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METASTABLE DYNAMICS FOR HYPERBOLIC VARIATIONS OF
THE ALLEN-CAHN EQUATION*

RAFFAELE FOLINOT, CORRADO LATTANZIO!, AND CORRADO MASCIAS

Abstract. Metastable dynamics of a hyperbolic variation of the Allen—Cahn equation with homo-
geneous Neumann boundary conditions are considered. Using the “dynamical approach” proposed by
Carr—Pego [J. Carr and R.L. Pego, Comm. Pure Appl. Math., 42:523-576, 1989] and Fusco—Hale [G.
Fusco and J. Hale, J. Dynamics Diff. Egs., 1:75-94, 1989] to study slow-evolution of solutions in the
classic parabolic case, we prove existence and persistence of metastable patterns for an exponentially
long time. In particular, we show the existence of an “approximately invariant” N-dimensional manifold
M, for the hyperbolic Allen-Cahn equation: if the initial datum is in a tubular neighborhood of M,,
the solution remains in such neighborhood for an exponentially long time. Moreover, the solution has
N transition layers and the transition points move with exponentially small velocity. In addition, we
determine the explicit form of a system of ordinary differential equations describing the motion of the
transition layers and we analyze the differences with the corresponding motion valid for the parabolic
case.
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1. Introduction

1.1. Metastability in reaction-diffusion equations. Reaction-diffusion
equations are widely used to describe a variety of phenomena such as pattern formation
and front propagation in biological, chemical and physical systems. When the model
under study is characterized by the presence of competing equilibrium states, a crucial
question is to describe the interaction and the dynamics of space occupation by the
equilibria. A basic prototype is the Allen—Cahn equation, which has the form

up+L(u) =0 where L(u):=—e*Au+ f(u), (1.1)

and it has been originally proposed in [2] to describe the motion of antiphase boundaries
in iron alloys. Such an equation has an associated energy functional

/{552|vu|2+F(u)}dx,

where the potential F' is a primitive of f and integration in space is performed in the
domain under consideration. For the Allen—Cahn model, the function F' is assumed to
be a double-well potential with wells of equal depth. As a consequence, the reaction
function f has a cubic-type behavior with two stable and one unstable equilibria, usually
normalized as 1 and 0, respectively.
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In the absence of diffusion, viz. =0, the space variable z becomes an exter-
nal parameter and solutions generically converge pointwise to functions with values
in {—1,+1} with sharp transition layers generated at points where the initial datum
changes sign. For small € >0, if the initial datum is a small perturbation of a function
with values in {—1,41} with well-separated transition regions, diffusion determines in
a short time-scale a smoothed version of the original configuration and, on a longer
time-scale, layers interact giving rise to front motion. When the space variable is one-
dimensional, starting from [8, 10, 20], it has been shown that, as long as layers are
well-separated the interaction force is very weak and the consequent motion is very
slow. The meaning of weak/slow can be quantified more precisely, as discussed in what
follows. Postponing such details, in the regime £ — 07, the original configuration is
preserved for a long time and thus such behavior has been classified as metastability.

Many papers have been devoted to slow motion analysis for the Allen—Cahn equation
providing precise description of the relation between the size of the diffusivity € and the
time-scale of the dynamics. A complete list of references would be prohibitive. Here,
we only quote the analysis on generation, persistence and annihilation of metastable
patterns performed in [14]. A large class of different evolution PDEs, concerning many
different areas, exhibits the phenomenon of metastability. Without claiming to be com-
plete, we list some of the principal models that have been analyzed: scalar conserva-
tion laws [19, 31,32, 34, 38], the Cahn—Hilliard equation [1,3,4,7,36], Gierer-Meinhardt
and Gray—Scott systems [40], Keller-Segel chemotaxis models [16, 37], general gradi-
ent flows [35], high-order systems [30], gradient systems with equal depth multiple-well
potentials [5,6], Cahn—Morral systems [23], the Jin—Xin system [39].

The aforementioned bibliography is confined to one-dimensional models; however,
there is a vast literature of works about motion of interfaces in several space dimensions,
where the effect of the curvature of the interfaces turns out to be relevant for the dy-
namics. In particular, for the Allen-Cahn equation, we recall the works [9,13,15], where
it has been shown that steep interfaces are generated in a short time with subsequent
motion governed by mean curvature flow.

The present paper is devoted to the analysis of metastability in a hyperbolic frame-
work. Precisely, given € >0, 19 € (0,4+00], f:R—R and ¢g: R x (0,79) >R, we consider
here the hyperbolic Allen—Cahn equation

T+ g(u, 7)ug =2 Au— f(u). (1.2)

The function f is required to be the derivative of a double well potential F' with non-
degenerate minima of same depth, and the function g is assumed to be strictly positive,
uniformly with respect to u; namely, we assume

F(£1)=F'(£1)=0, F’(£1)>0, F(u)>0 for u#=+1, (1.3)
g(u,7)>¢cy>0 Yu, (1.4)

where the constant ¢, may depend on 7. The uniform positivity of g in (1.4) is crucial,
because it guarantees the dissipative nature of the model. If, in addition, g(u,7) — 1 as
7— 0, we formally recover equation (1.1) from equation (1.2) in the (singular) limit.
In the case g=1, equation (1.2) can be obtained by adding a nonlinear zero order
perturbation to the damped wave operator 797 +9; —e2A. For such a choice, many
studies have been devoted to the stability of fronts —mainly in one space dimension—
for bistable or monostable reaction term f (see [21] and references therein). Interface
formation has been analyzed in [25] in the singular limit € — 0 for space dimension equal
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to 2 or 3, showing that motion is governed by mean curvature flow, as is the case for
the corresponding parabolic model.

The choice of the hyperbolic variation (1.2) is motivated by the observation that
there are different ways for modeling transport mechanisms. The one at the base of
equation (1.1) is the classical Fourier law, originally proposed for heat conduction and
then extended to many other different fields, which prescribes the instantaneous propor-
tionality between the flux v of a quantity with “density” u and its gradient, v =—£2Vu.
Such choice has the advantage of providing a simple equation enjoying a number of
useful properties (smoothing effects, self-similarity, ... ), but, at the same time, it has a
number of drawbacks, the best known being the presence of infinite speed of propaga-
tion. Still in the framework of heat conduction modeling, following some ideas developed
by Maxwell in the context of kinetic theories, Cattaneo proposed in [12] a different law
for the heat flux v, based on the assumption that the equilibrium between flux and
gradient of the unknown is asymptotical with a time-scale measured by the relaxation
parameter 7 >0, that is

Tv,+v=—e2Vu (Maxwell-Cattaneo law) (1.5)

(an extensive discussion is reported in [27,28]). In the one-dimensional case, the diffusion
equation given by the law (1.5) has also a probabilistic interpretation, appearing in the
description of correlated random walks (see [22,29,41]) to be compared with the standard
random walk, which gives raise to the standard parabolic diffusion equation.

Criticisms to the application of the use of Fourier-type law have been given also in
modeling reaction-diffusion phenomena (see [24,26]). In the presence of a reaction term
described by the function f, application of the Maxwell-Cattaneo law gives

Tutt+{u+7'f(u)}t=82Au—f(u),

to be considered as a modification of the standard Allen—-Cahn equation when f satisfies
conditions (1.3) (see also [17], for different origins of the same equation). This equation
fits into equation (1.2) with the choice g(u,7):=1+7f'(u). We refer to this specific
model as the Allen—-Cahn equation with relaxation, reminiscent of the relaxation-type
law (1.5). Existence and nonlinear stability of traveling wave solutions for this equation
has been analyzed in detail in [33] for general bistable reaction terms in one space
dimension.

1.2. Presentation of the main result. This study is devoted to the one-
dimensional case, so that the hyperbolic Allen-Cahn equation reads as

TUtt +g(ua7—)ut +£(u) =0, (16)
corresponding to the parabolic Allen—Cahn equation
g+ L(u) =0, (1.7)

where £(u):=—%uy,+ f(u). Specifically, we are interested in the limiting behavior of
the solutions as € — 0 with the aim of extending the metastable dynamics for equation
(1.7) to the hyperbolic case (1.6) and focusing the attention on eventual differences.

n [18], adapting the energy approach proposed by Bronsard and Kohn [8] for the
parabolic equation (1.7), the first author has shown that, if the initial profile up has a
transition layer structure and the initial velocity vg is small, then the solution maintains
the transition layer structure on a time scale of order e~* with k arbitrary. The energy
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approach has also been applied to Cahn-Hilliard equation in [7]. Grant [23] improved
this method to prove exponentially slow motion for Cahn-Morral systems.

A different procedure, proposed by Carr—Pego in [10] and Fusco—Hale in [20], per-
mits to prove existence and persistence of metastable states for the Allen—Cahn Equation
(1.7) for a time proportional to e€/¢. This strategy provides also an explicit differential
equation for the dynamics of the transition layer positions (far from collapses). The
method is based on the construction of an N-dimensional base manifold M consisting
of functions which approximate metastable states with N transition layers. The man-
ifold is not invariant, but if the initial datum is in a small neighborhood of M, then
the solution remains near the manifold for a time proportional to e©/¢. Based on these
ideas, slow motion results have been proved for the Cahn-Hilliard equation by Alikakos
et al. [1] and by Bates and Xun [3,4]. In particular, the last ones use the same manifold
constructed in [10].

Here, we adapt the method of [10] to the hyperbolic Allen-Cahn equation (1.6)
embedding the base manifold M in an extended phase space determined by the presence
of the additional unknown v=w; as suggested by the first-order form of equation (1.6)
given by

{Tvt:—ﬁ(u)—g(u,T)v. (18)

System (1.8), considered here for t >0 and z € (0,1), is complemented with homogeneous
Neumann boundary conditions

Uz (0,8) = up(1,£) =0, £>0, (1.9)
and initial conditions
u(z,0)=ug(x), v(z,0)=vo(z), z€(0,1). (1.10)

The initial-boundary value problem (1.8)-(1.9)-(1.10) is globally well-posed for positive
times in H' x L2. In particular, if

(uo,v0) €D ={(u,v) € H*> x H" :u,(0) =u, (1) =0},

the solution (u,v) is classical and belongs to C'([0,00),D)NC* ([0,00), H! x L?) (among
others, see [18, Appendix A]). Then, our aim is to describe the dynamics of such a
globally defined solution, at least for a class of “well-prepared” initial data.

Under assumptions (1.3)—(1.4), the hyperbolic equation (1.6) supports traveling
wave solutions connecting the equilibria —1 and 1, i.e. solutions of the form w(z,t)=
®(x —ct) such that &(+oo)==+1, if and only if ¢=0. Indeed, substituting the traveling
wave ansatz in the equation, we obtain

(e2 = 21)®" 4+ cg(®,7)® — f(P) =0,

and thus, multiplying by ®' and integrating over R, we get
¢ [ 9(@r) (@ de=F(+1) - F(-1),
R

from which we deduce, under assumptions (1.3) and (1.4), that the velocity ¢ is zero.
With such choice, it is well-known that, up to translation, there is a unique solution to
the problem

52@”_]0((1)):0, P(x)—>+1 as xz— Foo. (1.11)
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Normalizing ® by adding the condition ®(0)=0, transitions layer from —1 to +1 (or
viceversa) are described by ®(£(z—Z)) for both equations (1.7) and (1.6).

Steady states ® are at the base of the construction of the base manifold M which
we sketch here (for precise definitions, see Section 2). Fix NeN and £>0. Given
a configuration h=(hq,...,hn) of N layer positions (with h; <h;y1), we construct a
function «® which approximates a metastable state with transition points at h1,...,hy,
by piecing together approximated versions of ®; that is, u"(z) ~ ®(z — h;) or ®(h; —z)
for x~h; (see Figure 1.1).

Y [ Y [ [ )

I Y WV

F1G. 1.1. Ezample of a function uM(z) with N =8.

Then, we consider the slow evolution of solutions when the transition points are
well separated one from the other and bounded away from the boundary points 0 and
1. For fixed (small) p>0, the admissible layer positions lie in the set

Qp::{hERN20<h1<"'<hN<1,hj+1—hj>€/p fOIj:O,...,]\/v}7

where hg:=—h1, hyy1:=2—hy and the base manifold is M:={u": he Q,}.
In what follows, we fix a minimal distance § >0 with § <1/N and we consider the
parameters € and p such that

0<e<eg and 5<;<— (1.12)

for some g9 >0 to be chosen appropriately small. In such a way, the parameters p and
€ have the same order of magnitude. All of the subsequent estimates depend on N and
d.

Denoted by (-,-) the inner product in L?(0,1), to restrict the attention to a neigh-
borhood of M, we introduce the decomposition u=u" 4w, where w are such that the
following orthogonality condition holds

(w, k) =0, for j=1,...,N, (1.13)
for some appropriate approximate tangent vectors kjh Then, setting
Hi:={we H?(0,1) : wy(0) =w, (1) =0, (w, kM) =0 for j=1,...,N},

we consider triples (h,w,v) in the set Q, x H% x L?(0,1) and the corresponding extended
base manifold

M, =M x {0} = {(u",0):u e M}.
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Next, we choose a tubular neighborhood of M: given I',p >0, we set
Z.,={(u,v): u=u"+w, (h,w,v)€Q,x Hy x L*(0,1), EMw,v] <TV(h)},

with the energy functional E™ and the barrier function ¥ defined by

1
EMw,v] = %/ {202 + f (u)w? da + 7||v]|* + e (w,v), (1.14)
0
al 2
U(h):=> (L(u™),k})", (1.15)
j=1
where || || is the L?—norm. Our main result states that the channel Z.  is invariant for

an exponentially long time if the parameters I' and p are appropriately)chosen. In other
words, the manifold M, is approximately invariant for the hyperbolic system (1.8).

THEOREM 1.1. Let f€C? and g(-,7) € C* with T € (0,79) be such that f=F' and prop-
erties (1.3)-(1.4) hold. Given N €N and § €(0,1/N), there exist To>T1>0 and g9 >0
(possibly depending on T) such that, if €,p satisfy conditions (1.12), T' € [I'1,T's] and the
initial datum satisfies

(uo,v0) E%Fm: {(uv)€Z,., heQ, and EMw,v]<T¥(h)},

then the solution (u,v) to the initial-boundary value problem (1.8)-(1.9)-(1.10) remains

in 2., for a time T. >0, and there exists C >0 (possibly depending on 7) such that for
any t€0,T¢]

2wl oo + w]| + 72 |[0]| < Cexp(—AL™/e), (1.16)

W[ <Cle/7)"exp(-Al"[e), (1.17)

where A:=/min{f’(-1),f'(1)}, (" :=min{h; —h;_1} and |-|_ denotes the mazimum
norm in RN. Moreover,

T. > O(r/e) /> (£"0) — ¢ p)exp(A5 ).

REMARK 1.1. It is worth to observe that in the above theorem, and in general in the
whole paper, 7 should be viewed as a fized parameter in (0,79), and, as clearly stated,
the constants may depend on it. However, we prefer to make the ratio /7 appear in
the estimates above because the constants may be chosen uniform with respect to 7 in
many cases, as for the relaxation limit 7— 0 from the hyperbolic equation (1.6) to the
parabolic Allen—Cahn equation (1.7), namely for g(u,7) — 1 as 7 — 0; the main examples
in this framework we have already introduced above are g=1 and g(u,7)=1+7f"(u).
More precisely, if g(u,7) — 1 as 7— 0 in any reasonable way and v is bounded, then (1.4)
implies 0 < ¢, < g(u,7) < C, with ¢, and C; independent from 7 in a (right) neighborhood
of zero. With this extra (uniform in 7) control at our disposal, one can follow the proofs
needed to obtain our main result and see that the only dependence in 7 in the bounds
for A’ and T is through the aforementioned ratio £/7, which can be used to study the
interplay between the two small parameters € and 7 while performing this relaxation
limit.

The strategy to prove Theorem 1.1 is the following. Firstly, plugging the decompo-
sition u=u" +w into system (1.8) and using conditions (1.13), we obtain an ODE-PDE
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coupled system describing the dynamics for (h,w,v), see system (3.6). Then, we show
that, if the solution (u,v) belongs to Z.. ,, the estimates (1.16) and (1.17) hold. Next, we
estimate the time 7. taken for the solution (u,v) to leave the channel Z. . The bound—
ary of Z,. is the union of two parts: the “ends where h € 02, meaning h —hj_1=¢/p
for some j and “sides” where £"[w,v]=TW¥(h). Using an energy estimate, we 1nfer that
the solution can leave Z. = only through the ends. Since, for estimate (1.17), the tran-
sition points move with exponentially small velocity, the solution (u,v) stays in the
channel for an exponentially long time.

As long as the solution (u,v) remains in the channel Z. , u is a function with
N transition layers. The estimate (1.17) ensures the slow motion of solutions and
gives a lower bound on the lifetime of the metastable states. In order to give further
information on the motion of the transition layers and an upper bound on such lifetime,
we study in detail an approximation of the equation for h, determined formally by the
requirement that u(xz,t) =u"®(z) is an exact solution. Such a requirement is expected
to be appropriate in the limit € —0. In this way, we obtain a system of ordinary
differential equations for A which does not depend on w and v and has the form

Th" + .k =P*(h), (1.18)

where v, :=9(-,7) and the (weighted) average g of the continuous function g is given by

&= II\FH /Fg

and P* is a function, depending on F. Equation (1.18) has to be compared with the
corresponding one for the parabolic case (1.7), which is h’ =P*(h). For the nonlinear
damped wave equation g=1, we have ~, =1, while for the Allen—-Cahn equation with
relaxation we obtain v, =147 f’. Since f’ is negative, the (physical relevant) relaxation
case exhibits smaller friction effects with respect to the damped one (details in Section
4).

System (1.18) has a unique equilibrium point (h¢,0) where h€ is the unique zero
of P*, that corresponds to the unique stationary solution u® of equation (1.6) with N
transition layers, normalized by the condition u(0) <0, without loss of generality. In
the parabolic case, h® is an unstable equilibrium point with N positive eigenvalues;
whereas, for the hyperbolic model, (h¢,0) is an unstable equilibrium point for system
(1.18) with N positive eigenvalues and N negative eigenvalues.

The rest of the paper is organized as follows. In Section 2 we give all the definitions,
preliminaries and the construction of the manifold M. Furthermore, we recall all the
results of Carr and Pego [10] needed to prove Theorem 1.1. Section 3 is devoted to the
derivation of the equation of motion for the triple (h,w,v) and to the proof of Theorem
1.1. In Section 4, we deduce the approximating equation for h, we prove that there
is a unique equilibrium point (h¢,0) and we study its stability. Finally, using singular
perturbation theory, we show that, for 7 small, if ¢ is uniformly bounded and g(u,7) — 1
a.e. as T — 0, the behavior of the solution to system (1.18) is the same of the parabolic
case (see Theorem 4.1).

2. Preliminaries
Following [10], we construct the base manifold and collect estimates that we will
use in the proof of our results. For fixed p >0, we recall the definition

={heRN:0<h < <hy<l, hj—hj_1>¢e/pforj=1,...N+1},
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where hg:=—h; and hy41:=2—hy. By construction, if p; < pa, then 2, CQ,,.

The idea is to associate to any h €}, a function ul =uM(x) which approximates a
metastable state with N transition points at hi,...,hxy by matching appropriate steady
states of equation (1.7). The collection of u® determines a N-dimensional manifold.
In order to describe the dynamics in a neighborhood of such manifold, the framework
has to be complemented with a projection which permits to separate the solution into
a component on the manifold and a corresponding remainder. For the Allen-Cahn
equation (1.7), two different constructions have been proposed in [10] and [20].

In [20], Fusco and Hale use functions ®(+(x—Z)) with ® the solution of problem
(1.11) previously defined, and set

Uh(a?)zq)((x—h])(—l)]+l), xe[hj71/2ahj+1/2]> j:17...7N7
where
hjt1y2:=3(hj+hjz1)  j=0,...,N,

(note that hy/o=0, hyy1/2=1). Hence, they obtain a manifold M* composed by
continuous functions U® with a piecewise continuous first order derivative that jumps
at hji1/2, 7=1,...,N—1. In particular, the elements of the manifold belong to H' and
not to H? (if N >1). In addition, they construct a tubular neighborhood of MF" with
coordinates (h,V) by setting

u=U"+V  with (V,U})=0 j=1,...,N,

where U Jh are the derivatives of U" with respect to h;. By construction, Ujh have disjoint
supports and Ujh(x) =—Ul(z) for all 2 € (hj_1/2,h;11/2). In [20], it is also conjectured
that equation (1.7) has an invariant manifold ME" near M and that this manifold
ME® is a graph over M*™. Fusco and Hale did not prove the existence of the invariant
manifold, but assuming existence, they calculated a first approximation for ME" and
for the differential equation for h describing the reduced flow. They also conjectured
that metastable states with IV transitions are associated with the unstable manifold of
stationary solutions of equation (1.7) having N layers.

Both conjectures have been proved in [11] using a different base manifold, previ-
ously constructed in [10]. The approach used by Carr and Pego is based on a different
choice and matching of steady states, which provides functions ©”, composing the base
manifold M“F, which are smooth in both z and h. The crucial difference with respect
to the Fusco—Hale approach, resides in the fact that, for £(u):=—&?uz, + f(u),

LUM=0 and LE"#A0  for axhy,
E(Uh)#o and E(uh):O for x=hjiq)9,

with major consequences on the location of £(u?) with respect to the tangent space to
M at uP, as will be clear in the following presentation.

In this paper, we follow the framework established by Carr and Pego adapting it to
the case of the hyperbolic Allen—Cahn Equation (1.6). Since the equation we consider
corresponds to the system (1.8), the dynamics is determined by an additional unknown,
the time derivative v =wu;, and thus the base manifold M°" has to be embedded in a
extended vector space. Here, taking advantage of the fact that we are looking for a
manifold that is only approximately invariant, we perform this extension in a trivial
way, considering the extended base manifold MS" := M" x {0}.

From now on, we drop the letters C'P in the symbol used for the manifolds.
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2.1. Carr—Pego base manifold. Given L >0, let ¢(-,L,+1) be the solution to

— e+ f(p) =0, o(—3L)=p(3L) =0, (2.1)

with ¢ >0in (—3L,3L), and let ¢(-,L,—1) be the solution to equation (2.1) with ¢ <0
in (—3L,3L). Observe that if ¢ satisfies equation (2.1), then

vz =2{F ()~ F((0))}. (2.2)
Using this formula, we can prove existence and uniqueness of the solutions ¢(-,L,=£1).

LEMMA 2.1. Let f=F', with F' a smooth function satisfying conditions (1.3). There
exists Lo>0 such that, if L> Lo, then the functions ¢(-,L,+1) are well-defined and,
denoting by

My (L) :=max|p(z,L,+1)| =|p(0,L,+1)|,
x

we have that ML is an increasing function of L and My (+o00)=1.

This lemma is consequence of the fact that £1 are absolute minima of F and
so, there exist periodic solutions of equation (2.2) oscillating around 0. Indeed, the
existence of such solutions is guaranteed if there exist My €(0,1) such that F((My)=
F(=M_), F/(My)#0 and F(s)>F(My) for all se(—M_,M,). This condition is
certainly satisfied if My are close to +1. Let us consider the positive case ¢(-,L,+1) and
M (L)=¢(0,L,+1). By integrating equation (2.2) in (—3L,0) and using the boundary
conditions in equation (2.1), we obtain

My ds
L:\/§/0 OBYINY (2.3)

The integral in equation (2.3) tends to infinity as My — 1~ and it is an increasing
function of M, for M, close to +1. Hence, for L sufficiently large, there exists a unique
M such that equation (2.3) is satisfied and so the function ¢(-,L,+1) is well-defined.
The negative case ¢(-,L,—1) and M_(L)=—¢(0,L,—1) is similar.

Now, given ¢>0, let us define ¢(z,l,£1):=¢(%,%,+1). By definition, it follows
that ¢(-,¢,+1) is the solution to

£(¢) = _52¢xz+f(¢) =0, gf)(—%f) = ¢(%€) =0, (24)

with ¢ >0 in (—3¢,4¢), and ¢(-,¢,—1) is the solution to equation (2.4) with ¢ <0 in
(—%ﬁ, %é) Moreover, the functions ¢(-,¢,%1) are well defined if £ > &Ly, they depend on
¢ and £ only through the ratio ¢/¢. Finally,

max|¢(-,¢,£1)| = M= ((/e) and max|¢, (-6, £1)| < Ce ™,

where C'>0 is a constant depending only on F. In particular, My tends to +1 as
e/f—0 (more details in Proposition 2.3).

For heQ, with p<1/Ly, we define the function uP with N transition points at
hi,...,hn by matching together steady states to equation (1.6) with layer distance equal
to ¢, using smooth cut-off functions. Given x:R—[0,1] a C*° function with x(x)=0
for x <—1 and x(x)=1 for z>1, set

x—hj

Xj(x)3X< . ) and ¢’ (z) 1:¢($*hj—1/2,hj*hj—l,(*l)j)-
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Then the function u" is given by the convex combination
=(1=x)) ¢+’ in Iji=[hj_1/2,hj11)0), (2.5)
and the base manifold for the equation (1.7) is defined as
M:={u"heQ,}.
If p>0 is sufficiently small and h €Q,, then u"(z)~® ((x—h;)(—1)77"') for z near h;

and u®(x) ~ £1 away from h; for j=1,...,N. Therefore, states u® on the base manifold
are well approximated near transition layers by U".

By definition, u” is a smooth function of 2 and h and enjoys the properties
u(0)=¢(0,2h1,~1) <0, u(hys172) =6 (0, hy1 —hy, (—1)711)
um(h;)=0, L(uM(z))=0 for [z —h;|>¢,

for any j=1,...,N. In what follows, we use the notation

P n

:ah].uh, Viul = (u?,...,uN),

and we denote the tangent space to M at u® by TM(u") :span{u;‘ :j=1,...,N}. At
this point, the natural idea would be to construct a tubular neighborhood of M, with
coordinates (h,w) where w is orthogonal to T M (u®). Since M is not invariant, there is
higher flexibility in the construction of its neighborhood and tubular co-ordinates near
M can be defined using approximate tangent vectors to M. For j=1,..., N, introduce
the cutoff function 77 given by

i — x—hj,1/2—€ 1— x—hj+1/2+€
v (x): X(E X\——— |

Then, the approximate tangent vectors k;‘ are defined by

kj’(a:)ZO for 1‘%[ §—1/25 J+1/2]’
kh(z):fu;’(z) for I’E[hj_l/2+2€,hj+1/2*2€}.

As above, we use the notation

=Op,k V, k= (K k).

1ga

The definition of the approximate tangent vectors is motivated by the relations
=0, u" =0, @ ((x—hy)(—1) 1) =(=1)9' ((x— hy)(—1) ') = —ul

for x€[hj_1/2,hj11/2]. In addition, the multiplication by the cutoff term ~J is remi-
niscent of the fact that the tangent space of M is spanned by U Jh that have disjoint
supports.

The following estimates will be useful in the sequel.
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ProPOSITION 2.1 (Carr—Pego [10]).  Let f=F" with F satisfying conditions (1.3).
Given Ne€N and §€(0,1/N), there exist £9,C,Ag>0, and a function w=w(s) with
w—0 as s—0" such that if € and p are chosen so that conditions (1.12) hold and
he$,, then

] oo+ 2R 4+ |RE]| L, <Cet,

Ao —w(p) <e2|ful]| < Ao +w(p),
Ag—w(p) <[k < Ao +w(p),
2 2
{Ao—w(p)}” <e(u}k}) <{Ao+w(p)}
for heQ, and j=1,...,N. Moreover, if j #1i, we have

[t K 2R+ IR, <w(p)e

RA

Heuristically, the exponent of ¢ can be obtained by replacing u;’ and k? with
—‘P/ ({,E — hj )
A function u near M may be written in terms of coordinates (h,w) as u=u" 4w,
with w satisfying the orthogonality condition (1.13). To state this result, let us set

By o= {uGLOO : hiné lu—uP, <O’},

S’p, {(h w) €N, x L : |lw|, <o, (w,k?)zO for j:l,...,N}.
PROPOSITION 2.2 (Carr—Pego [10]). There exist p1,p2,0,C >0 with p1 <p2 and a
smooth function H : B,, » —Q,, such that, whenever h="H(u), we have

(u—uh,kgl}:() for j=1,....N,
and
lu—u™||, SC’inf{Hu—ulHLx :1eQ,, } <Co.
Moreover, defining U : Spl)g — B,,.0 by setting
Uh,w):=uP+w and S, ,:=U(S,, ),

the function U is injective, (Hold)(h,w)=h for all (h,w)€S,, , and the set S, , is
open in L>(0,1).

In the last statement, constants p1,p2,0,C can be chosen independent on e.

2.2. Energy functional £ and barrier function . As stated in the
introduction, the neighborhood Z. = of the extended base manifold M, is defined in
terms of the energy functional E® and the barrier function ¥, see deﬁnltlons (1.14) and
(1.15). The positivity of the first term in £€® holds for p small and w satisfying the
orthogonality condition (1.13).

THEOREM 2.1 (Carr—Pego [10]). Let f=F', with F satisfying conditions (1.3).
Given N €N and § €(0,1/N), there exist £9,A>0, such that if € and p are chosen so
that conditions (1.12) hold and h €, then

1
A/ {52w3+w2}dm</ {52w2+f 2}d917
0



2066 METASTABILITY FOR HYPERBOLIC ALLEN-CAHN EQUATIONS

for any we H(0,1) satisfying (w,k?) =0 for j=1,...,N.
Given h€(2,, we consider the operator LP linearization of £(u) about u®, i.e.
LMy = —2w,, + ' (u™)w. (2.6)

If we H? and w,(0) =w,(1) =0, integrating by parts, we infer

(w, L"w) / {202+ f' (u)w? }da.
Hence, in this case, the energy functional can be written as
Eh[wm]:%(w,thy)+%T|\v||2+57<w,v), (2.7)
and from Theorem 2.1 it follows that
Alw|? < (w, LMw). (2.8)

Moreover, let @9 €[0,1] be such that |w(z2)|=|lw|| -~ and let z; €[0,1] be such that
|w(z1)| =min{|w(x)|:2€[0,1]}. Assume without loss of generality xo >x; (otherwise
replace w(x) by w(l—x)). We have

Ew(x2)2_5w(x1)2:/x2 25w(m)wx(x)dx</01{52w§+w2}dx,

Z1

and so,
1
ellw|? ., <ew(w1)? / {e? w2+w2}dx§(1+s)/ {e*w2 +w?}.
0

By applying Theorem 2.1 and taking into account the latter bound with € <1, we deduce
also the estimate

el /{52w2+f Jw?}di = (w, Lw). (2.9)

In order to provide representations of the barrier ¥, given in definition (1.15), we intro-
duce some auxiliary functions. Since ¢(0,¢,+1) depends only on the ratio r=¢/¢, we
can define

ax(r):=F(¢(0,£,£1)), B (r):==1F6(0,{,£1).

By definition, ¢(0,¢,%£1) is close to +1 or —1 and so, a4 (r),B+(r) are close to 0. The
next result characterizes the leading terms in a4 and B+ as r—0.

PROPOSITION 2.3 (Carr—Pego [10]). Let F' be such that conditions (1.3) hold and set
A% :=F"(£1). There exists ro, K+ >0 such that if 0 <r <rg, then
ay(r)= %KiAQi exp(—Ai/r) {1 +0 (7"71 exp(—Ai/Zr)) },
Bi(r)=Kyexp(—Ai/2r){1+0 (7’_1 exp(—A4/2r))},
with corresponding asymptotic formulae for the derivatives of a+ and B+.

Explicit expressions of K1 in terms of F' can be found in [10].
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For j=0,...,N, we set
&
Jj+1/2- hj+1—hj’
and
W12 ay(rjriy2)  Jodd, Itz Bi(rjs1/2)  Jodd,
o (Tj+1/2) J even, ﬁ—(rj_i'_l/Q) J even,
For h €}, since
L(u™(x))=0 iflg—hj;|>e,
k;l(x):fu’;(x) iflg—hj| <e,

direct integration gives
hit+e , ,
e )= [, f b dr =02 a2
hj—e
Thus, the barrier function ¥, defined in (1.15), can be written as

N
U(h)=Y (ol 12 —alt1/2)?, (2.10)
j=1
The next statement collects some estimates we will use later on.

PROPOSITION 2.4.  Let f=F', with F satisfying conditions (1.3). Given N €N and
0€(0,1/N), there exist €9,C >0, such that if € and p are chosen so that conditions
(1.12) hold and heQ,, then

N

| L(uM)|| < Cel/? Z|aj+1/2 - aj_1/2| < Cel2exp(—Alh /e), (2.11)
j=1

LMl < Ce™ /P max{a’ /%, a7 T2} < Ce™ /2 exp(— Al [e), (2.12)

where (" :=min{h; —h;_1:j=1,...,N+1} and A:=minA.

Here, we give only an idea of the proofs, the complete ones can be found in [10]
for inequality (2.11) and in [11] for inequality (2.12). Recalling the definition (2.5), for
x €l;, we have

L) =" (¢ =7 1) 4255 (61 - 911) = G, (2.13)
where the remainder G is given by
G=(1=xX) f(@)+ X f(@) = F((1=x)¢" +x7¢").
Using the Lagrange interpolation formula,
d 1

G‘(W“W)z{(lxj)/ox Sf”(e)ds+Xj/X

J

<1s>f"<e>ds},
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with 0(s)=(1—s)¢’ (x)+s¢?T1(x). It can be shown (see [10, Lemma 8.2]) that there
exist C'>0 such that for x € [h; —¢,h;+¢], je{1,...,N}, we have

|67 (@)~ 7 (@) +e[@h () — 41 (@) < Clad V2012 24)

provided r;,7;41 <79 and r¢ is sufficiently small. Using these estimates, the fact that
L(uh(2))=0 if |z —h;|>e and that the m-th derivative of €™/ is uniformly bounded
(independently on ¢), we obtain

£ (" (2)] SC"aHl/Q —aj—l/ﬂ for z€1;.

Then, the L%-bound (2.11) follows since £(u") has support of length 2¢ in I;. The
estimate (2.12) is obtained in a similar way, by differentiating equation (2.13) with
respect to h.

3. Dynamics near the base manifold

In this section we study the dynamics of equation (1.8)-(1.9) in a neighborhood
of M, using the decomposition u=u"+w and deriving the system of equations for
(h,w,v). Such description will be used to prove Theorem 1.1.

3.1. Equations for the motion. Let (u,v) be a classical solution of equation
(1.8)-(1.9), with w lying in the tubular neighborhood S, , for ¢t € [0,7] with T'>0. Let
h(t)=H(u(-,t)) and w(z,t)=u(z,t)—uP?, where u® is defined by (2.5). We recall
that u(-,t) €S, , for t €[0,T] means that h(t) €Q,, w(-,t) € H3 and ||w(-,t)|| . <o for
t€[0,T]. Moreover, v(-,t) € L*(0,1) for t€[0,T.

From system (1.8) it follows that the pair (w,v) satisfies

wy=v—Vpul-h,
Tvp = —L(uP? +w) — g(uP +w,T)v,

where - denotes the inner product in RY. Expanding, we get
1
L(uM +w)=L(u")+ LM — fow?, where  fa ::/ (1—s)f"(ul + sw)ds,
0

and L" is the differential operator of definition (2.6).
Differentiating with respect to ¢ the orthogonality condition (1.13), we obtain

Z{ (u k) = (w, k) YR = (v k), i=1,....N. (3.2)

71]

Using the notation

Dlj(h) = <u kh>7 ‘Dij(h’vw) <U) kh> Y;(h,’l)) = <U7kzh>v

3o 2 Vi
equation (3.2) becomes
{D(h)— D(h,w)}W =Y (h,v). (3.3)
From equations (3.1) and (3.3), we obtain the ODE-PDE coupled system
wy=v—Vxut-n,

vt:—E( Ry — LPw+ fow? — g(uP +w,7)v,
{D( D(h,w }h' Y (h,v).



RAFFAELE FOLINO, CORRADO LATTANZIO AND CORRADO MASCIA 2069

The matrix D(h) is diagonally dominant, because, for any n € (0,1) there exists pg >0
such that if p < pg, then

h)*Z‘Dij(h uzvk? Z| ujvkzh
J#i j#i
>{(Ado—w(p)) —(N=Dw(p)}e ' >ndde™",  (3.4)

thanks to Proposition 2.1. Also, for a known property of inverses of diagonally dominant
matrices (see [42]), D(h) is invertible and it holds

ID7H (Rl <0~ ' Ag?e,

where ||-]|., denotes the operator norm induced by the norm |-|_. In Section 4, it is
determined the explicit expression for the principal term in the expansion of the inverse
D7 (h) as e —0.

The invertibility of the matrix D(h)—D(h,w) descends from the smallness of
D(h,w) for w—0 and inequality (3.4). Indeed, for (h,w) eSp,m applying Proposition
2.1, we infer

> 1Dihyw)| < ol { UKL, + D IR, }
J

Jj#i
<o{C+(V-Dw(p)}e ™,

and thus

Dii(h) = Dyi(h,w) =Y |Dij(h) = Dij(h,w)| =n Aje ™" o {C+ (N~ Dw(p) .
J#i

Therefore, the matrix D — D is invertible for p and o sufficiently small and
- -1 _
I{D(R) = D(h,w)} |l <2045 (3.5)

Applying {D(h)—ﬁ(h,w)}f1 in the equation for h, we obtain the final form of the
system
wy=v—Vyut-n,
Tvp = —L(uP) — LrPw+ fow? — g(uP +w,1)v, (3.6)
W ={D(h)—D(h,w)} 'Y (h,v).
The proof of our main result consists in providing estimates for the solutions to system
(3.6).

3.2. Proof of the main result. To start with, we observe that if (h,w) 63,),0
for p,o small then there exists C'> 0 such that

\h|_ <2nAy2%e|Y (k)| <Ce? ||, (3.7)

using inequality (3.5) and the third estimate in Proposition 2.1.
In order to prove Theorem 1.1, we restrict the attention to the set

Z. ={(hw,v) €Q,x Hy x L*(0,1) : EMw,v] <TV(h)}.
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The aim of the next result is twofold. Firstly, it states that if the triple (h,w,v) belongs
to ZAFYP then the bound on (w,v) stated in Theorem 1.1, estimate (1.16), holds true.
Secondly, assuming in addition that (h,w,v) is a solution to system (3.6), then also the
bound on A’ in Theorem 1.1, estimate (1.17), is valid.

PROPOSITION 3.1.  Let F€C® be such that conditions (1.3) hold and g(-,7)€C*.
Given N €N and 6€(0,1/N), there exist €9,C >0, such that for € and p satisfying
conditions (1.12),

(i) if (h,w,v)eéryp, then
ghelw]? .+ rlol* < EMw,v],
FAwl|* + g 7lv]? < ERfw, ], (3.8)
EMw,v] < CTexp(—2A40" J¢),
where A is the positive constant introduced in Theorem 2.1;
(i1) if (h,w,v) Eénp is a solution of system (3.6) for t€[0,T], then
B[ <C(e/7)"/*exp(— A" [e). (3.9)
Proof. Let us prove the first inequality in (3.8). Using Young’s inequality, we have
el(w,v)] < [|w]® + g [[vl|* <e?wlf? . + 50l
and so, recalling the expression for the energy " given in equation (2.7),
EMw,v) > 5w, L w) + g7 [v]|* — 7 |wl|? . .
Using estimate (2.9), we obtain, for ¢ <A/87,
E"fw,0] > (AA—er)eluwl?.. +3rlv]? 2 EAclwl2.. + o]
Moreover, from (2.8), for ¢2 < A/47 one has
EMw,v] = (A =27 [lwl]|* + 7ol = FAlwl|* + Frllv]%,

concluding the first two inequalities of (3.8). The upper bound for £*[w,v] follows
from the definition of ZAF’[J7 the expression of the barrier ¥ given in equation (2.10) and
Proposition 2.3.

To prove part (ii), using the inequalities (3.8), we deduce the estimate

[w]l e <Ce™'2exp(—Al" [e) < Ce™ P exp(~Ab/e) =0

since, by definition and conditions (1.12), ¢* > g/p>d. Hence, for ¢ sufficiently small,
both p and ¢ are small, and thus, for (h,w)€S, ,, estimate (3.7) holds. Therefore,

if (h,w,v) eér,w then (h,w) GSP,U and the estimate (3.9) is obtained by applying the
inequalities (3.8) in inequality (3.7). d

Now, we estimate the time 7" taken for the solution (u,v) to leave Z. . To do this,
we study the system (3.6) in the set Zg'np by using energy estimates.

PROPOSITION 3.2. Let FeC? and g(-,7)€C! be such that conditions (1.3) and
(1.4) hold. Given N €N and 6 €(0,1/N), there exist [y >T'1 >0 and €0 >0 such that
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if T e[l',Ts], e,p satisfy conditions (1.12) and (h,w,v)eénp is a solution of system
(3.6) for t€[0,T], then for some ne (0,1), we have

%{Eh[w,v] —TVU(h)} <—ne{&Mw,v]-TT(h)}  for te[0,T). (3.10)

Proof. 1In all the proof, symbols C,¢,n denote generic positive constants, indepen-
dent on ¢, and with n € (0,1). Let us recall that, if (h,w,v) is a solution to system (3.6),
then

w;=v—Vpu-n, Ty =—L(u") = LPw + fow?* — g(u® +w,7)v.
Direct differentiation and the self-adjointness of the operator L give

afatert)

(we, LPw) + 3 (w, f" (u™) (Vau" - h')w)

(v, L"w) — (Vpu™ - b, LPw) + L (w, ' (™) (Viu" - B )w)
(v, L"w) — (L"Vpul B w) + 2w, 7 (™) (Viu" - R )w).

Using the Cauchy—Schwarz inequality and the estimates in Proposition 2.4 and 2.1, we
infer

d

T L0} < 0,20+ O3 (LR |+ e ) 1B
J

< (v, LM"w) + Ce™ V2 (exp(— A8 /e) +e7 /2 ||wl]) [R| . | w]]-
For (h,w,v) Géw, applying inequalities (3.7), (3.8) and using Young’s inequality, we
get

% { 3w, Lhw) } < (v, Lhw) +C (exp(— A /e) +& /2 Jw])) o]

< (v, LMw)+ Cexp(—2A46/e) (1+&'T) ||w||® +n|jv|>.
For what concerns the second term in the energy £, it holds
i{%7'||v||2} = (tv,0) = (=L (u™) = LPw+ fow?® — g(u™ +w,7)v,v)
("
(Lhw,v>+C||w||i

< —(L™w,0) + || L(u™)|[[o]|+Clwl| . [[w]l o]l = g0l
<- Nl = (eg =m)[ol|* +C| L (u™)[|.
Finally, the time derivative of the scalar product (w,7v) can be bounded by

%(wn‘v) = (v—Vpu" W 70) + (w,—L(u") — LPw+ fow? — g(u" +w,7)v)

< —(w, L"w) + C(e+||wl| oo ) |w]|* + (7 +m ) [v]|* + Cre ™2 |R| oo 10|
e L (um)|?
< —(w, L"w) + O (e +[wl| poo ) [[w]|® + (C+ne™[v]* +-e~HIL(u™)|I?,
where, in particular, the inequalities
(w, £(u")) < gelw]|* + 3L (™),
(w,g(u" +w,7)v) < Cel|w||* +ne™*v]|?



2072 METASTABILITY FOR HYPERBOLIC ALLEN-CAHN EQUATIONS

have been used. Collecting the estimates for the three terms composing £?, we deduce

- < —e(w, L*w) — ey — Ce = 3n]|v|®
+C{exp(—240/e) (1+e7'T) +e(e+|[[wl oo ) Hlw]* + (C+ D L") |12
< —e(w, L"w) + Ce{Texp(—c/e) +e}|[w|]* —ney||o]* + Ol L)%,
for £ and 7 small. Thus, from inequality (2.8) and
| £(u")||?> <CeW(h) < Ceexp(—2AL7 /¢), (3.11)
it follows that

der

T —e{1-C(Texp(—c/e)+e) Hw, LPw) —ney||v]|> + CeW.

Hence, for € € (0,¢¢), with g9 small (and dependent on I'), we deduce the bound
1-C(Texp(—c/e)+¢€) >n.

Substituting, we infer

der h 2
7S < —ne(w,L"w) —ney||v||*+Ce¥

<—neEh — %ne(w,L’”w) +77527'<w,v> fn(cg - %57’) ||vH2 +CeV
—neEh —Ine(1—Cer)(w,L"w) —n(cy — Cet)||v||* + CeT,

IN |

again from inequality (2.8). Finally, for ¢ sufficiently small, we obtain

deh h 9
Wg—neé' —negllv||*+Cel. (3.12)

Direct differentiation gives

N
ot :ZZ<E(“h)a’f?>{<ﬁ(uh),th?~h’> - <thhuh.h',k;?>}_

<.
Il
—

Using the estimates provided by Proposition 2.1 and by inequalities (2.12) and (3.7),
we deduce

N
(L), Yk} RO < W L™ IR < Cemt ™)l
i=1

N
(LA B ) <RI KT I L ult ]| < Cexp(—¢/e)|o]),
i=1

thus, observing that [(£(u"), k)| < Ce=Y2||L(uM)]|, we infer the bound

‘(gf <OV {7 L(uh)| +exp(—c/e) } LM [o].
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Using the inequality (3.11), we obtain
av 172 5q,1/2 1/2
FE <CTe {2 +exp(—c/e) Hv||®

<pllv)2+CT2%e W% 4 exp(—c/e) } 0.

Hence, observing that ¥ < C’eXp(—c/E)7 we end up with
dv 9 9
FE <n||v]|*+CTexp(—c/e) . (3.13)

Combining inequalities (3.12) and (3.13), we obtain that if (h,w,v) GZAFYP is a solution
of system (3.6), then

d
%{Sh[w,v] ~TU(h)} <—ne€l+C(e+T?exp(—c/e)) T,
for some 1€ (0,1). Therefore the estimate (3.10) follows from

Cexp(—c/e)['? —nel'+Ce <0,

and the latter is verified for I' € [I';,T'5], provided € € (0,g0) with e sufficiently small so
that n%c —4C?exp(—c/e) > 0. ad

Now, we have all the tools needed to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Let (ug,vg) E%F,p and let (u,v) be the solution of
problem (1.8)-(1.9)-(1.10). Assume that (u,v) € Z,. , for t € [0,7.], where T. is maximal.
Then, u=u"+w and (h,w,v) eéw solves the system (3.6) for t €[0,7;]. Let us apply
Proposition 3.2; from estimate (3.10), it follows that

%{exp(nst)(é‘h[w,v] —rur)b<o. el
and so,
exp(net) (€7 w,v] — W (R)}(8) < {E"w,v] - TT(R)}O) <0,  te[0,TL].

Therefore, the solution (u,v) remains in the channel Z,. ~while h€Q, and if T. <400
is maximal, then h(T;) € 0Q,, that is

hi(T:)—hj—1(T2)=¢/p for some j. (3.14)

For Proposition 3.1, in the channel the solution satisfies inequalities (1.16) and (1.17).
In particular, the transition points move with exponentially small velocity. This implies
that (u,v) remains in the channel for an exponentially long time. Indeed, from inequality
(1.17) it follows that for all t € [0,7T;], one has

hj () — 1, (0)] < C(e/7) *exp(— A" /&)t for any j=1,...,N, (3.15)

where 7() is the minimum distance between layers at the time t. Combining the results
(3.14) and (3.15), we obtain

g/p>t"0 _2C(e/7)*exp(—A/p)T..
Hence, using conditions (1.12) we have
T.>C (M —¢/p)(e/7) " exp(A/p) > C (MO —&/p) (e/7) "/ ? exp(Ad e),

and the proof is complete. ]



2074 METASTABILITY FOR HYPERBOLIC ALLEN-CAHN EQUATIONS

4. Reduced dynamics on the base manifold

In the previous section, we derived the equation (3.3) for the motion of the transition
points and, by studying the ODE-PDE coupled system (3.6), we obtained the estimate
(3.9) for the velocity of the transitions. In this section, we derive an ordinary differential
equation approximating the equation for h to obtain further information on the motion
of the transition points and analyze the differences with the parabolic case (1.7).

4.1. Derivation of the reduced system. Since w is very small, we use the
approximation w=0 in equation (3.2) and then

N
> (kb= (k). j=1,...,N. (4.1)

i=1

In order to eliminate v, let us differentiate and multiply by 7 equation (4.1). We have

T Z ult .k ))hi h’+72 ult kMR

i,0=1

=—<£(uh),k§‘>—< (ul, Tvk:h —|—7'Z v,k j=1,...,N.
Using the approximation v=V,u®?-h, we obtain

TZ ult,k ))hi h’+72 ult k)R

i,0=1

17]
i=1 i,l=1

N
= Z ul m)ul k) h’—I—TZ ul,k Yhih), j=1,...,N.

Let us denote by VZu® the Hessian of u” with respect to h and by ¢(§):= Z ulg€;
il=1
the quadratic form associated to Vi u™. Simplifying, we get

N
T (ul k) h”+z (uP, T)ul KMVR+ 7 (g(R), k) = —(L(uP), kM), (4.2)
i=1

for j=1,...,N. If u"®)(z) is a solution of the hyperbolic Allen-Cahn Equation (1.6),
h(t) satisfies equation (4.2). Observe that with respect to the parabolic case, besides
the coefficient g(u”,7) which is in general different from 1, there are two new terms: the
term involving h! and the one involving the quadratic form associated to the Hessian
of u". By inverting the matrix D;;(h)={ ;‘7kzh>, introduced in Section 3, we rewrite
equation (4.2) as follows:

Th” +G(h)h' +7Q(h,h) =P(h), (4.3)

where
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and
Pi(h):==> D' (h)(L(u"), k).

Now we want to identify the leading terms in equation (4.3), having in mind the esti-
mates for k;‘, u? and their derivatives; namely we shall rewrite G, Q and P by neglecting
the exponentially small remainders in the asymptotic expansion for € — 0.

As proven by Carr and Pego [10, Corollary 3.6], defining

1
Doo::/ vV2F(s)ds and P;‘(h)::—5D§J<E(uh),k§b>ZED;Ol(ajH/Q—Ozj*l/Q),
-1

there exists C' >0 such that if p is sufficiently small and h € Q,, we have
[P(h)=P*(h)|., <C|P*(h)|. exp(—Al"/2¢), (4.4)

where [P(h)|., =max|P;(h)|. Since ai~1/2=F(¢7)—1e2(41)° = F(¢7 (h;_12)), it fol-
lows that P;(h) depends essentially on the differences between values of the potential
F(¢).

Similar result holds for the matrix G(h), namely for the scalar products
(g(uh,T)u?,k;L>, thus generalizing the aforementioned result to the case g£1. To this
end, we recall the following result (see [10, Lemmas 7.8-7.9-8.1]).

LEMMA 4.1 (Carr—Pego [10]). The interval [hj_1 —,hj11+¢] contains the support of

u;‘ and

i1y r€l;_q,

w_ ] =0) (=0 +19) 0 (8 )

Uy = +Xfc(¢j_¢j+l) relj,
—(1—x? i+t r€lj4,

where V7 (x) :==v(x—hj_1/2,hj —hj_1,(—1)7) for x € I; and there exists 1o >0 such that,
for0<r<ry,

lv(x,0,+1)| <Ce™Be(r), forze[-£—e t+e]. (4.5)

In order to compute u;‘ =0, u®, one needs to obtain an expression for ¢,. Since

¢ solution of equation (2.4) depends on ¢ through its boundary value, the latter can
be obtained by differentiating the integrated version of that equation with respect to ¢,
that is, the e-rescaled version of equation (2.2). Finally, for x € [—¢,¢], we end up with

do(x, 0, +1)=v(x,l,£1)— %(sgn )y (x,0,+1),
and v is an even function of z satisfying
€2V;vw:f/(¢)ya for $€[07£];

see [10, Lemma 7.8] for details.
From inequality (4.5), it follows that

‘Vj($)|§05_15j_1/27 for z€[hj1 —e h;+e],
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and so, for z € [hj_1—¢,hjt1+¢],
|(1—= x|+ |} < CePmax {712, g7HY/2} < Ce texp(— A" /26).  (4.6)
Note that, for « € I;, one has
wy =(1=x")¢% +x ¢ + x50 = ¢7) and uf = —ul + (1—x)p! =XV (A7)
Thanks to Lemma 4.1, we can prove the following proposition.

PROPOSITION 4.1. Let F € C® be such that conditions (1.3) hold and g€ C*(R). Set

Crg:= /_1 V2F(s)g(s)ds.

If p is sufficiently small and h €S2, then there exists C >0 such that, for j=1,...,N,

‘(g(uh)u?,kjh> —5_1CF7g| <Ce ! max{ﬂj_l/g,ﬁj"’lm} < Ca_lexp(—Aﬁh/Ze), (4.8)
|<g(uh)u?,k§b_~_1> | + | <g(uh)u?+1,k§‘>| < C’Eilﬂj+1/2 < Csflexp(fAéh/Zs), (4.9)
(g(u)ult k) =0 if |j—i| > 1. (4.10)

Proof.  Firstly, we recall that k;’ is supported in I;. Since the support of uS‘ is
contained in [hj_1 —¢,hj11 +¢], we have equation (4.10). From Lemma 4.1, it follows

that [uf ()| < Ce ' B7T/2 for x € I; and |u?(x)| < Ce™BI+1/2 for x € I; 1. Then,

|<9(“h)uz}vk?+1>|+ |<9(“h)“?+17k?>| §C5_15j+1/2 (/I |kgh|+/ |k;1+1|> .
J +1

I

h

However, u,

is of one sign in I, thus [} \k;’| < C and we obtain inequality (4.9). Tt
J

remains to prove inequality (4.8). To do this, for z€;, we write u?:yl +yo and

k;l =y1 +ys, where

y1=—(1=x), x5,
Yo =5 (¢ =)+ (LX) =,
ys= (1= )ul = x5 (& —¢7).
Then,
hy, h Lh haviz o 2
(g(u )ujvkj>:/h g(u™ (@) {y1(2)* +y1(x) (y2(2) +ys(2)) +y2(2)ys(z) }do.
j—1/2
From definition (2.5) and the definition of y, it follows that
hjti/2 hj oy hjti/2 . o
[ smrae= [ g @ des [ e 6 s,
hj_1/2 hj_1/2 h;
where

hj+e h; hse
E:A : Q(uh)yfda:—/ 9(¢J)(¢;)2dx_/ + g(¢j+1)(¢ﬂw—+1)2dx.

j—¢€ hj—s hj
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By writing y1 =7 (¢} — ¢,7) = ¢} = (1 —x7)(¢17" = ¢}) — &1, we get
hj+8

hj . - . .
B[ {oa)— g} s [ {glu) ~g(oT ) (6 Pt R
h

=€ h;

Using inequality (2.14) and the estimate |¢| < Ce™!, we deduce that R satisfies

h; ) ) ) hj+e ) ) .
|R|§C</ o(uM) |62+ — 6h |+ / g (uP)| |6 — |

hj*E hj

thréI ) ) ) )
+ /h g(uh)¢;+l¢;|2dz) < Ce'max{a/"V/%, a7/},

j—¢€

Moreover, for inequality (2.14) we have

h;
<[ ph-olenrds

h].,s

hj ) )
/h {9(u) — g(¢)} (1) 2de

j—€

h;
SC’e*Q/ ’ V| =gl < Ce Vol V2 —adt1/2),
h

j €

Similarly, we can estimate the other term and obtain |E| < Ce™'max{a’/~1/2,a/+1/2},
Let us now compute

h; o
[ st
hj_1/2
the other remaining term in equatio (4.11) is evaluated similarly. To do this, we observe
that since ¢7(z) =d(x—hj_1/2,h; —hj_1,(—1)7) and ¢(z,¢,£1) is solution of equation
(2.4), positive or negative respectively, we have

(@1)* =2(F(¢") =71/, (4.12)

where o/ =12 =F(¢?(h;_1/2)). In what follows, we are considering the case ¢’(z) <0
in [h;_1/2,h;] (i.e. j odd); treatment of ¢(x —h;_1/2,hj —h;_1,+1) is similar. By using
equation (4.12) and changing variable, we obtain

-/ Y o)) = / gy aFG) a2

i-1/2 @3 (hj—1/2)

0 0

- / o(s)/2F () ds + / o(s)V/2F (s)ds
¢I(hj_1/2) ¢I(hj_1/2)

0 @7 (hj_12)

:/ g(s)\/QF(s)ds—/ g(8)\V/2F (s)ds
—1 —1
0 j—1/2
2 o 9(s)

¢ (hj—1/2) \/F(S) —ad—1/2 4 \/F(S)

Since F(s) >a’~1/2 for ¢j(hj,1/2) <s<0and F(s)<a?~/2 for -1 §s§¢j(hj,1/2), we
have

¢ (hj_1/2) 0 Ozj_l/Qg(s)
g(s)\/2F (s)ds+V2 . ds
/) A $1(y-1y2) VE(3) —ad P4+ JF(5)
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<CVai-1/2<Cpi=1/2,

Then, we can conclude that

hjtay2 ; ;
/ g(uh)yfdmfsflCEg SC’sflmax{,Bﬁl/z,ﬂJ“/z}.
h

j—1/2

Moreover, from inequalities (2.14) and (4.6), it follows that for x € [h;_q/2,hj11/2] We
have

[y < Ce™ max {7712, B2y <[(1—o7)ult |+ CeHad T2 —ad T2,
We claim that
|(1=~7)ulf| < Ce™ max{p?~1/2, 571/2), (4.13)

Indeed, (1—19)ul =0 in [hj_1/2+2¢,h;11/2—2¢] and

ug(l’)_{%(x) z€lh1/z.him/z+ 2,

AR w€[hjr1/2—26,hj1 2]
Using the fact that
6,6, £1)| < Ce™ ' VF((w,6,£1)) < e (1F6(0,6,£1)) =Ce ' B (1),

for || < 2e, we obtain inequality (4.13) and so, |y3| < Ce™'max{87=1/2,37+1/2} There-
fore,
hjt1/2 h hjt1/2
/ 9(w*)y1(y2+ys)
h .

j—1/2

< Ce ' max{ 12, 3171/2) / |
h

j—1/2

< Ce~ max{§i 12,512},

Also,

<Cemax{f 712, g1/ 2 e < Ce™  max{p /2, /2,

hjy12 h
/ g(u )y2y3
h

j—1/2

because y3 is supported on a set of measure proportional to ¢. ]

We are ready to analyze the term G(h). To this aim, let us introduce the constant

1
%::\/ﬁ/ \/F(s)g(s,T)ds:%.
Do J_1 Do

Then, in view of the results (4.8)—(4.9)—(4.10), we obtain
[{g(u®, T)ult k)| < Ce™, for any i.j,

and, being

D~Y(h) :sD;l{HN — (Iy —eDZ D(h)) }71 —eDZ! i {aDgol (7' Dally — D(h)) }k,
k=0
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one has
ID~*(h) — DM x|l <eCexp(—Al"/2e).
Hence, for gzg(uh77)7

_ CF,
+ €Dool< kh> gdij

J?l

N
1Gij(h) —776i5] < Z —eD ') (gul k")

< C’exp(fAZh /2¢). (4.14)

Therefore, in equation (4.3) we substitute the matrix G(h) with v, Iy.
Let us now focus our attention on the term 7Q(h,h’'); analogously to the previous
terms we have

1Q(h,h') = Q" (h,h)|. <C|Q" (k)| exp(—Al"/2e),

where

N
Qi (h,h):=eD' > (ulf kM hih).
i,0=1
Then, let us study the elements (u Z,k;‘) which shall be treated in a similar way of
Proposition 4.1. Since k" is supported in I}, it follows that (uft, k") =0 if either |i —j| > 1
or [l—4|>1. For all the remaining terms, from the expression of uj in Lemma 4.1, and
using the bounds in [10, 11], the only one which may not be exponentially small is
for i=1=j. Therefore, here we omit the tedious, but straightforward control of such
terms and we discuss only (u’,k?). To this end, observe that in the interval I;, by

3501
differentiating equations (4.7) Wlth respect to h;, we have
h +1 j PG 1+l j ' ‘
S S
u;‘j =—ul; +Vj =X (v = (T 7).
Using

j j j i+l _ 1 g+l j j j i+1_ 1 i+1
Gl=—di4vi, G =gl W =gl b, G =gl
and from the expression of u”, obtained again from equations (4.7), in z €I j we infer

=l 0 WL ) - ),

Hence, we can conclude that u;’] =ul + R, and so
(u ]7k;‘> —/ Upr ;‘dac—i—/ ugx(l—'yj)u;‘dx—i—/ Rjk;’dx.
I I I

Reasoning as in the proof of the Proposition 4.1, and taking into account the needed
bounds for the higher involved derivatives [10, 11], one can prove that the last two
integrals are exponentially small, whereas for the first integral we obtain

oz h L n 2 . h 2
N (_uxx(m)uz(m))dx:i(ux(hj—l/Q) _um(hj+1/2) ):0’

j—1/2



2080 METASTABILITY FOR HYPERBOLIC ALLEN-CAHN EQUATIONS

because ug(hj_l/Q) =0 for all j=1,...,N. Therefore, we obtain that there exists ¢>0
such that

|Q(h,h’) Cexp(—c/e)|W|>.. (4.15)

‘OO —_
In conclusion, using the estimates (4.4), (4.14) and (4.15), and neglecting all the expo-
nentially small terms in equation (4.3), we end up with the reduced system

Th" +~.h'=P*(h). (4.16)

In the case of the damped wave equation with bistable nonlinearity, g(u,7)=1, and
therefore v, =1. Moreover, for the Allen-Cahn equation with relaxation, g(u,7)=1+

7f'(u) and

—1—|-D7/ VF(s)F" (s ds-l——/ d<1.

Hence, in the latter case, the effect of the parameter 7> 0 is present also in the friction
term ,h’, and in particular it speeds up the dynamics with respect to the simpler
nonlinear damped wave equation, being the coefficient smaller. This richer effect on
the dynamics in the present analysis confirms what has been already observed in the
study of traveling waves in [33], where again the relaxation parameter 7 in the case of
the Allen—Cahn equation with relaxation affects the speed of the wave also though a
modification of the friction effects.

4.2. Comparison with the parabolic case. @ Now, if v, —1 as 7 —0, taking
formally the limit in equation (4.16) we obtain the system h’ P*(h). The structure of
solutions of this system of ordinary differential equations is studied in [10] to describe
the evolution of the layer positions in the parabolic case (1.7). We can write

P*(h)=—VW(h),

where W is defined in the following way. For s>p~! define Wi by Wi(s)=
Dlay(s7!) and set W; =W, for j even, W; =W_ for j odd. For h€, let

N
W (h) =2 |31 (b — ho) /) + S Wi ((hy — hy—1)[€) + 3 Wivea ((hv1 — h) [2) |
=2
Since ho=—hy and hyy1 =2—hy, we have

agfh(f) =e[Wj((hj—hj-1)/e) = W1 ((hj1—hy)/e)]

= —eDZHadHU2 g1/,

Then, we can write equation (4.16) as Th” +h' = —=VW (h). For a solution h with values
in Q,, the energy E; = 27|h/|>+ W (h) is nonincreasing and

dE;

o =7h'-h"+ VW (h)-h' = —v,|h'|*> <0.

Note that 7, large implies a greater dissipation of energy.



RAFFAELE FOLINO, CORRADO LATTANZIO AND CORRADO MASCIA 2081

PROPOSITION 4.2 (Carr—Pego [10]).  If p is sufficiently small, then the function W
has a unique critical point he, which is a strict local maximum.

Proof. If h® is a critical point of W, then a/~1/2=ai+1/2 for j=1,...,N. Define
¢j:=hj—hj_y. From Proposition 2.3, it follows that for r sufficiently small a4 (r) are
monotone and so, £; =/;o for j=1,....N—1. Let {_={y, £y =/5. Since hc,, we
have that 261+ + -+ {y+ 341 =1 and then £_ + ¢, =2/N. The condition a/~1/2=
o172 also, gives oy (/04 )=a_(/0_). Using Proposition 2.3, we have that critical
points correspond to zeros of

y=e MA_l_—A ) +2In(K AL JK_A )+ 0(p texp(—A/2p)),

for {_€[ep~t,2N~1 —¢p1] with £, =2N~!1—/_. For p sufficiently small, v>0 when
{_=¢ep~! and y<0 when /_ =2N"1—¢ep~!; hence a critical point must exist. It is
unique, because ay and a_ are monotone.

To determine the nature of the critical point, consider the Hessian of W, B;; =
0?W (h®)/Oh;0h;. The matrix B is symmetric and tri-diagonal with

B11=2w; +ws, Bjj:Wj+Wj+1a fOI'jZQ,...,N—l,

Byy =wn +2wN41, Bjji1=—wjt1, forj=1,....N -1,

wherfij =W/ ((h§—h$_;)/e). From Proposition 2.3, w; <0 for j=1,...,N. Then, for
yeRY,

N N

Z Bijyiy; =2w1yi + ij (yj—1—¥;)* +2wN 1Y%,
ij=1 =2
so that B is negative definite and h° is a local maximum. ]

If f is odd, all the + subscripts can be ignored, e.g. ay=a_, {4 ={(_ and hf—
h§_q = 1/N for j=1,...,N. In general, the steady state domain lengths satisfy

0-=2(Ay/N+eln(K_A_/K AL)) /(AL +A_)+0 (p~"exp(—4/2p)),
0 =2(A_/N+eln(K AL /K_A))/(Ay+A_)+0 (p 'exp(—4/2p)).

Thus, system (4.16) has a unique equilibrium point (h°,0) with h®€,. From Propo-
sition 2.4, £L(uP")=0 and so u" is a stationary solution of equation (1.6). In other
words, there is a unique stationary solution u® of equation (1.6) with N transition lay-
ers and u(0) < 0; moreover, u¢ € M with u® =u"" where h® =H(u®). Note, also, that by
definition (2.10), ¥(h)=0 if and only if h=h® so that the channel Z. , is “pinched” at

u=uf.

Now, let us study the stability of the equilibrium point (h¢,0) for system (4.16). To
do this, rewrite it as the first order system

I
w=n, ) (4.17)
™' =P*(h) =y

PROPOSITION 4.3.  System (4.17) has a unique equilibrium point (h€,0), which is un-
stable. In particular, the Jacobian matriz evaluated at (h¢,0) has N negative eigenvalues
and N positive eigenvalues.
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Proof. From Lemma 4.2, it follows that the system (4.17) has a unique equilibrium
point (h¢,0). To determine the stability of this stationary point, we have to analyze the

eigenvalues of the block matrix
[ Oy Iy
(5 ),

where, as above, B is the Hessian matrix of W evaluated at h°. To this end, we make
use of the Schur complement, defined for a general block n x m matrix

(A1 Ay
=3 4)

as follows: M/A;=Ay _ASA;1A27 provided A; is an invertible square matrix. In this
case, det(M) =det(A;)det(M/A;). For My=J— My, we have

_ —Aly In _
det(M,\) =det <—71_B _ (’ZTT'F)\) HN) —det(—/\]IN)det(MA/(—)\HN)),
where
_ (= _
My /(—Aly) = ( - +)\) Iy——B.

Then,

1 1

det My = (=)™ det (—B— (77 +TA> ]IN) = —det (B+ (- A+7A2)Iy).
TA T T

It follows that \ is an eigenvalue of J if and only if —7A% —~, ) is an eigenvalue of B.
As previously shown in Lemma 4.2, B is symmetric and negative definite, so all the
eigenvalues of B are negative. Denote them by —pu? for i=1,...,N. For each —u? there
are two eigenvalues of J:

—, 2L A2 v — /Y2 AT 2
AF(r)=—2 + 2A”+ THE S, A () =—2 2%+ TR <.
T T

In conclusion, the Jacobian matrix evaluated at (h¢,0) has N positive eigenvalues A} (7)
and N negative eigenvalues A; (7), and so (h*,0) is unstable. The eigenvalues satisfy

2
lim \f(7)= M—Z, lim A (7)=—o0,
T—0t Yo T—0t
if lim+ v =:70>0. In particular, if yo=1, A\] (7) converge to the eigenvalues of the
T7—0
parabolic case, as expected. 0

To conclude this section, we use singular perturbation theory to compare, for 7
small, the solutions of the system (4.17) and the ones of

h'=n,
{n:P*(h), (4.18)

that is obtained by substituting 7=0 in system (4.17), assuming that v, —1 as 7 —0.
Denote by (h,,n,) the solutions of system (4.18); h, is solution of the system h’ =P*(h),
that describes the evolution of layer positions in the parabolic case (1.7). Set

Er(t) =7 |h(t) = hy(8)[+7[n(t) =0y (1)]-
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A general theorem of Tihonov on singular perturbations could be applied to systems
(4.17)-(4.18). Specifically for the system (4.17) we have the following result.

THEOREM 4.1. Let (h,n) be a solution of system (4.17) and (hy,n,) a solution of sys-
tem (4.18), with h(t),hy(t) €Q, for any t€[0,T]. Then, there exists C >0 (independent
of T) such that

E (t) <CE-(0)+1—~-+71), for te[0,T). (4.19)

Moreover,
/In —malt \dt<—< (0) 1, +7), (4.20)
|n<t>—np<t>|s§<ET<O>+1—%+T>, for te[tr.T), (4.21)

for all t1 €(0,T). In particular, from inequalities (4.19), (4.20) and (4.21), it follows
that, if v =1 and E-(0) =0 as 7—0, then

lim sup |h(t 7hm/ )|dt=lim sup t)—n,(t)|=0,
lim s (A1) (1) (=t s, [n0) (1)
for any t1 € (0,T).
Proof. For t€(0,T], define
On(t):=h(t) —hy(t), O (t) :=n(t) —mp(2).

By hypotheses, h(t),h,(t) €Q, for t €[0,T], so |h(t)| and |h,(t)| are uniformly bounded
in [0,T]. Since P*(h) is a regular function of h, there exists C' >0 such that

[Pr(hp)l <C, [JP*(hy)|<C, [P7(hy+0n) =P (hy)| < C|dn], (4.22)

for all t€[0,T). Here and in what follows, C' is a positive constant independent of
whose value may change from line to line. We have

Oh=n—"p, 76;7 =P*(hyp+0,) =P (hp) =770y —TJP* (hyp)P* (hy).

!

86
iGE for any () € RY, using inequalities (4.22) and the Cauchy—Schwarz

inequauhty7 we obtain

Since —|5|

d d
18RI <18nl, 7180l S O8]+ (1=92)C =78y | +7C.
Summing, one has

d
a(%ltshHTI(Snl) <O [Op]+C(1 =77 +7),

and so

d

ﬁET(t) <CE()+1—=v+7), for t€[0,T7. (4.23)
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Integrating inequality (4.23) and applying Gronwall’s Lemma, we obtain inequality
(4.19). In particular, from inequality (4.19), it follows that

Yo |0n ()| <C(E-(0)+1—~;+7), for te[0,T). (4.24)
Substituting inequality (4.24) in the equation for é,,, we obtain
d
Ta|5n|S—77\5,,|+C(ET(0)+1—%+T). (4.25)

Integrating inequality (4.25), we obtain inequality (4.20). Furthermore, for inequality
(4.25), we have

& (rer/716,(0)]) < OB (0) 41— +r)eT7Y/,

and so
C —rt/T —rt/T
|5n(t)\ST(ET(0)+1—%+T)(1—€ )+ 105 (0) e
C e_'YTt/T
< 7(ET(O)+1_’YT+T)+ET(O)7)
Vr T
for t €[0,T]. Therefore, for any fixed ¢; € (0,T), we obtain inequality (4.21). O
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