(u) is a concave function, Equation (4.16) induces

ρs(un+1
j )≥ρS

n+1−

j

−λ
p∑

k=0

(〈
un+1−
h ,dxφ

k
j

〉p
j
−δk,p(u

�,n+1−

j+ 1
2

)−+δk,0(u
�,n+1−

j− 1
2

)+
)
ρSk,n+1−

j

−λ(u�,n+1−

j+ 1
2

)−ρS0,n+1−
j+1 +λ(u�,n+1−

j− 1
2

)+ρSp,n+1−
j−1

Summing the two last inequalities leads to the inequality (4.25) with U =−ρs.
Note that using the concavity of u �→ρs(u) prevents the use of the same evaluation

of entropy at times t(n) and t(n+1) in the inequality (4.25). As a consequence, the
Lax–Wendroff theorem cannot be applied to prove convergence to an entropy solution,
the limiter (4.29) is an attempt to circumvent this difficulty. We refer the reader to [2]
and references therein for an in-depth discussion on discrete entropy inequalities for
high-order schemes.

4.3. Analysis in the low Mach number regime. Explicit shock-capturing
methods are known to experience temporal and spatial over-resolution issues in the low
Mach number regime. In the following we apply a scale analysis of the discrete equations
to evaluate the behavior of the method in this regime. Let l∞, t∞, ρ∞, u∞= l∞/t∞, p∞
and e∞=u2

∞ be the characteristic scales of the different variables in the Euler equations.
Thermodynamic variables are linked through p∞=ρ∞c2∞, with c∞ the characteristic
sound speed, and we define M∞=u∞/c∞ the characteristic Mach number.

In the following, we will only consider the discrete equations in non-dimensional
form by using the above scales. For the sake of simplicity, we keep the same notations
for non-dimensional quantities without any possible confusion. In order to evalute the
magnitude of the truncation error of the equations, we assume that the solution is
smooth enough, u in Cp+1(Ω,R+), and that the numerical solution satisfies uh(x,t)=
u(x,t)+O(hp+1,Δt) in Ω×R+. Similar assumptions hold for w and wh. We further
consider data at equilibrium (3.6) and assume a uniform numerical parameter, anj∈Z

=a,
without loss of generality.

Consider first the acoustic step (4.1) for the Lagrange variables. Equation
1
λk
×(4.1b) in non-dimensional form reads

ωkh
2

Uk,n+1−
j −Uk,n

j

Δt +
τk,n
j

M2∞

[〈
∂xΠ

n+1−
h ,φk

j

〉p
j

+δk,p(Π
�,n+1−

j+ 1
2

−Πp,n+1−
j )

−δk,0(Π�,n+1−

j− 1
2

−Π0,n+1−
j )

]
=0.
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Summing the contributions over 0≤k≤p, the two first terms read

p∑
k=0

ωkh
2

(
Uk,n+1−

j −Uk,n
j

Δt +
τk,n
j

M2∞
∂xΠ

n+1−
h

)
φk
j =

∫
κ

∂tu
n+ τn

M2∞
∂xp

ndx+hO(hp,Δt),

where we have assumed that ∂xp=O(M2
∞) to ensure that both terms ∂tu and τ∂xp

have the same magnitude in the limit M∞�1.
The non-dimensional numerical fluxes read

u�,n+1−

j+ 1
2

=
Up,n+1−

j +U0,n+1−
j+1

2 + 1
M∞

Πp,n+1−
j −Π0,n+1−

j+1

2a , (4.27a)

Π�,n+1−

j+ 1
2

=
Πp,n+1−

j +Π0,n+1−
j+1

2 +M∞
a(Up,n+1−

j −U0,n+1−
j+1 )

2 , (4.27b)

and lead to Π�,n+1−

j+ 1
2

−Πp,n+1−
j =O(M∞hp+1). Summing all contributions, one obtains

that the mean value in cell of (4.1b) is consistent with

1

h

∫
κ

∂tu
n+τn∂xp

ndx+O( hp

M∞
,Δt),

where the leading error in space follows from the dissipation term in the numerical

flux Π�,n+1−

j+ 1
2

and will polute the numerical solution in the limit M∞�1. Accuracy

requirements will thus lead to over-resolution in space. We refer to [6] for an in-depth
scale analysis of the truncation error in the context of LP like schemes.

Using an explicit time discretization would also lead to over-resolution in time since
the time step will be limited by the acoustic waves |u|+c/M∞ from the CFL condition.
We relax this limitation by using an implicit time discretization of the acoustic terms
and the CFL condition (4.14) in non-dimensional form remains unchanged.

However, the time implicit discretization of the acoustic step requires the solution

of a linear system for the Lagrange variables W0≤k≤p,n+1−
j∈Z

at each time step. Solv-
ing Equations (4.1b,d) for the velocity and relaxation pressure will lead to issues in
the linear system inversion when M∞�1 because of the above mentioned dissipation
amplification and the fact that both equations have different scales: u∞ for Equation
(4.1b) must be compared to p∞/(ρ∞c∞) for Equation (4.1d) which leads to a ratio
M∞. Considering the characteristic variables (4.11) allows to circumvent those difficul-
ties since both Equations (4.11a,d) that need to be inverted have the same magnitude.

Moreover, the non-dimensional transport Equation (4.11a) for
⇀
wh=Πh+M∞auh reads

ωkh
2

⇀
W

k,n+1−
j −⇀

W
k,n

j

Δt +
aτk,n

j

M∞

[〈
∂x

⇀
w

n+1−

h ,φk
j

〉p
j
−δk,0

( ⇀

W
p,n+1−

j−1 − ⇀

W
0,n+1−

j

)]
,

so the mean value in cell of Equation (4.11a) is consistent with

1

h

∫
κ

∂t
⇀
w

n
+ aτn

M∞
∂x

⇀
w

n
dx+O(hp,Δt),

where we have used the fact that ∂x
⇀
w=O(M∞). A similar results holds for Equation

(4.11d) which means that the conditioning of the linear system (4.11a,d) is not affected
in the limit M∞�1.

Finally, note that the non-dimensional Equations (4.3) for the transport step remain
unchanged for all variables and are not affected in the low Mach number regime since

u�,n+1−

j+ 1
2

=u(xj+ 1
2
,tn)+O(hp+1,Δt) from Equation (4.27a).
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4.4. Limiting strategy. We now apply limiters to extend the properties of
Theorem 4.1 from the mean value of the solution to nodal values at interpolation points
within elements. We use the strategy introduced in [22], based on limiters derived
in [31,32], that we extend to positivity of the internal energy.

First, we enforce positivity at nodal values of density and internal energy through
the modifications

ρ̆k,n+1
j = θρj (ρ

k,n+1
j −ρn+1

j )+ρn+1
j , (4.28a)

Ük,n+1
j = θej (Ŭ

k,n+1
j −un+1

j )+un+1
j , (4.28b)

with Ŭk,n+1
j =(ρ̆k,n+1

j ,ρUk,n+1
j ,ρEk,n+1

j )� and where 0≤θρj ,θ
e
j ≤1 are defined by

θρj = min
( ρnj −ε

ρnj −ρmin
j

,1
)
, ρmin

j = min
0≤k≤p

ρk,n+1
j ,

θej = min
0≤k≤p

(
θe,kj : e

(
θe,kj (Ŭk,n+1

j −un+1
j )+un+1

j

)≥ ε
)
,

and 0<ε�1 is a parameter.
Then, we strengthen the entropy inequality (4.25) by observing that the discrete

transport step (4.3) satisfies

U(un+1
j )≤Un+1−

j :=max
(U(Up,n+1−

j−1 ),U(U0≤k≤p,n+1−
j ),U(U0,n+1−

j+1 )
)
.

We thus impose a maximum principle at nodal values with

Ũk,n+1
j =θsj (Ü

k,n+1
j −un+1

j )+un+1
j , (4.29)

where 0≤θsj ≤1 is defined by

θsj = min
0≤k≤p

(
θs,kj : U(θs,kj (Ük,n+1

j −un+1
j )+un+1

j

)
=Un+1−

j

)
.

The DOFs at time t(n+1) are then replaced by the limited values Ũ0≤k≤p,n+1
j∈Z

. We
stress that limiters (4.28) and (4.29) keep the mean value of conservative variables and
are therefore conservative.

5. Numerical experiments
In this section we present several numerical experiments to illustrate the perfor-

mances of the LPDG scheme derived in this work. For all experiments, we consider

a polytropic ideal gas with an equation of state of the form p(τ,s)=(γ−1) e(τ,s)τ with
γ=1.4.

As proposed in [22], the present method is extended to high-order time integration
by using strong-stability preserving explicit Runge–Kutta methods [26,27]. These meth-
ods consist in convex combinations of first-order forward Euler methods and thus will
keep positivity of Theorem 4.1 under a given CFL condition. We use a Runge–Kutta
scheme of order p+1 when using polynomials of degree p for the space discretization:
the two-stage second-order Heun method for p=1, the three-stage third-order scheme
of Shu and Osher [26] for p=2, and the five-stage fourth-order scheme of Spiteri and
Ruuth [27] for p=3, respectively.

Our strategy at the discrete level consists in the following algorithm applied at each
stage of the Runge–Kutta method:
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(1) solve the linear system (4.11) with data at equilibrium (4.4a);

(2) compute the discrete residuals of the LPDG scheme (4.7) with the values (4.4b)
and advance in time;

(3) apply the limiters (4.28) and (4.29).

Finally, the a priori CFL condition (4.14) and subcharacteristic condition (4.2) are
imposed at time t(n) as was proposed in [6,10] for the computation of the time step and
numerical dissipation parameter:

Δt = CFLmin
j∈Z

min
0≤k≤p

ωkh

2
(〈
un
h,dxφ

k
j

〉p
j
−δk,p(u

�,n

j+ 1
2

)−+δk,0(u
�,n

j− 1
2

)+
) , (5.1a)

anj = kAD max
0≤k≤p

√
−∂τp

(
τk,nj ,Sk,n

j

)
, (5.1b)

with 0<CFL<1 and kAD>1 to satisfy the strict inequalities (4.14) and (4.2). The
numerical experiments in the following have been obtained with CFL=0.95 and kAD=
1.05 unless stated otherwise.

p h ‖eh‖L1(Ω) O1 ‖eh‖L2(Ω) O2 ‖eh‖L∞(Ω) O∞

1/4 0.10181e+00 − 0.14232e+00 − 0.20163e+00 −
1/8 0.14351e+00 −0.50 0.15579e+00 −0.13 0.21436e+00 −0.09

1 1/16 0.66130e−01 1.12 0.73104e−01 1.09 0.10431e+00 1.04
1/32 0.18838e−01 1.81 0.20925e−01 1.80 0.29770e−01 1.81
1/64 0.48321e−02 1.96 0.53656e−02 1.96 0.75967e−02 1.97

1/4 0.36351e−01 − 0.45015e−01 − 0.67931e−01 −
1/8 0.30861e−02 3.56 0.37171e−02 3.60 0.59017e−02 3.52

2 1/16 0.24518e−03 3.65 0.28065e−03 3.73 0.44376e−03 3.73
1/32 0.22609e−04 3.44 0.25508e−04 3.46 0.43346e−04 3.36
1/64 0.23418e−05 3.27 0.28046e−05 3.19 0.67006e−05 2.69

1/4 0.10125e−02 − 0.11690e−02 − 0.21883e−02 −
1/8 0.40099e−04 4.66 0.55908e−04 4.39 0.19290e−03 3.50

3 1/16 0.23112e−05 4.12 0.34132e−05 4.03 0.12993e−04 3.89
1/32 0.14242e−06 4.02 0.21316e−06 4.00 0.82283e−06 3.98
1/64 0.88743e−08 4.00 0.13324e−07 4.00 0.51564e−07 4.00

1/4 0.12450e−02 − 0.13193e−02 − 0.27464e−02 −
1/8 0.56690e−04 4.46 0.76725e−04 4.10 0.25787e−03 3.41

3� 1/16 0.57115e−05 3.31 0.71739e−05 3.42 0.21680e−04 3.57
1/32 0.70874e−06 3.01 0.81522e−06 3.14 0.19312e−05 3.49
1/64 0.88552e−07 3.00 0.99248e−07 3.04 0.19058e−06 3.34

Table 5.1. Density wave problem with M∞=5×10−1: different norms of the error at time t=5
and associated orders of convergence. The star symbol indicates that the computation has been obtained
by using a Runge–Kutta method of order p instead of p+1.

5.1. Convection of a density wave. We first consider the convection of a
density wave in a uniform flow with Mach number M∞. Let Ω=(0,1). We solve the



832 A HIGH-ORDER LAGRANGE-PROJECTION LIKE SCHEME

p h ‖eh‖L1(Ω) O1 ‖eh‖L2(Ω) O2 ‖eh‖L∞(Ω) O∞

1/4 0.10181e+00 − 0.14232e+00 − 0.20163e+00 −
1/8 0.14351e+00 −0.50 0.15579e+00 −0.13 0.21436e+00 −0.09

1 1/16 0.66130e−01 1.12 0.73104e−01 1.09 0.10431e+00 1.04
1/32 0.18838e−01 1.81 0.20925e−01 1.80 0.29770e−01 1.81
1/64 0.48321e−02 1.96 0.53656e−02 1.96 0.75967e−02 1.97

1/4 0.36351e−01 − 0.45015e−01 − 0.67931e−01 −
1/8 0.30861e−02 3.56 0.37171e−02 3.60 0.59017e−02 3.52

2 1/16 0.24518e−03 3.65 0.28065e−03 3.73 0.44376e−03 3.73
1/32 0.22609e−04 3.44 0.25508e−04 3.46 0.43346e−04 3.36
1/64 0.23418e−05 3.27 0.28046e−05 3.19 0.67006e−05 2.69

1/4 0.10125e−02 − 0.11690e−02 − 0.21883e−02 −
1/8 0.40099e−04 4.66 0.55908e−04 4.39 0.19290e−03 3.50

3 1/16 0.23112e−05 4.12 0.34132e−05 4.03 0.12993e−04 3.89
1/32 0.14242e−06 4.02 0.21316e−06 4.00 0.82283e−06 3.98
1/64 0.89125e−08 4.00 0.13347e−07 4.00 0.51587e−07 4.00

Table 5.2. Density wave problem with M∞=5×10−3: different norms of the error at time t=5
and associated orders of convergence.

problem left state (ρL,uL,pL)
� right state (ρR,uR,pR)

� x0

Sod (1,0,1)� (0.125,0,0.1)� 0
Lax (0.445,0.698,3.528)� (0.5,0,0.571)� 0
Toro 2 (1,−2,0.4)� (1,2,0.4)� 0
Toro 4 (5.99924,19.5975,460.894)� (5.99242,−6.19633,46.0950)� −0.1

Table 5.3. Initial conditions of Riemann problems.

problem (2.1) with periodicity conditions and the initial condition

ρ0(x)=1+0.2sin(2πx), u0(x)=1, p0(x)=
1

γM2∞
, ∀x∈Ω.

Tables 5.1 and 5.2 indicate for two Mach number values the norms of the numerical
error on density eh=ρh−ρ for different polynomial degrees and grid refinements with
associated convergence orders in space. The expected p+1 order of convergence is
recovered with the present method. Moreover, in Table 5.1 the p=3 computations are
associated to either a fourth-order or a third-order Runge–Kutta method. We observe
that the error levels are limited by the accuracy of the time integration which indicates
that, in practice, the proposed strategy for the time integration keeps the theoretical
accuracy of the Runge–Kutta scheme.

Comparing results in Tables 5.1 and 5.2 we note that the error values are almost
identical, so the scheme accuracy is insensitive to the Mach number, while the time step
from (4.14) is independent of the acoustic wave speed. The LPDG scheme thus seems
to be well adapted for the simulation of low Mach number flows in agreement with the
theoretical analysis in Section 4.3.
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Fig. 5.1. Sod problem: numerical solution (symbols) for density (top), velocity (middle) and
pressure (bottom) at time t=0.2 for polynomial degrees 1≤p≤3 and h= 1
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Fig. 5.2. Lax problem: numerical solution (symbols) for density (top), velocity (middle) and
pressure (bottom) at time t=0.13 for polynomial degrees 1≤p≤3 and h= 1
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Fig. 5.3. Toro problem 2: numerical solution (symbols) for density (top), velocity (middle) and
pressure (bottom) at time t=0.15 for polynomial degrees 1≤p≤3 and h= 1
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Fig. 5.4. Toro problem 4: numerical solution (symbols) for density (top), velocity (middle) and
pressure (bottom) at time t=0.035 for polynomial degrees 1≤p≤3 and h= 1
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Fig. 5.5. Sod problem: numerical solution at interpolation points (symbols) at time t=0.2 for
p=3 and h= 1

200
with (top) and without (bottom) limiters.

5.2. Riemann problems. We now consider the Riemann problems given
in Table 5.3 with initial condition u0(x)=uL if x<x0 or u0(x)=uR if x>x0. Toro
problems are taken from [28]. Figures 5.1 to 5.5 compare the numerical solution in
symbols with the exact solution in lines.

For Sod and Lax problems, results are qualitatively similar. The shock waves are
well captured and the increase in the discretization order has a clear positive effect on
the approximation of the rarefaction and contact waves. Similar conclusions are drawn
from the Toro problem 4, but some spurious oscillations of low amplitude are visible in
the neighborhood of strong shocks with the highest discretization order p=3. Note that
larger oscillations have been effectively damped by increasing the numerical dissipation
with kAD=1.2 in Equation (5.1b). The solution for the Toro problem 2 is made of two
symmetric rarefaction waves with formation of near-vacuum in the intermediate region.
The positivity limiter (4.28) is successful to keep robustness of the computation and
increasing p reduces the diffusion at the tail of the waves as expected.

Figure 5.5 illustrates the effect of the limiters (4.28) and (4.29) on the quality of
the solution. The internal structure of the numerical solution is shown by plotting the
solution at p+1 interpolation points within each element for the Sod problem and a
fourth-order scheme. Some low amplitude spurious oscillations appear in the solution
without limiters but keep sharp resolution of all waves. The limiters allow one to keep
a monotone evolution of the solution around discontinuities, but the entropy limiter
(4.29) smears out the contact discontinuity.

6. Concluding remarks
In this work, a high-order extension with a DG method [22] of LP like schemes [10] is

adapted to the compressible Euler equations with a general equation of state. Moreover,
the numerical dissipation is tuned with a local parameter thus allowing one to introduce
only the artificial dissipation needed at the elementwise level.

Using a DG method of arbitrary order for the space discretization associated to
a first-order implicit-explicit time discretization of acoustic and transport operators,
a priori conditions on the time step and on the numerical parameter imposing the
subcharacteristic condition are derived in order to guaranty positivity of the mean value
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in each mesh element of density and internal energy, as well as to satisfy a discrete
inequality for the physical entropy. A posteriori limiters [31,32] are then used to extend
these properties to nodal values within elements. Strong-stability preserving Runge–
Kutta schemes are applied for the time integration in order to keep positivity at any
time discretization order.

Numerical experiments in one space dimension highlight high-order approximation
of smooth solutions, while the method proves to be robust in the presence of discon-
tinuities or vacuum. Large time steps are allowed while keeping accuracy on smooth
solutions even for low Mach number flows. Future investigations will consider the con-
ditions to conserve the properties of the numerical scheme with a formally high-order
time discretization and the extension to several space dimensions.
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