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GLOBAL SOLUTIONS TO ONE-DIMENSIONAL EQUATIONS FOR A
SELF-GRAVITATING VISCOUS RADIATIVE AND REACTIVE GAS
WITH DENSITY-DEPENDENT VISCOSITY*

YONGKAI LIAOT AND HUIJIANG ZHAO*

Abstract. In this paper we are concerned with the global existence of smooth solutions to two
types of initial-boundary value problems to a system of equations describing one-dimensional motion
of self-gravitating, radiative and chemically reactive gas whose viscosity coefficient depends on density.
The main ingredient of the analysis is to derive the positive lower and upper bounds on both the specific
volume and the absolute temperature.
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1. Introduction and main results

We consider the one-dimensional motion of a compressible, viscous and heat-
conducting gas which is self-gravitating, radiative and chemically reactive. Such a
gaseous motion, especially in the processes of the unimolecular reactions whose kinetic
order is one, is described by the following equations in the Lagragian mass coordinates
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Here x € Q0 CR is the Lagrangian space variable with €2 being some nonempty open set of
R, t €R™ the time variable, and the primary dependent variables are the specific volume
v=v(t,x), the velocity u=u(t,x), the absolute temperature §=46(t,2) and the mass
fraction of the reactant z=z(t,x). p(v) is the viscosity coefficient which satisfies p(v) >
0 for all v>0 and the positive constants G, d and \ are the Newtonian gravitational
constant, the species diffusion coefficient and the difference in the heat between the
reactant and the product, respectively. The pressure p and the internal energy per unit
mass e are defined by

4
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1424 1D VISCOUS RADIATIVE AND REACTIVE GAS

where the positive constants R, ¢, and a are the perfect gas constant, the specific
heat capacity at constant volume and the radiation-density constant, respectively. The
second terms on the right-hand side of both relations in the definition (1.2) stand for the
effect of radiation phenomena, whose forms are given by the famous Stefan—Boltzmann
law (see [29]). In the radiating regime, we naturally take into account the heat flux
from the radiative contribution, not only from the heat-conductive contribution. We
also assume that the bulk viscosity u(v) is a positive function of specific volume v (¢,)
and the thermal conductivity =k (v,0) takes the form (see for example, [35,36])

K (v,0) = k1 + Kavd? (1.3)

with positive constants k1, ko and b.
Furthermore, as in [35], we assume that the reaction rate function ¢=¢(0) is de-
fined, from the Arrhenius law, by

$(0)=K6%exp (-?) : (1.4)

where positive constants K and A are the coefficients of the rate of the reactant and
the activation energy, respectively, and [ is a non-negative number.

For mathematical theories on the equations (1.1), (1.2), (1.3), (1.4) with certain
prescribed initial and/or boundary conditions, although some well-posedness theories
have been obtained by many mathematicians recently, cf. [5,11-16, 35, 36]) and the
references cited therein, all these results are concerned with the case when the viscosity
coefficient p is a positive constant. We note, however, that since the energy producing
process inside the medium is taken into account in the Equations (1.1), that is, the
gas consists of a reacting mixture and the combustion process is current at the high
temperature stage, and the experimental results for gases at high temperatures in [39]
show that the viscosity coefficient 4 may depend on the specific volume and temperature.
Thus it is necessary and interesting to consider such a case and the main purpose
of this paper is concentrated on the case when the viscosity coefficient v is a smooth
function of the specific volume v. For the case when the viscosity coefficient ;o depends
also on the temperature, since, as pointed out in [17] for one-dimensional compressible
Navier—Stokes equations, temperature dependence of the viscosity p has turned out
to be especially problematic, we hope that we can have some contributions in such a
problem in the near future.

Throughout the rest of this paper, we assume that the reference configuration is
the unit interval [0,1], i.e. 2=(0,1) and our fist goal in this paper focuses on the outer
pressure problem to the system (1.1), (1.2), (1.3), (1.4) with prescribed initial condition

(v(0,2),u(0,2),0(0,2),2(0,2)) = (vo (z),u0 (z),00 (x),20 (x)) forzeQ=[0,1] (1.5)
and boundary conditions
(o(t,2),0,(t,2),2:(t,2)) |z=01=(—De,0,0) fort>0, (1.6)

which is studied in [31, 35, 36] with positive constant viscosity coefficient, where
o=—p(v,0)+p(v) %= stands for the stress and p. (a positive constant) is the exter-
nal pressure.

In this case, to illustrate our main ideas in deducing the desired global solvability
result, as in [3,33], we assume that p(v) takes the form

p(v)y=v"% (1.7)
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Here a >0 is some nonnegative constant. Moreover, without loss of generality, we may
assume that, cf. [35,36]

1
/ ug(x)dx =0. (1.8)
0

For such a problem, our first result in this paper can be stated as in the following
theorem

THEOREM 1.1. Suppose that
o The viscosity coefficient u satisfies the equation (1.7);

e The parameters a,b and 3 are assumed to satisfy 0 <a < b>8 and 0< <

b+9;
e The initial data (vo(x),uo(x),00(x),20(x)) satisfies the compatibility conditions,
the condition (1.8) and

b+1 ’

(vo(@),u0(x),00(x), 20(x)) € H (), (1.9)
;Ielgvo( x) >0, ;16%00() 0, 0<z(z)<1 for ze€Q. (1.10)

Then there exists a unique solution (v(t,x),u(t,z),0(t,z),z(t,z)) of the initial-boundary
value problem (1.1), (1.5, (1.6) with (1.2), (1.3), (1.4), (1.7), such that for any T >0

(v(t,2),u(t,2),0(t,2),2(t,2)) € C°(0,T; H' (),

(ua (t,2) 0, (t,2)) € L2 (0,7 H' (),
Klgv(t7x)gvlv ( ) [07 ]
0, <0(t,r) <B), V(t,)€[0,T] x
0<z(t,x)<1, V(t,x)e [O,T}XQ

Here T is any given positive constant and Kl,Vl,Ql,@l are some positive constants
which may depend on T and the initial data (vo(x),up(x),00(x),20(x)).
REMARK 1.1. Some remarks concerning Theorem 1.1 are listed below:

e From the proof of Theorem 1.1, it is easy to see that similar result still holds
when the viscosity coefficient p is a general function of v which is assumed to
be sufficiently regular and satisfies the same asymptotic behaviors when v — 0%
and v — 400 as the function (1.7);

e As demonstrated in [35], the initial-boundary value problem (1.1), (1.5, (1.6)
with (1.2), (1.3), (1.4), (1.7) is equivalent to the free boundary problem of the
equations (1.1) in Eulerian coordinates

e+ upy = —puiy,
p(up +uuy) = (—p+puy), +pf,
p(er+uey) = (kby), +(—p=+puy) uy + Apoz,
p (2t +uzy) = (dpzy) —poz

in Usso ({t} x Q4), where y is the Eulerian space variable, p=v"" is the density,
O = {y eR ‘yl(t) <y< yg(t)} and y;(t) for i=1,2 are fluctuating boundary
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functions which satisfy the dynamical and kinematic boundary conditions for
i=1,2

(=p+uy) ly=y, 1y =—pe for t>0,
dyi(t)

“dr =vi(t,yi(t)) fort>0

for some positive constant p, >0 (the outer pressure) and the thermal and
chemical boundary conditions for i=1,2

(kOy) ly=y,(ty=0 for t>0,
(dpzy) ly=y,ty =0 for >0,

and the initial condition

(p(t,x),u(t,x),@(t,m),z(t,m)) |t=0 = (po(ﬂ?),’(bo(l‘),eo(l'),20(1')) for Yy EQ0

under the standard normalization fQo po(x)dx=1. Here the external force per
unit mass f= f(t,y) is given by f=-U,, where U(t,y) is the solution of the
boundary value problem

Wg;gy) =Gp(t,y), (ty)€Upo({t} x ),

U(tay)|y:y1(t) = U(t,y)‘y:w(t) =0, te RT.

Our second goal in this paper is to deal with the system (1.1), (1.2), (1.3), (1.4) with
prescribed initial condition (1.5) and homogeneous Dirichlet boundary condition with
respect to the velocity w(t,x) and homogeneous Neumann boundary conditions with
respect to both the temperature 6(¢,2) and the mass fraction of the reactant z(¢,x), i.e.

(u(t,x),0,(t,x), 24 (t,2)) |g=0,1 =0 for ¢ >0. (1.11)

Although the case when the viscosity coefficient is a positive constant has been studied
in [8], we consider in this paper the case when 4 (v) is a smooth function of v for v > 0.
Due to the limit of our technique, we need to ask that p(v) is non-degenerate in the
sense that

—l +
v v—0
) ~ ’ ’ 1.12
H( ) {Ulz, v ’ ( )

where [q,l> are positive constants and f(z)~g(z) as © — xo means that there exists a
positive constant C'>1 such that C~'g(z) < f(x) <Cg(z) in a neighborhood of x.

For the global solvability of the initial-boundary value problem (1.1), (1.5), (1.11),
we have

THEOREM 1.2.  Suppose that

o u(v) is assumed to satisfy the condition (1.12) and the parametersl; >1, 1o >0,
0<B<b+4, and b satisfy one of the following two conditions:
(i) b=8,

.. 44111o+5411+3212+16 .
(ii) STl - <b<8;
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e The viscosity coefficient (v) satisfies

vl ()2 <P (v); (1.13)

o The initial data (vo(x),uo(x),00(x),20(x)) satisfies the compatibility conditions
and

(vo(2),uo(x),00(x), 20(x)) € H' (), (1.14)

vo(x) >0, Oy(z)>0, 0<z(z)<1 for z€l0,1]. (1.15)

Then there exists a unique solution (v(t,z),u(t, ),H(t,x) z(t,z)) of the initial-boundary
value problem (1.1), (1.5), (1.11) with (1.2), (1.3), (1.4), (1.12), such that for any
T>0

(v(t,z),u(t,z),0(t,z),z(t,z)) € C°(0,T; H' (),
(us (t,2),0, (t,x)) € L* (0,T; H' (),
Vy<w(t,x)<Va, V(t,x)e[0,T]xQ,
0, <O(t,z) <Oy, V(t,z)€[0,T]xQ,
0<z(t,x) <1, V(t,z)€[0,T]xQ

Here T is any given positive constant and V,,V2,0,,0 are some positive constants
which may depend on T and the initial data (vo,uo,00,20)-

REMARK 1.2. Some remarks concerning Theorem 1.2 are given below:

e The condition b > 44&[12[;‘_’%121253_216 implies b > 3, which will be frequently used
in Section 3.

e The Assumptions (1.12) we imposed on the viscosity coefficient p(v) in Theorem
1.2 implies that it is non-degenerate and tends to infinity both for v — 0" and for
v — 400. Such an assumption excludes the case when the viscosity coefficient
is a positive constant. The problem to get a global solvability theory of the
initial-boundary value problem (1.1), (1.5), (1.11) with (1.2), (1.3), (1.4) and
more general, say for example degenerate, viscosity coefficient is under our
current research.

Now we outline the main ideas to deduce our main results Theorem 1.1 and Theorem
1.2. As is usual for the wellposedness theories of nonlinear partial differential equations,
the main difficulty in deducing the global solvability results to the above two types
of initial-boundary value problems is to control the possible growth of their solutions
induced by the nonlinearities of the equations (1.1) suitably and the key point is to
obtain the positive lower and upper bounds on the specific volume v (t,z) and the
temperature 0 (¢,).

To explain our main ideas, we first recall the arguments used in [35] to deal with
the outer pressure problem (1.1), (1.5), (1.6) with (1.2), (1.3), (1.4), (1.7) for the case
of a=0 and in [8] to treat the initial-boundary value problem (1.1), (1.5), (1.11) with
(1.2), (1.3), (1.4) and constant viscosity. In both cases, since the viscosity coefficient
is a positive constant, the following useful explicit representation formula for the specific
volume v(t,x)

. 1
)= Bl )Y (he) D)

<’U0+]/j/OtQ(T,lL')B(T,ZL’)Y(T,CE)D(T,CE)CZT) (1.16)
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is derived which is motivated by an argument developed by Kazhikhov and Shelukhin
to study the wellposedness problem of an one-dimensional viscous and heat conducting
ideal polytropic gas motion (cf. [23]). Here

Bta)=ew |1 [ (@ -uwo)d]. ¥io=en(ti@r). @

t
f(z) =pe+ %Gz(l —z), D(t,x):=exp (—?3:/ 9(7’,17)4117') . (1.18)
0
In fact, based on the above explicit representation formula for v(¢,2) and the basic
energy type estimates obtained in Lemma 2.2 and Lemma 3.2, Umehara and Tani [35]
and Ducomet [8] can derive the desired positive lower and upper bounds on v(t,x) first.
With such an estimate on v(¢,«) in hand, they can derive the positive lower bound on
O(t,x) as in [2-4,22], while the upper bound on (¢,x) can obtained by employing the
argument used in [22].
But for the outer pressure problem (1.1), (1.5, (1.6) with (1.2), (1.3), (1.4), (1.7) for
the case of a >0 considered in this paper, since the viscosity coefficient coefficient p(v)
is degenerate, one cannot hope to derive an explicit representation formula for v(¢,x)
similar to (1.17) which holds only for the case of a=0, one cannot hope to deduce the
positive lower and upper bounds on v(¢,x). To overcome such a difficulty, our main idea
is to estimate v (t,z) and 0 (¢,2) simultaneously and the key points in our analysis can
be outlined as in the following:

(i) Motivated by [22,28], our first step is to deduce the lower bound of the specific
volume v (t,z) based on the identity (2.10) for the auxiliary function g (v (t,z)) =
J{ 1(2)/zdz. Tt is worth to pointing out that the boundary condition (1.6) plays
an essential role in deducing the identity (2.10);

(ii) The second step is to control the lower bound of the absolute temperature in
terms of the upper bound on v(t,z), cf. the estimate (2.34) obtained in Lemma
2.6;

(iii) With the results obtained in the above two steps, we can then deduce an esti-

mate on fol 1)2(1}17%@6[,% in terms of the upper bound on v (¢,2) which is motivated
by an observation of Kanel’ for a viscous isentropic gas motion [21], cf. the
estimate obtained in Lemma 2.7, from which one can derive an upper bound
on v(t,x) provided that the parameters a and b involved satisfy certain condi-
tions stated in Theorem 1.1. Having obtained the upper bound on v(t,x), we
can then combine the estimate obtained in the second step to obtain the lower
bound of 0 (¢,x);

(iv) Having obtained the above bounds, the only thing left is to get the desired
upper bound on 6 (¢,z). The argument here to deduce such a bound is similar
to those used in [22,31].

For the initial-boundary value problem (1.1), (1.5), (1.11) with (1.2), (1.3), (1.4),
(1.12), in addition to fact that one cannot hope to deduce the desired positive lower and
upper bounds on v(t,x) via deriving an explicit representation formula similar to the
formula (1.17) for v(¢,x) as in [8] for the case of constant viscosity, the story is a little
bitter different. In fact since the outer pressure boundary condition (1.6) imposed on
the stress o =—p(v,0)+ % is now replaced by the homogeneous Dirichlet boundary
condition (1.11) imposed on the velocity u(¢,x), the identity (2.10) for the auxiliary
function g(v(t,z))= [, pu(z)/zdz, which holds for the initial-boundary value problem
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(1.1), (1.5), (1.6) with (1.2), (1.3), (1.4), (1.7), does not hold any longer. Thus one
cannot hope to use such an argument to yield the desired positive lower bound on
v(t,z). To overcome such a difficulty, we adopt Kanel’s argument (cf. [21]) to achieve
our goal in Section 3. The strategy to prove Theorem 1.2 can be outlined as follows:

(i)

Our first observation is that from the structure of the equations (1.1), (1.2),
(1.3), (1.4), (1.12) under our consideration, we can derive the positive lower
bound of € (¢,z) provided that the viscosity coefficient p(v) is assumed to satisfy
the condition (1.12) with the corresponding parameters {1 and I satisfying I; >
1,15 > 0. It is worth to pointing out that the assumption on the non-degeneracy
of the viscosity coefficient j(v) at both v — 07 and v — +occ plays an important
role in our analysis;

Secondly, we apply Kanel’s method, cf. [21], to yield an estimate on the positive
lower bound and the upper bound of v(¢,x) in terms of ||§37°||., cf. the
estimates obtained in Lemma 3.6;

Finally, we use the trick in [33] to bound 6(¢,x) as in Lemma 3.7. Then we
can deduce the desired lower bound of v (¢,z) and upper bounds of v (¢,z) and
0 (t,x) if the involved parameters ly,l2,b, 5 satisfy the given conditions given in
Theorem 1.2.

Before concluding this section, we now review some related results briefly as follows:

Firstly for the compressible viscous and heat-conducting model in one dimension
space, the global existence and /or large time behavior of smooth solutions have
been established by many authors:

— For polytropic ideal gas with positive constant transport coefficients, see
Antontsev, Kazhikhov and Monakhov [1], Kazhikhov and Shelukhin [23],
Jiang [18-20], Li and Liang [26] and the references cited therein;

— For polytropic ideal gas but with density and/or temperature dependent
viscosity and density and temperature dependent heat conductivity, see
Chen, Zhao and Zou [3], Liu, Yang, Zhao and Zou [27], Tan, Yang, Zhao
and Zou [33], Wang and Zhao [37] and the references cited therein;

— For polytropic ideal gas but with constant viscosity and density and/or
temperature dependent heat conductivity, see Jenssen and Karper [17],
Pan and Zhang [30] and the references cited therein;

— For general gas with density-dependent viscosity and density and temper-
ature dependent heat conductivity, see Dafemos and Hsiao [4], Kawhohl
[22], Luo [28] and the references cited therein.

Secondly, there are some recent results on heat-conducting radiative viscous gas,
cf. [5,11-16, 35,36] and the references cited therein. Among them, Ducomet
[10], Ducomet and Zlotnik [15,16] studied a one-dimensional gaseous model
similar to this paper. Among these papers [10, 15, 16], they adopted as self-
gravitation, a special form independent of the time variable explicitly in the
Lagrangian mass coordinate, not the exact form. For the outer pressure problem
(1.1), (1.5), (1.6) with (1.2), (1.3), (1.4), (1.7), Umehara and Tani [35] proved
the global solvability of smooth solutions when the coeflicient of viscosity is a
positive constant, i.e. the function (1.7) with a=0. Later on, they improved
their results in [36]. Moreover, Qin [31] further improved their results. On the
other hand, Ducomet [8] proved the global existence and exponential decay in
H?' of solutions to the initial-boundary value problem (1.1), (1.5), (1.11) with
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(1.2), (1.3), (1.4) and constant viscosity coefficient.

The rest of the paper is organized as follows. The proofs of Theorem 1.1 and
Theorem 1.2 will be given in Sections 2 and 3, respectively.

Notations: Throughout this paper, C'>1 is used to denote a generic positive con-
stant which may dependent on insf)vo (z), inggo (z), T and || (vo,u0,00,20) | r (0)-
xTE re

Here T'>0 is some given constant. Note that these constants may vary from line
to line. C{(:,) stand for some generic constants depending only on the quantities
listed in the parenthesis. € stand for some small positive constants. For function
spaces, L7(Q)(1<g<oc) denotes the usual Lebesgue space on Q with norm ||-||q(q),
while H?(€) denotes the usual Sobolev space in the L? sense with norm ||| ga(q). For
simplicity, we use || |lcc to denote the norm in L ([0,7] x ). For two functions f(x)
and g(z), f(x)~g(x) as x —a means that there exists a positive constant C'>0 such
that C~1f(2) <g(x) <Cf(z) in the neighborhood of a.

2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1 based on the continuation
argument. Such an argument is a combination of the local existence result with certain
energy estimates on the local solutions constructed.

Firstly, under the assumptions given in Theorem 1.1, we can get the following local
existence result.

LEMMA 2.1 (Local existence). Under the assumptions listed in Theorem 1.1 or

Theorem 1.2, there exists a sufficiently small positive constant t1, which depends on

Il (vo,u0,00,20) |1 () ingvo (z) and insf)GO (z), such that the initial-boundary value
zE TE

problem (1.1), (1.5), (1.6) (or (1.1), (1.5), (1.11)) admits a unique smooth solution
(v(t,x),u(t,x),0(t,z),z(t,z)) defined on [0,t1] x 2.
Moreover, (v(t,x),u(t,x),0(t,x),z(t,x)) satisfies
(0(t,2)u(t,2),0(6,2), 2 (t,2)) € C° (0,5 H' (92)
(g (t,2),05 (t,2)) € L2 (0,73 H' (),

1
— inf vg (x) <wv(t,x) <2supwvg (z),Y(t,x) €[0,1] x Q,
2 zeQ r=te)

1
—inf Oy (z) <O(t,x) <2supby(z),V(t,x) €[0,t1] x Q,
2 z€Q z€Q

0<z(t,x) <1,V(t,z) €[0,t1] x Q
and

sug{” (v,u,0,2) () |2 (02) } < 2| (vo, 0,00, 20) |11 (02)-
xe

Lemma 2.1 can be obtained by using a similar approach as in [23] for the one-
dimensional case or [34] for the three dimensional case. Hence we omit the details
for brevity.

Suppose that the local solution (v (t,z),u(t,z),0(t,x),z(t,z)) constructed in Lemma
2.1 has been extended to t =T >t; and satisfies the a priori assumption

(H,) Vi <u(t,x) <V, 0 <0(t,x) <O, V(t,x)€[0,T] x Q.

Here z’l,V’l,@’l and @/1 are some positive constants. To extend such a solution
step by step to a global one, we only need to deduce certain a priori estimates of
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(v(t,z),u(t,z),0(t,z),z(tz)), which are independent of V,V;,0,, and O}, but may
depend on the initial data (vo(z),uo (), 6o (x),20 (2)) and the constant 7.

We now deduce certain a priori estimates on (v(t,x),u(t,z),0(t,z),z(¢t,z)). The
first one is concerned with the basic energy estimate whose proof can be found in [35]
which is based on the following identity

() o) o (£22) 22 a(el)

and its consequence

1 1 2 1
% ; {;uz—k{pe—F;G(l—x)z] v}dz—k/o N(Q;)dex_/o pugdx. (2.2)

LEMMA 2.2 (Basic energy estimates). Under the assumptions given in Theorem 1.1,
for any t€[0,T], we have

1
/ {;u2+0v0+av04—|—)\z+ [pe—i-;G(l—z)x] v}deC, (2.3)
0

/1 {C,(0—1—logh)+ R(v—1—logv) }dx
0

t el 2 2
p)uy  k(v,0)05 Aoz
T < .
+/0/0< 0 + WP + 0 dxdr <C, (2.4)

1 t 1 1
/ zda:+/ / qbzdxdrz/ zodr, (2.5)
0 0 Jo 0
Iy, trlra , 1y,
/0 57 dx+/0 /0 <v22z+¢z >dxd7—/0 izodz. (2.6)

The next lemma is concerned with the estimate of z(¢,2). To this end, we can
deduce by repeating the method used in [2] that

LEMMA 2.3.  Under the assumptions stated in Theorem 1.1, for any (t,x)€[0,T] x Q,
we have

0<z(t,x)<1. (2.7)

To derive bounds on the specific volume v (z,t), if we define

g(v) ::/;u(;)df, (2.8)
then we can get that
wtptG (a3 ) = (10 22) = (k(0)%) =) 29)

Integrating the equation (2.9) over [0,¢] x [0,z] and using the boundary condition (1.6),
one has

oo+ [ p(m)dm/j<uo—u>dx—g(vo<x>)
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t t px
+/ pedT—/ / G (x— 1) dxdr, (2.10)
0 0o Jo 2

which implies

That is
gv(t,x))>—-C. (2.11)

On the other hand, it is easy to see

M’ a>0,
g(v)={ . (2.12)

Inv, a=0,

which together with the estimate (2.11) implies that

LEMMA 2.4. Under the assumptions stated in Theorem 1.1, there exists a positive
constant V| depending only on T and the initial data (vo (z),uo(x),00(z),20(x)) such
that

v(te)>V,, Y(tz)e[0,T]x . (2.13)

With Lemma 2.2 and Lemma 2.4 in hand, we immediately get
1
/ 0"dr <C, 0<r<4. (2.14)
0
For each t € [0,T], there exists 2*(¢) €[0,1] such that

0(t,z* (t)) :/0 o(t,x)dz, (2.15)

and therefore, for any >0 and (¢,2) € [0,7] x €2, we have

1 5 T
_ r 51
= ([ oemac) <5 [ owoncn e

1yt 30%
gc<1+/ 2 10a] v26 d;v)

o BOvz K2

bower z Lip)u2  k(v,0)6% Aoz 2
< 1 _— = A . (21
<o ([ pigae) ([ (Mo 20 w) ). s

It is easy to see that

(M

0(t,x)

0" <C(146") (2.17)

holds for 0 <r<b+4. We have from the bound (2.14) that

1 I3 1
/Oliewbdxgc/o (v+0*)dz<C. (2.18)
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Combining the estimates (2.4), (2.16) and (2.18), one has
LEMMA 2.5.  Under the assumptions listed in Theorem 1.1, for any t€[0,T] and b>0

t

maX{GT(T x)pdr <C, 0<r<b+4. (2.19)
0 xTE

2
Now we turn to estimate the term fg fol %dmdr, which will be used later. Using the
identity (2.2) and Cauchy’s inequality, one has

T S R P i Py G L

L u)u? bog? L wp®
ge/o Td:c—&-(}'(e)/o de+0(€)/() mdm. (2.20)

Integrating the inequality (2.20) with respect to ¢ over(0,¢), we obtain
1 1 t 1 2
/ {2u —l—{pe—k G(l—=x) }v}dm—&—// %d d
<C’+C’/ / dxdT—i—/ / vt 0¥ dxdr, (2.21)

while Lemma 2.2 together with Lemma 2.5 tells us that

t 1 92 t 1
// leada:dfgc//e%dfgc, (2.22)
0 JO0 0 J0

t o t 1
/ / v1+a08dxd7§||v|\go/ / v08dadr < C|lv||%,
0 Jo 0o Jo
t 1
§||UH§O/ (max {6(r,z) }/ U(T,m)94(7,x)dx) dr
o \z€[0,1] 0

<Clol- (2.23)

Combining the inequalities (2.21)-(2.23), we get

t 1 u2
/0/0 e dwdr <0+ O ol (2.24)

Now we are concerned with the lower-bound estimate on 6 (¢,x). For this purpose,
setting h =%, we can deduce from the equation (1.1)3 that

2 2 2 2
eohy— (O e vpg | 2600 by | p Q)BT (L ope T e | (2.25)
v . Adu vh v 2uh

where
3 R 3
eg=Cy+4avb’, py= ” + —ab’. (2.26)

It is easy to see that

2
cohy < <W> + 26 (2.27)
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Using the identity (2.26) and Lemma 2.4, one has

1
h< b (H(U,e)hx

= e

» ) +C (1+0"0%). (2.28)

Multiplying the inequality (2.28) by h?’~! and integrating the result with respect to x
over (2, one has

Lp2r—1 (/@(v,ﬂ)hm

1
thli%;l(llhnm)tgc*/ (1+v“03)h2p’1d1’+0/ ;
0 0

>$d:1:. (2.29)

€o
Noticing that
h2p—1 (m(vﬁ)hE) B (m(v,ﬁ)h2p—1hz> _ (2p=1)R*P 2R

€p v Veg ; ey
G)h*r—1h,
+/€(v, ) . (€6), (2.30)
veg
and
0 h2P—1p h2p—2p2 1 2(v.0)h2p 2
/Q(Uv ) . x(ea)x §(2p_1) T k (U’ ) d((e‘g)w) , (231)
e veg 2p—1 vep

we obtain

1 1,2 2p 2
||h|‘iﬂ;;1 (||h||L2p)t SC/ (1 +Ua93) h2p_1d£—|— 1 / K ('U79)h 3((69)x) dur. (232)
0 2p—1Jy vey

Integrating the inequality (2.32) with respect to ¢ over (0,t), one can get, by using
Holder’s inequality and by letting p — +oco, that

t
TP §C+C/ ma {1 (r, )6 (r,2) b < C +Col|%. (2.33)
0 xT

Hence, we have

LEMMA 2.6.  Under the assumption in Theorem 1.1, we have

1
< a . .
Ty SCHCIbl, V) e T x0 (2.34)

Now we turn to estimate the upper bound of v (¢,z). To do so, since

v(t,x)g/()lv(t,x)dx+/()l|vx(t,x)|dx

3 1 Tl 2 3
<C+Clvl|s 2 d —L—d
<C+C|v|| </0 v x) (/0 p2(1+a) x)
IR 3
a 3 xT
<C+Cv]loo </0 T} dz) , (2.35)

2
we need to estimate the term fol vzﬁiﬂ”ﬂ)dm first. For this purpose, noticing that

3 . 5T §a930$ (2.36)

(RH a94) RO, ROv, 4
Pe=(—+—F| = —
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and

UtVyg UV Vg
rulJra_ U1+a t—’LL UlJra t
uv Uu
=(52) —u(as) (2.37)
v ta t v ta T

we can get by multiplying the equation (1.1)5 by & wo)vy ) > and by using the above identities

that
2 2 2
pr(w)vg\ [ uvg 1\ v, u
(52), = (), vt (g e ita (1) ().

(2.38)

Integrating the identity (2.38) with respect to ¢ and = over (0,t) x §2, one has

1/t v2

— < $

2/0 v2(1+a)dx C+/ //0 R dxdr — A/o uo), drdr
// 1+apa:cl:vdT // up), dedr
// <x—> 1Jrad xdr. (2.39)

Now we deal with I;(j=1,2,3,4,5) term by term. Since the estimate (2.24) gives the
desired estimate on I, we only need to control the other four terms. In fact for I, we
can get by using Cauchy’s inequality and the bound (2.3) that

1 1 2
2 Vg
11§C(6)/O u d;l:Jre/O 7@2(1+a)dx

1 2
Uz
SC(6)+€/O mdl‘ (240)

holds for any e > 0.
As to I3, one can conclude from the boundary condition (1.6) that

= [ t{uu,t)(—pe)—u<o,t><—pe>}dr
—pe/ot/oluxdxdT
—Pe /Ot/olvtdxdr

1
zfpe/o (v—o)dz < C. (2.41)

Now for I, by using the identity (2.36) and Cauchy’s inequality, we can get for each
€>0 that

[21CH 93\vz|\9m\ :
I4<O// ( p2ta plta 0 U3+ad xdr
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92 93|UI||990| a:
<C/ / (v1+a9 olta )d!L‘dT / /o it dxdr. (2.42)

Finally for I7, due to
t el t pl
15://upzdxd7+/ / ugppdrdr,
o Jo o Jo

we can get from the equations (1.2), Lemma 2.4, the estimates (2.24) and (2.19), and
Cauchy’s inequality that

t 1
Klgc/ / <|0x”“| +79|“”2““’| +|u|93|9x|) dedr
9u 62 3
v3+ d dr —|—C’ 9 e Hul0?l6s]| | dedr

and
K2§O/t/1 ((Mwﬂuﬂ) dxdr
<C’//O e d:z:dT+C/ //9|ux|dzdr
gC—i—C/O/O64|u1|dde+C||UHgo.
Consequently

Is<C(1+ ||U||‘éc)+€

+c//( 9 6P, +64|uz|)dmd7 (2.43)

Combining the estimates (2.39)-(2.43) and by choosing ¢ small enough, we have

/0 T 1+a dm—i—// Sfadl'dT

02 0° vz 10| 3 4
<C+C// <v1+“6 e +|ul6°10.]+6 |uz|>dxd7

|’Um| a
+C// ' ‘ Tra dadr +Cllv||5,. (2.44)

To bound the terms on the right hand side of the estimate (2.44), noticing that the

estimate (2.4) tells us that
2
// “sz dr<C, (2.45)

we thus get from the assumption b>8 that

t o1 p2 t el 2
/ / Ulafaada?dr :/ / K(S}’;) b P 99) a dxdr
0 Jo 0 Jo )
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b—1
, (2.46)

bl e3v,10, )02 w68
< 1.
/0 / R —————dxdr C/ / 1+ )dxdT—l—C/ / 002 m(v,@)dxdq-

1

b—8
<C’// — 1+a)dxdT+CH , (2.47)
9 92 298
// 1u|63]0, |da:dT<C// 1;92 L dydr +C// gy dndr
<C—|—C’// 9” Sd:ch
<C+CH ; (2.48)
and
t 1 topl,2 t 1
//04|uz|dzdt§0// o dsz+C/ / ol dr
0 Jo 0oJo v 0 Jo
<C+Cv|%.- (2.49)
Combining the estimates (2.44)-(2.49) and using Lemma 2.6, we arrive at
12 t o2 b—1 b—8
vy Ov; u 1 1
/()7U2(1+a)dx+/0/0 U3+adsz§C+C’||v||oc+CH9 N +C’H9 N
< C+Clv|& +Clollsd +Cllo)al =
<C+C|o)| s, (2.50)

Hence, we have the following lemma:

LEMMA 2.7.  Under the assumptions listed in Theorem 1.1, for any t€[0,T], we have

1 2
/ e <C+ ol (2.51)
0

Combining the estimates (2.3), (2.35) and (2.51), we can get that

o(b)<C+ClolsF (14 loljel )

at1 a(b—1)
<C+CO|w||s=" 7. (2.52)
Having obtained the estimate (2.52), if the parameters a and b are suitably chosen such
that 0<a< b_%l and by employing the estimate (2.34), we can obtain the following result

LEMMA 2.8.  Under the assumptions given in Theorem 1.1, there exist positive con-
stants V1 and © depending only on T and the initial data (v (z),uo(2),00 (x),z0(x))
such that

v(t,x)<Vy, 6(t,z)>0, V(t,z)el[0,T]x. (2.53)
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Since up to now we have obtained the desired positive lower bound and upper bound
of v(t,z), the estimates (2.24) and (2.50) can be rewritten as

t ool
/ / udrdr <C (2.54)
0 Jo

1 t 4l
/ Uidl‘—F/ Ov2drdr < C. (2.55)

0 0 JO

and

To continue our analysis, we need to estimate fot fol utdrdr, which will be used later.
To this end, by employing the argument used in [4, 22, 25], we can get the following
lemma.

LEMMA 2.9.  Under the assumptions stated in Theorem 1.1, for any t € [0,T], we have

t 1
/ / ultdrdr <C. (2.56)
0 JO

U (t,z) = / Culty)dy, (2.57)

0

Proof. Setting

under the boundary conditions (1.6), we can get by integrating the equation (1.1)s with
respect to « over (0,x) that

U — @Uzm =p.—G <;$2 - ;-T) *p(ilf,t),
U(O,x)=/omuO (y)dy, (2.58)
U (t,0)=0,

U(t,l):/olu(t,x)dxga

Hence the standard LP-estimates for solutions to the linear problem (2.58), cf. [25],

yields
t ol t ol
/ / ultdrdr= / / U} dxdr
o Jo 0 Jo
Lt 1, 1 ‘
SC—I—C// (pe—G(wQ—x> —p(x,t)) dxdr
t ol
§C+C// (6*+6'°) dadr
o Jo
¢
<C+C [ max{6"(r,z)}dr. (2.59)
0 TEQ

Since b>8, Lemma 2.5 implies that

zEQ

/tmax{ﬁm(T,x)}dTgC. (2.60)
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Thus the proof of Lemma 2.9 is complete. ]

Finally, we derive the upper bound on 6 (¢,z). For this purpose, we set
t ol
X::/ / (1+9b+3)93d:17d7',
o Jo
1
Y::mfx/ (1+92b) 02dx, (2.61)
0
1
Z::max/ u? da.
tJo
Observe first that

1
92b+6§0+c/ 92b+5‘0x|d1'
0

1 3 1 3
<C+O|0]35 g, </0 94da:> (/O 92"93611;)

<C+C)|0)5 g Y, (2.62)
which implies
10 o< () < C +CY 7555, (2.63)

Secondly, noticing that

1 1 1 3,0
/ uidmgC/ u?dz+C (/ u2dx) (/ uiwdx> , (2.64)
0 0 0 0

from which and the estimate (2.3), we have

N

1
m?x/ uideC—}—CZ%. (2.65)
0
Moreover, by using the inequality
1 1
u? (t,x) §/ ui(t,m)dz—i—Q/ |ug (t, )] |uge (t,2)| de, (2.66)
0 0
one has
[tts | oo () < C +CZ3. (2.67)

With the above preparations in hand, our next result is to show that X and Y can
be controlled by Z.

LEMMA 2.10. Under the assumptions listed in Theorem 1.1, we have

X+Y<C+CZ5, (2.68)

Proof. In the same manner as in [35] and [22], if we set

K(vﬁ):/oa 0.8 e (2.69)

v
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then it is easy to verify that

Kt:Kva+M7 (2.70)
Kmtz{"ﬂ +K,,um+wax+(E) vy, (2.71)
[ t v/
| K, (0,0)]|+ | Koy (v,0)| < CO. (2.72)

Multiplying the equation (1.1)3 by K; and integrating the resulting identity over (0,¢) x
(0,1), we arrive at

[ [ (e om0 s [ [

t 1
= / / Aoz K dwdr. (2.73)
0 JO

dxdr

Combining the results (2.70)-(2.73), we have

15

// eeffv@ tdxdﬁL// k(v,0)0 ((”9) )dzd7<0—|—z[k, (2.74)

k=6

where the definition of Ij(6 <k <15) will be given below.
We now turn to control Iy(k=6,7,---,15) term by term. To do so, we have first

that
t pl 2 torl
// deerC// (146%) (1+6") 67 dadr
o Jo v 0 Jo

>CX (2.75)

// K (v,0)0 ( (v&)&)dde
(0

>CY - C. (2.76)

and

With the above two estimates in hand, I (k=6,7,---,14) can be estimated term by term
by employing Cauchy’s inequality, Holder’s inequality and Young’s inequality as follows

t 1
|I¢3|:‘/ / eel Ky uydxdr
0o JoO
t 1
gc// (140) 00| dudr
0 JO

<eX+C(e) (1+Z%), (2.77)

1
|I7]= Opou, Kyu,dxdr
0
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t
<Cl1+olp, / g |27
0
<eY +Cle),

where we have used the estimate (2. 54)

Uz ——E K, uzdxdr

SC//@ui|uw|dach
0 Jo

t
< Cllug || oo macx ||umu2/ maxfdr
te(0,T] 0 TEQR

§0(1+Z%),

t el
[Io|= ‘/ / Opors (v,0) uabs da:dr'
0o Jo v

t 1
SC/ / (14+6%)60 (1+6°) |uyb;|dudr
0 Jo

¢

<eX+C(e) Hl+0||’;j5/ ||ux||2d7'
0

<e(X+Y)+C(e),

2k (v,0) 0,

|Ilo|— d dT

gc// (146°) |64 |uidxdr
0 JO

<C(e)+eX+C(e //Gb Suldrdr
<C(e)+e(X+Y),

where we have used Lemma 2.9,

(v,0)0,. K um
|111|_‘/ / ’T‘
2 3 1 3
SC/ (/ He; ) (/ 504uixdx> dr
0 o 0 0

§c+c‘ma2H 7%

<C+eY +0Z1,

t el
|I12|= ‘/ / 7)@2&(”’6) &l dxdt
0o Jo v

t el
SC/ / (1+6°) 29|60, |dzdr
0 Jo

1441

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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t ol
<eX+C\(e) (1—1—9["”3_3)/ / pz*dxdr
0 Jo

b+B8-3

<C(e)+eX+CY 2+s
<C(e)+e(X+Y), (2.83)

where we have used the assumption 0 <5 <b+9 given in Theorem 1.1,

/t /1 H(vve)aw[{vvvxux da?dT’
0 Jo v

t 1
SC’/ / (1—|—0b+1)|9xvxux|dxdr
0 Jo

|113]=

1
t 2
< Cluz oY ( / max (1+6°%) IlvxIIQdT)
0 zeN
<C+eY+C(e) 215, (2.84)

where we have used the inequality (2.55),

t el
/ / Aoz Kyudxdr
o Jo

t 1
scuenoonuxnw/ / bodidr
0 0

<eY +C(e) (1+Z%). (2.85)

[114|=

For I;5, similarly we can get that

ot (0,0)0, /K
/0/0 — (;)UUIQtd{EdT

t pl
gc// (1+6°)|0,0,0;|dzdr
0 J0

|115|=

2
KO,

t 1 ¢
§e// (1—|—9b+3)GfdxdT+C(e)+C(e)/ |vg ||2dr
0 Jo 0l U llLe(o)
t 2 % t 2 %
<eX+C(e)+C(e) </ e dT) </ (Iﬂgm) dT) . (2.86)
ol v 0 V)

Here we have used the Sobolev inequality and the inequality (2.55).
Since Lemma 2.9 tells us that

t
/(;

2
dr<C (1+|0]%?)

KO,

gc(1+yﬁ) (2.87)
and

[

2 t ol
dTgC// (€307 +0*pyu’ +uy + ¢*2%) dedr
0 Jo

(%),
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t 1
< C’/ / [(1+6%) 07 + (1+6%) u2 +ul +0° ¢2] dudr

b—3 t 1
1
<C<1+H )X+C|uz||go/ <1+max6‘4>/ (146%) dedr
01l 0 z€Q 0

t el
+C+C||9H§o/ / ¢pzdxdr
0 Jo

<C+CX+CZi+Coy =, (2.88)

we can thus deduce from the estimates (2.86)-(2.88) that

1
Ii5< C+eX+C(1+Y2b+6) (1+X+Z4 +Y2b+6) ’

<C+€X+C(1_|_X2 —|—Z8 _|_Y4b+1z _|_Y4b+12 +X2Y4b+12 _|_Y4b+1z Zs _l’_YEg-z;{g)
<C(€)+3eX +5eY +CZE +C(e) Zwim
<C(€)+3eX +5eY +eZ5. (2.89)

Here we have used the assumption 0 <8 <b+9 given in Theorem 1.1 again.
Finally, combining the estimates (2.74)-(2.89) and choosing € >0 small enough, we
can get the inequality (2.68). This completes the proof of Lemma 2.10. O

Our last result in this section is to show that Z can be bounded by X and Y.

LEMMA 2.11.  Under the assumptions listed in Theorem 1.1, we have
Z<C+CX+CY+CZ4. (2.90)
Proof. Differentiating the equation (1.1)y with respect to t, multiplying it by

ut, then integrating the resulting equation with respect to x over 2 and by using the
boundary conditions (1.6), we have

1d b2, ! 14+a)uzuy
§%||Ut||2+/0 vliadﬂf:/o (pt+(2)+at> dx. (2.91)

R 4 Rou,
pt:<v+3019 >9t 2
we can deduce from the identity (2.91) that
t t 1
o+ [ Huseollarsc 1+ [ [ ) doar)
0 0 Jo
t el t el
SC—i—C’/ / (1+06°) QfdxdT—I—C/ / 0*u2dxdr
0 Jo 0 Jo

<C+CX +CY =56
<C+CX+0Y. (2.92)

Since

Moreover, we can conclude from the equation (1.1)s that

1 (I1+a)uzv
__,1+a zVUx
Uge =TV |:ut +px+G<x2> + 7’()2"'@ :| . (293)
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Combining the inequality (2.92) and the identity (2.93), one has
1
a0 (14 [ (@422 0202) ()i
0
1
<C <||Ut(t) & +/ (1 +96(t,x)) 02(t,x)dx
0

—|—/0 (0%(t,z) +ul(t,x))v2 (t,x)dac)

SCH+CX+CY +C|0]2 v ()] + Cllue 1%
<C+CX+CY+CZ1, (2.94)

which gives the inequality (2.90) immediately. This completes the proof of Lemma 2.11.
0

Combining Lemma 2.10 with Lemma 2.11, we can deduce that Y <. Thus we can
get the desired upper bounds on 6 (¢,z) from the estimate (2.63). Since we have obtained
the desired positive lower and upper bounds on v (¢,z) and 6 (¢,z), then Theorem 1.1 can
be proved by employing the standard continuation argument and we omit the details
for brevity.

3. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. Similar to the proof of Theorem
1.1, the argument here is also a combination of the local existence result with certain
energy estimates on the local solutions constructed.

Suppose that the local solution (v (¢,2),u(t,2),0(t,x),z(t,2)) constructed in Lemma
2.1 has been extended to t=T >t; and satisfies the a priori assumption

(H,) Vi <u(t,x) <V, 0, <0(t,x) <Oy, V(t,x)€[0,T] x Q.

Here KQ,V;, Q) and ©, are some positive constants. Similar to that of Section 2,
we only need to deduce certain a priori estimates on (v(t,x),u(t,x),0(t,x),z(t,z))
which are independent of V%,V5,0,, and ©, but may depend on the initial data
(vo (z),u0(x),00(x),20 (x)) and the constant T'.

Firstly, similar to that of Lemma 2.2 and Lemma 2.3, we have

LEMMA 3.1 (Basic energy estimates).  Under the assumptions given in Lemma 2.1,
for any t€[0,T], we have

"M 1
/{2u2+0v9+av94+)\z+QG(l—x)xv}d:vSC’, (3.1)
0

/1{C’v (0—1—logh)+ R(v—1—logv)}dx
0

t 1 2 2
+/ / (“(”)”z MLACUL, +W>dxdT§C, (3.2)
0 0 '09 0

v0?

1 t ol 1
/ zdw+/ / qbzdxdT:/ zodz, (3.3)
0 0 Jo 0
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', (A 2 ',
/052 da:—i—/o/o (1}221+¢z>d33d7:/0 §z0d:v. (3.4)

0<z(t,x)<1. (3.5)
Based on Lemma 3.1, especially the estimates (3.1) and (3.2), we can get the fol-
lowing lemma, which will be frequently used later on.
LEMMA 3.2.  Under the assumption in Lemma 3.1, for any t€[0,T), we have
t
max0" (r,xz)dr <C, 0<r<b+1. (3.6)

0 TEQR

Proof.  Using the same method in Lemma 2.5, for any >0 and (¢,z) € [0,T] x £,
we have

- Lo 2 Yipwud o k(v,0)02 Az :
2 < —_— = ot . .
0(t,x) _C+C’<A 1+v9bdz> </0 < 0 + 02 + 0 >dx) (3.7)

It is easy to see that

0" <C(1+06"t1), (3.8)

holds for 0 <r <b+1, thus

1o 1
/01—:)—9119bd$<0/0 (v+0)dx<C. (3.9)

Combining the estimates (3.2), (3.7) and (3.9), we can complete the proof of this lemma.
0

REMARK 3.1. One can find the difference between Lemma 3.2 and Lemma 2.5. The
main reason to cause such a difference is that we have already obtained the positive lower
bound of v (¢,2) before proving Lemma 2.5, while we have not obtained the positive lower
bound of v (t,z) here, and consequently we can only make use of the estimate (3.1) to
prove Lemma 3.2.

Now we turn to derive a positive lower bound estimate on the temperature 6(¢,z) in
the following lemma, and it is worth to pointing out that the nondegerate assumption
(1.12) plays an essential role in our analysis.

LEMMA 3.3. Under the assumptions stated in Lemma 3.1, there exists a positive
constant O, depending only on T and the initial data (vo (z),uo(x),00(2),20(x)) such
that

0(t,2)>0,, Y(tz)e[0,T]xQ. (3.10)

Proof. Setting h= %, similar to the proof of Lemma 2.6, one can deduce that

ht§1<”(“9)hz>x+c<1+93). (3.11)

ep v U (U) 2 (U)
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Multiplying the inequality (3.11) by h??~! and integrating the result with respect to x
over (), one has

_ tro 63 h*=t [k (v,0)h
2p—1 ap), < 2p—1 ) €T )
i (el <€ [ (s aee [ (D)
(3.12)

Using the identity (2.30) and the inequality (2.31), we arrive at

L b3 1 (M2 (0,0) 0% ((eo),)’
Wz (<0 [ (s h1d — = da.
Il Ukl e, <C | wa>ﬂmw> Tt ved !
(3.13)

Integrating the estimate (3.13) with respect to ¢ over (0,t), one can get, by using Holder’s
inequality and by letting p — +o00, that
dr
L ()

t
|memgc+c/'<
0

1

93
— +
on()

L>=(Q) ‘M(U)

1 t
< - - 3
o+l el [ st

<ce| H o| 5] - (3.14)

v (v) -
where we have used Lemma 3.2 and the fact b>3.
Since I; > 1,13 >0, we can deduce from the condition (1.12) that
‘ +H ! ‘ <c (3.15)

op @)l el ™ '

and the estimate (3.10) follows immediately from the estimates (3.14) and (3.15). This
completes the proof of Lemma 3.3. 0

Now we turn to deduce the desired positive lower and upper bound on v (¢,z). To
this end, we first derive the following lemma, which will be used later.

LEMMA 3.4. Under the assumptions listed in Lemma 3.1, for any t€[0,T], we have

/0 [1 Pyt FG - xxv]da:+// Idd <C. (3.16)

Proof. Multiplying the equation (1.1)2 by u and integrating the result with respect
to t and = over (0,t) x (0,1), we arrive at

1 t ol 2
1 2 1 /J/(U)u;v
- ZG(1— 27 e
/0 [Qu +2G( x)xv] da:—&—/() /0 » dxd
t ol
§C+/ / <m+a94u$> dxdr. (3.17)
o Jo v 3

Since Lemma 3.2 together with the fact b>3 tells us that

//Reuxdd<// Idd+0 // ﬁdl‘dT
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1

// M 0 vp(v) ‘oo
// 1O e+ 00 (3.18)

// —94uzd:cd7<e// Oy +C()/Ot/0108.uz)v)dxd7

and

e[ [} 1Rt
<6// 1;)“ dadr+C(e), (3.19)

we can get the inequality (3.16) immediately by putting the estimates (3.17), (3.18) and
(3.19) together and by choosing € >0 small enough. This completes the proof of Lemma
3.4. a0

Now we try to exploit Kanel’s argument (see [21]) to deduce the desired positive
lower bound and the upper bound on v (¢,z) in terms of ||#8~?|| .. To this end, set

)/lv @u(z)dz, where ¢ (x)=z—Ilnz—1. (3.20)
On one hand, it is easy to see that there exist positive constants C; and C5 such that

()| >0 (v*llﬂlﬁ%) . (3.21)
On the other hand,

CID(U)SC—F/Ol‘(I)(v(y,t))y‘dy

<c+/01¢;(”)

§C+(J(/01<;5(v)clgc)é (/01 “Q(U?@dx)%

covo( [0 62)

v

1 (v) va

Thus to yield an estimate on the positive lower and upper bounds on v(t,z), we need to
v)v

estimate the term fo ————=dx suitably first. For this purpose, multiplying the equation

(1.1)3 by “(1;)“””, one has

(uQQ(zgvi)t: (u(viuvz)t_ <u“(?“$>$+”(vgui
14 (v) VaPa +G<z1> pv)vs

n (3.23)

v 2 v
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Integrating the identity (3.23) over (0,t) x €, one can deduce that

;/Oll”tg(;)vidxg(ﬁr/ d+// ””dd+// #O)Vapz
o [ofe a2

Now we control 7;(i=16,17,18) suitably. To this end, since Lemma 3.4 gives a nice
estimate on I17, we only need to deal with the terms Iy and Ig. Firstly, for I14, we
can get by using Cauchy’s inequality that

1 2 2 1
Ilﬁge/ va)%da:—l—C(e)/ u?dx
0 v 0

Lt ()
<e/0 ———dz+C(e). (3.25)

- v

As for g, by making use of the identity (2.36), we have
t 1 t o1 3
R w0z 4 2670z R
Il8 :/ / M(U)QU dxdT+/ / alu(v)v / / ‘u w d d
0 Jo v 0 Jo 3v
Ky
while K3 and K4 can be estimated by exploiting Cauchy’s inequality as follows
2 2
K<C// *dd—kC// b & gwdr
v0? vk
<C/ / md dr+C||—

UK
cof [0 el
and
2,08
K4<C// zdl’d7'+0 H02'ﬂdxd7'
0 v6? K
cof [P0 g o
<c// KOs jogr 1 0|6 bu
Consequently

2
118<c// O g +c<||98 Y+ Hi )
// R“ Bu()vif e, (3.26)
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Combining the estimates (3.24)-(3.26), the estimate (3.16) obtained in Lemma 3.4
and by using Gronwall’s inequality, we have the following lemma:

LEMMA 3.5.  Under the assumptions given in Lemma 3.1, for any t€[0,T], we have

/ 73dx+// xd:z:d <C’+CH

Having obtained Lemma 3.5, we can deduce from the inequalities (3.21) and (3.22)
and Lemma 3.5 that

2
+C|6%7| . (3.27)

1 1
v‘ll+v12+5§C+OHH Lot (3.28)
v o0
Since [1 > 1, with the help of the Young inequality, we can obtain that
2 1
vt <O+ 005702 (3.29)

Thus we have the following lemma:

LEMMA 3.6.  Under the assumptions listed in Lemma 3.1, for any t €[0,T], we have

LEo+Ce (3.0
v<CO+C|65)| =7 (3.31)

Now we turn to deduce the upper bound on 0 (¢,z). To this end, we first give the
following lemma.

LEMMA 3.7.  Under the assumption in Lemma 3.1, for any t € [0,T], we have

(v)u?2 Uy Uy O 0°
oo < .
[10]] oo () < C—|—C/ ( 0203 LOO(Q)“"HszQ ‘LOO(Q) el P w03 o) dr
(3.32)
Proof.  Firstly, the equation (1.1)3 can be rewritten as
RO 4 2 0)06,
(Cy+4av6?) 6, + (+ a94) ”(Uv)u”” - (K(U’I)) > + A\pz. (3.33)

Multiplying the above identity by 2p#?P~!, we arrive at
(6) 2p(2p—1)0°" "k (v,0)02
t v(Cy +4avh3)
B { 2p0%P =1k (v,0) 0, } 2pA0?P "Lz 2p0* Py (v)uZ  2p0PPLu, (RG +% 94>

v(Cy+4avh?) Cy+4avt3 " v(Cy+4av63)  C,+4avh3 3%
8pab?P =1k (v,0) 0, (v.0° + 3v6%0,
Do k(0,0) 0, (v 2+ 0620, . (3.34)
v(Cy +4av3)

Noticing that

8pah?P~ k0, (vl. 03 + 3062 91.)
v(Cy +4003)?
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V2 (2p—1)0P"1 0,k 8pabP\/k (v,0° 4 3v626,)
v(Cy+davt?) 20 (2p— 1)1/ v(Cy +4aw3)?

2 (2p—1)02P-2k02  64p*a%0%k (v,0° +3v6%0,)°

Sl 3 3
2 v(Cy+4avh?) (2p%2 —p)v(Cy +4avh?)

(3.35)

we can deduce from the identity (3.34) and the above inequality that

(6°) 2p(2p—1)60%P "2k (v,0) 02
t 20(Cy +4avh?)

_ {2p92p—1/€(v,9)9$} 64p2 02020~ k0 (v,0° +3v620,)°
| v(Cy+4danvt?) (2p% — p)v (C, +4avh3)?

20 p(v)ug 26ty (RO 4 g

v(Cy+4avd3) C,+4avd3 \ v

2pNO?P~ L

C,+40v03 "

(3.36)

Integrating the above inequality with respect to x over €2 and using Holder’s inequality,
we obtain

2
([0l] o), < 2PC_|| 0 (028 +306%6:) p(v)ul
FT2prpl| 0 (C,+4a06?)? Lo v (Cy+4avl?) || 12y
|| ¢ 4 0°
+C‘ Cy,+4avh3 \ v +0 L2p+c Cy+4avt? || ., (3.37)

Integrating the above inequality with respect to t over (0,¢) and letting p— +o00, we
can obtain the inequality (3.32). This completes the proof of Lemma 3.7. o

From Lemma 3.7, if 0 < 3 <b+4, one can deduce that

t t
(v
Bl <0+ 50 | [ e ytr+€ [ty

2

1

v+

1

[

+c| e

(oo} o0

t
1

2 —

L}) /0 |ux(7')||Loo(Q)d7'+C’H »

Thus to deduce the desired upper bound on 6(¢,x), we had to deal with the term
fg HUI(T)H%W(Q)dT. For this purpose, noticing that we can get from Lemma 3.4 that

4

(3.38)

§C+C<1+H”(§>
v

o0

t t
/O ot (72 ey < / it ()t () |

< ([ ucoiar)’ ([ o)’
(L) ([ [ o)

p(v)
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col ] (ff [ s ) (5.39)

thus we need to estimate the term fo ! %dmdr To this end, differentiating the
equation (1.1)9 with respect to x, multlplymg the resulting identity by u., we have

2

Integrating the above identity with respect to ¢ and x over (0,t) x (0,1) and using the
boundary condition (1.11), we arrive at

l|ug (£)]]2 + // ”dd
<c+c// 4G ”””“”“”'dd +c// [0 m'dd

+C// |kuwua:a:|d ir +C// 9|kum|d dr
+c//

and the terms I;(j=19,---,24) can be estimated as in the following

Ilg<€// QL —— 2 dxdr+C (e // i (w) Puz vy dzdr
v
2 12 2
<6// pv)u; ———22dxdr+C (e )/ / va)%dxdT
v v
0 L) J0
v

|um|dxd7' (3.41)

W (v)l Uz
w3 (v)

pO) U g

B e e e )
// ”d:cd ) L ;(”Hi 1+H98b||°°> ‘

1 (v)
where we have used the inequality (3.39) and Lemma 3.5,

2 2
Igog 6/ / (U U Idl‘dT—f—C / / Ka Ld.’lﬁdT
002 p(v)k

2
Ole Hlu (v) Pv

2

p)|
(3.42)
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/ / PO g+ C(e). (3.43)

9 t pl 2,2
I <e// 1O s gy +C(e)// %dxdr

2

/ / ”3)“ * dadr +C(e)/0t u?;)v LW(Q)/O1 ug(v?vidxm

// uiu z g l

+C(e) <1+Hi 00+H98—b||oo> HH (/ / ”d o )z
<2€// udxdT—f—C() ﬁ 1<1+Hi :+]|08—b|yoo)2, (3.44)

where we have used the estimates (3.15) and (3.39) and Lemma 3.5,

2,2
122<e// ”)“zddec // 9 Ya s dedr
v
)u
v

1,2 2
<e/ / QL FIICTS )/ - / WO g
0 o IlH (U)U Lee v
1112
;cac 8—b
112
<e// wwdmw()( H +cy|98—buoo>. (3.45)
Here we have used the fact I3 >1,l5 >0 again,
02 208
Iz3<e// MO 7 4 () // Mo T2 dvdr
v 0 V0% p(v)k
pv)u, 0268
// » —2dxdr+C () oD N
w(v)u? vf3=b
———2Ldxdr+C —
// v (€ 1) fls
w(v)u? v _
Lt dpdr 4+ C (e ‘ 05|, 3.46
<o [0 | 7|1l (346

where we have used the condition (1.3) and the inequality (3.2), and

:/t ! Vﬂ(v)ul’l’ﬁ|m_%|dxd7.
Vi (v)

cof [ Pasci ] [

dxdT

\—’ MM—A
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// ”d:vdT—&-C()

Here we have used the fact that Q:=(0,1) is a bounded domain and Cauchy’s inequality.
Combining the estimates (3.41)-(3.47), by choosing € >0 small enough and if we
further assume that

v

"o (3.47)

‘ oo

ol ()] < (), (3.48)
then we have the following lemma:

LEMMA 3.8.  Under the assumptions listed in Lemma 3.1, for any t€[0,T], we have
2
+ Has-buo@) . (3.49)

2 1 2
e ()12 + // R eae nE
M(U) v

Having obtained Lemma 3.8, one can deduce from the estimate (3.39) that

R
¢ v v ||? 1?
wortecels] [l (e
P Ll Pt KA et O
v v |I? 1]
§C+CHH +C‘ 1+H +116%7°||
() [ o 1) [l Voo
2 v |12 111112 o |12
SC+C‘ +C‘ - +CH A
1) [ () oo 17l oo p(v) oo” I
(3.50)
Combining the above inequality with the estimate (3.38), we arrive at
29
10l @) <C+ > I (3.51)
k=25

and the definition of Ij(27 <k <31) will be given below.
Now we estimate Is5—Iz9 term by term. First of all, we can deduce from the
condition (1.12) that

l1
1
“(”)<C<1+Hv +||v§;>. (3.52)
Thus one can get from Lemma 3.6 that
=c (52
v oo
1112 g z
<C+Cl- I+|=|| +lvlIE
v e 9) v (o)
Li+2 1112
§C+CH +CH [v]'2,
v o0 v o0

(3.53)

L1 +2 2 4 la
<C+C||98—b“ 20 +CH98—I}H2L1+212+1
- o0 o0



1454 1D VISCOUS RADIATIVE AND REACTIVE GAS

w=c (152 )7

v
Li+2 L+l72 2
S R IR U R

2
00

e
<Cop| . -
p(v) ) ‘ v 1P 1]
I7=C|( 1+ 1
27 ( ‘ 112 - U(U) . " N
SC<1+||981’||;§12+2122+1) (1+||98,b||§>
LAdy 2
<ocfje | .
2
IQSZC(l—I— p(v) ‘ ) ‘ v H@S_bH
v? 00 ,U(U) s [eS)

<C (1+ HGS—szzterngﬂ) 6%

<CtClfpsr)F T (3.56)
and
4
e
v o0
eYeRRe] il [ (3.57)

Combining the estimates (3.51)-(3.57), we finally arrive at

L2 2
16]] L () SC+C 6370 2 Tt (3.58)

With the above presentation in hand, we now turn to deduce the desired lower and
upper bounds on v (t,x) and 6 (¢,x). In fact, we have

COROLLARY 3.1.  Under the conditions listed in Lemma 3.1, if we further assume that
the parameters ly, lo and b satisfy one of the following two conditions
(i) b>8;

-y 44l 15+54114+3215+16
(ZZ) 6lilo+T7l1+4l2+2 <b<8.

Then there exist positive constants Vo, Vo, O, and Oy which depend only on the initial
data (vo(x),uo(x),00(x),20(x)) and T, such that

Vo<v(t,x)<Va, ©,<0(t,x)<0,, V(t,x)€[0,t]xQ. (3.59)

Proof.  We first consider the case b>8. In this case, the inequalities (3.30), (3.31)
and (3.58) can be rewritten as

b—8
207

: (3.60)

1<C+CH1
v

oo
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1|7t
v<C+CH , (3.61)
9 oo
and
p || () (8)
||9||L°°(Q)§C+CH6H (3.62)

With the above inequalities and Lemma 3.3 in hand, we can obtain the lower bound of
v(t,z) and the upper bound of v (¢,x),6(¢t,x) immediately.
For the case b< 8, (3.58) can be rewritten as

W2 2 41)(8—b
6]y < O o L T ) E0) (3.63)

. 4414 15 +5411 +321, 416
since =P i A < b<8, one has

l1+2 2
1 - 1. .64
0<< e )(8 b) < (3.64)

With the inequalities (3.63) and (3.64) in hand, we can deduce the upper bound of
0 (t,x) by using the Young inequality.
Having obtained the upper bound of 6 (¢,z), the lower bound and the upper bound
of v(t,z) can be obtained from Lemma 3.6. This completes the proof of the corollary.
d

With Corollary 3.9 in hand, Theorem 1.2 follows immediately from the standard
continuation argument and we omit the details for brevity.
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