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GLOBAL STRONG SOLUTIONS TO COMPRESSIBLE
NAVIER-STOKES SYSTEM WITH DEGENERATE HEAT
CONDUCTIVITY AND DENSITY-DEPENDING VISCOSITY*

BIN HUANGT, XIAODING SHI¥, AND YING SUN¢

Abstract. We consider the compressible Navier-Stokes system where the viscosity depends on
density and the heat conductivity is proportional to a positive power of the temperature under stress-
free and thermally insulated boundary conditions. Under the same conditions on the initial data as
those of the constant viscosity and heat conductivity case [Kazhikhov-Shelukhin. J. Appl. Math.
Mech. 41, 1977], we obtain the existence and uniqueness of global strong solutions. Our result can be
regarded as a natural generalization of Kazhikhov’s theory for the constant heat conductivity case to
the degenerate and nonlinear case under stress-free and thermally insulated boundary conditions.

Keywords. Compressible Navier-Stokes system; Density-depending viscosity; Degenerate heat
conductivity; Stress-free.
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1. Introduction

The compressible Navier-Stokes system which describes the one-dimensional motion
of a viscous heat-conducting perfect polytropic gas is written in the Lagrange variables
in the following form (see [4,20]):

UV =Uy, (1.1)
Uy
ug+ P, :(MF)J (1.2)
(e+1u2> +(Pu)z=(l€9m—~_mp) ) (1.3)
2 t v T

where ¢ >0 is time, £ €Q=(0,1) denotes the Lagrange mass coordinate, and the un-
known functions v>0,u and P are, respectively, the specific volume of the gas, fluid
velocity, and pressure. In this paper, we concentrate on ideal polytropic gas, that is, P
and e satisfy

P=Rl/v, e=c,0+const., (1.4)

where both specific gas constant R and heat capacity at constant volume ¢, are positive
constants. We also assume that p and k satisfy

p=p(l+v™), r=Fr0", (1.5)

with constants fi,#>0 and «,8>0. The system (1.1)-(1.5) is supplemented with the
initial conditions

(v,u,0)(x,0) = (vo,uo,0p)(x), x€(0,1), (1.6)
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under stress-free and thermally insulated boundary conditions
H _(H _ _ _
(fu$—fj(o¢y_(fuw—fﬂ(1¢)_o, 0,(0,1) =6, (1,¢)=0, (1.7)
v v
and the initial data (1.6) should be compatible with the boundary conditions (1.7).

The boundary conditions (1.7) describe the expansion of a finite mass of gas into
vacuum. One also considers other kind of boundary conditions

w(0,8) =u(1,8) =0, 0,(0,t)=0,(1,¢)=0, (1.8)

which mean that the gas is confined to a fixed tube with impermeable gas.

For constant coefficients (a«=p£=0) with large initial data, Kazhikhov and
Shelukhin [14] first obtained the global existence of solutions under boundary conditions
(1.8). From then on, significant progress has been made on the mathematical aspect of
the initial boundary value problems, see [1-3,16-18] and the references therein. More-
over, much effort has been made to generalize this approach to other cases. Motivated
by the fact that in the case of isentropic flow a temperature dependence on the viscosity
translates into a density dependence, there is a body of literature (see [3,6-8,13,19] and
the references therein) studying the case that p is independent of 8, and heat conduc-
tivity is allowed to depend on temperature in a special way with a positive lower bound
and balanced with corresponding constitution relations.

Kawohl [13], Jiang [10,11] and Wang [22] established the global existence of smooth
solutions for (1.1)—(1.3), (1.6) with boundary condition of either (1.7) or (1.8) under
the assumptions that u(v) > pg >0 for any v >0 and x depending on both density and
temperature. However, it should be mentioned here that the methods used there rely
heavily on the non-degeneracy of both the viscosity p and the heat conductivity x and
cannot be applied directly to the degenerate and nonlinear case (a>0,3>0). Under the
assumption that =0 and S €(0,3/2), Jenssen-Karper [9] proved the global existence
of a weak solution to (1.1)—(1.7). Later, for « =0 and f € (0,00), Pan-Zhang [19] obtain
the global strong solutions. In [9,19], they only consider the case of non-slip and heat
insulated boundary conditions. Recently, for the case of stress-free and heat insulated
boundary condition, Duan-Guo-Zhu [5] obtain the global strong solutions of (1.1)-(1.7)
under the condition that

(Uo,uO,90)€H1XH2><H2. (19)

In fact, one of the main aims of this paper is to prove the existence and uniqueness
of global strong solutions to (1.1)-(1.7) for « >0 and §>0 with the conditions on the
initial data:

(U07u0500) eHla

which are similar as those of [14]. Then we state our main result as follows.

THEOREM 1.1. Suppose that
a>0, B>0, (1.10)
and that the initial data (vo,ug,bp) satisfies

(vo,u0,00) € H(0,1), (1.11)



BIN HUANG, XTAODING SHI, AND YING SUN 975

and

inf >0, inf 6@y(z)>0. 1.12
ponf vo(z) >0, inf 0(z) (1.12)

Then, the initial-boundary-value problem (1.1)-(1.7) has a unique strong solution (v,u,d)
such that for each fixed T >0,

v,u,0 € L>(0,T;H(0,1)),
v € L®(0,T;L2(0,1)) N L2(0,T; H(0,1)), (1.13)
utagtaumxa amz GLz((O,l) X (OaT))v

and

inf v(z,t)>C71, inf O(x,t)>C1, (1.14)
(x,t)€(0,1)x (0,T") (z,t)€(0,1)x(0,T)

where C' is a positive constant depending only on the data and T.
A few remarks are in order.

REMARK 1.1.  Our Theorem 1.1 can be regarded as a natural generalization of the
Kazhikhov-Shelukhin’s result ( [14]) for the constant heat conductivity case to the degen-
erate and nonlinear case under stress-free and thermally insulated boundary conditions.

REMARK 1.2.  Our result improves Duan-Guo-Zhu’s result [5] where they need that
the initial data satisfy (1.9) which is stronger than (1.11).

The outline of this paper is organized as follows. Section 2 is devoted to Theo-
rem 1.1. We first present the local existence for system (1.1)-(1.7) in Lemma 2.1. Then
we obtain a series of the global a priori estimates of solutions in Lemma 2.2-Lemma 2.7.
Finally, Theorem 1.1 can be proved by extending the local solutions globally in time
based on Lemmas 2.1-2.7.

We now comment on the analysis of this paper. After modifying slightly the method
due to Kazhikhov-Shelukhin [14], we obtain a key representation of v (see (2.1)) which
can be used to obtain directly not only the lower bound of v (see (2.12)) but also a
pointwise estimate between v and 6 (see (2.16)). A direct consequence of this pointwise
estimate between v and @ (see (2.16)) is the bound on L°°(0,T;L'(0,1))-norm of v (see
(2.17)) which plays an important role in getting the upper bound of v but cannot be
obtained directly from (1.1) due to the stress-free boundary condition (1.7). Next, we
multiply the momentum Equation (1.2) by (£u, — P), and make full use of the stress-
free boundary condition to find that the L?((0,1) x (0,7))-norm of u,, can be bounded
by the L%((0,1) x (0,T))-norm of #°6, (see (2.28)) which indeed can be obtained by
multiplying the equation of § (see (2.13)) by '*# and using Gronwall’s inequality (see
(2.32)). Once we get the bounds on the L?((0,1) x (0,7"))-norm of both ., and u; (see
(2.27)), the desired estimates on 6; and 6,, can be obtained by standard method (see
(2.33)). The whole procedure will be carried out in the next section.

2. Proof of Theorem 1.1
We first state the following local existence result which can be proved by using the
principle of compressed mappings (c.f. [12,15,21]).

LEMMA 2.1. Let (1.10)-(1.12) hold. Then there exists some T >0 such that the initial-
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boundary-value problem (1.1)-(1.7) has a unique strong solution (v,u,0) satisfying

v,u,0 € L>(0,T; H*(0,1)),
v € L0, T3 L2(0,1)) N L2(0, T; H'(0,1)),
ut79ta Vgt Uz, 93@1 GLQ((Oal) X (O7T))

Then, the proof of Theorem 1.1 is based on the use of a priori estimates (see (2.15),
(2.21), (2.27), and (2.33) below) in which the constants depend only on the data of the
problem. The estimates make it possible to continue the local solution to the whole
interval [0,00). Without loss of generality, we assume that f=k=R=c¢,=1.

Next, we derive the following representation of v which is essential in obtaining the
time-depending upper and lower bounds of v.

LEMMA 2.2.  We have the following expression of v

v(m,t):Bo(m)pl(m)pz(m){1+ go(a;) /0 Dl(xagc,DTQ)(x T)d7}7 (2.1)
where
Ba() = exp(lnvo(ac)—m)7 if >0, 99
ol=) {Uo(x), if a=0, 22)
Dty =exp{ia) [ (ulyt) - wa(i)a | (23)
Dg(x,t):{eXp{a”(;*t)“}’ ifa>0, (2.4)
1, ifa:07
and
) if >0,
k(a){l/z if a=0. (25)

Proof.  First, it follows from (1.2) that

Uy = (Eux—P) ,
v x

Integrating this over (0,z) and using (1.7) gives

(/;udy)t:/:um—P. (2.6)

Then, on the one hand, if o >0, since u, =v;, we have

</Omudy)t— <lnv—ml)a>t_z, (2.7)
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Integrating (2.7) over (0,t) yields
1 1 Lo v
Inv—— —lnvo—l———/ de:/ (u—wug)dy,
av® avf o U 0
which implies
Lo
v(z,t) = Bo(z)D1(x,t)Da(x,t)exp {k(a)/ (I‘,T)d’f'} , (2.8)
o U

with Dq(z,t), Da(z,t) and Bo(z) as in (2.2)-(2.4) respectively. On the other hand, if
a=0, it follows from (2.6) that

(EDE

Integrating this over (0,¢) leads to

T t 0
21111)721111)0:/ (u—uo)dy+/ —dr,
0 oV

which shows (2.8) still holds for a=0. Finally, denoting

t
0
gt =k(@) [ L(wriar
oV
we have by (2.8)
_k(a)0(x,t) E(a)f(x,t)
gt v(x,t) Bo(z)D1(x,t) Do (z,t)exp{g}’
which gives
k(o) /t 0(z,T)
ex =1+ dr.
PO B @) o Dt Do)
Putting this into (2.8) yields (2.1) and finishes the proof of Lemma 2.2. |
With Lemma 2.2 at hand, we are in a position to prove the lower bounds of v and
0.
LEMMA 2.3. It holds
i ty>Cc! i (z,t)>C?
(2)€l0r] x [O,T]v(x’ )2 " (@nelox(0.7] (z,6) 2 ’ (2.9)

where (and in what follows) C denotes generic positive constant depending only on
T 0 inf d inf 6y(x).
B,a,T,||(vo,uo, 0)||H1(0,1)7z€%’1)vo(3?)7 and inf o(x)

Proof. First, integrating (1.3) over (0,1) and using (1.7) immediately leads to

/01 <9+;u2> (x,t)d:c:/ol (0+;u2) (2,0)dz, (2.10)

which in particular gives

1

x 1 1 2
/udy’ﬁ/ IUIdyS(/ u2dy> <C.
0 0 0
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Combining this with (2.3) implies
C7t'<Dy(x,t)<C, (2.11)
which together with (2.1) yields that for any (x,t) €[0,1] x [0,77,
v(x,t) > Bo(z) D1 (x,t)Da(z,t) > C 1, (2.12)

due to

Finally, we rewrite (1.3) as

v

8 2
9t+9ugﬂ:(9 9‘”) 4+ M (2.13)
v v 2

For r > 2, multiplying the above equality by #~" and integrating the resultant equality
over (0,1) yields that

1 d [! re1 Uy 1 psp2
— 6~ "d ) )
r—1dt J, (0~) ij/0 vo" x+r/0 vor+1 "

1
u
/0 phr—1 x
11 pu? 1/t 1
<= Ldr+- | ——d
- 2/0 vo” x—|—2/0 pvfr—2 *

Lt g -1
55/0 o 0|

r—2
L’F*l 9

(2.14)

where in the second inequality we have used pv=v+v'~%>v>C~'. Combining (2.14)
with Gronwall’s inequality yields

sup 671 0)],, . <C,

0<t<T

Lr—1

with C independent of r. Letting r — 0o proves the second inequality of (2.9). Thus,
the proof of Lemma 2.3 is finished. ]

LEMMA 2.4.  There exists a positive constant C such that for each (x,t) €[0,1] x [0,T7,
C™' <wv(z,t)<C. (2.15)

Proof.  First, it follows from (2.9) and (2.4) that for any («,t) € [0,1] x [0,7],
ISDQ(x7t) ch

which together with (2.1) and (2.11) yields that for any (x,t) € [0,1] x [0,7],

t
C~! <w(a,t) SC—I—C/ 0(z,7)dT. (2.16)
0
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Integrating this with respect to x over (0,1) and using (2.10) leads to
1

sup / v(x,t)dx < C. (2.17)
0

0<t<T

Next, for n€(0,3) and € € (0,1), integrating (2.13) multiplied by =" over (0,1) x (0,T),
we get by (2. 10) and (2.9)

10°62 Tt
// 9n+1dzdt+/ /0 o dadt
91 ”dx——/ 0y~ "dm+/ / dxdt
zd dt b
/ /o @ +C/ /o b2

/ max 01 "dt
0 v9" o z€[0,1]
T
L dxdt odt, 2.18
//va TS, e, (2.18)

where in the first inequality we have used

1
/ 01 dx < C.

0

Finally, using (2.17), we obtain that for n=min{1,5}/2,

T ,1
/ max@dt<C+C//|9I|da:dt
o0 =€[0,1]
ﬁ92 O1+n
cove [ [0 e / [ e

0502
<C+C/ / i dzdt+C max 0118t
0

vt o =€[0,1]
c+C 0°0; dxd L[t 0d
< L t t,
wo [ [ g [ ma
which together with (2.18) yields that
T
max 0dt <C, (2.19)
o z€[0,1]
and that for ne€ (0,1)
T 1
/ / 0P ~17102dxdt < O(n). (2.20)
o Jo
Combining (2.16) with (2.19) finishes the proof of Lemma 2.4. O

LEMMA 2.5.  There exists a positive constant C such that

1
sup / vide <C. (2.21)
0<t<TJo
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Proof.  First, we rewrite (1.2) as

(). (),

0

Multiplying the above equality by —u and integrating it over (0,1) x (0,7T") gives

1 9 1
1/ ('sz—u) dx—%/ (&—u ac()dx—i—/ / 'u%d dt
v
//9”* ddt+/ / - &—u dwdt 21 + I, (2.22)
0

Then, on the one hand, Cauchy’s inequality, (2.10), (2.15), and (2.19) lead to

T 1 2
L] < //—dgcdtJr //“egﬂ”dxdt
0

<C maxodt+ //“e%d dt

o z€[0,1]
<C+7/ / MO it (2.23)
N 2Jo Jo v? ' '

On the other hand, we deduce from (2.15), (2.20), and (2.9) that for n=min{1,5}/2,

2
|I2|<c/ /aﬁ 1- "92dxdt+0/ /9”" f’ “”“—u) dadt

<C+C max 92/ (w—u) dxdt. (2.24)
0

0 z€[0,1] v

Next, it follows from (2.10) and (2.15) that for n=min{1,3}/2,

T T

max (017° +0%)dt < C max 9*F="4dt
o =€[0,1] o z€[0,1]

1
<C’+C/ (max g (as,t)—(/ Odzx) .
z€[0,1] 0

core [ ([ @
cove [ ([ 2% 0) ([ a0}

c+C 9592dd
< xT
<C+ /o/oUHth

where in the last inequality we have used (2.20). Finally, adding (2.23) and (2.24) to
(2.22), we obtain after using Gronwall’s inequality and (2.25) that

sup/(—rfu dx+// Id dt<C,
o<t<T.Jo

2
)

(2.25)
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which together with (2.10) and (2.15) gives

1 U 9
sup / v2de <C+C sup / (—I—u) dzx
0<t<TJo 0<t<T Jo v

<C. (2.26)

The proof of Lemma 2.5 is finished. 0

LEMMA 2.6. There exists a positive constant C such that

1 T 1
sup / uidm—i—/ / (u? +u?,)dxdt <C. (2.27)
0 o Jo

0<t<T

Proof.  First, integrating (1.2) multiplied by (£u, — P), over (0,1), we obtain by
integration by parts and (2.13) that

1 2
/ (Bum—P> dzx
0 v x
L
:—/ (fux—P>umdx
0o VU
= / da?—l—(/ Puwda:> /Ptuxdx
1 1
:_(/ By da?) +f/ (H) 3d:v+(/ Pumd;v>
2 0 v t 2 0 v/ov ¢
1 1 1
00, ruy 3
+2/ %uidx—i-/ (u—) dx—/ uurd
o VU 0 v vz 0 U

which in particular gives

1 2 H2
</ (ﬂtﬁ—PuZ) dm) +/ (llzuiz—kz) dx
0o \2v . Jo \v v

1 1
SC/ |um|(|vm||ux|+|vm|0—|—05|0z|)dx+C/ |02 |ve|0dx
0 0

1 1 1
+c/ \Gx\95|ux||vx|dx—|—0/ v;{.(u§+92)dz+c/ (Jug | +u20) dz
0 0 0

1 1 MZ 1 1
SZ/O ﬁufmdﬂc/o 92ﬁ0§dz+c(/0 ugdx>
1 1
+C max (u —|—02)< / vid:z:—k/ 0d:17>
IE[O 1] 0
2

1 1 'u2 02[302 1
<= / v—umdx—l—C/ 2 dr+C max 6 +C’</ uidx) +C, (2.28)
0

-2 x€0,1]

2

where in the last inequality we have used (2.26) and

1 1
max u2 <C(e )/ uidm—I—a/ u?, da, (2.29)
0 0

z€0,1]
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for e >0 small enough. Then, integrating (2.13) over (0,1) x (0,7 yields that

T 1 2 1 1 T 1
/ / &dzdt:/ Gd:r/f/ Hodas+/ /Qumdxdt
o Jo v 0 0 o Jo U

1 T 1 2 T 1 92
§C+f/ / “umdxdtJrC/ / 7 dxdt
2Jo Jo v o Jo MU

1 /T 1 pu> T
SC’JF,/ / L dxdt+C max 0(x,t)dt
2 )0 Jo v o z€[0,1]

which together with (2.19) and (2.15) gives

T 1
/ / u2dxdt <C. (2.30)
0 0

Next, integrating (2.13) multiplied by #'+7 over (0,1) leads to

1 ! 248
m(/o 0 dff)t+(1+5)/0

1 p248 1 1+8,,2
0 0
- / U gt / po G
0 v 0 v

1 1
gc/ 93+5dx+c/ 01 P2 da
0 0

1 92593

dx

1 1
<(C max 0/ 0>+ Pdx +C max 01+6/ uldz. (2.31)
z€[0,1] Jo z€[0,1] 0

Choosing Cy > Cy 41 suitably large such that
Cof? P = u? > 42+ )00 ug|,

adding (2.31) multiplied by C3 to (2.28), and choosing e sufficiently small, we obtain
from Gronwall’s inequality, (2.30), and (2.25) that

1 T 1 T 41
sup / (92+ﬁ—|—ui) dx—|—/ / uiidxdt—i—/ / 0202 dxdt < C. (2.32)
0<t<TJo o Jo 0o Jo

Finally, rewriting (1.2) as

! 0 0
ut:@+(ﬁ) Uxuz*l‘i’%,
v vV/wv v v

we deduce from (2.15), (2.32), (2.26), (2.30), (2.29), and (2.25) that
T 1 T 1
/ / ufdxdtgc/ / (u2, +ulv2+02+0%02) dadt
o Jo o Jo
T

<C+C max 02dt
o =€[0,1]

<C,

which together with (2.32) finishes the proof of Lemma 2.6. d
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LEMMA 2.7. There exists a positive constant C such that

sup / 92dx—|—// 92+92 dxdt <C. (2.33)
0<t<T

Proof.  First, multiplying (2.13) by 6°6; and integrating the resultant equality over
(0,1) yields
1 1
B+ .0
/ 959§d:c+/ T ety
0 0 v

1 2
:_/ (9 b )(eﬁe ), dx—i—/ P 996, dur
0 v o v

1d [*(6°6,) 1Lt s 21 L2089,
5@l v da:+§/0 (66,) (v>tdx+/0 Tdm
1 nBp \2 1 /pB 2 1 298
O L[ [ iS00,
0 0

2dt J, v v2 v

)

which, combined with the Holder inequality, (2.21), and (2.32), leads to

2
1d/lwﬁew)dz+/1969t2dx
0

2dt 0 v

1 (9B 2 1,298 1 pB+1
:71/ 7( x) uxder/ 7/1“10 gtdxf/ 79 uzatdx
2 Jo v2 0 v 0 v

1 1 1 1 1
gc/ 9259§|ux\dx+—/ eﬂefderc/ ui&ﬁdaz—&-C/ 0P 202 da
0

<C max |u, / 0°°02dx + - / 0°07dz+C max (u26” +6°12)
2€[0,1] z€[0,1]

1
gf/ eﬂefd:c+o(/ 0%°02dz)* + C max (ui+0%2)+C. (2.34)
2Jo 0 z€0,1]

It follows from (2.21), (2.29), (2.27), and the Holder inequality that

T
max u4dt<C’// 4dxdt+C’/ / U | dcdlt
0 z€]0,1]

<C maxu/ dedt
0

0 z€[0,1]
T 1 3,1 3
+C max u? (/ U dx) (/ uimdac> dt
0 z€[0,1] 0
<C/ / u? —i—um da:dH— max uldt
o z€[0,1]

<C+ max u’dt (2.35)

0 z€[0,1]

which, combined with (2.34), (2.32), and the Gronwall inequality, yields

1 T r1
sup / (959m)2dx+/ /eﬁefdxdtgc, (2.36)
0<t<T Jo 0 0
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where we have used

1 2
max ¥ +t2<C+C ( max |07+ (z,t) — (/ 9dx)5+1|)
z€[0,1] z€[0,1] 0
1 2
<C+C (/ |059x|dm>
0
1
§C+C/ (6°0,)2dx. (2.37)
0
Combining (2.36) with (2.37) implies for all (z,¢) € (0,1) x (0,T")
0(z,t) < C. (2.38)
Meanwhile, both (2.36) and (2.9) lead to
1 T 1
sup / 02dx + / / 02dzdt < C. (2.39)
0<t<T Jo o Jo

Finally, it follows from (2.13) that

=— -y
v v v v v

which together with (2.39), (2.9), (2.38), (2.35), and (2.21) gives
T 41 T /1
/ / Gfmdazdth/ / (0540202 +uy +0%u2 +07) dudt
o Jo o Jo
T

<C+C [ max 02dt
0 226[0,1]

T 1 1 T 1
§C+C/ / Of%dxdt—kf/ / 62, dxdt.
0 0 2 0 0

Combining this with (2.39) gives (2.33) and finishes the proof of Lemma 2.7. |

+9t7
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