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ON THE CAUCHY PROBLEM WITH LARGE DATA FOR A
SPACE-DEPENDENT BOLTZMANN-NORDHEIM BOSON EQUATION*

LEIF ARKERYD' AND ANNE NOURI#

Abstract. This paper studies a Boltzmann Nordheim equation in a slab with two-dimensional
velocity space and pseudo-Maxwellian forces. Strong solutions are obtained for the Cauchy problem
with large initial data in an L' N L setting. The main results are existence, uniqueness and stability
of solutions conserving mass, momentum and energy that explode in L°° if they are only local in time.
The solutions are obtained as limits of solutions to corresponding anyon equations.
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1. Introduction
In a previous paper [1], we have studied the Cauchy problem for a space-dependent
anyon Boltzmann equation,

O f (t,2,0) 4010, f (t,2,0) =Qu () (t,2,0),  f(0,2,0) = fo(z,v), (t,2) €R4 x [0,1],
v=(v1,v2) ER?. (1.1)

The collision operator Q,, in [1] depends on a parameter « €]0,1[ and is given by

QuN)0)= [ Bllo= vl S o)l f) = 1. ol ) Fu o,
X

with the kernel B of Maxwellian type, f’, fL, f, f« the values of f at v/, v/, v, and v,

respectively, where

and the filling factor F,

Fo(f)=(1-af)" 1+ (1-a)f)' 7"

Anyons are other types of particles that occur in one and two-dimensions besides
fermions and bosons. The exchange of two identical anyons may cause a phase shift
different from 7 (fermions) and 27 (bosons). In [1], also the limiting case a=1 is dis-
cussed, a Boltzmann-Nordheim (BN) equation [11] for fermions. In the present paper
we shall consider the other limiting case, &« =0, which is a BN equation for bosons.
For the bosonic BN equation general existence results were first obtained by X. Lu
in [7] in the space-homogeneous isotropic boson large data case. It was followed by a
number of interesting studies in the same isotropic setting, by X. Lu [8-10], and by
M. Escobedo and J.L. Veldzquez [5,6]. Results with the isotropy assumption removed,
were recently obtained by M. Briant and A. Einav [3]. Finally a space-dependent case
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1248 A SPACE-DEPENDENT BOLTZMANN-NORDHEIM BOSON EQUATION

close to equilibrium has been studied by G. Royat in [12]. The papers [7-10] by Lu,
study the isotropic, space-homogeneous BN equation both for Cauchy data leading to
mass and energy conservation, and for data leading to mass loss when time tends to
infinity. Escobedo and Veldsquez in [5,6], again in the isotropic space-homogeneous case,
study initial data leading to concentration phenomena and blow-up in finite time of the
L>-norm of the solutions. The paper [3] by Briant and Einav removes the isotropy
restriction and obtain in polynomially weighted spaces of L' N L> type, existence and
uniqueness on a time interval [0,7p). In [3] either Ty =00, or for finite Ty the L>°-norm
of the solution tends to infinity, when time tends to Ty. Finally the paper [12] considers
the space-dependent problem, for a particular setting close to equilibrium, and proves
well-posedness and convergence to equilibrium.

In the papers cited above, the velocity space is R?. The present paper on the other
hand studies a space-dependent, large data problem for the BN equation with velocities
in R%. The analysis is based on the anyon results in [1], which are restricted to a slab
set-up, since the proofs in [1] use an estimate for the Bony functional only valid in
one space dimension. Due to the filling factor F,(f), those proofs also depend on the
two-dimensional velocity frame in an essential way. By a limiting procedure relying on
the anyon case when a— 0, well-posedness and conservation laws are obtained in the
present paper for the BN problem.

With

V— Uy

cosf=n-

=]’

the kernel B(|v—wv,|,n) will from now on be written as B(|v —v.|,0) and assumed mea-
surable with

0< B< By, (1.2)
for some By >0. It is also assumed for some 7,7',cp >0, that
B(lv—v.],0)=0 for |cos 0| <7/, 1—|cos@|<v/, and |v—u.|<7, (1.3)

and that
/B(|U—v*|,9)d9203>0 for v —wv.| >7. (1.4)

These strong cut-off conditions on B are made for mathematical reasons and assumed
throughout the paper. For a more general discussion of cut-offs in the collision kernel
B, see [8]. Notice that contrary to the classical Boltzmann operator where rigorous
derivations of B from various potentials have been made, little is known about collision
kernels in quantum kinetic theory (cf [13]).

With vy denoting the component of v in the z-direction, the initial value problem
for the Boltzmann Nordheim equation in a periodic in space setting is

atf(tvxvv)+vlaxf(tamvv):Q(f)(t’xav)v (1'5)

Q(f)(v):/mz o ]B(\v—v*\ﬁ)[f’fiF(f)F(f*)—ff*F(f’)F(fi)]dv*dﬁ, (1.6)
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and

F(f)y=1+/. (1.7)

Denote by
fAtz,v)=f(t,x+to,v)  (tz,v) ER, x[0,1] x R% (1.8)
Strong solutions to the Boltzmann-Nordheim equation are considered in the following

sense.

DEFINITION 1.1.  f is a strong solution to (1.5) on the time interval I if
Fec (I;LY([0,1] xR?)),

and
%fﬁ:(g(f))”, on I x[0,1] x R2. (1.9)

The main result of this paper is the following.

THEOREM 1.1.  Assume (1.2)-(1.8)-(1.4). Let fo€ L>(]0,1] x R?) and satisfy

(1+|U|2)f0(l’,1})€L1([0,1]XRQ),/ sup fo(ZL',’U)dU:CO<OO,
z€[0,1]

inf fo(z,v)>0, a.a.vER?, (1.10)
z€[0,1]

There exist a time T, >0 and a strong solution f to (1.5) on [0,Tw) with initial value

fo-
For 0<T < Ty, it holds

fFect([0,T); L*([0,1] x R?)) N L ([0,T7] x [0,1] x R?). (1.11)
If T <400 then
limy g || £(E,-5) [ Los ((0,1) xr2)= +00- (1.12)

The solution is unique, and conserves mass, momentum, and energy. For equibounded
families in L>=([0,1] x R?) of initial values, the solution depends continuously in L' on
the initial value fy.

REMARK 1.1. A finite T, may not correspond to a condensation. In the isotropic
space-homogeneous case considered in [5,6], additional assumptions on the concentration
of the initial value are considered in order to obtain condensation.

The paper is organized as follows. In the following section, solutions f, to the
Cauchy problem for the anyon Boltzmann equation in the above setting are recalled,
and their Bony functionals are uniformly controlled with respect to a. In Section 3
the mass density of f, is studied with respect to uniform control in . Theorem 1.1 is
proven in Section 4 except for the conservations of mass, momentum and energy that
are proven in Section 5.
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2. Preliminaries on anyons and the Bony functional

The Cauchy problem for a space-dependent anyon Boltzmann equation in a slab
was studied in [1]. That paper will be the starting point for the proof of Theorem 1.1,
so we recall the main results from [1].

THEOREM 2.1.  Assume (1.2)-(1.3)-(1.4). Let the initial value fo be a measurable
function on [0,1] x R? with values in ]0,1], and satisfying (1.10). For every o €]0,1],
there exists a strong solution f, of equation (1.1) with

fg € C'([0,00[; L*(]0,1] XRQ)), 0< fult,) <é fort>0,
and

[ s fisae)d<al) (2.1)
(s,2)€[0,t]x[0,1]

for some function c,(t) >0 only depending on mass and energy. There is t,, >0 such
that for any T >t,,, there is np >0 so that

1
fa(ta'a')ga*nTa te[twa]

The solution is unique and depends continuously in C([0,T]; L*([0,1] x R?)) on the initial
L'-datum. It conserves mass, momentum and energy.

The conditions fo € L%°([0,1] x R?) and (1.10) are assumed throughout the paper.

To obtain Theorem 1.1 for the boson BN equation from the anyon results, we start
from a fixed initial value f, bounded by 2” with L €N. We shall prove that there is a
time 7" >0 independent of 0 < av< 27 L~1, so that the solutions are bounded by 2X+1 on
[0,T]. For that, some lemmas from the anyon paper are sharpened to obtain control in
terms of only mass, energy and L. We then prove that the limit f of the solutions f, when
a— 0 solves the corresponding bosonic BN problem. Iterating the result from T on, it
follows that f exists up to the first time T when limy 7 || fa(£,-,) || Lo ([0,1) xR2)= 00

We observe that

LEMMA 2.1. Given fo<2Y and satisfying condition (1.10), there is for each a€
10,27 L1 a time T, >0 so that the solution f, to equation (1.1) is bounded by 2L+* on
[0,T%].

Proof.  Split the Boltzmann anyon operator @, into Q,=Q} —Q, where the
gain (resp. loss) term Q7 (resp. Q) is defined by

QH(f)w) = / BY' f1Fol(f)Fa(f.)dv.dB
(resp. Qu (W)= [ BISFalf)Ful fdv.d0). (22)

The solution f, to equation (1.1) satisfies

t t

fg(t,x,v):fo(z,v)—l— Qu(fo)(s,2+sv1,0)ds < fo(z,v)+ | QL (fa)(s,x+sv1,v)ds.
0 0

Hence

t
supfi(s,x,v) gfo(x,v)Jr/ QF (fa)(s,x+ sv1,v)ds
0

s<t
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¢
:fo(x,v)—i—/ /Bfa(s,x—l—svl7v’)fa(s7x+sv1,vi)
0
Fo(fa)(s,245v1,0)Fo(fo) (5,2 + sv1,v4)dv,dOds

B 2(1—2a)
§2L+—0(—— / /fa (s,2+ sv1,0")dv.dbds, (2.3)
a \a
since the maximum of F, on [0,1]is (1 —1)172* for a €]0,%[. With the angular cut-off

(2.2), v, — v’ is a change of variables. Using it and 1nequahty (2.1) for t<1 leads to

Byea(1) /1 2(1-2a)
07000‘( )(——1) t
et

sup f4(s,2,0) <25+ -

s<t,x
La3—4a(1 _ 04)2(2(1_1)

cBoco (1) g

The lemma follows. a

<ob+l for t <min{1,

The estimate of the Bony functional

1
Ba(t)::/ /|v—v*|2Bfafa*Fa(fé)Fa(fé*)dvdv*deL t>0,
0

from the proof of Theorem 2.1 for f, <2L*! can be sharpened.

LEMMA 2.2.  For a<2 %=1 and T >0 such that f,(t) <2+ for 0<t<T, it holds

T
/ B (t)dt <cp(1+T),
0

with ¢, independent of T and o, and only depending on [ fo(z,v)dzdv, [|v|?fo(z,v)dzdv
and L.

Proof.  Denote f, by f for simplicity. The proof is an extension of the classical
one (cf [2,4]), together with the control of the filling factor F, when v €R?, as follows.

The integral over time of the momentum [ v f(¢,0,v)dv (resp. the momentum flux
[0} f(t,0,v)dv ) is first controlled. Let 3 € C*([0,1]) be such that 4(0) = —1 and B(1) =
Multiply equation (1.1) by 8(z) (resp. v18(z) ) and integrate over [0,] x [0,1] x R2. Tt

gives
/t/vlf(T,O,v)dvdT
0
:;(/B(a:)fo(a:,v)da:dv—/ﬁ(x)f(t,x,v)dxdv+/0t/B’(x)vlf(r,x,v)dmdvdT),
( resp.
/t/U%f(T,O,’U)d’UdT

/5 Jvrfo(z,v)dwdv — /5 Juf(t,z,v dSUdU-F/ /5 vl f(r,@ U)dmdvdT))

Consequently, using the conservation of mass and energy of f,

|/Ot/v1f(7,0,v)dvd7'|+/0t/vff(7'70,v)dvd7‘Sc(l—l—t). (2.4)
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Here ¢ is of magnitude of mass plus energy uniformly in «. Let
Z(t) :/ (v1 —vi) f(t,2,0) f(t,y, 0. ) drdydvdu,.
a<y
It results from
T'(t)= —/(vl —v,1) 2 f(t,z,0) f(t, 2,0, )dedudy,
—&—2/1)*1(1)*1 —v1) f(t,0,0.) f(t,2,v)dzdvdv,,
and the conservations of the mass, momentum and energy of f that
to
/0 /0 /(vl—v*l)Qf(s,x,v)f(s,x,v*)dvdv*dxds
§2/f0(x,v)dxdv/|v1|f0(x,v)dv+2/f(t,x,u)dacdv/|v1|f(t,x,v)dxdv
—|—2/0t/v*1(v*1—vl)f(T,O,v*)f(T,x,v)dxdvdv*dT
<2/f0 z,v dxdv/(1+|v| ) folx,v dv+2/f (t,z,v d:z:dv/(1+\U\Z)f(t,:c,v)dxdv
+2/Ot(/vflf(r,O,m)dm)dr/fdxw)dmdv

2/Ot(/v*lf(T,O,U*)dv*)dT/vlfo(z,v)d:rdv

gc(1+/0t/v%f(7,o,v)dvd7+/Ot/ulf(T,o,v)dvdT|).

So, by inequality (2.4),

/t/l/(vl —v41)2 f(5,2,0) f(8,2,0, ) dvdv,drds < c(1+1). (2.5)
0 Jo

Denote by u; = f}’}zdu Recalling (1.2) it holds

t 1
/ / /(m—ul)QBff*Fa(f’)Fa(f,i)(S,x,v,v*,ﬁ)dvdv*dedxds
0 Jo

t el
§c// /(vl—u1)2ff*(s,x,v,v*)dvdu*dajds
/// V1 —Us1) 2ff, (s,z,v,v,)dvdv.drds

<c(141). (2.6)

Here ¢ also contains sup F, (f')F,(f.) which is of magnitude bounded by 22£. So c¢ is
of magnitude 22X (mass+energy) and uniformly in a. Multiply equation (1.1) for f by
v?, integrate and use that [viQq(f)dv= [(v1—u1)?’Qa(f)dv and inequality (2.6). It



LEIF ARKERYD AND ANNE NOURI 1253

results

/t/(vl—U1)2Bf/fiFa(f)Fa(f*)dvdv*dﬁdxds
0
:/v%f(tw,v)dxdv—/v%fo(x,v)dxdv

//Ul—ul Bf f.Fo(f)Fa(fl)dzdvdv,dids
0

<co(1+t),

where cq is a constant of magnitude 22F(mass-+energy). After a change of variables the
left hand side can be written

// VBff Fo(f ) Fo(fL)dvdv,dfdzds

:/0 /(cl—nl[(v—v*)-n])QBff*Fa(f’)Fa(fi)dvdv*dexds,

where ¢y =vy —uy. Therefore,

//n1 v—2v,) 0] Bff. Fo(f)Fu(fl)dvdv,dfdads

§c0(1+t)+2/ /clnl[(v—v*)~n}Bff*Fa(f’)Fa(f;)dvdv*dﬁdxds.
0

The term containing n?[(v—wv,)-n]? is estimated from below. When n is replaced
by an orthogonal (direct) unit vector n,, v’ and v, are shifted and the product
FFEa(f)F,(fL) is unchanged. In R? the ratio between the sum of the integrand fac-

tors n3[(v—wv.)-n]2+n? [(v—wv.)-n ]? and |v—wv,|?, is, outside of the angular cut-off
(1.3), uniformly bounded from below by 2. Indeed, if 6 (resp. 6;) denotes the angle

between \Ziiﬁﬂ and n (resp. the angle between e; and n, where e; is a unit vector in
.

the a-direction),

U=y 2

n]?=cos?0, cos®0+sin?6;, sin’0

>~"2cos?0; +4/(2—+")sin?6;
>4 A <|cosB| <1—+, 6,€[0,27].

This is where the condition v € R? is used.
That leads to the lower bound

//nl v—v,) n?Bf fo Fo(f ) Falfl)dvdv,dfdzds

> /0 / |0 —0.|* B fuFa(f') Fa(f])dvdv, dddads.
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Therefore,
t
2 — 0, 2PBf fo Fo(f)Fo(fL)dvdv,dfdad
o [ o= BB () vdv. dodads
<200(14+1)+4 / / (01— ) [(0—va) - n] BF fu Bu(f)Fu(f)dvdu, dOdads
0

<2co(1+t)—|—4/t/(vl(vg—v*g)nlng)Bff*Fa(f’)Fa(f;)dvdv*dexds,
0

since
/ul(vl — v )N Bf foFo(f)Fo(f)dvdv,.dfdz
:/ul(’Ug —v2)nina Bf fo Fu(f)Fuo( fL)dvdv,dfdx =0,

by an exchange of the variables v and v,. Moreover, exchanging first the variables v
and v,

t
2/ /v1 (vo —ve2)nina Bf fo Fu(f') Fo(fL)dvdv.dOdxds

0
t

:/ /(v1fv*l)(vgfv*g)nlnngf*Fa(f’)Fa(fi)dvdv*de:cds
0

t
_%/0 /(vl—u*l)anBff*Fa(f’)Fa(f;)dvdv*dedxds

= /t /(UQ ~vs2)*n3Bf fuFo(f') Fa(fl)dvdv.dfdads

_8“0 1+1) +7// —02) 202 B £ Fo(f)) Fa (1) dvdv,dfdzds.
e

It follows that

t
/ /\v — 0 2PBf f Fo(f)Fo(fL)dvdv,.dfdads < cf(141),
0

with ¢f, uniformly with respect to a, of the same magnitude as ¢y, only depending on
[ fo(z,v)dzdv, [|v|?fo(z,v)dzdv and L. This completes the proof of the lemma. O

3. Control of phase space density
This section is devoted to obtaining a time 7" >0, such that

Sup fg(t7x’v)§2L+l7
t€[0,T], z€[0,1]

uniformly with respect to a€]0,2721[. We start from the case of a fixed a <2711
Up to Lemma 3.3 the time interval when the solution does not exceed 2171, may be
a-dependent. Lemma 3.4 implies that this time interval can be chosen independent of
.

LEMMA 3.1. Given T'>0 such that fo(t)<2L+1 for 0<t<T, the solution f, of
equation (1.1) satisfies

/sup fi(t,x,v)dxdv<c’1+c’2T, ae]O’Qfolb
te[0,T
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where ¢, and ¢4 are independent of T and «, and only depend on [ fo(x,v)dzdv,
[ v fo(z,v)dzdv and L.

Proof. Denote f, by f for simplicity. By (2.3),
sup fH(t,x,0) < fo(z,v) / QL (f)(t,x+tvy,v)dt.

te[0,T

Integrating the previous inequality with respect to (x,v) and using Lemma 2.2, it gives

/sup f* txvdxdv</foacvdxdv+/ /B
0<t<T

ft,x+tvr, ") f(t,z+tog, v, ) Fo (f) (2 +tvg,v) )(t, z+toy,v.)dvdo,dOddt

/fo x,v)dxdv+ — / /B\v v, |2

f(t,x,v')f(t,x,v*)Fa(f)(t,x,v)Fa(f)(t,x,v*)dvdv*dﬁdxdt

(1+T T
S/fo(acw)dacdzH—00(7;r ) =G ?52

0
LEMMA 3.2.  Given T >0 such that f(t) <2 for 0<t<T, and 6, >0, there ex-
ist 62>0 and to>0 independent of T and o« and only depending on [ fo(x,v)dzdv,
[ ]2 fo(x,v)dzdv and L, such that

sup/ sup  fi(s,z,v)dedv <6y, «€)0,27L7Y, te(0,T7.
|

20€[0,1]J |z—z0| <2 t<s<t+to

Proof.  Denote f, by f for simplicity. For s € [t,t+1p] it holds,

t+to
fu(S,il',’U):fu(t—‘rto,ﬁL',’U)— Qa(f)(Tam'i_T’Uhv)dT
st+t0
< fH(t+to,,0) + Q. (f)(rz+T7v1,0)dr.
And so
t+to
sup fﬁ(s,x,v) gfﬁ(t—i—to,x,v)—i— Q. (/)(s,x+ svy,v)ds.
t<s<t+to t

Integrating with respect to (x,v), using Lemma 2.2 and the bound 22+! from above for
f, gives

/ sup  fH(s,z,v)dxdv
\

z—x0| <2 t<s<t+to
t+to
<[ Ferwaoddr [ [BAGaofeats)
|z—x0|<d2 t
Fo.(f)(s,z+sv1,0")Fo(f) (8,2 + svq,v))dvdv,.dfdzds

1 t+to
S/ fﬁ(t—kto,m,v)da:dv—kﬁ/ / Blv—uv, |2 f*(s,2,v) f (5,2 + 501,0,)
|z—wzo|<d2 t [v—v.|>A
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Fo(f)(s,x+sv1,0" ) Eq(f) (8,2 + sv1,v))dvdv.didzds
t+to
+022L/ / Bff(s,2,0)f(s,x+ svy,v, ) dvdv,dfdzds
t [v—v| <A

co(1+to)

S/ fHt+to,z, v)dmdv-l— 2
|z—x0| <02

CQBLtO)\Q/fO(x,v)dxdv

1 o(1+t

< 2 v? fodxdv 4 6,28 A% + %()\720) + 2300 \2 /fo(m,v)dmdv.

Depending on 4y, suitably choosing A and then d2, A and then tg, the lemma follows. O

The previous lemmas imply for fixed a« <27%~! a bound for the v-integral of f7#
only depending on [ fo(z,v)dzdv, [|v|?fo(z,v)dzdv and L.

LEMMA 3.3.  With T), defined as the mazimum time for which f,(t) <2LH1 +€[0,77],
take To =min{1,T.}.
The solution fo of equation (1.1) satisfies

/ sup fi(t,x,v)dvgcl, (3.1)
(t.z)€l

€[0,T4]%[0,1]

where c¢1 is independent of a<27 71 and only depends on [ fo(z,v)dzdv,
[ ]2 fo(z,v)dzdv and L.

Proof. Denote by E(x) the integer part of x € R, E(x) <z < E(x)+1.
By (2.3),

sup f(s,,0) < fol,v) + / Q(f) (54 s0n,0)ds

s<t

RN PP R—
Fo(f)(s,x+sv1,0)Fo(f) (8,24 sv1,0.)dv.dOds
<fo(z,v)+c2*L A, (3.2)
where
A= / /B sup f7(r,x+s(vy—v}),v") sup f7(1,2+s(vy —v'41),0.)dv,.dOds.
T€[0,t] 7€[0,t]

For @ outside of the angular cutoff (2.2), let n be the unit vector in the direction v —v’,
and n the orthogonal unit vector in the direction v—v’. With e; a unit vector in the
z-direction,

1
max(|n-e1],|ny-e1]) > —

7
For 5 >0 that will be fixed later, split A into A; + Ao+ A3+ Ay, where

7€[0,t]

A1—// B sup f#(r,z+s(vy—v}),v)
|- el|> 5 v —vi[>02

sup f# (1,24 5(v1 —v'41),0.)dv.dOds,
T€[0,]
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¢
Azz// B sup f# (1,2 +s(v; —v}),0)
0 |n‘el|2% tlvy—vi|<d2  TE[O,2]

R

sup f7(m,x+s(v) —v's1),0L)dv.dbds,
T€[0,t]

t
Ag:// B sup f#(r,x+s(vy—v}),0")
0 |nL~el|2%,t|vlfvi|>52 T7€[0,t]

sup f# (7,24 s(v1 =1 41), 0% ) dv.dbds,
T€[0,t]

t
A4:// B sup f#(r,z+s(vy—v}),0)
0 |TLJ_'61|Z% tlvy—v]|<d2  TE[0,]

R

sup fH#(r,z+5(v1 —v'41),0.)dv, dOds.
T€[0,t]

In Ay and Az, bound the factor sup, ¢y (2 +s(vy —v’,),v.) by its supremum over
x €[0,1], and make the change of variables

s—y=x+s(vy —v)),
with Jacobian

Ds 1 1 <\/§

Dy~ Jor—vi]  Jo— vl [(m =)l ]~ 77"

It holds that

B
A1§/ 7,(/ sup f#(T,yw’)dy)
tlvy —v]|>d2 |U1 _U1| yE(z,z+t(vi—vy)) TE[0,t]

sup f# (7, X, vl dv.db,
(7,X)€0,t] x[0,1]

and

A2 B( /| sup f#(r,y,0)dy)
Y

7
7Y |n~el|2%,t\v1—v’l|<6g —x| <62 TE[0,¢]

sup (1, X,v.)dv,db.
(7,X)€0,t] x[0,1]

Then, performing the change of variables (v,v,,n) — (v',v.,—n),

/ sup Aidv
z€[0,1]

B
S/ ——— sup (/ sup f#(T,yw)dy)
tlor—v]|>05 [V1 = V1| 2e0,1] \ye (@ ot —v1)) rel0.4

sup f# (7, X, v, )dvdv,db,
(7,X)€0,t] x[0,1]

so that

/ sup Aidv
z€[0,1]
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B
S/ T sup (/ sup_f#(7,y,0)dy)
t|lvy—vi|>d2 ‘7)1 _U1| z€[0,1] ye(z,z+E(t(v]—v1)+1)) T7€[0,1]

sup (1, X,v,)dvdv,dd
(m,X)€[0,t]x[0,1]

- / B o)+ D) ( / " J#(ru0)dy)

tlvr—v][>d2 ‘1}1—1)1| T€[0,t]

sup # (7, X, v,)dvdv,df
(1,X)€(0,t]x[0,1]

1+6 /B / sup f (T,y,u)dy) sup (1, X, v,)dvdv,dh
2 (

) T7€[0,t] (7,X)€0,t] x[0,1]

< Bomt(1+ — )/ sup f#(T,yw)dydv/ sup 7 (r, X, v.)dv,.
2 T€[0,t] (7,X)€[0,t]x[0,1]

Apply Lemma 3.1, so that

1
/ sup Aj dv<Bo7rt(1+6 )(c’1+c’2)/ sup 7 (r, X v, dv,. (3.3)
z€0,1] (1,.X)€[0,t]x[0,1]

Moreover, performing the change of variables (v,v,,n)— (v,,v',—n),

/ sup Asdv
z€[0,1]

Bomv/2
< omv2 sup (/ sup f#(T,yw*)dydv*)/ sup 7 (r,X,v)dv.
[0,1] M/

7Y y—x| <65 T€[0,1] (7,X)€[0,8]x[0,1]

Given 0; :743"’1 75 apply Lemma 3.2 with the corresponding d2 and tg, so that for
0
t <min{T,t},

/ sup Agdvgl/ sup 7 (r, X, v)dv. (3.4)
(m.X)

z€[0,1] €[0,¢]x[0,1]

The terms A3 and A, are treated similarly, with the change of variables s »y=x+
s(v1—vly). Using (3.3)-(3.4) and the corresponding bounds obtained for Az and Ay
leads to

/ sup f#(s,2z,v)dv
(s,w)€

[0,4]x[0,1]
§2/ sup fo(z, U)d’U+4Bo7Tt(1+§ )(c’1+c’2)/ sup f#(s,z,v)dv,
z€[0,1] (s,2)€[0,t]x[0,1]
t <min{T\,to}.

Hence

/ sup f#(s,x,v)dvgél/ sup fo(z,v)dv,

(s,xz)€[0,t]x[0,1] z€[0,1]
2
Bom(d2+1)(c) + )

t <min{ty, 3

}.
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Since tg, ¢} and ¢ are independent of « <27L~! and only depend on [ fo(z,v)dzdv,
[ 1v|? fo(z,v)dzdv and L, it follows that the argument can be repeated up to t =T, with
the number of steps uniformly bounded with respect to o <2~ L~!. This completes the
proof of the lemma. a

We now prove that the positive time T, used above, such that f,(t) <21 for
t€[0,T,], can be taken independent of «.

LEMMA 3.4. Given fo <2 and satisfying (1.10), there is T €]0,1] so that for all
a€)0,27 L1 the solution fo, to equation (1.1) is bounded by 25+ on [0,T)).

Proof. Given « <27L=1 it follows from Lemma 2.1 that the maximum time T
for which f, <2L+1 on [0,77] is positive. By (2.3),

t
sup £ (s,2,v) < fo(z,0) + / QF (fa)(s,2+ sv1,0)ds
0

s<t

¢
:fo(m,v)—i—/ /Bfa(s,x—|—sv1,v')fa(s,m+sv17v;)
0
Fo(fo)(s,24sv1,0)Fo(fa)(s,x+ svr,v.)dv.dlds.

With the angular cut-off (2.2), v, — v’ and v, — v/, are changes of variables, and so using
Lemma 3.3, the functions f,, for a€]0,27 L~ [satisfy

sup fg(S,.T,'U)Sfo(l',@)+CB023Lt/ sup fa(57x7vl)dvl
(s,z)€[0,t] x[0,1] (s,z)€[0,t]x[0,1]
§ QL +CBo23Lt61

_ . 1
§3(2L 1)’ tE[O,mln{T&,WH

For all a<27£~1 it holds that 77, > W, else T! would not be the maximum

time such that f,(t) <271 on [0,7"] . Denote by T:min{l,m}. The lemma
follows since T' does not depend on «. ]

4. Proof of Theorem 1.1
After the above preparations we can now prove Theorem 1.1. The conservations of
mass, momentum and energy will be proven in Section 5.

Proof. (Proof of Theorem 1.1.) Let us first prove that (f,) is a Cauchy
sequence in C([0,77]; L*([0,1] x R?)) with T of Lemma 3.4. For any (a1,az) €]0,1[?, the
function g= fo, — fa, satisfies the equation

09+ 010:9= [ Bfa Lo = FouFise) Foy(For) iy (oo

[ Bl fore = fonFoge) Foy (£ oy oy v

[ B B (Fos ) (P ) = Fos o)+ Fo () (o () = Foy (fo) ) o
)d
)d
)

- [ Bfaston:

_/Bfazfaz* FOél fal* Oél(fag) az(fag))+Fa2(fa2)( Oél(fozg* O‘Q(fozz*

Fal fal* al(fél)_Fal(fé2))+Fa2(fa2)( Oél(fozl* - O41 fa2*

dv..df.
(4.1)

(

b [ BB (For o) By ) = Fos (Fo) + Fos (o) (Foy Uae) = Fos (o)
(
(
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Using Lemma 3.3 and taking a;,as <27571

3

/B(|fo¢1fo¢1*7fazfa2*|FOtl(f(;q)FOtl(fal*)) dmdvdv*de
§022L(/ sup fgl(t,xyv)dv—l—/ sup fE_(t,x,v)dv /| (for = fau)f (t,2,0)|dzdv

z€[0,1] x€[0,1]
§00122L/|gﬁ(t,x,v)|dzdv.

We similarly obtain

[ B (s P s Fo (o) = Fo o)D) v, dh < cr 2 —

and

[ B(fowFuw s B, D (i) = P (12,)]) oo dt < ccx2 [ 11, 0) o

The remaining terms are estimated in the same way. It follows

d
%/|gﬁ(t,x,v)|dmdv§00122L</|gn(t,a:,v)|dxdv+|a1—a2|).
Hence

lim /|g (t,z,v)|dzdv=0.
(o1,02)—(0, O)te[o T

And so (f.) is a Cauchy sequence in C([0,T];L([0,1] x R?)). Denote by f its limit.

With analogous arguments to the previous ones in the proof of this lemma, it holds that

lim /|Q(f) —Q(fa)|(t,z,v)dtdzdv=0.

Hence f is a strong solution to (1.5) on [0,7] with initial value fy. If there were two
solutions, their difference denoted by G would with similar arguments satisfy

%/|Gﬁ(t,x,u)\dxdvgcc122L/\Gﬁ(t.x.v)|dxdv,

hence be identically equal to its initial value zero.

Denote by F a given equibounded family of initial values bounded by 2. Let f;
resp. fo be the solution to (1.5) with initial value f19 € F resp. fao € F. The equation
for g= f1 — f2 can be written analogously to equation 4.1. Similar arguments lead to

%/|(f1—fz)ﬁ(t,x7v)|dmdv§00122L/|(f1—fg)ﬁ(t7x,v)|dxdv,
so that

2L
(1= F2) () o)<y < €2 || fro— fao [l (oa)xrey,  t€[0,T].

This proves the stability statement of Theorem 1.1.

If sup(y v)ep0,1)xr2 f(12,0) <25+1 then the procedure can be repeated, i.e. the
same proof can be carried out from the initial value f(T). It leads to a maximal interval
denoted by [0,71] on which f(t,-,-) <2L*!. By induction there exists an increasing
sequence of times (Tn) such that f(t,-,-) <2F+" on [O,Tn]. Let Too =limy, 4 o T,,. Either
Tro =400 and the solution f is global in time, or T is finite and Timy_,7_ || £(#) ||oc= c0.

O
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5. Conservations of mass, momentum and energy
The following two preliminary lemmas are needed for the control of large velocities.

LEMMA 5.1.
The solution f of equation (1.5) with initial value fo, satisfies

/ / lv| sup f*¥ (txv)dvdx<— te0,77],
o]>A A

te[0,T

where cr only depends on T, [ fo(z,v)dzdv and [ |v]? fo(x,v)dzdv.
Proof. Asin (2.3),
sup fH(t,x,v) < fo(z,v) / QT (f)(s,x+svy,v)ds.
te[0,T]

Integration with respect to (z,v) for |v| >\, gives

1
/ / lv| sup fH(t,x,v dvdx<// [v| fo(z,v dvdx+/ /
0 Jv|>Xx  t€[0,T] [v[>A [v[>A

[v| f(s,2+sv1,0") f(s,2+sv1, 0. ) F(f) (8,2 + sv1,0)F(f) (8,2 + sv1,v4 )dvdv,.dOdads.

Here in the last integral, either |v'| or |v}| is the largest and larger than % The two

cases are symmetric, and we discuss the case |[v'|>|v,]. After a translation in z, the
integrand is estimated from above by

| f#(s,x,0")  sup  fE(t@0)).
(t,2)€[0,77x[0,1]

I\

The change of variables (v,v.,n)— (v',v],—n), the integration over

(5,2,0,0,,0) €[0,T] x [0,1] x {v €R?;|v| > %} x R? x [—g7g],

and Lemma 3.3 give the bound

e/ (T
7(/ /|v|2f#(s,x,v)dxdvds) (/ sup f#(t7x,v*)dv*)
A (1) €[0,T]x[0,1]

T
,C Cl /| 1% fo(z,v)dzdv.

The lemma follows. a

LEMMA 5.2.  The solution f of equation (1.5) with initial value fo satisfies

/
f ‘r
sup At zw)dv<—=, t€][0,7T],
~/|v>)\ (t,2)€[0,T]x[0,1] VA

where . only depends on T, [ fo(z,v)dzdv and [|v|? fo(x,v)dzdv.
Proof. Take A>2. As above,

/ sup fﬁ(t,x,v)dvg/ sup fo(x,v)dv+cC, (5.1)
|

v|>A (t,2)€[0,7]%[0,1] lv|>Xz€[0,1]
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where

C= / sup / /Bf# s,x+s(vy —v)),0" ) f# (s, +s(vy —vl,),vl)dvdv,.dds.
\

[>Az€[0,1]

For v',v! outside of the angular cutoff (1.3), let n be the unit vector in the direction
v—2', and n, the orthogonal unit vector in the direction v —v’,. Let e; be a unit vector
in the z-direction.

Split C'as C=3",,.4Cs, where Cy (resp. Cy, C3) refers to integration with respect
to (vs,0) on -

{(’U*,Q); n-ep > |UI|Z|U;|}7

1
\/é’

1 1 1
(resp. {(w0)sm-e2 >4/ 1= 3, WI<Iollh {@nf)ineer €l /T3] W< L),

and analogously for C;, 4 <i <6, with n replaced by n, . By symmetry, C;, 4<¢<6 can
be treated as C;, 1<i<3, so we only discuss the control of C;, 1 <¢<3.

By the change of variables (v,v,,n)— (v',v.,—n), and noticing that |[v| > % in the
domain of integration of Cy, it holds that

C1§/ / / Bf# (s,z+ s —v1),0)f# (5,24 s(v] —vs1),vs)dv.dOdsdv
|v\> xe[o 1] %

<fsmml
|v\> xE[Ol nel>

sup f#(T,CL'+S(’U; —v1),v) sup f#(T,X,v*)dv*desdv.
~€[0,T) (r,X)€[0,T]x[0,1]

With the change of variables s —y=x+ s(v] —v1),

ST -
\|>—m€[01 n-eq % e(z,z+T(vi—v1)) |’Ul—'U1|

sup f#(7,y,0) sup 7 (r, X, v, )dydv,dddv
r€[0,7] (r,X)€[0,T]x[0,1]

/ / Ul—’Ul ))+1) |/
\ |> n-ey —’U1|

sup f#(r,y,v) sup 7 (r, X, v, )dydv,dOdv.
T€[0,T] (7,X)€[0,T]x[0,1]

s\~

Moreover,

V2

|B(T(v) —v1)) +1)| < T) — [ +1< (T + W)M —uil,

where v and 1" were defined in (2.2). Consequently,

Cy<ce(T+1 // sup f (T,ym)dydv/ sup (7, X, v.)dv,
[v (r,X)e

|>25 7€l0,7] [0,7]x[0,1]

e(T+1)
+ // |v| sup f (T,y,v)dydv/ sup (1, X, v,)dv,.
[v]> 25 (

T€[0,T) 7,X)€[0,T]x[0,1]
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By Lemmas 3.3 and 5.1,
c

=3

(T+ 1)CT61 (T)

Moreover,

B
Co S/ ;
[0/ [>A, e[ >[v],ne1>4/1— % |U1 _,U1|

sup / sup f#(1,y,v) sup f# (1, X,v,)dydvdv,do
z€[0,1]Jye(z,z+T (v} —v1)) TE[0,T] (7,X)€[0,T1%10,1]

<c(T+ 1)/ d@/ sup fH#(r y,v)dydv/ sup 7 (7, X, v,)dv,
n91>

7€[0,T] (1,X)€[0,T]x[0,1]

< ST+ 1 (D),

by Lemmas 3.1 and 3.3. Finally,

B
Cs< / sup f (T7X?U)17
02> 25, < er € g (R X)E0.T]x[0,1] |01 = va

sup (/ sup f (T,y,v*)dy)dvdv*dﬁ
z€[0,1] y€(z,xz+T (v —v.1)) TE[O,T]

<c(TH+ 1)\5\(/ sup f#(T,X,’U)dU) (/ sup f#(T,y,v*)dydv*).

(m,X)€[0,T]x[0,1] [ve]> 25 7€[0,T]

By Lemmas 3.3 and 5.1,

c
<—(T+1)cr(T)er.

f

The lemma follows. O

LEMMA 5.3.  The solution [ to equation (1.5) with initial value fo conserves mass,
momentum and energy.

Proof.  The conservation of mass and first momentum of f will follow from the
boundedness of the total energy. The energy is non-increasing since the approximations
fa conserve energy and

1
lim/ / |(f = fa)(t,z,0)||v|*dzdv=0, for all t€[0,T] and positive V.
lv]<V

a—0 0

[v?]

Energy conservation will be satisfied if the energy is non-decreasing. Taking 1. = el

as approximation for |v|?, it is enough to bound
/Q(f)(t,x,v)z/zg(v)dxdv:/Bwe (/7P = F1F(f)VF(SL) ) dadvdv.do
from below by zero in the limit e —0. Similarly to [8],

[Qdsto=3 [BrrF (f’)F(fi)(we(v’Hwe(vi)—¢e(v) —b(v.)) dadvdv. do

elvf?[o.]?
(14 €fv?)(1+e€lv.[?)

/ Bff.F(f)F(f) dxdvduv.ds.
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The previous line, with the integral taken over a bounded set in (v,v,), converges to
zero when € — 0. In integrating over |v|?+|v.|? >2A? | there is symmetry between the
subset of the domain with [v|>>\? and the one with |v.|? > A2, We discuss the first
sub-domain, for which the integral in the last line is bounded from below by

_c/\v*|2f(t,x,v*)dxdv*/ B sup ##(s,2,0)dvdf
[v|>X  (s,2)€[0,¢]x[0,1]

2—6/ sup f#(s,z,v)dv.
\

v|>A0<(s,z)€[0,t] x[0,1]

It follows from Lemma 5.2 that the right hand side tends to zero when A — oo. This
implies that the energy is non-decreasing, and bounded from below by its initial value.
That completes the proof of the lemma. 0
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