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FRONT MIGRATION FOR
THE DISLOCATION STRAIN IN SINGLE CRYSTALS∗

NICOLAS VAN GOETHEM†

Abstract. A single crystal is considered, i.e., a smooth elastic body Ω⊂R3 containing a high
density of point-defects and dislocations. In particular, we consider prismatic dislocation loops which
result as the primary manifestation of irradiated or highly-deformed crystals. We consider linearized
elasticity and identify the macroscopic dislocation-induced strain and its trace, directly related to the
presence of dislocations, as the basic model variables. Further, we rely on a previously-introduced tensor
version of a Cahn–Hilliard system in the context of incompatible linearized elasticity and consider the
point-defects collapse into prismatic loops, yielding some well-formed microstructure. By means of a
formal asymptotic analysis, we determine the front dynamics and obtain as a result a tensor version of
Mullins–Sekerka dynamics. The associated gradient-flow formalism is also investigated.
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1. Introduction

1.1. Foreword. Focussing on the mesoscopic scale, dislocations are seen as
loops of all sizes or lines with endpoints on the body boundary. They appear either by
applying high enough external forces, or by a size and temperature-dependent collapse
of 3d aggregates of point defects (namely point defect clusters in the case of point de-
fects in the form of interstitials, or the so-called voids in the case of vacancies, see [36]).
Specifically, this phenomenon takes place at those material points where the density
of point defects has become unstable (i.e., has reached a threshold), and hence dis-
solve and collapse to form stable structure such as two-dimensional dislocation clusters
(i.e., families of dislocation loops of various sizes), by minimizing a certain (Gibbs) free
energy (also related to the temperature and temperature gradient). Details on this
phenomenon can be found in [18, 38, 40, 44]. According to [40] the other type of stable
structure that could result from instability of 3d clusters, called B-defects, do exhibit
relatively weak strain fields within the crystal. Hence we focus on A-defects such as
dislocation clusters and interstitial-type dislocation loops whose associated strain field
is of significant magnitude. These loops happen to form microstructures and patterns
such as polygonization and dislocation walls. Such dislocation-assisted phase separa-
tion processes are the motivation of this work, where a macroscopic model is sought
complying with basic thermodynamics principles. One severe issue when considering
the mesoscale is that loops of several scales of magnitudes coexist in real crystals, that
is, infinitesimal loops together with loops of the size of the crystal diameter. Therefore,
our choice is to work at a macroscopic scale on a tensor field called the dislocation-
induced strain, directly related to the stress tensor by the linear elastic law, and to the
dislocation density tensor by the incompatibility operator. Alternative approaches such
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as atomistic simulations are very promising but out of reach for large samples in terms
of computational cost [1]. We refer to [21] for consistent thermodynamics models at the
macroscopic scale.

1.2. Prismatic loops of interstitial type. An important process where dis-
locations and point defect strongly interact is the irradiation of materials with particles
that create atomic displacements which can induce significant microstructural alter-
ation [17,51], such as radiation damage in crystals that contributes to the phenomenon
of embrittlement [16]. Particle or laser irradiation causes the production of structural
disorder with generation of a large amount of point defects. These point defects can or-
ganize into defects of higher dimension and stimulate the occurrence of non-equilibrium
phenomena (see [13]). For instance, interstitial loops arrise in solids bombarded by
high-energy radiation because this environnement produces sufficient quantities of self-
interstitials. This mechanism (usually taking place at a uniform temperature of several
hundred degrees) permits the nucleation of prismatic dislocation loops followed by their
growth in directions controlled by the climb forces1. The interstitial loop consists of a
disk-shaped layer of atoms (i.e., a plate-like or platelet structure), which is more stable
than the same number of atoms dispersed in the lattice as self-interstitials. In gen-
eral there also exist vacancy loops [20], but since they are intrinsically unstable at all
temperatures, rather than forming platelet-loops, vacancy condensation would result
in macroscopic voids (see [22]). Eventually, the accumulation of point defects into a
prismatic dislocation loop makes the point defects disappear: in the case of vacancies
in a plane, the adjacent planes collapse to form a perfect crystal, while in the case of
interstitials these introduce an additional plane which is also defect free in the interior
(see Figure 1.1). Moreover, they can grow or shrink only by the absorption of further
defects, and are free to move conservatively only along the edges of the prism defined by
the continuation of their perimeter along the crystallographic direction of their Burgers’
vector. Further, at nucleation, they have pure edge character, but in some circumstances
can tilt with respect to the prism axis, and acquire a screw component (see Figure 1.1).
In general, the prismatic loops arrise after quenching, irradiation, or after plastic de-
formation, and their density being often very high, they can influence considerably the
mechanical as well as some other physical properties of crystalline materials. It is im-
portant to note [25] that their stress field decreases more quickly with distance than
that of straight individual dislocations, which leads to a much weaker mutual elastic
interaction and to the possibility of formation of a very high local density of these de-
fects and therefore of microstructure (see next Section). Typical diameters of these
loops are a few hundred A◦ and their maximum density is 1015 to 1016 loops/cm3. This
mechanism of precipitation of point defect in prismatic loops was originally proposed by
Nabarro in 1947 [30] (i.e., in the case of vacancies) . Note that hexagonal or square loops
are often observed experimentally, as related to the polygonization mechanism. First
experimental evidences of the presence of prismatic loops where achieved in aluminium
in 1958 as reported in [20].

1.3. Microstructure formation and Mullins–Sekerka front dynamics.
Prismatic loops can also migrate (either vacancy-mediated or resulting from self-climb
[42]) away from their glide cylinder [15]. Moreover, some of these loops are highly
mobile along their Burgers vector directions, while others have much higher migration
barrier creating stationary sinks for point defects. The interaction of all these mecha-

1The driving force for it being either the dislocation line tension [25] acting on the parts of the
prismatic loop not lying in the glide plane, or the super- or under-saturation of point defect.
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Fig. 1.1. Prismatic loop: formation of an interstitial (left) and vacancy (middle) loop; and motion
inside its glide cylinder (right: taken from [25]).

nisms is very complex and yet not fully understood, but it is known that they result in
loop coalescence [42], and give rise to a wide range of important plasticity mechanisms
including network coarsening (see, e.g., [6]), creep, swelling and hardening. Moreover,
mechanical or thermal polygonization [39], and recrystallization phenomena are also
observed in bent and annealed crystals (the first work on this subject is by R. W.
Cahn2 [10], see also [14]). A sample of the variety of microstructure that is found in
single crystals is shown in Figure 1.2. It is observed that (i) point defect clusters form
plate-like structures (see black structures in Figure 1.2 in copper (above left) and nickel
(middle)); (ii) by coalescing and collapsing they may form interstitial loops (stacking
fault loops as in Figure 1.2 below left); (iii) they may coarsen in precise substructures
as in Figure 1.2 (rightmost) where the interstitial clusters have collapsed to form cells
with vanishing point-defect density in their interior, whereas the black regions show a
complex coexistence and interaction of loops and clusters.

1.4. Scope of the work. In the present work, no specific mechanism will be
investigated (i.e., whether irradiation or mechanical power is used to create defect sub-
structures). We consider platelet aggregates of interstitial point defects and prismatic
loops such as the black structures observed in Figure 1.2 (middle and rightmost). These
point defects and loops interact, possibly coalescing, annihilating, migrating: they form
some microstructure, which separates the crystal in two regions, one with high and the
other with vanishing point defect density (cf. the black and white regions in the above
images). So, thickening the interface, an unstable state is observed where prismatic
loops and point defect aggregates coexist, whereas the perfect interface would exactly
separate the crystal in two regions with are in thermodynamic equilibrium, the first
with and the second without point defects. In the foregoing discussion, our goal is to
model the dynamics of these complex defect structures as a point-defect and dislocation-
mediated phase separation mechanism at the macroscale.

Coarsening dynamics are gradient flow dynamics, meaning that the evolution of an
out-of-equilibrium system towards relaxation follows the steepest descent in an energy
landscape. The descent in an energy landscape corresponds to reduction of the interface,
and the pattern formed by the two phases “coarsens” [33]. Moreover, phase separation
in alloys is known to obey the scalar Cahn–Hilliard equation (see [32] for a review, see
also [37]).

In this work we rely on a tensor Cahn–Hilliard system derived in a previous con-
tribution [47] and, interested in coarsening mechanisms, we are indeed concerned with

2Not to be confused with the other famous metallurgist J. W. Cahn whom the Cahn–Hilliard
equation is due.
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Fig. 1.2. Observed microstructure: Microstructure produced in Copper single crystal following
irradiation near 200 ◦C with fission neutrons (above; interstitial clusters of maximal size of 30 nm)
and 1 MeV electron (below: moderate density of large faulted interstitial loops). Self-interstitial cluster
patterning in Nickel (middle, from [23], height of the sample is 1 µm). Recrystalization in Copper:
one observes low-dislocation-density inside the cells (left: modified from [31]).

its sharp-interface counterpart, known as the Mullins–Sekerka problem (originally as-
sociated with solidification [29], see also [26] for crystal growth). The Mullins–Sekerka
problem preserve volume and decrease surface energy and it is a non-local problem
in that the motion of the surfaces cannot be ascertained without taking in considera-
tion the behavior within the entire domain containing the interfaces [37]. We consider
the macrosopic scale, where the fields are assumed smooth enough, that is the elas-
tic strain is at least square integrable. Let us consider the stress tensor σ and the
linear strain ε=A−1σ, where A is the assumed constant and isothermal elasticity ten-
sor, i.e., A= 2µI4 +λI2⊗I2, where I4 and I2 are the fourth- and second-rank identity
tensors, respectively3, with µ,λ the Lamé coefficients. The stress is symmetric by con-
servation of kinetic momentum, therefrom the strain is also a symmetric tensor, and
thus writes by Beltrami decomposition [28] as ε=∇Su+ε0, where ∇Su := 1

2 (∇u+∇tu)
with u, the generalized displacement vector and ε0, the incompatibility strain, i.e.,
the part of the elastic strain which is incompatible. The macroscopic Kröner’s rela-
tion (introduced in [24] and proved at the mesosopic scale in [48], see also [49]) reads
incε := Curl Curlt ε= incε0 = Curl κ, where κ is the contortion tensor, as defined from
the dislocation density Λ by the relation κ= Λ− I2

2 trΛ, and with symbols Curl and

Curlt denoting the curl and transpose curl operator, here acting on tensors. In gen-
eral Λt is divergence-free to account for the fact that dislocations are closed loops, as
opposed to κt. Because of Kröner’s relation, tensor ε0 is called the dislocation-induced
strain. The starting point of this work is to consider this latter tensor is the main model
variable.

1.5. Linearized elasticity with dislocations and defect-induced density.
The strain energy density in small-strain elasticity and for an isotropic material

reads We(ε) = 1
2Aε ·ε, where ε is the linearized elastic strain tensor. The stress tensor

is classically defined as σ := δεWe =Aε. Furthermore, by the symmetry property of ε,
Beltrami decomposition holds, viz., ε=∇Su+ incF , with the dislocation-induced strain,

3Componentwise, (I4)ijkl = 1
2

(δikδjl +δilδjk), and (I2)ij = δij .
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ε0 = incF . The potential energy is defined as W(ε) =
∫

Ω
(We(ε)−f ·u−G ·F )dx, where

G is an externally applied load related to dislocations and incompatibility not further
discussed here. Note that in the absence of dislocations, i.e., as soon as F = 0, one has by
minimization the standard equilibrium equation, −div(Aε) =−div

(
A∇Su

)
=f , with f

the body force and u the displacement field. Now, in the general case where dislocations
are present, the minimization problem writes as min

ε
W(ε) = minW(ε) among all (u,F )

such that ε=∇Su+ incF , whose associated Euler–Lagrange equations read in the strong
forms −divσ=f and incσ=G, that show clearly as a generalization of the standard
elasticity system in the presence of dislocations. Therefore, one must solve the coupled
problem with unknowns u and F :{

−div
(
A∇Su

)
= f+ div

(
λtrε0I2

)
,

inc(AincF ) = G− inc(λdivuI2) .
(1.1)

As based on the preliminary works [4,28,45], the latter two being specifically dedicated
to the analysis of the incompatibility operator, some results and developments can be
found on this generalized elasticity system, see [46, 47]. In particular, the work [47] is
devoted to develop and justify a dynamical law for the dislocation-induced strain ε0.

Defect-induced density. Observing the problem (1.1), it is remarked that the
mechanical Equation (1.1)a (in a classical divergence form) is found with a non-standard
term on its right-hand side, namely a force proportional to the gradient of trε0. On
the other hand, the (dual) incompatibility Equation (1.1)b shows divu on its RHS,
i.e., the variation of matter density due to mechanical efforts. It is now observed that
trε0 is exactly a variation of matter density due to incompatibility, i.e., to the presence
of dislocations and point defects. Specifically, it may be understood as a density of
point defects, since it will increase or decrease the local mass density, if interticials or
vacancies, respectively, are present. This scalar e := trε0 will play a crucial role in our
model.

1.6. Describtion of the model. We assume that trε0 models the density
of point defects and that for a certain threshold e∗, the density reaches a critical value
such that the point-defect aggregates collapse to form dislocation loops. We consider the
previously formed and smooth time-evolving dislocation front Σ that separates Ω in two
subdomains Ω+ and Ω−, with Ω− enclosed by Σ. It is assumed that Σ is approximated
by a transition layer of thickness ε and denoted by the volume Σε. Point defects assume
values close to the critical points 0 and e∗ in Ω+ \Σε and Ω− \Σε, respectively, whereas
their density is unstable in the thick interface Σε, with values between 0 and e∗, that
is, Σε is an unstable region of the crystal containing 3d interstitial clusters of various
sizes together with prismatic loops which result from the collapse of platelet point defect
aggregates. Let us emphasize that in the region where trε0 is close to the critical value
e∗ the density of dislocations might be zero somewhere, in particular inside the point
defect plate-like structures which are ready to collapse to form prismatic dislocation
loops at their boundary. Note that after collapse, the point defect density inside these
platelets is also vanishing since one recovers the bulk structure. Further, one should
keep in mind that the limit ε→0 is an idealization where the crystal would be separated
in a bulk region and a prismatic loop region resulting from the collapse of point-defects,
see Figure 1.3. Indeed, physics (see Figure 1.2) rather corresponds with a finite value
of ε).

1.7. Overview of the results. For dimensional homogeneity, we scale the
chemical potential associated to this process (i.e., the functional derivative of the asso-
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Fig. 1.3. Schematic dislocation-induced microstructure 3d cell: low-point-defect density (i.e.,
e= 0) in Ω+ critical (i.e., e=e∗) inside Ω−. The thickened interface Σε is filled with dislocation
dipoles, prismatic loops and point defect clusters in an unstable thermodynamic configuration.

ciated Ginsburg–Landau energy Eε, see Section 3.5 for precise definitions) and get an
ε-dependent potential µε with a term in O(ε), another in O(1), and the last in O(ε−1).
For this reason it is postulated that µε satisfies the Ansatz µε=ε−1µ0 +µ1 +εµ2 + ·· ·
for some zeroth-to-second order potentials to be determined by asymptotic analysis.
Accordingly, the dislocation-induced strain is taken of the form ε0ε = ε00 +εε01 +ε2ε02 + ·· ·.
We consider the formal passage to the limit ε→0 and our main question is to found the
asymptotic front velocity V =∂tΣ. Our main results are the following:

(1) We determine that µ0 is constant in each phase. Moreover, µ1(x,t) satisifies incµ1 =
0 in each phase, is fixed on Σ to a value depending on the front mean curvature
H(x,t) and lower order fields.

(2) The tangential traces of µ1 on Σ yield the value the front normal velocity.

(3) The front dynamics can be summarized by the following non-local Mullins–Sekerka
law: 

∆trµ1 = M(trε01) in Ω+∪Ω−

trµ1 = m(ε̃00, ε̃
0
1, trε

0
1) on Σ

∂tΣ = −e−1
∗
(
s(trε̃00)+{∂N trTµ1}Σ

)
Σ(0) = Σ0

,

where the ∼ symbol indicated a field blow-up close to Σ, and with an appropriate
condition on the external boundary depending on the dislocation density and the
strain. Let us emphasize a special, nonclassical feature of the system nonlocality,
namely H = 0;m= 0, which allows us to treat interfaces with H = 0, i.e., associated
to polygonal structures (polygonization, see Figure 4.1).

2. Preliminary results: the mathematical setting

2.1. Notations, conventions, and functional spaces. Let Ω⊆R3 be a simply-
connected domain with smooth boundary. Let E∈S3 and T ∈M3, where M3 denotes the
space of square 3-matrices, and S3 of symmetric 3-matrices. superscript t stands for the
transpose of a tensor and subscript S for the symmetric part of a tensor. The divergence
curl and curl transpose of a tensor E are defined componentwise as (divE)i :=∂jEij ,
(Curl E)ij := εjkl∂kEil, and (Curlt E)ij = εikl∂kEjl respectively, where symbol ∂i stands
for the ith partial derivative, either in the strong or in classical distribution sense. Now,
the incompatibility of a tensor E is the symmetric tensor defined componentwise as
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follows4:

(incE)ij := (Curl Curlt E)ij = εikmεjln∂k∂lEmn. (2.1)

It holds (E×N)ij =−(N×E)ij =−εjkmNkEim. Define

H(Ω) :={E∈H2(Ω,S3) : divE= 0 in Ω},
H0(Ω) :={E∈H(Ω) : E= Curlt E×N = 0 on ∂Ω}. (2.2)

These spaces are naturally endowed with the Hilbertian structure of H2(Ω,S3). Further
more, symbol 〈·〉 means in general “duality product”, whereas the scalar product is
written as (·), possibly with a subscript indicating the associated functional space. We
enote by US the symmetric part of a tensor U .

2.2. The curvinormal frame. We denote by N∂Ω the outward unit normal to

∂Ω, and by b the signed distance to ∂Ω, i.e., b(x) =

{
dist(x,∂Ω) if x /∈Ω,
−dist(x,∂Ω) if x∈Ω.

. We recall

the following result.

Theorem 2.1 ( [12], Chap. 5, Thms 3.1 and 4.3). There exists an open neighborhood
W of ∂Ω such that (i) b is smooth in W , (ii) every x∈W admits a unique projection
p∂Ω(x) onto ∂Ω, (iii) this projection satisfies p∂Ω(x) =x− 1

2∇b
2(x), ∀x∈W , (iv) it

holds ∇b(x) =N∂Ω(p∂Ω(x)), ∀x∈W .

We define the extended unit normal by N(x) :=∇b(x) =N∂Ω(p∂Ω(x)), ∀x∈W . For
all x∈∂Ω, the system (τA∂Ω(x),τB∂Ω(x),N∂Ω(x)) is an orthonormal basis of R3, where τR∂Ω

stand for the Rth tangent vector to ∂Ω. In this basis, DN(x) takes the form

DN(x) =

κA∂Ω(x) 0 0
0 κB∂Ω(x) 0
0 0 0

, ∀x∈∂Ω,

where κA∂Ω and κB∂Ω are smooth scalar fields (the surface curvatures) defined on ∂Ω. If
R∈{A,B}, we denote by R∗ the complementary index of R, that is, R∗=B if R=A
and R∗=A if R=B. Let us suitably extend the tangent vectors to W . It holds

Theorem 2.2 (Amstutz–Van Goethem [4]). The following holds in W :

∂Nτ
R= 0,∂RN =κRτR,∂Rτ

R=−κRN−γR
∗
τR
∗
,∂R∗τ

R=γRτR
∗
,

div N = trDN = ∆b= 2H, (2.3)

where scalar H stands for the mean curvature.

Let us consider the local orthonormal basis (τA,τB ,N) in Ω̄. For a general sym-
metric tensor E, one has in this basis:

E=

EAA EAB EAN
EBA EBB EBN
ENA ENB ENN

 , T0(E) := (E×N)t×N =

 EBB −EAB 0
−EAB EAA 0

0 0 0

. (2.4)

Moreover, we define TR(E) :=
∑

R=A,B

(E×τR)t×τR with

(E×τA)t×τA=

0 0 0
0 ENN −EBN
0 −EBN EBB

,(E×τB)t×τB =

 ENN 0 −EAN
0 0 0

−EAN 0 EAA

. (2.5)

4The last expression stemming from the symmetry of the incompatibility operator.
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Having defined the tangential operator T0, one defines the tangential trace operator as

trTE := trT0(E). (2.6)

Let us emphasize that the term tangential is used to mean orthogonal to the normal
direction, the latter not being limited to the domain boundary, since the normal has
been suitably extended, together with the tangent vectors, in the interior of the domain.

2.3. Functional results with the incompatibility operator.
Theorem 2.3 (Beltrami decomposition [28]). Let p∈ (1,+∞) be a real number and let
E∈Lp(Ω,S3) be a symmetric tensor. Then, there exist a vector field u∈W 1,p(Ω,R3)
and a tensor F ∈Lp(Ω,S3) with Curl F ∈Lp(Ω,S3), incF ∈Lp(Ω,S3), divF = 0 in Ω and
FN = 0 on ∂Ω, where N stands for the unit normal to ∂Ω, satisfying

E=∇Su+ inc F.

Moreover u can be taken with vanishing trace on ∂Ω, and such a pair (u,F ) is unique.

The following result is a Green formula.

Lemma 2.1 (Amstutz–Van Goethem, 2016 [4]). Suppose that E∈C2(Ω,S3) and η∈
H2(Ω,S3). Then∫

Ω

E · incηdx=

∫
Ω

incE ·ηdx+

∫
∂Ω

T1(E) ·η dS(x)+

∫
∂Ω

T0(E) ·∂NηdS(x), (2.7)

with the trace operators defined as

T0(E) := (E×N)
t×N, (2.8)

T1(E) :=−
∑
R

κR(E×τR)t×τR+((−∂N +2H)E×N)
t×N−2

(∑
R

(∂RE×N)t×τR
)S

.

(2.9)

As a consequence of technical results found in [4], one has

−T1(E)+2HT0(E) =
∑
R

κR(E×τR)t×τR+T0(∂NE)+2

(∑
R

(∂RE×N)t×τR
)S

,

=
∑
R

κR(E×τR)t×τR−T0(∂NE)−2
(
Curlt E×N

)S
. (2.10)

Theorem 2.4 (Coercivity: Amstutz–Van Goethem, 2016 [4]). Let Ω be a bounded
and connected domain with C1-boundary and let the nowhere flat subset Γ0⊂∂Ω
with H2(Γ0)>0. There exists a constant C>0 s.t. for each E∈H0(Ω),‖E‖H2(Ω)≤
C‖ incE‖L2(Ω).

3. The model
We consider a single crystal with a high density of point defects and dislocations.

Prismatic loops are simply one type of point-defect aggregate. They will form from
point defect clusters when their energy of formation is lower than other competing
structures (e.g. 3d aggregates). The thermodynamic mechanism consists in free en-
ergy minimiziation, i.e., the lowest free energy configuration wins. Typically loops (of
interstitial types) become more favorable as the size of the point defect cluster grows.
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Then, if the overall kinetics is favorable, the cluster will transition to loop structures.
In this work, we consider a crystal with 3d aggregates of interstital point defects and
interstitial loops resulting from their collapse. While the former are unstables above a
threshold, the latter are the stable structures. Another stable structure is of course the
absence of interstitials, i.e., their self-annihilation, or dilution.

3.1. Dissipation, gradient flows: origin of the model. Gradient flows
are evolutionary systems driven by an energy, in the sense that the energy decreases
along solutions. This decrease takes place “as fast as possible” by choosing a dissipation
mechanism, which is typically given by the choice of a norm, i.e., of a functional struc-
ture. Therefore, from a modelling point of view the two choices of the driving energy
E , and the dissipation mechanism completely determine the system. For instance, it is
well known that the diffusion equation ∂tu= ∆u is a gradient flow, that is, writes as
∂tu=−gradHE (u), according to several possible choices of disspation mechanisms H
(here symbol gradH stands for the gradient flow associated to the functional E (u) with
the norm of H), i.e., chosen norms, see [35] for details. Having said that, we rather agree
with L. Tartar [43] that such a gradient flow minimization should not be considered as
a physical principle, since as soon as time is present in the model, conservation law
must prevail. Therefore, it might happen that energy conservation and minimization
principles coincide, but the latter should rather be seen as a mathematical “vue de
l’esprit”.

In this work, we focus on a linear elastic body which is incompatible due to the
presence of defects, and refer to [47] for details. We first introduce a specific Helmholtz
free energy as Ψ =We(ε)+βκS ·κS+ 1

2MCurl κ ·Curl κ+ψdislo(ε0) (the curl of a tensor
is defined in Section 2.1 and M is a material-dependent fourth-rank tensor), to empha-
size the role of the internal variables such as the dislocation density κ (via a postulated
quadratic law) and the dislocation-induced strain ε0 (through a nonlinear potential
ψdislo). Note that the quadratic energy contributions involving the dislocation density
can be found in other models [8], whereas the last contribution is a newly-introduced
term. Let D be the global mechanical dissipation associated with Ψ, i.e., whose specific
density is the difference between the power produced by internal forces upon deforma-
tion5, σ · ε̇, and the available, “free” energy Ψ̇. Let Φ be the dissipated energy, i.e.,
D=− d

dtΦ. We define the incompatibility energy as part of the dissipated energy,

E (ε0) :=

∫
Ω

(
1

2
M incε0 · incε0 +H (ε0)

)
dx (3.1)

(where we have used Kröner’s relation incε0 = Curl κ [24, 49]) and also introduce the
“chemical potential” as µ(ε0) :=−

(
M incε0 +G (ε0)

)
for some divergence-free tensor po-

tential G related to some energy density H , both to be defined below. Note that µ(ε0)
is not divergence-free for a general M.

It has been derived in [47] that the non-negativeness of D resulting from the second
Law of Thermodynamics implies that

0≤Dincomp = 〈 incµ,∂tε
0〉=−〈gradHH−1

0
E (ε0),∂tε

0〉=−∂tE (ε0).

Therefore, the model can be written either in the form of a tensor-valued evolution
transport-reaction-diffusion PDE of the following Cahn–Hilliard type:

α∂tε
0 = incµ=−inc

(
M incε0 +G (ε0)

)
, α>0, (3.2)

5Note however that in [47] σ ·∇S u̇ was considered, leading to some supplementary terms.
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whose trace reads as the scalar diffusion equation α∂t trε
0 = ∆trµ if µ is divergence-free

(and thus, exactly corresponds to the classical scalar Cahn–Hilliard equation for the
scalar variable trε0, see [32] for a review), or as the gradient flow

α∂tε
0 =−gradHH−1

0
E (ε0),

for an appropriate functional structure, whose determination is one of the purposes of
this paper. For gradient flow dynamics in the present context we also refer to [7] (in
particular to the chapter by R. Pego). Though the system evolution may be understood
from a mathematical viewpoint as a gradient-driven free energy minimization, we know
that the physical process need not be minimization driven, since as shown in [47], it is
a consequence of the second law of thermodynamics.

3.2. Scalar variable and nonlinear potential. The model variable being the
dislocation-induced strain tensor ε0, let us introduce the scalar

e := trε0, (3.3)

which is a measure for the amount of point defects of interstitial type (and hence is
nonnegative). In fact, the trace of the strain is directly related to the change of specific
mass. Here, it is postulated that the trace of the dislocation-induced strain is related
to the “non-mechanical” variations of density, i.e., to the amount of point defect which
will increase (in the case of interstitials) or decrease (in the case of vacancies) the
density of the solid, see [36]. Specifically, we assume that for a certain “threshold”
value e∗ the point-defect aggregates collapse to form prismatic dislocation loops, and
hence the region {e∼e∗} is called the dislocated subset of Ω, though strictly speaking
it is a critical region for the dislocation strain: it consists of a region where dislocation
loops coexist with unstables 3d aggregates and isolated point defects, and subjected
to an overall kinetics, which is not discussed in this work. The physical phenomena
and processes associated with point defects (such a creation, annihilation, migration,
diffusion, etc.) are represented by a nonlinear potential φ which assumes two local
minima, the first being chosen as the thermodynamic equilibrium corresponding to
the absence of point defects, and the other being the stability threshold (inducing the
collapse of point defects, see Figure 1.3, see also leftmost image in Figure 1.2).

We postulate that this kinetics is represented by a two-well potential φ(e) = 1
2 ((e−

eeq) (e−e∗))2 +γ(e−eeq)+φeq with γ,φeq≥0. Setting eeq =φeq = 0, we assume that
the equilibrium value corresponds to the absence of point defects6. Moreover, as far
as minimization is concerned φ is insensitive to affine functions, since it would simply
change the value of the minimum by an additive constant, leaving the local minimizers
as unchanged. Therefore, we let the local minima of φ take distinct values at e=eeq = 0
and at e=e∗, that is, we consider the following nonlinear potential:

φ(e) =
1

2
(e(e−e∗))2

+γe. (3.4)

In other words, eeq = 0 and e∗ are the two local minima of φ such that at equilibrium of
point defects, φ(eeq) =φ(0) = 0, whereas at the critical value e∗ for the nucleation of dis-
location loops, φ∗ :=φ(e∗) =γe∗. We remark that lim

e→∞
φ′′(e) =∞, thence φ′′ is bounded

from below, which is a required property for the existence result in [47]. Moreover

6It is usually considered that e∗>eeq>0, but we remark that this simply amount to a translation
of the energy function, which is impactless on the forthcomming theoretical developments.
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φ′(0) =φ′(e∗) =γ, φ′′(0) =φ′′(e∗) =e2
∗ and φ′′′(0) =−6e∗,φ

′′′(e∗) = 6e∗. Furthermore, we
assume that in the considered region there are no net creation or annihilation of point
defects (though there exists recombinations of course), thence the total amount of point
defects is prescribed, namely,

∫
Ω
e(x)dx=p>0, where 0<p≤e∗|Ω|.

Remark 3.1. Since loops are more ordered (i.e., create less entropy) than other
configurations, higher temperature will favor aggregates and the transition will take
place at larger cluster sizes. This means that e∗,e

eq,p depend on the temperature T
and that e∗ increases with T . There is not a clear temperature for this transition, rather
a temperature/size dependence, which is not further discussed here.

3.3. Model equations. Let L∈S3 and G= incL. As discussed in [47], let
G =G−L in equation (3.2) and set

µ(ε0) :=−
(
M incε0 +G(ε0)−L

)
, with G(ε0) :=βε0− 1

3
φ′(e)I2. (3.5)

In this work we will consider the boundary-value problem (as derived and discussed
in [47])

α∂tε
0− incµ(ε0) = 0 in Ω× [0,T ]

(ε0)T = (∂N ε
0)T = (ε0)NN = 0 on ∂Ω× [0,T ]

(Curlt ε0)×N = 0 on ∂Ω× [0,T ]

κR
∗
(M incε0)RN +∂R(M incε0)R∗R∗−∂R∗(M incε0)RR∗ = 0 on ∂Ω× [0,T ]

, (3.6)

with R=A,B, where subscript T stands for the square submatrix with the tangential
components. Moreover, the model parameters are the scalar α>0 and the fourth-rank
symmetric positive definite tensor M (assumed with the same symmetry as the elasticity
tensor).

Well-posedness. Well-posedness of system (3.6) relies on the coercivity of the
form 〈M incE, incE〉, itself relying on the relation ‖E‖H2(Ω,S3)≤C‖ incE‖2L2(Ω,S3) for

some C>0. The latter stems from the three following properties: (i) Poincaré inequality
with the assumption ET = 0 (or alternatively EN = 0) on ∂Ω ; (ii) the fact the the
gradient of a divergence-free field F might be bounded by its curl provided that F ×N =
0 (or alternatively that FN = 0) on ∂Ω; and finally from the relation (∂lE)×N = 0
(or alternatively (∂lE)N = 0) on ∂Ω for every l= 1,2,3 (see, e.g. [4, 9]). The first two
conditions are satisfied by the boundary conditions of system (3.6) (take E= ε0 and
F = Curlt ε0). As for the the third, it is a direct consequence of Lemma 3.1 in [4], since
(∂NE)T = Curlt E×N = 0 implies that εjqvNvεmln∂lEnj = 0 which multiplied by εmpq
and by the symmetry of E yields (∂lE)×N = 0. Now, with the addition of low-order
terms the coercivity might be lost for the associated elliptic system, but not for the
evolution equation (3.6), by the classical change of variable trick Ẽ= exp(−ξ0t)E for
some ξ0>0 (see, e.g., [3]).

Remark 3.2. If EN = 0 holds on ∂Ω then the divergence-free property of E yields
(See Eq. (2.16) in [4]) ∂NENN −

∑
Rκ

RERR= 0, itself implying that (∂lE)N = 0 on ∂Ω
for every l= 1,2,3 and hence the form is coercive. This property was used without proof
in [47].

Remark 3.3 (Generalized elasticity). Let K∈S3 be a prescribed generalized force.
In [5] we have established the system of generalized elasticity as (i) inc(Aε+`incε) =
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incK coupled with (ii) −div(Aε+`incε) =−divK, with the total strain ε=∇Su+ε0 and
A= 2µI4 +λI2⊗I2 the tensor of elasticity. Eq. (ii) yields a functional dependence of
divu= tr∇Su in terms of e= trε0. Therefore equation (i) rewrites as inc(2µε0 +`incε0 +
ψ(e)I2−K) = 0 for some function ψ, that is, is the stationnary system associated with
equation (3.2) where the potential µ of definition (3.5) is taken with M= `I4,β= 2µ,
K=L and ψ=− 1

3φ
′.

3.4. Incompatibility energy: gradient flow and scaling. Recall the in-
compatibility energy (3.1), considered as a part of the dissipated energy, and define
the potential H (ε0) =−(G,ε0)L2 + β

2 (Curlt ε0,Curl ε0)L2− 1
3φ(e). Integration by parts

yields 〈incG(ε0)−G,F 〉= lim
η→0

H (ε0 +ηF )−H (ε0)

η
, for every F ∈H0(Ω) and where 〈·,·〉

denotes the pairing between H0(Ω) and H−1 := (H0(Ω))′. Then, integration by parts,
and the Green formula of Lemma 2.1, imply that that the Gâteau differential of E at
ε0∈C∞c (Ω) in the direction F ∈H0(Ω) reads

〈gradH0

L2 E (ε0),F 〉 :=
∫

Ω

inc
(
M incε0 +G (ε0)

)
·Fdx=

∫
Ω

(
M incε0 +G (ε0)

)
· incFdx,

(3.7)
where we recall that G =G−L=βε0− 1

3φ
′(e)I2−L. Taking ε0∈H0(Ω), the distribution

inc
(
M incε0 +G (ε0)

)
defines a linear map of H−1 precisely by the rightmost integral of

equation (3.7).

Scaling. Tensor M has the dimensions of a force times a surface, scalar β of a
force, while φ has the dimensions of a force divided by a surface. Thus, to keep these
terms of the same order as characteristic surface areas increase or decrease, one should
multiply M and divide φ by a parameter ε with the dimensions of an inverse surface,

respectively. Set ε :=
(

characteristic thickness
characteristic surface

)2
. The scaled energy functional reads

Eε(ε
0) :=

∫
Ω

(
1

2
εM incε0 · incε0 +Hε(ε

0)

)
dx,

where Hε(ε
0) =−(G,ε0)L2 + β

2 (Curlt ε0,Curl ε0)L2− 1
3ε
−1φ(trε0).

For a general ε0∈H(Ω), one defines by equation (3.7) the H−1-gradient as follows:

〈gradH0

H−1Eε(ε
0),F 〉 :=

∫
Ω

(
εM incε0 +Gε(ε

0)
)
· incFdx, ∀F ∈H0(Ω),

where Gε(ε0) :=βε0− 1
3ε
−1φ′(e)I2−L. The linear and continuous map gradH0

H−1Eε(ε0) is
associated to a unique G0

ε ∈H0 such that incincG0
ε = inc

(
εM incε0 +Gε(ε0)

)
and Riesz

theorem yields 〈gradH0

H−1Eε(ε0),F 〉=
∫

Ω
incG0

ε · incFdx, the RHS being a scalar product
on H0 by Theorem 2.4.

3.5. Dual functional spaces and gradient flow formalism. Set

H∗(Ω) :={F ∈H(Ω) :FN = 0 on ∂Ω},

and introduce the Hilbert space

H−1
0 :=

{
T ∈ (H(Ω))′ :∃T∈H∗(Ω) : 〈T ,E〉=

∫
Ω

incT · incEdx, ∀E∈H(Ω)

}
,

where 〈·, ·〉 denotes the duality pairing between H(Ω) and (H(Ω))′. Remark that such
tensor T is unique since it is defined up to a symmetric gradient which must be
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divergence-free, and hence vanishes by the boundary condition TN = 0. Let us call
this unique tensor7 T= inc−2

∗ T . We define the H−1
0 -gradient as

〈gradHH−1
0

Eε(ε
0),F 〉 :=−

∫
Ω

µε · incFdx, ∀F ∈H(Ω),

where we have introduced the “chemical potential” as the tensor

µε(ε
0) :=−

(
εM incε0 +Gε(ε

0)
)

=−inc
(

inc−2
∗ (gradHH−1

0
Eε(ε

0))
)
∈L2(Ω,S3).

The gradient gradHH−1
0

Eε(ε0) is the dual of µε in the sense that incµε=−gradHH−1
0

Eε(ε0) =

−inc
(
εM incε0 +Gε(ε0)

)
. Therefore, our model evolution equation (3.6)a rewrites as the

following H−1
0 -gradient flow:

∂tε
0 =− 1

α
gradHH−1

0
Eε :=− 1

α
inc
(
εM incε0 +Gε(ε

0)
)

=
1

α
incµε, (3.8)

where the ε-dependent solution of equation (3.8) will be denoted by ε0ε in the sequel.
In particular, we see that the driving force for diffusion is the incompatibility of the
dislocation potential. Indeed, it can be noted that taking the trace of equation (3.8)
yields ∂t trε

0
ε = 1

α (∆trµε− divdivµε). We remark that if M has the form M= 2µ̃I4 +

λ̃I2⊗I2, the highest-order term of the RHS reads − 2ε
α (µ̃+ λ̃)∆trε0ε, yielding the classical

scalar Cahn–Hilliard equation.

4. Asymptotic analysis
The analysis in the present section will be made in the spirit of R. Pego’s work [34]

for the classical scalar Cahn–Hilliard system. The analysis is formal but its main purpose
here is to identify the equations and the jump conditions in our tensor-valued and
incompatibility-based setting. The interested reader may find rigourous results about
the classical Cahn–Hilliard system in, e.g., [2,11,27]. It is assumed that the time-evolving
front Σ with unit normal N separates the domain in two subdomains Ω+ and Ω− (with
Ω− possibly disconnected), where ∂Ω =∂Ω+, i.e., Ω− is enclosed by Σ. Moreover, it
is assumed that Σ is approximated by a smooth thick interface a width of order ε>0,
and therefore the associated transition layer is denoted by the volume Σε (see Figure
1.3). Furthermore, we consider the dynamics second stage, i.e., we assume that the
interface has been formed previously, is smooth at the initial time t= 0, and that the
point defects assume values close to the critical points 0 and e∗ in Ω+ \Σε and Ω− \Σε,
respectively. Therefore, we are concerned with the evolution of the dislocation strain
ε0, and the evolution of the interface. In particular, we seek the front (otherwise called,
interface) velocity V :=∂tΣ. Setting

L (ε0) :=βε0−L, (4.1)

equation (3.8) rewrites as (recall the definition e := trε0)

α∂tε
0
ε = incµε, µε :=−εM incε0ε−L (ε0ε)+

1

3
ε−1φ′(trε0ε)I2. (4.2)

The initial value is prescribed, i.e., ε0ε(·,0) = ε000 and satisfies
∫

Ω
trε000dx=p>0. For

simplicity we take α= 1.

7This notation arrise from the fact that for smooth tensors one has incincT=T by taking E with
compact support.
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4.1. Far-from-the-front. Let us expand ε0ε,eε := trε0ε and µε as powers of ε:
ε0ε = ε00 +εε01 +ε2ε02 + ·· ·

eε = e0 +εe1 +ε2e2 + ·· ·

µε = ε−1µ0 +µ1 +εµ2 + ·· ·

, (4.3)

where ε0i ,ei := trε0i and µi are functions of x and t. Note that ε0i are divergence-free
tensors. Moreover, the boundary trace ε0|∂Ω = ε00|∂Ω and hence ε01 = ε02 = 0 on ∂Ω. By

identification, definition (4.2) yields
µ0 = 1

3φ
′(e0)I2

µ1 = 1
3φ
′′(e0)e1I2−L (ε00)

µ2 = 1
6φ
′′′(e0)e2

1I2 + 1
3φ
′′(e0)e2I2−M incε00−βε01

. (4.4)

Order-zero solution. Expanding equation (4.2) with the expressions (4.3), tak-
ing its trace, and considering the order −1 term yields ∆φ′(e0) =φ′′′(e0)|∇e0|2 +
φ′′(e0)∆e0 = 0, whose case study (in function of the zeroes of φ′′ and φ′′′ and the maxi-
mum principle) entails that e0 is constant, i.e.,

e0 = 0 in Ω+, e0 =e∗ in Ω−. (4.5)

From a physical viewpoint, the fact that e0 =e∗ reflects the fact that the collapse of the
point-defect platelet in prismatic loops will take place with the release of the residual
strain e∗.

Then φ′(0) =φ′(e∗) =γ yields

µ0 =
γ

3
I2, ∂Nµ0 = 0 in Ω. (4.6)

Recalling that φ′′(0) =φ′′(e∗) =e2
∗, we note that

trµ1 =e2
∗e1−βe0 + trL and divµ1 =

1

3
e2
∗∇e1 + divL in Ω+∪Ω−. (4.7)

Time evolution, far from the front. The time-evolution in Ω× [0,T ] reads
0 = incµ0

∂tε
0
0 = incµ1

∂tε
0
1 = incµ2

. (4.8)

The constant value of e0 in Ω+∪Ω−, the relations G= incL and φ′′(e0) =e2
∗ imply that

0 =∂te0 = trincµ1 = ∆trµ1− divdivµ1, and hence by equation (4.7),−η∆e1 = trG in Ω+∪Ω−

∂Ne1 = 0 on Σ
e1 = 0 on ∂Ω

, (4.9)

with η := 2
3e

2
∗. Thus, e1 is determined as soon as Σ is known, which is the ultimate goal

of this work.
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Long-time behaviour. Let us define the slow time as t∗=ε−1t. Then, following
equation (3.8), far from the front one has α∂t∗ε

0 =ε incµε, and equation (4.8) yields
∂t∗ε

0
0 = incµ0 = 0, and hence ε00 remains at its initial value ε000 := ε00(·,0), i.e.,

ε00(·,t) = ε000 in Ω and e0 =

{
0 in Ω+

e∗ in Ω−
. (4.10)

Recapitulating, by virtue of expressions (4.4)-(4.10), one has in Ω× [0,T ],

µ0 = γ
3 I2

µ1 = 1
3φ
′′(e0)e1I2−L (ε000) = 1

3e
2
∗e1I2−βε000 +L

µ2 = 1
6φ
′′′(e0)e2

1I2 + 1
3φ
′′(e0)e2I2−M incε000−βε01

=

{
−e∗e2

1I2 + 1
3e

2
∗e2I2−βε01 in Ω+

e∗e
2
1I2 + 1

3e
2
∗e2I2−βε01 in Ω−

.

. (4.11)

4.2. Close-to-the-front. Let b(x,t) stand for a time-dependent signed distance
function from Σ, as introduced in Section 2.2. In particular b>0 in Ω+ and b<0 in
Ω−. Furthermore, ∂tb(x,t) represents the velocity of the front for x∈Σ (while b(x,t) = 0
if x∈Σ). Define a stretched distance function z :=ε−1b(x,t). Let us expand ε0 and µε
close to the interface, as powers of ε as follows: ε0ε = ε̃00 +εε̃01 +ε2ε̃02 + ·· ·

eε = ẽ0 +εẽ1 +ε2ẽ2 + ·· ·
µε = ε−1µ̃0 + µ̃1 +εµ̃2 + ·· ·

, (4.12)

where ε̃0i , ẽi and µ̃i are now functions of x and t and of z. Introduce the following
notations for a generic tensor E:

E= Ē(x,t) := Ẽ(z,x,t), z= ẑ(x;ε) =ε−1b(x,t), (4.13)

i.e., ε−1b is a streched normal distance. Moreover, one defines the jump across the
interface as

〚E(z)〛Σ :=E(+∞)−E(−∞).

Thus, ε̄0i (x,t) := ε̃0i (z,x,t) = ε̃0i (ε
−1b(x,t),x,t) and µ̄i(x,t) := µ̃i(ε

−1b(x,t),x,t). By equa-
tion (4.10), the matching conditions for the zeroth-order term reads8

ε̃00(z,x,t)→ ε00(x,t) as z→±∞ and ẽ0(z,x,t)→
{

0 as z→+∞
e∗ as z→−∞ . (4.14)

Recalling that the extended normal, defined as N :=∇b (i.e., pointing inwards Ω+)
is independent of the normal coordinate z, one has ∇Ē(x,t) =ε−1N∂zẼ(z,x,t)+
∇xẼ(z,x,t), and hence Curl Ē(x,t) =ε−1N×∂zẼ(z,x,t)+ CurlxẼ(z,x,t) and

divĒ(x,t) =ε−1∂z

(
Ẽ(z,x,t)N

)
+ divxẼ(z,x,t). (4.15)

8In a suitable norm, say C2 for convenience.
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Then, incĒ(x,t) = Curl
(
Curlt E(x,t)

)
= incxẼ(z,x,t)+ε−1T2

(
∂zẼ(z,x,t)

)
, where de-

composing along the curvinormal frame and recalling the formulae of Theorem 2.2, one
has (for a generic tensor F = F̄ (x,t) := F̃ (z,x,t),

(T2(F ))mk :=
1

2
εmjnεkpi (∂p(NjFin)+∂j(NpFin))

= εmjnεkpi

(∑
R

τRj τ
R
p κ

RFin+
1

2
(Nj∂pFin+Np∂jFin)+ε−1NjNp∂zF̃in

)
.

Moreover, by the definition of T0 (see definition (2.8)), from an index-wise com-
putation one has T2(F ) =ε−1T0(∂zF̃ )+T3(F ) where the operator T3 is defined as

T3(F ) :=TR(F )−((Curl F )t×N)
S

, with TR(F ) =
∑
Rκ

R(F ×τR)t×τR. Setting

T4(F ) :=
1

2
(T0(∂NF )−T1(F )) and TH(F ) := HT0(F )+TR(F ),

and recalling equations (2.5), (2.8), (2.9) and (2.10), one obtains

T3(F ) =TH(F )+T4(F ), (4.16)

with H, the mean curvature. Taking F =∂zẼ(z,x,t), the final expression for the incom-
patibility is found as

incĒ(x,t) = incxẼ(z,x,t)+ε−1T3

(
∂zẼ(z,x,t)

)
+ε−2T0

(
∂2
z Ẽ(z,x,t)

)
. (4.17)

Divergence-free condition. By virtue of equation (4.15), the divergence-free con-
dition divε0 = 0 implies that

0 =ε−1∂z
(
ε̃00N

)
+
(
divxε̃

0
0 +∂z

(
ε̃01N

))
+ε
(
divxε̃

0
1 +∂z

(
ε̃02N

))
+ε2 divxε̃

0
2,

therefrom ε̃00N is independent of z, i.e.,

ε̃00(z,x,t)N(x,t) = Ẽ0N(x,t) (4.18)

for some Ẽ0 depending on x and t only. In particular ∂z(ε̃
0
0N ·N) = 0, and hence

∂z(trε̃00) =∂z(trT ε̃00), (4.19)

where the tangential trace is given in definition (2.6). Moreover, the definition of µε in
(4.2) and equation (4.12) imply that the ε−2-term must vanish, i.e.

∂zµ̃0N(z,x,t) = 0. (4.20)

Dislocation potentials in the transition layer. By identification, the definition
of µε in (4.2) and equations (4.12) and (4.17) yield

µ̃0 = 1
3φ
′(ẽ0)I2−MT0

(
∂2
z ε̃

0
0

)
µ̃1 = 1

3φ
′′(ẽ0)ẽ1I2−L (ε̃00)−MT3

(
∂z ε̃

0
0

)
−MT0

(
∂2
z ε̃

0
1

)
µ̃2 = 1

6φ
′′′(ẽ0)ẽ2

1I2 + 1
3φ
′′(ẽ0)ẽ2I2−M incxε̃

0
0−βε̃01−MT3

(
∂z ε̃

0
1

)
−MT0

(
∂2
z ε̃

0
2

) .(4.21)

Differentiating equation (4.21)a in z and multiplying the result by ẽ1 yields
(∂zµ̃0)ẽ1 = 1

3φ
′′(ẽ0)∂z ẽ0ẽ1I2−MT0

(
∂3
z ε̃

0
0

)
ẽ1. Multiplying equation (4.21)b by ∂z ẽ0 yields
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µ̃1 +L (ε̃00)+MT3

(
∂z ε̃

0
0

))
∂z ẽ0 = 1

3φ
′′(ẽ0)ẽ1∂z ẽ0I2−MT0

(
∂2
z ε̃

0
1

)
∂z ẽ0. Hence, substract-

ing the two equalities, and anticipating the fact that ∂zµ̃0 = 0 (see equation (4.31)), we
deduce the following formula which we will use later:(

µ̃1 +L (ε̃00)+MT3

(
∂z ε̃

0
0

))
∂z ẽ0 =−MT0

(
∂2
z ε̃

0
1∂z ẽ0−∂3

z ε̃
0
0ẽ1

)
. (4.22)

With a view to the final formulae let us compute the incompatibility in x of equation
(4.21)a,

incxµ̃0 =
1

3
(δij∆−∂i∂j)φ′(ẽ0)−∂z

(
incxMT0

(
∂z ε̃

0
0

))
. (4.23)

Asymptotic matching of the dislocation potentials. It is required that

(ε−1µ̃0 + µ̃1 +εµ̃2 + ·· ·)(z,x,t)∼ (ε−1µ0 +µ1 +εµ2 + ·· ·)(x+εzN),t)

at a O(ε)-distance from the interface. Recalling definition (4.13), one gets
µ̃0(z,x,t) = γ

3 I2 as z→±∞
µ̃1(z,x,t) = µ1(x,t)+z∂Nµ0(x,t)+o(ε) as z→±∞
µ̃2(z,x,t) = µ±2 (x,t)+

(
z∂Nµ1 + z2

2 ∂
2
Nµ0

)
(x,t)+o(ε) as z→±∞

. (4.24)

In particular, since µ0 is constant, one has

∂zµ̃2 =∂Nµ1 +o(ε) as z→±∞, (4.25)

thence a formula which will be used later:∫ ∞
−∞

∂2
z µ̃2dz={∂Nµ1}Σ +o(ε), as z→±∞, (4.26)

where we have introduced the following notation for the jump across Σ:

{E(x,t)}Σ :=E
(
µ1(x+,t)

)
−E

(
µ1(x−,t)

)
:= lim

δ→0
(E(x+δb,t)−E(x−δb,t)), (4.27)

for a generic tensor E and recalling that b(x,t) is the signed distance from the front.

Time evolution, close to the front. The front velocity is given by

∂tΣ :=V (x,t) :=∂tb(x,t), x∈Σ. (4.28)

For a generic tensor E= Ē(x,t) = Ẽ(z,x,t), one has ∂tĒ(x,t) =∂tẼ(z,x,t)+
ε−1V ∂zẼ(z,x,t). Identification among equations (4.2), (4.16), and (4.17) yields the
order ε−3,ε−2 and ε−1 as follows:

0 = T0

(
∂2
z µ̃0

)
0 = T3 (∂zµ̃0)+T0

(
∂2
z µ̃1

)
V ∂z ε̃

0
0 = incxµ̃0 +T3 (∂zµ̃1)+T0

(
∂2
z µ̃2

) . (4.29)
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Zeroth-order dislocation strain. Equation (4.29) a yields 0 =T0

(
∂2
z µ̃0

)
, i.e., re-

calling that T0 is a tangential operator, µ̃0 =A0(x,t)z+B0(x,t)+CN0 (z,x,t) =B0(x,t)+
CN0 (z,x,t), since µ̃0 is finite at z→±∞, and where CN0 is a symmetric matrix such that
its tangential submatrix vanishes, i.e., T0(CN0 ) = 0. There is perfect phase separation
away from the interface and hence equations (3.4), (4.14) and (4.21)a yield (recalling
identities T0(I2) = I2−N⊗N),

T0(µ̃0) =B00 :=T0(B0) = lim
z→+∞

T0(µ̃0) = lim
z→−∞

T0(µ̃0) =
1

3
γ(I2−N⊗N). (4.30)

Moreover, equation (4.20) implies that B0N+CN0 N and hence also CN0 =CN0 N is inde-
pendent of z, and hence

µ̃0 =B0(x,t). (4.31)

Let us go back to equation (4.21)a, that is,

∂2
z

(
T0(ε̃00)

)
=T0

(
M−1

(
1

3
φ′(ẽ0)I2−B0

))
, (4.32)

which is the tensor counterpart of the equation y′′=f(y), whose solution is obtained

by considering the ODE dy=
√

2
∫ y
y0
f(s)dsdz for some well-chosen initial condition y0.

Let us denote the unique solution of equation (4.32) by

E0(z,x,t) :=T0(ε̃00).

Hence, Ẽ0 := ε̃00 =E0 + ĈN0 , where the last term might depend on z and satisfies
T0(ĈN0 ) = 0. Yet by equation (4.18), Ẽ0N = (E0 + ĈN0 )N = ĈN0 N is independent of z,
that is, ĈN0 N and thus ĈN0 must be independent of z. Therefore,

Ẽ0(z,x,t) =E0(z,x,t)+ ĈN0 (x,t), (4.33)

where the constant ĈN0 = C̄N0 (x,t) is determined by matching the inner and outer solu-
tions, viz., by virtue of equation (4.10) and (4.14),

Ẽ0→ ε000 as z→±∞ and ẽ0 := trẼ0→
{

0 as z→+∞
e∗ as z→−∞ , (4.34)

with

∂z ẽ0 =∂xẽ0 = 0 as z→±∞. (4.35)

Long-time behaviour. Let us define the slow time as t∗=ε−1t and the slow ve-
locity as Vsl :=∂t∗b, in such a way that ∂tĒ0(x,t) =ε−1∂t∗Ẽ0(z,x,t)+ε−2Vsl∂zẼ0(z,x,t)
satisfies by equations (4.17), (4.31) and (4.33),

Vsl∂zE0 =T3 (∂zµ̃0)+T0

(
∂2
z µ̃1

)
=T0

(
∂2
z µ̃1

)
. (4.36)

Taking the trace of equation (4.36), integrating from −∞ to +∞, and recalling definition
(2.6), yields

Vsl = 〚trT(∂zµ̃1)〛Σ〚trE0〛
−1
Σ , (4.37)

where by expression (4.34),

〚ẽ0〛Σ = 〚trE0〛Σ := trE+
0 − trE−0 =−e∗. (4.38)

Equation (4.37) shows that to have an expression of the slow velocity, the next order
must be determined in order to find an expression of µ̃1.
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4.3. Close to the front: first-order terms. By equations (4.29)b and (4.31)
it holds that 0 =T0

(
∂2
z µ̃1

)
and hence the above reasoning can be repeated leading to

µ̃1 =B1(x,t). (4.39)

Therefore equation (4.21)b yields (recall that ẽ0 := trε̃00 = trẼ0)

∂2
z

(
T0(ε̃01)

)
=M−1

(
1

3
φ′′(ẽ0)ẽ1I2−L (Ẽ0)−MT3 (∂zE0)−B1

)
, (4.40)

which is of the same form as equation (4.32) and has a unique solution

Ẽ1(z,x,t) =E1(z,x,t)+ C̃N1 (x,t). (4.41)

Let us compute the integral of the RHS of equation (4.22) from −∞ to +∞. By
expression (4.34), one has lim

z→±∞
E′0 = lim

z→±∞
E′′0 = 0, and hence integrating by parts yields∫ +∞

−∞

(
∂3
zE0 trε̃01−∂2

z ε̃
0
1∂z ẽ0

)
dz=V0 :=−

∫ +∞

−∞

(
∂2
zE0∂z trE1 +∂2

zE1∂z trE0

)
dz,

which is a known value by virtue of equations (4.33) and (4.41). Note that for simplicity
we have writen E′0(z) to mean ∂zE0(z,x,t). Then, the tangential projection of equation
(4.22) integrates as∫ +∞

−∞
T0 (µ̃1 +L (E0)+MT3 (∂zE0))∂z ẽ0dz=W0 :=T0 (MT0(V0)), (4.42)

which, recalling equation (4.39), implies that∫ +∞

−∞
−(T0 (L (E0(z)))+T0M3 (E′0(z)))∂z ẽ0dz+W0

=

∫ +∞

−∞
T0(B1)∂z ẽ0dz=T0(B1)〚ẽ0〛Σ =−e∗T0(B1), (4.43)

by virtue of equation (4.38), and where we have defined the operator T0M3 :=T0MT3.

First-order potential on the interface. Equation (4.16) yields T0M3(E′0) =

T0

(
MTH(E′0)

)
+T0

(
MT4(E′0)

)
, where we have defined the operators T0MH :=T0MTH

and T0M4 :=T0MT4. Hence the tangential part of the first-order potential µ̃1 writes by
equations (4.39) and (4.43) as

T0(µ̃1)(x,t) =T0(B1) = (SH(x,t)−Q0(x,t))e−1
∗ , x∈Σ, (4.44)

where the following tensors (depending on (x,t) and independent of z) have been intro-
duced:

SH :=

∫ +∞

−∞
T0

(
MTH

(
E
′

0(z)
))
∂z ẽ0dz, (4.45)

Q0 :=

(
W0−

∫ +∞

−∞

(
T0

(
MT4

(
E
′

0(z)
)

+T0 (L (E0(z)))
)
∂z ẽ0dz

))
. (4.46)

Now, observe that equations (4.24)b and (4.6) yield µ̃1(z,x,t) =µ1(x,t)+o(ε) as
z→±∞. Hence considering expression (4.44) on the interface, i.e., as ε→0, one has

T0(µ1)(x,t) = (SH(x,t)−Q0(x,t))e−1
∗ . (4.47)
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4.4. Time-evolution of the dislocation front. The front Σ is assumed to
be known at time t and its velocity ∂tΣ =V (x,t), where V is given in definition (4.28)
and is obtained by integrating equation (4.29)c from −∞ to +∞ and letting ε→0. By
virtue of equations (4.26) and (4.39), this yields

V 〚E0〛Σ =P0 +T0 ({∂Nµ1}Σ), (4.48)

where P0 :=
∫ +∞
−∞ incxµ̃0dz can be written componentwise by equations (4.23), (4.3)b

and (4.35) as

(P0)ij =

∫ +∞

−∞

1

3
(δij∆x−∂i∂j)φ′(ẽ0)dz. (4.49)

Thus, we need to compute the jump of ∂Nµ1 in equation (4.48). To this aim, the
asymptotic values of the far-field first-order potential µ1 are required. By equations
(4.8) and (4.10), one has

∂tε
0
0 =∂t∗ε

0
0 = 0 = incµ1, in Ω+∪Ω−, (4.50)

with the value of the potential on the interface given by equation (4.47), namely,{
T0(µ1) = (SH−Q0)e−1

∗ on Σ
T1(µ1) = 0 on Σ

.

Let H be a solution to
incincH = 0 in Ω+∪Ω−

T0(incH) = (SH−Q0)e−1
∗ on Σ

T1(incH) = 0 on Σ
H=T0(∂NH) = 0 on ∂Ω

. (4.51)

Then µ1 = incH+C for some compatible tensor C. Further, it is easy to see that
incHN = 0 on ∂Ω. Recalling equations (4.7) and (4.11)b, one has C=∇Su with u so-
lution of div∇Su= divµ1 = 1

3e
2
∗∇e1 + divL in Ω+∪Ω−, where e1 is solution of equation

(4.9) with (∇Su)N = 0 on Σ and (∇Su)N =µ1N =µN on ∂Ω. Moreover, by Theorems
2.1 and 2.4, the variational problem associated to (4.51) is

H= argmin
F∈H0(Ω)

{∫
Ω

(incF )2dx+e−1
∗

∫
Σ

(SH−Q0) ·∂NFdS(x)

}
.

Further, the front velocity V =∂tΣ depends on the jump at the interface of µ1 and
Ẽ0 and reads by equation (4.48) and definition (4.27),{

〚E0〛ΣV = P0 +T0 ({∂Nµ1}Σ)

Σ(0) = Σ0

, (4.52)

where µ1 = incH+C. Thus, 〚T0(E0)〛ΣV =T0(P0)+{∂NT0(µ1)}Σ. Taking the trace in
the latter, and integrating equation (4.19), the front velocity reads{

∂tΣ = 〚trTE0〛
−1
Σ (trTP0 +{∂N trTµ1}Σ) =−e−1

∗ (trTP0 +{∂N trTµ1}Σ)

Σ(0) = Σ0

, (4.53)
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Fig. 4.1. Observed microstructure with flat boundaries: defect cluster patterning into walls in
SCS irradiated with protons (left: from [51]). Polygonization in magnesium-oxide single crystals
(right: from [41])

with trTP0 := trP0−P0N ·N =
∫ +∞
−∞

(
1
3∆xφ

′(ẽ0)−∂2
Nφ
′(ẽ0)

)
dz.

Equations (4.51) and (4.53) constitute the global tensor-valued evolution system,
analogous to the Mullins–Sekerka law obtained for the classical scalar Cahn–Hilliard
equation [2, 11, 27]. Though, there exists a notable difference, namely that the right-
hand side of equation (4.51) is given by a term proportional to the total curvature
of the front, viz., SH (as in the Mullins–Sekerka law), plus a term, i.e., −Q0, that is
independent of the curvature. Hence µ1 will be nonzero even for flat interfaces (such as
polygonal regions or flat walls, see Figure 4.1).

Now, let us deduce a scalar equation from the tensor-valued system (4.51): taking
the traces of equations (4.51) a and b and recalling definition (2.6), one has by (4.4)
and (4.9) tr(incµ1) = ∆trµ1− divdivµ1 = 0 and trµ1 = trTµ1 +µ1N ·N . Thus,{

∆trµ1 = M in Ω+∪Ω−

trµ1 = m on Σ
, (4.54)

where M := 1
3e

2
∗∆e1 + divdivL and m :=e−1

∗ (trSH− trQ0)+ 1
3e

2
∗e1 +LN ·N , with e1 the

solution of equation (4.9) and recalling equation (4.11)b and the fact that divε000 = 0
in Ω implies that ε000N = 0 on Σ. The scalar system (4.53) and (4.54) is similar to the
classical Mullins–Sekerka law, the only difference being the terms on the right-hand side
of equation (4.54)b independent of the front curvature. In fact, one has a system where
the value of trµ1 is fixed on the interface, where in each phase one solves a Poisson
problem. Moreover the interface has a velocity ∂tΣ that depends on the jump of the
normal derivative of trTµ1 across the front, which we denote according to [27] as the
restricted Laplacian to Σ, i.e., ∆Σ(trµ1) :=−{∂N trµ1}Σ. In particular, equation (4.54)
may be rewritten as ∆trµ1 =M+∆ΣmδΣ. Let us emphasize that because of the terms
independent of the front curvature, the dynamics is more complex than gradient-flow
area minimization, as in classical scalar Cahn–Hilliard [27], and in particular makes it
possible to capture flat boundaries, which arrise in the actual crystals.

5. Concluding remark
This paper is a direct follow-up of the recent work [47] where a tensor version of

Cahn–Hilliard system was derived in the context of incompatible linearized elasticity.
Interpreting the trace of the incompatible strain as the density of point defects, in the
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present paper we propose a model for point defects collapse into dislocation loops in
single crystals as based on Cahn–Hilliard dynamics. Moreover, by means of asymptotic
analysis, we determine the front dynamics. In particular we obtain a tensor version of
Mullins–Sekerka law which allows for flat interfaces. As polygonization is an observed
phenomena in single crystals with dislocations, this feature is of particular interest.
The chosen asymptotic approach is required to determine the form of the equations,
though rigourous results may also be derived in future works. The proposed approach
is to the knowledge of the author the first macroscopic model to address the problem
where the incompatibility strain is the main model variable. Other approaches exist at
the macroscale as in [13, 16, 31, 42]. Further, alternative approaches are the atomistic
simulations, which are very promising but still have a huge computational cost and thus
are restricted to samples of limited size, see e.g., [19, 50]. It is yet an open question to
determine to what extend this model is acceptable for engineers and practicioners.
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[6] B. Bakó, E. Clouet, L.M. Dupuy, and M. Blétry, Dislocation dynamics simulations with climb:
kinetics of dislocation loop coarsening controlled by bulk diffusion, Phil. Mag., 91(23):3173–
3191, 2011.

[7] W. Bao and J.G. Liu, Dynamics in Models of Coarsening, Coagulation, Condensation and Quan-
tization, Lecture Notes Series, Institute for Mathematical Sciences, National University of
Singapore. World Scientific, 9, 2007.

[8] V. Berdichevsky, Continuum theory of dislocations revisited, Cont. Mech. Therm., 18(9):195–222,
2006.

[9] J. Bolik and W. von Wahl, Estimating ∇u in terms of div u, curl u, either (ν,u) or ν×u and
the topology, Math. Meth. Appl. Sci., 20(9):737–744, 1997.

[10] R.W. Cahn, Recrystallization of single crystals after plastic bending, J. Inst. Metals, 76:121, 1949.
[11] E.A. Carlen, M.C. Carvalho, and E. Orlandi, Approximate solutions of the Cahn–Hilliard equation

via corrections to the Mullins–Sekerka motion, Arch. Ration. Mech. Anal., 178(1):1–55, 2005.
[12] M.C. Delfour and J.P. Zolésio, Shapes and Geometries: Metrics, Analysis, Differential Calculus,

and Optimization, Second Edition, Advances in Design and Control, Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 4, 2001.

[13] A.I. Bashtova, I.O. Lysenko, D.O. Kharchenko, and O.M. Schokotova, A study of phase separation
processes in presence of dislocations in binary systems subjected to irradiation, Condensed
Matter Physics, 18(2), 2015.

[14] R.D. Doherty, Recrystallization and texture, Progress in Material Science, 42(1-4):39–58, 1997.
[15] B.L. Eyre and D.M. Maher, Neutron irradiation damage in molybdenum. part v. mecha-

nisms of vacancy and interstitial loop growth during post-irradiation annealing, Phil. Mag.,
24(190):767–797, 1971.

[16] S.P. Fitzgerald and Z. Yao, Shape of prismatic dislocation loops in anisotropic α-fe, Phil. Mag.,
9(89):581–588, 2009.

[17] F.A. Garner, N.H. Packan, and A.S. Kumar, Radiation-induced Changes in Microstructure: 13th
International Symposium (part I), ASTM Committee E-10 on Nuclear Technology, and Ap-
plications, ASTM, 289–314, 1987.

[18] J. Grabmaier, Silicon, Crystals, Springer Berlin Heidelberg, 2013.
[19] K. Gururaj, C. Robertson, and M. Fivel, Channel formation and multiplication in irradiated fcc

metals: a 3d dislocation dynamics investigation, Phil. Mag., 95(12):1368–1389, 2015.

http://www.crcnetbase.com/doi/10.1201/b14795-11
http://link.springer.com/article/10.1007/BF00375025
https://global.oup.com/academic/product/numerical-analysis-and-optimization-9780199205226?q=Numerical%20analysis%20and%20optimization.%20An%20introduction%20to%20mathematical%20modelling%20and%20numerical%20simulation%7D%2C%20Translation%20from%20the%20French%20by%20Alan%20Craig&lang=en&cc=cn
http://epubs.siam.org/doi/abs/10.1137/15M1020113
https://hal.archives-ouvertes.fr/hal-01372376
http://dx.doi.org/10.1080/14786435.2011.573815
http://dx.doi.org/10.1080/14786435.2011.573815
http://www.worldscientific.com/worldscibooks/10.1142/6525
http://link.springer.com/article/10.1007/s00161-006-0024-7
http://link.springer.com/article/10.1007/s00161-006-0024-7
https://www.researchgate.net/publication/229963618_Estimating_u_in_terms_of_divu_curlu_either_nu_or_nu_and_the_topology
http://link.springer.com/article/10.1007/s00205-005-0366-5
http://dx.doi.org/10.1137/1.9780898719826
http://adsabs.harvard.edu/cgi-bin/bib_query?arXiv:1506.03962
https://doi.org/10.1016/S0079-6425(97)00007-8
http://dx.doi.org/10.1080/14786437108217049
http://dx.doi.org/10.1080/09500830903199012
https://doi.org/10.1520/STP33826S
http://link.springer.com/book/10.1007/978-3-642-68175-2
http://dx.doi.org/10.1080/14786435.2015.1029560


NICOLAS VAN GOETHEM 1865

[20] P.B. Hirsch, J. Silcox, R.E. Smallman, and K.H. Westmacott, Dislocation loops in quenched
aluminium, Phil. Mag., 3(32):897–908, 1958.

[21] T. Hochrainer, Thermodynamically consistent continuum dislocation dynamics, J. Mech. Phys.
Solids, 88:12–22, 2016.

[22] T. Hochrainer and A. El-Azab, A sharp interface model for void growth in irradiated materials,
Phil. Mag., 95(9):948–972, 2015.
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