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PULLBACK DYNAMICAL BEHAVIORS OF THE
NON-AUTONOMOUS MICROPOLAR FLUID FLOWS WITH
MINIMALLY REGULAR FORCE AND MOMENT"*

WENLONG SUNT AND YEPING LIf

Abstract. In this paper, we investigate the pullback asymptotic behaviors of solutions for the non-
autonomous micropolar fluid flows in 2D bounded domains. Firstly, when the force and the moment
have a little additional regularity, we make use of the semlgrou}p method and e-regularity method to
obtain the existence of a compact pullback absorbing family in H and V respectively. Then, applying
the global well-posedness and the estimates of the solutions, we verify the flattening property (also
known as the “Condition (C)”) of the generated evolution process for the universe of fixed bounded
sets and for another universe with a tempered condition in spaces H and X7, respectively. Further, we
show the existence and regularity of the pullback attractors of the evolution process. Compared with
the regularity of the force and the moment of [31], here we only need the minimal regularity of the
force and the moment.

Keywords. pullback attractor; flattening property; semigroup method; e-regularity method; en-
strophy equality.
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1. Introduction
In this paper, we study the following non-autonomous micropolar fluid equations:

% —(v+v)Au—2vrotw+ (u-V)u+Vp=f,
V-u=0, (1.1)
%—C: —(Ca+ca)Aw+4v,w+ (u-V)w — (co + g — ¢q) Vdivw — 2, rotu = f,

where u = (u1,uz,u3) is the velocity, w = (w1,ws,ws) is the microrotation field interpreted
as the angular velocity field of rotation of particles, p represents the pressure, f=
(f1,f2,f3) and f= ( fi, fa, fg) are external force and moments, respectively. The positive
parameters v,v,.,co,Cq,Cq Tepresent viscosity coefficients. Precisely, v represents the
usual Newtonian viscosity and v, is the microrotation viscosity. The system (1.1) is
introduced in the pioneer work of Eringen [11] in 1966, which describes a class of non-
Newtonian fluid motions with micro-rotational effects and inertial force involved. This
model takes an important role in the fields of applied and computational mathematics,
and we can see more details in [11,20] and others. Note that when the gyration is
neglected, the micropolar fluid flows reduce to the incompressible Navier-Stokes flows.

Due to their physical importance, mathematical complexity and wide range of ap-
plications, there are many articles on the mathematical theory of the micropolar fluid
Equations (1.1). The well-posedness of solutions for the micropolar fluids has been in-
vestigated in [10,13-15,20,21], and more. Moreover, lots of works are devoted to the
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long time behavior of solutions for the micropolar fluids in bounded domain. More pre-
cisely, Chen, Chen and Dong proved the existence of H?2-compact global attractors in a
bounded domain in [6] and verified the existence of uniform attractors in non-smooth
domains in [7]. Chen [8] showed the existence of L?-pullback attractor for the micropolar
fluid flows in a Lipschitz bounded domain with non-homogeneous boundary conditions.
Lukaszewicz [21] verified the estimates of Hausdorff and fractal dimension of the L2-
global attractor. Lukaszewicz and Tarasiniska [23] proved the existence of H!-pullback
attractor for non-autonomous micropolar fluid equation in a bounded domain. Zhao and
Sun [32] established the well-posedness of the weak solution by using Faedo-Galerkin
approximation and energy equality, and proved the existence of a pullback attractor
via energy method and the Sobolev embedding theorem for the micropolar fluid flows
with infinite delays. Later, Zhou, Liu and Sun [33] verified the H%-boundedness of the
pullback attractors obtained in [32].

Finally, we also note that there exist work on the long time behavior of solutions
for the micropolar fluid flows on unbounded domains, we refer to [9,27,28,30] and the
references therein. In this paper, we will discuss the large-time behavior of the solutions
for the micropolar fluid model (1.1) with the minimal regularity of the force and the
moment in a 2D smooth bounded domains  C R2.

For the sake of simplicity, we assume that the velocity component uz in the x3
direction is zero and the axes of rotation of particles are parallel to the z3 axis. Then
u,w, f, f are of the form u= (uy,u2,0), w=(0,0,ws), f=(f1,[2,0), f=(0,0,f3). Hence,
the Equations (1.1) can be reduced to the following two-dimensional non-autonomous
dynamical system:

0

a—? —WHv)Au—2v,V xw+ (u-V)u+Vp= f(t,x),

Ow _ 7 (1.2)
En —aAw+4v,w — 20,V xu+ (u-V)w= f(t,x),

V-u=0, in(r,T)xQ,

where a:=c,+cq, v:=(21,72) EQCR? u:=(us,uz), f:=(f1,f2), w and f are scalar
functions,
Ous  Ouyg ow ow
VXui=—=—— d Vxw:i=(=—,—%5).
b 81'1 8:102 a v (81'2 8x1 )
To complete the formulation of the initial boundary value problem to system (1.2), we
give the following initial boundary conditions:

u=0,w=0, on(r,T)x9Q, (1.3)
w(r,z) = (u(r,z),w(r,2)) = (u(x),wo(z)), r€Q, TER.

Before stating our results, we first give some notations used throughout this paper.
We denote by LP(2) and W™P(Q) the usual Lebesgue space and Sobolev space (see [1])
endowed with norms |- ||, and | ||, respectively. For example, ||¢||» = ([, |¢[Pdz)/P
and [@|lmp=( > [,|D’¢[Pdz)'/P. Especially, we denote H™():=W™2(Q2) and

1Bl<m
HL(9Q) the closure of {p€C5°(Q)} with respect to H!(2) norm.
Then, we introduce the following function spaces:

Vi={peC5(Q) x5 ()¢ =(#1,£2), V- =0},
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H :=closureof Vin L*(Q) x L*(£2), withnorm || - || z and dual space H*,
V :=closure of Vin H' () x H*(Q), withnorm || - ||y and dual space V*,
H:=H x L*(Q) withnorm | - || 5 and dual space H*,

V:=V x H}(Q) with norm | - ||y and dual space v,

0,(B):={weV: Ulg;fg lw—vl|y <o}

Here
1, 0) = (lull3 + llol13)12, 1(w,0)llv = (lallzps + 1ol )2,
1(w,0,0) | g 2= (I (w,0) I+ wl$)Y2, (o, w) g = (1, 0) [+ [[wll ) 2.
In the subsequent, we simplify the notations [|-||2, ||-||z and [|-[[5 by the same
notation ||-|| if there is no confusion. In addition, we denote by (-,-) the inner product

in L2(Q),H or H, and (-,-) the dual pairing between V and V* or between V and V*.
Further, we denote:

LP(I; X)) :=space of strongly measurable functions on the closed interval I,

with values in a Banach space X, endowed with norm

ol Loz = / loldt)?, for 1<p<oo,

C(I; X) :=space of continuous functions on the interval I, with values
in the Banach space X, endowed with the usual norm,
L} .(I; X) :=space of locally square integrable functions on the interval I, with values

in the Banach space X, endowed with the usual norm.

We also denote << the compact embedding between spaces and use disty(X,Y)
to represent the Hausdorff semidistance between X C M and Y C M with

disty(X,Y) =sup inf dlstM( Y-
xeXy

Now let us write system (1.2)-(1.4) into an abstract form. For this, we further
introduce three operators:

<va¢> = (V+V9)(Vu,V<I>)+a(Vw,V¢3), Yw = (’U,,(.U),(b: ((Da¢3) eV
(B(u,w),¢) = ((u-V)w,¢), Yue V,w=(u,w) €V, YoV, (1.5)
N(w):= (=21, V xw, =21,V X u+4v,w), Yw=(u,w) € v,

then, the system (1.2)-(1.4) can be expressed as the following abstract form:

%—1:+Aw+B(u w)+N(w)=F(t,x), in(7,400) x Q,

V-u=0, in (1,400) x £,
w=(u,w)=0, on(7,4+00) x I,

w(r,z) = (u(r,z),w(r,2)) =wo(z), z€N,TER,
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where F(t,z):=(f(t,z),f(t,z)). The existence and uniqueness of the weak solutions
(for the definition, one can see [21,30]) to system (1.6) has been established in [21], that

is,

LEMMA 1.1.  Assume F(t,x)€L? (R;ﬁ).

loc

(1) If w, € H, then system (1.6) has a unique solution w satisfying
wELm(T,+OO;fI)ﬁC([T,+OO);ﬁ)ﬁLlZOC(T,+OO;‘7),w/ELZQOC(T,+OO;‘7*).

And w depends continuously on the initial value w, with respect to the H norm.

(2) If wr € ‘A/, then problem (1.6) has a unique solution w satisfying
w € L (7,400; V) NC([r,400); V) N L, (7,400; D(A)), w' € L}, (7,+00; H).

Moreover, the solution w depends continuously on the initial value w, with respect to
the V' norm.

REMARK 1.1. We point out here that the prerequisite F € LZQOC(R;fAI ) used to ensure
the well-posedness of the weak solutions in space H (see [21]) can be relaxed to F e

L? (R;f}*), which can be verified by the Galerkin method.

loc

At this stage, we introduce a definition and give some relevant conclusions.

DEFINITION 1.1.

(1) A biparametric family of maps {U(t,7)}i>+ is called a process on X, if it satisfies
the following properties:

oU(t,7): X—X, forany 7<t;

o U(r,7)=identity;

o U(t,r)U(r,7)=Ul(t,7), for anyr<r<t.
Moreover, {U(t,7) }i>r is a continuous process on X if for any t =7, U(t,7) is continuous
on X.

(2) A process {U(t,7)}1>r on X is said to be closed if for any T <t, and any sequence
{w,} CX with w, wweX and U(t, 7)w, >y € X, then U(t, T)w=y.

Then, we have the following conclusions:

(i) If a process is continuous, then it must be closed.

(ii) On the basis of Lemma 1.1 and Definition 1.1, the map defined by

wr = Ut m)w, =w(t;T,w;,) €H, Vr<t,w,eH,
U(t,7): (L.7)

wy = U T)w, =w(t;T,w,) € ‘A/, Vr<t, w, € ‘A/,

generates a continuous process {U(¢,7)}> in H and V, respectively.

This paper will study under the following four assumptions, respectively.
0
(H1) F(t,z)€ L2 (R;V*) and / B F(0) % dO < +o0.

loc
—o0

loc

0
(H2) F(t.a)e L2 (R:H) and/ B F(0)2d0 < +oo.

0
(H3) F(t,2)eL? (R;V*) for some p>2 and/ 19| F ()]

loc

2

— 00
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0
(R;H) for some p>2 and / 1| F(6)]]2d8 < +oo.

—00

(H4) F(t,z)eL?

loc

In order to facilitate the discussion, we denote by X the space H or ‘77 and by
P(X) the family of all nonempty subsets of X. Let D be a nonempty class of families

parameterized in time, i.c., cach element of D is of the form D={D(t):teR} CP(X),
which will be called a universe in P(X). Based on these notations, we introduce the
following definitions concerning the pullback attractors. One can refer to [4,16,23,24,31]
for general definitions and theories. Note that U(¢,7)D(7):=U(t,7)[D(7)] is the image
of D(7) under U(t,7).
DEFINITION 1.2. R

(1) A family of sets Do={Dy(t)|t R} CP(X) is called pullback D-absorbing for
the process {Ut,7)}i=r in X if for any t R and any D= {D( )|t eR} €D, there exists
a 1o(t, D) <t such that U(t,7)D () C Dy(t) for all T<7o(t,D).

(2) The process {U(t,T)}i>r is said to be pullback Do—asymptotz'cally compact in
X if for any t€R, any sequences {7,} C (—o0,t] and {x,} C X satisfying 7, = —00 as
n—00 and T, € Do(7,) for all n, the sequence {U(t,7n;xn)} is relatively compact in
X. {U(,7)}inr is called pullback D-asymptotically compact in X if it is pullback D-
asymptotically compact for any D €D.

(3) A family of sets Ap={Ap(t)|t R} CP(X) is called a pullback D-attractor of
the process {U(t,7)}i>r on X if it has the following properties:

Compactness: for any t R, Ap(t) is a nonempty compact subset of X;

Invariance: U(t,7)Ap(7)=Ap(t),Vt=7;

Pullback attracting: ﬁp 1s pullback D-attracting in the following sense:

lim_distx (U(t,7)D(r),Ap (1) =0, VD={D(s)|scR}eD,tcR;
Minimality: the family of sets Ap is minimal in the sense that if O ={O(t)|t eR} C
P(X) is another family of closed sets satisfying
lim distx (U(t,7)D(7),0(t)) =0, YD={D(t)|tcR}eD;

T——00

then Ap(t) CO(t) for teR.

From now on, we denote by DH the class of all families of nonempty subset D=
{D(t)|te R} CP(H) satisfying

lim (e27 sup |lw|?)=0. (1.8)

T =0 weD(T)

And, we use DH to denote the class of families D= {D(t )=D|teR} with D a fixed
nonempty bounded subset of H. Evidently, it holds that DH cDH and DF is inclusion-
closed, i.e, if DeD and D' = {D'(W)[teR}CP(H H) with D'(t)C ( ) for all ¢, then
D'eDH. In addition, we denote by DHV the class of all families DA of elements of
P(V), here

Do ={Dy(t)=D(t)NV|teR} with D={D(t)|teR} e D".
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At the same time, we use Dg to denote the universe of fixed nonempty bounded subsets
of V. Tt is easy to find that both classes DXV and Dg are universe in P(V) and that
Dg C Dﬁ"? - Dﬁ. Moreover, Dﬁﬁ is inclusion-closed.

The first purpose of this work is to prove the existence of a compact absorbing
family in two different spaces H and V. That is:

THEOREM 1.1.  Assume (H3) holds, then there exists a compact pullback absorbing
family in H.
THEOREM 1.2. Under the conditions of (H4), there exists a compact pullback absorbing
family in V.

The second objective is to show the existence and regularity of pullback D- attrac-
tors for the generated evolution process for the universe of fixed bounded sets and for
another universe with a tempered condition in spaces H and V, with minimally regular
force and moment, respectively. We have the following theorem.

THEOREM 1.3. Assume (H1) hold, then the process {U(t,7)}i>- defined by (1.7)
possesses the minimal pullback DFI?- and DU - attractors

Apg ={Apg()[tER} and Az ={Apa(t)[teR}e D,
respectively. Furthermore,

ADE (t)C Apa (t), VteR.

Moreover, with a little additional regularity on F', it holds that the following regu-
larity of the pullback D - attractors obtained in Theorem 1.3.

THEOREM 1.4.  Under the conditions of (H2), the process {U (t,7)}i>- defined by (1.7)

possesses the minimal pullback DY.- attractors
‘AD}Z = {.ADg (t)|teR},

and the minimal pullback DRV _attractors

AD;},{/ = {ADgﬁ (t) te R}.

Moreover, the following statements hold:
(1) For any t€R, we have

.ADg (t) Q‘Afo: (t) QADﬁ (t) ZADﬁﬁ (1), (1.9)

where "ZD;? = {Apg(t)\te R} and A\Dﬁ ={ALa(t)|teR} are the minimal pullback
DFﬁ— and DH -attractors of {U(t,7)}i>r in space H, which are obtained in Theorem
1.5.
(2) For any teR and DeDH | there holds
lim distg (U(t,7)D(7), Apz(t)) =0. (1.10)

T——00
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(8) Suppose F satisfies

sup (e_éls/ 6519\|F(0)||2d9) < +4o00. (1.11)

s<0 —0o0

Then, for any t € R and fized bounded subset B of PAI, we have

ADZ (t) = AD{? (t) = A.Dﬁ(t> = ADﬁy (t) (1.12)
and
lim_dist, (U(t,T)B,.ADg (t)) =0. (1.13)
REMARK 1.2. The existence of the pullback attractors in spaces H and V has

been proved by showing the existence of the pullback absorbing set and the asymptotic
compactness of the generated evolution process with the force f€L? (R;H) and the
moment f € LZZOC(R;I;T ) in [31]. However, here we only need the minimal regularity of
the force and the moment. Moreover, we verify the flattening property of the generated
evolution process, to show the existence and regularity of the pullback attractors of the
evolution process. This argument is essentially different from [31]. In fact, the flattening

property (a Fourier splitting technique) makes the analysis significantly simpler.

The idea of the proof is outlined as follows. Firstly, borrowed the ideas and argu-
ments in [17], the existence of compact pullback absorbing family can be proved by the
semigroup approach raised by Fujita and Kato [12] and the e-regularity theory developed
by Arrita and Carvalho [2]. Here, we emphasize that, compared with the Navier-Stokes
equations (w=0,v,=0), the micropolar fluid flow consists of the angular velocity field
w of the micropolar particles, which leads to a different nonlinear term B(u,w) and
an additional term N(u) in the abstract equation. Therefore, we have to obtain more
delicate estimates and analysis for the solutions. Next, we verify the flattening property
(also known as the “Condition (C)”) of the generated evolution process for the universe
of fixed bounded sets and for another universe with a tempered condition in spaces
H and V, respectively. Further, we show the existence and regularity of the pullback
attractors of the evolution process. The main point is to establish several key estimates,
which will play an important role in verifying the flattening property of the process.
The method has been used in [25] as their “Condition (C)”, and in [18] as “the flat-
tening property”. Due to the minimal regularity of the force and the moment, we can
not use the arguments in [31]. The lower regularity of F € L? (R;V*) than [31] with

loc

FeL2 (R;H) results in the loss of the uniform estimate in [t —2,¢] of lw(-)|ly, which

loc
forces us to prove the Lemmas 4.1-4.3 to obtain the flattening property of the process

{U(th)}tET'

The rest of the paper is organized as follows. In Section 2, we make some necessary
preliminaries. That is, we introduce some definitions and give some useful estimates with
respect to the operators and recall some known results concerning the micropolar fluid
model. Section 3 is devote to show Theorem 1.1 and 1.2. That is, basing on the global
well-posedness and the estimates of the solutions, we apply the semigroup method and
€ regularity, combining with some Sobolev inequalities, to testify the existence of the
compact pullback absorbing family (not only asymptotic compactness) in spaces H and
‘A/, respectively. In Section 4, we first concentrate on verifying the flattening property of
the process. Then, using the flattening property of the process, we prove the existence
of the pullback attractors for the universe of fixed bounded sets and for another universe
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with a tempered condition in spaces H and XA/, respectively. Furthermore, we reveal the
regularity result of the pullback attractors by showing that these attractors coincide
with each other.

2. Preliminaries
In this section, we make some necessary preliminaries. To begin with, we give some
useful estimates with respect to those operators (1.5) in the following lemmas.

LEMMA 2.1.  The operator A is a linear continuous operator both from V to V* and
from D(A)::Vﬂ(Hz(Q))3 to H. Indeed, A=—PA, where P is the Leray projector
from 1L2(Q) to H. The operator B(-,-) is continuous from V xV to V*. Moreover, for
any weV,weV, it holds that

(B(u,w),p) =—(B(u,p),w). (2.1)

Proof.  The linearity and continuity of the operator A can be deduced directly
from its definition. Similarly, the continuity of the operator B(:,-) can be obtained
easily from its definition. We only need to verify (2.1). In fact, for any ue Viw eV, we
have

0 0
<B(u,w),w>:((u.V)w,w):/(ula—m—l—uza—m)(wl,wg,w;;)(wl,w2,w3)dsc
3 2
ZZ/U’ w]dx ZZ /“Za ]dx— ZZ Wy e /w?Diuidx)
j=1i=1"% j=1i=1 T 3171

;zi:Z/wDudx——Z/ (V- u)da = 0. (2.2)

Hence, the identity (2.1) is valid as a consequence of (2.2). This completes the proof. O

LEMMA 2.2 (see [21,22,30]).
(1) There are two positive constants ¢1 and co such that

c1{Aw,w) < w3 < c2(Aw,w), YweV. (2.3)

(2) There exists a positive constant A which depends only on ), such that for any
(u,w,p) €V XV XV, it holds that

1 1ol 1
[(B(u,w), o) | < Allull2[[Vul |2 [|w]| 2 [ Vw|| 2 [[Vel|. (2.4)
Furthermore, for (u,w,) €V x D(A)x V and (u,w,) €V x D(A) x D(A), we have

[(B(u,w), o) | < Allull2[[Vul[2[[Vw] 2 [ Aw|[ 2 [|¢], (2.5)
[(B(u,w), Ap)| < Allul|2 [|Vul|2 | Vw2 [ Awl|= | Ap]| (2.6)

(3) There exist two positive constants c(v,) and 61 :=min{v,a} such that

INw)[| <c()|wlg, YweV, (2.7)
(Aw,w)+ (N (w),w) > 81 [w|%, YweV. (2.8)
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REMARK 2.1.  According to the definition of operator A and the classical spectral
theory of elliptic operators (see [3]), there exists a sequence {A,}52; (formed by the
eigenvalues of A) satisfying

D<A <Aoo Ay <oeey Ay — 400 a8 11— 00,
and a sequence of elements {v,}°2; C D(A), which forms a orthonormal basis of H , SO
that span{vy,va, -+ ,vp, -} is dense in V, and Av,, = A\, v, for VneN.
Next, we recall a basic result (see Theorem 3.11 in [16]).

PROPOSITION 2.1.  Assume {U(t,7)}i>7 is a closed process, D is a universe in P(X),
Do={Dy(t)[t e R} CP(X) is pullback D- absorbing for the process, and {U(t,7)} 1> is
pullback Dy- asymptotically compact. Then, the family Ap={Ap(t)|t €R} defined by

= J AD.1) with A(D.1)- ~-N YD) " vier,  (29)
Dep s<ETs
satisfies the following properties:
o Compactness: for any t €R, the set Ap(t) is a nonempty compact subset of X,
and Ap(t) CA(Dog,t);

o Invariance: Ap is invariant, i.e. U(t,7)Ap(T)=Ap(t), for all T <t;
o Pullback attracting: Ap is pullback D- attracting, that is

lim distx (U(t,7)D(7), Ap(t)) =0, for allD €D, tR;

T——00

o Minimality: the family .Zp s minimal;

o if Dy€D, then Ap(t) :A(ﬁo,t) gDo(t)X, for all teR.

REMARK 2.2. If le\p €D, then it is the unique family of closed subsets in P. Further-
more, the sufficient conditions for Ap €D are that

e DyeD,

o the set Dy(t) is closed for allt€R,

e the universe D is inclusion-closed, that is, if DeD and D' ={D'(t):teR} CP(X)
with D'(t) C D(t) for all t, then D' € D.

Finally, we introduce a notion called “flattening property” (see [17,18]), which is
also known as “Condition (C)” in [25].

DEFINITION 2.1. Assume that X is a Banach space with norm | -||x, and Do=
{Do(t )|t€R} is a given family. We say that the process {U(t,7)}izr on X satisfies
the pullback Do -flattening property zf, for any teR and € >0, there exist T(e,t Do) <t,
a finite dimensional subspace X (e,t,Dq) of X, and a map P(e,t,Do): X — X (e,t,Dy),
such that

{PU(t,7)w,| T <7(€,t,Dy), w, € Do(7)}is bounded inX.
and

(I =P)U(t,7)w:||x <€, for anyT <7(e,t,Do),wy € Do().
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REMARK 2.3. Garcia-Luengo, Marin-Rubio and Real [17, Proposition 9] pointed out
that, to ensure a process {U(t,7)}+>- is pullback Do- asymptotically compact, it is
enough to show the process satisfies the pullback ﬁo—ﬂattening property.

3. Existence of compact pullback absorbing family

In this section, using the semigroup method (see [12]) and e-regularity method (see
[2]), we show the existence of a compact pullback absorbing family (not only asymptotic

compactness) in H and V respectively. To do this, let us first define the fractional
powers spaces D(A%) as the domains of operators AO‘ and analytic semigroup e~ 4.

DEFINITION 3.1. For a>0, let D(A*) {wEH| Z A2 (w,v,)? <4o0}. In par-

ticular, we also write u€ D(A®) if w=(u,w) € D(A%). And A%w= Z A& (w,vp,) vy €
n=1
ﬁ, VYw e D(A%), here {v,}n>1 is given in Remark 2.1.

Note that for all a>0, D(A®) is a Hilbert space with the inner product
(w,0) paey = (A%w,A%p) and D(A™%):= the dual space of D(A®). Particularly,
D(A°Y=H, D(A?)=V, D(A’%):‘/}*. For convenience, we write ||¢||o :=|A%p].
DEFINITION 3.2.  For any we H and t >0, define e~ *w= Y e ! (w,v,)v, € H.

n=1

3.1. Existence of a compact pullback absorbing sets in H. In this
subsection, we focus on the proof of Theorem 1.1. To begin with, the following results
can be verified in the same way as Lemmas 3.2-3.3 in our previous work [31], we omit
the details here.

LEMMA 3.1. Assume F € L%OC(R;‘A/*) and w is the solution to system (1.6) with initial
value w, € H. Then,
(1) it holds that

_ . 675115 t
lo(8)[2 e )||wTH2+T1/ O F(0)]. do. (3.1)

(2) for anyt€R and D={D(t)|t eR} eDH | there exists a 70(D,t) <t—2 such that,
for any T <719(D,t) and w, € D(7),
lw(rsT,we)lI? <pu(t), Vrelt—2., (3.2)

/ leo(rsm,wn) [2A0< pa(t),  ¥reft—1,1], (3.3)
r—1

:
/ ! (r57,10,)|
r—1

—01 (t—2)

t 1 1 t
p1(t):=1+7/ N F(0))2%.d9, pa(t):= —pl(t)+—2/ |F(6)]3.d6
61 —00 51 61 t—2

2 d9<pslt), Vrelt—1.], (3.4)

where

g

palt) = 3(c5 ) 2at) +3Xpn (Dpa(t) +3 | [FO)I.d0
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Invoking (3.2), we can obtain

LEMMA 3.2.  Under the conditions of Lemma 3.1, the family Do={Dq(t)|t €R} with

Dy(t)=Bz(0,R5(t)) is pullback i absorbing for the process {U(t,7) }i>r in H, where
5 > 2 AR A 2
Bﬁ(O,Rﬁ(t)):{w€H| lwl]|*<Rg(t)} with Rg(t) ::1—|—T/ e ||F ()5 .df

is a closed ball in H.
Then, let us verify a important smoothing estimate.

LEMMA 3.3.  For any 8>0, it holds that

| AP e~ At < ept™ P |wl|, Yw e H. (3.5)
Proof.  Since, for any weH, w= > (w,vp)vy,. Then, we have
n=1

oo oo
||A'86_Atw|| = Z)‘rﬁle_/\nt(an)UnH = Ht_ﬂ Z()‘nt)ﬁe_%t(wavn)vn”

n=1 n=1

o0
<t sup AP (wvn)vnl| = ot~ ),

~v€[0,+00) n=1

where cg:= s[lgp )756_7. This completes the proof. 0
y€[0,00
Next, we investigate the estimates about operators B and N.
LEMMA 3.4. For any 0<e< %, there exist constants ¢. and ¢. such that
B: D(A%) x D(A) = D(A™U729) and || B(u,w)||-1-20) <l|w]?,
N D(A%) = D(A0=29) and [N ()||_(1_0) <]l
Proof. Note that for any €€ (0, 3)7 it holds that (see [1])

D(A1—2e) AN W2—4s,2(Q> ‘—>W1’OO<Q) AN Wl’%‘» (Q), D(AE) N WQE’Q(Q) ‘%L# (Q).

Then, for any o € D(A'~2¢), it follows from the above embedding and Holder inequality
that

[(Blusw).o)| = | (Bluse)w)| <l 2, o Nl 2, 1990, 5 o)

<[l - (Q)Ilvwllﬁg(mSée\lwllf\lw\h—ze, V(u,w) € D(A) x D(A),

1—2e
and

ow Ow Ouy Ouy

_ow Ouz oun . 4
xo Ox1 01y 3x2+ w) - (p1,2,%3) x‘

\<N<w>,so>!=\/9—zur<

<ol [ Vurgts| e [ Jul (Welds <ol o o 1960, 5

T—2¢ ()
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Seellwlellelli-ze, Vwe D(AY),
where ¢, and ¢, are positive constants. This completes the proof. 0
Now, let us show the boundness of {U(¢,7)D(7)} in D(A€) norm.
LEMMA 3.5.  Assume that (H3) holds, then, for any e <min{},1 — %},teR and D €
pH
{U(t,7)w, | w, € D(7),7 <70(D,t)} is bounded in D(A®),
where 7o(D,t) is given in Lemma 3.1.

Proof. First, fix teR,DeDA < 70(D,t),w, € D(t) and write wy(s)=w(o+
$;7,wy ), Fy(s)=F(c+s). Noting that any weak solution w to system (1.6) satisfies the
variation of constants formula

t
w(t)=e Ay (s) + / e A= F(9) — B(u(8),w(8)) — N(w(6))]d6, Vse|r,t]. (3.6)
In particular, for some o > 7 (specified later), we have

wg(s):e_ASwg(O)+/036_A<S_9)[F0(0)fB(ua(H),wg(e))fN(wg(G))]d& Vse[0,t—ol.
(3.7)
From (3.2) and (3.3), we see that, for any o €[t—1,t],s €[0,t — 0],

-

[lwo (s)]| <pf (t) and OS lwo (8) 13460 < p(t). (3.8)

Hence, on the basis of Lemma 3.3 and Lemma 3.4, choosing o € [t—1,¢] and letting
s<t—o, then taking the norm of (3.7) in D(A€) and multiplying by s¢, we obtain

5w (s) ]l <s%[|le™ " wo (0) e +8/ le™ ¢ [Fo () = B(uq (8),wq (8)) — N (we (6))]]| A0
<eellwo (0)]| +c1-es /O (5=0)" " [IB(uo (0),w (0))l|-(1-20)

€ ® —1_e
FIN O --20]db+ ey o5 [ (5=0) A FO)l1p- 0
0
<Li+La+Las, (3.9)

where

1 ° 1
Ly:=cp? (t)‘i‘C%JresE_/ (s =0)" 27| 5 (0)[| - a9,
0
Lo ::01—66686/ (5*0)7(176)||w0(9)“§d97
0

Ls :201_65636/ (s—0)" "7 wy (6)]]do.
0
In order to find an upperbound of s¢||wy(s)]le. In the following, we estimate Ly, Lo

and L3 respectively. First, due to 0 <e< % — %, then, for any s€[0,t—o] C[0,1], it is
easy to see that

)12, o)

Li<eop (0)-+ep ool | (s—0) "} o)’ / 1P (0
0
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—L-

| s . 1 t 1
<eepi () +es / P E dr) TR / NEE)dr)? =1(0) (3.10)
t7

where ¢1(t) is bounded under the assumption (H3) for any t€R. Next, consider the
following interpolation inequality (see [29], (2.24))

3 1_e € 7 1
lw(@)lle <[lw@)IZ™[[w(@)]|5, for anyw e H,ee (0, 7],

which together with (3.8) and Holder inequality gives

° 3 1 e €
Lo <tucr_os* / (5—6)~ 09w, (8)]| 2 [0 (6) |3~ ()] 5,46

£ 2(175) 3 _ e
LCeCp_eS° p1 / |lwe (0 H2 do) 2(/( —0)” 2= (0)|\§‘6d9)1 2
2(1—

<eccr_opy® (t)Pzg(t)Se(/O (s—0) "5 [lwe (6)1 2 ‘de) o
::(,02(75)86(/05(8—(9) 5w (0) 77 ) TE (3.11)

Similarly, we have

2(1—¢)

1-2¢ 8 < s
Ly <eeer—ostpr / s (8)]12.06) ¥ / (s— )%
0 0

(

<<p2(t)s€(/os(s—9)_22—:)|wg(9)||§1€d9)1_5. (3.12)

Now, letting M (s) =s¢||w,(s)||e and substituting (3.10)-(3.12) into (3.9), yields

M(s) < a0+ a5 (s—0)

e )%
(©)]1¢~* o)

s M?EE (9)d9)1_§

([ om0 s ey o).
0

Finally, with the help of the following proposition (one can refer to [17] for detailed
proof):

PROPOSITION 3.1. If, for all s€[0,t — o], there exists a continuous function Q(s) with
Q(0) > M(0) satisfying
21-¢)

Qs) 1 () + pa(8)s°( / (s—0) %
+</Os<s—9> U2 o5 e (0)d0) 5]

then M(s)<Q(s), Vs€[0,t —o]. Particularly, for any fized ko>1, kop1(t) = M(s) for
all s€[0,t—a].

7 (0)do)' 2

We conclude that, for all w, € D(7),7 <79 (.5775),
[A“w(t;mwe) || = (t—0) " M(t—0) <ko(t—0)~“pu(t),
which implies Lemma 3.5 holds. O

Proof. (The proof of Theorem 1.1). Based on Lemma 3.5 and the compact
embedding D(A€) f—>f—>H the existence of a compact pullback absorbing family in "
follows immediately. This completes the proof. ]
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3.2. Existence of a compact pullback absorbing family in V. The goal
of this subsection is to prove the existence of a compact pullback absorbing family in
V. First, we improve the estimates of the solutions.

LEMMA 3.6.  Assume (H2) hold, then for any t€R and D={D(t)|teR} eDH | there
exists a T4(D,t) <t—2, such that for any T <7(D,t) and w, € D(7), it holds that

Hw(r;7‘,wT)||2<p4(t)7 Vrelt—2,t, (3.13)
l(rim w2 <ps(t), Yreft—14, (3.14)
t
/ | Aw(0: 71.)|[2d0 < po(£), (3.15)
t—1

where

e 0=t 2 2 ' 2
pult) =1+ —— / O F(0)[246, pot) = cs (205(t) + papd(t) + / IF(0)[2d6),
—00 t—2

) =calps()+ [ IFO)IPa0) xexp{eallpa) + [ 1PO)IPa0f +11}

with ¢z =2cq + =< c15 ,C4:maX{202)\4'maX{1,51_2}74C202(Vr)} and
cs =max{4\* 4c? (v,),2¢7 4}

Proof.  The estimate of (3.13) is similar to that of (3.2). Moreover, the estimates
(3.14) and (3.15) can be proved similarly to (3.8) and (3.9) in Lemma 3.3 of [31],
respectively. Hence, we can omit the details here. 0

Noting that {B(0,p4(t))|t € R} := {w e H|[w(t)[|* < pa(t)} € DT, based on Lemma
3.6, we immediately have

LEMMA 3.7.  Assume that (H2) hold, then the family of sets

~

D= {D0 o(t)=Bg(0,p4(t))NV|t R} epHV,
Moreover, for any tER,lA) € Dﬁ, and there exists a Té(ﬁ,t) <t such that
U(t,7)D(1) € D, 5 (t), Y7 <74(D,t).

Particularly, ﬁo,f/ is pullback DHV absorbing for process {U(t,7) }1>r.
Then, we verify the following estimates about the operators B and N.
LEMMA 3.8. For any >0, there exist constants ¢. and ¢. such that
B: VxV—D(A™) and |B(u,w)|- <Elwl3, Y(u,w)eV x V.
N: Ve D(A™) and |[N(w)||-c <é|wllp, YweV.

Proof. First, for any € >0, it holds that
WE2(Q) s L (Q), D(A9) s LT%(Q), L*(Q)< L= (Q),
which together with Holder inequality leads to that, for any ¢ € D(A€),
[(B(u,w),$)| <

JIVulliel V|l

1 1
L () LT=2¢ 2f sz) Le ()
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<elwllBlglle, V(uww)eV <V,

and

0 Oow 0 0
‘<N(w)7¢>‘:’/s;_2yr(87w7_7w7ﬂ ﬂ—’—Qw) (¢1,¢2,¢3)d$’

Xro 81’1 3:r1 al’

<o / V|- |6ldz < | V| 19 <Elwloldle Ywel.

2 2
LT+2¢ (Q) LT-2¢ (Q)

This completes the proof. 0
With Lemma 3.7, Lemma 3.3 and Lemma 3.8 in hand, we immediately have
11 1
LEmMA 3.9. Let (H4) hold and take §<min{1, 5—7}, then, for any teR and
—~ ~ 1 lp
DeD® {U(t,7)D(7)|T <74(D,t)} is bounded in D(A2" 7).
1
Proof. Taking the norm of (3.6) in D(A2+?%), choosing € such that §+€< 2 and
using Holder inequality, we have
t
)]s < e~ A=Vl 5+ [ A OF @) 50
t
b [ e A O Bu(6),w(6) + N(w )] 58
t—1

t
<05||’w(t—1)||‘7+0%+5+6/t l(t—9)_5—5—6||B(u(9),w(9))||,€d9
t

t
*epsie [ U= NGO dt+eys [ (=0 O) a0

1 ) ¢ 1 L 1
Sesps (t)+cé+6+eéép5(t)/ (t=0)"27""d0+c1 5y Ccpi (t)/ (t—6)"30-<dg
t—1 -1
1

vyl [ =0 a0 ([ F@)Pao

201 510, 1 2c1 5. .Ce 2p—1) qe=i. [t N
——)p? — PR A F I
o252 (DT 155 5cfs sl 25y, 2 [/HH (0)[[7d6] .

Obtaining the desired result. ]

< (es+ (t)+ery

Finally, let us give the proof of Theorem 1.2.

Proof.  (The proof of Theorem 1.2). From Lemma 3.9, the existence of the

compact pullback absorbing family in Visa consequence of the compact embedding
A w
D(A>%9) s V. This completes the proof. d

4. Existence and regularity of pullback attractors

In this section, we are going to show Theorem 1.3 and Theorem 1.4. First, basing on
the estimates of solutions obtained in Section 3, we verify the flattening property of the
process. Then, using the flattening property of the process, we prove the existence of
the pullback attractors for the universe of fixed bounded sets and for another universe
with a tempered condition in spaces H and V respectively. Further, we reveal the
regularity result of the pullback attractors by showing that these attractors coincide
with each other.
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4.1. Existence of pullback attractors in space H. In this subsection, we
concentrate on proving the existence of pullback attractors. According to Remark 2.3,

it suffices to show that the process {U(t,7)}1>, possesses pullback DH_ absorbing and
satisfies pullback D - flattening property.

Based on Lemma 3.2, it is sufficient to verify the pullback i flattening property
for the process U(t,7) on H. We need to prove three auxiliary results.

LEMMA 4.1. Under the conditions of Lemma 3.2, for anyt € R,ﬁ € Dﬁ, {Tn} C(—00,t—
1] and {w,, } C H satisfying 7, — —00 as n— o0 and w,, € D(1,) for all n, it holds that

A~

the sequence {w(-; Ty, wr, )} is relatively compact in C([t—1,t]; H).

Proof. Let w™ (:):=w(:;7p,wy, ) =U(-,7n;w,, ) be the solution to (1.6). Then, ac-
cording to Lemma 3.1, we conclude that there exists a TO(ZA),t) < t—2 such that the sub-
sequence (relabelled the same) {w(")(-)’Tn <7o(D,t)} C{w™(-)} is uniformly bounded
in Lo°(t—2,t; H)NL2(t — 2,¢; V) and {(w(™)’(-)} is uniformly bounded in L2(t —2,t; V*).
Furthermore, from the standard diagonal procedure, there exists a function w(-) such
that

w(")(-) _\*w() weakly star in Loo(t—zat;ff)a
w™ () = w(-) weakly in L2(t—2,6;V/), (4-1)
(WY () = w!() weakly in L2(t—2,t;V*).

Therefore, it follows from Aubin-Lions theorem (i.e., refer to [5,29]) and the embedding
Ve H—V* that

w™ () > w(-) strongly in L2(t—2,t;H).
Further, it holds that
w™ (-) = w(.) strongly in H, a.c.on [t—2,t].
Again from (4.1), we have
w () €C([t =2t H), w(-) €C([t —2,¢); H).

Now, since

S92 R
w™ (s4) —w(”)(sl):/ (w™)(0)d0 in V*, Vs1, 59 €[t —2,1],

S1

and {(w(™)'} is uniformly bounded in L2(t—2,;V*), we conclude by Ascoli-Arzeld
theorem that
w™ (-) = w(-) strongly in C([t—2,t);V*).
Hence, for any sequence {s,} C [t —2,t] with s, — s, as n— oo, we know that
w™ (s,,) = w(s,) weakly in H.

Indeed, we claim that

w™ (-) = w(-) strongly in C([t—1,t); H), (4.2)
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~

which implies the sequence {-;7,,w,, } is relatively compact in C([t —1,t]; H). The proof
of (4.2) is similar to that of (3.49) in Lemma 3.8 of [31], we omit here. This completes
the proof. ]

LEMMA 4.2.  Assume that (H1) holds, then for any ¢>0,t€R and ﬁeDﬁ, there
exists 6 =0(e,t,D) € (0,1) such that

|lw(t; 7, w1 = [Jw(t—s;7,w- )| <€, Vse [0,6), 7 < 70(D,t), w, € D(7), (4.3)

where To(ﬁ,t) comes from Lemma 3.1.

Proof.  We verify the above assertion by a contradiction argument. Indeed, if
(4.3) were not true, then, for any § € (0,1), there exist an ¢y >0,t€R, D € DH and three
sequences {7,} C(—o0,t—1] with 7, »—00 as n— o0, {w,, } with w,, € D(r,), and
{sn} with 0< s, < % such that

|20 (t; 7 wr, ) [|* = lw(t = $n3 70, ws, )| Z €0, for all n>1. (4.4)
However, from (4.2), we see that

l[w(:7n,wr, )| = [w(®)]| and [w(t = sn; 70, wr, )| = [w(B)]], as n— oo,

which implies (4.4) is absurd. O
As a consequence of Lemma 4.2, we have

LEMMA 4.3. Under the conditions of Lemma 4.2, then, for any ¢>0,t€R and
DeDH, there exists a 6(e,t,D) € (0,1) such that

t
/ w(0);7,w, A0 <€, V7 < 10(D,t), w, € D(T). (4.5)
t—5

Proof. Testing (1.6); by w(t) and using (2.2), we have
5 3 lw@)17 + (Aw(8),w(8)) + (N (w(9)),w(8)) = (F(8),w(0)),
which together with (2.8), Schwartz inequality and Young’s inequality implies

d 2 2 d 2 2
- <— 2
@) +261 (@) <55 [w0(6) |+ 261 [w(O)]3

<S2(F(0),w(0)) <51||w(9)||%+%IIF(9)I R

Integrating the above inequality with respect to time variable from ¢ —§ to ¢, we obtain

t 1 t
&/|W@Ww@mwwW—W@W+;/|wwwﬁa
t—38 1Jt—6

which together with F(t,z)€ L? (R;‘/}*) and Lemma 4.2 yields (4.5). This completes

loc

the proof. 0

Now, we are ready to prove the pullback DH_ flattening property for the process
{U(t,7)}t>- on space H.
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LEMMA 4.4.  Let (H1) hold, then the process {U(t,T7)}i>r on H satisfies the pullback
D- flattening property for any DeDH.

Proof. According to Definition 2.1, we should verify that, for any >0, €R and
DGDH there exists an m=m(e,t,D) €N such that the projection Py, : H+— H,, with
H,, =span{vy,va, -+, vy } ({vn}n>1 is given in Remark 2.1) satisfies the following two
properties:

(i) {PwU(t,7)D(7): 7 <70(D,t)} is bounded in H,
(i) |(I—=Pw)U(t,7)w(7)| <e, for any 7 < 7o(D,t),w, € D(7),

where 7(D,t) is given in Lemma 3.1. Observe that ||Pyw(t)|| < |lw(t)]|, which together
with (3.2) implies property (i).

Next, we verify property (ii). Under the condition (H1), from Lemma 12 in [19], we
have

t
lim " / || F(6)|%.d0 =0, for any ¢ €R. (4.6)

Consider fixed 7 <70(D,t),w, € D(7) and let gy, (6) :=w(#) — Prw(6), then it holds the
following Poincaré style inequality

Mt am ()7 < [V am ()11 < llam (0113 (4.7)

where \,,41 is defined in Remark 2.1. Since (Ppw(8),w(6)—PrLw(9))=0, we deduce
that by taking scalar product in (1.6); with g, (6),

0 (O)1 4 (A (000 (0)) +(BLo10), s () + (N (1), 00 (0)) = (F(0), 4 (0))
(4.8)

In the following, we estimate the terms of (4.8) one by one. First, from (2.4) and
the facts

ull? < |2, [Vul? < [Vl < w2, (4.9)
we get
(B (u(8),w(0)),qm (0))] < Mu(®)]|2 [|Vu()]|% w(0)]| | Vw(8) | 2|V gm (6)]]

1
SAw(@)[[[[w (@)l llgm (Ol <62>\2Hw(9)||2||w(9)||37+472||qm(9)||?7-
Then, it follows from (2.7) that

(N (@(8)),4m (0)] < [N (w(O) | (O)]] < () [10(8) 15 | (B) I
<2c2c2<w>|\w<e>||%+£nqm<e>n%.

Moreover, it is easy to get

(F(0),qm (0)) <IIF©0) 15 lam (0)ll5- < 2¢2] F(O)]13.. +£qu(9)llé~
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Finally, taking (2.3), (4.8) and the above three inequalities into account, we obtain
%%Ilqm(e)l\%réllqm(@)llé <(F(0),qm (0)) — (B(u(0),w(0)),qm (0)) — (N (w(0)),qm (0))
0l PO + g llan O +e23 @) Pl @ + 1=l O]
2000w ) + - lan (O)13

that is,

b 262X [w(O) [P [w(O) I +deac® (vr) [[w(0) 3

d 2 1 2
3g/l4m O+ Zllam (O[5 < el F(0)] v

which together with (4.7) leads to

d Am
25/lam @I + g (0)1* < dea | F(O) 5+ +2e2 X [w ()] w(0) |5 +deac® (vr) [w(0) 13-

C2

Multiplying the above inequality by e "Am+10 and integrating the resultant inequality
over [t—1,t], one has

ez At g (1)]|2 — ez Amirt=D g (1))

t t
Stor [ SAOE O a0+ 200 [ e O o)} a0
t—1 t—1

t
Head () [ e (o) 2 ds,

t—1

which together with (3.2) gives

t
gm (E)[|? €™ A1 gy (= 1)[|2 + deac? (v, )e 0 Amiat / e Am+19[y ()| g
t+1
t

+2c2>\26‘“5“’"+”/ ez A1 (0) 2 |w(6) |3 do

t—1

t
+4c26—05“m+1t/ ecs A1) F(9)]|2, do
t—1

t
<N gt 1) P ealL pr () et [ e e o) 2 a6

t—1

t
Fdegem Amiat / e Am+10)| F(0)13. do, (4.10)
t—1

where c3 :=max{4cac?(v,.),2c20%}.
Next, we give a further estimate for (4.10). First, since

g (¢ = 1)[2 < lew(t 1)1 < p1(£), and Apy1 — 00, asm— ox,

we conclude that there exists a my :ml(e,t,ﬁ) such that, for any m >mq,

2

— €
e Al (t—1)[2 < =

; (4.11)
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Then, for any § € (0,1), from (3.3), it holds that
NEDY ‘ EDY 0
e et [ s (o) 2 00
t—1

t—94 t
R A e A PO
t—1 t—§

t t
gefcglxmm/ |\w(9)||%7d0+/ [ EST
t—1 t=96
t
gefczumﬂapz(tH/ (@0,
t7

which combines with Lemma 4.3 implies that there exist 6*€(0,1) and ms=
ma(e,t,D,0%) such that, for any m >maq,

t t
cmer et [ e @) a0 <es M )+ [ ul6)0
t—1 t—o*

€2

<———, V7 <71 5,15 ,2wr € D(T).
3s(1+p1 (1)) (1) 7)

(4.12)

Finally, because of A, 41 — 00 as m — 00, we can deduce from (4.6) that there exists
an ms =mgs(e,t) such that, for any m >ms,

2

e—cﬂmm/t ¢ Amiif || F(9) 2.6 < —— (4.13)
-1 12¢9
Substituting (4.11)-(4.13) into (4.10) and taking m:=max{mi,mq,ms}, we get
gm ()% < €2, for any 7 < o(D,t),w, € D(),
which is property (ii). This completes the proof. o

At this stage, we can give the proof of the main result of this subsection.

Proof. (The proof of Theorem 1.3). According to Definition 1.2, the existence of
AD;; and A7 is a consequence of Proposition 2.1, Remark 2.3, Lemma 3.2 and Lemma
F

4.4. Furthermore, from Lemma 3.2 and the fact Dg - Dﬁ, we obtain ADg(t) CALa ()
F
for Yt € R. Obtaining the desired result. ]

4.2. Existence and regularity of the pullback attractors. The goal of
this subsection is to give the proof of Theorem 1.4. For this, let us verify the pullback
DH:V_ flattening property for the process in V, that is, the following lemma.

LEMMA 4.5. Assume (H2) hold, then the - process {Ut,7)}i=r on V satisfies the pullback

DA- flattening property for any D eDlV

Proof. It suffices to show that for any €>0,t€R and DGDH V there exists
m=m(t,e,D) €N such that the projection Py, :V — V,, with V, —span{vl,vg, L Um
({vn}rn>1 is given in Remark 2.1) satisfies the following properties:

(i) {PwU(t,7)D(7):7<7(D,t)} is bounded in V,
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(i) [|( =Pw)U(t,m)w(T)|ly <e, for any < 7(D,t), w, € D(7),
where 7)(D,t) is given in Lemma 3.6.
The property (i) follows directly from (3.14) and the fact |Pnw(t)|lp < ||w(t)||p-
To prove property (ii), let us fix 7<7(D,t),w, € D() and set g (0)=w(6)—
Ppw(#). Similar to (4.8), we have

%%<Qm(0)vAQm(0)>+”AQm(e)”2+<B(u(9)’w(9))aAQm(9)>
+(N(w(0)),Agm (0)) = (F(0), Agm (). (4.14)
Invoking (2.6) and (4.9), one has

[(B(u(6),w(8)), Agm (0))] < M[w(0) |2 |Vu(8) 12 [ Vw(B)]|% || Aw(8) |12 || Agm (6)]|
<Mw(®)12 w(0) 5| Aw(8) ]| 21| A (6)]]
<N [w (@) [[w (@)% ]| Aw(®)] +§|\Aqm<o>||2-

From (2.7) and Cauchy inequality, it holds that
1
(N (w(9)), Ag (0)) | [N (w(8)) || Agim (0| <QCQ(VT)HU/(@)II%+§||Aqm(9)\|2'
Moreover, we have
1
(F(0), Aqm (0)) <2”F(0”2+§”AQm(6)”2‘

Substituting the above three inequalities into (4.14), we have

L 400(0).0(6)) + 5 1A, (0)

2 df
N [w(O) [ [w @) Aw (@) +2¢* (wr) [[w (0I5 + 2] F (0)]1,

which together with (2.3) and the inequality A1 1||gm(0)||2 < || Agm(0)]]? leads to

2
>

d
3517 O + 21 llgm ()13 <202 X[[w(O) [ [[w (O) I | Aw (6) ]
+deac® () |w(0) |13 +4e2 | F(0)]17,

where \,,41 is defined in Remark 2.1. Multiplying the above inequality by e¢2*m+19
and integrating the resultant inequality with respect to 6 over [t—1,¢], then applying
Lemma 3.6, we conclude

t
lgm (B)IIF < €™ lgm (t =13 +202/\267°"‘A”“t/ e 1w () [|w(9) I3 | Aw(6) 6

t—1

t t
+4ch2(ur)e*C2Am+lt/ ecz*mﬂe|\w(9)\|éde+4CQe*2Am+lf/ e“2*m+1?| p(9)|*d0
t—1 t—1

e 2Am1 [|wm (t—1) H%/

1 t
+2¢2X%pF (1) ps (£)e 2 1 ( /

t—1

t
6252>‘m+19d0)%(/ HAw(Q)HZdG)%
t—1
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t
662>\m+19d9+4C2e—cgz\m+1t/ eCQ)\'!!L+10||F(0)‘|2d9

t—1

t
+40202(V7')p5 (t)efc2>\m+1t/

-1

o

e 2 (1. .o L 1 42 (vy)ps(t
<emeRAmid po (1) + ( C2 )2 N2pZ (t)ps () p (t)JrM
)\m+1 )\m+1
t
Fdepem A mit / LR (4.15)
t—1

On one hand, since A,,11— 00 as m— 00, it clear that there exists an m/ (e,t,ﬁ)
such that, for any m >m/ (e,t,D), we have
€ 4P (v )ps(t) €2

(t)ps(t)pg (t) < R T—&-l < T

2
2
e—czkm+1p2(t)< EZ, ( Co

W pof=

)2 A%

)\7n+1

On the other hand, similar to (4.6), under the assumption (H2), we have

t
lim e*ct/ e’ || F(0)]|2dd =0, for anyt€R,
c—00 — o

which implies there exists m}(e,t, D) such that

¢ 2
4026_02’\m+1t/ e m 10| F(9)2d6 < EZ’ for any m >mj(e,t, D).
t—1

Choosing m:max{m’l(e,t,ﬁ),m’g(e,t,f))}, we obtain
llam (t)]|¢ <€, for any 7 < 70(D,t),w, € D(7),

that is, the property (ii). 1]
Now, let us give the proof of Theorem 1.4.

Proof. (The proof of Theorem 1.4). According to Definition 1.2, the existences of
Apv and /ngf, are direct consequences of Proposition 2.1, Remark 2.3, Lemma 3.7

F
and Lemma 4.5. ~ . ~

From the fact Dy CDH:V CDH it follows that ADZ (t) CALm.o (1) CApE(1). Fur-
ther, by Lemma 3.7, we can obtain A,z (t)=Apa(t). In addition, the relation
Apg(t)gADﬁ(t) is a conclusion of Theorem 1.3, and evidently, ADg (t)QADE(t).
Therefore, (1.9) is valid, which implies (1.10).

Since the set |J D, ¢ is a bounded set of V', then under the assumption (1.11), we

t<T
can obtain that AD;, (t)=Apmv(t) (see [26]). Therefore, (1.12) and (1.13) are valid.
This completes the proof. 0
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