COMMUN. MATH. SCI. (© 2017 International Press
Vol. 15, No. 4, pp. 1073-1106

STABILITY OF TRAVELING WAVE SOLUTIONS OF NONLINEAR
CONSERVATION LAWS FOR IMAGE PROCESSING*
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Abstract. This paper studies the stability of smooth traveling wave solutions to a nonlinear
PDE problem in reducing image noise. Specifically, we prove that the solution to the Cauchy problem
approaches to the traveling wave solution if the initial data is a small perturbation of the traveling
wave. We use a weighted energy method to show that if the initial perturbation decays algebraically
or exponentially as |z| — oo, then the Cauchy problem solution approaches to the traveling wave at
corresponding rates as t — 0o.
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1. Introduction

In image processing and computer vision, PDE-based techniques have led to a large
variety of research areas. Especially, nonlinear PDEs have been applied to denoising
images, edge detection and image inpainting; see, eg., Perona and Malik [27], Rudin,
Osher and Fatemi [28], Tumblin and Turk [29], and You and Kaveh [33].

Before the development of nonlinear PDE methods, a linear-filtering technique was
introduced by Marr and Hildreth [20] to address the problem of noise reduction in
images. The idea of the linear-filtering is that the image intensity function is convolved
with a Gaussian as the optimal smoothing filter. It was further refined by a Gaussian
scale-space filtering method. Here, a scale-space is a necessary concept when one deals
with images. For instance, scale-spaces have been used in image segmentation and
edge detection (see [9,30]). As a typical type of scale-spaces, the Gaussian scale-space
method was initiated by Witkin [31], and subsequently developed by Koenderink [8]
and Canny [2]. Those main ideas are based on solving the heat equation with initial
data given by a noisy image intensity function.

However, the above linear diffusion filtering for reducing noise in the image has
a major drawback; the resulting images become badly blurred, and it is difficult to
determine the edges of the objects in the original image. Also the idea that a process
depends on local properties of the image should be applied. To deal with the issues,
Perona and Malik [27] proposed the idea of anisotropic diffusion, which is a technique
to reduce image noise without losing important image contents such as edges or lines of
the image. This method is one of the most well-known and is a relatively simple case
of nonlinear scale-spaces. Interestingly, due to the novelty in that diffusion and edge
detection interact in one single process, this model is related to the neural dynamics of
brightness perception (see [3]).

In Perona and Malik [27], I(-,t):Q— R, where Q CR? denotes a picture domain
and [ a family of gray scale images. Anisotropic diffusion, or Perona-Malik diffusion, is
defined as

I =div(c(z,y,t)VI),
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1074 NONLINEAR CONSERVATION LAWS FOR IMAGE PROCESSING

where c(x,y,t) is the diffusion coefficient given by

c(x,y,t) :g(|VI(x’yvt)D7

and the edges are preserved and sharpened, provided that the function g is chosen
properly. The thresholding function ¢ is small in regions of sharp gradients. A typical
thresholding function g is

where the constant K controls the sensitivity to edges.

In this paper, we study the Perona-Malik (PM) equation which combines a Burgers-
type convection term and the anisotropic diffusion, introduced by Kurganov et al. [10]:
for any reR and ¢t >0

where ¢ satisfies
(1.2)
The initial data is given by

u as r— —oo,
u(x,0)=wug(z) for x€R, where wug(x)— (1.3)
U, as T — +00,

where u; and w, are far left and far right states.

Previously, Kurganov et al. [10] investigated shock or jump-type behavior which is
typical of edges in images. Specifically, Kurganov et al. [10] addressed well-posedness
of classical solutions to the Cauchy problem. Goodman et al. [4] proved that solutions
with a certain large initial data blow up in a finite time.

Kurganov et al. [10] also showed that there exist smooth traveling waves for 0<
|ug —u,| <2 and a critical threshold of discontinuity occurs at |u;—u,|=2. Wu [32]
proved the existence of the smooth traveling wave solutions as well. Moreover, in Greer
and Bertozzi [5], the existence and smoothness of traveling waves were shown for a
more general thresholding function g(s) which satisfies the physical properties required
in Perona and Malik [27].

Kurganov et al. [10] demonstrated numerically that both the smooth and discontin-
uous forms of traveling wave solutions are strong attractors. Also Greer and Bertozzi [5]
showed through numerical results that the traveling wave solutions in [10] are stable. A
rigorous proof of the stability of the smooth traveling waves in an exponential weighted
space was obtained by Wu [32] by spectral analysis. To achieve the spectral gap needed
in the spectral stability, this exponential weight is essential in [32].

In the current paper, we study nonlinear stability in a non-weighted space H? by
energy estimate arguments. We show that the solution to the Cauchy problem (1.1)-
(1.3) converges to a traveling wave if the initial perturbation is small. Furthermore, we
investigate algebraic and exponential rates of convergence by weighted energy estimate
methods, where the exponential decay result in Theorem 2.3 in the current paper is
qualitatively similar to that of the Main Theorem in [32]. Regarding literature on
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the energy estimate arguments, we refer the readers to [6,13-15,17,18] for details. The
weighted energy estimate methods were initiated by Kawashima and Matsumura [6] and
by Matsumura and Nishihara [21] with further developments in [12,18,19,22,23,25,26].
This paper is organized as follows. After listing some notation, we introduce the
main theorems in Section 2. In Section 3, we briefly describe properties of the traveling
wave solutions. We also reformulate our problem and state theorems for the reformu-
lated problem. The proofs will be given in Section 4. When it comes to algebraic decay
rates, after establishing a priori estimates, we complete the proof of the theorems in
Section 5. We state and prove theorems of exponential decay rates in Section 6.

NoTATION 1.1. We denote C>0 as a generic constant so each C can be a differ-
ent number at different context. We write f(x)~g(z) as x—a if C~lg< f<Cg in a
neighborhood of a for some C >0. Let ||f|| be the L? norm of a function f € L? which is

1= ( [uwpre)’.

We denote H* the usual Sobolev space W2 with the norm || f||1, for any function f € H*,
kE>1,

S dif(2))2 )\
|f||k=(/§\dj; a)*.

We also denote L2 the space of measurable functions on R which satisfy \/w(x)f € L2,
where w(x) >0 is a weight function. Here, the space is endowed with the norm

Il =( [wE@ir@ra)”

Similarly, HY denotes the weighted Sobolev space of L2 -functions f whose derivatives
L f,i=1,...k, are also L2 -functions, with the norm

k 1
1 £ 1150 = (Z Ha;fnfu) 2
i=0
We also define

(x)= V1ta2. (1.4)

Particularly, in Section 5, a weight function is of the form w(x)~ {(x)* for « >0 and
we denote L2 =L2. In Section 6, a weight function is defined as w(x)~e™?) for some
a>0.

2. The main results

In this section, we are going to state our main theorems about the asymptotic
stability of smooth traveling wave solutions of the problem (1.1)-(1.3) under small per-
turbations.

Traveling wave solutions are of the form u(x,t)=U(x—ct)=U(z), where c¢ is the
traveling wave speed and z=x —ct the traveling wave variable. From the entropy con-
dition, u; > u,.. Without loss of generality, we assume that u,. =0 in the rest of the paper
Then 0 <u; < 2.
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Assume that the initial data ug— U is a small perturbation of the smooth traveling
wave and that is integrable over R. As in [7,11,16,17], there exists a unique xq satisfying
the conservation of mass principle

/_OO (ug(x) —U(z))dx =20 (ur —uy).

Since the translated U(z —ct+x0) is also a traveling wave solution of (1.1), (1.2) con-
necting u; and u,, we obtain

% _O;(u(;v,t)—U(x—ct—Fxo))dx
:_;/ooi(uQ(x,t)—Uz(x—ct+xo))da:
4 [ S (stute0)uted) ~g(U—et+0)U(a—ct+a0) ) o
0.

Thus we have

/jo (u(z,t) fU(xfctJro:O))dx:/jo (ug(x) —U(z+x0))dx
:[%mdm—U@mm+/faum—Uu+m»M
:/_00 (ug(x) —U(z))dx — xo(u, —uy) =0. (2.1)

Before we mention the main results of this paper, we will decompose the solution
of the problem (1.1)-(1.3) into the traveling wave and its perturbation as

u(z,t)=U(z—ct+x0)+ P (,t) (2.2)

for any x € R and ¢t >0, where the antiderivative of ¢, satisfies

o) = [ (ulyt) =~ Uly~ct+a0))dy (23
Then it follows from (2.1) that for any ¢ >0
¢(:too,t):/ (u(z,t) —U(x—ct+x))dx=0.

For simplicity of presentation, let o =0. Now we have

o0

(i)(:l:oo,t):/ (uo(x,t) —U(xz—ct))dxr=0. (2.4)
Also the initial data ¢g of ¢(x,t) is given by

x

do(z) = §(x,0) = / (uo(y) — U () dy. (2.5)

— 0o



T. LI AND J. PARK 1077

Based on the above construction in Equations (2.2) and (2.3), the main theorems
of this paper are stated as follows.

THEOREM 2.1. Let 0<u; <1.8. There exists a constant 8o >0 such that if ||ug—Ull1 +
lldoll <o, then the problem (1.1)-(1.8) has a unique global solution u(x,t) satisfying

u—U e C([0,00); HYNL*([0,00); H)

and there exist some v >0 and C >0 such that

t t
I6CO+ [ IVITToCn)IPdr+v [ o.()3dr <Cllonl
0 0

for any t>0. Furthermore, the solution satisfies

sup|u(z,t) —U(z—ct)| =0 as t—+oo. (2.6)
z€R

The following theorems show that if the initial perturbation decays algebraically or
exponentially as |z| — oo, then the perturbation decays at corresponding rates in time.
In the following theorem, a weight function is defined as

w(z)=(z—2.)"

for a >0, where z, is defined in (5.1).

THEOREM 2.2 (Algebraic rates). Let 0<u; <1.8. Suppose ¢po€ L2NH? for some
a>0. Then there is a constant 6o >0 such that if |luo—Ull1 +|¢0ll0,a <, then the
problem (1.1)-(1.3) has a unique global solution u(x,t) satisfying

u—UeC([0,00); HYYNL2([0,00): HY),

and there are some v, >0 and C' >0 such that for all t >0

t
(1 th)7||¢7(~,lt)||§+1/a/0 A +7)p=()l3dr < C(llgoll3.0 +1020l17),

where 0 <~ <a when « is an integer and 0 <y <« when « is a non-integer.
Moreover, if « is an integer, there is a constant C' >0 such that for any t>0

sﬁpw(x,t) ~U(z—ct)| <CA+1)"% ([ dollo.a + 1620ll1)- (2.7)

On the other hand, if « is a non-integer, it holds

sup u(z,t) Uz —ct)| < Ce(1+8) " 2*(||dolo.a + [ ¢2.0l11) (2.8)

for all t>0, where C; — o0 if e = 0.

For the next theorem, we employ a weight function
w(z) :ea<2_z*>,

where z, is given in (5.1) and a >0 is determined in Lemma 6.1.
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THEOREM 2.3 (Exponential rates). Let 0<w; <1.8. Suppose ¢o € H2,. There exists a
constant §y, >0 such that if ||u—Ull1,w + |¢ollow < dw, then the problem (1.1)-(1.3) has
a unique global solution u(x,t) satisfying

u—U €C([0,00); HE)NL2([0,00); HL)

and there are positive constants vy, 6 and C such that for any t >0

t t
||¢(',t)|\§,w+9/0 H¢('77—)||§,w+yw/0 = (713,007 < Clloll3,-
Consequently, there is some C >0 such that for any t>0

sup |u(z,t) —U(z —ct)| < Ce™ 2| o]l 2.0- (2.9)
z€ER

3. Reformulation of the problem

Theorem 2.1 is proved by showing the global existence of ¢, which is the antideriva-
tive of a perturbation defined in Equation (2.3). Thus, in this section, after reformulat-
ing the problem (1.1)-(1.3) in terms of ¢, we introduce Theorem 3.1 regarding the global
existence of ¢. Theorem 2.1 is a consequence of Theorem 3.1. The proof of Theorem
3.1 is followed from the local existence and a priori estimates.

To begin with, we shall list some properties of traveling wave solutions of the prob-
lem (1.1)-(1.3). These properties are going to be used to establish the desired a priori
estimates for the energy/weighted energy estimates in Sections 4, 5 and 6.

Let U be the traveling wave solutions. Substituting the traveling wave U into
Equation (1.1), it satisfies the ordinary differential equation

/ / Uy
and the Rankine-Hugoniot condition gives us

Uy

=—. 3.2
Moreover, integrating Equation (3.1) with respect to z over (z,400), we have
1 2 Uup 1 2 U,
cU+2U = 2U—|—2U =107 (3.3)

Based on Equations (3.2) and (3.3), the following proposition is derived.
PROPOSITION 3.1. Let 0<|u;—u,|<2. The traveling wave solution U(z) satisfies as
follows:

(1) In Wu [82], it is proved that U is monotonically decreasing over (—o0,00) and
u,=0<U <uy.

(2) For z€R,

P L (3.4)

4 44+4/16—u;
From inequality (3.4), there exists a constant mg >0 such that

l_U/Q

iny —— > . .
win{ gy f 20 >0 (3:5)
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(8) The traveling wave solution U decays exponentially to its end states as z— t00,
and

Clefu"zﬁUgCge*%lZ if z— 400,
. (3.6)
CgSTLZSUl*USCMfMZ if z——o0,

for some positive constants C1,Co,C3,CYy.

Proof.
(2) From Equation (3.3), one can get

g 1=V/I=PU—u)? 57)

U(U—ul)

With Equation (3.7), direct calculation from Equation (3.3) gives us

(U —u /U (1+U2)?  (U—c)U'(1+U")?
U= T = —02 . (3.8)

Observing the minimum of U’, one can obtain (3.4) and (3.5).

(3) From Equation (3.7), it is easy to show
S0 =) <V < [0 =)
2

By the comparison principle, one has

U u .
! U<7lul if z— 400,

— <
l+cie™m® ™ 7 14cgez?

u uy .
— <y - U< ———— ifz——00,
l4cse™ 27 L4cqem2
for some constants ci,co,c3,¢4 . 0

Now we shall reformulate the problem (1.1)-(1.3). In view of Equation (2.2), the
solution u of the problem (1.1)-(1.3) can be written as

uw(z,t) =U(x—ct)+ ¢p(x,t) =U(2) +d.(2,1), (3.9)

where z=ux —ct is the traveling wave variable. For simplicity of notation, we will omit
a bar in ¢.. Substituting Equation (3.9) into Equation (1.1), using Equation (3.1), and
changing variable (z,t) to (z,t), we have

(~pzt6u0t (U6:) +(562) = (07 +6:)(U" 4 62) —g@)U") . (3.10)

Integrating Equation (3.10) with respect to z, we obtain
1
G+ (U—0)p: = =582 +9(U'+6:2) (U +622) —g(U)U. (3.11)
On the right hand side of Equation (3.11), one can derive

_ U+¢.. U
1+ (U +¢..)? 1407

g(U' +¢.)(U' +¢..) —g(UU’
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1_U/2 )
- m@erF(U 1 $22)s (3.12)

where

3U'=UB+(1-U?)b..

FU',¢..)=— 3.13
) = (P U 4 607 1)
and F=0(¢2,) when |¢..| is small.
In conclusion, ¢(z,t) satisfies
Gt (U= = 2 b= —LgiF (3.14)
t C)Pz (1+U’2)2 zz — 2 z .
with the initial data given by
80 =0(2)= [ (o)~ Uly))dy (315)
for any z€R from Equation (2.5).
Define the solution space of the problem (3.14), (3.15) as
X(0,7)={¢(2,1):0€C([0,T); H?), ¢. € L*((0,T);H*)} (3.16)
with 0 < T < co. Recall the Sobolev embedding theorem: if f € H*(R),
sup|f(2)[* <2|| fIlll f1I, (3.17)
z€R
since
PE =2 r@fE<2 [ Al
for all z€R. Then if we let
N(t)= sup {[lo(-,7)[2} (3.18)
0<r<t
for all ¢ >0, the Sobolev inequality (3.17) implies
suplo|* <2[|o[ll¢| and sup|e.|* <2/l ¢--],
z€R z€R
and hence, for any ¢ >0, there is C' >0 such that
sup{l6l -1} <CN (). (3.9
zE

Then the global existence of the solution of the problem (1.1)-(1.3) in Theorem 2.1 is a
consequence of the following theorem.

THEOREM 3.1. Suppose that the assumptions of Theorem 2.1 hold. Then there are
constants 61 >0 and C >0 such that if

N(0) <y, (3.20)
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where N (t) is defined in Equation (3.18), then the problem (3.14), (3.15) has a unique
global solution ¢ € X (0,+00) satisfying that for all t >0,

o6+ [ IVITIo6nPar v [ lo-(olBar <o) @2

for some v=v(mg) >0, where mg is defined in inequality (3.5). Consequently, it follows

sup|o.(z,t)| =0 as t—+oo. (3.22)
z€R

The proof of Theorem 3.1 is based on the following local existence and a priori estimates.

PROPOSITION 3.2 (Local existence). For any 6 >0, there exists a constant T'>0
depending on § such that if ¢o € H*(R) and 2N (0) <4, the problem (3.14), (3.15) has a
unique solution ¢ € X (0,T) satisfying

N(t) <2N(0) (3.23)

for any 0<t<T.

PROPOSITION 3.3 (A priori estimates). Assume that ¢ € X(0,T) is a solution obtained
from Proposition 3.2 for a constant T >0. Then there exist constants o >0 and C >0,
which are independent of T, such that for any 0<t<T if

N(t) <6, (3.24)

then the solution ¢ of the problem (8.14), (3.15) satisfies

16(. 53+ / IITI6()|Pdr +v / l6:(,7)2dr <CN?(0)  (3.25)

for some v=v(mg) >0, where mq is given in (3.5).

The proof of Theorem 3.1 is a consequence of the local existence in Proposition 3.2
and the a priori estimates in Proposition 3.3. Since the local existence can be shown in
a standard way [24], we will establish only the a priori estimates.

4. Basic energy estimates and proofs of stability theorems
In this section, we need to establish the desired a priori energy estimates for the
solution of the problem (3.14), (3.15) to prove Theorem 3.1.

LEMMA 4.1 (L2-estimates).  Under the conditions of Theorem 2.1, if 0<u;<1.8, it
satisfies for all t >0,

l6(.6) 2+ /Mw )| dr+m°/||¢z, )|[2dr

§||<i>o||2+C/0 /RG1<¢>,¢Z,¢ZZ)dsz (4.1)

for some C >0, where mgo >0, which is defined in (3.5), and

G1(9,62,¢:2) =0|(62 +¢2.) (4.2)

is a collection of cubic terms in inequality (4.1).
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Proof. Multiplying Equation (3.14) by 2¢, we have

U/2

2
(1+U’2) g 0P = (9 +2F)0. (4.3)

2001 +2(U —c) ¢ —

The left hand side of Equation (4.3) can be expressed as

1— U12
(1+U/2)
1_U/2

=(¢%)¢+ ((U_ )¢ — 2m¢¢z) . +(-U")¢"
U/2

(1+U72)?

2091 +2(U —c) ¢ — T g 99z

1-U"

+2(m)/¢¢2+2 _g2.

Substituting the above result into (4.3), we deduce, after integrating the resulting
equation with respect to z over R, that

i/d“d +/(—U’)¢2d +2/ ﬂ&d
dt Jg ¢ R ¢ r (1+U2)277 ¢

—2/R((11;5,;2)2)/¢¢zdz+/]1§(—¢3+2F)¢d2. (4.4)

Here, since —1<U’ <0 for all z€R by inequality (3.4), the coefficients of ¢? and ¢
on the left had side of Equation (4.4) are positive for all z € R. From Equation (3.13),
denote

FU,¢..) = K1(U',¢..)62., (4.5)

where K is a continuous function of its variables. Since U’ is bounded for all z € R by
(3.4), there is a constant M; >0 such that

Mlzmaﬂqul(U’,quz)L (4.6)
zE
Hence, it follows
d 9 9 1-u?
—/qi) dz+/|U'|¢ dz+2/ﬂ%7(1+U/2)2¢zdz
<[]p(a7 LU ) e ot [ 1062dz 20, [ 002 |d: (4.7)
(1+072)2) 777 e F VTR '

Next we estimate the first term on the right hand side of inequality (4.7). Using
Equation (3.8), one can directly calculate as

( 1-U” )’772U’(37U’2) , U (U —c)(3-U")
: —

1+U’2)2 (1+U’2)3 - 1—U'4 ’ (4'8)

and employ the Cauchy-Schwarz inequality to estimate as

1-U2 \' | AUR(U =) (3—U")
‘2((1+U’2)2) 09 _‘ 1-U a2
/ 2 _TT12)\2

(1 U/4)2
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:le +IQ, (49)

2 ’
where 0<&; <1 to be determined. Further, we have (U—c¢)? =+ 2% from Equa-
tion (3.3). Hence, for

0<u <18, (4.10)

we can find 0 < &9 <2 such that

Bt (i W NOPE-UR
2T 1+02) (1—oh2 %

¢ (4.11)

1— U/2
2+07)

For simplicity for notation, we adopt

1 3
g1 = 3 and e9= 3 (4.12)
in the rest of the paper. By inequalities (4.9) and (4.11), we have
1-U"? \/ _U?
2(7) . U’ e 4.13
(o) ¢ ST (1+U’2) 272 (4.13)

for all z €R. Plugging inequality (4.13) into inequality (4.7), we can deduce

2 1 42 l_UIZ 2 2 2
G [ty [016as s | Goramote< [ootiasvann [ jodk. iz (41)

From inequality (3.5), we derive

1
d / Gzt t / 0|¢2dz+ "0 / P2z < / 662 dz+2M, / 662, |dz. (4.15)
dt Jr 2 Jr 2 Jr R R

Inequality (3.5) is a key element in order to carry out the energy estimates. Conse-
quently, inequality (4.1) is proved by integrating inequality (4.15) with respect to ¢.
O

REMARK 4.1. Among the smooth traveling waves with 0< |u; —u,| <2, we are able
to prove the stability of large amplitude waves 0<|u; —u,| <1.8. This is due to our
technique. With a proper choice of €; and €5, the upper bound of v; in Lemma 4.1 can
be improved to be beyond 1.8. For simplicity of presentation, we adopt an upper bound
of u; as 1.8.

Next the estimates for the first derivative of ¢ are shown.

LEMMA 4.2 (H'-estimates). Under the same assumptions in Lemma 4.1, there is
some C' >0 such that

t
16 (0)[12 + 2o / s (o) |2dr
0

t
<Cldol2+C / / (G, Bos) + GGy bunsfrns))dddr (4.16)
0 R
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for all t>0, where mo >0, which is given in inequality (3.5), and G1(¢,¢.,0..) is
defined in Equation (4.2), and we denote

G2(¢za¢zm¢zzz): ‘¢z¢§z|+|¢z¢zz¢zzz| (417)

Proof. Differentiating Equation (3.14) with respect to z and multiplying the result
by 2¢., we obtain

1-U" )
261265+ 2(U = )9:):0: 2T gy ss) 0= (~02):0: +2F6 (418)

Integrating Equation (4.18) with respect to z over R and using integration by parts give

us
/¢ dz—|—2/ . [(]],;2)2¢zzdz—/R(—U’)ﬁ—i—Q/RFz@dz, (4.19)

where we have used that [, —(¢.)2¢.dz=0 since both (—=¢?).¢.=(—¢2¢.). +P2¢-.

and (—¢?2).¢. = —2¢2¢. hold.
Next, let us estimate the right hand side of Equation (4.19). By direct calculation,
one obtains

Fz :K1z¢gz +2K1¢zz¢zzz
= KQ(UlvU/I7¢zz) zz +K3(Ulv¢zz)¢zz¢zzza (420)

where K is given in Equation (4.5). Then one can easily check that Ky and K3 are
continuous functions of its variables and its variables are bounded. Let

M2 maX|K2(U/ U”7¢zz)| and M3:m€aI§(|K3(U/7¢zz)|v (421)

where My and Mj are positive. By inequality (3.5) and bounds(4.21), we deduce

dt/¢>2dz+2mo/¢>2 dz</|U’|¢§dz+2M2/|¢z zz\dz+2M3/|¢z¢m¢m|dz
R R

from Equation (4.19).
Since U’ is bounded for z € R, if we integrate the above result with respect to ¢,
there is some C' >0 such that

(-1t H2+2mo/ s () |2
t
2 2
<Clluol?+C / I ()| Pdr+-C / / Go(GssGan, rons)dzddr
t
<Clldo|2+C / / (G1(6+63,022) + Cia (s, oms 02z (4.22)
0 R

for any ¢>0, where fot||¢z(~,7')H2dT is estimated by the LZ-estimates (4.1), and
G1(¢,02,¢:2) and Ga(dz,Pzz,¢---) are defined in Equations (4.2) and (4.17), respec-
tively. Therefore, we get the desired H'-estimates (4.16). d

Finally, we derive the estimates for the second derivative of ¢.
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LEMMA 4.3 (H?-estimates). Under the same assumptions of Lemma 4.1, there exists
some C'>0 such that for any t >0

t
||¢zz('»t)\|2+2m0/ @22z ()| Pdr
0

t
SC||¢)0”3+C/O /R(G1(¢7¢Z7¢Zz)+G2(¢Z7¢)2Z7¢ZZZ)+G3(¢Z7¢223¢222))d2d75 (423)

where mg >0, which is defined in (3.5), and G1(d,¢.,b..) and Go(¢.,drrydzzz) are
given in Equations (4.2) and (4.17), respectively, and we denote

GS (¢z,¢zz;¢zzz) = |¢z¢zz¢zzz| + |¢§z¢zzz ‘ + ‘¢ZZ¢322|‘ (424)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
result by 2¢.., we have

_U/2
2¢tzz¢zz + 2((U - C)(bz)zz(bzz —2 (( !

TU/Q)2¢ZZ)ZZ¢ZZ = (_¢g>zz¢z2 +2Fzz¢zz- (425)

Integrate Equation (4.25) with respect to z over R and use integration by parts. Then
it holds
1— U/2
dz+2 2..d
/¢ZZ Z+ / 1+U/2) ¢ZZZ z
1-U? "
" 42 ! 2
/RU o5 ,z—k/]R 33U+ A3077 2. dz

+2/R(¢Z¢zz¢zzz _KQ(bz«zd)zzz _K3¢zz¢zzz)d2, (4.26)

where Ky and K3 are given in Equation (4.20).
Indeed, integrating Equation (4.26) with respect to ¢, we deduce, by using (3.5),

"
(4.21), and the boundedness of U’, U"" and ( ) , that there exists some C' >0
such that for any ¢ >0

/2

t
1622 ()12 +2mo / 16sss ()Pl
t t
2 ) 2
<zl +C / |6: (7 2dr +C / / Gals,honron )dzdr

t
<Clldol2+C /0 /R (C1(6,621002) + G (02,6nmsbrn) + Ga(Gasbonsbons) )z, (4:27)

where fot||¢z(-,7')|ﬁd7 is estimated by the L?-estimates (4.1) and the Hj-estimates

(416)a and Gl(¢7¢z7¢zz)> G2(¢z7¢zz7¢zzz) and G3(¢za¢zza¢zzz) are given in Equa'
tions (4.2), (4.17), and (4.24), respectively. Therefore the proof of (4.23) is completed.
]

Now combining the results from the L2-estimates (4.1), the H'-estimates (4.16) and
the H?-estimates (4.23), we conclude that there is some C >0 such that

oI+ [ VT Rar+ 2 [ fos(r)izar
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t
§C||¢0||§+C/O /]R(G1(¢7¢zv¢zz)+G2(¢za¢zzv¢zzz)+G3(¢zv¢zzv¢zzz))d2d7— (428)

for all t>0, where mo >0 is defined in (3.5), and G1(0,¢.,0..),G2(d.,¢.2,0...) and
G3(¢s,022,¢22.) are collections of cubic terms in Equations (4.2), (4.17), and (4.24),
respectively.

By using the Cauchy—Schwarz inequality and and (3.19), the cubic terms are majored
by CN(t fo |6~ (-,7)||3d7 for some C > 0. For instance, one obtains for 0 <t <T,

/Ot /R G222 ¢222]dzdr
S;(/Ot/RWzWizdsz—i—/otA¢Z|¢§szzd7-)

<ON(1) / a7 20 (4.29)

for some C' > 0. The other cubic terms can be estimated in a similar manner. Therefore
inequality (4.28) is estimated by

l6(.6) 3+ /Mw )| dr+m°/||¢z, )27

<Cllol3+CN (1) / 1627 3dr (4.30)

for any 0<t<T and for some C > 0.
Now take a small d5 >0 in Proposition 3.3 so that 4Cds <mg. Then, for any 0<
t<T, we finally have

16(.8)3+ / N / l6:(-.7)12dr < CN2(0)

for some v=v(mgy) >0 and C >0, which is the desired result of (3.25) in Proposition
3.3.

By the local existence in Proposition 3.2, the a priori estimates in Proposition
3.3 and the continuation arguments, the proof of Theorem 3.1 is finally completed.
Therefore Theorem 2.1 is proved.

5. Rate of convergence: algebraic decay

In this section, we prove Theorem 2.2. To be specific, we are going to prove that
the perturbation decays algebraically in time if the initial perturbation converges al-
gebraically in space by a weighted energy method. This way of showing the rate of
asymptotic convergence was introduced by Kawashima and Matsumura in [6] and Mat-
sumura and Nishihara in [21]. We also refer to other papers [12,18,19,22, 23, 25, 26].

To define a weight function w(z), we choose a constant z, €R such that

uy

U(z*):5:c. (5.1)

Indeed, since U’ <0 and 0<U <w; for any z€R by inequality (3.4), z. is uniquely
determined and satisfies

(U—c)(z—2:) <0 for any z€R, (5.2)
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which plays an essential role in the following estimates (see Lemmas 5.1, 5.2, 5.3, 5.4).
Let a>0. Define a weight function

w(z) = (2 - 2.)°, (5.3)
the weighted solution space of the problem (3.14), (3.15)
Xo={0(21):0€C([0,T); HY), ¢-€L*((0,T);H3)} (5:4)

with 0 <T <00, and set

Na(t)zoi‘igt{|‘¢('”) 0,0+ l1¢:(7)ll1} (5.5)

for all £>0. Theorem 2.2 is a result of the following theorem.

THEOREM 5.1. Suppose that the assumptions of Theorem 2.2 hold. Let v be any
number such that 0 <~ <« if « is an integer and that 0 <~ <« if a is a non-integer.
Then there are positive constants d3 and C' such that if

Na (0) < (53,
then the problem (3.14), (3.15) has a unique global solution ¢ € X, (0,400) satisfying
that for all t >0,

(1+t)”||¢(',t)H§+Va/O (1+7)7]¢= (-, 7)[I3dr < CN&(0) (5.6)

for some v, =v4(mg) >0, where myg is given in (3.5).

PRrROPOSITION 5.1 (Local existence). For any 6 >0, there exists a constant T'>0
depending on & such that if po € H2(R) and 2N,(0) <6, the problem (3.14), (5.15) has
a unique solution ¢ € X,(0,T) such that for any 0<t<T

Na(t) <2N4(0).

PROPOSITION 5.2 (A priori estimates).  Assume that ¢ € X,(0,T) is a solution ob-
tained from Proposition 5.1 for a constant T >0. Then there are positive constants 64
and C independent of T such that for any 0 <t <T if

Na(t) <54,

then the solution ¢ of the problem (3.14), (3.15) satisfies

(1+t)”||¢(',t)H§+Va/O (1+7)719:(-,7)13dT < CNZ(0) (5.7)

for some v, =vo(mg) >0, where mg is defined in (3.5).

Now we are going to prove the above a priori estimates (5.7) in the following sub-
sections. In Subsection 5.1, we establish weighted energy estimates. With a result from
Subsection 5.1, we continue to establish the desired a priori estimates (5.7) in Subsection
5.2.
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5.1. Weighted a priori estimates. To proceed to weighted a priori estimates
of the solution ¢ of the problem (3.14), (3.15), let us fist establish the weighted L2-

estimates.
Multiplying Equation (3.14) by a time dependent weight 2(1+¢)7(z — 2, )% ¢ for some
0<+,8<a, where z, is defined in (5.1), we have

12
201+ 1) (z— 2P +2(141) (2 — 2.)P (U — )b, —2(1+1)7 (2 — 2,)° (11+UU,2) OGPz
=—(14+t)(z—2)P 0% +2(1+1) (z— 2,)  Fo. (5.8)
The left hand side of Equation (5.8) can be expressed as
12
A1+ (22 00+ 21+ (=) (U = o 20+ (e = 22) sz 0
=((1+1)(z—2.)"¢%)
2 ¥ B —U”
O =2 (U= =204 (= 2)’ (g 06
=1+ z = 2) 0" = BL+1)7 (2 = 2.) 2 (2 = 2) (U = )¢
1-U"
(1+072)?

1-U? 1-U”
+2<1+t>v<z—z*>ﬁ(m) 00+ 201+ = 20) s o

— (14 (z—2)PU ¢ +2B(1+1) (z— 2.)P "2 (2 — 2,) 0P,

Substituting the above result into Equation (5.8) and integrating the resulting equa-
tion with respect to z over R give us

jt (14+1)Y (2 — 2.)P ¢?dz — ﬁ/ (148 (2= 2)P 72 (2= 2.)(U — ) p*dz
¥ APV Yo UIQ 2 >
+/R(1—|—t) (z—2)P(~U")¢ dz+2/R(1+t) (z—2,)? 7(1“],2) $2d
= [0 e g =2 [ (=) () G
—26/<1+t)”< il 56¢-d
. Z— Zs 2 — Zs +02) Ldz
+/(1+t)7<z—z*)5(—¢¢z+2F¢)dz. (5.9)
R

Now we shall further estimate the right hand side of Equation (5.9). For 0 <w; <1.8,
the second term on the right hand side of Equation (5.9) is estimated by using

_7j2 /
2/R<ZZ*>ﬁ‘((11+g’2)2)

LB [ syp L7UZ 2
S e e O e

|$¢:|dz

from inequality (4.13). Plugging the above result into Equation (5.9), we arrive at

d

K L AR e PR L POTRE
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+;A(1+t)7(z—z*>5(f;géy¢§dz
772
<y [0 a2 0428 [ (107200 s G0l
+ [ @7 -2 (062 +2IFol)dz, (5.10)
R
where
Ag(z) :z—ﬁW—l—;(z—z*)(—U’). (5.11)

LEMMA 5.1. For >0, let S€[0,a]. Then there is co >0, which is independent of 3,
such that for any z € R

A5(2) > o (5.12)
where Ag(z) ts defined in (5.11).
Proof. By inequalities (3.4) and (5.2), we have —ﬁ%go and 1(z—

2)(=U")>0 for any z€R. Particularly, it holds that —&=2)U=c)

2
z=2z,. Hence, for any 1> 0 there exists some ¢(7) >0 such that

=0 if and only if

_W >c()>0 for |z—z]>n. (5.13)

On the other hand, since —U’ has a maximum at z = z, by inequality (3.4), we can pick
positive constants 7y and m; satisfying

1
§<z—z*>(—U’)2m12§m1>0 for |z — 2z <no. (5.14)
Letting
—mi mi
co—mm{c(no), - }>O7 (5.15)
we conclude that
(z=2)(U=c) 1 ,
A =—p T -2 )N(=U) >
(2 =B O e ) (U 2o
for all z€R. O

Now we integrate inequality (5.10) with respect to ¢t. Using (4.6), (3.5), (5.12) and
the boundedness of U’ and estimating F by (4.6) yield

t t
A+ 160l 5+ 08 | 1+ 6D 5adr+ 52 [ @7 0x(7)IB s
0 0
t t
<loolf s+ [ ey ot dr +C8 [ [ () e o dzar
0 0 JR

t
T _*B zyWzz T .
+C[L@@+)sz>chw¢ 6..)dzd (5.16)
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for all ¢>0 and for some C >0, where G1(¢,¢.,..) is defined in Equation (4.2).

Let us estimate the third term on the right hand side of inequality (5.16). By the
Cauchy-Schwarz inequality, we have

02
CB/R<Z—2*>6_1\¢¢Z\dz§%/}R(z—zﬁﬂ_l&dz—i—?f/R(z—z*w_lqﬁzdz. (5.17)

In particular, the second term on the right hand side of inequality (5.17) can be further
estimated as

c*p B—1,2
D00 R<Z*Z*> pzdz
c?B 1 5.2 Cc*p 81,2
- 2¢o |z—2.|>7 (z—24) (z=z) ¢ZdZ+TCO \zfz*\Sr<Z_z*> oxdz
m
< 16 CDIE 5+ BC: 6 1)I1° (5.18)

for a suitable 7 >0 and some C, >0. That is, the third term on the right side of (5.16)
is estimated by

B [*

5 | QnTOC I s

t t
20 [ a4 5, [ lon(nlPdr Ga9)

for all t>0. Insert (5.19) into (5.16) and estimate the first and second terms in (5.19)
by the left hand side of (5.16). Then we finally obtain the following lemma.

LEMMA 5.2 (Weighted L2-estimates). Let a>0 and B and «y be any numbers in [0,a].
Under the same conditions in Theorem 5.1, there is some C >0, which is independent

of B and 7,

t t
A+ IO 5+ Y [ 7V NoCE padr+ T [ (@7 0se) IR
0 0

t
0

t
§||¢o|\(2),5+7/ (1+T)771||¢('v7—)||876d7_+cﬂ/0 (L+7)|| ¢ (-, 7)||?dr
! B
Y _
+c/0 /R(l—i—r) (2= 258G (6,6, 622 )dzdr (5.20)

for any t>0, where positive constants co and mq are defined in (5.15) and (3.5), re-
spectively, and G1(¢,b,,¢.-) is given in (4.2).

Next we derive the weighted H'- and H?-estimates.

LEMMA 5.3 (Weighted H'-estimates).  Under the same assumptions in Lemma 5.2,
it satisfies that for all t>0

t t
A+ 1005+ % [ A+ oI adr+mo [ (47 6ne )
0 0

2
075d7_

t
0

t
<O(Iooll s+ [ (om0 7R g+ [ (176
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t Nz —2.)8%(Gy zdT .
t [ [0 (Gr0:6:16.0) + Gl s sz, (5.21)

where a positive constant C is independent of B and v, c¢g >0 and mo>0, which are
given in (5.15) and (3.5), respectively, G1(¢,¢.,0.,) is defined in (4.2), and we denote

Proof. Differentiating Equation (3.14) with respect to z and multiplying the
resulting equation by 2(1+%)7(z —z.)%¢., we have

2(1+1)"(2 ~2.) bra

+2(1+t)’y<z_z*>6((U_c)¢z)z¢z _2(1+t)’y<z_z*>ﬁ( L-U” 2¢zz)z¢l)z

a0
=21+ t)(z—2)°¢%b.. +2(1+1) (z— 2.)  F.¢.. (5.23)

Integrate Equation (5.23) with respect to z over R and use integration by parts. It then
follows

% R(1+t)7<z—z*>’8¢§dz
+/R(1+t)7<z—z*>51Aﬁ(z)¢§dz+2/R(1+t)7<z—z*>ﬂ(11;[%2)2 2 dz
= [ty e s eiet g [ (07— ) (U)o
=98 [ (40 o 22— 2] s b
+2 [ ()7 (e =2 (62004 Fo0) (5.24)

where Ag is given in Equation (5.11).
Next, let us integrate Equation (5.24) with respect to t. Then, using (3.5), (4.21),
(5.12), and the boundedness of U’ gives us

t t
(L) 6r 2.5+ 0B / (7Y (1) 12 gy +2mg / (7)1 62s (72 s
0 0

<ll¢=0

t t
Loty [ Q) un) IR pdr+C [ (6B e
0 0
t
Yy 5 \B—1
JrC’ﬁ/O /R(1+7') (z—2:)" " | rprz|dzdr

t
+c/0 /Ra+T)v<z—z*>BG4(¢Z,¢zz,¢m)dsz (5.25)

for all ¢ >0 and for some C >0, where Gy4(¢,,¢..,0..-) is given in Equation (5.22). By
a similar argument used in (5.17) and (5.18), the fourth term on the right hand side of
(5.25) is estimated as

t
Yo __ p—1
cp / / (1+7)7 (2 — 2) 7 s sl dzdr
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Oﬁ 2 ! v 2
(1+T) l[6=(-7)I6,5—1d7 +m0 | (L+7)7[¢22 (-, 7[5, sdT

+,BC;/O (L7 | 6oa (1) |2dr (5.26)

for some Cr > 0. Substituting inequality (5.26) into inequality (5.25), the first and second
terms on the right hand side of inequality (5.26) are absorbed in the second and third
terms on the left hand side of inequality (5.25). Then there is some C > 0, independent
of § and ~, such that for any ¢ >0

cof

t
(1+8)7][6-(-t )||0ﬁ+ (1+T) |\¢z('77)||3,/371d7+m0/0 (L+7) | pzz ()15 g

t t
<ol 5+ / <1+T>7*1||¢z<',7>u3,gdv+c / (7)1 62 ()3 pdr
t t
c 1+7)|bos (-, 7) ||2dr +C 14+7) (2= 2.)PCu(¢2, sy 2z )d2d
+ 6/0<+r> 622 ()| Pdr + //( ) (2 2P G (B oo o)
t t
<0 (lloll2 5+ / (7)o pr+8 [ () lnllfdr

t ) (2 — 2P (G1 zdr .
[ [ 7 =20 (Gr6:0:.6.0) + Gl b)), (5.27

where fg(1+7)7\|¢2(',7')||g76d7' is estimated by the weighted L%-estimates (5.20), and
G1(¢,,,0..) is defined in (4.2). Therefore, the proof of inequality (5.21) is completed.
0

LEMMA 5.4 (Weighted H2-estimates).  Under the same assumptions in Lemma 5.2,
we have that for any t>0

Coﬁ

A 160 s 22 [t (st 22 [ 1) s it

t t
<c (ool s+ [ (1+T)7_1||¢(-7T)||§,ﬁd7+ﬂ [ sy o-tm)iar
0 0
t
1 v — Rx BilG 2y Pzz2yPzz2z dzd
+ﬁ/0/]R(+T)<ZZ> $(Bsy e pons)dzdr

b [ 20 (G1(6102.602) G 61r60n2) + G 6n 6220 )
v (5.28)

for some C'>0 which is independent of f and vy, where positive constants ¢y and mgq
are given in (5.15) and (3.5), respectively. In Equations (4.2) and (5.22), G1(¢, ¢, ¢22)
and Gy(¢o, @2z, P22.) are defined respectively. We denote

G5(¢z7¢zz7¢zzz) = ‘¢Z¢zz| + |¢2z| + |¢§z¢zzz| (529)

and
G6(¢za¢zza¢zzz) = |¢z¢zz¢zzz| + |¢§Z¢zzz‘ + ‘(bzz(bgzzl (530)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
resulting equation by 2(1+1)7(z—z,)%¢.., we obtain

2(1 +t)’y<z - Z*>¢tzz¢zz +2(1 +t)7<2’ - Z*>ﬂ((U - C)(bz)zz(bzz
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_U/2
— 2(1 +t)’y<2 — Z*>ﬁ (m(ﬁzz) Zz¢zz
=1+ (2= 2 (=¢2)ss¢0o. +2(1+ 1) (2 — 2.)P Fl. ... (5.31)

Integrating Equation (5.31) with respect to z over R and using integration by parts,
one can show

d
el 1 vy _*ﬁQ
G LGzt

772
[0 -2 @)t 2 [ ) -2 e
R R

(L+0m)2 %=

_ ~1/,_ ., \B _ VB2, ﬂ/ >
_»y/]R(H—t)V Nz 2)P 82, dz zﬁ/R(Htmz %) 72z *)((1+U,2)2) 2 d

+5 [ (Ui

1 _ U/2
W¢zz¢zzzdz

95 / (L) (2= 2P (2 — 2.)
R
+25/(1—I—t)'*(z—z*>5_2(z—z*)(¢z¢§z—szbzz)dz
R
+2/ (L+8)7 (2= 2) (G2 202z — Fodpozz)dz+ Jy + Jo+ J3, (5.32)
R

where Ag is given in Equation (5.11), and we denote
Jl:26/(1—&-t)'Y(z—z*)ﬁ_Q(z—z*)U/¢Z¢zzdz7
R

Jo=2 / (14+6)7(2=2) U’ $. 9224z,
R

o s Uy
J3= 2/R(1+t)’y<z Z*> ((1+U/2)2) ¢zz¢zzzd'z'

Now we shall estimate the right hand side of Equation (5.32). Firstly, by the
Cauchy-Schwarz inequality, J1,Jo and J3 are estimated as follows:

2
|‘]1‘S£/<Z_Z*>ﬁ_lU/2¢de+@/Q—z*)ﬁ_lqﬁzzdz,
¢o JR 2 Jr

2
|J2\g—/(z—z*>5U’2¢§dz+@/(z—z*>ﬁ¢§zzdz, (5.33)
mo Jr 2 Jr

2 1-U7? v/
< = o N\B( =
|J3‘—m0 /R<Z Z*) ‘((1+U/2)2)

where positive numbers ¢y and mg are defined in (5.15) and (3.5), respectively. After
further estimating Equation (5.32) with (3.5), (4.21), (5.12) and the boundedness of U’

, li
and (%) , insert (5.33) into (5.32). Integrating the result with respect to ¢, one

2
62, dz + —Tgo / (z—2)P82. . d2,
R

deduces that there exists some C' >0, independent of 8 and +, such that for any ¢ >0
(L+8) == ()13 6

COB t t
+ 2 [ e i [ (14 s ) B
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t t
§||¢ZZ,0||(2),5+7/0 (1—’_7—)7_1||¢ZZ('7T)||g,ﬁdT+Cﬁ/) (1+T)7||¢z('77)“3,ﬁ71d7—
t t
e /0 (7Y s (1) 2 gdr +CB /0 /R A7) (2 = 2V s bna | dzdr
t
408 [ [ Q71— G0, 0uss s
0 R

—Q—C'/Ot/R(l—I—T)'Y(z—Z*>6G6(¢2,¢22,¢zzz)dzd7, (5.34)

where G5(¢,¢22,022.) and Ge(¢.,¢..,...) are given in Equations (5.29) and (5.30),
respectively.

We can further estimate the right hand side of inequality (5.34). Using a simi-
lar argument from inequalities (5.17) and (5.18), the fifth term of inequality (5.34) is
estimated as

t
Cﬂ/ /(1+T)’Y<Zfz*>ﬁ71|¢zz¢zzz|dz
< [ ous o s+ 50 [ 1) i
t
460 [ (@4 bunsCor) s
0

for some Cz>0 and for any ¢ >0. Plugging the above result into inequality (5.34) and
estimating it by the second and third terms on the left hand side of inequality (5.34),
it leads to

(1+t)’y”¢zz('at)”(2),ﬁ

t
+ L r omn ptr B [ 47 62sn )

t t
§||¢zz,o||(2),,3+7/0 (1+7)"" ¢z (TG gdr +CB ; (+7) 6275 g1dr
t t
+C/ (1+7’)7||</>z('a7)||%,/3d7+0ﬁ/ (147) | pozz (- 7) [ Pdr
0 0
t
+Cﬂ/(; /R(l+7')’Y<Z*Z*>B71G5(¢Z7¢2z7¢2z2)d2d7-
t
C 1+7) (2= 2.)  Go(hz, P2z, 0zz2)dzd
40 [ [ 07— 2 G066
t t
<060l 5+ [ A+~ g6 pr +8 [ (4 Cor) B
0 0
t
1 Tz — 2z, B_IG 2y Pazy @rzz)dzd
48 [ [ 0 a2 1 C (606
t
+/ /(1+7)7<2_Z*>'3(G1(¢7¢27¢zz)+G4(¢zv¢zza¢zzz)+G6(¢z;¢zza¢zzz))d2d7-)
0 JR

for some C>0 and for any t¢>0, where ﬁfot(l—|—T)"\\¢Z(-,T)||gﬁ71d7'+fot(l+
7)]|¢=(-,7) |3 gd7 is estimated by the weighted L*-estimates (5.20) and H'-estimates
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(5.21), and G1(0,¢.,0.,) and G4(¢,0..,¢...) are given in (4.2) and (5.22), respectively.
Therefore we finally get the desired result (5.28). d

Let us combine all results from the weighted L?-estimates (5.20), H'-estimates
(5.21), and H?-estimates (5.28). Then we conclude that there exists some C' >0 such
that for any ¢ >0

cof3 K

t
A+ IO 5+ 2 [ rP o) padrs T [ (@7 lostr) B e
0 0

! t
§C<||¢0||§,B+'Y/ (1+7-)7_1||¢(7T>||§’ﬂd7+ﬁ/ (1+T)’Y||¢Z(77—)H§d7
0 0
t
+5/0 /R(l+T)V(zfz*>ﬁ71G5(%,gbzz,qszzz)dsz

t
+/ /(1+T)’y<z_z*>ﬂ(G1(¢v¢za¢zz)+G4(¢z7¢zza¢zzz)+G6(¢za¢zz7¢zzz))d2d7-)a
v (5.35)

where positive constants c¢g and mg are introduced in (5.15) and (3.5), respectively.

Also G1(¢7¢za¢zz); G4(¢Z?¢227¢222)7 G5(¢z;¢zza¢zzz) and G6(¢27¢227¢222) are defined
in (4.2), (5.22), (5.29) and (5.30), respectively, and are collections of cubic terms.

5.2. Rate of convergence. In this subsection, we aim to prove Theorem 5.1.
Similar to proof of Theorem 3.1, we only need to establish the a priori estimates (5.7).
With (5.35), we continue to establish the desired a priori estimates (5.7) through the
following lemmas.

LEMMA 5.5.  For any v<«a when « is an integer, or v <« when « is a non-integer,
there are positive constants 64 and C independent of T such that if N(t) <d4 in Propo-
sition 5.2, it holds for 0 <t <T,

t t
(1+t)7||¢(~,t)||§,ﬂ+ﬁ/0 (1+T)”||¢(-,T)||§,;a_1d7+va/0 (1+7) (= (713, 5d7

t
0

t
<C(lonll s+ [ 1+ o TR s+ 5 / (L) llo-(,7)3dr),  (5.36)

for some v, =v4(mg) >0, where myq is given in (3.5).

Proof. To prove this lemma, we need to further estimate (5.35) to obtain inequal-
ity (5.36). Since the fourth and fifth terms on the right hand side of estimate (5.35)
contain cubic terms, it remains to estimate the cubic terms to show inequality (5.36).
Indeed, by the Cauchy-Schwarz inequality, (3.18) and (3.19), the fourth and fifth terms
containing the cubic terms are bounded by

N3 [ 076D st [ (7o CBpdr) (6537

for some C'>0. Take a sufficiently small d, >0 in Proposition 5.2 so that 8CN(t) <
8C'd4 <min{cy,mg}, where positive constants ¢y and mg are defined in (5.15) and (3.5),
respectively. Then, we complete the proof of inequality (5.36). 0

Based on Lemma 5.5, we are going to prove the desired a priori estimates in Propo-
sition 5.2. Dividing into two cases 0 <~ <[a] and [a] <y < «, we will complete the proof
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of Proposition 5.2. In the following lemma in the case 0 <~ <[a], we use the principle
of induction from Pan and Liu [26].

LEMMA 5.6. Let v€[0,a]NZ. Then there exists a constant C >0 such that for any
0<t<T

(1 +t)’YH¢(7t) ”g,af'y
t

t
+(a—v)/0 (1+T)”H¢(-J)||§,a_7_1d7+va/0 (14+7) 62 (- 7) 13,0 dT
<CNZ(0), (5.38)

where Vo =V (mo) >0 is from Lemma 5.5, and mq is given in (3.5). Consequently, we
have for any 0<~<[a] and for any 0<t<T,

t
(1+t)7”¢('at)”§+ya/ (1+7)7[l¢= (-, 7)[l3dr < CNZ(0). (5.39)
0
Proof.  First, we will show the induction on y=0,1,2,...,[a] in
(]‘—’_t)’de)(',t)”%,a—'y
t

t
+a—n) / A7) S By ydlr + v / (7)1 65 (o) B 7
0 0
<Clléoll2. (5.40)

for some C' >0 and for any 0 <t <T, where v, =14 (mp) >0 from Lemma 5.5.
Step 1. From inequality (5.36), letting v=0 and 8=0, we have

t
||¢(-,t)||§+va/0 9=, ) I3dT < Cllgoll3. (5.41)

Now put y=0 and 8=« in inequality (5.36). By inequality (5.41), one obtains
t t
6B ate [ 100G asdr+vo [ 6.0 adr

t
<C(IonlBacta [ lout.mlBar)
0
SC||¢0||§,O¢7 (542)

so the case v=0 is true.
Step 2. Assume that inequality (5.40) holds with y=k—1, where k <«. That is,

L+ o ()13 amks

t t
+(a—k+1)/0 (1+T)k_1H¢<'77>H§}a7kd7_+ya/0 A+7) " M (7)13 0 ks1dT
<C1$oll3.q- (5.43)

Now letting 5=0 and v=Fk in inequality (5.36), and using inequality (5.43), it holds

A+ 0* 160 |3+ v / (L+7)* 62 ()| 2dr
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<C(llgol3+* / (1) o))
<Clléol3 (5.44)
Moreover, putting =« —k in inequality (5.36), it ends up with
L+ oC )3 0r

k) [ QI sadr v [ @+ 1607 B sdr

t t
<O(WoolB stk | (70T s+ (=) [ (147 o) )
<Clléol.0 (5.45)

for any 0 <t <T and for some C >0, where the last inequality holds by inequalities (5.43)
and (5.44). Thus estimate (5.40) is true when = k. By the principle of induction, (5.40)
holds for any v=0,1,...,[«].

Furthermore, if ¢o € L2, then ¢. o€ L2. Thus we have ||¢o[3 , <CNZ(0) for some
C'>0. Therefore we complete the proof of (5.38), which implies (5.39). O

It remains to show inequality (5.39) in the case [a] <y <« when « is a non-integer.
We will use a technique, introduced by Matsumura and Nishihara in [21].

LEMMA 5.7.  If « is a non-integer, there exists some C. >0 such that for any v <«
and for any 0<t<T,

L+ 160 1) 3 +va / (1+7) (16 (- 7) |37 < C.N2(0), (5.46)

where v, =va(mg) >0 is from Lemma 5.5 and myg is given in (3.5), and C:— o0 as
e—0.

Proof. Considering 8=0 in (5.36), we have
t
(1+t)”\|¢('7t)||§+l/a/ (1+7) 16 (,7)ll3dr
0

<0 (ol +7 [ A+ ot ). (5.47)

We only need to estimate the last term in inequality (5.47). To estimate this term, we
will use (5.38) with v=|a],

(1 +t>[a] ||¢(>t) I%,af[oc]

t t
+(a—[a]) / A7), g1 7+ Ve / A7) 6 () | o
<CNZ(0), (5.48)

and Holder’s inequality,

< p q h = = :
J Ul < luslglle, where p= = =
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Then for i=0,1,2, we have, for any [a] <y <a and for any 0<t<T,
AR T
Ot .
:/0 (1+7)H(/R(<z_Z*><a7[a1><[a1+1fa>(aid))z([a]ﬂ,a))
({2 = z)(erled ool gl g)2(e—leh ) a2 ) g

< [arn ([ @iora:)
(/<z—z*>_([a]+1_a)(8i¢)2dz>a_[a])dT
R

l[a]l+1—«

la]l+1—«

S A e CRSeL (T Wy

(/(1+7)[a] <Z*Z*>7([a]+17a)(3§¢)2dz>a_[a]>d7
R

t a—[a]
SCNS([Q}H_@)(O)/ (14 7yr=1=lel ((1+T)[°‘]||¢(-,T)||§,a7[a}71) dr
0

t o — al+l—a
gCNfl(["‘]“*a)(O)(/ (1+T)*H1ﬁd7)[ }
0

a—[a]

(/Ot(l +7) g (-,7) Hg,af[a],ldr)

1— y—o 1_ [Ot]+17a
<onz(o (0 gyt Lm0y
e ¥—a

< C-NZ(0),

where e = 257, and C. — o0 as € 0.
Plugging the above result into inequality (5.47), the proof of estimate (5.46) is

completed. O

From Lemmas 5.6 and 5.7, the a priori estimates (5.7) have been derived. Using
the local existence in Proposition 5.1, the a priori estimates in Proposition 5.2 and
the continuation arguments, the proof of Theorem 5.1 is finally completed. Therefore,
Theorem 2.2 is proved.

6. Rate of convergence: exponential decay

In this section, we prove Theorem 6.1 when the initial perturbation decays expo-
nentially in space, it will be shown that the perturbation does in time as well.

The exponential time decay in the problem (1.1)-(1.3) was proved by Wu [32],
using spectral analysis in some weighted spaces. In the current paper, we prove the
rate of convergence by using weighted energy estimates. For the previous works using
the weighted energy estimates with different exponential weights, we refer to Li [12],
Mei [22], and Mei and Yang [23].

In the following lemma, we determine the decay rate of a weight function w(z)
which will be used in this section.

LEMMA 6.1. Let
(z—z)(U—-c¢) 1

N\ )\ ) T 2
Bu(e)=—a—2"0 2V A e =
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where z, is defined in Equation (5.1). Then we can find positive constants a=a(mg,U")
and 0 =0(a,mg,U"), where myg is defined in (3.5), so that

Ba(2)>6>0 (6.2)

for any zeR.

Proof.  Similar to the derivation of inequalities (5.13) and (5.14), we can pick
positive constants 1; and mso such that

_QWZGC(U1)>O for |Z_Z*‘Z7717
(z—2z4) (6.3)

—%U’2m2>0 for |z—z.<m,

where ¢(n1) >0 is determined by (5.14). From inequalities (6.3), we can find suitable
a=a(mo,U")>0 and § =0(a,mo,U’) >0, where my is defined in (3.5), such that

1-U"? (2—2,)?

—4q2
ac(nl) a (1+U’2)2 <Z*Z*>2
0<o< (6.4)
1-U? (2—2,)?
(1+U72)2 (z—2.)2

for |z—z|>m,

for |z—z | <m.

me —4a?

By Equation (6.1) and inequality (6.4), we obtain inequality (6.2). d
Now define a weight function
w(z) =eots—=), (6.5)

where z, is given in Equation (5.1) and a>0 is determined in Lemma 6.1, and the
weighted solution space of the problem (3.14), (3.15)

Xw(O,T)={¢(Z7t):¢€C([07T);H12U), ¢ZGL2((O7T)§H3))}7
where 0 <T < oo. Let
Nw(t)ZOgI;t{IIszﬁ(-J)sz} (6.6)

for all ¢>0. Theorem 2.3 is a consequence of the following theorem.

THEOREM 6.1.  Suppose that the assumptions of Theorem 2.3 hold. Then there exist
positive constants 05 and C such that if

Nw(O) <(S5,

then the problem (3.14), (3.15) has a unique global solution ¢ € X,,(0,+00) satisfying
for all t>0,

lo(-1)]

t t
2 4 / 16C, 1) udr + v / l62( )2 dr <CNZ(0)  (6.7)

for some vy, =14, (mo) >0, where mg is given in (3.5) and 0 >0 is determined in (6.4).
Consequently, there is some C >0 such that for any t>0

sup o= (2,1)| < Cllgoll2,we 2. (6.8)
zE
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The local existence and the a priori estimates are stated as follows.

PROPOSITION 6.1 (Local existence). For any 6 >0, there exists a constant T >0
depending on & such that if ¢po € H2(R) and 2N,,(0) <8, the problem (5.14), (5.15) has
a unique solution ¢ € X,,(0,T) satisfying

Ny (t) <2N,(0)
for any 0<t<T.

PROPOSITION 6.2 (A priori estimates).  Assume that ¢ € X,,(0,T) is a solution ob-
tained from Proposition 6.1 for a constant T >0. Then there are positive constants dg
and C, which are independent of T, such that if

Nw(t) <dg

for any 0<t<T, then the solution ¢ of (3.14), (3.15) satisfies

t t
8GO0+ [ oG Budrtv [ [6:(n)IBudr<ONZ0O) (69
0 0

for some v, =y, (mg) >0, where mg is given in (3.5) and 0 >0 is determined in (6.4).

Theorem 6.1 can be proved by the local existence in Proposition 6.1 and the a priori
estimates in Proposition 6.2.

LEMMA 6.2 (Weighted L2-estimates). Under the conditions of Theorem 6.1, there is
some C'>0 such that for any t >0

t t
o V2 O AP
o018+ [ loC.lEdr+72 [ lo-tr) e

t
<|lgollz,+C / /Re“z‘z*)G1<¢,¢Z7¢zz>dzdr7 (6.10)
0

where positive constants 0 and mg are given in (6.4) and (3.5), respectively, and

G1(¢,0.,0..) is defined in (4.2).
Proof. Multiplying Equation (3.14) by 2e*(*=%<) ¢, we have

1— 12 ( )
A\Z—Zx
(1+U’2)26 ¢¢ZZ

=— M52 2 4 9072 P, (6.11)

2e°575) Gy + 2(U — )e 75 g, —2

The left hand side of Equation (6.11) can be expressed as

—z — 1-u” z—z
e
1-U"

:(ea<z—z*>¢2)t + ((U—C)GMZ*Z*)(;SQ —9 26a<zfz*>¢)¢z)z

THo7p

alz—z = %% alz—z 1_U/2 ! alz—z
UG (U ) e (g ) T 00
2 2
L9 1-U"' ea<z_z*>q’)g+2a 1-U" Z—Zy ea<z—z*)¢¢z_

(1+072)? 1+U2)2 (z—2,)
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Substituting the above result into Equation (6.11) and integrating the resulting equation
with respect to z over R give us

d
dt/ ozl dz+/|U'|e“ 22 dz

2
- NP TR a(z—z,) 2 2/ 1-U" alz—z) 424
a/lR(U C)<Z—Z*>€ ¢ Z+ R(1+U/2)26 ¢z z

1-U" 1-U? 22—z
=_9 - - al{z—2z.) ) ¥ a(z—z.) B
/R((HU@)QZ@ 092dz “/R A0 ma)© | 99:42

- / 7] (—gg2 +2F ¢)dz. (6.12)
R

For 0 < u; < 1.8, similar to the derivation of inequality (4.13), the first term on the right
hand side of Equation (6.12) is estimated as

-y
‘ / a+ueye a<z_z*>¢¢zdz‘

<7/|U/|ea<z7z*>¢2dz+§/ 1-U"? ea(zfz*>¢2dz (6 13)
"2/ 2 Jp (L+U")? o '

Also, by the Cauchy-Schwarz inequality, the second term on the right hand side of
Equation (6.12) is estimated as

)2 / 1+UU’/22) Eziijea<z'2*>¢¢>zdz‘

1-U? (2—2.)? 1 17"
<4 2 * alz—z.) 42 7/7 alz—zx) 42 ) 14
= /R(1+U’2)2 (z—z*>2e ¢ dz—|—4 R(1+U’2)26 ¢dz (6.14)

Substituting estimates (6.13) and (6.14) into Equation (6.12), it ends up with

d/ a(z— Z*>¢2dZ+/B ( ) a(z—z*)¢2dz+1/ 1—U/2 ea(z—z*)¢2dz
dt 1), 1run)e 2

< / ¢25=5) (|62 + 2| P dz, (6.15)
R

where B, is defined in Equation (6.1).
Now, after integrating inequality (6.15) with respect to ¢ and using (4.6), (3.5) and
(6.2), we arrive at

t t
2 2 mo 2
601+ [ loC.lEdr+72 [ 1.6 dr

t
<llgollz,+C / /R e G (¢ by e )dzdr
0

for some C'> 0 and for all ¢ >0, where G1(¢,¢.,..) is given (4.2), which is the desired
result (6.10). d

Now we show the weighted H'- and H?-estimates.

LEMMA 6.3 (Weighted H'-estimates).  Under the same assumptions in Lemma 6.2,
there is some C' >0 satisfying

t m t
2 2 0 2
J6-COlE+0 [ 0.+ T [ (.lar
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t
<CloltC [ [ e Cr(0,0016.0)+ Gl b lodr (616)
0
for any t >0, where positive constants 6 and mq are defined in (6.4) and (3.5), respec-
tively. In (4.2) and (5.22), G1(¢,¢.,0..) and G4(¢z, bz, 052.) are defined respectively.
Proof. Differentiating Equation (3.14) with respect to z and multiplying the

resulting equation by 2e%*=%<) ¢ we have

—z alz—z alz—=z 1-U" alz—z
2ea(z *>¢z¢zt+2Ule { *>¢§+2(U_C)e ¢ *>¢z¢zz_2<(1+U/2)2¢zz)ze ¢ *>¢z

=—2e072) 20 4 oF, e ) g (6.17)

If we integrate Equation (6.17) with respect to z over R and use integration by parts,
then we have

d
alz—z, 77| pa(z—2x) 42
dt/ ‘””2/1@( U")|ert=== g2da

Y 1-U"?
_ _ ¥ a(z—zx) 2d 2/ a(z—zx) 42 d
a/R(U C)7<z—z*>e ¢Ldz+ R7(1+U/2)2e <, dz

3 alz—z 17U/2 =R glz—z
:i/R(*U/)e ( *>¢3d2*2“/R (1+U/2)2 <z—z*>e < *>¢z¢zzd7«'

+2/ ) (— 2., + Fo¢,)dz. (6.18)
R

Similar to the derivation of inequality (6.14), estimate the second term on the right
hand side of Equation (6.18) and plug the estimated result into Equation (6.18). It ends
up with

d
dt

<§/ea(z—z*
=2

where B, is introduced in (6.1).
To finish this lemma, using (3.5), (4.21), (6.2) and the boundedness of U’, integrate
(6.19) with respect to ¢t. Then we obtain

t ™m t
2 2 0 2
J6-C0lE+0 [ 0.+ T [ oo lar

t t
§||¢z,olli+0/ ||¢>z(',f)l\?ud7+0/ /e“<Z*Z*>G4(¢Z,¢22,qszzz)dsz
0 0 JR

a(z Zx) d B a(z—z*) 2d 7 1-U" a{z—zx) 42 d
¢ Z+ ¢z Z+1 Rme (bzz z

U’wzczzw / ) (|62 | + |Fuoa )iz, (6.19)
R

t
SCHQSO”%JU—"_C/ /ea<z_z*>(G1(¢7¢z7¢zz)+G4(¢za¢zzu¢zzz))d2d7_ (620)
0 JR

for some C >0 and for any ¢ >0, where f(f |- (-,7)||2,dT is estimated by the weighted
L?-estimates (6.10), and G1(¢,¢.,6..) and G4(b.,¢..,¢...) are introduced in Equa-
tions (4.2) and (5.22), respectively. Therefore, we complete the proof of (6.16). O

LEMMA 6.4 (Weighted H2-estimates). Under the same conditions in Lemma 6.2, we
have for any t>0

k 3m
60040 [ 1w+ 7 [ oueaC 2
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<Cllo)2.0
t
+c / / ) (G (y62s o) + Gt Goms b))+ Cr(basbonsbona))dzdr (6.21)
0 R

for some C >0, where positive constants 0 and mg are defined in (6.4) and (3.5), re-

spectively.  Also G1(d,¢.,0.,) and Ga(ds,¢.z,b5.-) are defined in (4.2) and (5.22),
respectively, and we denote

G7(¢za¢zza¢zzz):|¢z¢zz¢zzz|+|¢zz|( gz zzz)+|¢ ¢zzz|- (622)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
resulting equation by 2e%*=*<)¢__ we have

26a<z*z*>¢zz¢zzt + 2U”60’<Z?Z*>¢z¢zz +4U’60’<Z?Z*>¢zz

_ 1=U” \" e
+2(U_C)ea<z Z*>¢2z¢zzz_2(m) ea(z z*)(bzz

=— 2€a<z7z*>¢3 26a(z #) ¢z¢zz¢zzz +26a #2) zzd)zz (623)

Integrate Equation (6.23) with respect to z over R and use integration by parts. Then
it follows

d T Ak
— e“<z—z*>¢izdz—a/(U—c) (z—2 )e“<2_z*>¢zzdz

(z—2)

2 R zz ]R<1+U/2)2 zzz

7 1-U"2 \»
- 1" alz—zy) S s alz—zy) 42
Q/RU e ¢z¢2zdz—|—/R( 4U +2(7(1+U/2)2> )e ¢5,dz

1-U"? 1-U"?) z—=z
2 1 T7/9\9 a{z=z) 2z zzzd _2/ *_ezma) zz zzzd
+2 [ () o bsstatz =20 | (s s e s

=2 [ Gk b0t Fedana)di =2 [ E22) =) e,
R R

(z—2)

(6.24)

We shall further estimate the right hand side of Equation (6.24). By the Cauchy-
Schwarz inequality, the first and third terms are estimated as

2 [ U7 ouonfdz < [ U7 gt [ 0762062 s
R R R

1-U” '
/ ‘ 1+U,2 ¢zz¢zzz|dz

1 U’2 2
< a(z—z.) 42 d / a(z—z4)
mO,/]R<((1+U/2) )) e (bzz z+m0 - ¢zzz

where myg is defined in (3.5). Similar to the derivation of inequality (6.14), we also
estimate the fourth term on the right hand side of Equation (6.24). Inserting the above
results into Equation (6.24) gives us

d alz—z.) a(z—z*> 2 7 1-U" a(z Za)
ﬁ/ $2 Mf/B ¢%Mf4ﬁﬁiﬁﬁ—mg 62,.dz

and

a(z—z*>
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S/ |Ul/|6a<zfz*)¢§dz
R

[ G| s (rgmg) ) )= et

. Z— 2
+2/6a<z *>(|¢2z|3+|¢z¢2z¢222‘+|Fz¢zzz|)dz+2a/ | |
R R (2 — %)

alz—z)

FZ¢ZZ |dz7
(6.25)

where B, is defined in Equation (6.1).

12 !
Using (3.5), (4.20), (6.2) and the boundedness of U’, U”, (%) and

, 1"
(@%) , integrate inequality (6.25) with respect to ¢. Then there exists some C' >0
such that for any ¢ >0

3m0

t t
. 2 . 2 —_— . 2
J6--COlE+0 [ o6 DlEdr+ 22 [ oo )lhar

t t

§||¢zz,o||fu+0/ II¢Z(~,T)IIiwdT+C/ /e“<Z*Z*>G7(¢2,¢>ZZ,qsm)dz
0 0 JR

<Cl1boll3,4,

t
+C / / ) (G (s bon) + Ca(DasGamsban) - Cr(G2sbnsbinn))dddr, (6.26)
0 R

where fg|\q§z(~,7’)||iwd7' is estimated by the weighted H1!-estimates (6.16), and

Gl(¢7¢zv¢zz)v G4(¢zv¢zza¢zzz) and G7(¢z,¢zza¢zzz) are defined in (42)7 (522) and
(6.22), respectively. Thus, the proof of inequality (6.21) is completed. d

To finish proving inequality (6.9), we combine the results from the weighted L?-
estimates (6.10), H'-estimates (6.16) and H>2-estimates (6.21) to conclude that there is
some C' >0 such that for any ¢ >0

t m t
6.0 +0 [ 6C.IEdr+52 [ 0.7 3 e
<Cl|goll3,.

t
+C / / ) (G (s bon) + Ca(DasGansGan) - Cr (Gasbmsbin))dddr, (6.27)
0 R

where positive constants 6 and mg are defined in (6.4) and (3.5) respectively. Collections
of cubic terms G1(¢,0.,0,.), Ga(d2,022,02--) and G7(¢., b, 0..,) are defined in (4.2),
(5.22) and (6.22), respectively.

Notice that the second term on the right hand side of (6.27) contains only cubic
terms. By the Cauchy-Schwarz inequality and (3.19), this second term is majored by
CN(t) fot |¢-(-,7)[13 ,d7 for some C'>0. Take a small dg >0 in Proposition 6.2 so that
8Cds <myg. That is, 8CN(t) <8C N, (t) <8Cdg <myg. From (6.27), we conclude that
there are v, =v,,(mg) >0 and C'>0 such that for any 0<¢<T in (4.2) and (5.22)

t t
16(.8)[2., +6 / 160 ) 3.dr + 1 / 162C) 2 udr <Clléol2.  (6.25)

which is the desired result (6.9).
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It only remains to prove estimate (6.8). To this end, we employ Gronwall’s inequality
inequality (6.7). That proves Theorem 6.1. Therefore Theorem 2.3 is proved.
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