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STRONG WELL-POSEDNESS FOR
THE PHASE-FIELD NAVIER–STOKES EQUATIONS IN

THE MAXIMAL REGULARITY CLASS∗

NAOTO KAJIWARA†

Abstract. In this paper we study the dynamics of vesicle membranes in incompressible viscous
fluids. We prove existence and uniqueness of the local strong solution for this model coupling of the
Navier–Stokes equations with a phase field equation in an Lp-Lq setting. We transform the equation into
a quasi-linear parabolic evolution equation and use the general theory proved by Prüss et al. [16,23,25].
Since the operator and the nonlinear term are analytic, we have that the solution is real analytic in
time and space. At last it is shown that the variational strict stable solution is exponentially stable,
provided the product of the viscosity coefficient and the mobility constant is large.

Keywords. phase field; Navier–Stokes; well-posedness; stability; vesicle membrane; fluid vesicle
interaction; bending elastic energy.

AMS subject classifications. 35Q30; 35Q35; 35D35; 76D03; 76D05; 76T10.

1. Introduction
It is important to understand the deformation of vesicle membranes in a liquid in

many biological and physiological applications. The vesicle contains a liquid and is
surrounded by another liquid. The function of the vesicle is to store and/or transport
substances. They are not only essential to the function of cells but also interesting since
they change their shapes such as spheres, discocytes, stomatocytes, tori and double
tori. These are concrete examples of minimizers of different surface energies, such as
the bending elasticity (Willmore, mean curvature square) energy in the calculus of
variations and its different variations like the general Helfrich energy [2, 14, 27, 34]. We
consider that the equilibrium configurations of vesicle membranes can be characterized
the minimizer of the following Helfrich bending elastic energy of the surface:

Eelastic =

∫
Γ

k

2
(H−c0)2dS,

where Γ is the surface of the vesicle membrane, H is the mean curvature of Γ, c0 is
the spontaneous curvature that describes certain physical/chemical difference between
the inside and the outside of the membrane, and k is the bending modulus (bending
rigidity) that depends on the local heterogeneous concentration of the species. Here we
assumed the evolution of the vesicle membrane does not change its topology so that the
energy is simplified. For details, see [9, 27,34].

The model which represent the deformation of the vesicle in a liquid was first con-
structed in [8]. They derived the system of the equations via an energetic variational
approach. In this phase field Navier–Stokes equations, the description of the membrane
is given the terms of a phase field function ϕ. The labeling function ϕ takes value +1
inside the vesicle membrane and −1 outside, and the thin transition layer of width is
characterized by a small parameter ε. The zero level set of ϕ ({x |ϕ(x) = 0}) repre-
sents the surface of the vesicle membrane. The fluid is modeled by the incompressible
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Navier–Stokes equations in the whole domain containing the inside and outside of the
vesicle.

The phase field approximation of the Helfrich bending elasticity energy is given by
a modified Willmore energy [10]:

Eε(ϕ) =

∫
Ω

k

2ε

(
ε∆ϕ+(

1

ε
ϕ+c0

√
2)(1−ϕ2)

)2

dx.

The convergence from Eε(ϕ) to Eelastic was studied in [7,30]. In this paper, for the sake of
simplicity, we assume that k is a positive constant and c0 = 0. Since the vesicle preserves
its volume and surface area, we use the penalty formulation about its energy [27]. These
two constraint functionals for the vesicle volume and surface area are given by

A(ϕ) =

∫
Ω

ϕdx, B(ϕ) =

∫
Ω

ε

2
|∇ϕ|2 +

1

4ε
(ϕ2−1)2dx,

respectively. The modified energy is formulated in the following form:

E(ϕ) =Eε(ϕ)+
1

2
M1[A(ϕ)−A(ϕ0)]2 +

1

2
M2[B(ϕ)−B(ϕ0)]2,

where M1 and M2 are two penalty constants and ϕ0 is the initial phase function.
We consider the phase field Navier–Stokes equations derived from above energy

[8, 32]. Let Ω⊂Rn be a bounded C4-domain, the function u be the unknown velocity
field, the function p be the pressure and ϕ be the phase field function. We denote by
ν the fluid viscosity and γ the mobility coefficient, which are positive constants. The
model is

(PFNS)



∂tu+(u ·∇)u=ν∆u−∇p+ δE(ϕ)
δϕ ∇ϕ in [0,T ]×Ω,

divu= 0 in [0,T ]×Ω,

∂tϕ+(u ·∇)ϕ=−γ δE(ϕ)
δϕ in [0,T ]×Ω,

u= 0 on [0,T ]×∂Ω,

ϕ=−1, ∆ϕ= 0 on [0,T ]×∂Ω,

u(0) =u0, ϕ(0) =ϕ0 in Ω,

where

δE(ϕ)

δϕ
=kg(ϕ)+M1[A(ϕ)−A(ϕ0)]+M2[B(ϕ)−B(ϕ0)]f(ϕ)

=k

(
ε∆2ϕ− 1

ε
∆(ϕ3)− 3

ε
ϕ2∆ϕ+

2

ε
∆ϕ+

1

ε3
(3ϕ5−4ϕ3 +ϕ)

)
+M1[A(ϕ)−A(ϕ0)]+M2[B(ϕ)−B(ϕ0)]f(ϕ)

=:W (ϕ)

=:kε∆2ϕ+L(ϕ)

and

f(ϕ) =−ε∆ϕ+
1

ε
(ϕ2−1)ϕ,

g(ϕ) =−∆f(ϕ)+
1

ε2
(3ϕ2−1)f(ϕ).
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We note that the term δE(ϕ)
δϕ =W (ϕ) is the so-called chemical potential and Eε(ϕ) =

k
2ε

∫
Ω
|f(ϕ)|2dx. In this paper as usual we consider the Dirichlet type for the phase field

function ϕ and the no-slip boundary condition for the velocity field u.
The well-posedness of the system has been studied in [6,17,31]. In [6], they proved

the existence of the global weak solution by using the Galerkin method. With a better
regularity assumption on the weak solutions, as in the case of the conventional Navier–
Stokes equations [28], they proved the uniqueness result. In [17], they proved the local
in time existence and uniqueness of the strong solution in an L2 framework. The
idea was to rewrite (PFNS) as a semi-linear equation for the Stokes equation coupled
with a parabolic equation whose operator is bi-Laplace operator. However, to estimate
the nonlinear term ∆2ϕ∇ϕ they needed the higher regularity class for the function ϕ
compared with the usual parabolic equation. More precisely, they proved that if u0,
ϕ0 satisfy u0∈H1

0 (Ω), divu0 = 0, ϕ0 +1∈H2+ 3
8 (Ω)∩H1

0 (Ω) then (PFNS) has a unique
strong solution {

u∈L2(0,T ;H2(Ω))∩H1(0,T ;L2(Ω))

ϕ∈L2(0,T ;H4+ 3
8 (Ω))∩H1(0,T ;H

3
8 (Ω))

for some T =T (‖u0‖H1 ,‖ϕ0‖
H2+ 3

8
)>0. In [31] they considered the (PFNS) in a periodic

box and proved existence/uniqueness of strong solutions and some regularity criteria.
Moreover they investigated the stability of the system near local minimizers of the elastic
bending energy by using  Lojasiewicz-Simon-type inequality.

The main purpose of this paper is to study the existence, uniqueness and regularity
of the strong solution to (PFNS) in an Lp-Lq framework as well as their exponential
stability in the n dimension, while papers [6,17,31] are L2 setting and n= 3. The main
idea is to consider (PFNS) as a quasi-linear equation not as a semi-linear equation. We
consider the quasi-linear operator A(z)(z=T (u,φ)) given by

A(z) =

(
νA −kεPB(φ)

0 γkεD

)
,

where A denotes the Stokes operator, D the bi-Laplace operator, P the Helmholtz
projection, and B is given by B(φ)h := ∆2h∇φ. For the quasi-linear parabolic equation,
we use maximal regularity in a weighted Lp spaces and well-posed result proved by
Prüss et al. [16,23,25]. This quasi-linear approach has already used to analyze nematic
liquid crystal flows [15] and viscoelastic Poiseuille-type flows [12] as pioneering works.
We employ time weight Lp spaces:

Lp,µ(0,T ;X) :={z : (0,T )→X | t1−µz∈Lp(0,T ;X)},
H1
p,µ(0,T ;X) :={z∈Lp,µ(0,T ;X)∩W 1

1 (0,T ;X) | ż∈Lp,µ(0,T ;X)},

for p∈ (1,∞), µ∈ (1/p,1] and a Banach space X. The merit of the time weight is
to observe that the class of initial data can be taken larger and the solution regu-
larizes instantly in time. Furthermore, we prove the stationary solution (0,ϕ∗) is ex-
ponentially stable even under including fluid effect if the product of the coefficients
νγ is sufficiently large and ϕ∗ is the variational strict stable solution, i.e. ϕ∗ satisfies

W (ϕ∗) = 0 and ( δ
2E(ϕ∗)
δϕ2 ψ,ψ)≥ c‖ψ‖2L2 for some c>0 and for any ψ∈H4

2 (Ω) satisfying

ψ|∂Ω =−1,∆ψ|∂Ω = 0.
Let us state the main results.
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Theorem 1.1 (Local existence and uniqueness of strong solutions). Let p,q∈
(1,∞),µ∈ (1/p,1] be 1

2 + 1
p + n

2q <µ≤1 and assume that
(u0,ϕ0)∈B2(µ−1/p)

q,p (Ω)×B4(µ−1/p)
q,p (Ω)

divu0 = 0 in Ω,

u0 = 0 on ∂Ω,

ϕ0 =−1, ∆ϕ0 = 0 on ∂Ω.

Then there exists T =T
(
‖u0‖B2(µ−1/p)

q,p
,‖ϕ0‖B4(µ−1/p)

q,p

)
>0 such that the equations

(PFNS) have a unique strong solution
u∈H1

p,µ(0,T ;Lq,σ(Ω))∩Lp,µ(0,T ;(H2
q (Ω))n),

ϕ∈H1
p,µ(0,T ;Lq(Ω))∩Lp,µ(0,T ;H4

q (Ω)),

∇p∈Lp,µ(0,T ;(Lq(Ω))n),

where the interval [0,T ) is a maximal time interval of existence. Moreover the solution
depends continuously on u0 and ϕ0.

Remark 1.1. The condition 1
2 + 1

p + n
2q <µ≤1 comes from the embedding exponent

such that B
2(µ−1/p)
q,p (Ω) ↪→C1(Ω). Note that this condition implies that the embedding

B
4(µ−1/p)
q,p (Ω) ↪→C2(Ω).

Theorem 1.2. The solution T (u,ϕ) in Theorem 1.1 satisfies for each j∈N,

tj
[
d

dt

]j(
u
ϕ

)
∈H1

p,µ(0,T ;Lq,σ(Ω)×Lq(Ω))∩Lp,µ(0,T ;(H2
q (Ω))n×H4

q (Ω)).

Moreover, the solution T (u,ϕ) is real analytic from (0,T ) to (H2
q (Ω))n×H4

q (Ω).

Remark 1.2. By the scaling techniques in time and space, the maximal regularity
and the implicit function theorem, it is proved that T (u,ϕ) is real analytic in (0,T )×Ω.
See [22] for parabolic equations, and see [24] for Navier–Stokes equations.

At last we study the stability of the solution near the local minimizers of the elastic
bending energy.

Theorem 1.3. Let p,q∈ (1,∞),µ∈ (1/p,1] satisfy the assumption in Theorem 1.1 and
T (0,ϕ∗)∈{0}×H4

q (Ω) be the variational strictly stable solution of (PFNS) i.e. ϕ∗ sat-

isfies W (ϕ∗) = 0 and ( δ
2E(ϕ∗)
δϕ2 ψ,ψ)≥ c‖ψ‖2L2 for some c>0 and for any ψ∈H4

2 (Ω) sat-

isfying ψ|∂Ω =−1,∆ψ|∂Ω = 0. Then there are ε>0,C >0 such that for each T (u0,ϕ0)∈
B

2(µ−1/p)
q,p (Ω)×B4(µ−1/p)

q,p (Ω) satisfying ‖u0‖B2(µ−1/p)
q,p

+‖ϕ0−ϕ∗‖B4(µ−1/p)
q,p

<ε and for

any ν and γ satisfying νγ >C, there exists a unique global solution{
u∈H1

p,µ,loc(R+;Lq,σ(Ω))∩Lp,µ,loc(R+;(H2
q (Ω))n),

ϕ∈H1
p,µ,loc(R+;Lq(Ω))∩Lp,µ,loc(R+;H4

q (Ω)).

Furthermore, there is a β>0 such that{
eβtu∈H1

p,µ(R+;Lq,σ(Ω))∩Lp,µ(R+;(H2
q (Ω))n)∩C0(R+;(B

2(µ−1/p)
q,p (Ω))n),

eβt(ϕ−ϕ∗)∈H1
p,µ(R+;Lq(Ω))∩Lp,µ(R+;H4

q (Ω))∩C0(R+;B
4(µ−1/p)
q,p (Ω)).
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In particular, the equilibrium T (0,ϕ∗) is exponentially stable in B
2(µ−1/p)
q,p (Ω)×

B
4(µ−1/p)
q,p (Ω).

In this paper we are not able to guarantee the existence of the variational strict
stable solution because of the two penalty terms. In [31] they dealt with the case of
c= 0 and other stability result.

2. General theory for quasi-linear evolution equations
We explain the theory of the quasi-linear parabolic equation via the maximal reg-

ularity. For details we refer the papers [16,23]. See also [25].

Let X0 and X1 be Banach spaces such that X1
d
↪→X0, i.e. X1 is continuously

and densely embedded in X0. Let T >0 or T =∞. For a closed linear opera-
tor A in X0, we say A has the property of the maximal Lp,µ-regularity, for short
A∈MRp,µ(X1,X0), if for each f ∈Lp,µ(0,T ;X0) there exists a unique solution u∈
H1
p,µ(0,T ;X0)∩Lp,µ(0,T ;X1) of the linear problem u̇+Au=f (t∈ (0,T )) with initial

value u(0) = 0. For classical case µ= 1, denote A∈MRp(X1,X0). In [16, 23] it was
proved that

A∈MRp,µ(X1,X0)⇔A∈MRp(X1,X0) ∀p∈ (1,∞),µ∈ (1/p,1],

and, concerning nontrivial initial data, if A∈MRp(X1,X0) then

A∈MRp,µ(X1,X0)⇔∀f ∈Lp,µ(0,T ;X0) ∀u0∈Xγ,µ,

∃!u∈H1
p,µ(0,T ;X0)∩Lp,µ(0,T ;X1) s.t. u̇+Au=f (t∈ (0,T )),u(0) =u0,

where Xγ,µ := (X0,X1)µ−1/p,p is the trace space for p∈ (1,∞) and µ∈ (1/p,1]. For trace
spaces, see also [21]. The case µ= 1, denote Xγ :=Xγ,1.

We consider the following quasi-linear parabolic equation (QL):

(QL)

{
ż(t)+A(z(t))z(t) =F (z(t)) t∈ (0,T ),

z(0) =z0.

Here we impose regularity assumptions

(A−) A∈Liploc(Xγ,µ;L(X1,X0)), (F−) F ∈Liploc(Xγ,µ;X0)

and z0∈Xγ,µ for p∈ (1,∞),µ∈ (1/p,1]. By L(X1,X0) we denote the set of all bounded
linear operator from X1 to X0. We now give existence and uniqueness results for (QL).
Local in time existence and uniqueness of (QL) was shown by Clément and Li [3] in the
case µ= 1 and by Köhne, Prüss and Wilke [16] for the case µ∈ (1/p,1].

Proposition 2.1. Let 1<p<∞, µ∈ (1/p,1], z0∈Xγ,µ, and suppose that the assump-
tion (A−),(F−) and A(z0)∈MRp(X1,X0) are satisfied. Then, there exists a>0, such
that (QL) admits a unique solution z on J = [0,a] in the regularity class

z∈H1
p,µ(J ;X0)∩Lp,µ(J ;X1) ↪→C(J ;Xγ,µ)∩C((0,a];Xγ).

The solution depends continuously on z0, and can be extended to a maximal interval of
existence J(z0) = [0,t+(z0)).

Smoothing effects often appear in parabolic problems. The parameter trick method
by Angenent [1] is well known. A similar method has already been used in the study
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of Navier–Stokes equation in [19,20]. We state the regularity of the solution of (QL) in
terms of the regularity of A and F .

We use the following notation to state two propositions:

(Ak) A∈Ck(Xγ,µ;L(X1,X0)), (Fk) F ∈Ck(Xγ,µ;X0)

for k∈N∪{∞,ω}, where the index ω refers to real analyticity.
Let us recall the definition of the real analytic between Banach spaces [33]. Suppose

X,Y are two Banach spaces. We say the operator T :X→Y is analytic if for any x0∈X
there exists a small neighborhood of x0 such that

T (x0 +h)−T (x0) =
∑
n≥1

Tn(x0)(h,·· · ,h) ∀h∈X, ‖h‖X <r�1.

Here Tn(x0) is a continuous symmetrical n-linear operator on Xn→Y and satisfies∑
n≥1

‖Tn(x0)‖L(Xn,Y )‖h‖nX <∞.

Proposition 2.2. Let 1<p<∞, µ∈ (1/p,1], z0∈Xγ,µ, k∈N∪{∞,ω} and suppose
that the assumption (Ak),(Fk) and A(z0)∈MRp(X1,X0) are satisfied. Let z be the
solution in Proposition 2.1 and assume A(z(t))∈MRp(X1,X0) for all t∈J . Then

tj
[
d

dt

]j
z∈H1

p,µ(J ;X0)∩Lp,µ(J ;X1), j≤k

Furthermore, if k=∞ then z∈C∞(J ;X1), and if k=ω then z∈Cω(J ;X1).

If we impose the Fréchet differentiability ofA and F , then the solution exists globally
provided the initial data is close to an equilibrium point, see [22] for the case µ= 1,
and [16] for the case µ∈ (1/p,1]. Let E :={z∈X1 |A(z)z=F (z)} be the equilibria of
(QL) and A0 be the linearization of (QL) at z∗∈E , i.e.

A0w=A(z∗)w+(A′(z∗)w)z∗−F ′(z∗)w, w∈X1.

We denote the spectrum of the operator A by σ(A) and denote the resolvent set of the
operator A by ρ(A).

Proposition 2.3. Let 1<p<∞, µ∈ (1/p,1] and z∗∈E be A(z∗)∈MRp(X1,X0)
on R+ and the assumptions (A1) and (F1) are satisfied. Suppose that σ(A0)⊂{λ∈C |
Reλ>0}. Then there is ε>0 such that for each z0∈Bε(z∗)⊂Xγ,µ there exists a unique
global solution z∈H1

p,µ,loc(R+;X0)∩Lp,µ,loc(R+;X1) of (QL). Furthermore, there is a
β>0 such that

eβt(z−z∗)∈H1
p,µ(R+;X0)∩Lp,µ(R+;X1)∩C0(R+;Xγ,µ).

In particular, the equilibrium z∗ is exponentially stable in Xγ,µ.

In this proposition, the constant ε>0 depends only on the maximal regularity
constant of A0 and the local Lipschitz constants of A and F . Here C0(R+;Xγ,µ) is the
space of Xγ,µ-valued continuous function vanishing at the time-infinity.
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3. Quasilinear approach for the phase field Navier–Stokes equations

3.1. Quasilinear formulation. In this section we transform (PFNS) into quasi-
linear evolution equations for the unknown z=T (u,φ). Let 1<q<∞ and Ω⊂Rn be a
bounded C4-domain. We choose the Banach space

X0 :=Lq,σ(Ω)×Lq(Ω).

As usual, Lq,σ(Ω) is the subspace of (Lq(Ω))n consisting of solenoidal vector fields.
We denote by P : (Lq(Ω))n→Lq,σ(Ω) the Helmholtz projection and the Stokes operator
Aq :D(Aq)→Lq,σ(Ω), where D(Aq) ={u∈ (H2

q (Ω))n∩Lq,σ(Ω) |u= 0 a.e. on ∂Ω}, Aq =
−P∆. The maximal Lq-regularity result for the Stokes operator Aq is well-known;
see e.g. [11, 13]. The bi-Laplace operator Dq in Lq(Ω) is defined by Dq = ∆2 with the
domain D(Dq) ={φ∈H4

q (Ω) |φ= ∆φ= 0 a.e. on ∂Ω}. The maximal Lq-regularity result
for bi-Laplace operator Dq is also well-known; see e.g. [4]. We choose the Banach space

X1 :=D(Aq)×D(Dq),

equipped with its canonical norms. Then X1
d
↪→X0.

For we treat (PFNS) as the quasi-linear equation, we define the operator

A(z) :=

(
νAq −kεPBq(φ)

0 γkεDq

)
,

where the operator Bq is given by Bq(φ)h := ∆2h∇φ. Let φ=ϕ+1 and apply the
Helmholtz projection P to the first equation in (PFNS), then we are able to rewrite
(PFNS) of the form:

(∗)


d

dt
z+A(z)z=F (z) :=

(
−P((u ·∇)u)+P(L(φ−1)∇φ)

−(u ·∇)φ−γL(φ−1)

)
t∈ (0,T ),

z(0) =z0 :=

(
u0

φ0

)
:=

(
u0

ϕ0 +1

)
.

We show the A(z) has the property of maximal regularity for each z∈Xγ,µ and as-
sumptions (Aω) and (Fω). We have that Bq(φ) :D(Dq)→ (Lq(Ω))n is bounded for
each φ∈C1(Ω) and the map φ→PBq(φ) is real analytic. So A(z)∈Cω(Lq,σ(Ω)×
C1(Ω),L(X1,X0)). By the tri-diagonal structure of A(z) and by the regularity of Bq
one can easily see that A(z)∈MRp(X1,X0) for each z=T (u,φ)∈Lq,σ(Ω)×C1(Ω). In-

deed, from

(
νAq 0

0 γkεDq

)
∈MRp(X1,X0), for any T (f,g)∈Lp(0,T ;X0), we can take

T (ũ,φ̃)∈H1
p (0,T ;X0)∩Lp(0,T ;X1) which is the solution of
d

dt

(
ũ

φ̃

)
+

(
νAq 0

0 γkεDq

)(
ũ

φ̃

)
=

(
f+kεPBq(φ)φ

g

)
t∈ (0,T ),(

ũ

φ̃

)
(0) =

(
0
0

)
,

where φ is the solution of 
d

dt
φ+kγεDqφ=g t∈ (0,T ),

φ(0) = 0.
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Note that kεPBq(φ)φ∈Lp(0,T ;Lq,σ(Ω)) for each φ∈C1(Ω) and φ̃=φ. This implies that

for any T (f,g)∈Lp(0,T ;X0), we can take T (ũ,φ̃)∈H1
p (0,T ;X0)∩Lp(0,T ;X1) which is

the solution of
d

dt

(
ũ

φ̃

)
+

(
νAq −kεPBq(φ)

0 γkεDq

)(
ũ

φ̃

)
=

(
f
g

)
t∈ (0,T ),(

ũ

φ̃

)
(0) =

(
0
0

)
.

So A(z)∈MRp(X1,X0) for each z=T (u,φ)∈Lq,σ(Ω)×C1(Ω).
The nonlinear term F is also real analytic from (C1(Ω))n×C2(Ω) into X0. If we

get Xγ,µ ↪→ (C1(Ω))n×C2(Ω), then (Aω) and (Fω) hold. The space Xγ,µ is given by

Xγ,µ= (X0,X1)µ−1/p,p=DAq (µ−1/p,p)×DDq (µ−1/p,p),

provided p∈ (1,∞) and µ∈ (1/p,1]; see [18,21]. Here DAq (θ,p) is the real interpolation
(Lq,σ(Ω),D(Aq))θ,p and DDq (θ,p) = (Lq(Ω),D(Dq))θ,p. We need to consider two embed-

ding exponent, one is DAq (µ−1/p,p) ↪→ (C1(Ω))n and the other is DDq (µ−1/p,p) ↪→
C2(Ω):

1

2
+

1

p
+
n

2q
<µ≤1⇒DAq (µ−1/p,p) ↪→ (C1(Ω))n.

1

2
+

1

p
+
n

4q
<µ≤1⇒DDq (µ−1/p,p) ↪→C2(Ω).

Note that 1
2 + 1

p + n
4q <

1
2 + 1

p + n
2q .

Under the condition 1
2 + 1

p + n
2q <µ≤1, we can characterize the interpolation spaces

by Besov spaces:

u∈DAq (µ−1/p,p)⇔u∈ (B2(µ−1/p)
q,p (Ω))n∩Lq,σ(Ω), u= 0, a.e. on ∂Ω,

φ∈DDq (µ−1/p,p)⇔φ∈B4(µ−1/p)
q,p (Ω), φ= ∆φ= 0, a.e. on ∂Ω.

For Besov spaces, see [29].
We are ready to prove well-posedness results in Section 1. The proof is based on

propositions in Section 2.

Proof. (Proof of Theorem 1.1.) We transformed (PFNS) into the quasi-linear
parabolic equation (∗). The condition z0∈Xγ,µ is equivalent to the conditions in The-

orem 1.1 and Ã(z0)∈MRp(X1,X0). So we are able to apply Proposition 2.1.

Proof. (Proof of Theorem 1.2.) We have already checked the conditions
(Aω),(Fω). Since the solution z(t)∈Xγ,µ for all t∈J , assumptions in Proposition 2.2
are satisfied.

3.2. Spectral analysis of the linearized operator. In order to prove the
stability result of Theorem 1.3, we calculate the linearized operator near the local min-
imizers of the elastic bending energy. The equilibria E is the set

E={z∗=T (0,φ∗)∈X1 |W (φ∗−1) = 0}.

The linearized operator A0 at z∗ is given by A0w=A(z∗)z+(A′(z∗)w)z∗−F ′(z∗)w for
w=T (w1,w2)∈X1. By direct calculation

A(z∗)w=

(
−νP∆ −kεP(∆2 ·∇φ∗)

0 γkε∆2

)
w
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(A′(z∗)w)z∗=

(
0 −kεP(∆2 ·∇w2)
0 0

)(
0
φ∗

)
=

(
0 −kεP(∆2φ∗∇·)
0 0

)
w

F ′(z∗)w=

(
0 −kεP(∆2φ∗∇·)+P(G(φ∗) ·∇φ∗)

−C(φ∗) −γG(φ∗)

)
w,

where the linear operator C(φ∗) and G(φ∗) is defined as follows:

C(φ∗)w1 = (w1 ·∇)φ∗

G(φ∗)w2 =G1(φ∗)w2 +M1

∫
Ω

w2dx

+M2

{
f(φ∗−1)

∫
Ω

f(φ∗−1)w2dx+G2(φ∗)w2

}
and

G1(φ∗)w2

=− k
ε

{(
6(φ∗−1)2−2

)
∆w2 +6∇((φ∗−1)2) ·∇w2

+
(
3∆((φ∗−1)2)+6(φ∗−1)∆φ∗+(15(φ∗−1)4−12(φ∗−1)2 +1)

)
w2

}
G2(φ∗)w2 = [B(φ∗−1)−B(φ0−1)]

{
−ε∆w2 +

1

ε

(
3(φ∗−1)2−1

)
w2

}
.

Therefore the linearized operator A0 is

A0 =

(
−νP∆ −P

(
(kε∆2 +G(φ∗)) ·∇φ∗)

)
C(φ∗) γ(kε∆2 +G(φ∗))

)
.

Since δ2E(φ∗)
δφ2 =kε∆2 +G(φ∗), the realization of this operator A0 in Lq spaces can be

rewritten as

A0 =

 νAq −P
(
δ2E(φ∗)
δφ2 ·∇φ∗

)
Cq γ δ

2E(φ∗)
δφ2

, D(A0) =D(Aq)×D(Dq),

where Cq =C(φ∗) with the domain D(Cq) =Lq,σ(Ω).
From now we show that σ(A0)⊂{λ∈C |Reλ>0}. Denote Ση,M :={λ= reiθ ∈C\

{0} | r≥M,η< |θ|} for some M ≥0 and η∈ (0,π/2), and denote C+ :={λ∈C |Reλ>0}
and C− :={λ∈C |Reλ≤0}.

Lemma 3.1. Assume that there exists c>0 such that for all ψ∈D(D2),(
δ2E(φ∗)
δφ2 ψ,ψ

)
≥ c‖ψ‖2L2 . Then σ

(
δ2E(φ∗)
δφ2

)
⊂C+.

Proof. We consider that G(φ∗) is a lower order perturbation of kε∆2. Then for

any 0<η<π/2, there exists M>0 such that Ση,M ⊂ρ( δ
2E(φ∗)
δφ2 ). Fix λ0∈ρ( δ

2E(φ∗)
δφ2 ).

From compactness of the operator (λ0− δ2E(φ∗)
δφ2 )−1 and Fredholm theory, we have the

injection of the operator λ− δ2E(φ∗)
δφ2 implies λ∈ρ( δ

2E(φ∗)
δφ2 ). Let ψ∈D(Dq) satisfy (λ−

δ2E(φ∗)
δφ2 )ψ= 0. We may assume ψ∈D(D2). In fact, the boundedness of Ω implies that
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D(Dq)⊂D(D2), when 2≤ q<∞. On the other hand, when 1<q<2, by the Sobolev

embedding theorem and bootstrap argument for the equation (λ+λ0− δ2E(φ∗)
δφ2 )ψ=λ0ψ,

we see that ψ∈D(D2). From (λ− δ2E(φ∗)
δφ2 )ψ= 0, we see

Reλ‖ψ‖2−
(
δ2E(φ∗)

δφ2
ψ,ψ

)
= 0

and, from the assumption on δ2E(φ∗)
δφ2 we see ψ= 0 when λ∈C−.

Remark 3.1. We have the following resolvent estimate for the operator δ2E(φ∗)
δφ2 :∥∥∥∥∥δ2E(φ∗)

δφ2

(
λ− δ

2E(φ∗)

δφ2

)−1
∥∥∥∥∥
L(Lq(Ω))

≤Cη (∀λ∈Ση,0).

Theorem 3.1. Assume that there exists c>0 such that for all ψ∈D(D2),(
δ2E(φ∗)
δφ2 ψ,ψ

)
≥ c‖ψ‖2L2 . Then there exists C=Cφ∗ >0 such that if ν and γ satisfy

νγ >C then σ(A0)⊂C+.

Proof. By the similar method of Lemma 3.1, it suffices that (λ−A0)z= 0 (z=
T (u,φ)∈X1) implies z= 0 for λ∈C−. The second equation of this resolvent equation

(λ−νAq)u+P
(
δ2E(φ∗)

δφ2
φ∇φ∗

)
= 0

−Cqu+

(
λ−γ δ

2E(φ∗)

δφ2

)
φ= 0

derives

−P

(
δ2E(φ∗)

δφ2

(
λ−γ δ

2E(φ∗)

δφ2

)−1

Cqu∇φ∗
)

+P
(
δ2E(φ∗)

δφ2
φ∇φ∗

)
= 0.

By subtracting the first equation,(
λ−νAq+P

(
δ2E(φ∗)

δφ2

(
λ−γ δ

2E(φ∗)

δφ2

)−1

Cq ·∇φ∗
))

u= 0.

We use the perturbation theory of the generator of analytic semigroups. The calculation∥∥∥∥∥P
(
δ2E(φ∗)

δφ2

(
λ−γ δ

2E(φ∗)

δφ2

)−1

Cq ·∇φ∗
)
u

∥∥∥∥∥
Lq,σ

≤‖∇φ∗‖∞

∥∥∥∥∥δ2E(φ∗)

δφ2

(
λ−γ δ

2E(φ∗)

δφ2

)−1

Cqu

∥∥∥∥∥
q

≤‖∇φ∗‖∞ sup
λ∈C−

∥∥∥∥∥δ2E(φ∗)

δφ2

(
λ− δ

2E(φ∗)

δφ2

)−1
∥∥∥∥∥
L(Lq)

1

γ
‖(u ·∇)φ∗‖q

≤‖∇φ∗‖2∞ sup
λ∈C−

∥∥∥∥∥δ2E(φ∗)

δφ2

(
λ− δ

2E(φ∗)

δφ2

)−1
∥∥∥∥∥
L(Lq)

1

γ
‖u‖q



NAOTO KAJIWARA 249

≤C‖∇φ∗‖2∞ sup
λ∈C−

∥∥∥∥∥δ2E(φ∗)

δφ2

(
λ− δ

2E(φ∗)

δφ2

)−1
∥∥∥∥∥
L(Lq)

1

νγ
‖νAqu‖q

≤Cφ∗
1

νγ
‖νAqu‖q

implies that if νγ is sufficiently large, then P
(
δ2E(φ∗)
δφ2

(
λ−γ δ

2E(φ∗)
δφ2

)−1

Cq ·∇φ∗
)

is small perturbation of νAq. So from λ∈C−⊂ρ(νAq), we have λ∈

ρ

(
νAq−P

(
δ2E(φ∗)
δφ2

(
λ−γ δ

2E(φ∗)
δφ2

)−1

Cq ·∇φ∗
))

and then u= 0. By lemma 3.1, φ= 0.

It concludes that σ(A0)⊂C+.

Proof. (Proof of Theorem 1.3.) Since φ∗=ϕ∗−1, the proof is straightly based
on Proposition 2.3.
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