COMMUN. MATH. SCI. (© 2023 International Press
Vol. 21, No. 7, pp. 1791-1813

RECOVERY OF A DISTRIBUTED ORDER FRACTIONAL
DERIVATIVE IN AN UNKNOWN MEDIUM*

BANGTI JINT AND YAVAR KIANf¥

Abstract. In this work, we study an inverse problem of recovering information about the weight
in distributed-order time-fractional diffusion from the observation at one single point on the domain
boundary. In the absence of an explicit knowledge of the medium, we prove that the one-point obser-
vation can uniquely determine the support bound of the weight. The proof is based on asymptotics
of the data, analytic continuation and Titchmarch convolution theorem. When the medium is known,
we give an alternative proof of an existing result, i.e., the one-point boundary observation uniquely
determines the weight. Several numerical experiments are also presented to complement the analysis.
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1. Introduction

This work is concerned with an inverse problem for distributed-order time-fractional
diffusion. Let Q CR? (d>2) be an open bounded and connected subset with a C2l51+2
boundary 9§ (the notation [r] denotes the smallest integer >r €R). Let a:= (aij)ﬁjzl €

ci+2lgl (;R9*4) be symmetric and fulfill the standard ellipticity condition, i.e., there
exists a ¢>0 such that

d
D aij(@)&g = cléf, VrzeQ, £=(&,....&) €RY, (1.1)

i,j=1

and qe 241 (Q) is strictly positive in . Then we define the operator A by

d
Au(z):=— Z Oz, (i j(2)0z,u(z)) +q(z)u(z), z€Q.

ij=1

Finally, p € C[0,1] is a non-negative function satisfying supp(u)=1[b1,be] with 0<b; <
ba <1 and b; and by being lower and upper bounds of the support of the weight p. We
define the function

K, (t) ::/0 %M(Q) do,

where I'(z) = [ s* te*ds, for R(z) >0, denotes Euler’s Gamma function. Then we
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define an integral operator I, by

t
IKug(sc,t):/ K,(t—s)g(z,s)ds, ge€Ll (Ry;L*(Q)), 1€Q, teR, :=(0,400).
0

We define Riemann-Liouville and Djrbashian-Caputo fractional derivatives with the
kernel K, for g€ C([0,+00); L?(2)) by

D g(a,t) =00k, g(x,t), O g(a,t)=DMg—g(-,0)|(z,1), z€Q, teR,.

For ge WL ([0,+00); L2(9)), 3t[”]g:IK“8tg, which coincides with the classical
Djrbashian-Caputo fractional derivative for the kernel K,,. Now we consider the fol-

lowing initial boundary value problem:

O + Au(z,t)=F(z,t), in QxR
Ru(z,t)=0, on I X R, (1.2)
u(x,0) =ug(z), in Q.

Here R denotes either Dirichlet trace Ru=u pqxr, or conormal derivative d,, associ-
ated with a, i.e., Ru=0,, ujpaxr, :szzlaijaxjuui|@gm+, where v € R? denotes the
unit outward normal to 9€2. Throughout, the adjoint trace R* is the Dirichlet trace if
R is the Neumann one and vice versa.

Physically, problem (1.2) describes ultra-slow anomalous diffusion processes, in
which the mean square displacement admits a logarithmic growth [30,31]. The model
is also called distributed-order fractional diffusion, generalizing time-fractional diffu-
sion [11,21,34]. The distributed-order fractional derivative with a constant weight was
used by Caputo [2] in 1969 to describe the stress-strain relation of anelastic media.
Later it was used to formally determine eigenfunctions of torsional modes of anelastic
or dielectric spherical shells and infinite plates and to estimate split periods of their
free modes [3]. The related differential equation was first solved by Caputo [4] using
Laplace transform. Since then, the model has received much attention in applied disci-
plines, e.g., polymer physics and kinetics of particles moving in quenched random force
fields [6,33,36]. There is also a growing body of literature [17-20, 23, 25,26,29] on the
analysis of the direct problem. Kochubei [17,18] investigated fundamental solutions
to the Cauchy problems for both ODEs and PDEs with p€C'[0,1]. The long- and
short-time asymptotic behaviors were discussed in [25] using an argument similar to the
Watson lemma; see also [19] for a more general case using energy estimates.

The weight p characterizes ultra-slow diffusion processes. In practice, it is de-
termined by the inhomogeneity of the medium, but the relevant physical law is still
unknown at present, and moreover, it also cannot be measured directly. This naturally
motivates the inverse problem of identifying the weight p from, e.g., the measurement
of the solution u at one point. When the medium is known and F'=0, Li et al. [26]
proved that the measurement at one interior point can determine the weight u. The
proof is based on analytic properties of solutions, especially time analyticity, and prop-
erties of Laplace transform of solutions of (1.2). In the 1D case, Rundell and Zhang [35]
studied a similar inverse problem using the value of the solution u in the time inter-
val (0,00), where the main tool in the analysis is a fractional version of the classical 6
function. More recently, Li et al. [22] studied the inverse problem with nonzero bound-
ary conditions, and generalized the result in [35] using a Harnack-type inequality and
strong maximum principle. Also [28] is the only work on numerical recovery, based on
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Tikhonov regularization and conjugate gradient method. See [24] for an overview of
results on determining the orders / weights in time-fractional models.

In this work, we investigate the inverse problem of recovering the support info of
the weight u, i.e., by and by, from the observation at one point on the boundary 0f2,
where the medium is unknown. While the approach in [26] can be successfully applied
to the case of a known medium, it is unclear if similar results still hold when the
medium is unknown. The main goal of this work is to determine the support bounds by
and by of the weight u from the knowledge R*u(zg,t) for t € (0,T), xo € 952, when the
medium is unknown. We answer the question in the affirmative. See Section 2 for the
precise statements of the main results. Further, we provide numerical experiments to
complement the analysis for both known and unknown media. The numerical recovery is
still under-explored, due to the complexity associated with approximating at[“ Ju. In the
appendix, we describe an easy-to-implement algorithm to perform numerical simulation.

The rest of the paper is organized as follows. In Section 2, we present and discuss
the main results. Then in Section 3, we recall preliminary results. In Section 4, we
present several asymptotic results for + — 0% and t— +0o0. Then in Section 5 we give
the proofs of the main results. We provide several numerical experiments in Section 6.
Finally we give concluding remarks in Section 7.

2. Main results and discussions

In this section, we describe the main theoretical results. We define an opera-
tor A=A acting on L?(Q) with its domain D(A) given by D(A)={ve H*(Q): Ave
L?(Q), Rv=0 on 0Q}. By [9, Theorem 2.5.1.1], for all £=1,...,[4]+1,

D(AY) ={ve H*(Q): Ru=R(Av)=...=R(A"1v)=0}. (2.1)

The spectrum of A consists of a non-decreasing sequence of strictly positive eigenvalues
(An)n>1 (repeated with multiplicity). We introduce an L?(f2) orthonormal basis of
eigenfunctions (¢,)n>1 of A associated with the eigenvalues (\,,)n>1. For all s>0, we
define the operator A® by

+00 too
AR=3" (hpn) Npn,  hED(A)={heT*(Q): 3 [(hen) A2 <00},

n=1 n=1

where (-,-) denotes the L?(2) inner product, and the graph norm by |[|h|pas)=
o [(h,n)|>A25) 2, for he D(A®). It is convenient to introduce the concept of an
admissible tuple, to describe regularity conditions on the problem data so that the direct

problem has a weak solution v in the sense of Definition 2.2 below.
DEFINITION 2.1. A tuple (Q,a,q, f,uq) is said to be admissible if the following condi-
tions are fulfilled.
(i) QCR? is a C2[11+2 bounded open set, a:= (ai )¢z e C12M81(Q;RI*4) satis-
fies the ellipticity condition (1.1), and g€ c2l4] () is strictly positive on ).
(i) uo € D(A™?Y), with r>42, Fe LY(Ry;L*(Q)) and there exists T €Ry such
that
F(z,t):=0(t)f(z), (x,t)eQx(0,T), (2.2)

with f € D(A") and o € L'(0,T) and o #0.
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Following [15], we define weak solutions of problem (1.2) as follows.

DEFINITION 2.2. Let the coefficients in (1.2) satisfy (1.1). A function u€
L} (Ry;L%(Q)) is said to be a weak solution to problem (1.2) if it satisfies the following

loc
conditions.

(i) The identity D} [u—uo)(z,t)+Au(z,t)=F(z,t), teRy, x €Q holds in the sense
of distribution in QxR .
(ii) There hold Ik, [u—uo] EI/Vllo’c1 (Ry:H2(Q)) and I, [u—wug(x,0)=0, z€Q.
(iii) There holds To=inf{r>0: e Ttue L}(R;L*(Q))} <oo and there exists 11 >
such that for all peC with R(p)>7i, 6(-,p):= [, e Pu(-t)dt€ H*(Q), and
Ru(-,p)=0 on 0.

The conditions in Definition 2.2 describe different aspects of (1.2): (i) is associated
with the governing equation, (ii) describes the link with the initial condition and (iii)
gives the boundary condition.

The main results can be stated as follows. In formula (2.3), d;; denotes the Kro-
necker delta symbol.

ASSUMPTION 2.1. R is the Dirichlet trace or R is the Neumann trace and the following
condition holds

a”(x)zdw, x € 0f. (23)

THEOREM 2.1. Let (Q,ak,qk, [1,0), k=1,2, be two admissible tuples with frZ0,
pr € C[0,1] non-negative such that supp(uy)=[b%,b5] with 0 <bk <bk <1, and u* the
corresponding weak solution of problem (1.2) with p=py. If there exist xy € 0N, k=
1,2, such that the condition

min (|R7 fi(21)],[R3 f2(22)]) >0, (2.4)
holds. Then, the condition
Riu'(w1,t) =R5u?(xe,t), t€(0,T) (2.5)

implies by =b3. In addition, if Assumption 2.1 holds for R and the following sign
condition

fi=z0and f5>0 or f1<0and f2<0 (2.6)

holds, then condition (2.5) implies also bl =b3.

THEOREM 2.2.  Let (Q,ak,qx,0,ul), k=1,2, be two admissible tuples with uk#0,
px € C[0,1] non-negative such that supp(uy)=[b¥,b5] with 0<b¥ <bk <1, and u* the
corresponding weak solution of problem (1.2) with p=py. If there exist xj € 0y, k=
1,2, such that the condition

min (|R}Ayug(21), [R5 Azuf (22)]) >0 (2.7)
holds, then for any Ty € (0,T) and Ty € (T1,T), with T given by (2.2), the condition
Riut(z1,t) =Riu*(wa,t), te(Ty,T) (2.8)

implies by =b%. In addition, if Assumption 2.1 holds for Ry, and the following sign
condition

up>0 and u2 >0 or wu<0 and u2<0 (2.9)
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holds, then condition (2.8) implies also bl =b3.

REMARK 2.1. The proof in Section 5 indicates that the regularity condition p € C0,1]
can be relaxed to p being piecewise smooth. Notably Theorems 2.1 and 2.2 do not
require a full knowledge of the problem data (Q,a,q, f,uo). Uniqueness in the cases of
single-term and multi-term models was established in [13] and [12], respectively; see
also [38] for a uniqueness result from interior data.

In the spirit of [26, Theorem 2.2], we can strengthen the results when the medium
is known. Then we can show the unique recovery of the weight € L(0,1).

THEOREM 2.3.  Let (,a,q, f,ug) be an admissible tuple, with T given by condition
(2.2), € L*(0,1) a non-negative function satisfying

p(ao)
2

Jap €(0,1), Je€(0,), Yo e (ap—e,00), p(a)> >0 (2.10)
with p=px, and u* the corresponding weak solution of problem (1.2). Let Assumption
2.1 hold for R. Fizx any point xo €. If ug=0 and f#£0 is of constant sign, then the
condition

R*u'(xg,t) =R u?(x0,t), t€(0,T) (2.11)

implies py = pa. Moreover, if f =0 and ugZ£0 is of constant sign, for any Ty,T € [0,T]
with Ty <Ts, the condition

R*ut (zo,t) =R*u*(wo,t), te(T1,T) (2.12)

mmplies py = jis.

REMARK 2.2. Note that in all the results, the data actually does not access the source
F for Qx (T,400). Thus, the statement of the inverse problem is on the set Q x (0,7)
instead of Q@ xR,.

3. Preliminaries

In this section we give preliminary results of problem (1.2), e.g., existence of a weak
solution and time analyticity. These results will play a crucial role in the uniqueness
proof in Section 5. Since p€ C[0,1] is non-negative and supp(u) = [b1,b2], for all ag €
[b1,b2) and all € € (0,bs — vg], there exist dp € (0,¢) and §; € (0,d¢) such that

p(oo +6o)

2 >0, Vale[a0+51,ao+50]. (31)

plar) >

Throughout, we fix € (5, min(5;-,7)), 6 €Ry and the contour v(4,6) CC defined by

7(8,0):={6e?: Be€[—0,0]} U{reti?: r>§}, oriented in the counterclockwise direction.
Let 60, € (0, 20§W)' For any p€ C\ (—00,0] we set p®:=e*18(P) with log being complex
logarithm defined on C\ (—00,0]. For all z€ Dy, :={re'’: r>0, B€(—01,01)}, we can

define two solution operators Sy (2),S2(2) € B(L?(£2)) by

1

a 2im ~(68,01)

1 _
Sy(z)v=— e (A+V(p))” " vdp, (3.3)
2 Joy(5.01)

S1(z)v P (A+V(p))  p~V(p)vdp, (3.2)
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with the weight function V(p) given by V(p fo p*u(a)da, for pe C\ (—o0,0]. The op-
erators S1(z) and Sa(z) correspond to the 1n1t1a1 data and right-hand side, respectively.

Under condition (3.1), the argument of [23, Theorem 1.4] and [15, Lemma 3.1] gives
the following result.

LEMMA 3.1.  For all T€[0,1), the map z+ S;(2), j=1,2, is holomorphic in the set
Dy, as a map taking values in B(L*(Q); D(A™)) and there exist C >0 and §' € (0,by —by)
such that

151 () (22 cypary) < Cmax([2| G H60A=D 1 |opn(=n=1) e py

1S2(2) 3 122y pary) < Cmax([2] BT =b2 [ob20=m)=bay 5 Dy

Lemma 3.1 and [15, Theorem 1.4] imply that for F € L*(R,;L?(Q2)) and ug € L*(2),
problem (1.2) admits a unique weak solution u€ L}, (Ry;D(A7)), T7€[0,1), given by

u(-,t):Sl(t)uo—i—/O Sy(t—s)F(-,5)ds, tER,. (3.4)

Similar to [23], for z € Dy, and j=1,2, we have

z)h= ZSM hyon) @n,

with S1,5(2) = 51z [1(5.9) €A+ V(@) 'V (p)dp and S2.0(2) =57 [ 159 € A+
V(p))~tdp. The argument for Lemma 3.1 implies also that for all n€N and j=1,2,
S;n is holomorphic on Dg,. Moreover, we have for all 7€ [0,1] [23, Lemmas 2.1 and 2.2]

|Sl,n(z)|SC’)\;Tmax(|z\(b1+5/)(1_7)_1,|z|b2(1_7)_1), 2€Dy,, n€N, (3.5)
|S2.5(2)] SC’/\;Tmax(|z\(b1+5l)(177)7b2,|z|b2(177)7b1), z2€Dy,, neN, (3.6)

with the constant C' >0 depending only on 6, A, p and Q. Then we can prove the
following representation of the measurement R*u(zx,t).

LEMMA 3.2. Let f,ug€D(A%), 0 € L*(0,T) and F € L'(Ry;L*(Q)) satisfy condition
(2.2). Then the maps t— S1(t)ug and t+— Sa(t)f are analytic with respect tot R4 as a
function taking values in C*(Q). Moreover, problem (1.2) admits a unique weak solution
we Li, (Ry;L23(Q)) such that the restriction of u to Q2 x (0,T) belongs to L*(0,T;C*(£2))
and

R*u(a:,t):R*[Sl(t)uo](z)Jr/o o(8)R*[Sa(t—s)fl(x)ds, te(0,T), z€0dQ. (3.7)

Proof. We only prove (3.7) for ug=0. By the identity (2.1) and interpolation, the
space D(A5+%) embeds continuously into H%%%(Q) and Sobolev embedding theorem
implies that D(A%+%) embeds continuously into C'*(Q). In addition, by applying (3.6),
for all z€ Dy, and all m;,ma €N, m; <ma, we have

Z SQn f#Pn Z SQ" f7§0n

n=mj n=mji

d_ 3
D(A1TT)

1
5 n2o4 2
< Cmax(|z| 5= _1,|zb42_1)<z Aﬁl(f,son}lQ) . (38)

n=m1

Cl(m
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with C' >0 independent of z, m; and my. This and the condition f & D(A%) yield that
the sequence 25:1 So2.n(2) {f,n) ¥n, N €N, converges uniformly with respect to z on
any compact subset of Dy, to So(z)f as a function taking values in C*(Q). Thus, the
map Dy, D2+ Sa(2) f is holomorphic as a function taking values in C*(Q). This shows
the first assertion. Next, in view of (2.2) and (3.4), we have

u(-,t):/o Sg(t—s)F(-,s)ds:/o Sg(t—s)a(s)fds:/o o(s)Sa(t—s)fds, te€(0,T).

Thus, the estimate (3.8) implies

bit+s

b
o)y, SOy g, (max(@ ™16 D) ) £ (L) (0), tE(O7),

where 1o 7) denotes the characteristic function of (0,7°) and * denotes the convolu-
tion product. Hence, Young’s inequality gives ue L'(0,T;D(AT1))c L'(0,T;C*(Q)),
showing the second assertion. In the same way, by applying (3.8), we deduce the repre-
sentation (3.7). 0

Below we also use the following result from [12, Lemma 2.3].

LEMMA 3.3.  The following estimate and identity hold

+oo

* dy 3
D Al (ven) IR PullL=o) <Clvll, 4949, vED(A=FE), (3.9)
n=1
= d 1
R'v(z)=> (0,0n) R pn(z), x€dN, veD(AT2). (3.10)
n=1

4. Asymptotic properties of solutions as t -0 and t — 400

In this section, we fix an admissible tuple (,a,q,h,ug) with p€C[0,1] a non-
negative function satisfying supp(u)=1[b1,b2], 0<b; <ba<1l. Let w(:,t)=52(t)he
L (R CHQ))NC(R:;CHQ)), of. Lemma 3.2. Below we fix zp €00 and study the

asymptotics of R*w(xg,t) as t — 0" and ¢t — +00. The next result gives the asymptotic
behavior of R*w(xg,t) as t —07.

LEMMA 4.1.  Let Q(t,p) and P(t) be defined, for te Ry, peC\ (—00,0], respectively
by

1 b
= X d d P(t)= -« do. 4.1
Q(t,p) /Ot p*u(a)da  an (t) /b1 t~%u(a)da (4.1)
Define also
a1 ._i D -1
=gz [ | e (4.2

Then for heD(A%“'%), the following asymptotic expansion holds
R*w(xg,t) =t ()R h(zo)+ O0+ (t7"P(t)7?). (4.3)
t—

1

Proof. For any he D(A%72), we have (A+V(p)) 'he D(A2%2) and Lemma 3.3
implies
+oo
(h,n)

R*(A+V(p)) ' h(zo) = mR*wn(%)
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Then [23, Lemmas 2.1 and 2.2] and Lebesgue dominated convergence theorem [7, The-
orem 1.19, p. 28] imply

* _ * _ 1 tp = <h7()0n> %
R w(.’L‘07t>—R Sz(t)h(.’lﬁ())—m/yw 9)6 (Zl mR @n(wo) dp7

where § >0 is arbitrary. By fixing 6 =¢~! and changing variables, we deduce

R w(x t)_i/ otP JiOMR’Qp (zo) | dp
o ) — A+ V(p) e

2im

too 1 *
1 n n
~ 2in ~(1,0) An+Q(t,p)

n=1

Next we fix n€N, t€(0,1), pev(1,0). Direct computation gives

til <ha90n>R*50n(x0) _ tilQ(t,p)il <ha90n>R*90n(xO)
An+Q(t,p) 1+ Q(t,p) 1

Q) (g R ) - [ R e gl

Now summing this expression over n € N and applying Lemma 3.3 lead to

ds.

*f ¢! <h,son>7a*san<xo>

+o0o 1 R+
B e i
+oo 1 R+
-t ot 2/ e

Since ¢ € (5, min(g-,7)) and supp(p) C [b1,bo], for all s€[0,1], r€[1,4+00) and all S €
(—0,0), we have

[1+5X,Q(E7¢) 7 =1QUE7e) |1 IQ(E e ) +5)
> [QUt,re)| Ao+ RQ(E )

1
>1Q(t,re?)| 7! (s)\n+/ taro‘cos(aﬂ)u(a)da)
0

ba
Z‘Q(t,T@i’BN_lCOS(bQG)/ t~r“u(a)da
by

> cos(b20)|Q(t,re?)| 7 Q(t,re?)| = cos(ba0).

Therefore, applying again Lemma 3.3 and the above estimate lead to

+°°t_1<h,<pn)7€*<pn(xo) 1 1%
nz::l MtQp) L Qb RA)

+°°/1 t1Q(t,p) 2 A (h,on) R*on(20)
o (1+5X\Q(t,p)~1)2

ds

n=1
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+oo

<t~ cos(b26) ?|Q(t,p)| Z)‘" [y @) R on (o)
n=1
<CHREEPITZ IR, a2

with the constant C' >0 depending only on A, 6 and p. This and the definition of ~y(,6)
imply

’R*w(xo,t)—W/ Pt=1Q(t,p) " dp
2im ~(1,6)
0 +oo
SCt_thH ais (/ ecos(ﬁ)|Q(t’ei5)|—2dﬁ+/ ercos(g)|Q(t7reii9)|—2dr>
D(A 2) _0 1

=t Al ags () +Ta(0).
Next we bound the two terms I (¢) and Io(t). Since 6 € (§,min(55-,7)) and supp(u) C

[b1,b2], we deduce that, for all r€[1,+00) and all € (—0,6),

ba
(QUtre”) = [R(@(tre))| = [t cos(a)u(a)da
by '
Zcos(bgﬂ)rl”/ t™%u(a)da. (4.4)
by

Then it follows that I;(t)<C( bbft_o‘u(a)da)_z and Iy(t) <O( bbft_au(oz)da)_z.
Hence

*h
Row(at) -3 [ g ap
2m -y
1 b2 -
<Ct Hh||D(A#) /b1 t™u(a)da . (4.5)
This proves the estimate (4.3), and completes the proof of the lemma. O

Next we consider the asymptotic behavior of R*w(xg,t) as t — +o0.
LEMMA 4.2.  Let Q(t,p) and P(t) be defined by (4.1), and let
1

=5 e’Q(t,p)dp. (4.6)
27 Jy(1.60)

Then for hGD(A%JF%), the following asymptotic expansion holds
R*w(zo,t)=—t "R*A2h(z0)R(t)+ O (t7'P(t)?). (4.7)

t—+oo

Proof. FixneN, t€(1,400), pe~(1,6). Using Taylor formula, we find

t= (B, pn) R* on (o)
An+Q(t,p)

:til)‘;l <h7§0n> R*@n(xO) *til)‘;LQQ(tap) <hv@n>R*9@n(x0)

"71Q(t,)? (hypn) R* 0 (20) (1 — )
+2/0 (A +5Q(,p))? d 9
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Moreover, for all s€[0,1], we have

1
I/\n+sQ(t77‘eiﬁ)|2/\n+s/ cos(af)rt™“p(a)da, re(l,+00), fe(-0,0),
0

and since supp(p) C [b1,b2] and 6 < -, we obtain

b2
|)\n—|—sQ(t,r6w)\2)\n+s/ cos(af)rt™*u(a)da
by

b2
ZAn+scos(b29)/ rtula)da> N, rell,4+o00), Be(-06,0).
b1

Now summing (4.8) over n €N and applying Lemma 3.3 yield

too 1 *
D o) R*on(20) 410 =11 (40) 1 Q(t,p)t = R A2 (o)

— An+Q(t,p)
»¥Fn R n h; n * t, *
—Z ! 90+Q tz) (o) <t;\P ) = </’n(ﬂf0)+Qt(Azp) (hon) R on (10)
n=1 n n

by 2
<CrQUP)PIR] < Clp/et / ouo)da) B an
D(A™27) by

D(A“Z)

Integrating the expression in p € y(1,0) gives

R*A  h(zg) 1 R*A~2h(zo) 1
* ) 2 o) Pap 2 0 PQ(t,p)d
‘R w(zo,t) ; S /V(1 0)6 p+ ; 5o /7(179)6 Q(t,p)dp

0 +o00
<Ct A an (/ s®Q(t,e") B+ / er°°s<9>|Q<t,reii9)|2dr)
0 1

DA

b 2 +oo

<ottt ||h||D(A%) </bl t‘“u(a)da) (1—1—/1 ereos(6) 252 dr)
b 2

<Ol ( /| t%(a)da) .

Meanwhile, the Cauchy formula gives %fv(l 0) ePdp=0, and upon fixing K(t) as (4.6),
we get

2
ba
|R*w(zo,t) +t "R*A™h(z0)R(t)| < Ct™! ||h||D(AM) (/ t‘%n(a)da) ,
2 by

and thus we obtain the estimate (4.7). 0
We will also need the following two intermediate results.

LEMMA 4.3.  Let J(t) and K(¢t) be given by (4.2) and (4.6), respectively. Then, there
exists a constant C >0 depending only on pu and 6 such that

C'Pt) <3| <CP(t)™, te(0,1), (4.9)
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C'P(t)<|R(t)| <CP(t), te(1,+00). (4.10)

Proof. Tt follows from the proof of Lemmas 4.1 and 4.2 that the following estimate
holds |J(t)| < CP(t)~1, for t€(0,1). Moreover, we have

bg “+oo b2
<C (/ t_a,u(a)doz> (1+/ " cos(0) b2 dr) <C t™ (o) da,
b1 1 by

which shows the following estimate

0 “+o00
R(t)|<C ( / e D |Q(t,e?)|dB + / e”"s<">|@(t,re“>|dr>
0 1

|[R(t)|<CP(t), te(l,+00).
So we only need to prove the following two estimates
C'P)~'<|3(t)|, te(0,1) and C'P(t)<|A®t)|, te(1,+00).
Note that
ba
QI [ ue)da, per(Lo),

and, by repeating the arguments for Lemmas 4.1 and 4.2, we can prove the first estimate.
In the same way, we obtain the second estimate from (4.4). d

REMARK 4.1. Note that the argument in this section allows deriving asymptotics of
the solutions to the distributed order model. Indeed, applying Lemmas 4.2 and 4.3, we
have

[Rw(wo, ) <CL POl peary ¢>1,
with C' >0 independent of ¢ and h. In addition, we find
b b 102
POl | 00 < o (o~ )+ 1

and consequently

—1-by

* t

Similarly, by fixing € € (0,(ba —b1)/2), we obtain

ba—e t—e—bl t—bz-‘ré
P(t) > inf t *da= inf — t 1
”(mﬁifsz—e]“)/bﬁe o <[b1+153b2—4’“‘>(1n<t> ™0 ) €01

and Lemmas 4.1 and 4.3 imply

IR w(0,0)| < CE PO [l pary < CE 4 O] [hl pary, 1€ (0,1)
Moreover, assuming that b2 =1 and p(1) >0, we obtain

IR w(wo,t)| <Cl(®)[ |7l pary, t€(0,1).
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These estimates can be compared with that in [25] for the solution of problem (1.2)
with F'=0.

The next result gives the asymptotics of the integral fbbf t~*u(a)da as t— 0" and
t — +00, which will play a role in determining the support of the weight .

LEMMA 4.4.  The following identities hold

ba
lim ¢ [ ¢ da= be(—o0,b 4.11
,m /bl p(a)da=0, € (—o0,b1), (4.11)
b b2
lim ¢ tu(a)da = be (b 4.12
,m /bl p(a)da = o0, € (b1, +00), (4.12)
t_b
lim —————— =0, be (—00,by), (4.13)
t=0% [P ¢=ap(a)da
1
tfb

lim ————— = +o0, b€ (b, +00). (4.14)
Proof.  To show the identity (4.11), we fix b€ (—o00,b1). Note that

bg b2

/ t_a,u(a)dozgt_bl/ pla)da, te(l,4+00). (4.15)
b1 bl

Moreover, since p € C[0,1] is non-negative with supp(u) = [by,b2], ¢ cannot be uniformly

vanishing and f:f p(a)da>0. Combining this with (4.15) gives (4.11). To show (4.12),

we fix b€ (by,+00). By (3.1) with ag=0; and e=b—b;, there exist §p € (0,e) and

01 €(0,dp) such that (3.1) is fulfilled. Then, it follows

b2 b1+do
/ t_au(oz)dOzZ/ t_o‘,u(a)daz(60—(51)@754’1_51, te(1,400).
by b1+01

Since (60—51)@ >0 and by +61 <b; +e=b, we deduce easily (4.12) from this last
estimate. For (4.13), we fix b€ (by,by) and using (3.1) with ap=0 and e=by —b, we
obtain

/ * () da> / T e u(a)da s (g — ) MO0

t=0=%  te(0,1),
by b+4d1 2

with g € (0,b2 —b) and 61 € (0,d0). This and the inequality (o —50@ >0 and the
condition &y >0 imply (4.13). Similarly, upon noting fbbf t=u(a)da<tb2 fbbf p(e)da
for t€(0,1), we deduce (4.14). |

5. Proof of Theorems 2.1, 2.2 and 2.3
To prove Theorems 2.1 and 2.2, we need an intermediate result.

LEMMA 5.1.  Let (Q,a,q,f,ug) be an admissible tuple and let the condition
aij(x):éij, I’E@Q, (51)

be fulfilled. If f Z0 and ugZ0 are of constant sign and R is the Neumann trace. Then,
for any xo € 9Q we have R*A~2f(x9)#0 and R* A~ ug(xg) #0.



BANGTI JIN AND YAVAR KIAN 1803

Proof. We only show the result for A=2f with f <0 since that for A=1ug follows
similarly. Let v=A"2f. Assume the contradictory, i.e., there exists =’ € 99 such that
v(z')=R*v(z')=0. Since f€ D(A"), ve D(A"™2) and, Sobolev embedding theorem
and elliptic regularity theory [9, Theorem 2.5.1.1] imply v€ C'(Q). The maximum
principle [8, Theorem 8.1] implies A~ f <0 and since f#0, we have A=1f#£0. If v is
constant, then gu=Av=A"'f and since A1 f#0, A~1 f <0 and ¢ is strictly positive,
the constant v is negative, contradicting v(z’)=0. Hence v is not a constant function.
Now we consider the following two cases.

Case 1. max,cgov(xz)=0. Since v is not constant, the strong maximum principle [8,
Theorem 3.5] implies that for all x € Q, v(z) <0=wv(z) and Hopf’s lemma [8, Lemma 3.4]
yields d,v(z’) >0. By (5.1) and the condition v € D(A), this contradicts the condition
0,v=Rv=0 on O0N.
Case 2. max,conv(z)#0. Since v(z') =0, we have max,caqv(x) > 0. Since v € C(99Q),
we can find zo € 99 such that v(z2) =max,coqv(x) >0 and, since v is not constant, the
strong maximum principle implies that for all z € Q we have v(z) <v(x2). Then, Hopf’s
lemma yields 9,v(x2) >0. This also contradicts the condition d,v=Rv=0 on 2.
In both cases we have a contradiction and it follows that for any zy€0f2, we have
R*A~2f(x9) #0. 0
5.1. Proof of Theorem 2.1. We divide the proof into two steps.
Step 1. We prove that (2.5) implies b} =b3. By Lemma 3.2, we have

Rjute) = [ o(R IS0 (a)ds, 1€0.T), =12
0

with SJ corresponding to (3.3) with p=p; and with A=A, (acting in L*(Q;)) and
R=TR;. Let v;(t)=Rj;[S5(t) f;](x;) as a function in L'(0,T), cf. Lemma 3.2. Therefore,
condition (2.5) implies

/0 o(s)[vi(t—s)—wva(t—s)]ds=0, te(0,T).

By Titchmarsh convolution theorem [37, Theorem VII], there exist t1,t2 €[0,7] such
that t1+t2>T, 0)04,)=0 and (vi —v2)|0,,) =0. Since o)) #0, we have t; <T.
This proves to=t1+to—t1 >T —11 >0 and RT [Sgl(t)fl](xl) = R; [S% (t)fg](l‘g) for te
(0,t2). The analyticity of the map Ry >t R}[S5(t)fj](x;), cf. Lemma 3.2, implies
R;i[S3(t) f1l(z1) =R3[S3(¢) f2](w2) for t R Let w;(-,t)=S53(t)f;. Then

wal(xl,t) :R;wQ(.TQ,t), t€R+. (52)
Now we deduce from Lemma 4.1 that
Ryw;(w;,t) =t J; ()R f;(x;) +,9. (t~'Pi(t)7?),
with @Q,(¢,p) ::fo1 t=p* (o) de, P;(t) :‘[bl;f t~*u;(0)da and
J;(t):= ﬁfv(l e)eij(t,p)_ldp. Therefore, (5.2) implies
1 HOR Aiz)+ O (P ) =t 'R f2(z2)+ O (7 'Pa(t)"?). (5.3)
t—0t+ t—0+

Combining this with (2.4), (4.9) and (4.13)-(4.14) yields b} = b3.
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Step 2. Now, we fix by =b} =b3, and assume that (2.6) holds. Then we prove that
condition (2.5) implies b} =b2. The estimate (5.2) and Lemma 4.2 imply
—t T REAT2 (1) R () + HO+c>o (t'Pi(1)?)
—t7IRIAS? fa(29) Ra(t) +, 0 (t 'R (1)?), (5.4)

with &;(t) =5 [ ~(1,6) eP’Q;(t,p)dp. By conditions (4.9) and (4.11)-(4.12), this implies
bt =b? if

A2 fi(x)#0, j=1,2. (5.5)

So it remains to prove (5.5). If R; is the Neumann trace and condition (2.3) holds,
Lemma 5.1 implies (5.5). Similarly, by [13, Lemma 3.1], if R; is the Dirichlet trace,
condition (2.6) implies

0y A7 fi(;) #0, j=1.2, (5.6)

with 7 the unit outward normal to 0f);. Meanwhile, since R; is the Dirichlet trace,
letting the matrix B; (aké(xj))ﬁ ¢—1 and since A7 2f;=0 on 0Q;, we get

RGAT fi(w5) =00, A7 fi(y) = [V A f ()] [Byv ()]
(B0 AT 5 () ()] [By (25)] = (Do A5 2 5 () ()T By ().

Moreover, it follows from the ellipticity condition (1.1) that

d
V() By () = ad ()i (a;)vd (25) > el ()P = >0,
k=1

This and (5.6) imply (5.5). Thus, in both cases, (5.5) holds and we deduce bl =b?.

5.2. Proof of Theorem 2.2.  Note that condition (2.2) implies u/ (t,-) = S7 (t)uj)
for te(0,T) with SJ corresponding to (3.2) with p=p; and with A=A4; (acting in
L?*(9;)) and with R=TR ;. Since u, € D(A;), the argument of [15, pp. 21-22] implies (RS
WH1(0,T; L*(2;)) with 8tu3( ) =—S85(t)Ajul. Since Aju) € D(A}), j=1,2, repeating
the argument of Lemma 3.2 yields u/ € W"!(0,7; D(A})). Then Lemma 3.3 implies

ORI (t,2;) =Ri0w (t,x;) = —RES§ () Ajud (x;), t€(0,T).
Therefore, differentiating condition (2.5) in ¢ gives
RTS%(t)Alué(xl):RSSg(t)Agug(acg), tG(Tl,TQ).

This and the time analyticity of the map tHR;Sg(t)Ajué (xj), cf. Lemma 3.2, imply
(5.2) with w;(-,t) :S§(t)Ajug. Then, repeating the argument for Step 1 of the proof of
Theorem 2.1 with f; = Aju}, yields by =b3. In addition, if condition (2.9) holds and Ry,
is the Dirichlet trace, [13, Lemma 3.1] implies that for f; = A;u), condition (5.6) holds.
Then, similar to Step 2 of the proof of Theorem 2.1, we deduce (5.5). Similarly, if R; is
the Neumann trace and condition (2.3) holds, Lemma .1 implies (5.5). Hence, in both
cases we deduce from (5.4) that b} =b3.
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5.3. Proof of Theorem 2.3.  For F e L'(R;;L?()), problem (1.2) admits a
unique weak solution u € Li, (R;L?(£2)) given by (3.4) [15, Theorem 1.4], and the first
statement of Lemma 3.1 and the results of Lemma 3.2 are still valid ([23, Theorem 1.4]
and [15, Lemma 3.1]). Now we can prove Theorem 2.3.

Proof.  We prove the result for ug=0 and f#0 of constant sign. The result for
f=0 and ug#0 of constant sign follows similarly as Theorem 2.2. The argument of
Theorem 2.1 yields (5.2) with 21 =x2 =20 and w;(-,t) = S3(t) f, j=1,2, with SJ defined
in (3.3) with = p;. For all pe C ={z€C: R(z) >0}, the Laplace transform @;(-,p) =
f0+°°e_ptwj(~,t)dt of w; is well defined as an element of H?(Q) ([15, Proposition 3.2]
and [23]), and we have

1
@i(-p)=(A+V;(p)) " f= Z)\ﬁ(p” ©n, Witth(p):/o p*pj(a)da.  (5.7)

Moreover, the argument for Lemma 3.2 and [15, Lemma 3.1] give

||wj('>t)‘|cl(§) < Cij('vt)HD(Ar) < Cmax (t%_e_latao_l) ||f||D(Ar); >0,

and hence R*m,-)(p) is well defined for pe C,, and fixing v;(t) =R*w;(zo,t) leads
to v, (p) =R*w;(zo,p) for pe C4. This, (5.7) and Lemma 3.3 imply

= (foon)

0; = 77?'* n ) C ) :172
UJ(p) — >\n+Vg(p) @ (SC()) pe +5 J

Therefore, applying the Laplace transform in ¢t € Ry to the identity (5.2) gives

(fren) ({fren)
n n b C b
E )\ T R*pn(z0) E )\ (p R*pn(x0), peCy

which implies

M-S o)
BT L (i (0) A+ V2 ()

R*pn(20)=0, peRy. (5.8)

Let

0= (F>pn)
2 OtV + 2 (0))

R*on(zo), peER,.

By Lemma 3.3, G € C([0+00)) with

<« (f,n) =S en)
G0)= 2 OO T © =G

n=1

R*on(x0) =R* A2 f(x0).

Then, Lemma 5.1, [13, Lemma 3.1] and the argument at Step 2 of Theorem 2.1 imply
|G(0)] >0 for R being either Dirichlet or Neumann trace. Hence, there exists e e R,
such that |G(p)| >0, p€(0,e). This, (5.8) and fixing p=p; — po yield

/0 p*ula)da=0, pe(0,e). (5.9)
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Let p. be the extension of u by zero to Ry. Then it follows from (5.9) that

“+o00 1
()= [ e a)da= [ ruta)da=0, re(00)
0 0
which implies
f(p)=0, pe(~In(e),+00). (5.10)

Since p. € L' (R, ) is compactly supported, C > p+ 15 (p) is holomorphic and (5.10) im-
plies 11, (p) =0 for all pe€ C. Then, the injectivity of the Laplace transform implies i, =0,
ie., pup=ps. O

6. Numerical results and discussions

In this section, we numerically illustrate the analysis, including both support re-
covery in Theorems 2.1-2.2 and weight recovery in Theorem 2.3. The exact data
gt =R*u(xo,t), x0 €02, is generated by a fully discrete scheme described in the ap-
pendix. The noisy data ¢° is generated by gg(t):gT(t)+€||gTHLoo(O’T)€(t), where £(t)
follows the standard Gaussian distribution, and € >0 denotes the noise level.

6.1. Bound recovery. First we illustrate Theorems 2.1 and 2.2 with the
following example, where 1 denotes the characteristic function of the set S.

EXAMPLE 6.1. In this example, we take the domain Q=(0,1), with

(i) uo(z)=2(1—x)e*, f=0, and a(x)=1+z2.

(ii) uw=0, f(z,t)=2(1—x)e"11)(t), and a(r) =1+sin(mz).
The direct problem (1.2) is equipped with a zero Dirichlet boundary condition. The fol-
lowing five weights are tested: 11 =1j0.2,0.5), #2=1j0.2,0.6)> #3=L[0.2,0.4)> #a=T[0.4,0.5),
and ps =194, The weights share either upper or lower bounds to facilitate the
comparison of the asymptotics.

The measured data g(t) =09, u(xo,t), at £o =0, are shown in Figure 6.1. For small
time, we plot |g(¢) —¢g(0)| in order to show the asymptotics more clearly. In case (i), the
asymptotics of |g(t) —g(0)| (noting g(0) =1) are identical for the weights u1, pa and ps
but they differ markedly from that for ps and ps. This agrees well with the analysis: the
upper bound b of the weight support determines the small-time asymptotics. Indeed,
the upper bounds of 1, p4 and ps are identical (all equal to 0.8), whereas that of ps
and pg are different. A similar behavior is observed for case (ii). In contrast, for large
time, the asymptotic of |g(¢)| is nearly identical for the weights w1, po and ps, which
differs from that for g and ps. This again agrees with the analysis: the lower bound by
determines the large-time asymptotics. Indeed, the lower bounds of p1, ps and pg are
identical (all equal to 0.2), whereas that of 4 and ps are different. This observation is
the same for case (ii), except the small transition near ¢=0. In sum, the results confirm
the asymptotic behavior.

Next we recover the support bound. This is more challenging, similar to that for
multi-term case [12]. By the asymptotics in Lemma 4.4, we may recover the bound b
by minimizing

J(b,CO,Cl) = HCO+Clt_b_h<x0?t)‘|%2(t1,t2)7

with small (¢1,t2) for the upper bound bs, and large t1,t5 for the lower bound b;. The
numerical results for Example 6.1(ii) are given in Table 6.1, where the lower and upper
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la®)
la@®)

10°®

10 1072
107 10' 10° 10° 107"

case (i) case (ii)

Fic. 6.1. The small (top) and large (bottom) time asymptotics of the data g(t) =0, u(zo,t) for
Ezxzample 6.1, at xo=0.

bounds are estimated from the observation over the intervals (1le-6,1e-5) and (1le4,1e5),
respectively. Note that the estimated lower bound is slightly more accurate than the
estimated upper bound. The results for case (i) are not shown, since the upper bound
estimates are very inaccurate, similar to what was observed in the multi-term case [12].
This failure might be attributed to the fact that the interval (1e-6,1e-5) is still too large.
This can also be seen from Figure 6.1, where the curves are nearly parallel to the z-axis,
indicating a quasi-steady state. Nonetheless, the lower bound estimates are largely the
same with that for case (ii).

‘ H1 M2 M3 Ha Hs5

by | 0.30 (0.20) 0.30 (0.20) 0.27 (0.20) 0.48 (0.40) 0.66 (0.60)
by | 0.75 (0.80) 0.55 (0.60) 0.16 (0.40) 0.75 (0.80) 0.76 (0.80)

TABLE 6.1. The upper and lower bounds estimated from g(t) for Example 6.1(ii).

6.2. Weight recovery. Now we recover the weight p from the observation
R*u(p)(zo,t), 0<t<T, where u(u) denotes the solution to problem (1.2), when the
medium is known. We employ an iterative method to approximately minimize

J(p):= 5 IR* u(u)(zo,") = 9°lI72(0,7)- (6.1)
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Here one may add a penalty in order to promote distinct features, e.g., total variation
for discontinuous weight, which however is not investigated below. To minimize J(u),
we employ the conjugate gradient method [1], which is a regularization method when
equipped with early stopping. To apply the method, one needs the gradient J'(u),
which can be evaluated efficiently using the adjoint technique [5]. Assuming R being
the Neumann trace, let v be the solution to the following adjoint problem

Bty Av=0, in Qx(0,7),
Oy, v(z,t) = (u(p) —95)5900, on 90 x (0,7, (6.2)
tI#‘}v(x,T) =0, in Q,

where the notation 1y Wl and R@ #y denote the right-sided Riemann Liouville fractional
integral and derivative of v (with respect to ), defined by I}, lul,, f ) v(s)ds

and 1238% u(t )z—%ﬂ#‘] (s). Note that the Neumann data in (6.2) 1nvolve5 a Dirac
delta function d,,(z) for some xg€d) and it should be interpreted in the sense of
distribution. When implementing the Galerkin FEM, one should evaluate the integral
on the boundary carefully, which results in a term supported at xo only, cf. (6.6)
below. By changing variables and using the zero terminal data, problem (6.2) can be
transformed into an initial value problem with a Djrbashian-Caputo type derivative and
zero initial data, which can then be solved using the standard scheme in the appendix.
We have the following representation of the gradient J'(p).

PROPOSITION 6.1.  The gradient J'(u) of the functional J(u) is given by

T
J():(0,1)>a —/ / 0oy udzdt, (6.3)
o Jo

where v is the solution to the adjoint problem (6.2) and, for all a € (0,1), 0w is defined
by Ofu(w,t 5tf0 F(l a) = (u(z,s) —uo(z))ds, for (z,t) €Qx (0,T).
Proof.  The derivation follows by a standard procedure. Let u=w(u). By defini-

tion, the directional derivative J'(u)[h] of the functional J with respect to the weight u
in the direction h € L?(0,1) is given by

J' ()] = (un(@o,t),u(z0,t) — 9° (1)) L2 (0,1

where uy, is the derivative of u with respect to the weight 1 in the direction h. Clearly
uy, satisfies

1
g+ Aug, = — / h(@)0fuda, in Qx (0,T),
0

A4
Oy, up(z,t)=0, on 00 x(0,T), (6.4)

up(x,0)=0, in Q.

Multiplying (6.4) with a test function ¢(x,t), integrating over Q x (0,7) and then ap-
plying integration by parts yield

/OT /Q ( /0 1afmu(a)da)¢+awh.v¢dxdt: /0 ! /Q (- /O 1aguh(a)da)¢dxdt. (6.5)
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Meanwhile, the weak formulation for the adjoint solution v is given by

/OT/Q(/Ollp%UM(a)da)qs—i_avv.vgbdxdt:/OT(U(u)(xo,t)_95)¢(x0’t)dtv (6.6)

where we recall that for all a€(0,1), 70%v is defined by

T (_g)-e
Bogw(z,t) :=—0, (/t (Iif(l_)oé)v(:c,s)d(s) , (x,t)eQx(0,T).

Since up(0)=0 and v(T)=0, the following identity holds ([16, p. 76, Lemma 2.7
or [11, Lemma 2.6])

T T
/ /v@f‘uhdxdtz/ /uhg@%vdxdt, ae(0,1).
0o Ja 0 Ja

Using this identity, taking ¢ =v in (6.5) and ¢ =uy, in (6.6) and subtracting the resulting
identities give

/Ol(Angzafuvdxdt)h(a)da/()Tuh(xo,t)(u(ﬂ)(zo,t)gé)dt

This and the definition of the derivative J'(u) show the desired assertion. d

Now we can describe the conjugate gradient method [1] for minimizing the functional
J; see Algorithm 1 for the complete procedure. In the algorithm, Steps 6-7 compute
the conjugate descent direction, and Step 9 computes the optimal step size using the
sensitivity problem. The operator Py at Step 10 gives the projection into the positive
quadrant. For each update, the algorithm involves three forward solves (direct, ad-
joint and sensitivity problems), which represent the main computational effort. For the
stopping criterion at Step 11, one may employ the discrepancy principle [10,32]. Note
that this algorithm has been adopted in [28] recently, where the gradient is computed
using a finite difference approximation, which is generally less efficient than the adjoint
technique. In the experiments, we smooth the gradient J’(u) by the negative Dirichlet
Laplacian, which is analogous to the H'(0,1) penalty in [28]. Accordingly, at Step 6 of
the algorithm, we compute the conjugate coefficient v in the H*(0,1)-seminorm, where
0., denotes taking the first-order derivative in c. This approach is suitable for recovering
a smooth weight.

The next example illustrates the weight recovery.

EXAMPLE 6.2. In this example, we take the domain Q=(0,1), terminal time T'=1,

diffusion coefficient a(z)=1-+z(1—x), initial condition ug(z)=x(1—z)e®. The direct

problem (1.2) is equipped with the Neumann boundary condition, which at =0 and

x=1 are taken to be 0 and 1, respectively. Consider the following two weights: (i)

pula)=a(l—a)?e?™ and (ii) p(a)=2min(a,1—a). The Dirichlet data at the point
1

2o =0 is used for the recovery. Algorithm 1 is initialized with p° = Tog sin(ma).

The numerical results are shown in Table 6.2 and Figures 6.2 and 6.3, where the
stopping index k* (in the bracket) is taken such that the L?(0,1) error e=||i— pu'|| 12,1
of the recovered weight /i (with respect to the exact one ') is smallest. The weight u
can be fairly reconstructed for the noise level € up to 5%, agreeing with the results in
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Algorithm 1 Conjugate gradient method for minimizing the functional J.

1: Initialize u°, and set k=0.
2: for £=0,...,K do
3. Solve for u* from problem (1.2) with pu=p*.
Solve for v* from problem (6.2) with r* =u*(x¢,t) —¢°.
Compute the gradient J'(u*) by (6.3).
Compute the conjugate coefficient v* by v° =0 and

o 10T Wy
0T (F oy, "o

v

7. Compute the conjugate direction d* by d¥ = —J'(u¥) +~*dF—1.
8 Solve for uge from problem (6.4) with h=d".
9:  Compute the step size s* by

k (ugr (o, ')7Tk)L2(O,T)

= a0 Bage,

10:  Update the source component pf+1 = P, (u* 4 skd*).
11:  Check the stopping criterion.
12: end for

€ 0 le-3 3e-3 le-2 3e-2 5e-2

(i) 2.50e-3(22) 4.09e-3(22) 8.82e-3(50) 1.62e-2(20) 4.16e-3(17) 9.33e-3(17)
(i) 4.49e-2(26) 4.48¢-2(26) 4.63e-2(20) 5.58¢-2(18) 4.96e-2(17) 5.99e-2(14)

TABLE 6.2. The L?(0,1) error of the recovered weight fi for Example 6.2 at different noise levels.

—exact
0.3 —e=0%) 2

) —=1%
0.25 =5%]

0 0.2 0.4 0.6 0.8 1 0 10 20 30 40 50 0 10 20 30 40 50
k k

(a) reconstruction (b) residual (c) L?(0,1) error

F1G. 6.2. Numerical results for Example 6.2(i) by the conjugate gradient method.

Table 6.2. The conjugate gradient method converges steadily, irrespective of the noise
level. However, early stopping is needed in order to obtain high-quality reconstructions,
due to the typical semiconvergence behaviour of the method: the error first decreases
steadily and then it increases as the iteration further proceeds. This observation holds
for both smooth and nonsmooth weights, which shows the feasibility of recovering the
weight p from the observation at one single point, when all other problem data are fully

known, confirming the assertion of Theorem 2.3.
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— exact 10°
—e=0% ,
0.8 — 1% 10

€=5%

0.6

. o 10—1
0.4
102
02

0 0.2 0.4 0.6 0.8 1 0 10 20 30 40 50 0 10 20 30 40 50
@ k k

(a) reconstruction (b) residual (c) L?(0,1) error

F1G. 6.3. Numerical results for Example 6.2(ii) by the conjugate gradient method.

7. Conclusion

In this work we have investigated the inverse problem of recovering information
about the weight in a distributed-order time-fractional diffusion model from one-point
observation on the boundary. We prove the support bound recovery when the medium
is unknown, and the weight recovery when the medium is known. The latter result com-
plements an existing uniqueness result for a known medium. Further we have also pre-
sented numerical experiments to complement the analysis, partly confirming the unique
recovery of either support boundary or weight. The experiments show the significant
computational challenge with accurately recovering support bounds and weights, espe-
cially the upper bound of the support. Theoretically, it is of much interest to study the
case of a nonseparable source. This would require alternative analysis techniques than
Titchmarsh convolution theorem, which has played a crucial role in the analysis of this
work.

Appendix. Numerical scheme for the direct problem (1.2). Now we de-
scribe a numerical scheme for approximating the direct problem (1.2) for completeness;
see the book [14] for further details on the numerical approximation of the standard
time-fractional diffusion model. For the spatial discretization, we employ the standard
Galerkin finite element method with the continuous piecewise linear finite element space
Xp, subordinated to a shape regular triangulation of the domain 2. Let M} and S},
be the corresponding mass and stiffness matrices, respectively. For any N €N total
number of time steps, let 7=N"!'T be the time step size, and t, =n7, n=0,...,N,
the time grid. The classical L1 scheme (cf. [27] or [14, Section 4.1]) approximates the
Djrbashian-Caputo fractional derivative dgu(t,), n>1, by

n
Qo (@), n—j
ofu NE b u",
j=0

@)

with the weights b;n given by
L, j=0,
1
b(a): - 11—a+ -_11—04_2-1—04’ ':17.”7 _1’
T —(n—-1), j=n.

For the distributed-order fractional derivative 8t[” ]u”, one may use quadrature to ap-
proximate the integral with respect to the weight p(«). For example, the trapezoidal
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rule gives

Ng

/aa (a)darzd, ZC’M ()0 ™,

=0

with co=cy, =1/2, and ¢;=1 for i=1,...,N,—1, and §, =N, *. These two approxi-
mations lead to

N
oy sz[ul (w! —u), with pl =6, cip(n)b.
=0

Note that the complexity of the scheme is comparable with the standard one, except

computing the weights p[” ], The fully discrete scheme reads: with U 2= Puup and FJ' =

Py, f(tn) (with Py being the L?(Q) projection on X},), find U} € X), such that for n=
1,2,....N,

(P My, + S U =pl U0 — Zp“‘ Uri U+ .

Note that the computational complexity per time step of the scheme increases linearly
with the time step n, which results in a quadratic complexity of the overall scheme. For
large-time simulation, one may use the sum of exponential approximation to reduce the
complexity [14, Section 4.2].
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