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RECOVERY OF A DISTRIBUTED ORDER FRACTIONAL
DERIVATIVE IN AN UNKNOWN MEDIUM∗

BANGTI JIN† AND YAVAR KIAN‡

Abstract. In this work, we study an inverse problem of recovering information about the weight
in distributed-order time-fractional diffusion from the observation at one single point on the domain
boundary. In the absence of an explicit knowledge of the medium, we prove that the one-point obser-
vation can uniquely determine the support bound of the weight. The proof is based on asymptotics
of the data, analytic continuation and Titchmarch convolution theorem. When the medium is known,
we give an alternative proof of an existing result, i.e., the one-point boundary observation uniquely
determines the weight. Several numerical experiments are also presented to complement the analysis.

Keywords. Distributed order; time-fractional diffusion; weight recovery; ultra-slow diffusion;
reconstruction.

AMS subject classifications. 35R30; 35R11; 65M32.

1. Introduction
This work is concerned with an inverse problem for distributed-order time-fractional

diffusion. Let Ω⊂Rd (d≥2) be an open bounded and connected subset with a C2⌈ d
4 ⌉+2

boundary ∂Ω (the notation ⌈r⌉ denotes the smallest integer≥ r∈R). Let a := (aij)
d
i,j=1∈

C1+2⌈ d
4 ⌉(Ω;Rd×d) be symmetric and fulfill the standard ellipticity condition, i.e., there

exists a c>0 such that

d∑
i,j=1

ai,j(x)ξiξj ≥ c|ξ|2, ∀x∈Ω, ξ=(ξ1,. ..,ξd)∈Rd, (1.1)

and q∈C2⌈ d
4 ⌉(Ω) is strictly positive in Ω. Then we define the operator A by

Au(x) :=−
d∑

i,j=1

∂xi

(
ai,j(x)∂xj

u(x)
)
+q(x)u(x), x∈Ω.

Finally, µ∈C[0,1] is a non-negative function satisfying supp(µ)= [b1,b2] with 0≤ b1<
b2<1 and b1 and b2 being lower and upper bounds of the support of the weight µ. We
define the function

Kµ(t) :=

∫ 1

0

t−α

Γ(1−α)
µ(α)dα,

where Γ(z)=
∫∞
0

sz−1e−sds, for ℜ(z)>0, denotes Euler’s Gamma function. Then we
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define an integral operator IKµ by

IKµ
g(x,t)=

∫ t

0

Kµ(t−s)g(x,s)ds, g∈L1
loc(R+;L

2(Ω)), x∈Ω, t∈R+ := (0,+∞).

We define Riemann-Liouville and Djrbashian-Caputo fractional derivatives with the
kernel Kµ for g∈C([0,+∞);L2(Ω)) by

D
[µ]
t g(x,t)=∂tIKµ

g(x,t), ∂
[µ]
t g(x,t)=D

[µ]
t [g−g(·,0)](x,t), x∈Ω, t∈R+.

For g∈W 1,1
loc ([0,+∞);L2(Ω)), ∂

[µ]
t g= IKµ

∂tg, which coincides with the classical
Djrbashian-Caputo fractional derivative for the kernel Kµ. Now we consider the fol-
lowing initial boundary value problem:

(∂
[µ]
t +A)u(x,t)=F (x,t), in Ω×R+,

Ru(x,t)=0, on ∂Ω×R+,

u(x,0)=u0(x), in Ω.

(1.2)

Here R denotes either Dirichlet trace Ru=u|∂Ω×R+
or conormal derivative ∂νa

associ-

ated with a, i.e., Ru=∂νa
u|∂Ω×R+

=
∑d

i,j=1aij∂xj
uνi|∂Ω×R+

, where ν ∈Rd denotes the
unit outward normal to ∂Ω. Throughout, the adjoint trace R∗ is the Dirichlet trace if
R is the Neumann one and vice versa.

Physically, problem (1.2) describes ultra-slow anomalous diffusion processes, in
which the mean square displacement admits a logarithmic growth [30, 31]. The model
is also called distributed-order fractional diffusion, generalizing time-fractional diffu-
sion [11,21, 34]. The distributed-order fractional derivative with a constant weight was
used by Caputo [2] in 1969 to describe the stress-strain relation of anelastic media.
Later it was used to formally determine eigenfunctions of torsional modes of anelastic
or dielectric spherical shells and infinite plates and to estimate split periods of their
free modes [3]. The related differential equation was first solved by Caputo [4] using
Laplace transform. Since then, the model has received much attention in applied disci-
plines, e.g., polymer physics and kinetics of particles moving in quenched random force
fields [6, 33, 36]. There is also a growing body of literature [17–20, 23, 25, 26, 29] on the
analysis of the direct problem. Kochubei [17, 18] investigated fundamental solutions
to the Cauchy problems for both ODEs and PDEs with µ∈C1[0,1]. The long- and
short-time asymptotic behaviors were discussed in [25] using an argument similar to the
Watson lemma; see also [19] for a more general case using energy estimates.

The weight µ characterizes ultra-slow diffusion processes. In practice, it is de-
termined by the inhomogeneity of the medium, but the relevant physical law is still
unknown at present, and moreover, it also cannot be measured directly. This naturally
motivates the inverse problem of identifying the weight µ from, e.g., the measurement
of the solution u at one point. When the medium is known and F ≡0, Li et al. [26]
proved that the measurement at one interior point can determine the weight µ. The
proof is based on analytic properties of solutions, especially time analyticity, and prop-
erties of Laplace transform of solutions of (1.2). In the 1D case, Rundell and Zhang [35]
studied a similar inverse problem using the value of the solution u in the time inter-
val (0,∞), where the main tool in the analysis is a fractional version of the classical θ
function. More recently, Li et al. [22] studied the inverse problem with nonzero bound-
ary conditions, and generalized the result in [35] using a Harnack-type inequality and
strong maximum principle. Also [28] is the only work on numerical recovery, based on
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Tikhonov regularization and conjugate gradient method. See [24] for an overview of
results on determining the orders / weights in time-fractional models.

In this work, we investigate the inverse problem of recovering the support info of
the weight µ, i.e., b1 and b2, from the observation at one point on the boundary ∂Ω,
where the medium is unknown. While the approach in [26] can be successfully applied
to the case of a known medium, it is unclear if similar results still hold when the
medium is unknown. The main goal of this work is to determine the support bounds b1
and b2 of the weight µ from the knowledge R∗u(x0,t) for t∈ (0,T ), x0∈∂Ω, when the
medium is unknown. We answer the question in the affirmative. See Section 2 for the
precise statements of the main results. Further, we provide numerical experiments to
complement the analysis for both known and unknown media. The numerical recovery is

still under-explored, due to the complexity associated with approximating ∂
[µ]
t u. In the

appendix, we describe an easy-to-implement algorithm to perform numerical simulation.

The rest of the paper is organized as follows. In Section 2, we present and discuss
the main results. Then in Section 3, we recall preliminary results. In Section 4, we
present several asymptotic results for t→0+ and t→+∞. Then in Section 5 we give
the proofs of the main results. We provide several numerical experiments in Section 6.
Finally we give concluding remarks in Section 7.

2. Main results and discussions

In this section, we describe the main theoretical results. We define an opera-
tor A=A acting on L2(Ω) with its domain D(A) given by D(A)={v∈H2(Ω) : Av∈
L2(Ω), Rv=0 on ∂Ω}. By [9, Theorem 2.5.1.1], for all ℓ=1,. ..,⌈d

4⌉+1,

D(Aℓ)={v∈H2ℓ(Ω) : Rv=R(Av)= .. .=R(Aℓ−1v)=0}. (2.1)

The spectrum of A consists of a non-decreasing sequence of strictly positive eigenvalues
(λn)n≥1 (repeated with multiplicity). We introduce an L2(Ω) orthonormal basis of
eigenfunctions (φn)n≥1 of A associated with the eigenvalues (λn)n≥1. For all s≥0, we
define the operator As by

Ash=

+∞∑
n=1

⟨h,φn⟩λs
nφn, h∈D(As)=

{
h∈L2(Ω) :

+∞∑
n=1

|⟨h,φn⟩|2λ2s
n <∞

}
,

where ⟨·, ·⟩ denotes the L2(Ω) inner product, and the graph norm by ∥h∥D(As)=

(
∑+∞

n=1 |⟨h,φn⟩|2λ2s
n )

1
2 , for h∈D(As). It is convenient to introduce the concept of an

admissible tuple, to describe regularity conditions on the problem data so that the direct
problem has a weak solution u in the sense of Definition 2.2 below.

Definition 2.1. A tuple (Ω,a,q,f,u0) is said to be admissible if the following condi-
tions are fulfilled.

(i) Ω⊂Rd is a C2⌈ d
4 ⌉+2 bounded open set, a := (ai,j)

d
i,j=1∈C1+2⌈ d

4 ⌉(Ω;Rd×d) satis-

fies the ellipticity condition (1.1), and q∈C2⌈ d
4 ⌉(Ω) is strictly positive on Ω.

(ii) u0∈D(Ar+1), with r> d+3
2 , F ∈L1(R+;L

2(Ω)) and there exists T ∈R+ such
that

F (x,t) :=σ(t)f(x), (x,t)∈Ω×(0,T ), (2.2)

with f ∈D(Ar) and σ∈L1(0,T ) and σ ̸≡0.
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Following [15], we define weak solutions of problem (1.2) as follows.

Definition 2.2. Let the coefficients in (1.2) satisfy (1.1). A function u∈
L1
loc(R+;L

2(Ω)) is said to be a weak solution to problem (1.2) if it satisfies the following
conditions.

(i) The identity Dµ
t [u−u0](x,t)+Au(x,t)=F (x,t), t∈R+, x∈Ω holds in the sense

of distribution in Ω×R+.

(ii) There hold IKµ
[u−u0]∈W 1,1

loc (R+;H
−2(Ω)) and IKµ

[u−u0](x,0)=0, x∈Ω.

(iii) There holds τ0=inf{τ >0 : e−τtu∈L1(R+;L
2(Ω))}<∞ and there exists τ1≥ τ0

such that for all p∈C with ℜ(p)>τ1, û(·,p) :=
∫∞
0

e−ptu(·,t)dt∈H2(Ω), and
Rû(·,p)=0 on ∂Ω.

The conditions in Definition 2.2 describe different aspects of (1.2): (i) is associated
with the governing equation, (ii) describes the link with the initial condition and (iii)
gives the boundary condition.

The main results can be stated as follows. In formula (2.3), δij denotes the Kro-
necker delta symbol.

Assumption 2.1. R is the Dirichlet trace or R is the Neumann trace and the following
condition holds

aij(x)= δij , x∈∂Ω. (2.3)

Theorem 2.1. Let (Ωk,ak,qk,fk,0), k=1,2, be two admissible tuples with fk ̸≡0,
µk ∈C[0,1] non-negative such that supp(µk)= [bk1 ,b

k
2 ] with 0≤ bk1 <bk2 <1, and uk the

corresponding weak solution of problem (1.2) with µ=µk. If there exist xk ∈∂Ωk, k=
1,2, such that the condition

min(|R∗
1f1(x1)|, |R∗

2f2(x2)|)>0, (2.4)

holds. Then, the condition

R∗
1u

1(x1,t)=R∗
2u

2(x2,t), t∈ (0,T ) (2.5)

implies b12= b22. In addition, if Assumption 2.1 holds for Rk and the following sign
condition

f1≥0 and f2≥0 or f1≤0 and f2≤0 (2.6)

holds, then condition (2.5) implies also b11= b21.

Theorem 2.2. Let (Ωk,ak,qk,0,u
k
0), k=1,2, be two admissible tuples with uk

0 ̸≡0,
µk ∈C[0,1] non-negative such that supp(µk)= [bk1 ,b

k
2 ] with 0≤ bk1 <bk2 <1, and uk the

corresponding weak solution of problem (1.2) with µ=µk. If there exist xk ∈∂Ωk, k=
1,2, such that the condition

min
(
|R∗

1A1u
1
0(x1)|, |R∗

2A2u
2
0(x2)|

)
>0 (2.7)

holds, then for any T1∈ (0,T ) and T2∈ (T1,T ), with T given by (2.2), the condition

R∗
1u

1(x1,t)=R∗
2u

2(x2,t), t∈ (T1,T2) (2.8)

implies b12= b22. In addition, if Assumption 2.1 holds for Rk, and the following sign
condition

u1
0≥0 and u2

0≥0 or u1
0≤0 and u2

0≤0 (2.9)
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holds, then condition (2.8) implies also b11= b21.

Remark 2.1. The proof in Section 5 indicates that the regularity condition µ∈C[0,1]
can be relaxed to µ being piecewise smooth. Notably Theorems 2.1 and 2.2 do not
require a full knowledge of the problem data (Ω,a,q,f,u0). Uniqueness in the cases of
single-term and multi-term models was established in [13] and [12], respectively; see
also [38] for a uniqueness result from interior data.

In the spirit of [26, Theorem 2.2], we can strengthen the results when the medium
is known. Then we can show the unique recovery of the weight µ∈L1(0,1).

Theorem 2.3. Let (Ω,a,q,f,u0) be an admissible tuple, with T given by condition
(2.2), µ∈L1(0,1) a non-negative function satisfying

∃α0∈ (0,1), ∃ε∈ (0,α0), ∀α∈ (α0−ε,α0), µ(α)≥ µ(α0)

2
>0 (2.10)

with µ=µk, and uk the corresponding weak solution of problem (1.2). Let Assumption
2.1 hold for R. Fix any point x0∈∂Ω. If u0≡0 and f ̸≡0 is of constant sign, then the
condition

R∗u1(x0,t)=R∗u2(x0,t), t∈ (0,T ) (2.11)

implies µ1=µ2. Moreover, if f ≡0 and u0 ̸≡0 is of constant sign, for any T1,T2∈ [0,T ]
with T1<T2, the condition

R∗u1(x0,t)=R∗u2(x0,t), t∈ (T1,T2) (2.12)

implies µ1=µ2.

Remark 2.2. Note that in all the results, the data actually does not access the source
F for Ω×(T,+∞). Thus, the statement of the inverse problem is on the set Ω×(0,T )
instead of Ω×R+.

3. Preliminaries
In this section we give preliminary results of problem (1.2), e.g., existence of a weak

solution and time analyticity. These results will play a crucial role in the uniqueness
proof in Section 5. Since µ∈C[0,1] is non-negative and supp(µ)= [b1,b2], for all α0∈
[b1,b2) and all ε∈ (0,b2−α0], there exist δ0∈ (0,ε) and δ1∈ (0,δ0) such that

µ(α1)>
µ(α0+δ0)

2
>0, ∀α1∈ [α0+δ1,α0+δ0]. (3.1)

Throughout, we fix θ∈ (π2 ,min( π
2b2

,π)), δ∈R+ and the contour γ(δ,θ)⊂C defined by

γ(δ,θ) :={δeiβ : β∈ [−θ,θ]}∪{re±iθ : r≥ δ}, oriented in the counterclockwise direction.
Let θ1∈ (0, 2θ−π

8 ). For any p∈C\(−∞,0] we set pα :=eα log(p) with log being complex
logarithm defined on C\(−∞,0]. For all z∈Dθ1 :={reiβ : r>0, β∈ (−θ1,θ1)}, we can
define two solution operators S1(z),S2(z)∈B(L2(Ω)) by

S1(z)v=
1

2iπ

∫
γ(δ,θ1)

ezp (A+V(p))−1
p−1V(p)vdp, (3.2)

S2(z)v=
1

2iπ

∫
γ(δ,θ1)

ezp (A+V(p))−1
vdp, (3.3)
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with the weight function V(p) given by V(p)=
∫ 1

0
pαµ(α)dα, for p∈C\(−∞,0]. The op-

erators S1(z) and S2(z) correspond to the initial data and right-hand side, respectively.
Under condition (3.1), the argument of [23, Theorem 1.4] and [15, Lemma 3.1] gives

the following result.

Lemma 3.1. For all τ ∈ [0,1), the map z 7→Sj(z), j=1,2, is holomorphic in the set
Dθ1 as a map taking values in B(L2(Ω);D(Aτ )) and there exist C>0 and δ′∈ (0,b2−b1)
such that

∥S1(z)∥B(L2(Ω);D(Aτ ))≤Cmax(|z|(b1+δ′)(1−τ)−1, |z|b2(1−τ)−1), z∈Dθ1 ,

∥S2(z)∥B(L2(Ω);D(Aτ ))≤Cmax(|z|(b1+δ′)(1−τ)−b2 ,|z|b2(1−τ)−b1), z∈Dθ1 .

Lemma 3.1 and [15, Theorem 1.4] imply that for F ∈L1(R+;L
2(Ω)) and u0∈L2(Ω),

problem (1.2) admits a unique weak solution u∈L1
loc(R+;D(Aτ )), τ ∈ [0,1), given by

u(·,t)=S1(t)u0+

∫ t

0

S2(t−s)F (·,s)ds, t∈R+. (3.4)

Similar to [23], for z∈Dθ1 and j=1,2, we have

Sj(z)h=

+∞∑
n=1

Sj,n(z)⟨h,φn⟩φn,

with S1,n(z)=
1

2iπ

∫
γ(δ,θ)

ezp(λn+V(p))−1p−1V(p)dp and S2,n(z)=
1

2iπ

∫
γ(δ,θ)

ezp(λn+

V(p))−1dp. The argument for Lemma 3.1 implies also that for all n∈N and j=1,2,
Sj,n is holomorphic on Dθ1 . Moreover, we have for all τ ∈ [0,1] [23, Lemmas 2.1 and 2.2]

|S1,n(z)|≤Cλ−τ
n max(|z|(b1+δ′)(1−τ)−1,|z|b2(1−τ)−1), z∈Dθ1 , n∈N, (3.5)

|S2,n(z)|≤Cλ−τ
n max(|z|(b1+δ′)(1−τ)−b2 , |z|b2(1−τ)−b1), z∈Dθ1 , n∈N, (3.6)

with the constant C>0 depending only on θ, A, µ and Ω. Then we can prove the
following representation of the measurement R∗u(x,t).

Lemma 3.2. Let f,u0∈D(A
d
4 ), σ∈L1(0,T ) and F ∈L1(R+;L

2(Ω)) satisfy condition
(2.2). Then the maps t 7→S1(t)u0 and t 7→S2(t)f are analytic with respect to t∈R+ as a
function taking values in C1(Ω). Moreover, problem (1.2) admits a unique weak solution
u∈L1

loc(R+;L
2(Ω)) such that the restriction of u to Ω×(0,T ) belongs to L1(0,T ;C1(Ω))

and

R∗u(x,t)=R∗[S1(t)u0](x)+

∫ t

0

σ(s)R∗[S2(t−s)f ](x)ds, t∈ (0,T ), x∈∂Ω. (3.7)

Proof. We only prove (3.7) for u0≡0. By the identity (2.1) and interpolation, the

space D(A
d
4+

3
4 ) embeds continuously into H

d
2+

3
2 (Ω) and Sobolev embedding theorem

implies that D(A
d
4+

3
4 ) embeds continuously into C1(Ω). In addition, by applying (3.6),

for all z∈Dθ1 and all m1,m2∈N, m1<m2, we have∥∥∥∥∥
m2∑

n=m1

S2,n(z)⟨f,φn⟩φn

∥∥∥∥∥
C1(Ω)

≤C

∥∥∥∥∥
m2∑

n=m1

S2,n(z)⟨f,φn⟩φn

∥∥∥∥∥
D(A

d
4
+ 3

4 )

≤Cmax(|z|
b1+δ′

4
−1, |z|

b2
4

−1)

(
m2∑

n=m1

λ
d
2
n |⟨f,φn⟩|2

) 1
2

, (3.8)
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with C>0 independent of z, m1 and m2. This and the condition f ∈D(A
d
4 ) yield that

the sequence
∑N

n=1S2,n(z)⟨f,φn⟩φn, N ∈N, converges uniformly with respect to z on
any compact subset of Dθ1 to S2(z)f as a function taking values in C1(Ω). Thus, the
map Dθ1 ∋z 7→S2(z)f is holomorphic as a function taking values in C1(Ω). This shows
the first assertion. Next, in view of (2.2) and (3.4), we have

u(·,t)=
∫ t

0

S2(t−s)F (·,s)ds=
∫ t

0

S2(t−s)σ(s)f ds=

∫ t

0

σ(s)S2(t−s)f ds, t∈ (0,T ).

Thus, the estimate (3.8) implies

∥u(·,t)∥
D(A

d
4
+ 3

4 )
≤C ∥f∥

D(A
d
4 )

(
max(t

b1+δ
4 −1,t

b2
4 −1)1(0,T )

)
∗(|σ|1(0,T ))(t), t∈ (0,T ),

where 1(0,T ) denotes the characteristic function of (0,T ) and ∗ denotes the convolu-

tion product. Hence, Young’s inequality gives u∈L1(0,T ;D(A
d
4+

3
4 ))⊂L1(0,T ;C1(Ω)),

showing the second assertion. In the same way, by applying (3.8), we deduce the repre-
sentation (3.7).

Below we also use the following result from [12, Lemma 2.3].

Lemma 3.3. The following estimate and identity hold

+∞∑
n=1

λn|⟨v,φn⟩|∥R∗φn∥L∞(∂Ω)≤C ∥v∥
D(A

d
2
+ 3

2 )
, v∈D(A

d
2+

3
2 ), (3.9)

R∗v(x)=

+∞∑
n=1

⟨v,φn⟩R∗φn(x), x∈∂Ω, v∈D(A
d
2+

1
2 ). (3.10)

4. Asymptotic properties of solutions as t→0 and t→+∞
In this section, we fix an admissible tuple (Ω,a,q,h,u0) with µ∈C[0,1] a non-

negative function satisfying supp(µ)= [b1,b2], 0≤ b1<b2<1. Let w(·,t)=S2(t)h∈
L1
loc(R+;C

1(Ω))∩C(R+;C
1(Ω)), cf. Lemma 3.2. Below we fix x0∈∂Ω and study the

asymptotics of R∗w(x0,t) as t→0+ and t→+∞. The next result gives the asymptotic
behavior of R∗w(x0,t) as t→0+.

Lemma 4.1. Let Q(t,p) and P (t) be defined, for t∈R+, p∈C\(−∞,0], respectively
by

Q(t,p) :=

∫ 1

0

t−αpαµ(α)dα and P (t)=

∫ b2

b1

t−αµ(α)dα. (4.1)

Define also

J(t) :=
1

2iπ

∫
γ(1,θ)

epQ(t,p)−1dp. (4.2)

Then for h∈D(A
d
2+

3
2 ), the following asymptotic expansion holds

R∗w(x0,t)= t−1J(t)R∗h(x0)+ O
t→0+

(
t−1P (t)−2

)
. (4.3)

Proof. For any h∈D(A
d
2+

1
2 ), we have (A+V(p))−1

h∈D(A
d
2+

1
2 ) and Lemma 3.3

implies

R∗ (A+V(p))−1
h(x0)=

+∞∑
n=1

⟨h,φn⟩
λn+V(p)

R∗φn(x0).
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Then [23, Lemmas 2.1 and 2.2] and Lebesgue dominated convergence theorem [7, The-
orem 1.19, p. 28] imply

R∗w(x0,t)=R∗S2(t)h(x0)=
1

2iπ

∫
γ(δ,θ)

etp

(
+∞∑
n=1

⟨h,φn⟩
λn+V(p)

R∗φn(x0)

)
dp,

where δ>0 is arbitrary. By fixing δ= t−1 and changing variables, we deduce

R∗w(x0,t)=
1

2iπ

∫
γ(t−1,θ)

etp

(
+∞∑
n=1

⟨h,φn⟩
λn+V(p)

R∗φn(x0)

)
dp

=
1

2iπ

∫
γ(1,θ)

ep

(
+∞∑
n=1

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)

)
dp.

Next we fix n∈N, t∈ (0,1), p∈γ(1,θ). Direct computation gives

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)
=

t−1Q(t,p)−1 ⟨h,φn⟩R∗φn(x0)

1+λnQ(t,p)−1

=t−1Q(t,p)−1 ⟨h,φn⟩R∗φn(x0)−
∫ 1

0

t−1Q(t,p)−2λn ⟨h,φn⟩R∗φn(x0)

(1+sλnQ(t,p)−1)2
ds.

Now summing this expression over n∈N and applying Lemma 3.3 lead to

+∞∑
n=1

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)

=t−1Q(t,p)−1
+∞∑
n=1

⟨h,φn⟩R∗φn(x0)−
+∞∑
n=1

∫ 1

0

t−1Q(t,p)−2λn ⟨h,φn⟩R∗φn(x0)

(1+sλnQ(t,p)−1)2
ds

=t−1Q(t,p)−1R∗h(x0)−
+∞∑
n=1

∫ 1

0

t−1Q(t,p)−2λn ⟨h,φn⟩R∗φn(x0)

(1+sλnQ(t,p)−1)2
ds.

Since θ∈ (π2 ,min( π
2b2

,π)) and supp(µ)⊂ [b1,b2], for all s∈ [0,1], r∈ [1,+∞) and all β∈
(−θ,θ), we have

|1+sλnQ(t,reiβ)−1|= |Q(t,reiβ)|−1|Q(t,reiβ)+sλn|
≥ |Q(t,reiβ)|−1|sλn+ℜ(Q(t,reiβ))|

≥ |Q(t,reiβ)|−1

(
sλn+

∫ 1

0

t−αrα cos(αβ)µ(α)dα

)
≥|Q(t,reiβ)|−1 cos(b2θ)

∫ b2

b1

t−αrαµ(α)dα

≥ cos(b2θ)|Q(t,reiβ)|−1|Q(t,reiβ)|=cos(b2θ).

Therefore, applying again Lemma 3.3 and the above estimate lead to∣∣∣∣∣
+∞∑
n=1

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)
− t−1Q(t,p)−1R∗h(x0)

∣∣∣∣∣
=

∣∣∣∣∣
+∞∑
n=1

∫ 1

0

t−1Q(t,p)−2λn ⟨h,φn⟩R∗φn(x0)

(1+sλnQ(t,p)−1)2
ds

∣∣∣∣∣
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≤ t−1 cos(b2θ)
−2|Q(t,p)|−2

+∞∑
n=1

λn |⟨h,φn⟩R∗φn(x0)|

≤Ct−1|Q(t,p)|−2∥h∥
D(A

d+3
2 )

,

with the constant C>0 depending only on A, θ and µ. This and the definition of γ(δ,θ)
imply ∣∣∣∣∣R∗w(x0,t)−

R∗h(x0)

2iπ

∫
γ(1,θ)

ept−1Q(t,p)−1dp

∣∣∣∣∣
≤Ct−1∥h∥

D(A
d+3
2 )

(∫ θ

−θ

ecos(β)|Q(t,eiβ)|−2dβ+

∫ +∞

1

ercos(θ)|Q(t,re±iθ)|−2dr

)
:=Ct−1∥h∥

D(A
d+3
2 )

(I1(t)+I2(t)).

Next we bound the two terms I1(t) and I2(t). Since θ∈ (π2 ,min( π
2b2

,π)) and supp(µ)⊂
[b1,b2], we deduce that, for all r∈ [1,+∞) and all β∈ (−θ,θ),

|Q(t,reiβ)|≥
∣∣ℜ(Q(t,reiβ))

∣∣=∫ b2

b1

t−αrαcos(αβ)µ(α)dα

≥ cos(b2θ)r
b2

∫ b2

b1

t−αµ(α)dα. (4.4)

Then it follows that I1(t)≤C(
∫ b2
b1

t−αµ(α)dα)−2 and I2(t)≤C(
∫ b2
b1

t−αµ(α)dα)−2.
Hence ∣∣∣∣∣R∗w(x0,t)−

R∗h(x0)

2iπ

∫
γ(1,θ)

ept−1Q(t,p)−1dp

∣∣∣∣∣
≤Ct−1∥h∥

D(A
d+3
2 )

(∫ b2

b1

t−αµ(α)dα

)−2

. (4.5)

This proves the estimate (4.3), and completes the proof of the lemma.

Next we consider the asymptotic behavior of R∗w(x0,t) as t→+∞.

Lemma 4.2. Let Q(t,p) and P (t) be defined by (4.1), and let

K(t)=
1

2iπ

∫
γ(1,θ)

epQ(t,p)dp. (4.6)

Then for h∈D(A
d
2+

1
2 ), the following asymptotic expansion holds

R∗w(x0,t)=−t−1R∗A−2h(x0)K(t)+ O
t→+∞

(
t−1P (t)2

)
. (4.7)

Proof. Fix n∈N, t∈ (1,+∞), p∈γ(1,θ). Using Taylor formula, we find

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)
= t−1λ−1

n ⟨h,φn⟩R∗φn(x0)− t−1λ−2
n Q(t,p)⟨h,φn⟩R∗φn(x0)

+2

∫ 1

0

t−1Q(t,p)2 ⟨h,φn⟩R∗φn(x0)(1−s)

(λn+sQ(t,p))3
ds. (4.8)
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Moreover, for all s∈ [0,1], we have

|λn+sQ(t,reiβ)|≥λn+s

∫ 1

0

cos(αβ)rαt−αµ(α)dα, r∈ [1,+∞), β∈ (−θ,θ),

and since supp(µ)⊂ [b1,b2] and θ< π
2b2

, we obtain

|λn+sQ(t,reiβ)|≥λn+s

∫ b2

b1

cos(αβ)rαt−αµ(α)dα

≥λn+scos(b2θ)

∫ b2

b1

rαt−αµ(α)dα≥λn, r∈ [1,+∞), β∈ (−θ,θ).

Now summing (4.8) over n∈N and applying Lemma 3.3 yield∣∣∣∣∣
+∞∑
n=1

t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)
− t−1R∗A−1h(x0)+Q(t,p)t−1R∗A−2h(x0)

∣∣∣∣∣
≤

+∞∑
n=1

∣∣∣∣ t−1 ⟨h,φn⟩R∗φn(x0)

λn+Q(t,p)
− ⟨h,φn⟩

tλn
R∗φn(x0)+

Q(t,p)

tλ2
n

⟨h,φn⟩R∗φn(x0)

∣∣∣∣
≤Ct−1|Q(t,p)|2∥h∥

D(A
d+1
2 )

≤C|p|2b2t−1

(∫ b2

b1

t−αµ(α)dα

)2

∥h∥
D(A

d+1
2 )

.

Integrating the expression in p∈γ(1,θ) gives∣∣∣∣∣R∗w(x0,t)−
R∗A−1h(x0)

t

1

2iπ

∫
γ(1,θ)

epdp+
R∗A−2h(x0)

t

1

2iπ

∫
γ(1,θ)

epQ(t,p)dp

∣∣∣∣∣
≤Ct−1∥h∥

D(A
d+1
2 )

(∫ θ

−θ

ecos(β)|Q(t,eiβ)|2dβ+
∫ +∞

1

ercos(θ)|Q(t,re±iθ)|2dr

)

≤Ct−1∥h∥
D(A

d+1
2 )

(∫ b2

b1

t−αµ(α)dα

)2(
1+

∫ +∞

1

ercos(θ)r2b2 dr

)

≤Ct−1∥h∥
D(A

d+1
2 )

(∫ b2

b1

t−αµ(α)dα

)2

.

Meanwhile, the Cauchy formula gives 1
2iπ

∫
γ(1,θ)

epdp=0, and upon fixing K(t) as (4.6),
we get

∣∣R∗w(x0,t)+ t−1R∗A−2h(x0)K(t)
∣∣≤Ct−1∥h∥

D(A
d+1
2 )

(∫ b2

b1

t−αµ(α)dα

)2

,

and thus we obtain the estimate (4.7).

We will also need the following two intermediate results.

Lemma 4.3. Let J(t) and K(t) be given by (4.2) and (4.6), respectively. Then, there
exists a constant C>0 depending only on µ and θ such that

C−1P (t)−1≤|J(t)|≤CP (t)−1, t∈ (0,1), (4.9)
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C−1P (t)≤|K(t)|≤CP (t), t∈ (1,+∞). (4.10)

Proof. It follows from the proof of Lemmas 4.1 and 4.2 that the following estimate
holds |J(t)|≤CP (t)−1, for t∈ (0,1). Moreover, we have

|K(t)|≤C

(∫ θ

−θ

ecos(β)|Q(t,eiβ)|dβ+
∫ +∞

1

ercos(θ)|Q(t,re±iθ)|dr

)

≤C

(∫ b2

b1

t−αµ(α)dα

)(
1+

∫ +∞

1

ercos(θ)rb2 dr

)
≤C

∫ b2

b1

t−αµ(α)dα,

which shows the following estimate

|K(t)|≤CP (t), t∈ (1,+∞).

So we only need to prove the following two estimates

C−1P (t)−1≤|J(t)| , t∈ (0,1) and C−1P (t)≤|K(t)|, t∈ (1,+∞).

Note that

|Q(t,p)|≤ |p|b2
∫ b2

b1

t−αµ(α)dα, p∈γ(1,θ),

and, by repeating the arguments for Lemmas 4.1 and 4.2, we can prove the first estimate.
In the same way, we obtain the second estimate from (4.4).

Remark 4.1. Note that the argument in this section allows deriving asymptotics of
the solutions to the distributed order model. Indeed, applying Lemmas 4.2 and 4.3, we
have

|R∗w(x0,t)|≤Ct−1P (t)∥h∥D(Ar) , t>1,

with C>0 independent of t and h. In addition, we find

P (t)≤∥µ∥L∞(0,1)

∫ b2

b1

t−αdα≤∥µ∥L∞(0,1)

(
t−b1

ln(t)
− t−b2

ln(t)

)
, t>1

and consequently

|R∗w(x0,t)|≤C
t−1−b1

ln(t)
∥h∥D(Ar) , t>1.

Similarly, by fixing ϵ∈ (0,(b2−b1)/2), we obtain

P (t)≥
(

inf
[b1+ϵ,b2−ϵ]

µ

)∫ b2−ϵ

b1+ϵ

t−αdα=

(
inf

[b1+ϵ,b2−ϵ]
µ

)(
t−ϵ−b1

ln(t)
− t−b2+ϵ

ln(t)

)
, t∈ (0,1)

and Lemmas 4.1 and 4.3 imply

|R∗w(x0,t)|≤Ct−1P (t)−1∥h∥D(Ar)≤Ctb2−1+ϵ| ln(t)|∥h∥D(Ar) , t∈ (0,1).

Moreover, assuming that b2=1 and µ(1)>0, we obtain

|R∗w(x0,t)|≤C|ln(t)|∥h∥D(Ar) , t∈ (0,1).
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These estimates can be compared with that in [25] for the solution of problem (1.2)
with F ≡0.

The next result gives the asymptotics of the integral
∫ b2
b1

t−αµ(α)dα as t→0+ and
t→+∞, which will play a role in determining the support of the weight µ.

Lemma 4.4. The following identities hold

lim
t→+∞

tb
∫ b2

b1

t−αµ(α)dα=0, b∈ (−∞,b1), (4.11)

lim
t→+∞

tb
∫ b2

b1

t−αµ(α)dα=+∞, b∈ (b1,+∞), (4.12)

lim
t→0+

t−b∫ b2
b1

t−αµ(α)dα
=0, b∈ (−∞,b2), (4.13)

lim
t→0+

t−b∫ b2
b1

t−αµ(α)dα
=+∞, b∈ (b2,+∞). (4.14)

Proof. To show the identity (4.11), we fix b∈ (−∞,b1). Note that∫ b2

b1

t−αµ(α)dα≤ t−b1

∫ b2

b1

µ(α)dα, t∈ (1,+∞). (4.15)

Moreover, since µ∈C[0,1] is non-negative with supp(µ)= [b1,b2], µ cannot be uniformly

vanishing and
∫ b2
b1

µ(α)dα>0. Combining this with (4.15) gives (4.11). To show (4.12),

we fix b∈ (b1,+∞). By (3.1) with α0= b1 and ε= b−b1, there exist δ0∈ (0,ε) and
δ1∈ (0,δ0) such that (3.1) is fulfilled. Then, it follows∫ b2

b1

t−αµ(α)dα≥
∫ b1+δ0

b1+δ1

t−αµ(α)dα≥ (δ0−δ1)
µ(b1+δ0)

2
t−b1−δ1 , t∈ (1,+∞).

Since (δ0−δ1)
µ(b+δ0)

2 >0 and b1+δ1<b1+ε= b, we deduce easily (4.12) from this last
estimate. For (4.13), we fix b∈ (b1,b2) and using (3.1) with α0= b and ε= b2−b, we
obtain ∫ b2

b1

t−αµ(α)dα≥
∫ b+δ0

b+δ1

t−αµ(α)dα≥ (δ0−δ1)
µ(b+δ0)

2
t−b−δ0 , t∈ (0,1),

with δ0∈ (0,b2−b) and δ1∈ (0,δ0). This and the inequality (δ0−δ1)
µ(b+δ0)

2 >0 and the

condition δ0>0 imply (4.13). Similarly, upon noting
∫ b2
b1

t−αµ(α)dα≤ t−b2
∫ b2
b1

µ(α)dα

for t∈ (0,1), we deduce (4.14).

5. Proof of Theorems 2.1, 2.2 and 2.3
To prove Theorems 2.1 and 2.2, we need an intermediate result.

Lemma 5.1. Let (Ω,a,q,f,u0) be an admissible tuple and let the condition

aij(x)= δij , x∈∂Ω, (5.1)

be fulfilled. If f ̸≡0 and u0 ̸≡0 are of constant sign and R is the Neumann trace. Then,
for any x0∈∂Ω we have R∗A−2f(x0) ̸=0 and R∗A−1u0(x0) ̸=0.
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Proof. We only show the result for A−2f with f ≤0 since that for A−1u0 follows
similarly. Let v=A−2f . Assume the contradictory, i.e., there exists x′∈∂Ω such that
v(x′)=R∗v(x′)=0. Since f ∈D(Ar), v∈D(Ar+2) and, Sobolev embedding theorem
and elliptic regularity theory [9, Theorem 2.5.1.1] imply v∈C1(Ω). The maximum
principle [8, Theorem 8.1] implies A−1f ≤0 and since f ̸≡0, we have A−1f ̸≡0. If v is
constant, then qv=Av=A−1f and since A−1f ̸≡0, A−1f ≤0 and q is strictly positive,
the constant v is negative, contradicting v(x′)=0. Hence v is not a constant function.
Now we consider the following two cases.

Case 1. maxx∈∂Ωv(x)=0. Since v is not constant, the strong maximum principle [8,
Theorem 3.5] implies that for all x∈Ω, v(x)<0=v(x′) and Hopf’s lemma [8, Lemma 3.4]
yields ∂νv(x

′)>0. By (5.1) and the condition v∈D(A), this contradicts the condition
∂νv=Rv=0 on ∂Ω.

Case 2. maxx∈∂Ωv(x) ̸=0. Since v(x′)=0, we have maxx∈∂Ωv(x)>0. Since v∈C(∂Ω),
we can find x2∈∂Ω such that v(x2)=maxx∈∂Ωv(x)>0 and, since v is not constant, the
strong maximum principle implies that for all x∈Ω we have v(x)<v(x2). Then, Hopf’s
lemma yields ∂νv(x2)>0. This also contradicts the condition ∂νv=Rv=0 on ∂Ω.
In both cases we have a contradiction and it follows that for any x0∈∂Ω, we have
R∗A−2f(x0) ̸=0.

5.1. Proof of Theorem 2.1. We divide the proof into two steps.

Step 1. We prove that (2.5) implies b12= b22. By Lemma 3.2, we have

R∗
juj(xj ,t)=

∫ t

0

σ(s)R∗
j [S

j
2(t−s)fj ](xj)ds, t∈ (0,T ), j=1,2,

with Sj
2 corresponding to (3.3) with µ=µj and with A=Aj (acting in L2(Ωj)) and

R=Rj . Let vj(t)=R∗
j [S

j
2(t)fj ](xj) as a function in L1(0,T ), cf. Lemma 3.2. Therefore,

condition (2.5) implies∫ t

0

σ(s)[v1(t−s)−v2(t−s)]ds=0, t∈ (0,T ).

By Titchmarsh convolution theorem [37, Theorem VII], there exist t1,t2∈ [0,T ] such
that t1+ t2≥T , σ|(0,t1)≡0 and (v1−v2)|(0,t2)≡0. Since σ|(0,T ) ̸≡0, we have t1<T .
This proves t2= t1+ t2− t1≥T − t1>0 and R∗

1[S
1
2(t)f1](x1)=R∗

2[S
2
2(t)f2](x2) for t∈

(0,t2). The analyticity of the map R+∋ t 7→R∗
j [S

j
2(t)fj ](xj), cf. Lemma 3.2, implies

R∗
1[S

1
2(t)f1](x1)=R∗

2[S
2
2(t)f2](x2) for t∈R+. Let wj(·,t)=Sj

2(t)fj . Then

R∗
1w1(x1,t)=R∗

2w2(x2,t), t∈R+. (5.2)

Now we deduce from Lemma 4.1 that

R∗
jwj(xj ,t)= t−1Jj(t)R∗

jfj(xj)+ O
t→0+

(
t−1Pj(t)

−2
)
,

with Qj(t,p) :=
∫ 1

0
t−αpαµj(α)dα, Pj(t)=

∫ bj2
bj1

t−αµj(α)dα and

Jj(t) :=
1

2iπ

∫
γ(1,θ)

epQj(t,p)
−1dp. Therefore, (5.2) implies

t−1J1(t)R∗
1f1(x1)+ O

t→0+

(
t−1P1(t)

−2
)
= t−1J2(t)R∗

2f2(x2)+ O
t→0+

(
t−1P2(t)

−2
)
. (5.3)

Combining this with (2.4), (4.9) and (4.13)-(4.14) yields b12= b22.
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Step 2. Now, we fix b2= b12= b22, and assume that (2.6) holds. Then we prove that
condition (2.5) implies b11= b21. The estimate (5.2) and Lemma 4.2 imply

− t−1R∗
1A

−2
1 f1(x1)K1(t)+ O

t→+∞

(
t−1P1(t)

2
)

=− t−1R∗
1A

−2
2 f2(x2)K2(t)+ O

t→+∞

(
t−1P2(t)

2
)
, (5.4)

with Kj(t)=
1

2iπ

∫
γ(1,θ)

epQj(t,p)dp. By conditions (4.9) and (4.11)-(4.12), this implies

b11= b21 if

R∗
jA

−2
j fj(xj) ̸=0, j=1,2. (5.5)

So it remains to prove (5.5). If Rj is the Neumann trace and condition (2.3) holds,
Lemma 5.1 implies (5.5). Similarly, by [13, Lemma 3.1], if Rj is the Dirichlet trace,
condition (2.6) implies

∂νjA−2
j fj(xj) ̸=0, j=1,2, (5.6)

with νj the unit outward normal to ∂Ωj . Meanwhile, since Rj is the Dirichlet trace,

letting the matrix Bj =(ajkℓ(xj))
d
k,ℓ=1 and since A−2

j fj =0 on ∂Ωj , we get

R∗
jA

−2
j fj(xj)=∂νaj

A−2
j fj(xj)= [∇A−2

j fj(xj)] · [Bjν
j(xj)]

=[(∂νjA−2
j fj(xj))ν

j(xj)] · [Bjν
j(xj)]=(∂νjA−2

j fj(xj))ν
j(xj)

TBjν
j(xj).

Moreover, it follows from the ellipticity condition (1.1) that

νj(xj)
TBjν

j(xj)=

d∑
k,ℓ=1

ajk,ℓ(xj)ν
j
k(xj)ν

j
ℓ (xj)≥ c|νj(xj)|2= c>0.

This and (5.6) imply (5.5). Thus, in both cases, (5.5) holds and we deduce b11= b21.

5.2. Proof of Theorem 2.2. Note that condition (2.2) implies uj(t,·)=Sj
1(t)u

j
0

for t∈ (0,T ) with Sj
1 corresponding to (3.2) with µ=µj and with A=Aj (acting in

L2(Ωj)) and withR=Rj . Since u
j
0∈D(Aj), the argument of [15, pp. 21-22] implies uj ∈

W 1,1(0,T ;L2(Ωj)) with ∂tu
j(t, ·)=−Sj

2(t)Aju
j
0. Since Aju

j
0∈D(Ar

j), j=1,2, repeating

the argument of Lemma 3.2 yields uj ∈W 1,1(0,T ;D(Ar
j)). Then Lemma 3.3 implies

∂tR∗
ju

j(t,xj)=R∗
j∂tu

j(t,xj)=−R∗
jS

j
2(t)Aju

j
0(xj), t∈ (0,T ).

Therefore, differentiating condition (2.5) in t gives

R∗
1S

1
2(t)A1u

1
0(x1)=R∗

2S
2
2(t)A2u

2
0(x2), t∈ (T1,T2).

This and the time analyticity of the map t 7→R∗
jS

j
2(t)Aju

j
0(xj), cf. Lemma 3.2, imply

(5.2) with wj(·,t)=Sj
2(t)Aju

j
0. Then, repeating the argument for Step 1 of the proof of

Theorem 2.1 with fj =Aju
j
0 yields b12= b22. In addition, if condition (2.9) holds and Rk

is the Dirichlet trace, [13, Lemma 3.1] implies that for fj =Aju
j
0, condition (5.6) holds.

Then, similar to Step 2 of the proof of Theorem 2.1, we deduce (5.5). Similarly, if Rj is
the Neumann trace and condition (2.3) holds, Lemma 5.1 implies (5.5). Hence, in both
cases we deduce from (5.4) that b11= b21.
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5.3. Proof of Theorem 2.3. For F ∈L1(R+;L
2(Ω)), problem (1.2) admits a

unique weak solution u∈L1
loc(R+;L

2(Ω)) given by (3.4) [15, Theorem 1.4], and the first
statement of Lemma 3.1 and the results of Lemma 3.2 are still valid ([23, Theorem 1.4]
and [15, Lemma 3.1]). Now we can prove Theorem 2.3.

Proof. We prove the result for u0≡0 and f ̸≡0 of constant sign. The result for
f ≡0 and u0 ̸≡0 of constant sign follows similarly as Theorem 2.2. The argument of
Theorem 2.1 yields (5.2) with x1=x2=x0 and wj(·,t)=Sj

2(t)f , j=1,2, with Sj
2 defined

in (3.3) with µ=µj . For all p∈C+={z∈C : ℜ(z)>0}, the Laplace transform ŵj(·,p)=∫ +∞
0

e−ptwj(·,t)dt of wj is well defined as an element of H2(Ω) ([15, Proposition 3.2]
and [23]), and we have

ŵj(· ,p)=(A+Vj(p))
−1

f =
+∞∑
n=1

⟨f,φn⟩
λn+Vj(p)

φn, with Vj(p)=

∫ 1

0

pαµj(α)dα. (5.7)

Moreover, the argument for Lemma 3.2 and [15, Lemma 3.1] give

∥wj(·,t)∥C1(Ω)≤C ∥wj(·,t)∥D(Ar)≤Cmax
(
tα0−ε−1,tα0−1

)
∥f∥D(Ar) , t>0,

and hence ̂R∗wj(x0, ·)(p) is well defined for p∈C+, and fixing vj(t)=R∗wj(x0,t) leads
to v̂j(p)=R∗ŵj(x0,p) for p∈C+. This, (5.7) and Lemma 3.3 imply

v̂j(p)=

+∞∑
n=1

⟨f,φn⟩
λn+Vj(p)

R∗φn(x0), p∈C+, j=1,2.

Therefore, applying the Laplace transform in t∈R+ to the identity (5.2) gives

+∞∑
n=1

⟨f,φn⟩
λn+V1(p)

R∗φn(x0)=

+∞∑
n=1

⟨f,φn⟩
λn+V2(p)

R∗φn(x0), p∈C+,

which implies

(V1(p)−V2(p))

+∞∑
n=1

⟨f,φn⟩
(λn+V1(p))(λn+V2(p))

R∗φn(x0)=0, p∈R+. (5.8)

Let

G(p) :=
+∞∑
n=1

⟨f,φn⟩
(λn+V1(p))(λn+V2(p))

R∗φn(x0), p∈R+.

By Lemma 3.3, G ∈C([0+∞)) with

G(0)=
+∞∑
n=1

⟨f,φn⟩
(λn+V1(0))(λn+V2(0))

R∗φn(x0)=

+∞∑
n=1

⟨f,φn⟩
(λn)2

R∗φn(x0)=R∗A−2f(x0).

Then, Lemma 5.1, [13, Lemma 3.1] and the argument at Step 2 of Theorem 2.1 imply
|G(0)|>0 for R being either Dirichlet or Neumann trace. Hence, there exists ε∈R+

such that |G(p)|>0, p∈ (0,ε). This, (5.8) and fixing µ=µ1−µ2 yield∫ 1

0

pαµ(α)dα=0, p∈ (0,ε). (5.9)
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Let µ∗ be the extension of µ by zero to R+. Then it follows from (5.9) that

µ̂∗(−ln(τ))=

∫ +∞

0

eα ln(τ)µ∗(α)dα=

∫ 1

0

ταµ(α)dα=0, τ ∈ (0,ε),

which implies

µ̂∗(p)=0, p∈ (−ln(ε),+∞). (5.10)

Since µ∗∈L1(R+) is compactly supported, C∋p 7→ µ̂∗(p) is holomorphic and (5.10) im-
plies µ̂∗(p)=0 for all p∈C. Then, the injectivity of the Laplace transform implies µ∗≡0,
i.e., µ1=µ2.

6. Numerical results and discussions
In this section, we numerically illustrate the analysis, including both support re-

covery in Theorems 2.1–2.2 and weight recovery in Theorem 2.3. The exact data
g†=R∗u(x0,t), x0∈∂Ω, is generated by a fully discrete scheme described in the ap-
pendix. The noisy data gδ is generated by gδ(t)=g†(t)+ϵ∥g†∥L∞(0,T )ξ(t), where ξ(t)
follows the standard Gaussian distribution, and ϵ≥0 denotes the noise level.

6.1. Bound recovery. First we illustrate Theorems 2.1 and 2.2 with the
following example, where 1S denotes the characteristic function of the set S.

Example 6.1. In this example, we take the domain Ω=(0,1), with

(i) u0(x)=x(1−x)ex, f ≡0, and a(x)=1+x2.

(ii) u0≡0, f(x,t)=x(1−x)ex1[0,1](t), and a(x)=1+sin(πx).

The direct problem (1.2) is equipped with a zero Dirichlet boundary condition. The fol-
lowing five weights are tested: µ1=1[0.2,0.8], µ2=1[0.2,0.6], µ3=1[0.2,0.4], µ4=1[0.4,0.8],
and µ5=1[0.4,0.8]. The weights share either upper or lower bounds to facilitate the
comparison of the asymptotics.

The measured data g(t)=∂νau(x0,t), at x0=0, are shown in Figure 6.1. For small
time, we plot |g(t)−g(0)| in order to show the asymptotics more clearly. In case (i), the
asymptotics of |g(t)−g(0)| (noting g(0)=1) are identical for the weights µ1, µ4 and µ5

but they differ markedly from that for µ2 and µ3. This agrees well with the analysis: the
upper bound b2 of the weight support determines the small-time asymptotics. Indeed,
the upper bounds of µ1, µ4 and µ5 are identical (all equal to 0.8), whereas that of µ2

and µ3 are different. A similar behavior is observed for case (ii). In contrast, for large
time, the asymptotic of |g(t)| is nearly identical for the weights µ1, µ2 and µ3, which
differs from that for µ4 and µ5. This again agrees with the analysis: the lower bound b1
determines the large-time asymptotics. Indeed, the lower bounds of µ1, µ2 and µ3 are
identical (all equal to 0.2), whereas that of µ4 and µ5 are different. This observation is
the same for case (ii), except the small transition near t=0. In sum, the results confirm
the asymptotic behavior.

Next we recover the support bound. This is more challenging, similar to that for
multi-term case [12]. By the asymptotics in Lemma 4.4, we may recover the bound b
by minimizing

J(b,c0,c1)=∥c0+c1t
−b−h(x0,t)∥2L2(t1,t2)

,

with small (t1,t2) for the upper bound b2, and large t1,t2 for the lower bound b1. The
numerical results for Example 6.1(ii) are given in Table 6.1, where the lower and upper



BANGTI JIN AND YAVAR KIAN 1807

case (i) case (ii)

Fig. 6.1. The small (top) and large (bottom) time asymptotics of the data g(t)=∂νu(x0,t) for
Example 6.1, at x0=0.

bounds are estimated from the observation over the intervals (1e-6,1e-5) and (1e4,1e5),
respectively. Note that the estimated lower bound is slightly more accurate than the
estimated upper bound. The results for case (i) are not shown, since the upper bound
estimates are very inaccurate, similar to what was observed in the multi-term case [12].
This failure might be attributed to the fact that the interval (1e-6,1e-5) is still too large.
This can also be seen from Figure 6.1, where the curves are nearly parallel to the x-axis,
indicating a quasi-steady state. Nonetheless, the lower bound estimates are largely the
same with that for case (ii).

µ1 µ2 µ3 µ4 µ5

b1 0.30 (0.20) 0.30 (0.20) 0.27 (0.20) 0.48 (0.40) 0.66 (0.60)
b2 0.75 (0.80) 0.55 (0.60) 0.16 (0.40) 0.75 (0.80) 0.76 (0.80)

Table 6.1. The upper and lower bounds estimated from g(t) for Example 6.1(ii).

6.2. Weight recovery. Now we recover the weight µ from the observation
R∗u(µ)(x0,t), 0<t<T , where u(µ) denotes the solution to problem (1.2), when the
medium is known. We employ an iterative method to approximately minimize

J(µ) := 1
2∥R

∗u(µ)(x0,·)−gδ∥2L2(0,T ). (6.1)
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Here one may add a penalty in order to promote distinct features, e.g., total variation
for discontinuous weight, which however is not investigated below. To minimize J(µ),
we employ the conjugate gradient method [1], which is a regularization method when
equipped with early stopping. To apply the method, one needs the gradient J ′(µ),
which can be evaluated efficiently using the adjoint technique [5]. Assuming R being
the Neumann trace, let v be the solution to the following adjoint problem

t
R∂

[µ]
T v+Av=0, in Ω×(0,T ),

∂νa
v(x,t)=(u(µ)−gδ)δx0

, on ∂Ω×(0,T ),

tI
[µ]
T v(x,T )=0, in Ω,

(6.2)

where the notation tI
[µ]
T v and t

R∂
[µ]
T v denote the right-sided Riemann-Liouville fractional

integral and derivative of v (with respect to µ), defined by tI
[µ]
T v(t)=

∫ T

t
Kµ(s− t)v(s)ds

and t
R∂

[µ]
T v(t)=− d

dt tI
[µ]
T u(s). Note that the Neumann data in (6.2) involves a Dirac

delta function δx0(x) for some x0∈∂Ω and it should be interpreted in the sense of
distribution. When implementing the Galerkin FEM, one should evaluate the integral
on the boundary carefully, which results in a term supported at x0 only, cf. (6.6)
below. By changing variables and using the zero terminal data, problem (6.2) can be
transformed into an initial value problem with a Djrbashian-Caputo type derivative and
zero initial data, which can then be solved using the standard scheme in the appendix.

We have the following representation of the gradient J ′(µ).

Proposition 6.1. The gradient J ′(µ) of the functional J(µ) is given by

J ′(µ) : (0,1)∋α 7→−
∫ T

0

∫
Ω

v∂α
t udxdt, (6.3)

where v is the solution to the adjoint problem (6.2) and, for all α∈ (0,1), ∂α
t u is defined

by ∂α
t u(x,t) :=∂t

∫ t

0
(t−s)−α

Γ(1−α) (u(x,s)−u0(x))ds, for (x,t)∈Ω×(0,T ).

Proof. The derivation follows by a standard procedure. Let u≡u(µ). By defini-
tion, the directional derivative J ′(µ)[h] of the functional J with respect to the weight µ
in the direction h∈L2(0,1) is given by

J ′(µ)[h]= (uh(x0,t),u(x0,t)−gδ(t))L2(0,T ),

where uh is the derivative of u with respect to the weight µ in the direction h. Clearly
uh satisfies 

∂
[µ]
t uh+Auh=−

∫ 1

0

h(α)∂α
t udα, in Ω×(0,T ),

∂νauh(x,t)=0, on ∂Ω×(0,T ),

uh(x,0)=0, in Ω.

(6.4)

Multiplying (6.4) with a test function ϕ(x,t), integrating over Ω×(0,T ) and then ap-
plying integration by parts yield∫ T

0

∫
Ω

(∫ 1

0

∂α
t uhµ(α)dα

)
ϕ+a∇uh ·∇ϕdxdt=

∫ T

0

∫
Ω

(
−
∫ 1

0

∂α
t uh(α)dα

)
ϕdxdt. (6.5)
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Meanwhile, the weak formulation for the adjoint solution v is given by∫ T

0

∫
Ω

(∫ 1

0
t
R∂α

T vµ(α)dα
)
ϕ+a∇v ·∇ϕdxdt=

∫ T

0

(u(µ)(x0,t)−gδ)ϕ(x0,t)dt, (6.6)

where we recall that for all α∈ (0,1), t
R∂α

T v is defined by

t
R∂α

T v(x,t) :=−∂t

(∫ T

t

(t−s)−α

Γ(1−α)
v(x,s)ds

)
, (x,t)∈Ω×(0,T ).

Since uh(0)=0 and v(T )=0, the following identity holds ([16, p. 76, Lemma 2.7]
or [11, Lemma 2.6])∫ T

0

∫
Ω

v∂α
t uhdxdt=

∫ T

0

∫
Ω

uht
R∂α

T vdxdt, α∈ (0,1).

Using this identity, taking ϕ=v in (6.5) and ϕ=uh in (6.6) and subtracting the resulting
identities give∫ 1

0

(
−
∫ T

0

∫
Ω

∂α
t uvdxdt

)
h(α)dα=

∫ T

0

uh(x0,t)(u(µ)(x0,t)−gδ)dt.

This and the definition of the derivative J ′(µ) show the desired assertion.

Now we can describe the conjugate gradient method [1] for minimizing the functional
J ; see Algorithm 1 for the complete procedure. In the algorithm, Steps 6-7 compute
the conjugate descent direction, and Step 9 computes the optimal step size using the
sensitivity problem. The operator P+ at Step 10 gives the projection into the positive
quadrant. For each update, the algorithm involves three forward solves (direct, ad-
joint and sensitivity problems), which represent the main computational effort. For the
stopping criterion at Step 11, one may employ the discrepancy principle [10, 32]. Note
that this algorithm has been adopted in [28] recently, where the gradient is computed
using a finite difference approximation, which is generally less efficient than the adjoint
technique. In the experiments, we smooth the gradient J ′(µ) by the negative Dirichlet
Laplacian, which is analogous to the H1(0,1) penalty in [28]. Accordingly, at Step 6 of
the algorithm, we compute the conjugate coefficient γ in the H1(0,1)-seminorm, where
∂α denotes taking the first-order derivative in α. This approach is suitable for recovering
a smooth weight.

The next example illustrates the weight recovery.

Example 6.2. In this example, we take the domain Ω=(0,1), terminal time T =1,
diffusion coefficient a(x)=1+x(1−x), initial condition u0(x)=x(1−x)ex. The direct
problem (1.2) is equipped with the Neumann boundary condition, which at x=0 and
x=1 are taken to be 0 and 1, respectively. Consider the following two weights: (i)
µ(α)=α(1−α)2e2α and (ii) µ(α)=2min(α,1−α). The Dirichlet data at the point
x0=0 is used for the recovery. Algorithm 1 is initialized with µ0= 1

100 sin(πα).

The numerical results are shown in Table 6.2 and Figures 6.2 and 6.3, where the
stopping index k∗ (in the bracket) is taken such that the L2(0,1) error e=∥µ̂−µ†∥L2(0,1)

of the recovered weight µ̂ (with respect to the exact one µ†) is smallest. The weight µ
can be fairly reconstructed for the noise level ϵ up to 5%, agreeing with the results in
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Algorithm 1 Conjugate gradient method for minimizing the functional J .

1: Initialize µ0, and set k=0.
2: for k=0,. ..,K do
3: Solve for uk from problem (1.2) with µ=µk.
4: Solve for vk from problem (6.2) with rk=uk(x0,t)−gδ.
5: Compute the gradient J ′(µk) by (6.3).
6: Compute the conjugate coefficient γk by γ0=0 and

γk=
∥∂αJ ′(µk)∥2L2(0,1)

∥∂αJ ′(µk−1)∥2L2(0,1)

, k≥1.

7: Compute the conjugate direction dk by dk=−J ′(µk)+γkdk−1.
8: Solve for udk from problem (6.4) with h=dk.
9: Compute the step size sk by

sk=−
(udk(x0,·),rk)L2(0,T )

∥udk(x0, ·)∥2L2(0,T )

.

10: Update the source component µk+1=P+(µ
k+skdk).

11: Check the stopping criterion.
12: end for

ϵ 0 1e-3 3e-3 1e-2 3e-2 5e-2

(i) 2.50e-3(22) 4.09e-3(22) 8.82e-3(50) 1.62e-2(20) 4.16e-3(17) 9.33e-3(17)
(ii) 4.49e-2(26) 4.48e-2(26) 4.63e-2(20) 5.58e-2(18) 4.96e-2(17) 5.99e-2(14)

Table 6.2. The L2(0,1) error of the recovered weight µ̂ for Example 6.2 at different noise levels.
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Fig. 6.2. Numerical results for Example 6.2(i) by the conjugate gradient method.

Table 6.2. The conjugate gradient method converges steadily, irrespective of the noise
level. However, early stopping is needed in order to obtain high-quality reconstructions,
due to the typical semiconvergence behaviour of the method: the error first decreases
steadily and then it increases as the iteration further proceeds. This observation holds
for both smooth and nonsmooth weights, which shows the feasibility of recovering the
weight µ from the observation at one single point, when all other problem data are fully
known, confirming the assertion of Theorem 2.3.
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Fig. 6.3. Numerical results for Example 6.2(ii) by the conjugate gradient method.

7. Conclusion
In this work we have investigated the inverse problem of recovering information

about the weight in a distributed-order time-fractional diffusion model from one-point
observation on the boundary. We prove the support bound recovery when the medium
is unknown, and the weight recovery when the medium is known. The latter result com-
plements an existing uniqueness result for a known medium. Further we have also pre-
sented numerical experiments to complement the analysis, partly confirming the unique
recovery of either support boundary or weight. The experiments show the significant
computational challenge with accurately recovering support bounds and weights, espe-
cially the upper bound of the support. Theoretically, it is of much interest to study the
case of a nonseparable source. This would require alternative analysis techniques than
Titchmarsh convolution theorem, which has played a crucial role in the analysis of this
work.

Appendix. Numerical scheme for the direct problem (1.2). Now we de-
scribe a numerical scheme for approximating the direct problem (1.2) for completeness;
see the book [14] for further details on the numerical approximation of the standard
time-fractional diffusion model. For the spatial discretization, we employ the standard
Galerkin finite element method with the continuous piecewise linear finite element space
Xh, subordinated to a shape regular triangulation of the domain Ω. Let Mh and Sh

be the corresponding mass and stiffness matrices, respectively. For any N ∈N total
number of time steps, let τ =N−1T be the time step size, and tn=nτ , n=0,. ..,N ,
the time grid. The classical L1 scheme (cf. [27] or [14, Section 4.1]) approximates the
Djrbashian-Caputo fractional derivative ∂α

t u(tn), n≥1, by

∂α
t u

n≈
n∑

j=0

b
(α)
j,nu

n−j ,

with the weights b
(α)
j,n given by

b
(α)
j,n =

1

Γ(2−α)τα


1, j=0,

(j+1)1−α+(j−1)1−α−2j1−α, j=1,. ..,n−1,

n1−α−(n−1)1−α, j=n.

For the distributed-order fractional derivative ∂
[µ]
t un, one may use quadrature to ap-

proximate the integral with respect to the weight µ(α). For example, the trapezoidal
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rule gives

∂
[µ]
t un=

∫ 1

0

∂α
t u(tn)µ(α)dα≈ δα

Nα∑
i=0

ciµ(αi)∂
αi
t un,

with c0= cNα
=1/2, and ci=1 for i=1,. ..,Nα−1, and δα=N−1

α . These two approxi-
mations lead to

∂
[µ]
t un≈

n∑
j=0

p
[µ]
n−j(u

j−u0), with p
[µ]
j = δα

Nα∑
i=0

ciµ(αi)b
(αi)
j,n .

Note that the complexity of the scheme is comparable with the standard one, except

computing the weights p
[µ]
j . The fully discrete scheme reads: with U0

h =Phu0 and Fn
h =

Phf(tn) (with Ph being the L2(Ω) projection on Xh), find U i
h∈Xh such that for n=

1,2,. ..,N ,

(p
[µ]
0 Mh+Sh)U

n
h =p

[µ]
0 U0

h−
n−1∑
j=1

p
[µ]
j (Un−j

h −U0
h)+Fn

h .

Note that the computational complexity per time step of the scheme increases linearly
with the time step n, which results in a quadratic complexity of the overall scheme. For
large-time simulation, one may use the sum of exponential approximation to reduce the
complexity [14, Section 4.2].
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[23] Z. Li, Y. Kian, and É. Soccorsi, Initial-boundary value problem for distributed order time-
fractional diffusion equations, Asymptot. Anal., 115(1-2):95–126, 2019. 1, 3, 3, 4, 5.3

[24] Z. Li, Y. Liu, and M. Yamamoto, Inverse problems of determining parameters of the fractional
partial differential equations, in A. Kochubei and Y. Luchko (eds), Handbook of Fractional
Calculus with Applications, De Gruyter, Berlin, 2:431–442, 2019. 1

[25] Z. Li, Y. Luchko, and M. Yamamoto, Asymptotic estimates of solutions to initial-boundary-value
problems for distributed order time-fractional diffusion equations, Fract. Calc. Appl. Anal.,
17(4):1114–1136, 2014. 1, 4.1

[26] Z. Li, Y. Luchko, and M. Yamamoto, Analyticity of solutions to a distributed order time-
fractional diffusion equation and its application to an inverse problem, Comput. Math.
Appl., 73(6):1041–1052, 2017. 1, 2

[27] Y. Lin and C. Xu, Finite difference/spectral approximations for the time-fractional diffusion
equation, J. Comput. Phys., 225(2):1533–1552, 2007. 7

[28] J.J. Liu, C.L. Sun, and M. Yamamoto, Recovering the weight function in distributed order
fractional equation from interior measurement, Appl. Numer. Math., 168:84–103, 2021. 1,
6.2

[29] Y. Luchko, Boundary value problems for the generalized time-fractional diffusion equation of
distributed order, Fract. Calc. Appl. Anal., 12(4):409–422, 2009. 1

[30] F. Mainardi, A. Mura, G. Pagnini, and R. Gorenflo, Time-fractional diffusion of distributed
order, J. Vib. Control, 14(9-10):1267–1290, 2008. 1

[31] M.M. Meerschaert and H.-P. Scheffler, Stochastic model for ultraslow diffusion, Stoch. Process.
Appl., 116(9):1215–1235, 2006. 1

[32] V.A. Morozov, On the solution of functional equations by the method of regularization, Soviet
Math. Dokl., 7:414–417, 1966. 6.2

[33] M. Naber, Distributed order fractional sub-diffusion, Fractals, 12(1):23–32, 2004. 1
[34] I. Podlubny, Fractional Differential Equations, Academic Press, Inc., San Diego, CA, 1999. 1
[35] W. Rundell and Z. Zhang, Fractional diffusion: recovering the distributed fractional derivative

from overposed data, Inverse Probl., 33(3):035008, 27, 2017. 1
[36] I.M. Sokolov, A.V. Chechkin, and J. Klafter, Distributed-order fractional kinetics, Acta Phys.

Polon. Ser. B, 35(4):1323–1341, 2004. 1
[37] E.C. Titchmarsh, The zeros of certain integral functions, Proc. London Math. Soc. (2), 25:283–

302, 1926. 5.1
[38] M. Yamamoto, Uniqueness in determining fractional orders of derivatives and initial values,

Inverse Probl., 37(9):095006, 34, 2021. 2.1

https://doi.org/10.1016/S0304-0208(06)80001-0
https://doi.org/10.1016/j.jmaa.2007.08.024
https://iopscience.iop.org/article/10.1088/1751-8113/42/31/315203
https://iopscience.iop.org/article/10.1088/1751-8113/42/31/315203
https://doi.org/10.1016/j.jmaa.2018.04.067
http://doi.org/10.1216/JIE-2019-31-2-195
https://linkspringer.53yu.com/book/10.1007/978-981-15-9066-5
https://doi.org/10.1016/j.cam.2019.112564
http://dx.doi.org/10.3233/ASY-191532
http://dx.doi.org/10.1515/9783110571660-019
https://link.springer.com/article/10.2478/s13540-014-0217-x
https://doi.org/10.1016/j.camwa.2016.06.030
https://doi.org/10.1016/j.jcp.2007.02.001
https://doi.org/10.1016/j.apnum.2021.05.026
https://www.semanticscholar.org/paper/BOUNDARY-VALUE-PROBLEMS-FOR-THE-GENERALIZED-OF-Luchko/84cacdc41b585f374e02f950849d53b6786169c0
https://journals.sagepub.com/doi/pdf/10.1177/1077546307087452
https://sciencedirect.53yu.com/science/article/pii/S030441490600007X
https://www.mathnet.ru/eng/dan32161
https://doi.org/10.1142/S0218348X04002410
https://catalogue.library.cern/literature/py3cm-wgp67
https://arxiv.org/pdf/1608.02840.pdf
https://doi.org/10.48550/arXiv.cond-mat/0401146
https://doi.org/10.1112/plms/s2-25.1.283
https://doi.org/10.1112/plms/s2-25.1.283
https://doi.org/10.48550/arXiv.2006.15046

