COMMUN. MATH. SCI. @ 2024 International Press
Vol. 22, No. 2, pp. 395-434

UNIFIED ASYMPTOTIC ANALYSIS AND NUMERICAL
SIMULATIONS OF SINGULARLY PERTURBED LINEAR
DIFFERENTIAL EQUATIONS UNDER VARIOUS NONLOCAL
BOUNDARY EFFECTS*

XIANJIN CHENT, CHIUN-CHANG LEEf, AND MASASHI MIZUNOS$

Abstract. While being concerned with a singularly perturbed linear differential equation subject to
integral boundary conditions, the exact solutions, in general, cannot be specified, and the validity of the
maximum principle is unassurable. Hence, a problem arises: how to identify the boundary asymptotics
more precisely? We develop a rigorous asymptotic method involving recovered boundary data to tackle
the problem. A key ingredient of the approach is to transform the “nonlocal” boundary conditions into
“local” boundary conditions. Then, we perform an “cloge-estimate” to obtain the refined boundary
asymptotics of its solutions with respect to the singular perturbation parameter €. Furthermore, for the
inhomogeneous case, diversified asymptotic behaviors including uniform boundedness and asymptotic
blow-up are obtained. Numerical simulations and validations are also presented to further support the
corresponding theoretical results.
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1. Introduction

The work treats a class of singularly perturbed linear differential equations with
several types of integral boundary conditions involving parameters. To proceed the
analysis in an orderly way, we first study a homogeneous equation

e2u” (z) +ea(x)u' (z) —b(x)u(z) =0, z € (0,1), (1.1)
with the integral boundary condition

1 5t
u(O):uo—Fé/ go(z)u(x)dx, u(l):ul—k%/ g1 (z)u(z)de. (1.2)

lo 0

Here the symbol “” denotes % and 0 <e <1 is a singular perturbation parameter. It is
required that a, b and g;’s defined on [0,1] are as smooth as necessary to carry out the
rigorous analysis, where a can change sign and b is always positive. For simplicity we
assume that they are independent of €. Besides, p;’s and I;’s are constants independent
of €, where (lp,l1) €[0,1) x (0,1]. It should be stressed that the unknown function u
depends on ¢ and should be denoted as u., but throughout the paper we drop its
subscript for simplicity.
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Equations (1.1)—(1.2) arise frequently in many practical problems such as linear
optimal control theory [9,12,23,24,32,42,44] and the electrical network [35], and more
particularly relate to linearized models in population theory [20]; see, e.g., [15, eq.
(1.14)]. On the other hand, it is known that under a relation u(z)=exp{; ?}, (1.1)
formally becomes a Riccati equation e¢' =b(x) —a(x)¢ —¢* which means that (1.1)—
(1.2) can be transformed into a singularly perturbed Riccati equation with nonlocal
boundary conditions. For more physical background and the corresponding mathemat-
ical study, we refer the reader to [6,7,16,19,27,30,41,43]. We also provide its close
relation to Duffing-type equations in Remark 2.4 for the mathematical interest.

The well-known approximate solutions to (1.1)—(1.2) are not rigorous due to the
nonlocal dependence of boundary conditions; see, e.g., (1.4). This work shall propose
a unified method for asymptotic analysis with respect to this class of integral-type
boundary conditions, most notably the nonlocal effects on the asymptotic behavior
of solutions; see Section 2.1. Moreover, for the inhomogeneous case e2u’ +ca(z)u’ —
b(x)u= f(x) with the boundary condition (1.2), we show that various relations among
a, b, f and g;’s result in diversified asymptotic behaviors (uniform boundedness &
asymptotic blow-up) of u as £]0, which will be completely classified. For the sake of
clarity, after completely introducing the study of (1.1)—(1.2) we will turn the interest
on several integral boundary conditions involving various parameters (cf. Section 2.2)
and the inhomogeneous case (cf. Section 2.3).

In Section 1.5, we will briefly discuss the difficulty in the asymptotic analysis of
the nonlinear equation with the integral boundary condition (1.2). We want to point
out that, for the nonlinear case, the refined asymptotics of solutions remains an open
problem. This is exactly our ongoing project.

1.1. Background and motivation. Singularly perturbed models with various
integral boundary conditions have been investigated numerically (cf. [8,10,13,14,31,38~
40]). The previous works related to the unique or multiple solutions of linear /nonlinear
equations with various integral boundary conditions can be found in [2,5,18,26,29,37,45].
Despite the importance of recent research, when a(z) and b(x) are not constant-valued
functions, the refined asymptotic analysis of (1.1)—(1.2) remains unclear.

To formulate our study in a more concrete fashion, let us notice that the boundary
value of u(0) (resp., u(1)) is evaluated by unknown u and a given function gy (resp.,
g1) in a region [ly,1] (resp., [0,l1]) which may be in the vicinity of, or far away from,
the boundary point £ =0 (resp., z=1). As a consequence, there is a nonlocal interac-
tion between boundary values 4(0) and u(1). Although (1.1) is linear, the boundary
condition (1.2) makes the asymptotics of u nontrivial. In general, as € >0 is sufficiently
small, applying the maximum principle to (1.1)—(1.2) is unable to conclude the bound-
edness of u; see, e.g., [36, Lemma 3.1]. On the other hand, perhaps one would surmise
roughly %U’li gou|>1 and %|f0llg1u| >1 and |u|— co near the boundary as 0 <e < 1.
This is not the case, as will be understood later. As a consequence, the standard singu-
lar perturbation analysis may not work on studying the nonlocal model (1.1)—(1.2) and
the asymptotic behavior of its solutions seems counterintuitive. In summary, a central
question is how to recover more accurately the boundary values of u(0) and u(1) so
that we can capture the refined information of u. Accordingly, we shall address the
following questions:

(Q1) How to identify more precisely the asymptotics of u(0) and u(1)?

(Q2) What roles do the functions a, b and g;’s play in the asymptotic behavior
of u?
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The proposed problems above are essentially important for applications since nonlo-
cal boundary conditions “conceal” the accurate boundary information. Developing a
method to obtain the more refined boundary asymptotics is meaningful.

Although several useful methods for the singularly perturbed models have been
established over the past few decades [3,4, 11,17, 21,22, 25, 28,33, 34], to the best of
our knowledge, these arguments are limited to handle this type of nonlocal equations.
A difficulty comes from the fact that the numerical methods for solving such a class
of singularly perturbed equations with unknown boundary data might be unreliable as
the parameter € > 0 is sufficiently small, and hence fail to provide accurate asymptotic
results. Their corresponding “rigorous analysis” for asymptotic solutions usually stay
at the preliminary estimation, rather than the refined asymptotics. It should also be
stressed that most of the related literature assume mina >0 that is exactly a simple

situation for investigating the asymptotics of (1.1)—(1.2) with 0<e<1. For the case

of I[nir]1a< 0, we will point out the difficulty in analysis, and introduce an idea to deal
0,1

with this case (cf. Section 3.1). The present work shall focus on the more general case
that a(z) can be a sign-changing function, and aim to establish the precise leading term
(with 0 <e < 1) of these two nonlocal coefficients so that we can describe the limiting
profile of u in the whole domain [0,1]. A highlight of this work is to establish the
refined asymptotic profile of u on the whole domain, which is uniformly convergent as
the perturbation parameter €] 0 (see (1.6) for a special case or Theorem 2.1 for the
general case). In our opinion, the results are useful for the numerical studies such as
stability and convergence analysis; see the numerical results in Section 2.

To be more exact, on one side, our study intends to recover the boundary data w(0)
and u(1) which are actually influenced by variable coefficients a, b, go and g; as the
parameter € vanishes. To the best of our knowledge, even for the linear Equation (1.1),
these questions remain open since 4(0) and u(1) relying nonlocally on the behavior of
solution v in subdomains of [0,1] are unknown. Note that the asymptotic behavior of
solution u and the nonlocal terms in its boundary condition (1.2) are influenced by each
other. Thus, “refined apriori estimates” will be established so that we can obtain the
precise leading-order terms of u(0) and u(1) with respect to 0 <e < 1. Our argument
is based on the comparison theorem and the so-called €loge-estimate which is useful
for the estimate of solutions near the boundary. These estimates will be explained in
Section 3.1.

Furthermore, to see the importance and non-triviality of the boundary condi-
tion (1.2) with the singularity parameter é, we shall also consider u=u,, 7 €R, satis-
fying (1.1) with the boundary condition

1 l1
ur(0) = po +577/ go(@)ur(x)de, ur(1)=p +577/ 91 (z)ur(x)de. (1.3)
lo 0
For sufficiently understanding the diversification of asymptotic behavior of w.., we focus
on the nontrivial case pou1 #0. We obtain that, as 0 <e < 1, the boundary values . (0)
and u, (1) have precise leading order e™®*{1:7}=1 Moreover, when 7% 1, the effect of 7
on asymptotics of u is summarized as follows (see Theorems 2.1-2.2 in detail):

o (cf. Theorem 2.2(i)). When 7<1, the nonlocal effects in (1.3) are quite
insignificant since

1 Uy
max{/ go(a?)uT(x)dx,/ gl(x)uT(x)dx}<<€T ifr<1.

lo 0
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For this case, the boundary condition (1.3) is exactly approximated to the

standard Dirichlet type boundary condition since u.,(0) AN o and wu, (1) 40,

w11, and the asymptotic behavior of u, is quite trivial compared to the case
T=1; see (1.19)—(1.21) and (2.2).
e (cf. Theorem 2.2(ii)). When 7> 1, there hold
0

o | < mase{ (0t (1)} <550,

and

1 l
limE*T‘/ go()ur(z)dae=—po, limE*T‘/ g1(x)ur(z)de=—p;.
elJ0 lo elJ0 0

For this case, although =7 >>% (as 0<e<1) gives a quite strong singular
perturbation on boundary data, the asymptotic profile of u, becomes flat in
the whole domain (—1,1). This might seem counterintuitive in the standard
singular perturbation theory.

Accordingly, it motivates us to investigate the nontrivial case 7=1.

Finally, we shall emphasize that our analysis can be widely applied to other types
of integral boundary conditions. Among the mathematical interest and practical ap-
plications for such a class of singular perturbations, Equation (1.1) with various types
of integral boundary conditions (cf. (2.10) and (2.11)) will be discussed in more de-
tail. Based upon our arguments dealing with such types of boundary conditions, we
further study the asymptotic behavior of u to (1.1) with those boundary conditions; see
Section 1.4 and the corresponding results in Section 2.2.

1.2. An overview of (1.1)—(1.2): formal versus rigorous analysis. The
parameters €2 (in front of u”) and € (in front of au’) are naturally due to the standard
length scales. On the other hand, let us consider the equation &%u” (z)+c%a(z)u'(x) —
b(x)u(x) =0, i.e., the term ea(x)u'(x) in (1.1) is replaced by e*a(z)u/(x). Then, for
a# 1, comparing this new equation with the original Equation (1.1) we have that:

o If a>1, then ¢! I[na)]( |al 0, Employing the method of matched asymptotic
0,1

expansions to this new equation and taking into account a > 1, one finds that
the effect of a on asymptotics of solutions u is far weaker than the effect of b as
el0.

o If o <1, this new equation can further be transformed into

?u”(w)—&-ga(x)u’(x)—gzgljf)b(x)u(x)zo with =g

The situation about the influences of a(x) and b(x) on asymptotics of solution u

2(0—a)

is totally turned around since & 2-= I[na)](|b| =90.
0,1

As a consequence, this motivates us to focus on the case =1, and we are devoted to
investigating the effects of both a(x) and b(z) on the asymptotic behavior of u. Despite
the linearity of Equation (1.1), the presence of convection term with the order e plays

a crucial role in the asymptotics of u as 0.
Let us first point out a difficulty in the asymptotics of (1.1)—(1.2). It should be
stressed that for (1.1) with the standard Dirichlet boundary condition (i.e, u(0) and
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u(1) are given), one obtains a trivial outer solution u®**(z)=0 in (0,1), and a formal
inner solution

u'®(x.) = u(0)exp { A (O)XE } +u(1)exp{ A+(1) (1 XE)} (1.4)

2¢e 2e

A_(z):=—a(z) —v/a?(z) +4b(z) <0, A (z):=—a(z)++/a?(z)+4b(z) >0, (1.5)

where x., depending on e, approaches one of the boundary points z=0,1 as €¢>0
goes to zero. (Note that b(z)>0.) What we want to point out is that the standard
method of matched asymptotic expansions may not work on such a linear equation
with integral boundary condition (1.2). A reason for the difficulty in studying the
asymptotic behavior of u with ] 0 comes from a fact that the boundary condition (1.2)
gives a functional constraint implicitly between «(0) and u(1), and the outer and inner
solutions are formal approximations which are not useful for the rigorous asymptotic
analysis of those nonlocal terms with respect to 0 <e< 1. Furthermore, when taking
a formal look at the limiting form of (1.2) with £/0, the terms %fli go(z)u(z)dx and

% Oll g1 (z)u(x)dx may strongly dominate the boundary asymptotic behavior, and such
a nonlocal effect may give a difficulty in analyzing the leading-order asymptotics of u
with respect to 0 <e < 1. In this work we will address this issue; see Proposition 1.1 and
Remark 1.1 for the non-existence, uniqueness and multiplicity of (1.1)—(1.2). The main
result (cf. Theorem 2.1) focuses on the uniqueness case and establishes rigorously the
refined asymptotics of u with respect to 0 <e < 1. For an introduction of Theorem 2.1,
we present an essential case for the reader’s understanding. For C2-norm defined in (2.1),
when lp€(0,1] and {; €[0,1), by (1.20)—(1.21) and (2.3) below, uniform asymptotics of
u can be depicted as follows:

-3 ) 300
(Amom)on{-L 28]

where A (z) has been defined by (1.5), and

lim
el0

=0, (1.6)
cz2([0,1))

490(1)g1(0)

2= 0A)

70,

see also Remark 1.2 below. It should be emphasized that ® #£0 is a sufficient condition
for the uniqueness of the Equation (1.1)—(1.2), and the coefficients

1 290(1) 1 [ 2g.(0)

— d — (=

) (/‘LO—'_ A+(1)M1 an ) A_(O)/*LO—’_/*Ll
come from the nonlocal effects of (1.2), which cannot be directly observed from the
original boundary condition. This indeed shows the role of a, b, go and ¢g; in the

nontrivial asymptotic behavior of w under (1.2). For the completeness of the study, our
result also includes the cases of Ip =0 and/or [; =1.
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1.3. Methodology and preliminary results. Since (1.1) is linear, for dealing
with the nonlocal asymptotics, a key idea is to decompose u into a linear combination
of functions v and w with unknown coefficients «(0) and wu(1):

u(z) =u(0)v(z) +u(l)w(z) (1.7)

where v and w satisfy

e2v” +ea(x)v' —b(x)v=0,z€(0,1),
{’U(O)Zl, v(1)=0, (18)
and
e2w” +ea(z)w' —b(x)w=0, z€(0,1),
{w(O)—O, w(l)=1. (1.9)

(Their subscript € is omitted for simplicity.) The condition b(x)> >0 implies the
uniqueness of v,w € C2([0,1]). We will provide basic asymptotic estimates of v and w
with 0 <e <1 in Proposition 3.1.

Owing to the fact that (1.1) is linear, the relation (1.7) is useful for the Equation
(1.1) with integral boundary conditions (1.3). One can put (1.7) into the boundary
condition (1.2) and obtain a linear system

1w [#O)] (ko
(-t 101 o

for boundary values u(0) and u(1), where

1 1
go(z)v(z)dz [ go(x)w(x)dx
I= [1 0] and ALY = /l 0 /l 0 . (1.11)

01 b b
/Ogl(x)v(x)dx/o g1 (z)w(x)dx

Hence, (1.10)—(1.11) shows that «(0) and u(1) are, in general, influenced by each other.
For general a and b, (1.8) and (1.9) do not have explicit forms. Although equations (1.8)
and (1.9) are quite simple, the first step in conducting a challenge study is to rigorously
obtain the precise leading order term of 5’1./42'}’")) with respect to 0 <e < 1. Notice
further that v and w are independent of ;o and p;. Owing to the uniqueness of v and w,
the existence, non-existence, uniqueness and multiplicity of solutions to Equation (1.1)
with the boundary condition (1.2) follow directly from the analysis of linear system
(1.10) of (u(0),u(1)). Here we focus mainly on the uniqueness of (1.1)—(1.2).

PROPOSITION 1.1.  Assume that a(x) and b(x) are smooth functions defined in [0,1]
with b(x) > B, where 8 is a positive constant independent of . Then, for e >0, Equation
(1.1) with the boundary condition (1.2) has a unique solution u€ C?([0,1]) if and only

if T— §A§”’“’) is invertible, i.e.,

1
det (I—EAS”“”) #0. (1.12)

The unique solution is non-trivial if and only if (po,u1)# (0,0).
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REMARK 1.1.  When det (I— §A§”’w)) =0, (1.1)~(1.2) has infinitely many solutions

(resp., no solution) if o and pq satisfy

1t
140 —g/ go(z)w(x)dx
det . l"ll =0 (resp., #0).
11 1—7/ g1 (2)w(x)dz
€Jo

A more difficult task is to establish the refined asymptotics of «(0) and u(1) with
sufficiently small € >0, since (1.10) only gives formal representations of u(0) and (1),

and so far we do not have any idea on the asymptotics of Aé”’“’) with respect to 0<
< 1. Some assumptions of gy and g; will be made later on, in order to guarantee that
(1.12) holds.

Accordingly, we will establish refined asymptotics of (1.8) and (1.9) so that we can
obtain the precise leading order terms of those coefficients in (1.10) with respect to
0 <e<1; see Proposition 3.1. Based on Proposition 3.1, we introduce the following
properties which play a crucial role in dealing with the asymptotics of «(0) and u(1)
from (1.10).

PROPOSITION 1.2.  Assume that a and b are smooth functions defined in [0,1] with
b(x) > B, where § is a positive constant independent of €. For €>0, let v and w be
the unique non-negative solutions of (1.8) and (1.9), respectively. Then, the following
convergences hold:

(i) When p>1, we have, for ¢ € C([|0,1]), that

PP o 26(0) PwP e 26(1)
do 1

/ 5|v'\2¢dxﬂ>—%7 / 5\w’\2¢dxw—o>%)¢(l), (1.14)
0 01

and

1,p 1 01 ,,p o1
/ %(bd:m/ 5|v'|2¢dx,/ w?(bdx,/ E\w’\gqﬁdxﬂo, (1.15)
0 0

) )

where A has been defined by (1.4), do € (0,1] and 61 €10,1) are independent of
€.

(ii) For the case p=1, the convergences presented in (1.13) and (1.15) also hold
for € CL([0,1]). If, in addition, we assume a(0)>0 and a(1)>0, then the
convergences presented in (1.13) can hold for ¢ € C([0,1]).

Proposition 1.2 is based on a series of interior estimates of v and w established in
Proposition 3.1. The proof will be stated in Section 3.3.

We want to stress again that even if (1.8) and (1.9) are of linear type, Proposi-
tions 1.2 and 3.1 seem to be novel and significant. To the best of our knowledge, such
results are useful for dealing with the singularly perturbed Equation (1.1) with the
nonlocal boundary conditions, but they do not appear in the previous literature.

By Propositions 1.1 and 1.2, we make a brief discussion about some sufficient con-
ditions for the uniqueness of u with small £>0 and for the boundary and interior
asymptotics of u, respectively.
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(T Under the same hypotheses as in Proposition 1.2, we assume

that g;’s are smooth functions defined in [0,1]. Then, by (1.13) and (1.15) with
p=1, there holds

20000y 1) 20
lim — A”w =A":= A-(0) v A1) (1.16)
el0 g _291(0) 291 )]l 4 (1)
A0 A

where A" was defined in (1.11), and 15:[0,1] = {0,1} is the standard indi-
cator function defined on a set S C[0,1]. Particularly,

Lioy(0) =1y (1) =1
{1{0}(l)—1{1}(l) 0 for Ip€(0,1],1, €[0,1). (1.17)

On the other hand, we obtain from (1.10), Proposition 1.1, Remark 1.1 and
(1.16) that if

det(Z — A*) £0, (1.18)

then as >0 is sufficiently small, Equation (1.1) with the boundary condi-
tion (1.2) has a unique solution u € C2([0,1]).

(I1) ’Boundary asymptotics & a positivity preserving property. ‘ Applying

the Cramer’s formula to (1.10) and using (1.16), we obtain

lelg)lu(O):Bo, lslﬁ)lu(l):Bl, (1.19)

where By and B; are uniquely determined by (Z —.A*)[Bo B1]T = [po p1]7, i-e.,

By:=det | (T—A*)"! (1.20)

By:=det [ (Z—A")"! (1.21)

see (1.16) for A*. Moreover, when both By and B are positive, one can use
the result (1.19) and apply the strong maximum principle to (1.1) and obtain
a positivity preserving property of u with sufficiently small e. This is quite
nontrivial since there is no intuitive way to verify conditions of p;’s and g;’s
which guarantees © >0 in [0,1], i.e

u > 01n [0, 1] for sufficiently small e > 0if and only if By and B are positive.

This points out the importance of precise leading terms of boundary values with
respect to 0 <e < 1.
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(I11) ’Interior estimates. ‘ There exist positive constants M and 7 independent of
e such that (see Theorem 2.1):

lu(z)|+elu(z)| <M <exp{—zx} +exp{—§(l—x)}) . (1.22)

3

As a consequence, the boundary asymptotics (1.19) with (1.20) and (1.21) answer
(Q1) in the affirmative, but an answer to question (Q2) is not obvious; see questions
(Q1) and (Q2) in Section 1.1. To avoid the trivial case, by Proposition 1.1 and (1.18),
it suffices to investigate the asymptotics of u for the case ByBi#0. Without loss of
generality, in what follows we focus on two cases for By and Bj:

By <0< By (123)
and
By >0,B;>0. (124)

Later on, we will establish the asymptotic profiles of w under (1.23) and (1.24). The
study for other cases is analogous.

REMARK 1.2.  Although (1.20) and (1.21) show that the boundary asymptotics of u
as € approaches zero is exactly due to the nonlocal effects of boundary conditions (1.2),
their formulas are usually a little complicated. Here we give a simple situation when
lo€(0,1] and I; €]0,1). For this case, by (1.16), (1.17) and (1.20)—(1.21) we have

By= <u0+ igfgs ,ul) det(T—A*)"' and B,= <—igl((8; uo+u1> det(T —A*)71,

where det(Z — A*) =1+ % #0. This shows how those variable coefficients a,b, go

and g; affect the boundary asymptotics of u.

1.4. On more general cases. Thanks to Proposition 1.2, we can study the
asymptotic behavior of (1.1) with various boundary conditions which are more general
than (1.2).

Firstly, to stress the nontriviality of the boundary condition (1.2), we also consider
the boundary condition (1.3) with 7#1. Then we have

e b € Tur(0)] | ko
(2= caw) LI‘TuT(l)]_Ln]' e

According to Proposition 1.1, we shall focus on the situation
1
det (5711— EAS”’”) #0 & (po,p1)#(0,0) (1.26)

(see Remark 1.3 below). Then, for the case 7 < 1, we obtain (u,(0),u(1)) =10, (105 401),5
while for the case 7>1, there holds limsupel_TI[na)](|uT| < oo, and, in particular,
€l0 0,1
I[na)](|u7| 0. To highlight the difference, we will only discuss the boundary asymp-
0,1
totics of u for simplicity; see Theorem 2.2.

REMARK 1.3. By Proposition 1.2, (1.16) and (1.25)—(1.26), we have the following
uniqueness result for 7#1 and sufficiently small € > 0.
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(i) For the case 7 <1, we have T—e A" 2T as 0<e < 1. It immediately con-
cludes that Equation (1.1) with the boundary condition (1.3) has a unique
solution u as € >0 is sufficiently small.

(ii) For the case 7>1, we have If&:*TAgv’w) z—e’T.Agv’w) as 0<e< 1. Hence,
it suffices to assume detA*#0 (cf. (1.16)) so that Equation (1.1) with the
boundary condition (1.3) has a unique solution u as e >0 is sufficiently small.

For the sake of completeness of this paper, we further consider the Equation (1.1)
with several boundary effects that are more general than (1.2). The motivation of this
study is quite straightforward since the boundary condition (1.2) is a special case of the
form

u(i)ZALH-/QGi(x,q(s)uﬁ(a)u’)dx, 1€{0,1}, (1.27)

where ¢(¢) and ¢(e) are functions of ¢ and Q¢=(lp,1), Q1 =(0,l;). To the best of
our knowledge, for general G, :[0,1] x R? =R, the asymptotic analysis under boundary
condition (1.27) remains open and it is expected that nontrivial boundary concentration
phenomena may occur; see, e.g., Proposition 1.2 for the case G; =&~ !g;u. Based on the
investigation of the Equation (1.1) with the boundary condition (1.2), we will focus
on some types of boundary conditions with the corresponding ¢(g) and g(e) as the
first step in our research in this topic (see (2.10) and (2.11) below). We will state the
corresponding preliminary knowledge and the main result in Section 2.2.

1.5. The nonlinear case: an open problem and a future plan. Before pro-
ceeding to the asymptotic analysis for the linear Equation (1.1) with integral boundary
conditions (1.2), we shall propose its nonlinear analogue

e2u’ (x) +ea(x)u' (x) —b(z)h(u(z)) =0, x€(0,1), (1.28)

where the nonlinear source h:R—R is smooth. When b(x) is positive and h:R—R
is strictly increasing, the second author in his recent work [29] considers the Equation
(1.28) with some more general nonlocal boundary conditions. He applies the fixed
point argument and establishes asymptotic estimates of the solution u with respect to
sufficiently small £>0 to show the uniqueness of solutions as € € (0,&¢). In particular,
when h(s)=s is linear, he also provides an example to show that there exists £1 > ¢
depending on (;’s and g;’s such that Equation (1.28) with the boundary condition (1.2)
has multiple solutions; see [29, Example 1.3]. According to our understanding, for each
>0 (which may not be small), the existence and uniqueness of the Equation (1.28)
with nonlocal type boundary conditions remains an open problem.

As our first step in the investigation of this problem, this work focuses on the linear
homogeneous/inhomogeneous case and establishes the sufficient and necessary condi-
tions for the existence and uniqueness; see Proposition 1.1 in Section 1.3. Furthermore,
as € > 0 approaches zero, we obtain the refined asymptotic expansions of the uniqueness
solution of the Equation (1.1) under various nonlocal boundary effects; see the main
results presented in Section 2.

However, to the best of our knowledge, the refined asymptotic expansions (as €]0)
of solutions to Equation (1.28) with the boundary condition (1.2) are not yet obtained.
The main difficulty lies in a fact that the boundary asymptotics of u(0) and «(1) involves
nonlocal effects. On the other hand, when z € (0,1) is close to the boundary points, the
three terms e?u(z), ea(z)u'(x) and h(u(z)) in (1.28) enjoy the same order of ¢ (as
£10), and their refined asymptotics are influenced by each other. In general, we could
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not establish precise quantities (similar to A_(0) and A4 (1)) to obtain their precise
asymptotics. This project will be our future research directions.

Outline and notations. The rest of this paper outlines the following structure.
In Section 2 we state the main analytical results (see Theorems 2.1-2.4) and their corre-
sponding numerical results (see Figures 2.1-2.5 and Tables 2.1-2.4), where Theorem 2.1
presents the refined asymptotic profile of the unique solution u to the Equation (1.1)
with the boundary condition (1.2), and Theorems 2.2-2.3 focus on the asymptotic be-
havior of solutions u to the Equation (1.1) with other types of boundary conditions (1.3),
(2.10) and (2.11), respectively. For the inhomogeneous case, the corresponding asymp-
totic results are stated in Theorem 2.4; see Section 2.3. To prove the main results, we
introduce basic properties of v and w in Section 3 and complete the proof of Proposi-
tion 1.2 in Section 3.3. Then we state the proof of Theorems 2.1 and 2.2 in Section 4.
In Section 5 we will give the proof of Theorem 2.3. Finally, the proof of Theorem 2.4
will be stated in Section 6. In our proofs, we will frequently abbreviate “<C” to “<”,
where C' >0 is a generic constant independent of the parameter €.

2. Theoretical results and corresponding numerical examinations
To describe the asymptotic profiles of u with respect to 0 <e <1, let us define

F = F|+e F'|+¢? F"|, FeC?(0,1]). 2.1
[1Fllcz(io.1)) = max | F'| +emax| F| 4 max | F| ([0,1]) (2.1)
In this section, we state the main results Theorems 2.1-2.4. Moreover, extensive nu-
merical results are provided to demonstrate our theoretical analysis.

2.1. The main results for the homogeneous case. Assume (1.18) with A4*
defined by (1.16). Let By and B; be defined in (1.20) and (1.21), respectively. As
mentioned previously, for the Equation (1.1) with the boundary condition (1.2), we
shall consider two cases (1.23) and (1.24) for By and B;. The main result is stated as
follows.

THEOREM 2.1.  Under the same hypotheses as in Proposition 1.1, we assume (1.18).
Then there exists >0 such that as € € (0,n), Equation (1.1) with the boundary condi-
tion (1.2) has a unique solution u € C?([0,1]), which satisfies (1.19), (1.22) and

By
. ! _ . ! _
lalﬁjlsu (0)= 2 A_(0), 151%16” ()= 5 AL(1), (2.2)

and fulfills the asymptotics

u(x)—BoeXp{/oxA;iz)dz}—Blexp{—/:A;ff)dz}

as 0<e< 1, where A, By and By were defined in (1.4) and (1.20)—(1.21). Besides, M*
is a positive constant independent of & and 65 € (0,3] depending mainly on a(x) satisfies
(see the exact value of 07 in Claim 1 and Remark 3.3 of Section 3.3):

<M*e%) (2.3)
c2([0,1])

1) if mina<0. (2.4)

2 [0,1]

* 1 . : *
07 = 5 if 1[517111]1(12 0; 67€(0,

Moreover,
(i) if By and By satisfy (1.23), then u is strictly increasing on (0,1);
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ODE: fu+

2 (x+1) cu” - G-+ =0 st (1.3); e=0.0256,0.0064,0.0016,0.0004.

Fi1G. 2.1. A numerical examination for Theorem 2.2(1).

(ii) if By and By satisfy (1.24), then there uniquely exists p. € (0,1) satisfying
Pe elo

= ==

1—
and Pe
€ €

el0
— 0

(2.5)

such that u is strictly decreasing on (0,p.) and strictly increasing on (pe,1).

For the other two cases By > 0> By and By, By <0, we can obtain the similar results
but we omit the details here.

(2.3) plays a crucial role in describing the interior asymptotic behavior of wu(zx.)
when z. €(0,1) depending on ¢ is close to a boundary point. To be more precise, for
k>0, we denote by

_ k . k .
Ej,k:exp{QA(])} and E;.’rk:exp{—2A+(j)}7 J

i=0,1.
Then for 20%, 21:F € (0,1) satisfying
0,k 1,k
z2 1—2z2
Ze 0k and e =l0
€

(2.3) immediately implies the pointwise asymptotics

BoET
u(zl®) S BBy, eu(:0F) S0 =0k

A_(0),

ky &40 + re1ky €40 BlErk
u(e )—>BlE1,k’ EU(E )—> :

TAJr(l).
It should also be stressed that when z€(0,1) is independent of €, the estimate
(1.22) shows that u(x) and u/(z) exponentially decay to zero, which is better than the
estimate (2.3). As a consequence, Theorem 2.1 completely describes the asymptotic
profile of u with respect to 0 <e<1. The proof of Theorem 2.1 will be stated in
Section 4.1.

We next consider the boundary condition (1.3) with 7#1. Comparing with the

asymptotics for the case 7=1 presented in Theorem 2.1, the following result focuses on

illustrating a significant difference between their boundary asymptotics.
THEOREM 2.2.

Under the same hypotheses as in Proposition 1.1, we assume (1.26).
For >0 sufficiently small and 7#1, let u, € C*([0,1]) be the unique solution of (1.1)
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with the boundary condition (1.3) (c¢f. Remark 1.3). Then, as € approaches zero, for
each interior point x € (0,1) both u,(x) and ul.(x) exponentially decay to zero, while at
the boundary points, we have that:

(i) When <1, there hold (u,(0),u-(1)) i)(,uo,ul), and

el (0) =2 %A_(O) and  eul. (1) =% %Am). (2.6)

(ii) When 7>1 and det A* #0, there hold r[réaﬁdm =950 with

1o 2g0(1)

e (0) =% —det | (A4%)7! A (1) := By, (2.7)
I 2g1(1)1{1}(l1)

Ay (1)
. o B —igfggil{o}(lo) 1o _
e Tur (1) = —det | (A7) 20:(0) =By, (2.8)
AZ(0) M
and
27 (0) 2% A (0), (1) BlA+<> (2.9)

The proof of Theorem 2.2 is stated in Section 4.2 (see Table 2.1 for a numerical
result supporting (2.6)—(2.9)).

— 002
——-=005%

w16
1]

e
\
\

ul

FiG. 2.2. Numerical solutions of equation e2u'(x)+2e(x+1)u'(z) —[5— (x+1)3u(z) =0 with
the boundary condition (2.10), where (po,p1)=(1,1.2), (€o,41)=(0,1), (go(x),91(z))=(—1,—€") and
(po,p1) = (2,2).

2.2. Asymptotic analysis for (1.1) with various boundary effects. In this
section, we are devoted to investigating the Equation (1.1) with the following boundary
conditions that are more general than (1.2):

1 1 1 11
u(O):MO—&-f/ go(x)|u(x)|P° dx, ,ul—i—*/ g1(2)|u(x)|Pt dx, (2.10)
€ Jiy €Jo
1 hL
U(0)=M0+5/ go(x)|u (z)*dz,  w(l)=pn —I—E/ g1 (x) v/ (2)]*de, (2.11)
lo 0
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FIG. 2.3. Numerical solutions of equation e2u" (z)+2e(x+ 1)u/ (z) — [5— (x +1)%|u(x) =0 with the
boundary condition (2.11), where (go(z), g1(x))=(—1,—€"), (po,u1)=(0.16,0.25) and (£o,¢1)=(0,1).

Case 1: 7=0.1
A_(0) AL (1)
€ |ur(0) — pol lur (1) — pa| leu (0) — =25 | lewf (1) — ===
0.0256 | 0.01492 0.01492 0.048949 0.0041799
0.0064 | 0.0046 0.0046 0.01505 0.0012366
0.0016 | 0.00137 0.00137 0.0044591 0.0003589
0.0004 | 0.0004 0.0004 0.0012917 0.00010255
0.0001 | 0.00011 0.00011 0.0003717 2.9191e-005
Case 2: 7=2
~ ~ BgoA_ (0 BiA (1
e | |29 _Bg| | |%=B _ By max|ul Juf, (0) — 22= ) | jug (1) — 215,
0.1024 | 0.059783 0.015693 0.0030527 0.19421 0.0042813
0.0256 | 0.014915 0.0045842 0.00038543 0.048181 0.0011634
0.0064 | 0.0044883 0.0013726 0.00016309 0.014488 0.00033975
0.0016 | 0.0012428 0.00037571 4.5965e-005 | 0.0040116 9.2267e-005
0.0004 | 0.00033774 9.6848e-005 1.1853e-005 | 0.0010903 2.3731e-005
TABLE 2.1. Focusing on the equation £2u!(x)+2¢(z+1)u’.(z) — [5— (z+1)%|ur () =0 under the
boundary condition (1.3) with (£o,41)=(0,1), we consider two cases T=0.1 and T=2 to examine the
results in Theorem 2.2 numerically. For 7=0.1, we set (po,p1)=(—0.1,—0.1) and (go(z),g91(z))=
(1,1) (¢f. Figure 2.1). For T=2, we set (uo,ul) (—=0.1,-0.12) and (g ( ),91(z )):( e®), and get
(Bo, B1) =~ (—0.029971,—0.009617) from (2.7) and (2.8). Moreover, e~ "u,(0) and e'~"u,(1) can be
obtained by (1.25). The following numerical results with respect to various € support (2.6)—(2.9).
vV Vv ’ By A_(0) ’ B¥A+(1) v
€ u(0) — By u(1) =By |lew' (0)———F5—| |lev’ (V) ——=F—| IFllcz(0,11)
0.1024 | 0.00450496 0.0891017 0.028282 0.031389 0.261398
0.0256 | 0.00128422 0.0332327 0.007888 0.010124 0.0809492
0.0064 | 0.000342411 0.0102049 0.0020407 0.0029465 0.0227721
0.0016 | 8.21154e-005 0.00275294 0.00049884 0.00078161 0.00590314
0.0004 | -6.65396e-005 | 0.000678467 | 0.00015706 0.00019291 0.00119104

TABLE 2.2. Corresponding to numerical solutions shown in Figure 2.2, we have used (2.13) to

obtain (By ,BY )~ (0.65153,0.36546) and the following errors with respect to €, where FY (x)

(BV exp{f“” dz }) (cf. Theorem 2.3(i), (2.1) and (2.3)).

A_ (z)

dz }+Bvex {-1!

A+<Z)

=u(z)—
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e | uw©-Bp |u@-B |lew©— A ew )= D) IR 620
0.1024 0.00235323 0.00478142 0.0053066 0.0035313 0.0198415
0.0256 0.00077098 0.00179304 0.0017663 0.00076325 0.00756108
0.0064 | 0.000215058 0.000533187 | 0.00051281 0.00017285 0.0022747
0.0016 5.82104e-005 | 0.000143458 0.00014252 4.0972e-005 0.000637809
0.0004 | 1.44721e-005 | 3.6228e-005 3.5365e-005 1.0168e-005 0.00015871

TABLE 2.3. Corresponding to numerical solutions shown in Figure 2.3, we have used (2.14) to
obtain (Bf',B{) ~(0.12822,0.20934) and the following errors with respect to €, where F/(x)=u(x)—

(BA exp{foy A Q(Z)dz} + B exp{ fl A+(z)dz}) (cf. Theorem 2.3(ii)).

where lp€[0,1) and [ €(0,1], and pg,p1 >1. To study the nontrivial case, for (2.10)
and (2.11) we shall assume

g0, g1 € C([0,1]) (0) #0.

Recall that the existence and uniqueness of (1.1) is determined by the existence and
uniqueness of the boundary values 4(0) and u(1). However, it should be stressed that
under boundary conditions (2.10) or (2.11), various situations (including non-existence,
uniqueness and multiplicity) for solutions w of (1.1) will occur. More precisely, by a
similar argument as in (1.10) and (1.16), we shall apply (1.7) and Proposition 1.2 to deal
with the boundary conditions (2.10) and (2.11), respectively. After making appropriate
manipulations, we obtain the corresponding systems (see, also, Theorem 2.3):

with  go(1)g1 (2.12)

290(0) 4 (Io) 2g0(1)
Xo| | poA—(0) M oAl (D) X" _ (1o (2.13)
P9 200 200 I | |
p1A_(0) p1Ay(1) i
for (2.10), and
_A-(0)g0(0); Ay (1)go(1)
X ) foyllo)  —— 77— 3] [uo (214
Xy A(09(0)  ADgr (D)4 ) X2 | '
4 4 {13\1

for (2.11). We assume that each of these two systems has at least one solution (Xp,X;)
(cf. Remark 2.1) which asserts the existence of u as € >0 is sufficiently small. We will
establish the refined asymptotic behavior of u to the Equation (1.1) with the boundary
conditions (2.10) and (2.11) separately.

REMARK 2.1. We provide examples for the existence of systems (2.13) and
(2.14), where we consider the case o€ (0,1], l; €[0,1), ; >0, i=0,1, and g;’s satisfy
AL (1)go(1) <0< A_(0)g1(0) for simplicity.

(i) When (NO‘FPi?&(H)M )(/x —p?f\l(?))uo )>0 (2.13) has a positive solu-

tion (Xp, X)) satisfying X' < 7”0531\&)(1) and X7 < 7“15;/\(0)( )

(i) When (2y/7i0—p1v/=A5 (D)go(1) ) (2v/ — poy/A_(0)91(0)) >0, (2.14) has

two solutions (X —,X1,—) and (X 4,1 +) satisfying Xy <0< X 4, X1,— <

0<X; and X3, < — 54 and X7, < s
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(i) and (ii) are easy to check via the intermediate value theorem so we omit the proof
here.

Note that the solution of (1.1) is uniquely determined by boundary values «(0) and
u(1). Under the situation (see, e.g., Remark 2.1) that both systems (2.13) and (2.14)
have at least one solution (Xp,X;), our conclusions are stated as follows:

THEOREM 2.3.  Under the same hypotheses as in Proposition 1.1, we assume (2.12).
Then we have the following results.
(i) If (Xo,X1)=(By,BY) is a solution of system (2.13), then as €>0 is suffi-
ciently small, (1.1) with the boundary condition (2.10) has a solution satisfying
(u(0),u(1)) = (BY . BY) and

cl0 BY c0 BY
gu'<o)£>70A,<o), gu’(1)£>7lA+<1). (2.15)

Moreover, the asymptotics of u in C%([0,1]) satisfies (2.3) with (Bo,B1)=
(By, BY).

(ii) If (Xo,X1)=(B{,By) is a solution of system (2.14), then as >0 is suffi-
ciently small, (1.1) with the boundary condition (2.11) has a solution satisfying
(u(0).u(1)) =% (B BY) and

By By
gu'<o)“—°>701\,(o), gu/(1)ﬂ>71A+<1). (2.16)
Moreover, the asymptotics of u in C%([0,1]) satisfies (2.3) with (Bo,B1)=

(Bg, Br)-

We will state the proof of Theorem 2.3 in Section 5.

Numerically, once the boundary data (Xp,X7) is recovered from the 2-variable alge-
braic system (2.13) or (2.14), then a numerical solution u(z) of the Equation (1.1) with
the nonlinear boundary conditions (2.10) or (2.11) can be easily obtained from (1.7),
ie., u(z)=Xpv(z)+ Xrw(x), where v(x) and w(z) are solutions of (1.8) and (1.9), re-
spectively. It is known that for the standard 2-point boundary value problems, a wide
variety of numerical methods such as the Finite Difference/Element Method can be
applied. Based on this concept, we use the subroutine BVP4C in Matlab to solve (1.8)
and (1.9) and the subroutine FSOLVE in Matlab to solve (2.13) or (2.14), respectively.
Before the rigorous asymptotic analysis, we check the results of the estimate (2.3) and
Theorem 2.3 numerically in Tables 2.2-2.3, where the values of u(¢) and u'(¢), i=0,1,
are obtained via numerical solutions shown in Figures 2.2 and 2.3.

2.3. The main results for the inhomogeneous case. The homogeneous case
is completely studied so that we now can apply the results to the asymptotic behavior
of an inhomogeneous equation

2 () +ea(x)u’ (z) —b(x)u(z) = f(x), x€(0,1), (2.17)

with the boundary condition (1.2), where the source term f:[0,1]—R is a smooth
function. To depict the asymptotic profile of u as € >0 approaches zero, we introduce
the homogeneous equations

2Uy (z) +ea(x)Ul(x) —b(z)Us(x) =0, € (0,1),
L (2.18)

1t 1
Uo(O):m()(O)-‘rg/ goUodJJ, Uo(l):mo(l)‘Fg/ gondx,
lo 0
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and

2U) (z) +ea(z)U] (z) —b(z)Uy () =0, z€(0,1),

1! 1 (2.19)
U1(0)2m1(0)+g/ goUld.T, Ul(l):m1(1)+g/ glUldx,
lo 0
where each m;(j), i,7 €{0,1}, is given as follows:
1 l
mo(0) mo(1) - %dm */l%dx
{ o ] = fo 0 (2.20)

my(0) mi(1)| MOJFJ;(((()J))_/Z:QO; <£)dm u1+%—/ohg%l <£)dm |

Note that (2.18) and (2.19) share the same form with (1.1)—(1.2). Similar to (1.20)
and (1.21), let us define

I 2g0(1)
B :=det (I—A*)—1 ml _Af( 2 (2.21)
0- (64 291( ) 5 .
N 1+2Ago£§1 o (lo) mo(O)_
By :=det | (T—A%)"" 261(0) (2.22)
L i ™)

Then the asymptotic behavior of solutions to (2.17) with the boundary condition (1.2)
is mainly described by that of Uy and U;. Moreover, when Uj is non-vanishing near
boundary points, we use the asymptotic analysis to show that as 0 <e <1, u asymp-
totically blows up near boundary points =0 and =1 (see also Figures 2.4-2.5 and
Table 2.4) and we are interested in the refined blow-up rate when the position z is
sufficiently close to the boundary points, which is stated as follows.

THEOREM 2.4. Let f:[0,1] =R be a smooth function. Under the same hypotheses as
in Proposition 1.1, we assume (1.18). Then as e € (0,n) (with n defined in Theorem 2.1),
Equation (2.17) with the boundary condition (1.2) has a unique solution ue C?([0,1])
and fulfills the asymptotics

f

2 Se, as0<e<xl. (2.23)

U,
Hu— =0 U+
< C2([0,1])

Therefore, the asymptotics of u with 0 <e <1 can be obtained via (2.23) with the direct
application of Theorem 2.1 to (2.18) and (2.19). In particular,

(i) if (B0,B1)=(0,0), then w is wuniformly bounded in [0,1], and

A

Cz([0,1])

(ii) if (Bo,B1)#(0,0), then u is uniformly bounded in any compact subset K&
(0,1) as 0<e<k 1. Howewver, for Bo#0 (resp., B1#0), |u(zs)|iw%oo as ze
is sufficiently close to the boundary point xt=0 (resp., x=1). Moreover, the
pointwise blow-up rate of u(z.)’s varies with the order e=¢<) with £(z.) € (1—
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01,1] depending sensitively on the position z., which can be precisely described

as follows:
e EA-Oy(Goelogd) <2 Boq A, for e (0, 0,
A-O7 (2.24)
eu(Cog) ﬁ>%oexp{%’A,(0)}7 for (o>0,
and
e F MMy (1-Gelogl) S migm FAO), for G e (0,200),
Ar(D)7 (2.25)

eu(l—(ie) ﬂ%lexp{—%/\+(l)},for ¢1>0,

where 05 € (0,3] (defined by (2.4)), >0 and (;’s are independent of «.

Fic. 2.4. Asymptotic profile of u. Numerical solutions of equation *u” (x)+ e2¢(x+
D/ (z) = [5— (x4 1)?|u(z) =0.5—0.1(x+1)* with boundary condition (1.2), where (po,p1)=
(—0.2,-0.8),(go(x),g1(x)) = (1,cos(z)) and (€o,€1)=(0,1) (cf. Theorem 2./(ii)).

Theorem 2.4 focusing mainly on (2.23) shows that as €] 0, u develops diversified
asymptotic behaviors which are determined by the relation between f and those variable
coefficients a, b and g;,’s, which are precisely presented in (2.20)—(2.22). For other types
of boundary conditions such as (2.10) and (2.11), the studies are analogous. In this
paper, we omit the details for brevity.

The proof of Theorem 2.4 will be stated in Section 6. A crucial step for the proof is to

/
demonstrate the asymptotic expansion u= % + (Ul — %) +¢ {UE -7 (%) } +0(e?) uni-
formly in [0,1] as 0<e <1 (cf. (6.6)—(6.9)), where U, satisfies e2U” +eaU. —bU. =0 in
(0,1) and both |U.(0) — éfli goUzdz| and [Uc(1)—1 Ollgl U.dz| are uniformly bounded
as 0<e< 1. (Hence, by Theorem 2.1, U, is uniformly bounded as €. 0.) We shall stress
!/
that the term ¢ (%) appears in the boundary condition of Uj.
Finally, we state several remarks as follows.

REMARK 2.2 (A challenge in numerical simulation for the boundary blow-up rate).
According to Theorem 2.4, the blow-up rate at the boundary points £ =0 and x =1 is of
order e~1. However, due to the limitation of computer’s accuracy, it will be challenging

to capture the blow-up when € > 0 is extremely small. In Figures 2.4-2.5, we numerically
approximate the blow-up scenario for the case € =0.0016; see also Table 2.4.
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€ u(0) u(1)
0.0512 | 3.5461 | 1.5596
0.0256 | 5.5358 | 2.3649
0.0064 | 17.651 | 7.1881
0.0032 | 33.82 13.547
0.0016 | 66.155 | 26.222

TABLE 2.4. Asymptotic  boundary blowing-up of solutions w(x) to equation
e2u' (z) +2e(x+1)u' () — [5— (x+1)?]u(x) =0.5—0.1(x+1)% with the boundary condition (1.2)
and €=0.0512,0.0256,0.0064,0.0032,0.0016, where (uo,u1)=(—0.2,—0.8), (go(x),g1(z))=(1,cosz)
and (£o,01)=(0,1); see also Figures 2.4—2.5 and Theorem 2.4 ().

2%

I I L I L L L L
3 004 005 06 007 008 009 o1

F1G. 2.5. Asymptotic blowing-up of u near © =0 (zoom in). Numerical solutions of equation
e2u' (z) +2e(x+1)u' (z) — [5— (z+1)?]u(x) =0.5—0.1(x + 1) with the boundary condition (1.2), where
(po, 1) =(—0.2,-0.8), (go(x),91(z))=(1,cosz) and (¢o,¢1)=(0,1) (cf. Theorem 2.4(ii)).

REMARK 2.3. (2.24) and (2.25) also present the precise leading order term of z. with
respect to 0 <e << 1 as u(z.)~e¢(%) with £(2.) € (1 —605,1]. When £(z.) € (0,1 —67], the
refined asymptotics of z. with respect to 0 <e <1 is difficult to verify because it involves
the second order terms of %fli goUpdz and éfélgondx (see (2.18) and (2.23)).

REMARK 2.4 (Closely related to Duffing-type equations). Equation (2.17) with the
boundary condition (1.2) has a close relation with the following nonlocal equation with
standard Dirichlet boundary conditions (e.g., a Duffing-type equation involving an in-
tegral forcing term [1]):

52(78”(1‘) —|—6a(x)l7£(m) —b(x) (ﬁs($) —/0 gg(z)ﬁg(z)dz) = f(z)in (0,1), (2.26)

UE(O) = Mo, UE(l) =M1,

where we assume that {ge }e~o satisfying fol Je £10, 1, and 5§5/f01 (G-—1) AN g a smooth

function defined in [0,1]. (For example, g. = % with folgz 1 and £>0.) In-
0

deed, let us set u} = U.— fol §Eﬁa. After making simple calculations we obtain that, as
0<e<k1, the equation of u} formally approaches Equation (2.17) with the boundary
condition (1.2) of u, where (lo,l1)=(0,1) and go=g1 =g. For such a linear Equation
(2.26), the term fol 55(75 exactly gives a nonlocal perturbation with respect to e, and
the more refined asymptotic behavior of U. with €10, to the best of our knowledge,
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remains to be unknown. What we want to point out is that Theorem 2.4 can be applied
directly to studying this model.

3. Preliminaries: Basic properties of v and w
Firstly, let us define v >0 and 7 >0 which satisfy

7%=~ min {0,a(x)}+5, (3.1)
z€[0,1]
and
ﬁ2ﬁ(min {o,a(x)}1)+ﬂ with 0<7<~. (3.2)
z€]0,1] 2

The existence of v >0 and 7 € (0,7) is trivial since §>0> 1{1111}1{0@}. Now we are ready
0,1

to establish interior estimates for v and w provided that € >0 is sufficiently small.

PROPOSITION 3.1.  Assume that a and b are smooth functions defined in [0,1] with
b(x) > B, where B is a positive constant independent of €. Then, for e >0, both (1.8) and
(1.9) have unique solutions. v is strictly decreasing on [0,1], and w is strictly increasing
on [0,1]. Moreover, for x €(0,1) there hold the following estimates.

(i) As e>0 is sufficiently small, v and w satisfy the exponentially decaying esti-
mates

Ogv(:v)gexp{—gx}, ng(x)gexp{—g(l—m)}, (3.3)

and

3

_C‘“’exp{_jx} <v'(z)<0<w(z) < CZ’beXp{—Z( —33)}> (34)

where Cyp=max{|A_(0)[,A1(1)} >0 (cf. (1.4)).
(ii) There exist e*>0 and C* >0 independent of € such that as 0 <e <e*, the fol-
lowing estimates hold:

‘\/Ev’(m)—AQ_\ﬁ?v(x) SC*eXp{—;E/Oxa(z)dz}, (3.5)
and

‘\@w'(x)sztﬁ?w(x) SC’*exp{zlg/:a(z)dz}, (3.6)
for z€10,1].

The proof of Proposition 3.1 will be stated in Section 3.2.
REMARK 3.1. By (3.3) and (3.4), one obtains that, as € >0 is sufficiently small,

0<w(x)w(z) Sexp{fg}, 0< v (z)w' ()] Sexp{;}, vV el0,1]. (3.7)
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3.1. Uniform asymptotics of v and w using eloge-estimate. In this section
we shall explain how Proposition 3.1 plays a crucial role in the pointwise asymptotics
of v and w and Proposition 1.2, and we point out a difficulty in the refined asymptotic
analysis of v(z1) and w(zq) with 1 and 1— x5 sufficiently near 0.

We first point out that Proposition 1.2 is based on the uniform asymptotics of v and
w in the whole domain [0,1]. Although (3.3) shows that v(x1) and w(z2) exponentially
decay to zero as lsl?(} L =o0 and lslﬁ)l % =00, and such exponentially decaying estimates
are more refined than the standard outer expansions for solutions v (of Equation (1.8))
and w (of Equation (1.9)), when 158(% +1=22) <00, (3.3)~(3.4) are not able to imply

the refined asymptotic behavior of v(x1) and w(xzg) with respect to 0 <e < 1. But, for
this case, by (3.5) and (3.6) we have

lim (
el0

since exp{—5 [, a(z)dz} gexp{gér[réal)]dd} and exp{i fmlz a(z)dz} <

A,(S(}l)v

ev' (m1)—

gw’(xz)—ww(xz)D =0, (3.8)

exp{ 1552 r[na:i<|a\ are uniformly bounded as 0<e<1. Accordingly, we can ap-
0,1

ply (3.8) to deal with the boundary asymptotics of v and w as € goes to zero. Moreover,

we shall introduce a so-called “cloge-estimate” to establish the refined boundary

asymptotics of solutions.

Precisely speaking, when r[nir}lazo, (3.5) and (3.6) are indeed good estimates for
0.1

)

asymptotic analysis of v and w in the whole domain [0,1] since their right-hand sides
provide uniform upper bound as 0 <e < 1. On the contrary, when mina <0, the situa-

tion becomes tricky, and an idea is to consider intervals I, ;’s with 0€ I, ; and 1€ I, »
such that

(I 5
(I..;) =20, %io—)oo
1 [® 1t l0
supveexpy —— [ a(2)dz p+supveexps —— [ a(z)dz p —0,
I 2e 0 I 2 2e T

where ((I. ;) means the length of I. ;. It is feasible when {(I. ;) is the order of elog?.
In doing so, by (3.3)—(3.6) we can obtain uniform asymptotics of v and w in the whole
domain [0,1]. Although such an idea seems intuitive, it is quite inconvenient to handle.
Various estimates will be established. The uniform estimate of C2([0,1])-norm of v and
w with respect to 0 <e < 1 will be established in Proposition 4.1, which will be used to
prove Proposition 1.2.

3.2. Proof of Proposition 3.1. Since b(z) > >0, the uniqueness of (1.8) and
(1.9) is obvious. By applying the maximum principle to (1.8) and (1.9), we obtain
0<wv(z),w(z)<1 for z€[0,1]. In particular, by the fact that v and w are nontrivial,
there hold v/(1) <0 <w'(0).

Multiplying the equation of v in (1.8) by exp{flx a(z) dz}, one finds

€

(U'(x)exp{/lz “Ej)dz}>/= bg)v(x)exp{/lx a(;)dz} S0,zc[0,1]. (3.9)
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Thus, o' (ac)exp{ flx #dz} is increasing and attains the maximum value at z=

1 e
shows that v is strictly decreasing on [0,1]. Using the similar argument, we obtain

1. As a consequence, for z€[0,1], it holds v’(a:)exp{ v alz) dz}gv’(1)<0. This

w'(z) exp{fow @dz} > w'(0) >0, and w is strictly increasing on [0,1]. We first prove
(3.3) as follows.
Proof. (Proof of (3.3)). Define
— ol — 7
I(x):=v(x) exp{ . m} ,
where v > 0 satisfies (3.1) which asserts
=y min {0,a(z)}+8 <ya(e) +b().
Hence, by (1.8) one obtains, for 2 € (0,1), that
2T (x) +ea(2)T (z) — b(x)T(z) = (—y* +va(z) +b(z)) exp { —ga:} >0.

This along with I'(0)=0>I'(1) immediately implies I'(z) <0, i.e., v(z) <exp{—2Zxz}.
Similarly, we can obtain w(z) <exp{—2(1—z)} and complete the proof of (3.3). 0O

For the sake of convenience, we will prove (3.4) after we complete the proof of (ii).
The proof of (3.5) and (3.6) are stated as follows.

Proof. (Proof of (3.5) and (3.6)). To prove (3.5), we apply the standard trans-
formation

V(x)v(x)exp{;{s/;a(z)dz} (3.10)

to (1.8), which transforms Equation (1.8) into an equation of V' without a convection
term:

2V (z) = (ai(f) + ea;(x)er(x)) V(x)in (0,1); V(0)=1, V(1) =0. (3.11)

Since a/(z) is uniformly bounded in [0,1] and b(z) > >0, from (3.11) we may set

*=min ——— 3.12
R T (312
such that, as 0 <e <e*, we arrive at
. 2
2V (z) > <1 - Br[%aﬁda’o V(z) in(0,1). (3.13)
Here we have used the property 0<V(z) <1 and a suitable lower bound for #—l—

LIQ(I) +b(x) (with respect to 0 <e <e*) as follows:

a®(x) ed(x) £ ,
>_Z
1 + 5 +b(z) > 2%i)]<|a|+ﬂ
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€ 2 €
>B(1——max a’) +emax|a’ <l—maxa )
( B 0,1] <l [0,1] <l B [0,1] @l
2
>0 (1— fmax a >
50 |a/]

It should be stressed that (3. 12) is a sufficient condition for the above estimate, where
we consider 7 +\ g instead of T ,‘ since a(x) may be a constant-valued function. As a
consequence, by (3.13) and the boundary condition of V in (3.11), we obtain a super-

solution

o) =0 V(1= ) £} .

for Equation (3.11). Hence, 0 <V (z) < Vyup(x) for z€10,1].

Now we shall prove (3.5). Firstly, we can choose x. € (0,1) such that V'(z.)=
V(1)—V(0)=—1. Notice that for 0 <e<e*, by (3.11), we have V" >0. In particular,
it implies —1=V"(x.) <V’'(1) <0. Furthermore, multiplying (3.11) by V'(x) yields

{sQV’Q(x) - (‘lzf) +b(z) +5a’(x)> v?@)}/ =— <‘W +V(2) Jrsa"(a:)) V2(2).

As a consequence, for z €0,1], by (3.14) one may obtain the following estimate from
the above equation:

2V () — (“i‘f) +b(x) +5a’(m)> V2 (2)

1 I
v+ [T o)) V2, (2) 2
<4 x| %y ea| < e (3.15)
VB ol | 2 =4 '

where M is a positive constant independent of . Since V' <0<V <1 and % —|—b>0
eV/(2)+ 1/ ) L b(2) V(@) | < eV (2) = /22 4 b(2) V()]

(3.15) immediately implies

we have This along with

)| </ (a +M)a<\/<1£al>]<|a’|+M> e. (3.16)

Therefore, (3.5) follows from (3.10), (3.16) and a simple calculation V' (z)= (v'(x)+
o)) exp{s; fy a(2)dz}.

We next consider
1 1
W(x)zw(x)exp{—%/ a(z)dz}.

Note that w satisfies (1.9). Thus, we have

2W" (z) = (‘lzf)+m2(5”) +b(x)> W(z)in (0,1); W(0)=0, W(1)=1.  (3.17)
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In particular, there hold W(x) >0 and W’ (z) >0, z €[0,1]. Following a similar argument
of (3.11)—(3.16) on (3.17), we can obtain

W (z) > ,8(1 - %max\a’|)2W(x)

[0,1]
and
/ a*(z)
‘5W (x)— ) +b(x)W(z)‘ < I[réal>]<|a’|+M g, z€[0,1],
as 0 <e <e*. Thus (3.6) immediately follows from these estimates. d

Completion of the proof of Proposition 3.1. It suffices to prove (3.4). Recall
v(0)=1 and w(1)=1. By (3.5) and (3.6) we obtain boundary asymptotics

. A_(0) . Ay(1)
/ _ !/ _
181%151} (0)= — leligew ()= 5 (3.18)

By (3.3) there exists 2} € (1—¢,1) such that £[v/(z%)|=|v(1) —v(1—¢)| <exp{—2+~}.
Along with (3.9) we know that

[v'(1)] < |U'(x:)|exp{/ a(:)dz} < iexp{—z+7+ma>]ca|} (3.19)

: (0,1

since |1 —z%| <e. Applying the same argument, we can obtain the same upper bound
of w'(0) as in (3.19). As a consequence,

v'(1) %0 and w’(0) %0 exponentially. (3.20)

Differentiating Equation (1.8) with respect to x, we obtain e2v"(z) +ea(z)v" () —

(b(z) —ed'(z))v'(x) =b'(x)v(x). On the other hand, multiplying Equation (1.8) by l;((j))
and combining the result with the previous equation, we arrive at

20" (z)+e (a(x) —gbb/((f;) V' (z) — (b(x) —cd'(z) +ca(2) Z((f))) V(2)=0. (3.21)

Now we define

ve(z) =2 (2) —v’(O)eXp{—Zx} : (3.22)

where 7 >0 was defined in (3.2). Firstly, we claim that there exists €,(7,7) >0 depend-
ing on v and 7 such that as 0 <e <&, (7,7),

0,(0)=0, v, (1) >0. (3.23)

Proof. (Proof of (3.23)). Obviously, v.(0)=0. Note that v'(0),v'(1) <0. Since
¥ <~ and b(0)>5>0, by (3.18), (3.19) and (3.22), one may check that

€

v*(l)v'(l)v'(())exp{ﬁ}
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1 A 5
>—exp{—,y+’y+max|a|}+| (0)|exp{—7}
€ € [0,1] 4e €

1 ¥ -5 A_(0
:exp{—7}<—exp{—w+7+max|a}—l—l ( )|>>0,
€ € € [0,1] 4

where the term in the last parentheses is positive provided that 0<e <e,(v,7) with
sufficiently small e, (7,7) >0. This completes the proof. d

By (3.21) and (3.22), a direct calculation yields

v (z)+e (a(m) —e bb((;) ) vl (z) — (b(x) —ed'(z)+a(z) Z;) ((f)) ) e ()

)
)5 -

, ) % B , %

<—v'(0) [(;&glﬂ{&a(m)} —1l—a(z)+e b((j)) > v+ (g —b(x)+ead (z)—ea(x) b((xx)) >] .
Here we have used the fact —v’(0) >0. Moreover, since a'(x) and ' (x) are bounded and
b(x) > B >0, there exists £*(,7) € (0,4(7,7)) such that

Wl - Vi) B
5r[%,al>]( 5 <1 and b(z)—cd' (z)+ea(z) b(r) 2

=—/(0) [ﬁQ - (a(m) —c

as 0<e<e*(7,7). As a consequence, for 0 <e <e*(v,7), we have

1" b/(x) / !/
e2v!! (x)+¢ <a(x) - o) >v*(w) - (b(:c) —ed' (z) +ea(x)

Applying the maximum principle to (3.24) and using (3.23), we obtain v,(z) >0. By
(3.18) and (3.22), we thus arrive at A,(O)exp{—gx} <ev'(z) <0 as 0<e<e*(v,7).

>v*(:y) <0. (3.24)

Similarly, we can prove 0<ew'(z) <A4(1)exp { —g(l - x)} as 0<e<e*(v,7). There-

fore, we obtain (3.4) and the proof of Proposition 3.1 is indeed complete.

3.3. Proof of Proposition 1.2. In what follows we let ¢ € C([0,1]) except when
it is specifically emphasized otherwise.

By (3.3) and (3.4), we have, for p>1, %,€|v’|2—>0 exponentially in (0,1] 2 [do, 1],
and w?p,s|w’|2—>0, exponentially in [0,1) 2[0,6;] as €} 0. Hence, (1.15) immediately
follows.

We first consider the case p>1. Due to (1.15), it suffices to prove (1.13) and (1.14)
for the cases dg =1 and §; =0. We shall give more refined estimates as follows.

Claim 1. For p>1, let

...

—, if mina >0,
1

0; = [0,1]

. P . .
min ————— € (0,=), if mina<O0.
[0.1] 2py +/al 0:5) [0,1]

Then for ¢ € C([0,1]), there holds

Y oP(x) 2¢(0)
/O . ¢(x)dx+pA_(O)‘+

limsupsfep (
el0

/01 “’pg(m) o(z)d — p%i(g) D <oo.  (3.25)



420 SINGULARLY PERTURBED EQUATIONS WITH NONLOCAL BOUNDARY EFFECTS

REMARK 3.2. Although for Proposition 1.2, such a refined estimate is mot required,
(3.25) will be used to prove (2.3) and Theorem 2.4.

Proof. (Proof of Claim 1). Observe first that for any fixed number 6 >0, by
(3.3), we have

/01 M(ﬁ(x)dx—/oeglogg V(@) o(2)do

e [

1 vp(x) Pty
< —=|¢ dxg—max 3.26
/ Dlow)de <= maxlel. (.20

On the other hand, from (3.3) and (3.5) one may observe that, under a suitable choice

of 6, the difference between % and —%v”flv’ in [0,0510gé] tends to zero as €]0.

Hence, for the purpose of dealing with (3.26) we take an estimate

/Oeslogi <v1’(x) 2 0P~ (z ) (x)) o(x)dx
¢(z)

3 A_(x)
ECTNEEY SR

9610g6 p—1
o [ 2
0
felogl  p—1
<g (max|gz5| <|a+f))exp{9maxa|logi}/o o (@) dz

NG
[0,1] Ve
<Bv(i 3 (max|¢| <|a|+\f>> ( —Omala |)7 (3.27)

which exactly tends to zero provided that 0 <6 < Here we have used an elemen-

max|a\
[0.1]

tary inequality!

1 1
min <max VB o, (3.28)

[0.1 (|a|+\f) STA@ = ha 28

to get the third line of (3.27). For the last line of (3.27) we have used (3.3) to obtain

feflogs R ( - In particular, setting

1
I g1 :=10,0clog — ] with 6 =min

[0.1] 2py +lal’

ie., p97:%<1—91[%a1>]<|a|) := 0, we obtain, from (3.26) and (3.27), that

/01 L / o Hap' (2)d(x)da| Se%. (3.29)

Elog 1

It remains to deal with (3.29). Let D(x):= *i(ﬁ((i)) + if((%)). Notice first that the con-

I The left-hand estimate of (3.28) is trivial. The right-hand estimate is due to 7 = —A— <
la|+2vB—a  |a|+VB
4B — 28
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1
tinuous differentiability of 2¢((?) indicates max |D|Selog— =950. Hence,
€

Elog%

2 P=L(p) (2)d(x) dx 26(0)
/A,@)” (@0 ()ota) b+

<2 A¢(O())) / vpfl(x)vl(x)dx+f / D(z)vP 2/ () dz
Ialog% Elogf
20 oo ! .
= A / D(z)vP~ ! (2)v' (z)dx| <. (3.30)

alog—

Here we have used the facts that v(felog ) =0(e?7) (by (3.3)), and

1 1
/ D(z)vP~(2)v' (z)dz| < = max |D|<€log <%,

p Ialog,l

since 0% < 4. Therefore, by (3.29) and (3.30), we obtain (3.25). Similarly, we have

Lwr(z) o 26(1)
/0 Tgb(x)dx pA+(1)‘<OO’ p>1.

Thus, we prove (1.13) and complete the proof of Claim 1. d

limsupe %
el0

Next we deal with the estimate of fol ev?¢dx. By (3.4) we have

1 25
[ wrwswsstne [ eo{-Zele
[0\ 1o 1 (01N, 1o 1
5297

<t . 3.31
< %aﬁl | (3.31)

Note also that v <0. Thus, by (3.5), one has

< — g3 (1-0maxio.yfal) ox I[na)](|</)| / v’(x)deEQ;C*r[na?(W, (3.32)
0,1 0,1

1 1
clog L
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and
A_(x A_(O
/'<— 9wy + ;)mm>wmume
Islogf Y
=D()
~ 1 sio
<—| max |D| v(z)v' (z)dz < = max |D| = (3.33)
slog% I 1 ) 2 Iglog
elog <
Here we have used max exp{ max|a|} E fo: l)l(‘a‘ to obtain the last inequality of
alog
(3.32). Combining (3.31)—(3.33), we arrive at

o [ e _A(06(0) oyde — A= (0)8(0)
lelﬁ)l ; ev (x)¢(x)dx—Tlslfg v(x)v (m)dx——f.
I

Elog%

Following the same argument, we can prove liﬁ)l fol cw?pdr = % and complete the
£

proof of (1.14).
It remains to prove (ii). Let 1€ C'([0,1]). Multiplying (1.8) by % and integrating
the expression from 0 to 1, one may check that

- :;/ fssv«w—/;@)'vfdx)—W—f(af)’vdw

ﬁg_wm<_am+ imw4mm+dm>:_wmx

(3.34)

Here we have applied (3.3), (3.4), (3.18) and (3.19) to the second line of (3.34). Similarly,

we can prove fol Zyde x=0, ilﬁ((l)) Hence, we obtain that the convergences presented in

(1.13) hold.
Now we assume a(0) >0 and ¢ € C([0, 1]) This implies that for fixed 6 >0, there
holds a(z) > @ >0 for z€11,,1 =10, fclogl] as € >0 is sufficiently small. Then by

3.5), for ¢ € C([0,1]), one may use the estimate —— < [a@)+VB ¢ check that
[A_ ()] 28

[ (o )l [ |

Elog% slogé

Cc* 0 !
< 100~z 0 L. 3.35
<3 (I[%%(|<Z)|(|a|+\/3)>e , asl<ex (3.35)
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Note also that, for the case p=1, (3.26) and (3.30) still hold. Combining these two
estimates with (3.35) and particularly taking 6 = ﬁ >0 and I g1 = [0, a%g) log 1], we

() o v'(x) __2¢(0)
hm/0 7¢($)d$—21€1§]1/ ¢(x)dz= .

el0 €
I

thus arrive at

Elog%

w

On the other hand, if a(1)>0, we can apply the same argument to % and obtain
lim, o fol Zodr= if((ll)) Therefore, the proof of Proposition 1.2 is complete.

REMARK 3.3.  (3.26) and (3.30) hold for p=1. By (3.26), (3.30) and (3.35) with

0= ﬁ >0, this implies £a(0)— 1 =1 in (3.35). Hence, Claim 1 still holds for p=1.

4. Proof of Theorems 2.1 and 2.2

4.1. Proof of Theorem 2.1. By (1.16) and (1.18), we know that there exists
n* >0 such that (1.12) holds as €€ (0,17*). Hence, as € (0,n*), the uniqueness of u
follows immediately from Proposition 1.1. Next, we shall claim (1.19), (1.22) and (2.2)
as follows. Since (1.12) implies that u(0) and u(1) are uniquely determined by system
(1.10) with (1.11), for smooth functions gg and g1, applying Proposition 1.2(ii) to (1.11)
gives (1.19). The interior estimate (1.22) of w is a direct consequence of (1.7), (1.19)
and Proposition 3.1(i) with (3.1)—(3.2). Moreover, by (1.7), (1.19) and (3.18), we ob-
tain (2.2). As a consequence, a constant n < min{n*,e*(v,7)} can be determined so that
for e € (0,n) there hold the following properties:

w(0) <0<u(l)and«' (0),u (1) > 0if By and By satisfy (1.23), (4.1)
w(0),u(1)>0and v’ (0) <0 <u'(1)if By and By satisfy (1.24), (4.2)

where €*(v,7) was defined in Proposition 3.1(i).
Recall that u(x) =u(0)v(z)+u(1)w(z) (see (1.7)) and, for z € (0,1), v(z) and w(x)
exponentially decay to zero as € approaches zero. Before proving (i)—(iii), we have to

establish pointwise asymptotics of v and w.

PROPOSITION 4.1. Let k=1 for the case a(x)>0 and k€ (0,%) be arbitrary for
the case miny 1ya <0. Under the same hypotheses as in Proposition 1.2, there exists a
positive constant C,, depending on x (independent of €) such that, for >0,

u(x)—exp{/oz%f)dz} ot Hw(x)—exp{—/: Agii_z)dz}

where Ay (z) was defined in (1.5) and the C2-norm was defined by (2.1).

<Che®, (4.3)
c2((0,1))

Proposition 4.1 seems to be well known, but we could not find a suitable reference
for it. We prudently provide a proof here for the reader’s satisfaction. The proof will
be stated in Section 4.3 for the sake of convenience.

Using this preliminary step, we are in a position to deal with (2.3). Firstly, by (1.7),
(1.19) and (2.1) we have

u(z)— (Boexp{/ow AQEZ)dz}—FBlexp{—/: A;iz)dz})
—u(0) <v(:n) exp{/ow Aziz)dz}) + (u(0) Bo)exp{/ow A2£Z)dz}
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+u(l) (w(x)—exp{—/:A;S)dz}) +(u(1)—Bl)eXp{—/:A;£Z>dz}. (4.4)

By (4.3) with a fixed x and (4.4), one may check that

- (B [ 250} o [ 4500

cz([o,1])
TA_ TA_
<|u(0)] v(m)—exp{/ (z)dz} +|u(0) — By| exp{/ (z)dz}
0o 2 c2(lo,1) 0o 2 a2([o,1)
1
+|u(1)|Hw(:E)—exp{—/ AJF(Z)dz}
= 2 c2([0.1])
1
+u(1) — By exp{/ A+(Z)dz}
= 2 c2(lo1)
<O (D)o + (supM() ) (1(0) ~ Bal+ fu(1) - 31
£>
<Cr (€™ +[u(0) = Bo| + [u(1) = By ). (4.5)
Here 91.(A) is defined as the maximum of Hex A2y, ’ and
(A) p{ 0 2 } C2([0,1])

e
Hexp{ Je =5 dz}‘cg([o,ll)’

bounded for £>0. Since both u(0) and (1) are uniformly bounded for € >0, C,, >0
can be chosen so that it is independent of €.

To complete the proof of (2.3), we need to estimate |u(0) — By| and |u(1) — By| with
respect to € as 0<e < 1. By (1.10) and (1.20)—(1.21), we can obtain

u(0)— By 1 !
=(ZT—-=Al" AL — A
lu(l) - B ( e € ) e ¢
Applying the Cauchy—Schwarz inequality to (4.6), one may make appropriate manipu-

lations to arrive at
-1
7L aem
6 €

where ||A||lus:=+/trace(ATA) (the standard Hilbert—Schmidt norm). On the other

-1
hand, by (1.11), (1.16), (3.25) and Remark 3.3, (I—gAé”’“’))
bounded and

and we have verified via (2.1) that 9.(A) is uniformly

By

| (4.6)

L g 4
e €

|u(0)—Bo+u(1)—Bl|<\/§(|BO|+|Bl|)’ o

HS

is uniformly
HS

1 .
EAS:U’M)*A ggep, as O<ex 1.

HS

— Bo|+|u(1) = By| <e%. This along with
ifa>0, and k=0, € (0,3) if ming 3ja <0.

As a consequence, by (4.7) we obtain |u(0
(4.5) yields (2.3), where we choose r =0 =
It remains to prove (i) and (ii).

N —

Proof. (Proof of (i) and (ii)). Following the same argument as (3.9), one obtains

(u'(:c)exp{/:a(:)dz}>/bg)u(x)exp{/:a(;)dz},xe[(),l]. (4.8)
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We now assume (1.23). By (4.1) and (4.8), we get u’' >0 on (0,1). This completes the
proof of (i). To prove (ii), we assume (1.24). Then, by the strong maximum principle,
Equation (1.1)—(1.2) with b(z) >8>0 and (4.2) implies that u attains its minimum
value at an interior point pe € (0,1) and u(pe) >0=u'(p.). Along with (4.8), it yields
u'(z1) <0</ (z2) for z1 € (0,p.) and z3 € (p.,1). This also obtains the uniqueness of
Pe-

We shall next claim (2.5) by contradiction. Firstly, setting 2 =p. in (1.7) and using
(4.2) and u/(p.) =0, we obtain

u(1
)l =2 o) (49)
Note also that %N% and w’ are positive if €>0 is sufficiently small. Suppose
that, on the contrary, limsupfs =c¢<oco. Then by (1.19), (3.4) and (4.9), we have

el0
[v'(pe)| Se texp{—2} as 0<e < 1. Along with (3.5), one may check that

0<wv(pe) Sﬁ (\ﬁ(f*exp{—gs/ops a(z)dz} +5|v’(p5)|)

§w <\@C*exp{cmax|a|} +O(1)exp{i})
B [0,1] €

<+/e, as0<e< 1. (4.10)

Here we have used the inequality (3.28). Moreover, by (4.3) with a fixed £ € (0,3) and
(4.10), we arrive at

Pe A
exp{/ ('Z)dz}gs“ asO0<e<x1.
0 2e

Particularly, fos%dzgﬁloggei—o)—oo which gives a contradiction since 0>

I A*Q(z)dzzg—gmin/\_ and limsup®s =c¢<oo. Hence, we obtain lim®s =co. Simi-
c ©[0.1] elo © elo ©
17p5
€

larly, we can prove hﬁ]l =o00. Therefore, we rigorously arrive at (2.5) and complete
€.

the proof of (ii). o
The proof of Theorem 2.1 is thus complete.

4.2. Proof of Theorem 2.2. In this section we assume (2.12). Note that for
the solution u, of Equation (1.1) equipped with the boundary condition (1.3), (1.7) and
(3.3)—(3.4) still hold. Thus, it suffices to prove (2.6)—(2.9). We first assume 7 < 1. Then
by (1.7), Proposition 1.2(ii) and (3.7), one finds estimates

—-T

€ +ur (1]

/Z: go(z)ur(z)dzx

< (-0 /l:gom)w(x)dx

< T (lu- (0)] +ur (1)),

/ golw)w(z)dz

and

—T

3

/011 g1(z)ur(z)dz

<= (w01 [ " g1 (@)ole) da / " g1 (@) da

e T (lur (0)] + Ju- (1)),

+[ur (1))

)
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as 0 <e < 1. Applying these two estimates to (1.3) gives

D (@) =il ST Y (e (i) = il + i)

i=0,1 i=0,1

This, along with 1—7>0, directly implies _;}1 [ur (i) = ps| < 1706(1% _;Jl ||, iee.,
(uT(O),uT(l))d—%(uo,,ul). Then, using (3.18) and (3.20) and following the similar
argument as (2.2), we obtain (2.6) and complete the proof of (i).

To prove (ii), we now assume 7> 1. Then for (1.25), we have

1
det (5711-_ E.Aé”””) S0 detA",

where A* was defined in (1.16). As a consequence, solving u.(0) and wu,(1) via (1.25)

and taking the limit with €] 0, we obtain (2.7) and (2.8), which along with the max-

imum principle yields r[na)](|u7| <max{|ur(0)[,|u-(1)|} 19,0, Moreover, (2.9) follows
0,1

s

from (1.7), (2.7)- (2.8) and (3.18), and we prove (ii). Therefore, the proof of Theo-
rem 2.2 is complete.

4.3. Proof of Proposition 4.1. In this proof, we will not use the definition of
(1.4) for the sake of clarity in all estimates.

When a >0, the proof is trivial. In what follows we focus on the case that a(z)
changes its sign on [0,1]. Firstly, we set

(o) — e {_ /O a(z)+/a2(2) + 4b(2) dz} |

2¢e

which satisfies

a+\/a2+4bv B8
—FW
2

(maxpo 1) |a| ++/B)e

eVy + O,VO(O)landVO(l)gexp{ } (4.11)

Here we have again used the inequality (3.28) for estimating V(1). Along with (3.5),
one can check via simple calculations that

‘(5{))/(%) S\Eg;(m)exp{—/oxcé?dz}. (4.12)

By this differential inequality we can infer an estimate

W)Vo(x”gg;/;exp{/o“g?dz} ggy;dy

< (a0 [ [
}

y€[0,z] 2e

[e Ya(z)
<(C*,/—= max ex —/ —2dz
- B yel0.a] p{ 0o 2¢

(4.13)
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since \/a?(x)+4b(z) >2+/B. In particular, for each k€ (0,3), let us define

0(r) —max{ — 2%~ <m x|a|+f> g (4.14)

1—|—max|a\ B \jo,1]
Then for Ogygxgg(m)alogé, one obtains
v 1
/0 a;z)dz‘ < (Ka— 2) loge.

Along with (4.13), one can use the estimate exp{ ————-2——— } <" to obtain

(max|a|+\/[§>s
[0,1]

1+C*
max v(z) = Vo(z)| < e®,
IG[O,O(N)Slog%]| ) | \/B

as € >0 is sufficiently small. On the other hand, we notice that v and V are strictly
decreasing on [0,1]. Thus, by (3.3) and (4.14) we have

(4.15)

max  |v(z) = Vo(x)| <v (5(H)slogi> +Vo <§(’€)510gi>

z€[0(r)elog L,1]

§(R)ﬁ/(r[g§1>]<\a\+\/3>

§€5(5)7+€ <2, asO<e< 1. (4.16)

As a consequence, by (4.15)—(4.16) we obtain rfnax|v— Vol < max{ ”C* ,2}e" as 0<ek

1. Furthermore, since 0<wv, V<1, there must exist a constant Cl » >max{ 1+ 2}
depending on « (independent of €) such that

malﬁ(\v—V0|§ Ci xe™, fore>0. (4.17)

)

Moreover, by (4.11) we have the identity

/ 2
=V €V0(V> a++vaZ+4b
0

9 (’U*VO),

together with (3.4), (4.12) and (4.17), one can follow the similar arguments as in (4.14)—
(4.16) to arrive at

- 18 Ja(2)] ,
51[1331314(1’*‘/0) | <C*\eexp —2dzp+e  max |(v—Vp)|
, 0 [

2e 0(r)elog L,1]
\/ 4b
+I[réal] atvart ——————w—V| <Cs ", fore>0, (4.18)

where Cj ,; relying on & is a positive constant independent of . Combining (4.17) with
(4.18) and using the equation of v in (1.8), we can deal with the estimate of £2(v—Vp)”
and arrive at

[lv=Vollcz(o,1)) £ C3,€", fore >0, (4.19)
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with an e-independent constant Cs .. > C s+ Ca .

1 a(z)+,/a2(z)+4b(z)dz}
2e ’

Applying the same argument to |w — Wy| with Wy =exp { -/
we can prove
||w—W0||C§([0,1]) <(Cj e, fore>0. (4.20)
(4.3) follows immediately from (4.19)—(4.20) with C,, =2C5 ., and the proof of Propo-
sition 4.1 is therefore complete.
5. Proof of Theorem 2.3

5.1. Proof of Theorem 2.3(i). Recall a property that maxy 1jvw exponen-
tially decays to zero as €0 (cf. (3.7)). This along with (1.7) gives a formal intuition
that |u(z)? =~ |u(0)[PvP (x) + |u(1)|[PwP(z), £ €]0,1], as 0<e< 1. However, a main dif-
ficulty is to rigorously investigate the asymptotic behavior of u(0) and w(1). We first
establish apriori asymptotic estimates for nonlocal coefficients in (2.10) with 0 <e < 1.

LEMMA 5.1 (Apriori asymptotic estimate).  Under the same hypotheses as in Theo-
rem 2.3(i), for G € C(]0,1]) with G(0)G(1)#0 and p>1, we have

‘/O (@) (lu() " = [u(0)[PoP () — [u(1)[Pw” (z)) dz

Y
<p2max Gl ma{[u(0) " [u(V}}exp { - }. (5.1)

as 0<ek1.

Proof. For the convenience in the argument later, let us set

Jl(p)=/§G(w)(IU(x)Ip—\u(O)Ipvp(w)—IU(l)I”wp(x))dx,
0 (5.2)
T2(p)= [ G() ([u(@)[” = [u(0)[Pv” () = [u(1)["w" (z))dz.

2
Then, for x € [0, %], one obtains
p—1
[lu(@)|” = |u(0)[PoP(z)] < p (maX{?la3]<U|’|U(0)|r[nag]<v}> |u(@) —u(0)v(z)]
0,4 0,4
-1 g
< p(|u(0) + (L)) fu(1) exp{ - - }
< p2~ mar{[u(0)", [u()"yexp{~ L }. (5.3)
Here we have used an elementary inequality
||AP —|BJP| < pmax{|A],| B[}*~!|A~ B|
and (1.7). This along with (3.3) yields the estimate max|u(z)| <|u(0)[+|u(1)| and we
[075}

thus arrive at the last estimate of (5.3). As a consequence,

N S u()]?
|Jl<p>l<f£,a;]"g'<p2 2mas{fuO)FJu()P esp{ 5} + e"p{‘gm (5.4)

<p2r! 0)[P, [u(1)[P -1l
<p2” (G max{fu(0) " Ju(DI}exp{ -5 }
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Similarly, we have

Ta(o)| <92 e Gl max{[u(O)F [u()Pyexp {7 (5.5)

Combining (5.2) with (5.4)—(5.5), we therefore arrive at (5.1) and complete the proof
of Lemma 5.1. 0

Combining (1.13) with (5.1) gives an estimate as follows

é/o g(x)|u(x)|pdm—33(p)’<pg2pr{éi}}(|g|max{|u(0)|p,|u(1)|p}exp{—;€}+(’)€,
(5.6)

where

20 G0 o G
Fatr) =2 (~ Lo+ 2 )

and O, denotes a quantity approaching to zero as /0. In particular, by applying (5.6)
to the boundary condition (2.10) of u(0) and u(1), one immediately obtains that «(0)
and u(1) are uniformly bounded as 0 <e <1, and

| 2 [ gol0), 90 o))
i (40— 2 (- 2D 0100+ LD ) )= 60

el0 Po
and

Note that when «(0) and u(1) are determined, Equation (1.1) has a unique solution wu.
Since u(0) and wu(1) satisfying (5.7) and (5.8) are uniformly bounded to e, and (2.13)

has a solution (Xyp,X;)=(By,BY), we conclude that there exists a solution u to the

Equation (1.1) with the boundary condition (2.10), and this u satisfies (u(0),u(1)) =40,

(By,By). This along with (1.7), (3.18) and (3.20), gives (2.15). Moreover, (2.3) with
(By,B1)=(By,By) immediately follows, and the proof of Theorem 2.3(i) is therefore
complete.

5.2. Proof of Theorem 2.3(ii). Following similar argument of Lemma 5.1, we
shall deal with nonlocal terms in the boundary condition (2.11) as follows.

LEMMA 5.2.  Under the same hypotheses as in Theorem 2.53(ii), for g € C([0,1]) with
9(0)g(1) #£0 there holds

o [ ote) @) e = 3 (~A- 0012 0) + A+ Da(EW) (140 (59

as 0<e <k 1, where the quantity O, 00 was defined in (5.6).
Proof. Let us define

Ta= > (—A_(0)g(0)u?(0) + A4 (1)g(1)u?(1)).

|
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By (1.7) and (3.7), we have

max_|(
z€([0,1]

together with (1.14) subject to ¢ =g, it yields

1
: / 9(2) (o (2))2dz— T

V@)~ (00 @) @)+ @) @) \ < (O +*W)exp -

< 2 21 71 .
<emaxlgl (20) + (1) exp{ -} +0. %0

Since g(0)g(1) #0, we have (u?(0)+u?(1))eex {f%}<<|‘74| as 0<e< 1. Hence, we

arrive at (5.9) and complete the proof of Lemma 5.2.

|

Applying (5.9) to the boundary condition (2.11), one further obtains that «(0) and

u(1) are uniformly bounded as 0 <e <1, and

el0

and

el0

it (“(0) - i (fA— (0)go(0)u(0) L0y (Io) +A+(1)90(1)“2(1))> o

i (1)~ § (A= 020) + A (D220 1y 1) ) =

Since (2.14) has a solution (Xy,X;)=(B§,B{), by following a similar argument as in
the proof of Theorem 2.3, we obtain that there exists a solution u to the Equation (1.1)

with the boundary condition (2.11), and this u satisfies (u(0),u(1)) ﬂ>(B(§\,B{\). It
follows that u satisfies (2.16) and (2.3) with (By,B1)=(B{,B{). This completes the

proof of Theorem 2.3(ii).

6. Asymptotics of the inhomogeneous case — Proof of Theorem 2.4
We shall first prove the existence and uniqueness of (2.17) with the boundary con-
dition (1.2) as € € (0,n), where >0 has been defined in Theorem 2.1. For this end, let

us consider the equation

e2Q! +eaQL —bQ-=f in(0,1),

0= (545 (1))

Since b> 0, for each € >0 Equation (6.1) has a unique solution. Setting

z=0,1

Us:qusv

one may check that U is a solution of (1.1) with the boundary condition
~ _ 1t~ ~ _ 1~
0.0 =70+ [ sledz, U=+ [ oiU.do,

lo 0

where

/ 1
(0) =i+ <£+a§j (£) ) O+ | mQedr

(6.2)

(6.3)
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/ i1
=t (45 (£) )+ [ o.er

Note that the equation of U. with (6.3) has the same form as (1.1)-(1.2), and
e (j)’s are independent of U.. Thus, under the assumption (1.18), by Proposition 1.1

and Theorem 2.1 we obtain the existence and uniqueness of U, for € € (0,n7). This implies
the existence and uniqueness of (2.17) with the boundary condition (1.2).
The proof of (2.23) follows several steps. We first set

o @ a@) (@)
Q.(0)=Qulo)+ 3 4o (1) . el

Along with (6.1), we calculate directly to obtain the equation of Q. as

catsai-0.2(1) <5 (4) )|+ (2(2)) mon. oo

and Q.(0)=Q.(1)=0. Since a, b and f are smooth functions defined on [0,1] and they

are independent of €, by (6.4) we have sup |£2Q” +caQ. —bQ.|=O(1)2. Applying the
(0,1)
maximum principle to (6.4) and using (6.2) immediately yields

= f L alry

= <62
r[lggf\QslN ,

max
[0,1]

which implies the precise first two-order terms of fi.(j), j =0, 1, with respect to 0 <e < 1:

mo(0) mo(1)

ﬁs (0) -

ﬁa(l) -

i (0)]+

—ml(l)‘ <e, (6.5)

where m;(j)’s have been defined in (2.20). Since I[réal>]<|Q€| and the right-hand side of

(6.4) are uniformly bounded by €2, by applying the standard elliptic estimate to the

Equation (6.1), we obtain ||Q.||c2(j0,1)) S€2, ie.,
/
~ a
u—Ua+%+ag (i) <e?, (6.6)
cz([0,1])

where the C2([0,1])-norm has been defined by (2.1).
Although the equation of U. has the same form as (1.1), 11-(0) and f.(1) in (6.3)
depend on € and the asymptotics of U, should be dealt with carefully. Let

U5:1<GE—ZO—U1). (6.7)

€
Then, by (2.18), (2.19), (6.3) and (6.5) we have
e2U” (z) +ea(x)UL(x) —b(z)U.(z) =0, 2€(0,1), (6.8)

and

1 1 1 151
ua(o)—g/ goUodz| + Us(l)—g/o 91U.dz

lo

) < 00. (6.9)

limsup
el0
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Comparing (1.1)—(1.2) with (6.8)—(6.9), we can apply Theorem 2.1 directly to (6.8)—
(6.9) (see, mainly, (1.19), (1.20), (1.21) and (2.3)), and conclude that [|U.[|cz2(j0,1}) is
uniformly bounded as 0 <e < 1. This along with (6.7) arrives at

<e, (6.10)

o=
cz([o,1])

U.- 21,
€
as 0<e < 1. Combining (6.6) and (6.10), we therefore arrive at (2.23).

Now we state the proof of (i). Note that det(Z—.A*)#0. Thus, by (1.16) and
(2.21)—(2.22), it is easy to check that By =27 =0 implies my(0) =mg(1) =0. Hence, for
e€(0,7n), by the uniqueness of (cf. Theorem 2.1), mg(0)=mg(1)=0 asserts Uy=0 on
[0,1]. Along with (2.23), we obtain

<e as O<exl.

~

Cz([o,1])

U*UlJr%

The uniform boundedness of u with respect to 0 < e < 1 follows directly from the uniform
boundedness of U; since m;(0) and my (1) are finite. This completes the proof of (i).

It remains to prove (ii). Since equations (2.18) and (2.19) have the same forms as
(1.1)=(1.2), by the result of (1.1)—(1.2) we know that Uy and U; are uniformly bounded

as 0<e < 1. Applying the estimate (2.3) to Uy and Uy, we obtain mlgx(onl +1|U; \) &40,

21
0 exponentially. Here we have used the properties |A_(z)|>203 (I[réal)]<|a| —|—\/B> (cf.
(3.28)) and min{:ml—m} >0 (independent of €). Hence, by (2.23) we obtain mlzgx|u+

I 5| — =190 and prove the uniform boundedness of v in K as 0 <e < 1.

Now we want to prove (2.24) and (2.25). Assume Bg#0. Then, obviously IUoEﬂ —

oo as €10, and by (6.6) and (6.10), u(z) and UOT(Z) both share the same leading order
term as x is sufficiently close to the left boundary point. Hence, it suffices to deal
with the asymptotics of % with respect to 0 <e <1, since U; is uniformly bounded.
Applying (2.3) to (2.18), one arrives at

Coclog ¢ 1
wx@gbggy—(%oam{ I Ag”dz}+43ﬁmp{— I Agﬂdz}>

0 Coelog

<&t (6.11)

with 67 € (0,3] defined by (2.4). Since (yelog?—0ase].0and A_ is continuous at =0,
there holds T [ Coelog d § (2)dz A0 ). Along with (6.11), we thus obtain

Co Elog

u(oelog g) ~e Uy (Coelog g)

Coelog 2
By texn { / f\(z)dz}
0 2e

207
~ By TA- O FA- (01 for (o€ (0, —ns). (6.12)
|A_(0)]

Here, for ¢y € (0, TR (O)I)’ we have used (2.23) and the following results to verify the
above asymptotics:

1
A
exp { _ / %d z} =000 exponentially,
G

oelog ¢
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Coclog L A (z) . 207
—=d i f 0, ).
exp /0 20 Zp>et, or CO € ( ) |A,(0)| )
As a consequence, there holds
<o 0 S 207
elt 20A*(O)u(goelogg) EJlé%oq 200 for (e (0, |A7(10)|)

Using (2.23) and following the same argument utilized in (6.12), for o >0 we can prove

eu((pe) 40, Byexp { %OA, (0) }

and finish the proof of (2.24). When 9; #0, by the same argument we can obtain
(2.25). Therefore, the proof of Theorem 2.4 is complete.
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