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Modular invariants and twisted equivariant
K-theory

David E. Evans and Terry Gannon

Freed–Hopkins–Teleman expressed the Verlinde algebra as twisted
equivariant K-theory. We study how to recover the full system
(fusion algebra of defect lines), nimrep (cylindrical partition func-
tion), etc. of modular invariant partition functions of conformal
field theories associated to loop groups. We work out several exam-
ples corresponding to conformal embeddings and orbifolds. We
identify a new aspect of the A–D–E pattern of SU(2) modular
invariants.
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1. Introduction

Let G be a compact connected simply connected Lie group. The equivalence
classes of its finite-dimensional representations under direct sum and tensor
product form the representation ring RG. This ring can be realized as the
equivariant (topological) K-group K0

G(pt) of G acting trivially on a point pt.
From Bott periodicity, K2+∗

G (X) = K∗
G(X); the other K-group is K1

G(pt) =
0. Note that these K-groups depend on the Lie group G and not on the Lie
algebra g(G): replacing G with G/Z for a central subgroup Z changes the
representation ring but not the Lie algebra. This sensitivity to the Lie group
will persist throughout this paper, and is fundamental to what follows.
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Let LG be the loop group {f : S1 → G} associated to G. The most
interesting representations of LG are projective; the corresponding central
extensions LGk of LG by S1 are parametrized by the level k ∈ Z. The loop
group analogue of the ring RG is the Verlinde algebra Verk(G), spanned
by the (equivalence classes of) positive energy representations of LGk, with
operations direct sum and fusion product. Physically, Verk(G) is the fusion
algebra of the Wess–Zumino–Witten conformal field theory corresponding to
G, with a central charge determined by k. Freed–Hopkins–Teleman [40–43]
identify Verk(G) with the twisted equivariant K-group τK

dim(G)
G (G) for some

twist τ ∈ H3
G(G; Z) (�Z for G simple) depending on k, where G acts on

itself by conjugation. The other K-group, namely τK
1+dim(G)
G (G), again is

0. The dimension shift here, by dim(G), is due to an implicit application of
Poincaré duality, and is a hint that things here are more naturally expressed
in (the equivalent language of) K-homology. The ring structure of Verk(G)
is recovered from the push-forward of group multiplication m : G × G → G,
whereas its RG-module structure comes from the push-forward of the inclu-
sion 1 ↪→ G of the identity. Strictly speaking, τ ∈ H3

G(G; Z) only determines
the K-theory τK∗

G(G) as an additive group; the ring structure comes from
a choice of lift (if it exists) of the 3-cocycle τ to H4(BG; Z). But for G com-
pact connected simply connected, transgression identifies H4(BG; Z) with
H3

G(G; Z) so we can (and will) let τ parametrize the full ring structure.
Note that, as in the preceding paragraph, the K-groups depend on G and
not on its Lie algebra — e.g., for appropriate τ the K-group τK1

SO3(SO(3))
involves only nonspinors and a fixed point resolution arises, recovering the
Verlinde algebra of Wess–Zumino–Witten on SO(3).

Those authors were helped to their loop group theory, through con-
sidering a finite group toy model. But in [32], the finite group story is
developed much more completely, using the braided subfactor approach.
Let a finite group G acts on itself by conjugation; then the transgression
H4(BG; Z) → H3

G(G; Z), σ �→ τ(σ), will in general be neither surjective nor
injective. For twist σ ∈ H4(BG; Z), τ(σ)K0

G(G) is as a ring the Verlinde
algebra of the σ-twisted quantum double Dσ(G) of G, and τ(σ)K1

G(G) is
again 0. For example, for G = Zn, H3

G(G; Z) = 0 while H4(BG; Z) � Zn;
as an additive group, τ(σ)K0

G(G) � Z
n2

is independent of σ, but as a ring,
τ(σ)K0

G(G) is the group ring Z[Zd × Zn2/d] where d = gcd(2n, σ).
However Evans [32] argues that much more is possible. The viable mod-

ular invariants for Dτ (G) are parametrized by pairs (H, ψ) for a subgroup
H of G × G and ψ ∈ H2(BH; T) [35, 83]. Let H × H act on G × G on the
left and right: (hL, hR) · (g, g′) = hL(g, g′)hR. Then τ,ψK0

H×H(G × G) can
be identified with the full system (the fusion algebra of defect lines — in
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Section 1.3 we define this using subfactors and explain its physical meaning),
and again τ,ψK1

H×H(G × G) = 0. Choosing H to be the diagonal subgroup
isomorphic to G recovers the Verlinde algebra. We review this in Section 1.4.

Finite groups are much simpler than loop groups — for example, there is
no direct analogue of the (H, ψ) parametrization of viable modular invariants
— but similar extensions of Freed–Hopkins–Teleman can be expected. This
paper explores these extensions. Atiyah [2] writes: “The K-theory approach
[to the Verlinde algebra] is totally new and much more direct than most other
ways. It remains to be thoroughly explored.” In [43] v.1, second paragraph,
we read that the relation of twisted K-theory to “Chern–Simons (3D TFT)
structure . . . is, at present, not understood.” This provides the context for
our work.

For example, given a conformal embedding (see Section 1.3) of LH level k

in LG level � and appropriate choice of twist τ , we would expect τK
dim(H)
H (G)

to be related to the full system for the modular invariant of H level k coming
from the diagonal modular invariant of G level �. The group H acts adjointly
on G as usual. For the special case of H = G and k = �, this construction
recovers that of [40]. We find however that for H �= G, this relation is not as
direct. For example, even in some of the simplest examples, the full system
can appear here with a multiplicity, and τK

1+dim(H)
H (G) may not vanish.

We give several examples, most importantly D4 and E6 on Cappelli–
Itzykson–Zuber’s A–D–E list of G = SU(2) modular invariants [20]. It is
intriguing that the quaternionic and tetrahedral groups Q4 and BA4 play
fundamental roles in this K-homological analysis for D4 and E6, respec-
tively, as the largest finite stabilizers (Q4 and BA4 correspond to D4 and E6
in McKay’s A–D–E list [74] of finite subgroups of SU(2)). We show in Sec-
tion 1.4 that the analogue of conformal embeddings for finite groups works
perfectly.

The orbifold construction also seems tractable from this point-of-view.
In particular, in Section 4 we compare the Verlinde algebra of the
π-permutation orbifold of G level k (for any permutation group π < Sn) to
the twisted equivariant K-homology of Gn×π acting on Gn, where Gn acts
adjointly on itself and π acts by permuting the factors. Again, the analogue
for finite groups seems to work perfectly (see the beginning of Section 4).

The most important source of modular invariants for loop groups are
the simple current invariants. As these correspond to strings living on the
nonsimply connected groups G/Z (for Z a subgroup of the centre of G),
we would expect the full system to be given by the K-homology of G ×
G acting diagonally on (G/Z) × (G/Z). We shall investigate this in the
sequel to this paper. By contrast, τK

dim(G)
G (G/Z) for G acting adjointly on
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G/Z should be the associated nimrep (and again vanish for dim(G) + 1).
The example of τK∗

SU2(SO(3)) was worked out in [14]. It would be very
interesting to understand the K-homology capturing the Verlinde algebra
of the Goddard–Kent–Olive coset construction; in [96] the chiral ring (a
superconformal cousin of the Verlinde algebra) of some N = 2 coset models
was identified with a K-group.

These considerations suffice to handle every SU(2) modular invariant,
except for the one called E7. This can be obtained from a Z2-orbifold of the
D10 modular invariant; the associated K-homology will be worked out in
the sequel.

We explore these natural constructions and extensions with a detailed
study of several simple but representative examples. We construct the rel-
evant (twisted graded) bundles — Meinrenken [75] recently found an inde-
pendent construction, elegant but less general, for some of these bundles,
and we compare his to ours at the end of Section 2.2. The bulk of the paper
consists of the detailed calculations; in the concluding section, we interpret
these in the context of conformal field theory. To keep this paper relatively
self-contained, we begin with some background material from K-theory/-
homology and conformal field theory.

1.1. K-theoretic preliminaries

The standard references for K-theory, K-homology and their twisted ver-
sions are [4, 6, 21,26,58,64,91,92].

K-theory or K-cohomology on a compact Hausdorff space X looks at
the vector bundles over X. In the operator algebraic formulation, this can be
equivalently pictured via finitely generated projective modules over the C∗-
algebra C(X), the space of complex valued continuous functions on X. This
gives the abelian group K0(X), as the Grothendieck group or completion of
the semigroup of vector bundles or modules. For locally compact spaces, we
need to be a bit careful, with inserting and removing one-point compactifi-
cations or K-theory with compact support. More precisely, if X+ is the one
point compactification of locally compact space X, then K0(X) is identi-
fied with the kernel of the natural map K0(X+) → K0(point). The group
K1(X) can be defined via suspensions as K0(R × X), or through unitaries
modulo the connected component of the identity in matrices over C(X+).
We then write K∗(X) = K∗(C0(X)), for the C∗-algebra C0(X) of complex
valued continuous functions on X. We can identify this with K∗(C0(X; K)),
the K-cohomology of the C∗-algebra of the space of K-valued functions on
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X, vanishing at infinity, where K is the compact operators on a separable
infinite-dimensional Hilbert space H.

The K-homology of a compact Hausdorff space X can be understood as
classifying extensions of the form

(1.1) 0 → K → E → C(X) → 0.

More precisely, the degree-one K-homology group K1(X) classifies these
extensions, and again we can define K1(X) = K1(X+) and K0(X) = K1(R ×
X), for a locally compact space X, using one-point compactifications and
suspensions. Again, we then write K∗(X) = K∗(C0(X)), and identify this
with K∗(C0(X; K)).

The C∗-algebra C0(X; K) can be twisted, in the sense of twisting this
space of sections of the trivial bundle, with fibres the compacts K, over
X, by taking a non trivial bundle Kτ and the corresponding space of sec-
tions C0(X; Kτ ) [89]. These algebras are locally Morita equivalent to the
trivial algebras C0(U ; K), for small open subsets U ⊂ X, but the gluing
together of these trivial algebras is classified by a Čech cohomology class of
X, the Dixmier–Douady invariant H3(X; Z). We take a cover {Ui : i} of X
by open sets, with a gluing described by a matching on intersections Uij =
Ui ∩ Uj given by automorphisms μij of K, where μijμjk = μik on triple inter-
sections Uijk = Ui ∩ Uj ∩ Uk. This gives an element of H1(X; Aut(K)) �
H1(X; PU(H)), where PU(H) denotes the projective unitary group U(H)/T.
The latter group H1(X; PU(H)) is identified with H2(X; T) � H3(X; Z),
the Dixmier–Douady invariant, by taking the cocycle μij = Ad(gij) to the
T-valued cocycle gijgjkg

∗
ik.

If we wish to include a grading on space of sections then there is an
additional degree of freedom given by H1(X; Z2). First, we decompose H �
H ⊕ H, with grading self-adjoint unitary σ which interchanges these compo-
nents, and corresponding grading automorphism Ad(σ) on the compacts K.
The graded automorphisms Autgr(K) are those that commute with Ad(σ),
and are implemented by the graded unitaries Ugr(H). The transition func-
tions are now given by graded automorphism gij on intersections, yielding
an element of

H1(X; Autgr(K)) � H1(X; PUgr(H)) � H1(X; Z2) ⊕ H3(X; Z).

The graded automorphisms of K are identified with the projective graded
unitaries PUgr(H) = Ugr(H)/T. Then H1(X; PUgr(H)) → H3(X; Z) is
obtained by ignoring the grading, while the projection H1(X; PUgr(H)) →
H1(X; Z2) is through the degree map Ugr → Z2.
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The graded Morita equivalence classes of separable Z2-graded continuous
trace algebras, with spectrum X are classified by the graded Brauer group
of X, namely: [84,85]

(1.2) H1(X; Z2) ⊕ H3(X; Z).

Such an element then defines a graded bundle Kτ on X, so that we can form
the graded C∗-algebra of sections C0(X; Kτ ), and take the corresponding
(graded Kasparov [6, 65–67]) K-theory:

τK∗(X) = K∗(C0(X; Kτ )),
τK∗(X) = K∗(C0(X; Kτ )).

The graded K-theory is understood as follows [57, 102]. Let S denote
C0(R) with the grading induced by the flip x �→ −x on R. If A is a unital
graded C∗-algebra, then the graded K-theory is defined by K0(A) = [[S,
A⊗̂K]], the space of graded homotopy classes of graded ∗-homomorphisms
from S into the graded tensor product A⊗̂K. Nonunital algebras, or locally
compact spaces are handled by unitalization or one-point compactification as
before and K1 is handled by suspension. This suspension can be realized via
Clifford algebras: K1(A) � K0(A⊗̂C0,1). Here ⊗̂ is the graded tensor product
and Cp,q is the graded Clifford algebra for the quadratic form (−1p, 1q) on
R

p+q, so that C0,1 � C ⊕ C with the nontrivial grading.
We need equivariant versions of this twisted K-theory, using equivari-

ant Čech cohomology to describe these twistings. If a group G acts on
our space X, we define equivariant cohomology by the Borel construction
H∗

G(X) = H∗((X × EG)/G), where EG is a contractible space on which G
acts freely, and the quotient is taken for the diagonal action [12]. In partic-
ular, H∗

G(point) = H∗(BG), where BG is the classifying space EG/G.
The equivariant graded Morita equivalence classes of separable

Z2-graded G-equivariant continuous trace algebras, with spectrum X are
classified by the equivariant graded Brauer group of X, namely:

(1.3) H1
G(X; Z2) ⊕ H3

G(X; Z).

We can form a product on these structures. If ξ and η are G-equivariant
graded bundles of compact operators on X, we can form the product ξ⊗̂Xη
as G-equivariant graded bundle of compacts on X, so that

C0(X; Kξ⊗̂Xη) � C0(X; Kξ)⊗̂C0(X)C0(X; Kη),
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where ⊗̂C0(X) denotes the graded tensor product of C0(X)-module graded
C∗-algebras. In terms of decomposition (1.3), then ξ⊗̂Xη is identified
with

(1.4) ξ⊗̂Xη = (ξ1 + η1, ξ3 + η3 + β(ξ1η1)) ,

where ξ1η1 ∈ H2
G(X; Z/2) is the cup product and β : H2

G(X; Z/2) → H3
G

(X; Z) is the Bockstein homomorphism. For simplification, we prefer to write
this as ξ + η. In particular, we can identify ξ with (ξ1, 0) + (0, ξ3) so that in
some sense we can treat the H1 and H3 twists independently.

Twisted equivariant K-theory is then defined as

τK∗
G(X) = K∗(C0(X; Kτ ) � G),(1.5)

τKG
∗ (X) = K∗(C0(X; Kτ ) � G),(1.6)

where ‘�’ here denotes the crossed-product construction.
If α ∈ H1

G(X; Z/2) is a G-equivariant real line bundle L = Lα on X, with
projection π : L → X, and if ξ is G-equivariant graded bundle of compacts
on X, with ξ1 = α, then π∗(ξ3) is a G-equivariant (ungraded) bundle of
compacts on L. Moreover,

C0(X; Kξ) � C0(X; Kξ1)⊗̂C0(X)C0(X; Kξ3)
� C0(L; Kπ∗(ξ3))⊗̂ C0,1.

This expresses the graded K-theory in terms of ungraded K-theory:

(1.7) ξKi
G(X) � π∗(ξ3)Ki+1

G (Lξ1).

See [3, 84], and Theorem 4.4 and Section 5.7 of [64] for details. Compare
Definition 4.12 of [40].

These K-groups τKG
∗ (X), τK∗

G(X) possess a natural RG-module
structure, coming from the map X → pt [99] — as mentioned next sec-
tion, KG

0 (pt) � H0
G(pt) � RG. When the twist τ ∈ H3

G(X; Z) is transgressed
from H4(X; Z), the K-groups τKG

∗ (X) and τK∗
G(X) carry graded ring struc-

tures [104], coming from the external Kasparov product in equivariant
KK-theory.
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1.2. Assorted practicalities

By RG we mean the representation ring of the group G. Some of these we
will need are

RSU2 = Z[σ] = Span{σ1, σ2, . . .},

RO2 = Z[δ, κ]/(δκ = κ, δ2 = 1) = Span{1, δ, κ1, κ2, . . .},

RT = Z[a±1] = Span{1, a, a−1, a2, a−2, . . .},

where σi is the i-dimensional SU(2)-representation (so σ = σ2 is the defining
representation), δ = det, κi is the two-dimensional O(2)-representation with
winding number i (so κ = κ1 is the defining representation), and ai is the
one-dimensional representation for the circle SO(2) = U(1) = S1 = T with
winding number i.

Restriction makes both RO2 and RT into RSU2-modules; the generator
σ ∈ RSU2 restricts to κ1 ∈ RO2 and to a + a−1 ∈ RT. Induction from RT to
RO2 takes 1 to 1 + δ and ai to κ|i|; Dirac induction from RT (resp. RO2) to
RSU2 is discussed later in this subsection (resp. in Section 2.1).

To keep our calculations under some control, we will usually act with
G = SU(2). Hence its finite subgroups will often arise as stabilizers. As is
well-known (see e.g., [59,74]), these fall into an A–D–E pattern: they are the
cyclic groups An = Zn+1 = 〈1, 1, n〉, double-covers Dn = BDn−2 = 〈2, 2, n〉
of the dihedral groups Dn−2, as well as the binary tetrahedral E6 = BA4 =
〈2, 3, 3〉, binary octahedral E7 = BS4 = 〈2, 3, 4〉 and binary icosahedral E8 =
BA5 = 〈2, 3, 5〉 groups, where the binary polyhedral group 〈�, m, n〉 is defined
by [24]

(1.8) 〈�, m, n〉 = 〈a, b, c |a	 = bm = cn = abc〉.

The vertices of the corresponding extended A, D, or E diagram are labelled
with the irreducible representations of the finite subgroup H; the embed-
ding H ↪→ G defines a two-dimensional representation ρ = ResG

Hσ of H, and
decomposing into irreducibles the tensor of ρ with the irreducible ones recov-
ers the edges of that diagram. In this way the Dynkin diagram encodes the
RSU2-module structure of RH . We give what seems to be a new aspect of
this A–D–E correspondence, in Section 2.1 below.

Of these, the ones we will need in this paper are

RA1 = Span{r′′
1 , r′′

−1},

RA3 = Span{r′
1, r

′
−1, r

′
i, r

′
−i},
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RA5 = Span{r1, r−1, rω, r−ω, rω2 , r−ω2},

RD4 = Span{s0, s1, s2, s3, t},

RD5 = Span{s′
0, s

′
1, s

′
2, s

′
3, t

′, t′′},

RE6 = Span{x, x′, x′′, y, y′, y′′, z},

where the notation should be clear (see figure 1). We write ω for e2πi/3. The
representation ResSU2

H σ is 2r′′
−1, r′

i + r′
−i, r−ω + r−ω2 , t, t′, y, respectively.

All inductions between these finite groups are obtained from:

• IndA3
A1, with r′′

1 �→ r′
1 + r′

−1 and r′′
−1 �→ r′

i + r′
−i;

• IndA5
A1, with r′′

±1 �→ r±1 + r±ω + r±ω2 ;

• IndD4
A3, with r′

1 �→ s0 + s2, r′
−1 �→ s1 + s3 and r′

±i �→ t;

• IndE6
A3, with r′

1 �→ x + x′ + x′′ + z, r′
−1 �→ 2z and r′

±i �→ y + y′ + y′′;

• IndE6
D4, with s0 �→ x + x′ + x′′, s1, s2, s3 �→ z and t �→ y + y′ + y′′;

• IndD5
A5, with r1 �→ s′

0 + s′
1, r−1 �→ s′

2 + s′
3, rω, rω2 �→ t′′ and r−ω, r−ω2 �→

t′;

• IndE6
A5, with r1 �→ x + z, r−1 �→ y′ + y′′, rω �→ x′′ + z, rω2 �→ x′ + z,

r−ω �→ y + y′ and r−ω2 �→ y + y′′.

The maps between K-homology groups tend to be easier to identify than
between K-cohomology groups. Also, the answers suggest that K-homology

Figure 1: McKay’s graphs for some finite subgroups of SU(2).
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is more natural here (e.g., compare Verk(G) = τKdim G
G (G) = τKG

0 (G)). For
these reasons, we prefer to calculate in K-homology. When the space X is
not compact, we must distinguish between τKG

∗ (X) and τKG
∗,cs (K-homology

with compact support): e.g., compare τKG
∗ (R × X) = τKG

∗+1(X) with τKG
∗,cs

(R × X) = τKG
∗,cs(X). Poincaré duality [90] relates K∗ to K∗,cs. This yields

two independent ways to compute the K-groups. We primarily use K∗, since
it permits us to use the six-term exact sequence (1.9). On the other hand,
the K∗,cs-groups are homotopy invariants.

We have two main tools for computing twisted equivariant K-homology.
The first is obtained by considering the ideal obtained from a G-invariant
open subset U of X. Suppose that τ ′ and τ ′′ are the restrictions of τ on
X to U and X/U , respectively. Then we have the six-term exact sequence
for K∗:

(1.9)

τ ′
KG

0 (U) ←− τKG
0 (X) ←− τ ′′

KG
0 (X/U)

↓ ↑
τ ′′

KG
1 (X/U) −→ τKG

1 (X) −→ τ ′
KG

1 (U)
.

For K-homology with compact support, this fails (consider e.g., T with one
point removed). The maps in (1.9) are RG-module maps.

Suppose X is covered by two G-invariant open sets, U1, and U2, and
that τ restricts to τ1, τ2, and τ12 on U1, U2 and U1 ∩ U2, respectively. Then
there is the exact Mayer–Vietoris sequence for K∗:
(1.10)

τKG
0 (U1 ∪ U2)

i1∗�i2∗−→ τ1KG
0 (U1) ⊕ τ2KG

0 (U2)
j1

∗⊕j2
∗−→ τ12KG

0 (U1 ∩ U2)
↑ ↓

τ12KG
1 (U1 ∩ U2)

j1
∗⊕j2

∗←− τ1KG
1 (U1) ⊕ τ2KG

1 (U2)
i1∗�i2∗←− τKG

1 (U1 ∪ U2)

where j1 and j2 are the inclusions of U1 ∩ U2 in U1 and U2, respectively,
and i1 and i2 are the inclusions of U1 and U2, respectively, in U1 ∪ U2. For
K-homology with compact support, arrows should be reversed. Again, the
maps in (1.10) are RG-module maps.

Throughout this paper, the groups H∗
G(X; A) denote Čech cohomol-

ogy. In computing these cohomology groups, we use the relations H i
G(R ×

X; A) = H i
G(X; A) and H i

G(T × X; A) � H i−1
G (X; A) ⊕ H i

G(X; A) for any
group G (provided G leaves R and T fixed), as well as H i

G(X × G/H; A) =
H i

H(X; A) for any subgroup H of G and space X. H∗
G(Möb;A) � H∗

G(T; A)
since Möb (the open Möbius strip) is a deformation retract from T. Also,
H1

G(pt;A) � Hom(G, A) for any group G and any ring A, and H2
G(pt; Z)
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is isomorphic to the Pontryagin dual of G/[G, G]. The Schur multiplier
H3

G(pt; Z) for any finite subgroup of SU(2) is trivial (this follows from the
fact that they have presentations (1.8) with the same number of generators
as relations). Mayer–Vietoris here becomes

0 → H0
G(X; A) → H0

G(U1; A) ⊕ H0
G(U2; A) → H0

G(U1 ∩ U2; A)

→ H1
G(X; A) → · · · ,(1.11)

for G-invariant open sets U1, U2 covering X. We also compute some H∗
G

(X; A) from the spectral sequence (see e.g., Chapter 1 of [55]) associated to
the fibration X → (EG × X)/G → BG; this has Ep,q

2 = Hp(BG; Hq(X; A)).
From p. 226 of [54], we know H∗

SU2(pt; Z) is the polynomial ring Z[w4],
and p. 327 of [54] says H∗

SU2(pt; Z2) � Z2[w4], where w4 has degree 4. Then
Brown [17] computes the cohomology rings H∗

T
(pt; Z) � Z[w2] and H∗

T
(pt;

Z2) � Z2[w2], as well as

H∗
SO3(pt; Z) � Z[w3, w4]/(2w3),

H∗
SO3(pt; Z2) � Z2[w2, w3],

H∗
O2(pt; Z) � Z[w2, w3, w4]/(2w2, 2w3, w

2
3 − w2w4),

H∗
O2(pt; Z2) � Z2[w1, w2],

where wi has degree i.
Poincaré duality, for X a compact manifold, says (see [16,28,103])

(1.12) τKG
i (X) � τ ′

K
i+dim(X)
G (X),

where τ + τ ′ = (swG
1 (X), swG

3 (X)) (recall that as a group, the twists form
a semi-direct product (1.4) of H1

G and H3
G), where the Stiefel–Whitney

class swG
1 (X) = 0 iff X is G-equivariantly orientable, and swG

3 (X) = 0 iff X
admits a G-equivariant spinc-structure. A useful fact is that H2

G(X; Z2) = 0
implies X admits an equivariant spin structure, and hence sw3(X) = 0.
Every compact orientable manifold of dimension ≤ 4 admits (though not
necessarily equivariantly) a spinc structure; however, SO(3) is compact and
orientable and yet swSU2

3 (SO(3)) �= 0 for the adjoint action.
In this paragraph let G = SU(2). Topologically, G, G/O(2) and G/T are

the 3-sphere S3, the projective plane, and the 2-sphere S2; swG
1 (G/O(2)) =

1 ∈ Z2 but swG
3 (G/O(2)), swG

1 (G/T) and swG
3 (G/T) all vanish. We will also

be interested in the spherical manifolds G/Γ for Γ a finite subgroup of G.
Since H3

G(G/Γ; Z) ∼= H3
Γ(pt; Z) = 0 as mentioned above, we know swG

3 (G/Γ)
= 0. Likewise, swG

1 (G/Γ) = 0 since G, being a Lie group, is G-equivariantly
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orientable for the translation action, and G/Γ will inherit this. Another
way of seeing this is that the G/Γ are rational homology spheres; hence by
the Lefschetz fixed point formula, any orientation-reversing continuous map
must have fixed points. Since any g ∈ G acts freely on G/Γ, it must preserve
orientation, which means G/Γ is G-equivariantly orientable.

When G fixes all of X, equivariant K-theory can be expressed in terms
of nonequivariant K-theory through [99]

(1.13) K∗
G(X) � RG ⊗Z K∗(X).

In particular, K0
G(pt) = RG. More generally, τK0

G(pt) is the representation
ring τRG described in Definition 4.2 of [40], while τK1

G(pt) is the group
τR1

G given in Proposition 4.5 of [40]. In particular, the torsion part of the
H3-component of τ concerns spinors (i.e., representations of a central exten-
sion) and is not relevant to the examples considered in this paper; the H1-
component of τ concerns graded representations. A grading here is a group
homomorphism ε : G → {±1}. Then εR1

G can be defined to be RG/IndG
G+

(RG+), where G+ is the kernel of ε. The graded representation ring εRG is
the collection of all finite-dimensional ε-graded representations, modulo the
supersymmetric ones: a graded representation is a Z2-graded vector space
V = V + ⊕ V − carrying a G-action, where G+ preserves, and G− = G \ G+

changes, that grading; a supersymmetric representation is a graded represen-
tation V with an isomorphism α : V ± → V ∓ obeying gα = ±αg for g ∈ G±.
In Section 2.1 below we provide a novel interpretation of graded represen-
tations and of both εRG and εR1

G.
For X a compact manifold fixed pointwise by G, and H a subgroup of

G, we know τK∗
G(X × G/H) = τK∗

H(X) (see [99]) and hence

(1.14) τKG
∗ (X × G/H) = τ ′

KH
∗+dim(G)+dim(H)(X)

by Poincaré duality, for the appropriate twist τ ′. If N is a normal subgroup
of G, and N acts freely on X, then from definition (1.5) of equivariant
K-homology,

(1.15) τKG
∗ (X) = τK

G/N
∗ (X/N),

where we use H∗
G(X; A) � H∗

G/N (X/N ; A).
In places we will need infinite-index induction. The usual (Mackey)

induction IndG
H(M) = L2

H(G; M) results in infinite multiplicities; the appro-
priate notion is Dirac induction. One special case of it we use is (see Theo-
rem 13 of [71] for a generalization): If T is the maximal torus of a connected
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compact simply connected group G, and λ is a dominant weight of G, then
Dirac induction takes a T -character e2πiλ to the virtual G-representation
(sign w)Vwλ−ρ if wλ − ρ ∈ P+(G) for some Weyl element w, and to 0 if no
such w exists (here, ρ is the Weyl vector of G, Vμ is the G-module with high-
est weight μ, and P+ is the set of all dominant weights of G). We describe
in detail other classes of Dirac inductions in Section 2.1, when we have a
better grasp on graded representation rings.

By contrast, the (closely related) holomorphic induction of Borel–Weil
theory induces the T -character e2πiλ to the G-representation Vwλ. So e.g.,
for G = SU(2), Dirac induction takes λ = 0 to 0, λ = 1, 2, . . . to the SU(2)-
representation σλ, and λ = −1,−2, . . . to the virtual SU(2)-representation
−σ|λ|. Of course holomorphic induction sends λ to σ|λ|+1.

Near the beginning of Section 1.4 many of these results are put together
into a simple example.

1.3. Review of notions from CFT

In this subsection we review the basic mathematical structures of conformal
field theory (CFT) involved in this paper. The physical interpretation of
some of the following material is given at the end of this subsection.

Choose any compact connected simply connected Lie group G. For fixed
level k there are finitely many positive energy representations πλ of the loop
group LG, parametrized by the highest weight λ ∈ P k

+(G). Their characters
χλ define a finite-dimensional unitary representation of SL(2, Z) by

(1.16) χλ(−1/τ) =
∑

μεP k
+(G)

Sλμχμ(τ), χλ(τ + 1) =
∑

μεP k
+(G)

Tλμχμ(τ).

These matrices S, T are called modular data, and have special properties we
will not get into. We will often abbreviate the phrase “loop group LG at
level k” with Gk.

The usual tensor product of Lie algebra modules behaves additively on
the level, but it is possible (using e.g., the vertex operator algebra structure
implicit here, or the Kazhdan–Lusztig coproduct) to define a different one,
usually called the fusion product, such that the fusion of level k modules is
again level k. The resulting finite-dimensional fusion algebra is also called the
Verlinde algebra in the mathematical literature, as it was E. Verlinde who
expressed its structure constants using the matrix S (see (1.18) below). The
Verlinde algebra Verk(G) can be conveniently expressed as a quotient RG/Ik

of the representation ring RG (a polynomial algebra) by the fusion ideal
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Ik. For example, for G = SU(n + 1) and G = Sp(2n), Ik is the ideal of RG

generated by all representations of level exactly k + 1 [48], i.e., all characters
chλ where the highest-weight λ =

∑n
i=1 λiΛi satisfies

∑n
i=1 λi = k + 1.

Into this context we will often place the r-dimensional torus G = T r =
T

r, but this requires a little subtlety. The corresponding Lie algebra, g = Ĉ
r,

is not Kac–Moody, and the corresponding CFT (that of r free bosons living
in R

r) is not rational. For instance, its Verlinde algebra is infinite dimen-
sional. To get finite dimensionality, and indeed a fully rational theory to
which the formalism of Freed–Hopkins–Teleman applies, we should proceed
as follows. The role of the level k is an r × r symmetric, positive-definite inte-
ger matrix — geometrically, it then corresponds to the Gram matrix (with
entries bi · bj for some basis {bi}) of an r-dimensional Euclidean lattice L.
The role of P k

+(G) is played by L∗/L (L∗ is the dual lattice Hom(L, Z)), and
the fusion product is [v][v′] = [v + v′]. Algebraically, this amounts to extend-
ing the Heisenberg vertex operator algebra corresponding to Ĉ

r, to the lat-
tice vertex operator algebra corresponding to L. Physically, this amounts to
bosons living in the r-torus R

r/L, at least when L is even.
The modular data and Verlinde algebra have a direct analogue in any

rational conformal field theory (RCFT) — the highest weights P k
+(G) and

cosets L∗/L become the finite set of chiral primaries. Another major class of
examples, in addition to the affine algebras and lattices, comes from the dou-
bles of finite groups (corresponding to holomorphic orbifolds — see, e.g.,
[23]). More generally, any CFT can be orbifolded by a finite symmetry of
G. The most tractable of these, the holomorphic orbifold, recovers the rep-
resentation theory of the quantum double of G; its K-homological inter-
pretation is developed in [32] and reviewed (and further developed) next
subsection. Also very accessible are the permutation orbifolds [69] where n
identical RCFTs are tensored together and this product is orbifolded by a
subgroup of the symmetric group Sn. The chiral primaries of this orbifold are
parametrized by pairs (O, ψ) where O is a G-orbit of the primaries of the ori-
ginal theory, and ψ is an irreducible character of the stabilizer of that orbit.

The modular data and Verlinde algebra are examples of chiral data of the
RCFT. An RCFT consists of two chiral halves spliced together. The quantity
describing this splicing is the partition function or modular invariant Z(τ) =∑

λ,μ Zλμχλ(τ) χμ(τ)∗ of the theory, as it is invariant under the SL(2, Z)-
action of (1.16). In terms of the coefficient matrix Z, the basic properties of
the modular invariant are:

• ZS = SZ, ZT = TZ,

• Zλμ ∈ {0, 1, 2, 3, . . .},
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• Z00 = 1.

The third condition comes from uniqueness of the vacuum — we actually get
a much richer structure by sometimes ignoring this normalization constraint.
In the case of the loop group at level k, 0 denotes the highest weight kΛ0.

The estimate [9] Zλμ ≤ Z00dλdμ, where dλ = S0λ/S00 > 0, shows that
there are at most finitely many solutions, for a fixed modular data with a
given representation of SL(2, Z) and fixed Z00. In the case of G = SU(2),
there are at most three normalized solutions for a fixed level, according to
the A–D–E classification of Cappelli et al. [20]. A Dynkin diagram is associ-
ated to each modular invariant through the identification of diagonal terms
{λ : Zλλ �= 0} = I of Z with the eigenvalues {Sfλ/S00 : λ ∈ I} of the cor-
responding Dynkin diagram, where f = Λ1 + (k − 1)Λ0 here corresponds to
the fundamental two-dimensional representation of SU(2). The An modular
invariant is the diagonal invariant at level k = n − 1, Dn is the orbifold or
simple current modular invariant at level k = 2n − 4 and E6, E7, E8 are the
exceptional modular invariants at levels 10, 16, 28. For SU(3) the analogous
modular invariant classification is due to Gannon [47].

Let G be a compact connected simply connected Lie group. Let H be a
connected Lie subgroup of G and H̃ its simply connected universal covering.
Suppose levels k, � can be found so that the central charge k dim(H)/(k +
h∨) of LH̃ at level k (h∨ is the dual Coxeter number of H) equals that of
LG at level �. We say that Hk ↪→ G	 or H̃k → G	 is a conformal embedding.
The point is that the restriction of LG-representations to LH involves only
finite multiplicities. Because of this, given a conformal embedding H̃k → G	

and a choice of modular invariant for G	, we get a modular invariant for H̃k

by restriction of the characters. This is responsible for instance for the E6
and E8 exceptional invariants in the SU(2) classification.

All conformal embeddings have been classified [5, 97] — e.g., for simple
G �= H, the level � must equal 1. The easiest nontrivial example is when G
is simply-laced (i.e., of type A–D–E) and H is the maximal torus T = R

r/Q
(where r is the rank of G and Q is the root lattice). Then the level k of
LT is the Cartan matrix of G (in terms of the “Hom” definition of level
in Section 2.2, this level corresponds to the natural embedding of the root
lattice Q in the weight lattice Q∗ = Hom(Q, Z)). In this case, the primaries
of LG level 1 are in exact one-to-one correspondence with those of LT level
k, so the associated modular invariant is the diagonal one Z = I.

In the subfactor approach to modular invariants, the Verlinde algebra is
represented by endomorphisms NXN on a III1 factor N which are nondegen-
erately braided. There are two main sources of examples — one from loop
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groups and the other from quantum doubles of finite systems (which are
not themselves necessarily nondegenerately braided, such as finite groups
or the Haagerup subfactor [36, 51, 62]). Both are relevant for the twisted
K-homology approach.

Examples in the III1-setting appear from the analysis of Wassermann
[106] for SU(n), from loop groups. Restricting to loops concentrated on
an interval I ⊂ S1 (proper, i.e., Ī �= S1 and nonempty), denote the cor-
responding subgroup by: LISU(n) = {f ∈ LSU(n) : f(z) = 1, z /∈ I}. One
finds that in each positive energy representation πλ the sets of operators
πλ(LISU(n)) and πλ(LIcSU(n)) commute, where Ic is the complementary
interval of I, using that SU(n) is simply connected. In turn we obtain a
subfactor: πλ(LISU(n))′′ ⊂ πλ(LIcSU(n))′, involving hyperfinite type III1
factors (see [106]). In the vacuum representation, labelled by λ = 0, we
have Haag duality in that the inclusion collapses to a single factor N(I) =
N(I). The inclusion πλ(LISU(n))′′ ⊂ πλ(LIcSU(n))′ can be read as λ(N(I)) ⊂
N(I) for an endomorphism λ of the local algebra N(I), yielding a sys-
tem of endomorphisms NXN = {λ} labelled by the positive energy
representations.

Other examples arise from quantum doubles of finite systems. A
nondegenerate braiding in quantum double subfactors can be constructed
via three-dimensional TQFT where the crossings are represented with tubes.
See [34,35,61] for details.

In either the loop group or quantum double setting, what we have
acting on a factor N are braided endomorphisms λ ∈ NXN — these are
required to commute only up to an adjustment with a unitary ε = ε(λ, μ):
λμ = Ad(ε)μλ. Here the family {ε(λ, μ)} can be chosen to satisfy the Yang–
Baxter or braid relations, and braiding–fusion relations. The endomorphisms
will form a system closed under composition: [λ][μ] =

∑
Nν

λμ[ν], for some
multiplicities Nν

λμ of positive integers (the fusion rules). Intertwiners associ-
ated to a twist (statistics phase) and a Hopf link provide matrices T and S
which as the braiding is nondegenerate, gives a representation of the mod-
ular group SL(2, Z). In the loop group setting, the fusion coefficients Nν

λμ

of sectors match exactly the loop group fusion [106]. By a conformal spin
and statistics theorem [38, 44, 49] one can ensure that the statistics phase
(and the modular T -matrix) in our subfactor context coincide with that in
conformal field theory, and hence since the Verlinde N matrices coincide, so
do the modular S-matrices.

One modular invariant is always the trivial diagonal invariant:∑
λεNXN

|χλ|2. In some sense [8, 25, 78], every “physical” modular invariant
is diagonal if looked at properly. If we restricted our system to a subfactor
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N ⊂ M , with systems of endomorphisms on both factors, such that the endo-
morphisms on M decompose to endomorphisms on N as τ =

∑
λεNXN

bτλλ
according to some branching rules, then the diagonal modular invariant
should give an NXN -modular invariant

∑
τ |χτ |2 =

∑
τ |

∑
λ bτλχλ|2, for τ ∈

NXN , λ ∈ MXM . In some sense, every modular invariant should look like
this or with a possible twist Στχτχ

∗
ω(τ), for a symmetry ω of the (extended)

fusion rules of MXM . The problem in general is then to find such exten-
sions. When there is no twist present we have what are sometimes called
type I invariants: Zλμ =

∑
τ bτλbτμ. These are automatically symmetric:

Zλμ = Zμλ. In the presence of a nontrivial twist, we have the type II invari-
ants Zλμ =

∑
τ bτλbw(τ)μ. These are not necessarily symmetric, but at least

there is a symmetric vacuum coupling Z0λ = Zλ0. Not every modular invari-
ant is symmetric even in this weaker sense (e.g., for SO(16n)1 or for the
doubles of some finite groups or the Haagerup subfactor [36, 51, 62]), but
every known SU(n) modular invariant is symmetric in the usual stronger
sense.

In practice, of course, we would like to start with the smaller system on
N and find an M that realizes a given invariant Z, i.e., inducing instead of
restricting. We induce the system on N to systems on M , using the braiding
and its opposite to get two systems of endomorphisms on M , namely MX+

M

and MX −
M . The inclusion N ⊂ M should be related to the original system

NXN in the following sense. If we consider M as an N–N bimodule and
hence as an endomorphism of N , then θ = NMN should decompose as a
sum of sectors from NXN . We can write this canonical endomorphism θ on
N as ῑι, where ι : N → M is the inclusion and ῑ : M → N its conjugate.
Then γ = ιῑ is the dual canonical endomorphism on M . Using the braiding
ε = ε+ or its opposite braiding ε−, we can lift an endomorphism λ in NXN

to those of M : α±
λ = γ−1 Ad(ε±(λ, θ))λγ. The maps [λ] �→ [α±

λ ] preserve the
operations of conjugation, addition and multiplication of sectors [7, 107].
However, they will not necessarily be injective, and α±

λ may be reducible.
What is important is their intersection MX 0

M = MX+
M ∩ MX −

M . When we
decompose into irreducibles we count the number of common sectors and
get a multiplicity:

(1.17) Zλμ = 〈α+
λ , α−

μ 〉, λ, μ ∈ NXN .

This matrix Z = [Zλμ] will be a modular invariant [10, 30]. We will shortly
find it convenient to drop the normalization condition (Z00 = 1), and then
we must not insist that M is a factor. A modular invariant realized by
an inclusion N ⊂ M has vacuum multiplicity Z00 equal to the dimension
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of the centre of M [35]. The system MX 0
M is nondegenerately braided,

and consequently also gives rise to a representation of the modular group
SL(2, Z) with modular matrices Sext and T ext. The two representations
of the modular group are intertwined via the chiral branching coefficients
〈τ, α±

λ 〉, τ ∈ MX 0
M , λ ∈ NXN , i.e., Sextb± = b±S and T extb± = b±T . We can

decompose the modular invariant as Zλμ = 〈α+
λ , α−

μ 〉 =
∑

τεMX 0
M

b+
τλb−

τμ or
write Z = b+tb−.

The associativity of the system of endomorphisms NXN on N yields
a representation NλNμ =

∑
Nν

λμNν by commuting matrices Nλ = [Nν
λμ :

μ, ν ∈ NXN ], describing multiplication by λ. Since Nν̄ = N t
ν , they are a fam-

ily of commuting normal matrices and so can be simultaneously diagonalized:

(1.18) Nν
λμ =

∑

κ

Sλκ
Sμκ

S0κ
S∗

νκ.

Remarkably, the diagonalizing matrix is the same as the S matrix in the
representation (1.16) of SL(2, Z).

The action of the N–N system NXN on the N–M endomorphisms NXM

(obtained by decomposing {ιλ = α±
λ ι : λ ∈ NXN} into irreducibles) gives

naturally a representation of the same fusion rules of the Verlinde algebra:
GλGμ =

∑
Nν

λμGν , with matrices Gλ = [Gb
λa : a, b ∈ NXM ]. Consequently,

the matrices Gλ will be described by the same eigenvalues but with possibly
different multiplicities:

(1.19) (Gλ)ab =
∑

κ

ψaκ
Sλκ

S0κ
ψ∗

bκ.

These multiplicities are given [11] exactly by the diagonal part of the modu-
lar invariant: spectrum(Gλ) = {Sλκ/S0κ : with multiplicity Zκκ}. This is
called a nimrep [9] — a nonnegative integer matrix representation. Thus
a modular invariant realized by a subfactor is automatically equipped with
a compatible nimrep whose spectrum is described by the diagonal part of
the modular invariant. The case of SU(2) is just the A–D–E classification of
Cappelli–Itzykson–Zuber [20] with the NXM system yielding the associated
(unextended) Dynkin graph.

The complexified finite-dimensional fusion rule algebras spanned by

MX ±
M decompose as [11]

(1.20) Furu(MX ±
M ) =

⊕

τεMX 0
M

⊕

λεNXN

Mat(b±
τλ).
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Here b±
τλ are the chiral branching coefficients 〈τ, α±

λ 〉. The full M–M system
MXM is obtained by decomposing {ιλῑ : λ ∈ NXN} into irreducibles, and
is generated by the ±-inductions taken together, i.e., both MX ±

M when the
NXN braiding is nondegenerate. The complexified fusion rule algebra of the
full M–M system MXM decomposes as

(1.21) Furu(MXM ) =
⊕

λ,μεNXN

Mat(Zλμ),

and the action of NXN on NXM (our nimrep), the Verlinde algebra of N–N
sectors on N–M sectors only sees the diagonal part of this representation
on:

(1.22)
⊕

λεNXN

Mat(Zλλ).

Counting the dimension of the space where this acts, we get the number of
irreducible N–M sectors:

• #NXM =
∑

λ Zλλ.

Moreover, counting the dimensions of the M–M sector algebras we get

• #MX ±
M =

∑
τλ(b±

τλ)2,

• #MXM =
∑

λ,μ Z2
λμ.

These cardinalities can be read off as tr Z, tr b±tb± and trZZt, respectively.
In the case of chiral locality where b+ = b−, so that the invariant is type I,
we see that #MX ±

M = trZ = #NXM . In fact, MX ±
M can be identified with

the nimrep space NXM by mapping β ∈ NXN to ιβ ∈ MXM , when chiral
locality holds [7].

Now ZZt is a modular invariant in its own right, satisfying all the axioms
except possibly the normalization. If a modular invariant Z can be realized
by an inclusion N ⊂ M , then there is an associated inclusion N ⊂ M̃ , for
another algebra M̃ , which realizes the modular invariant ZZt [35] such that
the full system MXM for Z is identified with the classifying CIZ system
(nimrep) NXM̃ for ZZt. Here Z need not be normalized, and in general
ZZt is certainly not normalized. The inclusion N ⊂ M̃ is closely related to
the Jones basic construction [63] N ⊂ M1 from N ⊂ M . However, it cannot
be precisely that as the Jones extension always yields a factor M1, if we
start from a subfactor N ⊂ M . What is true is that M1 and M̃ yield the
same N–N sector in NXN (i.e., NM1N � NM̃N as N–N bimodules), but
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they determine different inclusions N ⊂ M1 and N ⊂ M̃ . An inclusion of N
determines by restriction an N -sector but such a sector does not necessarily
or uniquely determine an inclusion. Taking the central decomposition of
M̃ = ⊕Mc, with Mc as factors, then each inclusion N ⊂ M̃ gives rise to
a normalized modular invariant Zc so that ZZt =

∑
c Zc decomposes into

normalized modular invariants. In particular, both ZZt and ZtZ decompose
into sums of normalized modular invariants. In this way, the CIZ graph for
ZZt, namely NXM̃ � MXM , decomposes according to the NXN orbits.

Any SU(2) modular invariant can be realized by a subfactor [7,11,81,107]
and a systematic or unified formulation of a subfactor which realises each is
given by [29]

(1.23) θ = NMN = ⊕λZλλ[λ],

as N–N sectors or bimodules where the summation is over even sectors
λ (we identify the SU(2)k highest weight λ = (k − λ1)Λ0 + λ1Λ1 with the
Dynkin label λ1 ∈ {0, 1, 2, . . .}). Ocneanu [82] has announced that all SU(3)
modular invariants are realized by subfactors. The situation for SU(2), SU(3)
and SU(4) is reviewed in [30].

We consider two SU(2) modular invariants in detail, namely the D4 and
E6 ones. The D4 modular invariant occurs at level 4:

(1.24) ZD4 = |χ0 + χ4|2 + 2|χ2|2.

Its diagonal part {λ : Zλλ �= 0} matches the spectrum of the (unextended)
Dynkin diagram D4, namely {S1λ/S0λ = 2 cos π(λ + 1)/6 : λ = 0, 4, 2, 2}.
For this reason Cappelli, Itzykson and Zuber labelled this modular invari-
ant by the graph D4. It can be realized as an orbifold (i.e., simple cur-
rent) invariant, but it is more convenient for us to view it as a conformal
embedding invariant due to [13] which provides the extended system diag-
onalizing the invariant. The embedding SU(2)4 → SU(3)1 means there is a
(two-to-one) mapping of SU(2) in SU(3) such that the three level 1 repre-
sentations of SU(3) decompose into level 4 representations of SU(2) with
finite multiplicities. The system SU(3)1 has three inequivalent representa-
tions {(00), (10), (01)}, obeying Z3 fusion rules. They decompose as χ00 =
χ0 + χ4, χ10 = χ01 = χ2, so that the D4 modular invariant for SU(2)4 arises
from the diagonal invariant for SU(3)1 : ZD4 = |χ00|2 + |χ10|2 + |χ01|2. The
conformal embedding gives us an inclusion of factors: N(I) = LISU(2) ⊂
M(I) = LISU(3) using the vacuum representation on LSU(3). On N we
have the system of endomorphisms SU(2)4 and on M we have SU(3)1.
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The canonical endomorphism (1.23) for this D4 conformal embedding
is given by the vacuum sector [λ0] ⊕ [λ4], the chiral systems decompose as

MX ±
M = {[α0], [α±

1 ], [α(1)
2 ], [α(2)

2 ]}, and the neutral system is identified with
[α0], [α(1)

2 ] and [α(2)
2 ] and obeys Z3 fusion rules. The full system is given by

MXM = {[α0], [α+
1 ], [α−

1 ], [α(1)
2 ], [α(2)

2 ], [ε], [η], [η′]}, where [α+
1 ◦ α−

1 ] = [ε] ⊕
[η] ⊕ [η′], with statistical dimensions dε = dη = dη′ = 1. The dual canoni-
cal endomorphism is [γ] = [idM ] ⊕ [ε]. Since Z2 = 2Z the full system MXM

with cardinality trZ2 = 8 decomposes as two sheets which are copies of
the Dynkin diagram D4, as in figure 2: the solid lines denote multiplica-
tion by α+

1 , and the dotted ones by α−
1 . The vertices of the neutral sys-

tem (corresponding to the SU(3)1 representations) are identified in figure 2
with large circles. The vertices of the full system inherit a parity from
SU(2) (spinor/nonspinor); small circles are drawn in figure 2 about the even
vertices.

The first exceptional modular invariant for SU(2) occurs at level 10:

(1.25) ZE6 = |χ0 + χ6|2 + |χ4 + χ10|2 + |χ3 + χ7|2.

Its diagonal part {λ : Zλλ �= 0} matches the spectrum of the Dynkin dia-
gram E6, namely {S1λ/S0λ = 2 cos π(λ + 1)/12 : λ = 0, 6, 4, 10, 3, 7}. This
is obtained from the conformal embedding SU(2)10 → Sp(4)1. The system

Figure 2: D4: fusion graph of [α+
1 ] and [α−

1 ].
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Sp(4)1 again has three inequivalent representations: the vacuum (00), vector
(01) and spinor (10); they reproduce the Ising fusion rules. Restricting from
Sp(4) to SU(2), they decompose as χ00 = χ0 + χ6, χ01 = χ4 + χ10, χ10 =
χ3 + χ7 so that the E6 modular invariant for SU(2)10 arises from the diago-
nal invariant for Sp(4)1 : ZE6 = |χ00|2 + |χ01|2 + |χ10|2. The conformal
embedding gives us an inclusion of factors: N(I) = LISU(2) ⊂ M(I) = LI

Sp(4) using the vacuum representation on LSp(4). On N we have the system
of endomorphisms SU(2)10 and on M we have Sp(4)1.

We have [7] the chiral systems MX ±
M = {[α0], [α±

1 ], [α±
2 ], [α(1)

3 ], [α±
9 ],

[α10]}, where [α3] = [α(1)
3 ] ⊕ [α9], [α4] = [α2] ⊕ [α10], [α5] = [α1] ⊕ [α9],

[α6] = [α0] ⊕ [α2], [α7] = [α1] ⊕ [α(1)
3 ]. The neutral system MX 0

M = {[α0],
[α(1)

3 ], [α10]} with its Ising fusion rules are identified with the vacuum, spinor
and vector representations of Sp(4) at level 1 respectively. The full system is

MXM = {[α0], [α+
1 ], [α−

1 ], [α+
2 ], [α−

2 ], [α(1)
3 ], [α+

9 ], [α−
9 ], [α10], [δ], [ζ], [δ′]},

where [δ] = [α+
1 ◦ α−

1 ], [ζ] = [α+
1 ◦ α−

2 ] = [α+
2 ◦ α−

1 ] and [δ′] = [α+
9 ◦ α−

1 ] =
[α+

1 ◦ α−
9 ]. The dual canonical endomorphism decomposes as [γ] = [idM ] ⊕

[α+
1 ◦ α−

1 ], while [θ] = [λ0] ⊕ [λ6]. Since Z2 = 2Z, the full system MXM with
cardinality trZ2 = 12 decomposes as two sheets which are copies of the
Dynkin diagram E6, as in figure 3. Again, in figure 3 the neutral vertices
are marked with large circles and the even vertices by smaller ones.

Physically [31, 86], NXN concerns the chiral bulk data (e.g., Verlinde
algebra), NXM the boundary data (e.g., nimrep=annulus partition func-
tion), and the full system MXM the defects. In particular, the endomor-
phisms λ ∈ NXN label the primaries, i.e., the irreducible modules of the
chiral algebra A of the theory; the a ∈ NXM label the boundary states;
and the αi ∈ MXM label defect lines. The endomorphisms of the neutral
system MX 0

M = MX+
M ∩ MX −

M label irreducible modules of the chiral subal-
gebra preserved by the boundary conditions. The matrix ψ diagonalizing the
nimrep (1.19) relates boundary states to Ishibashi states. For the special case
of modular invariants of LG (or its affine algebra g) associated to symmetries
ω of the corresponding unextended Dynkin diagram (e.g., charge conjuga-
tion), these data have a clear Lie theoretic interpretation [45]: boundary
states are labelled by integral highest weights for the twisted affine algebra
gω, or equivalently ω-twisted g-representations; the nimrep coefficients are
twisted fusion coefficients; ψ describes how gω-characters transform under
τ �→ −1/τ ; and the exponents are highest weights of another twisted alge-
bra, called the orbit algebra. The categorification of bulk and boundary
conformal field theory (see, e.g., the review article [94]) owes much to the
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Figure 3: E6: fusion graph of [α+
1 ] and [α−

1 ].

subfactor picture. In particular, the starting point there is the category
C of A-modules (A the chiral algebra), together with the object A corre-
sponding to the canonical endomorphism θ of (1.23) — A will be a special
symmetric Frobenius algebra of C. In this language the boundary condi-
tions are A-modules and the defect lines are A–A-bimodules. The nimrep
and modular invariant are constructed from A using the analogue there of
α±-induction.

1.4. Review of the K-homological approach to CFT

This subsection reviews the Freed–Hopkins–Teleman realization of the Ver-
linde algebra Verk(G), for G a Lie group. It then reviews the analogous con-
struction (and extension) for finite groups, described in [32], and concludes
by describing the analogue for finite groups of conformal embeddings. The
success of this finite group story is crucial motivation for this paper.

Let G be simple and simply connected, and k any integral level. The
main result of Freed–Hopkins–Teleman [40–43] is that the Verlinde algebra
Verk(G) can be realized as the K-homology group k+h∨

KG
0 (G), where G

acts on G adjointly and k + h∨ ∈ Z � H3
G(G; Z) (here, H1

G(G; Z2) = 0). An
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elegant proof of this is given in [75]. The twist is crucial for finite dimen-
sionality: e.g., [19] computes that the untwisted KG

∗ (G) is a free RG-module
of rank 2rank G.

For example, consider G = SU(2) on SU(2). Then e.g., by spectral
sequences we obtain H1

G(G; Z2) = 0 and H3
G(G; Z) � Z, and we identify the

twist τ with the shifted level k + 2. The orbits of G on G come in two kinds:
the fixed points {±I}, and the generic points gen = R × G/T with stabilizer
T. The six-term relation (1.9) tells us how to glue together the K-homology
of the fixed points to those of gen: it becomes

(1.26)

τ ′
KG

0 (R × G/T) ←− k+2KG
0 (G) ←− τ ′′

KG
0 (±I)

↓ ↑ β
τ ′′

KG
1 (±I) −→ k+2KG

1 (G) −→ τ ′
KG

1 (R × G/T)
.

Using the simple results on equivariant cohomology collected at the end of
Section 1.2, we immediately find that the relevant cohomology groups on the
fixed points and gen all vanish: e.g., H3

G(R × G/T; Z) � H3
T
(pt; Z) = 0. This

means that the twists τ ′, τ ′′ in (1.26) vanish, and the level k + 2 can only
appear in the maps. Of course, KG

0 (±I) = K0
G(pt) ⊕ K0

G(pt) = RG ⊕ RG,
while KG

1 (±I) = 0. Likewise, KG
∗ (R × G/T) � KG

∗ (G/T) � KT
∗ (pt), using

(1.14), and hence KG
1 (gen) = RT and KG

0 (gen) = 0. So all that remains is to
identify the map β : RT → RG ⊕ RG, which we know should involve k. The
answer is: β will send the polynomial p(a) ∈ RT to D-IndG

T
(p(a), ak+2p(a)).

Equation (1.26) says τKG
1 (G) is the kernel of β while τKG

0 (G) is its cokernel.
The presence of Dirac induction in β is clear, but it may be hard to antic-

ipate this prefactor ak+2, without knowing the underlying bundle (which we
describe below in Section 2.2). Locally about both ±I the bundle is trivial;
ak+2 is the relative twist picked up when comparing these trivializations.
This simple example is a baby version of the other much more complicated
calculations we do elsewhere in this paper. This same example was worked
out in e.g., Example 1.7 of [41], using Mayer–Vietoris and K∗,cs, with the
same result (the answers must agree since the space G is compact). A very
explicit yet elegant calculation of KG

∗ (G) for any compact simple G was
done in [75] using the spectral sequence of [98].

When G is not simply connected, the situation is a little more compli-
cated: there will be torsion in both H3

G(G; Z) and H1
G(G; Z2). The calculation

for G = SO(3), and all classes of twists, was worked out in Proposition B.5 of
[40]; for the appropriate twist τ , τKG

0 (G) is again a Verlinde algebra, namely
the extended Verlinde algebra of the type I SU(2) modular invariants of
D-type. However, for other twists τ , there is nontrivial K-homology τKG

∗ (G)
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which does not have an obvious CFT interpretation. More precisely, denote
by R(k) the Verlinde algebra Verk(SU(2)), spanned by the irreducible repre-
sentations σ1, . . . , σk+1. The centre −I of SU(2) (or if you prefer the “simple
current” J) permutes these by σi ↔ σk+2−i. The extended Verlinde algebra
at SU(2)-level k = 4n is realized as (−,+,1+2n)KG

0 (G) � ++R(k) ⊕ Z, where
±R(k) means nonspinors/spinors, and +±R(k) means to identify weights
in the same J-orbit in ±R(k) (i.e., ++R(k) and +−R(k) are, respectively,
the Z-spans of [σ1], [σ3], . . . , [σ2n+1] and of [σ2], [σ4], . . . , [σ2n]). The extra
Z in KG

1 (G) comes from the graded representation δ − 1, and corresponds
to “resolving” the fixed point [σ2n+1]. The K-groups (−,±,2n+1)KG

1 (G) are
both trivial, while (−,−,2n+1)KG

0 (G) = +−R(k). We return to this example
in Section 7.

A major clue as to extensions of Freed–Hopkins–Teleman is provided by
considering finite groups G. Evans [32] provides the K-homological descrip-
tion for modular invariants associated to the modular data arising from
the quantum double of G. We will review this description in the next few
paragraphs.

Take a G-kernel on a factor M , that is, a homomorphism from G into
the outer automorphism group Out(M) of M (namely the automorphism
group of M modulo the inner automorphisms). If νg in Aut(M) is a choice of
representatives for each g in G of the G-kernel, then νgνh = Ad(u(g, h))νgh,
for some unitary u(g, h) in M , for each pair g, h in G. By associativity of
νgνhνk, we have a scalar ω(g, h, k) in T such that u(g, h)u(gh, k) = w(g, h, k)
νg(u(h, k))u(g, hk). A standard computation shows that ω is a 3-cocycle in
Z3(G; T). Conversely, any 3-cocycle arises in this way for some G-kernel. One
can even choose M to be hyperfinite [63], but for our purposes any realization
will do — the simplest being with free group factors (see Proposition 3.2.4
on p. 154 of [101]). Now in the tube algebra approach of Ocneanu (see
[34]) to the quantum double of G, one considers the space of intertwiners
Hom(νhνa, νhah−1νh) = T (a, h). This is a line bundle, and multiplicativity of
these line bundles means that T (hah−1, h′) ⊗ T (a, h) � T (a, h′h) [32]. This
gives a projective representation of the groupoid G � G (not to be confused
with the semi-direct product of groups) of G acting on itself by conjugation,
and consequently an element of Z2(G � G; T), which can be identified with
the equivariant 2-cocycles Z2

G(G; T). Thus, associated to ω ∈ Z3(G; T) is a
cocycle in Z2

G(G; T).
Now by definition, the equivariant cohomology Hn

G(G; T) is given by
Hn((G × EG)/G; T). However a model for the classifying space BG = EG/G
is given by simplices associated to n-tuples (g1, . . . , gn), with edges given
by g1, g2 . . . . Similarly a model for (G × EG)/G is given by n-simplices
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associated to n + 1-tuples (g, g1, . . . , gn), with g associated to the origin,
and g1 to the first edge to the next vertex g1gg−1

1 , g2 to the next edge to
the next vertex g2g1gg−1

1 g−1
2 , etc. This allows us to identify Hn

G(G; T) with
Hn(G � G; T), for that groupoid G � G. Hence, given ω we get a 2-cocycle in
H2

G(G; T) � ⊕[t]H
2(BCG(t); T), where the sum is over all conjugacy classes,

and CG(t) is the centralizer.
Once we have an element of H2

G(G; T) = H3
G(G; Z), we can construct

an equivariant bundle of compacts over G. However the K-theory of the
C∗-algebras of the space of sections, does not in general lead to the twisted
equivariant K-group ωK0

G(G) where G acts on itself by conjugation. The
correct formulation of this twisted K-theory is not through the C∗-algebra
of the space of sections but through the representation theory of the twisted
quantum double. If ω is a 3-cocycle on G, and α the corresponding 3-cocycle
on G × G, given by the difference of the two pullbacks of ω on the factors,
then the Verlinde algebra is described as the equivariant K-homology group
ωKG

0 (G) � αKG×G
0 (G × G). Here in the first formulation, G acts on G by

conjugation, and in the second, we have diagonal actions of G on G × G
on the left and right. In the second formulation, a precise description of an
element of the Verlinde algebra is as a vector bundle V over G × G, with
left and right actions of G diagonally on the base space which act on the
bundle in compatible way according to the 3-cocycle α:

(h1h2)w = α(h1, h2, g)(h1(h2w)),(1.27)
w(k1k2) = α(g, k1, k2)(wk1)k2,(1.28)

h(wk) = α(h, g, k)(hw)k,(1.29)

where h1, h2, h, k1, k2, k ∈ G, and w = wg ∈ Vg, the fibre over g ∈ G × G.
The transgression map from H3(G; T) to H3

G(G; Z) can be zero, and so we
need to keep track of where the element of H3

G(G; Z) really comes from in
H3(G; T).

The product V ⊗G W in this Verlinde algebra can be naturally found as
follows. Given G–G bundles V and W , divide the tensor product V ⊗ W by
the relation:

(1.30) vak ⊗ wb = α(a, k, b)va ⊗ kwb

and then push-forward under the product map (G × G) × (G × G) → G × G
to obtain a bundle over G × G we will denote V ⊗G W, with fibres (V ⊗G

W )g = ⊕ab=gVa ⊗ Wb. Then V ⊗G W becomes a G–G, α-twisted bundle
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under the natural actions:

h(va ⊗ wb) = α(h, a, b)hva ⊗ wb,(1.31)
(va ⊗ wb)l = α(a, b, l)va ⊗ wbl.(1.32)

The braiding is given by v(e,b) ⊗ w(a,e) �→ w(a,e) ⊗ v(e,b) together with G × G-
equivariance.

By analogy with the loop group case, the parameter ω is regarded as the
level. The map H3(BG; T) → H3

G×G(G × G; Z), ω �→ α, constructed above
is just the transgression H4(BG; Z) → H3

G(G; Z) discussed in the introduc-
tion, as H∗(BG; T) � H∗+1(BG; Z) for finite groups, and H∗

G×G(G × G; Z) �
H∗

G(G; Z) for any group. To simplify the discussion now, we’ll consider the
case of trivial level ω.

A modular invariant is described by a subgroup H of G × G, and the
simplest possible situation is when the subgroup contains the diagonal Δ =
{(g, g) : g ∈ G}, so Δ ⊂ H ⊂ G × G. Then N = {ab−1 : (a, b) ∈ H} is a nor-
mal subgroup of G and G × G/H is identified with G/N. If π : G → G/N =
L is the quotient map, and θ : G × G → G is (a, b) �→ ab−1, then H = ker πθ
⊂ G × G.

It was remarked cryptically in [23] that the surjective homomorphism
π : G → G/N is the finite group analogue of the conformal embedding of
Lie groups discussed in Section 1.3. This can be understood as follows. The
full system is identified with the equivariant K-theory K0

H×H(G × G), with
an irreducible equivariant bundle described by a pair consisting of a double
coset HgH in H\(G × G)/H and an irreducible representation of the sta-
bilizer subgroup H ×g H = {(h, k) ∈ H × H : hg = gk} which is isomorphic
to H∩ gHg−1.

The neutral system MX 0
M = MX+

M ∩ MX −
M , where MX ±

M are the α±-
induced systems, can be computed directly as follows and identified with
K0

L(L) � K0
Δ(L)−Δ(L)(L × L). For ease of notation, let us take G abelian

and consider α-induction:

α± : K0
G(G) → K0

H×H(G × G).

A primary field in K0
G(G) is labelled by [a, π] where a ∈ G, π ∈ Ĝ (a con-

jugacy class and a representation of the stabilizer). Then α-induction is
described by

α+ : [a, ζ] �→ [(a × 1)H, (ζ × 1)|H ],
α− : [b, ψ] �→ [(1 × b)H, (1 × ψ)|H ].
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For α+[a, ζ] = α−[b, ψ], then [32] we need ab−1 ∈ N, ζ = ψ and ζ|N = 1.
So the primary fields of MX+

M ∩ MX −
M are described by the cosets of G/N

and the representations of G/N , i.e., the quantum double of G/N = L,
which is K0

L(L). The classifying systems NXM and MXN are identified with
K0

Δ×H(G × G) and K0
H×Δ(G × G), respectively, and naturally with each

other and with the induced systems α±(K0
G(G)).

The modular invariant is given through α-induction as Zλμ = 〈α+
λ , α−

λ 〉,
or through σ-restriction as

∑
τ bλτ bμτ where the branching coefficient is given

as bλτ = 〈α±
λ , τ〉 = 〈λ, στ 〉. If τ = [k, φ], � ∈ L, φ ∈ L̂ is a primary field in the

neutral system K0
L(L), then its σ-restriction is given by

στ =
∑

gεπ−1(	)

[g, φπ].

Alternatively, in terms of vector bundles, take V in BunL(L), then by using
the morphism π : G → L, we get an equivariant bundle W in BunG(L), and
hence the pullback π∗W in BunG(G). Then V �→ σV = π∗W is the map
BunL(L) → BunG(G), which yields the modular invariant Z = btb.

2. Gradings and bundles

2.1. Gradings and induction

An H1-twist involves graded representations — we briefly mentioned these
in section 1.2. In this subsection we rewrite Sections 4.1–4.7 of [40], by inter-
preting graded representation rings, etc very concretely in terms of ordinary
representations of an index-2 subgroup. To our knowledge this interpreta-
tion, which seems conceptually simpler and more amenable to computations
than that given in [40], is new. We conclude the subsection with examples
of Dirac induction.

Let G be a compact group, and H an index-2 subgroup. Let g ∈ G \ H.
If ρ is an irreducible G-representation, then one of the following holds (see,
eg., Section III.11 of [100]):

type 2
1 : ρ :=ResG

Hρ is irreducible; the character χρ is not identically 0
on G \ H; there is an irreducible G-representation ρ′ with character
χρ′(h) = χρ(h), χρ′(gh) = −χρ(gh) for all h ∈ H; IndG

Hρ = ρ ⊕ ρ′.

type 1
2 : ResG

Hρ has irreducible decomposition ρ1 ⊕ ρ2, where χρ2(k) =
χρ1(gkg−1) for all k ∈ G; χρ is identically 0 on G \ H; IndH

Gρi = ρ.
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A graded irreducible G-representation is an irreducible G-representation
ρ of type 1

2 and a choice (the Z/2Z-grading of [40]) of calling one of ρi

“ρ+” and the other “ρ−”; we denote this graded representation ρ+ � ρ−.
The group-homomorphism ε : G → {±1} with kernel H is an element of
H1

G(pt; Z2). Then εRG = εK0
G(pt) is the span of these ρ+ � ρ− (where

−(ρ+ � ρ−) = ρ− � ρ+). Similarly, εR1
G = εK1

G(pt) consists of all possible
sums of irreducible 2

1 -representations, modulo the sums of all combinations
ρ ⊕ ρ′ — as ρ is then equivalent to −ρ′, we will write the class containing ρ
as the anti-symmetrization ρ− = (ρ − ρ′)/2. These representation rings for
H3-twists τ are defined analogously.

The restriction map εResG
H : ε,τRG → τRH takes ρ+ � ρ− to ρ+ − ρ−,

while induction εIndG
H : τRH → ε,τRG takes ρ+ to ρ+ � ρ− (if the usual

induction IndG
Hρ+ is type 1

2) and to 0 otherwise. Graded restriction εRes′
G :

ε,τR1
G → τRG takes ρ− to ρ − ρ′, while graded induction εInd′

G : τRG →
ε,τR1

G takes ρ to ρ−. Frobenius reciprocity becomes the exact sequences
(4.7) of [40] — those equations are special cases of sequences (4.14) and
(4.15) of [40] on p. 14, which in turn are a special case of the exact sequences
(4.2) of [50]. Because εRes and εRes′ are injective, the RG-module structure
of ε,τRG and ε,τR1

G is obtained by restricting to τRH and τRG, respectively.
This connects nicely with a description of graded K-theory due to Pim-

sner. Let A be a (finite-dimensional) graded C∗-algebra. Then according
to [87] the graded K-theory is described by graded traces. More precisely,
K0(A), K1(A) are generated by graded traces supported on the even and
odd subspaces of A. A graded trace φ on A is a linear map which van-
ishes on the graded commutators [x, y] = xy − (−1)∂x∂yyx, where x, y are
homogeneous, and ∂ denotes the grading. Let G be a finite group, and α an
element of H1

G(pt; Z2) = Hom(G, Z2). Then αK∗
G(pt) � αK∗(C∗(G)), where

A = C∗(G) is graded by α. Thus αK∗
G(pt) is described by graded charac-

ters on G supported on the degree i elements in Gi. A graded character of
degree i is a map χ : Gi → C, such that for i = 0: χ(x+y+) = χ(y+x+) (for
x+, y+ ∈ G0) and χ(x−y−) = −χ(y−x−) (for x−, y− ∈ G1); and for i = 1:
χ(x+y−) = χ(y−x+) for x+ ∈ G0, y− ∈ G1. This is reminiscent of Section
4.8, p. 13 of [40]. In any case for ρ of type 1

2 , take χ = χρ, whereas for type
2
1 take χ = χρ − χρ′ .

For example, consider G = O(2) and H = T, so ε is the determinant δ.
The irreducible 1

2 -representations are precisely the κi, while 1 and δ are the
2
1 ones. Thus εRG can be identified with Span{ai � a−i}i≥1, and εR1

G can be
identified with Z1−. In εRG, δ acts like 1 and κ1 takes a � a−1 to a2 � a−2

and ai � a−i (for i > 1) to (ai+1 � a−i−1) ⊕ (ai−1 � a−i+1). In εR1
G, δ acts

like −1 and κi like 0.
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This picture is quite pretty when G is a finite subgroup of SU(2), in
which case G is associated via the McKay correspondence to a graph of
(extended) A–D–E type. A grading, i.e., a homomorphism ϕ : G → Z2,
corresponds to an involution of the diagram; the node corresponding to
the trivial G-representation is sent to the node of a different G-character
ψ. The graph of the kernel G0 = ϕ−1(0) is obtained by folding that of
G by that involution, which identifies G-representation ρ with ρ ⊗ ψ. A
node fixed by the involution corresponds to a G-representation of type 1

2 ;
that node splits into the nodes of the G0-representations ρ1, ρ2. On the
other hand, two nodes interchanged by the involution correspond to the
type 2

1 G-representations ρ, ρ′, and they collapse into the G0-node corre-
sponding to ρ. Conversely, not all involutions correspond to gradings —
indeed, folding by some involution of the G0 graph fixing the trivial G0-
representation will in some cases recover the G-graph (eg., G0 = E6 folds to
G = E7).

In particular, A2n−1 has a unique grading, given by rotation by n in the
graph; the folded graph is An−1. Similarly, D2n−1 has a unique grading, given
by reflection through a horizontal mirror; the folded graph will be A4n−7.
D2n has two inequivalent gradings, given by reflections through vertical or
horizontal mirrors; the former folds to Dn+1 while the latter folds to A4n−5.
E7 has a unique grading, given by reflection through a vertical mirror, and
the folded graph is E6. The D → A and E7 → E6 foldings are reversed by an
appropriate folding. The remaining groups, namely A2n, E6 and E8, do not
have a grading.

As we know, infinite inductions involve Dirac induction, which we have
already discussed in Section 1.2. An independent example of Dirac induction
is given in Section 4.12 of [43]. The situation we need later is G = SU(2) and
H = O(2). The coadjoint orbits of G on g∗ are (see Section 5.3 of [68]) the
fixed point 0 (stabilizer G) and the sphere of radius r > 0 (stabilizer T).
The obvious six-term exact sequence identifies RSU2 with coker ResSU2

T
, i.e.,

σ	 ↔ [a	] for � ≥ 1. Similarly, the coadjoint action of O(2) identifies +RO2
with −R1

O2 ⊕ coker −ResO2
T

, i.e., 1 ↔ 1− + [1], δ ↔ −1− + [1] and κ	 ↔ [a	]
for � ≥ 1, whereas the graded ring −RO2 is identified with coker +ResO2

T
, i.e.,

a	 � a−	 ↔ [a	] for � ≥ 1; finally, for −R1
O2, Z1− is identified with ker ResO2

T
,

i.e., 1− ↔ 1 − δ.
This means both Dirac restriction +D-ResSU2

O2 and Dirac induction +D-
IndSU2

O2 interchange σ	 ∈ RSU2 and κ	 ∈ RO2, while +D-IndSU2
O2 kills both 1

and δ. Similarly, both −D-ResSU2
O2 and −D-IndSU2

O2 interchange σ	 and a	 �
a−	. Note that Dirac induction D-IndSU2

T
is the composition of +IndO2

T
with

Dirac induction +D-IndSU2
O2 .
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The special case of Dirac induction between finite and Lie groups does
not seem to appear explicitly in the literature. For concreteness, consider the
situation we will encounter later: G = O(2) and H a finite subgroup, eg., a
cyclic or binary dihedral group. Give O(2) the grading ε coming from deter-
minant. Then the Dirac induction from RH and εR1

O2 will send ρ ∈ RH to

⊕λεIrr(O2)[λ]
(
dim Hom(ResO2

H Vλ, ρ) − dim Hom(ResO2
H Vλ, ρ ⊗ ResO2

H δ)
)

= 1− (Mult1(ρ) − Multd(ρ)),(2.1)

where d = ResO2
H (δ) (see Theorem 2 of [70]).

2.2. The geometry of adjoint actions

In this subsection we explain how to construct the bundles we will need
below. Knowing the bundle is valuable in identifying some of the maps
needed in later sections. What we are after, for τK∗

G(X), is a bundle over
X with fibre the compact operators on a G-stable Hilbert space H, i.e.,
H � H ⊗ L2(G) as G-spaces (though sometimes we can get away with H =
L2(G) itself). We will focus on the most interesting case: G acting adjointly
on itself. As explained in Section 1.1, it suffices to consider separately the
H1

G- and H3
G-twists.

Consider first the group G being n-torus T = R
n/L, where L ⊂ R

n is an
n-dimensional lattice. Of course in this case, the adjoint action will be triv-
ial. By Künneth, H1

T (T ; Z2) � H1(T ; Z2) ⊗ Z2 and H3
T (T ; Z) � H3(T ; Z) ⊕

H2
T (pt; Z) ⊗ H1(T ; Z). Consider first a trivial H1-twist; transgression implies

(see Section 7 of [40]) we can ignore H3(T ; Z); thus, introducing the dual
lattice L∗ � H2

T (pt; Z) � H1(T ; Z), we obtain that the twist τ here (the
“level”) lies in Hom(L, L∗). This level τ ∈ Hom(L, L∗) can be written in
integer matrix form, once a basis {β1, . . . , βr} of L is chosen, by kij =
τ(βi)(βj) ∈ Z. The level defines a map T → T defined by (t1, . . . , tr) �→
(
∑

j tjk1j , . . . ,
∑

j tjkrj).
Consider now the easiest case: the 1-torus T. The T-equivariant bun-

dle Ak on T associated to level k can be constructed as follows. Take
Hilbert space H = L2(T) and let K = K(H) be the algebra of compacts.
Let Uk ∈ U(H) be the unitary operator corresponding to multiplication
by the T-character χk, so UkπU∗

k = χkπ where π is the regular represen-
tation of T (i.e., Uk defines an equivalence π ⊗ χk � π). Then Ak is the
T-bundle with fibres K, whose sections f are maps f : [0, 1] → K satisfying
f(0) = Ukf(1)U∗

k . Define a T-action on Ak by (t.f)(s) = Ad(π(t))(f(s)) =
π(t)f(s)π(t)−1 (that this acts on Ak, sending sections to sections, follows
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quickly from UkπU∗
k = χkπ). If we were to ignore this T-action, then Ak

would be trivialized by any continuous path from 1 to Uk, however as a
T-equivariant bundle it is nontrivial, for k �= 0 (as can be seen by comput-
ing K-homology). We call Uk the twisting unitary for the bundle.

This bundle construction is easily generalized. Let G be the torus T =
R

r/L, for some r-dimensional lattice L (we are most interested in T being a
maximal torus of a compact Lie group, in which case L is the coroot lattice
Q). Fix a level k ∈ Hom(L, L∗). The Hilbert space is H = L2(T ); for any γ ∈
L∗ we have a character χγ for T = R

r/L defined by χγ(t) = e2πi γ(t); define
Uγ as before by UγπU∗

γ = χγπ. The bundle Ak on T , with fibres the compacts
K = K(H), is defined using the gluing conditions f(t) = Uk(	)f(t + �)U∗

k(	),
for all � ∈ L, t ∈ R

r.
An H1-twist is possible for T on T , arising from the target T (as opposed

to the group T ), and the associated bundle is as follows. Return for simplicity
to T = T acting adjointly on itself. Let T̃ � T be a double-cover of T (so the
angle parametrizing T̃ is half that of T ). Identifying the space L2(T ) with
the completion of the space C[z±1] of polynomials, the space H = L2(T̃ )
becomes the completion of the polynomials C[z± 1

2 ] (half-integer powers are
the spinors, and integer powers are the nonspinors). This nonspinor/spinor
decomposition H = H0 ⊕ H1 provides a natural grading on the compacts
K(L2(T̃ )); act on the overlap of the cover of the circle by the odd unitary

U =

(
0 z

1
2

z− 1
2 0

)
(interchanging those two subspaces) — i.e., as you wrap

around the circle, the compact operator c becomes UcU∗.
By contrast, consider the bundle for the orthogonal group G = O(2)

acting trivially on a point. Here the (trivial untwisted) “bundle” over that
point consists of the compacts K(L2(O(2))) with its obvious O(2) action,
and the H3-twist (H3

O2(pt; Z) = Z2) is obtained by replacing L2(O(2)) by its
spinors (the O(2)-spinors consist of half of the two-dimensional irreducible
representations of the double-cover Õ(2) � O(2)). The untwisted bundle can
be H1-twisted (thanks to the group O(2) being disconnected), essentially by
doubling the point (which splits O(2) into its two components, each a copy
of T). More precisely, the graded space here will be H = L2(T) ⊕ L2(T), and
the grading on K(H) is given by the odd unitary U : (f, g) �→ (g, f).

Let G be a compact semi-simple Lie group of rank r, eg., G = SU(r + 1).
The orbits of G acting adjointly on itself are of course the conjugacy classes
of G. A convenient way to parametrize these orbits uses the Stiefel diagram.
Fix a maximal torus T of G, which we can identify with R

r/Q∨ (where
Q∨ is the coroot lattice). The Stiefel diagram is an affine Weyl chamber:
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the affine Weyl group is a semi-direct product of translations in the coroot
lattice with the finite Weyl group. More precisely, remove from the Cartan
subalgebra R

r = R ⊗Z Q∨ the hyperplanes fixed by a Weyl reflection rα, as
well as the translates of those hyperplanes by elements of the coroot lattice
Q∨. The Stiefel diagram S is the closure of any connected component. Any
orbit of the adjoint action intersects S in one and only one point. Points in
the interior of S correspond to generic (“regular”) elements of G and have
stabilizer T , but points on the boundary will have larger stabilizer (if G is
simply connected, the dimension of the boundary stabilizers will be greater
than that of the interior).

In the special case that G is of A–D–E type, we can be more explicit. A
natural basis for the Cartan subalgebra h is provided by the dual basis Λ∨

i

to the simple roots αi ∈ h∗. The Killing form is an inner product on h, and
so allows us to identify h and its dual, and through this Λ∨

i will be identified
with the fundamental weights Λi. The Stiefel diagram is the convex span of
{0, Λ∨

1 , . . . ,Λ∨
r }, so any element ξ in it can be written as a linear combination

ξ =
∑r

i=1 ξiΛ∨
i , where the Dynkin labels all satisfy 0 ≤ ξi ≤ 1.

For example, the Stiefel diagram for G = SU(2) consists of a closed seg-
ment, whose endpoints correspond to the fixed points ±I ∈ G with stabilizer
G; we can identify those endpoints with the weights 0, Λ1 (see figure 4). The
Stiefel diagram of the (nonsimply connected) group G = SO(3) is an inter-
val with endpoints I (stabilizer G and weight 0) and diag(−I, 1) (stabilizer
O(2) and weight Λ1); generic points have stabilizer T (see figure 4). The
Stiefel diagram for G = SU(3) is an equilateral triangle with vertices we can
identify with the weights 0, Λ1 and Λ2 (Λi are the fundamental weights;
exponentiated, these correspond to the three scalar matrices in SU(3));
the stabilizers at the vertices are G and those on the edges are U(2) (see
figure 5).

The Stiefel diagram of the symplectic group G = Sp(4) � Spin(5) is a
right isosceles triangle with vertices 0, Λ1 and Λ2 (in our labelling conven-
tions, α1 is the longest root, so Λ1 is the longest fundamental weight, corre-
sponding to the five-dimensional representation SO(5); these correspond to
the diagonal matrices I4, −I4, diag(1,−1, 1,−1) in Sp(4)) (see figure 5(b)).

Figure 4: The Stiefel diagrams for SU(2) and SO(3), respectively.
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Figure 5: The Stiefel diagrams for SU(3), Sp(4) and G2, respectively.

We can take the maximal torus of Sp(4) to be the diagonal matrices diag(ξ, ψ,
ξ, ψ) for complex numbers ξ, ψ of modulus 1; then the edges 0 ↔ Λ1, Λ1 ↔
Λ2, 0 ↔ Λ2, respectively, of the Stiefel diagram correspond to the diagonal
matrices diag(ξ, ξ, ξ, ξ), diag(ξ,−1, ξ,−1) and diag(1, ξ, 1, ξ). The stabilizers
at the vertices are G, G and SU(2) × SU(2), respectively. The stabilizer at
the edge 0 ↔ Λ1 is U(2), at the edge Λ1 ↔ Λ2 is T × SU(2) and at the edge
0 ↔ Λ2 is SU(2) × T.

The level-k bundle for G = SU(2) can be constructed as for T r, by
decomposing a representation of G into weight spaces (i.e., modules of the
maximal torus which are organized by the Weyl group). In particular, let
T be the maximal torus consisting of the diagonal matrices — we can nat-
urally identify it with the circle R/Q where Q =

√
2Z is the (co)root lat-

tice. The Hilbert space is H = L2(G). We want to associate a unitary Uγ

to any weight γ ∈ Q∗ = 1/
√

2Z. To do this, first fix a Stiefel diagram S
(here, half of a fundamental domain for T ). For any subrepresentation π
in L2(G), define “π ⊗ γ” as follows: restrict π to T (i.e., write its weight-
space decomposition), and in the Weyl-image wS ⊂ T act like the character
χwγ(e2πit) = e2πi wγ(t). Then thanks to infinite dimensionality, H ⊗ γ � H as
both a representation of T and the Weyl group, so let Uγ be the unitary
defining that equivalence. We can cover G � S3 with two G-equivariant
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patches: D1 about the scalar matrix I and D2 about the scalar matrix
−I. The bundle Ak on G (for k ∈ Z the level), with fibres the compacts
K = K(H), is defined by the following G-equivariant gluing condition: for
x ∈ T ∩ D1 ∩ D2 identify (gxg−1, c) in D1 with (gxg−1, Ad(πgUkπ

−1
g )c) in

D2 for any g ∈ G, c ∈ K (where we write Uk here for Uk/
√

2). Again, Uk is
called the twisting unitary.

The consistency condition for these bundles is then that when gxg−1 =
x, then Ad(πgUkπ

−1
g U−1

k ) should be the identity, i.e., πgUkπ
−1
g = λgUk for

some character (i.e., one-dimensional representation) g �→ λg of the stabilizer
CG(x).

When G = SO(3) we have H1
G(G; Z2) � Z2 and H3

G(G; Z) � Z ⊕ Z2. The
representation ring RG is the polynomial ring Z[σ3], while the spinors (cor-
responding to the torsion part of H3

G) form the RG-module σ2Z[σ3]. The
nontorsion part τ3,non ∈ Z of H3

G is done as for SU(2); the torsion part
τ3,tor is done by decomposing the SO(3)-module L2(SU(2)) into nonspinors
(the space for τ3,tor = 0) and spinors (for τ3,tor = 1). The H1

G-twist is han-
dled analogously to that of T, by putting a grading on the SO(3)-module

L2(SU(2)) = Hns ⊕ Hsp and using the odd automorphism U =

(
0 a

1
2

a− 1
2 0

)

(where a
1
2 ∈ L2(T̃) at a generic point) on the overlap.

The level-k bundle for G = SU(3) is similar to that of SU(2). Cover the
Stiefel diagram with a patch D0, D1, D2 about each vertex. To the overlap
between patch i and patch j, assign the twisting unitary Uij := Uk(Λj−Λi)
(where Λ0 := 0). We must check the consistency condition — it suffices to
consider the boundary of the Stiefel diagram, say the edge diag(z, z, z−2) ⊂
T 2. Which character of the stabilizer {diag(U), det(U)−1)} � U(2) restricts
to the character kΛ1 of the torus T 2 of SU(3)? On that edge the twisting
unitary acts like determinantk (the only one-dimensional representations of
the stabilizer U(2)).

The level-k bundle for G = Sp(4) is the same; the unitary on the edges
again corresponds to detk. From these examples it should be clear how to
obtain any other bundle for G acting adjointly on itself – the G2-bundle is
explicitly described at the end of Section 2.3. Torsion in H3

G corresponds to
groups G which are nonsimply connected, as we explained with O(2). An
H1

G-twist is obtained by using a double cover of G to get a grading.
Note that these considerations imply H3

G(G; Z) contains Z; of course, the
former can be calculated by eg., spectral sequences and is found to equal
that Z.
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For G compact semi-simple (say of rank r), Meinrenken [75] found an
elegant construction of the G on G bundle at level 1, using the basic rep-
resentation of the associated affine algebra. Think of the Stiefel diagram
as an r-dimensional simplex with r + 1 vertices, labelled say from 0 to r.
Every nonempty subset I of {0, 1, . . . , r} are the vertices of a subsimplex,
parametrizing points in G containing some stabilizer GI (though the bound-
ary points of this subsimplex will have larger stabilizer). The Lie algebra of
GI is naturally identified with the Lie algebra obtained from the affine alge-
bra of G, obtained by deleting the vertices I from the affine Dynkin diagram.
More precisely, we get a natural embedding of the (finite-dimensional) Lie
algebras of these stabilizers, into the (infinite-dimensional) loop algebra. The
level 1 basic representation of that affine algebra then restricts to a coherent
family of projective representations of those stabilizers, and from this the
bundle is formed (see Equation (21) in [75]). By using the affine algebra
representation, he obtains almost for free a global description of the bundle,
avoiding our complicated explicit construction of unitaries and verification
of their consistency conditions. On the other hand our construction is more
general, permitting eg., H1

G-twists, is more explicit (which can help in iden-
tifying some of the maps in six-term and Mayer–Vietoris sequences), and is
inherently finite dimensional.

In both the physics literature [37,73] and mathematics literature (this is
done very explicitly in [75]), primaries are identified with certain conjugacy
classes in G. For example, when G is of A–D–E type, the level k primaries are
naturally identified with the conjugacy classes corresponding to points in the
Stiefel diagram with Dynkin labels ξi ∈ (1/(k + h∨))Z. From our standpoint,
a natural task would be to associate to each of these conjugacy classes, a
section of the G on G bundle.

This is fairly straightforward to do for G = T — see the end of Section
3.1 for the details for twisted K-theory.

2.3. The level calculations

Using the bundles constructed in Section 2.2, we can compute the level k of
the conformal embeddings Hk → G1. This provides a nontrivial consistency
check. In this subsection we work out several examples.

Consider first the T2 → SU(2)1 conformal embedding. The level “2”
arises as the inner product α · α: as we wrap around T , we traverse the
Stiefel diagram of SU(2) twice, and so pass through the overlap of the bun-
dle cover, twice. The first time picks up the unitary UΛ, and the second
picks up the unitary U∗

r.Λ where we Weyl reflect the fundamental weight
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Λ (we invert U because the overlap is traversed in the opposite direction).
The resulting unitary corresponds to weight Λ − r(Λ) = α, and hence to
T -character α · α = 2.

The level k ∈ Hom(A2, A
∗
2) for T 2

k → SU(3)1 (A2 is the hexagonal lattice)
is recovered very similarly, and this shows how this works in general for
conformal embeddings of the maximal torus. For convenience make the patch
about the Λ1-vertex of the SU(3) Stiefel diagram very small, as in figure 6
(the dashed lines indicate the patches). This A2 (co)root lattice is the span of
the simple roots α1, α2. Move first along the α1-direction: we cross from the
0-patch to the Λ2-patch, given by unitary Urα2 (Λ2) = UΛ2−α2 , and back again,
given by U∗

rα1rα2 (Λ2) = U∗
Λ2−α1−α2

. As with the SU(2) calculation, k(α1) ∈ A∗
2

will be the net weight picked up, and will equal the difference (Λ2 − α2) −
(Λ1 − α1 − α2) = α1. Similarly, k(α2) = α2, so the LT 2-level k is given by
the identity map.

More interesting is to recover from the bundles the level for the conformal
embedding of SU(2) (or more precisely SO(3)) into SU(3). This map R(3) is
given explicitly in (5.2) below, from which we read off that the SU(2) Stiefel
diagram I2 ↔ −I2 embeds into the line (2t, 0,−2t) in the SU(3) Cartan
subalgebra (x, y,−x − y) as in figure 6: the endpoints correspond to t = 0
and 1

2 (the −I2-endpoint should lie at the first coroot lattice point on the
segment after 0, since −I2 lies in the kernel of R(3)). The SU(2) simple

Figure 6: SU(2) Stiefel diagram in SU(3), Sp(4), G2 Cartan subalgebras.
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root, in this SU(3) notation, corresponds to t = 1. As we move along this
SU(2) Stiefel diagram, we see we twice have to change patches in the SU(3)
bundle. As always, this is where the twisting unitaries arise: the net twist
here is Λ1 − rα1+α2(Λ1) = α1 + α2 = (1, 0,−1). This will correspond to an
SU(2) twist of kΛsu2

1 where the level k is obtained by the inner product of
the net twist (1, 0,−1) with the SU(2) simple root (2, 0,−2). In this way we
recover the value k = 4.

The conformal embedding of SU(2) into Sp(4), given explicitly by R(4)

in (6.2) below, behaves similarly. The SU(2) Stiefel diagram embeds into
the line 1√

2
(3t, t) in the Sp(4) Cartan subalgebra (x, y) as in figure 6, with

endpoints at t = 0 and 1; t = 2 is the SU(2) simple root (here, the simple
root should correspond to the first coroot lattice point on the segment after
0, since −I2 does not lie in the kernel of R(4)). As we move along this SU(2)
Stiefel diagram, we change patches three times, for a net twist of 1√

2
(1, 1) −

1√
2
(−1, 1) + 1√

2
(1, 1) = 1√

2
(3, 1). The level k is thus 1√

2
(3, 1) · 1√

2
(6, 2). In

this way we recover the value k = 10.
The conformal embedding of SU(2) (more precisely, SO(3)) into the

compact Lie group of type G2, can be analysed similarly, except we do not
give the explicit form for it (it will take the form of the seven-dimensional
irreducible two-to-one representation of SU(2), embedded into the seven-
dimensional irreducible representation of G2, whose image can be identi-
fied with G2). Choosing the realisation roots α1 = (−1, 2,−1)/

√
3, α2 =

(1,−1, 0)/
√

3, the Stiefel diagram can be taken to be the triangle with ver-
tices at 0, Λ2 = (1, 0,−1)/

√
3 and Λ1/2 = (1, 1,−2)/2

√
3 (with the twist-

ing unitaries in each patch given by the weights 2(Λ2 − 0), 2(Λ1/2 − 0),
2(Λ1/2 − Λ2) — the doubling is needed to get G2 weights). Because we
do not have the explicit mapping, we need help to see how the SU(2)
Stiefel diagram fits inside the G2 Cartan subalgebra: Table 13 of [27] tells
us the SU(2) Cartan subalgebra is the line t(10α1 + 18α2) = t√

3
(8, 2,−10)

(see figure 6). The endpoints of the SU(2) Stiefel diagram are thus at t = 0
and 1

2 , and the SU(2) simple root is at t = 1. We get eight patch cross-
ings, for a total twist of 2 ×

(
(2, 0,−2) − (0, 2,−2) + (−2, 0, 2) + (−1, 0, 1)

)
/√

3 = (−2,−4, 6)/
√

3. Thus the SU(2) level is k = (−2,−4, 6) ·
(8, 2,−10)/3 = −28.

3. Conformal embeddings: the first examples

Given a conformal embedding Hk → G	 and the choice of diagonal G	 mod-
ular invariant Z =

∑
μ |χμ|2, it is natural to guess that τKH

∗ (G) recovers the
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full system of the corresponding Hk modular invariant — see the end of Sec-
tion 1.4 for the finite group analog of this statement, which works perfectly.
As we will find, this K-homological interpretation of conformal embeddings
of loop groups is not as clean as one would like. We will give in this section
the easiest nontrivial examples, and in Sections 5 and 6 give more serious
examples.

In order for this approach to conformal embeddings to work, we should
have that H3

H(G; Z) contains a copy of Z which can be identified with
H3

G(G; Z). But an element of H3
G(G; Z) corresponds to a G-equivariant

bundle Kτ of compact operators on G, as explained in Section 1.1, so
restricting equivariance to H defines the appropriate element of H3

H(G; Z).
This can also be seen from the Borel construction of group cohomology
H∗

G(X) = H∗((X × EG)/G): we can identify the universal coverings EH
with EG, so the natural projection (X × EG)/H → (X × EG)/G becomes
the map H∗

G(X) → H∗
H(X).

3.1. The Verlinde algebras for the circle

We consider here the K-homology calculations of the level k Verlinde algebra
of the circle T, where this is understood as in Section 1.2. This falls under
the Freed–Hopkins–Teleman umbrella and constitutes the easiest example.

In fact the calculation is given in Section 4 of [42]. Let L ⊂ R
n be an

n-dimensional lattice and L∗ = Hom(L, Z) be the dual lattice, and consider
the n-torus T = R

n/L. As mentioned earlier, the twist τ here (the “level”)
lies in Hom(L, L∗). They obtain τKT

0 (T ) � Z〈L∗/τ(L)〉, the Verlinde alge-
bra, and τKT

1 (T ) = 0.
In order to motivate the calculations given next section, it is helpful

to redo this calculation explicitly for the maximal torus R/
√

2Z of SU(2).
The orbit analysis is trivial: we have T acting on itself by conjugation, but
because it is abelian this action is trivial. So each point of T is itself an orbit,
with full stabilizer T. Here, L =

√
2Z and L∗ = 1√

2
Z, and the twist τ can be

identified with a nonzero even integer k (so L∗/τ(L) � Z/kZ).
The K∗-groups are most simply computed by Mayer–Vietoris (1.10):

(3.1)

τKT

0 (T) −→ KT

0 (R) × 2 −→ KT

0 (R) × 2
↑ ↓

KT

1 (R) × 2 β
←− KT

1 (R) × 2 ←− τKT

1 (T)
.

KT

1 (R) is the representation ring RT = Z[a±1]; we have dropped the twist on
those K-homology groups because H1

T
(R; Z2) and H3

T
(R; Z) both vanish. The



Modular invariants and twisted equivariant K-theory 249

map β : RT
2 → RT

2 presumably sends (p(a), q(a)) to (p(a) + q(a), p(a) ±
akq(a)), where “k” is the LT level. The effect of the H1-twist would be to
introduce the sign (“+” should correspond to ungraded, in order to recover
the nonequivariant K-homology K∗(T) = Z). Then τKT

0 (T) = coker β
= Z[a±1]/(1 ∓ ak) (where we take the lower sign, i.e., “+”, if we H1-twist)
and τKT

1 (T) = kerβ = 0. We can also handle the H1-twist through (1.7),
writing τKT

∗ (T) � τ ′
KT

∗+1(Möb) where Möb is the open Möbius strip, and
τ ′ ∈ H3

G(G; Z) is the nontorsion part of τ .
Now, Z[a±1]/(1 − ak) corresponds to a k-dimensional ring with cyclic

fusion product generated by a. For k odd, Z[a±]/(1 + ak) is also cyclic, with
generator −a, but for k even that k-dimensional ring is not cyclic. This
seems to suggest that we should not H1-twist here.

In summary, for this LT example, K1 vanishes and K0 gives the Verlinde
algebra. We should not H1-twist these K∗-groups.

Using the bundle Ak constructed in Section 1.2, the six-term exact
sequence (1.9) (removing a point from T) becomes

(3.2)
0 ←− K0(C0(X; Ak) � G) ←− Z[a±1]
↓ ↑ β

0 −→ K1(C0(X; Ak) � G) −→ Z[a±1]
,

where β corresponds to multiplying by 1 ∓ ak, depending on the sign of the
H1-twist. This recovers the previous result.

We can give a more precise description of the dual K∗-groups which are
again most simply computed by Mayer–Vietoris (1.10):

(3.3)

τK0
T
(T) ←− K0

T
(R) × 2 ←− K0

T
(R) × 2

↓ ↑
K1

T
(R) × 2 γ

−→ K1
T
(R) × 2 −→ τK1

T
(T)

.

To keep track, we call the open sets U1 and U2 both homeomorphic to
R in T. Regard this as : γ is surjective on the first co-ordinate, so K1

T
(U1)

does not contribute to K1
T
(T) under the map γ – indeed it is killed by γ. So

K1
T
(T) is described by K1

T
(U2) — under γ. However, because of exactness

there are relations imposed on K1
T (U2) when mapped into K1

T
(T), namely

K1
T
(T) � K1

T
(U1)/(1 − αk)K1

T
(U1) � RT/(1 − αk)RT.

An alternative viewpoint is via the six-term exact sequence for K-theory,
for the open set U = T with a point removed. This gives K1

T
(T) � K1

T
(U)/

exp(K1
T
(pt)), using the exponential map.
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This yields the following description of K1
T
(T) in terms of unitaries in

the (unitalisation) of the twisted bundle Ak of Section 2.2 of compacts on
the circle. The sections of the bundle are maps f from [0, 1] into K(L2(T))
such that f(0) = Ad(Uk)(f(1)), where Uk is the unitary associated with the
twist k. Take the equivariant Bott map β : K0

T
(pt) → K1

T
(U), where 1 is

the unit of (T ) Then β(1) = w0 = ze0 + 1 − e0, where z is the natural loop
in T, and ej is the projection in L2(T) corresponding to the character j.
The action of Zk, identified with the {ωj : j} where ω = exp(2πi/k) on T by
rotation induces an action on the bundle Ak and hence on K1

T
(T). (This is

best seen by breaking up the bundle into an equivalent one where we have
k cuts on the circle with a jump indicated by U1 at each, so that sections
of the bundle are maps f from [0, 1] into K(L2(T)) such that f(j/k) =
Ad(U1)(f((j + 1)/k)), i = 0, 1, . . . k − 1) This rotation takes the generator
[w0] to [wj ] = [zej + 1 − ej ], compatible with the equivariant Bott maps β :
K0

T
(ωj) → K1

T
(U). Note that [wn] = [wn+k] in K1 due to the nature of the

bundle Ak. The labelling of the k primary fields has a dual meaning in terms
of the representations of T or of the (conjugacy classes) of the points {ωj : j}
on the circle.

3.2. The T2 → SU(2)1 conformal embedding

We consider next the K-homology calculations of the conformal embed-
ding T2 → SU(2)1 (corresponding to “A2” on the A–D–E list of modular
invariants in [20]). The T level is most easily obtained by comparing char-
acters: the two irreducible level 1 characters of the loop group LSU(2) are
theta functions divided by η(τ), and coincide with the two LT2 charac-
ters (so the branching rules here are trivial). This conformal embedding,
together with the diagonal SU(2)1 modular invariant, yields the diagonal
T2 modular invariant Z = I. The resulting full system should thus be two
dimensional. In fact, it should be identifiable with the cyclic Verlinde algebra
Z[a±1]/(1 − a2).

The orbit analysis is easy: we have the maximal torus T acting on SU(2)

by conjugation, where we identify T with the diagonal matrices
(

α 0
0 α

)
.

The orbits are Of = T (the diagonal matrices), with the full T as stabilizer,
and the generic points, with C2 = ±I as stabilizer (corresponding to the
centre of SU(2)). The generic orbits together form Og = R

2 × T/C2. To see

this, parametrize SU(2) with matrices
(

β γ

−γ β

)
where |β|2 + |γ|2 = 1. The

generic orbits correspond to γ �= 0; the resulting T orbit will contain exactly
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one matrix whose γ entry is a positive real number. Hence each generic orbit
is uniquely determined by its value of β, which will lie in the interior of the
unit disc, and this is the R

2.
Next, we need the cohomology groups H1

T
(T; Z2) = Z2, H3

T
(T; Z) = Z,

H1
T
(R2 × T/C2; Z2) = Hom(C2, Z2) = Z2 and H3

T
(R2 × T/C2; Z) = 0. H∗

T
for

Of was easiest to compute using Künneth. Also, spectral sequences imme-
diately tell us H1

T
(SU(2); Z2) = 0 and H3

T
(SU(2); Z) is either Z or 0 (hence

we know H3
T
(SU(2); Z) = Z, since it must see the level k).

The obvious six-term exact sequence reads

(3.4)
KC2

1 (pt) ←− τKT

0 (SU(2)) ←− τ ′′
KT

0 (T)
↓ ↑ β

τ ′′
KT

1 (T) −→ τKT

1 (SU(2)) −→ KC2
0 (pt)

.

The K∗-groups for orbits Of are computed last subsection, and we obtain
τ ′
KT

0 (T) = Z[a±1]/(1 − a2(k+2)) � Z
2(k+2) and τ ′

KT

1 (T) = 0 (since there is
no H1-twist here). Here, a is the generator of the representation ring RT,
and k + 2 is the LSU(2) level shifted as usual by its dual Coxeter number
(k = 1 corresponds to the conformal embedding). The factor there of 2 is
explained in Section 2.3. Also, KC2

0 (pt) = RC2 � Z
2 and KC2

1 (pt) = 0, and
β is an injection. We obtain τKT

0 (SU(2)) � Z
2k+2 and τKT

1 (SU(2)) = 0. (We
compute this more elegantly in the following subsection. This example was
also computed in [95].)

Again, k = 1 corresponds to the conformal embedding, but its full sys-
tem is only two dimensional, not four. Next subsection we find that a similar
phenomenon occurs with many other conformal embeddings. There we iden-
tify the multiplicity two occurring here with the order of the Weyl group C2
of SU(2), or if you prefer with the Euler number of the sphere SU(2)/T. We
discuss what this could mean in the concluding section.

3.3. The Hodgkin spectral sequence

The Hodgkin spectral sequence (Theorem 6.1 of [93]) is a powerful tool for
calculating many K-groups τK∗

H(G). In particular, suppose G is a compact
connected Lie group, with torsion-free fundamental group (eg., a torus Tn or
a simply connected group), and H is a closed subgroup of G. As in Section
1.1, let X be a space on which G acts, so B = C0(X; Kτ ) is a C∗-algebra
carrying a G-action. Then there is a spectral sequence of RG-modules which
strongly converges to KH

∗ (B) = τK∗
H(X), with

(3.5) E2
p,q = TorRG

p (RH , τKq
G(X)).
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We are most interested in X = G, with the adjoint action of G, in which
case τKq

G(X) = Verk(G) or 0, for a level k determined from τ .
Consider first the situation where H is maximal (i.e., of full rank) in

G. There are many examples of this, eg., SU(n)1 → SU(p)1 × SU(n − p)1 ×
U(1)np(n−p), G2,1 → SU(2)3 × SU(2)1, E8,1 → SU(9)1 are some among inf-
initely many ([96] used essentially this method to compute a subset of these,
namely those corresponding to Hermitian symmetric spaces). When H is
of maximal rank, Pittie [88] (together with the validity of Serre’s con-
jecture that projective modules over polynomial rings over fields or PIDs
are free) tells us that RH is free over RG, say RH � (RG)d. This means
that E2

0,q = Ver1(G) ⊗RG
RH for q odd, and all other E2

p,q vanish. Hence
τK0

H(G) = 0 and

(3.6) τK1
H(G) = Ver1(G) ⊗RG

RH = RH/I1 = (Ver1(G))d,

where I1 is the level-1 fusion ideal given by Ver1(G) � RG/I1. This rank d
is given by d = |WG|/|WH |, the Euler number of G/H, where WG, WH are
the Weyl groups of G, H respectively (see Equation (2.9) of [96] for the easy
derivation).

One of the easiest of these examples is E8,1 → SU(9)1: there is only one
E8,1 modular invariant, namely the diagonal one, and it restricts to the
SU(9)1 modular invariant Z = |χ00000000 + χ00100000 + χ00000100|2. The full
system of Z will be nine-dimensional. On the other hand Ver1(E8) is one-
dimensional, and |WE8|/|WSU9| = 1920, so τK1

SU9(E8) is 1920 dimensional.
There certainly is room in τK1

SU9(E8) for the full system, but the meaning
of the rest is unclear to us, and again is discussed in Section 7.

For most conformal embeddings, H does not have full rank, but at least
when G has small rank, then this spectral sequence can still be very use-
ful. We will see this in Section 6.1 below, where we compute τK∗

H(G) for
SU(2)10 → Sp(4)1. Unfortunately, for the embedding SU(2)4 → SU(3)1 con-
sidered in section 5 (similarly SU(2)28 → G2,1), it is the homomorphic image
SO(3) and not SU(2) which is embedded in SU(3), while we are interested
in the K-groups with respect to SU(2). For those examples, the Hodgkin
spectral sequence does not seem to have a direct use and we must dive into
the orbit analysis.

4. Permutation orbifolds

Let G be connected compact and simply connected (although we also take
G = T below), and let π be any subgroup of the symmetric group Sn.
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Over C, the corresponding orbifold by π of n copies of G on G, will be
given by the centre of the crossed-product construction (τKGn

0 (Gn))×π =
K0(C(Gn; Kτ ) ⊗ C∗(Gn))×π, where Gn acts adjointly on Gn in the obvious
way, and π acts by permuting these n factors. It is tempting to approximate
this geometrically, by guessing that the Verlinde algebra of this
π-permutation orbifold of G is τKGn×π

∗ (Gn), where ∗ = 0 and Gn acts
adjointly on Gn while π acts on the space Gn by permuting. We need the
semi-direct product Gn×π of groups, rather than direct product, for this to
be a group action (π will likewise act on the subgroup Gn by permuting).
For ∗ = 1, we had expected a trivial K-homology group.

For this idea to work, we would expect that H3
Gn×π(Gn; Z) contains a

Z which can be identified with H3
G(G; Z). This can be seen as follows. An

element of H3
G(G; Z) corresponds to a G-equivariant bundle Kτ of compacts

on G. Taking the product of n of these bundles, we have a Gn bundle of
compacts on Gn. For this to make sense under the action of the permutation
group π, we require choosing the same bundle (i.e., one element of H3

G(G; Z))
n times. This gives a map from H3

G(G; Z) to H3
Gn×π(Gn; Z), which should

not be the zero map. In Section 4.2 we generalize slightly this construction,
owing to an extra large cohomology group.

To see that this is not unreasonable, consider the Z2-permutation orb-
ifold of the quantum double of finite abelian groups. Let G be a finite
abelian group, of order n say, write H = (G × G)×Z2, and take trivial twist
σ ∈ H4(BG; Z). Then KH

1 (G × G) is readily seen to vanish, and KH
0 (G × G)

can be computed by writing the finite set G × G as the union of the diag-
onal elements D = {(g, g)} and the off-diagonal, the latter parametrized
by a set F of (n2 − n)/2 Z2-orbit representatives (g, h). Then KH

0 (D) is
‖D‖ = n copies of KH

0 (pt) = RH , which has dimension 2n + (n2 − n)/2 (the
type 2

1 - resp. 1
2 -representations, using terminology of Section 2.1). Also,

KH
0 (F × H/(G × G)) consists of ‖F‖ copies of KG×G

0 (pt) = RG×G, which
has dimension n2. Thus KH

0 (G × G) has dimension n(n2 + 3n)/2 + (n2 −
n)n2/2 = (n4 + 3n2)/2, which matches exactly the number of primaries in
the Z2-permutation orbifold of the quantum double of G. The only curi-
ous aspect of this calculation is that (n3 + 3n2)/2 dimensions are associ-
ated to the diagonal D, whereas 2n2 primaries in the orbifold result from
the doubling of the n2 fixed points. This means the n2 fixed point pri-
maries of D(G) should not be identified with the n2 diagonal elements of
the “space” G × G, but this should be clear since they are parametrized
differently.

We further test this with the S2-permutation orbifold of both T and
SU(2).
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4.1. The Verlinde algebra of the 2-torus

Before computing the S2-permutation orbifold of the circle T, it is con-
venient to compute the Verlinde algebra of T 2 explicitly by K-homology.
(The result for the loop group of any torus is quoted in Section 3.1.) Being
abelian, the torus T 2 = (R/

√
2Z)2 acts trivially on itself. The level here

can be any matrix K =
(

k l
m n

)
with detK �= 0. Judging from Section 3.1,

there should be no H1-twist.
Let Δ be the diagonal (x, x) in the torus T 2. The six-term sequence will

involve the K-holomogy of the circle Δ and the cylinder T 2 \ Δ = R × T,
and we will first compute these from Mayer-Vietoris:

(4.1)

τ ′′
KT 2

0 (Δ) −→ 0 −→ 0
↑ ↓

2 × KT 2

1 (R) α←− 2 × KT 2

1 (R) ←− τ ′′
KT 2

1 (Δ)

,

(4.2)

τ ′
KT 2

0 (R × T) −→ 2 × KT 2

0 (R2)
β−→ 2 × KT 2

0 (R2)
↑ ↓
0 ←− 0 ←− τ ′

KT 2

1 (R × T)

.

Now, KT 2

0 (R2) = KT 2

1 (R) = RT 2 = Z[a±1, b±1]. The map α sends the Lau-
rent polynomials (p(a, b), q(a, b)) to (p + q, p + ak+lbm+nq), and so we obtain
τ ′′

KT 2

0 (Δ) = Z[a±1, b±1]/(1 − ak+lbm+n) and τ ′′
KT 2

1 (Δ) = 0. Similarly, the
map β sends (p(a, b), q(a, b)) to (p + q, p + ak+lbm+nq) (it involves the same
cycle on T 2), and so we obtain τ ′

KT 2

1 (R × T) = Z[a±1, b±1]/(1 − ak+lbm+n)
and τ ′

KT 2

0 (R × T) = 0.
Thus, the six-term sequence becomes

(4.3)
0 ←− KKT 2

0 (T 2) ←− Z[a±1, b±1]/(1 − ak+lbm+n)
↓ ↑ γ

0 −→ KKT 2

1 (T 2) −→ Z[a±1, b±1]/(1 − ak+lbm+n)
,

where γ([r(a, b)]) = [(1 − akbm)r]. This gives KKT 2

1 (T 2) = 0 and KKT 2

0 (T 2) =
Z[a±1, b±1]/(1 − ak+lbm+n, 1 − akbm), which as an additive group is isomor-

phic to the group ring of Z
2/Span{

(
k + l
m + n

)
,

(
k
m

)
}. This is in agreement

with Theorem 4.2(i) of [42].
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4.2. The S2-permutation orbifold of the circle

Consider for simplicity the S2-permutation orbifold of T at level k. Over
C, this will be given by the centre of the crossed-product construction
(τKT×T

0 (T × T))×S2 = K0(C(T2; Kτ ) ⊗ C∗(T2))×S2. As mentioned above,
this suggests the geometric approximation K0(C(T2; Kτ ) ⊗ C∗(T2)×S2) =
τKT

2×S2
0 (T2).
Let U = T 2×S2. We will mimic as much as possible the previous cal-

culation. There are only two orbits: the diagonal circle Δ = {(x, x)}, which
is fixed by all of U ; the off-diagonal is the cylinder (x, θ) with free S2-
action (x, θ) �→ (−x, θ + π). The level K here should commute with S2, i.e.,

K =
(

k l
l k

)
. Again, K should be invertible, i.e., |k| �= |l|. From the bun-

dle picture, it is clear this gives an element of H3
U (T 2; Z). Strictly speaking,

the permutation orbifold of Tk would require taking l = 0; nonzero l would
correspond to a S2-orbifold of T 2 level K.

The K-homology of Δ can be computed from Mayer–Vietoris:

(4.4)

τ ′′
KU

0 (Δ) −→ 0 −→ 0
↑ ↓

2 × KU
1 (R) α′

←− 2 × KU
1 (R) ←− τ ′′

KU
1 (Δ)

.

Now, KT 2

0 (R2) = RT 2 = Z[a±1, b±1], while KU
0 (R) = KT 2

1 (R2) = 0. The rep-
resentation ring of a double cover such as U , together with its induction and
restriction maps, is described in Section 2.1:

(4.5) KU
1 (R) = RU = Z[μ±1

Δ , μ, δ]/(δ2 = 1, δμ = μ) = Z[μij = μji, δμii],

where μ10 = μ, μΔ = μ11, and μijμ
k
Δ = μi+k,j+k. Induction from T 2 to U

takes both aibj and ajbi (for i �= j) to the two-dimensional irreducible rep-
resentation μij , and it takes the S2-fixed point anbn to μnn + δμnn (S2
acts on RT 2 by interchanging a and b). The map α′ sends the polynomials
(p(μΔ, μ, δ), q(μΔ, μ, δ)) to (p + q, p + μk+l

Δ q), and so we obtain τ ′′
KU

0 (Δ) =
RU/(1 − μk+l

Δ ) and τ ′′
KU

1 (Δ) = 0.
The K-homology of the cylinder cyl = T 2 \ Δ is more difficult. Write

τKU
∗ (cyl) = K∗

S2
(C(cyl; Kτ ) ⊗ C∗(T 2)) (which we can do because T 2 is nor-

mal in U), and split these representations C∗(T 2) � C0(Z2) into the S2-fixed
points C0(Z) (the diagonal) and C0(Z2 \ Z) (the upper and lower trian-
gles). Because S2 fixes that diagonal, we may write K∗

S2
(C(cyl) ⊗ C0(Z)) =

k+lKT×S2∗ (cyl), and because S2 is normal in T × S2 and acts freely on cyl,
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τK∗
T×S2

(cyl) � τ ′′
K∗

T
(cyl/S2) (see (1.15)). But cyl/S2 is the open Möbius

strip Möb. Hence Mayer–Vietoris gives us

(4.6)

τ ′
KT

0 (Möb) −→ 2 × KT

0 (R2)
β′

−→ 2 × KT

0 (R2)
↑ ↓
0 ←− 0 ←− τ ′

KT

1 (Möb)

.

The map β′ sends (P (a), Q(a)) to (P + Q, P − ak+lQ) (the minus sign comes
from the topology of Möb), and so we obtain τ ′

KT

1 (Möb) = Z[a±1]/(1 +
ak+l) and τ ′

KT

0 (Möb) = 0.
For the remaining “off-diagonal” part of C∗(T 2), the freeness of this

S2-action identifies K∗
S2

(C(cyl; Kτ ) ⊗ C0(Z2 \ Z)) with K∗(C(cyl; Kτ ) ⊗
C0(tri)), where “tri” denotes (say) the lower triangle {(m, n) ∈ Z

2 |m > n}.
Mayer–Vietoris applied to the cylinder then gives us

K0(C(cyl) ⊗ C0(tri)) −→ 2 × K0(C(R2) ⊗
C0(tri))

β′′

−→ 2 × K0(C(R2) ⊗
C0(tri))

↑ ↓

0 ←− 0 ←− K1(C(cyl) ⊗
C0(tri))

(4.7)

As usual, the twist on cyl can be trivialized on the open subsets R
2, so

K0(C(R2) ⊗ C0(tri)) is the off-diagonal part μRU of RU . The map β′′ sends
(p, q) ∈ μRU ⊕ μRU to (p + q, p + μk+l

Δ q), by analogy with Section 4.1.
Therefore we find K0(C(cyl; Kτ ) ⊗C0(tri)) = kerβ′′ = 0 and K1(C(cyl; Kτ ) ⊗
C0(tri)) = cokerβ′′ = μRU/(1 − μk+l

Δ ).
The six-term sequence then tells us how to obtain τKU

∗ (cyl):

(4.8)
0 ←− τKU

0 (cyl) ←− 0
↓ ↑

Z[μ±1
Δ ]/(1 − μk+l

Δ ) −→ τKU
1 (cyl) −→ μRU/(1 − μk+l

Δ )
.

Hence τKU
0 (cyl) = 0 and τKU

1 (cyl) = Z[μ±1
Δ ]/(1 − μk+l

Δ ) ⊕ μRU/(1 − μk+l
Δ ),

where the left summand is the submodule and the right one is its quotient
into K1.

Finally, we again use the six-term to compute the desired K-homology:
(4.9)

0 ←− τKU
0 (T 2) ←− RU/(1 − μk+l

Δ )
↓ ↑ γ′

0 −→ τKU
1 (T 2) −→ Z[μ±1

Δ ]/(1 − μk+l
Δ ) ⊕ μRU/(1 − μk+l

Δ )μRU

.



Modular invariants and twisted equivariant K-theory 257

The map γ′ first projects τKU
1 (cyl) to μRU/(1 − μk+l

Δ ), killing the submodule
Z[μ±1

Δ ]/(1 − μk+l
Δ ), and then (by analogy with Section 4.1) multiplies p ∈

μRU by (1 − μk−lμ
l
Δ), since μk−lμ

l
Δ =D-IndU

T 2akbl. Thus we obtain the final
answer:

τKU
0 (T 2) = RU/(1 − μk+l

Δ , μ(1 − μk−lμ
l
Δ)),(4.10)

τKU
1 (T 2) = Z[μ±1

Δ ]/(1 + μk+l
Δ ).(4.11)

Consider for simplicity l = 0; then this K-homology does not quite
recover the permutation orbifold of the circle at level k. In particular, RCFT
tells us that the k diagonal points (a, a), being fixed by S2, should get dou-
bled, while (a, b) and (b, a) for a �= b should be identified. We discuss this
further in Section 7.

4.3. The S2-permutation orbifold of SU(2)

Now let G = SU(2), T be the diagonal matrices, H = (G × G)×Z2, and
U = (T × T)×Z2 as before, where Z2 acts on G × G and T × T by per-
muting. The orbit analysis for H on G × G is reminiscent of that of G on
G given at the beginning of Section 1.4. The poles (±I,±I) ∈ G × G form
three H-orbits: OH = (I, I) ∪ (−I,−I) is fixed by everything, while OG×G =
(I,−I) ∪ (−I, I) = H/(G × G) has stabilizer G × G. Let gen = SU(2) \
{±I} = R × G/T be the generic points in G; then the orbits OG×T = ±I ×
gen ∪ gen × ±I = 2 × R × H/(G × T) have stabilizer G × T. The points
(x, y) ∈ gen × gen are of two kinds: those with x, y conjugate form the orbits
OU = R × H/U , while the remainder form OT 2 = R

2 × H/T 2. Figure 7 gives
the resulting picture.

Figure 7: The orbits of H on G × G.
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Using the method of Section 2.1, we easily find that the irreducible H-
representations are ρij = ρji (i, j ≥ 0), D, and Dρii, where 1 = ρ00 and D
are one dimensional, and these obey D2 = 1 and Dρij = ρij for i �= j. The
induction IndH

G×G(σiσ
′
j) equals ρij = ρji for i �= j, and ρii + Dρii otherwise.

Analogous comments for the U -representations were discussed last subsec-
tion. We will shortly need the Dirac inductions D-IndH

G×T
= IndH

G×G◦ D-
IndG×G

G×T
(see Section 2.1 for D-IndG

T
), and D-IndH

U . The latter sends μj
Δ

(resp. δμj
Δ) to ρ|j|−1,|j|−1 (resp. Dρ|j|−1,|j|−1) provided j �= 0, and kills both

1 and δ; it sends μij for i �= j to sgn(ij) ρ|i|−1,|j|−1, unless i = −j in which
case it yields −ρ|i|−1,|i|−1(1 + D).

Let k be the (unshifted) level of SU(2), and τ the corresponding element
of H3

H(G × G; Z), as explained in the second paragraph of Section 4. The
twist will not survive on any of these orbit spaces, so their K-homology
groups can be simply written down: the nonzero ones are KH

0 (OH) = 2 ×
RH , KH

0 (OG×G) = RG×G, KH
1 (OG×T) = 2 × RG ⊗ RT, KH

1 (OU ) = RU , and
KH

0 (OT 2) = RT 2 = Z[a±1, b±1].
First we use the six-term sequence to glue the compact set OH ∪ OG×G

to OG×T ∪ OU :

(4.12)
0 ←− τKH

0 (Oc
T 2) ←− 2 × RH ⊕ RG×G

↓ ↑ α

0 −→ τKH
1 (Oc

T 2) −→ 2 × RG×T ⊕ RU

,

where α : RG×T ⊕RG×T ⊕RU → RH ⊕RH ⊕ RG×G is given by α(p1, p2, q) =
D-Ind(q + bkp1,−μ2k

Δ q + p2, p1 + bkp2). The sign in front of the μΔ comes
from considering orientations of the edges; the powers k or 2k are clear from
the bundle picture, where traversing an edge crosses patches in the bundle
once or twice, respectively.

A tedious but straightforward calculation shows that

τKH
0 (Oc

T 2) = coker α

= RH/(ρij − ρ2k+i,i, (1 + D)ρii − ρ2k+i,i,

(1 − D)(ρii − ρi+4k,i+4k), (1 − D)(ρii − ρ−i+4k−2,−i+4k−2)),(4.13)
τKH

1 (Oc
T 2) = kerα

= Span{(2σi+kb
j + 2σi−kb

j−2k, 2σi+kb
−j−k + 2σi−kb

−j+k,

− (1 − δ)(μi−k,j−k + μ−i−k,−j−k))}.(4.14)

The 2’s in (4.14) are spurious for i �= j, since then δ acts like 1. Determining
(4.14) is the more difficult: first solve the simpler problem by restricting
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RG×T and RU to RT 2
. This then requires finding all c, c′ ∈ ker (D-IndH

T 2),
c′′ ∈ ker (D-IndG×G

T 2 ), such that a−kb−2k − akb2k divides bkc′ + b−kc − c′′.
This can be done by (anti-)symmetrizing with respect to a ↔ a−1, b ↔ b−1.

The desired K-homology is now obtained from the six-term sequence by
gluing in OT 2 :

(4.15)
RT 2 ←− τKH

0 (G × G) ←− coker α

β ↓ ↑
ker α −→ τKH

1 (G × G) −→ 0
.

Presumably, the map β is an isomorphism, sending irreducible T 2-
representation aibj to e.g., the (i, j)-element in (4.14). This would mean
we obtain

τKH
0 (G × G) = RH/(ρij − ρ2k+i,i, (1 + D)ρii − ρ2k+i,i,

(1 − D)(ρii − ρi+4k,i+4k), (1 − D)(ρii − ρ−i+4k−2))

� Z
k(k+7)/2,(4.16)

τKH
1 (G × G) = 0.(4.17)

We interpret this result in Section 7.

5. The D4 modular invariant of SU(2)

We will realize this modular invariant through the conformal embedding
SU(2)4 → SU(3)1. From the finite-dimensional perspective, this is the two-
to-one projection of SU(2) onto SO(3). Explicitly, this representation is given
as follows. We can parametrize the 3-sphere SU(2) by

(5.1)
(

γ δ

−δ γ

)
,

where γ, δ ∈ C satisfy |γ|2 + |δ|2 = 1. The canonical choice of maximal torus
is T, i.e., δ = 0, and the other component of the canonical O(2) is γ = 0.
Then

(5.2) R(3)(γ, δ) := R(3)
(

γ δ

−δ γ

)
= Re

⎛

⎝
γ2−iδ2 −iγ2+δ2 2ξγδ

iγ2+δ2 γ2+iδ2 2iξγδ

−2ξγδ −2iξγδ |γ|2−|δ|2

⎞

⎠ ,

where ξ = exp[πi/4] and “Re” denotes the real part. Note that R(3)(eiθ, 0) =
diag(R2θ, 1) and R(3)(0, eiθ) = diag(R′

2θ, 1), where Rθ, R
′
θ are the rotation
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resp. reflection matrices

(5.3) Rθ =
(

cos θ sin θ
− sin θ cos θ

)
, R′

θ =
(

sin θ cos θ
cos θ − sin θ

)
.

Of course, RθRφ = Rθ+φ, RθR
′
φ = R′

θ+φ = R′
φR−θ, R′

θR
′
φ = Rθ−φ. Write

T = R(3)(∗, 0) and T ′ = R(3)(0, ∗) for the two components of the image of
O(2).

Throughout this section we write G for SU(2) and G for SO(3).
Even though G acts by first projecting to SO(3), the groups τKG

∗ (SU(3))
and τKSO3

∗ (SU(3)) are different. Indeed, the K-homology τKSO3
∗ (SU(3)) is

easy to compute using the Hodgkin spectral sequence (Section 3.3). In par-
ticular, write R for RSU3; then as R-modules we have RSO3 = R/(μ10 −
μ01) and Ver1(SU(3)) = R/(μ20, μ02), where here μij denotes the SU(3)-
representation with highest-weight (i, j). As general facts we have
TorR

0 (A, B) = A ⊗R B and TorR
1 (R/I, R/J) = (I ∩ J)/(IJ), valid for any

ring R, any R-modules A, B, and any ideals I, J . In this example Torp will
vanish for p > 1, since RSO3 has a free resolution of length 1. We quickly
find that TorR

0 (RSO3, Ver1(SU(3))) � Z and TorR
1 (RSO3, Ver1(SU(3))) � Z,

with the R-module structure given in both cases by μ10 and μ01 acting like
1. Hence τK0

SO3(SU(3)) � Z � τK1
SO3(SU(3)) for the appropriate twist τ .

Of course the K-homology then follows by Poincaré duality. This differs
from (5.25) in both the absence of torsion and a different module struc-
ture (the generator σ3 of RSO3 acts as +1 in τKSO3

∗ (SU(3)), and as −1 in
τKSU2

∗ (SU(3)). The K-theory τK∗
SO3(G2) for the E8 modular invariant (cor-

responding to the conformal embedding SU(2)28 → G2,1) can be computed
similarly. The relevance of this K-homology to conformal field theory is not
so clear to us though.

5.1. The orbit analysis

We need to understand the orbits of the adjoint action of G = SO(3) on
SU(3). By “StabGB”, we mean the set of all A ∈ SO(3) commuting with B.
It is convenient to write A ∈ G and B ∈ SU(3) in block form as

A =
(

A a
a′ α

)
,(5.4)

B =
(

B b
b′ β

)
,(5.5)
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where A, B are 2 × 2 matrices and α, β are numbers. A simple observation
is that if a = 0 in (5.4), then |α| = 1, so a′ = 0 and hence A ∈ O(2), with
det A = α = ±1.

Lemma 1. If B ∈ SU(3) commutes with some A ∈ G with (possibly infi-
nite) order n > 2, then StabG(B) contains a maximal torus of G.

Proof. Without loss of generality (by conjugating A and B simultaneously
by G), we can take A ∈ T , i.e., A = diag(Rθ, 1) for some θ. Then A com-
mutes with B in (5.5) iff RθB = BRθ, Rθb = b, and b′Rθ = b′. But Rθ �= I
can have no eigenvector with eigenvalue 1, so b = 0 and b′ = 0. Hence B ∈
U(2). RθB = BRθ requires B and Rθ to be simultaneously diagonalizable;
since Rθ �= ±I, we get B = eiψRφ. But any such B will commute with all
of T . �

Therefore the finite stabilizers StabG(B) are the finite groups of A–D–E
type with exponent ≤ 2: namely, the trivial group 1, the cyclic group C2 and
the dihedral group D2 = C2 × C2. Lifting these to G yields the double-covers
A1 = C2, A3 = C4 and the quaternionic group D4 = Q4.

Case 1. Orbits with infinite stabilizer: By Lemma 1, without loss of gener-
ality, (conjugating by G if necessary) we can take B to be of form

(5.6) B =
(

eiψRφ 0
0 e−2iψ

)

for some angles ψ, φ, so StabG(B) contains T . Suppose now that such a
matrix commutes with some A �∈ T in (5.4). Then RφA = ARφ, Rφa =
e−3iψa, a′Rφ = e−3iψa′. If a �= 0, then a would be a real eigenvector of Rφ

with eigenvalue e−3iψ; this would require eiψ to be a sixth root of 1. This
quickly forces B to be a scalar matrix: B = ωiI for some i, where ω = e2πi/3.
These are the three fixed points, each with stabilizer G.

Otherwise, a = 0 so A = diag(A, α) where A ∈ T ′ and α = det(A) = −1.
Then RφA = ARφ forces Rφ = R−φ, i.e., Rφ = ±I. Therefore, we may take
the orbit representative to be B = diag(eiψI, e−2iψ). But three values of ψ
recover the fixed points ωiI. The others all yield B with StabG(B) = T ∪
T ′ � O(2). Because only T ∪ T ′ in G stabilizes T ∪ T ′, we know that each
ψ corresponds to a distinct orbit.

The remaining B in (5.6) will have StabG(B) = T . Note that the param-
eter values (ψ + π, φ + π) and (ψ, φ) correspond to identical B and should
be identified. Also, conjugating by A ∈ T ′ sends (ψ, φ) to (ψ, −φ), so these
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correspond to the same G-orbits and should be identified. Since the nor-
malizer of T in G is T ∪ T ′, these are all the redundancies we need to con-
sider. A fundamental domain for this is then 0 ≤ ψ < π, 0 < φ < π; since
(0, π) ∼ (π, π − φ) the resulting surface, parametrizing the orbit representa-
tives, is an open Möbius strip.

Case 2. Finite stabilizers �= 1: By Lemma 1, any such stabilizer contains
an order-2 element, which without loss of generality we may take to be
A1 = diag(−I, 1). Any B commuting with A1 will look like

(5.7) B =
(

B 0
0 β

)
,

for some B ∈ U(2), β = det(B).
If anything else lies in the stabilizer, then it must generate C2 × C2.

Without loss of generality (up to conjugation by T ∪ T ′), it can be taken
to be A2 = diag(1,−1,−1) (the easiest way to see this, as with any other
statements we make about G, is to lift to G). Requiring B to commute with
A2 forces B = diag(eiθ1 , eiθ2 , eiθ3), where

∑
i θi ≡ 0 (mod 2π). Now, the nor-

maliser of 〈A1,A2〉 in G is 〈A1,A2, diag(−1,

(
0 1
1 0

)
), diag(

(
0 1
1 0

)
,−1)〉,

an extension of C2 × C2 by S3 = Aut(C2 × C2). Conjugating by this nor-
malizer means that we should identify the S3-permutations of θi, since
they lie in the same G-orbit. Moreover, the fixed points of this S3-action
(namely the three diagonals θi = θj) have a stabilizer larger than C2 × C2,
and hence must fall into Case 1. Deleting those diagonals from the θi-torus
yields six disconnected components (namely the six triangles with vertices at
θi ∈ {0, 2π/3, 4π/3}). S3 permutes these six triangles, so the G-orbits with
stabilizer C2 × C2 are parametrized by any one of those (open) triangular
regions.

Now, consider the orbits with stabilizer StabG(B) = 〈A1〉 � C2, where B
is as in (5.7). The normalizer of 〈A1〉 is T ∪ T ′ (as always, this is easiest to see
by lifting to G). Diagonalizing T makes the T -action clearer, so parametrize
B by
(5.8)

B =

⎛

⎝
1√
2

(
1 i
i 1

)
0

0 1

⎞

⎠

⎛

⎝eiψ
(

γ δ
−δ̄ γ̄

)
0

0 e−2iψ

⎞

⎠

⎛

⎝
1√
2

(
1 i
i 1

)
0

0 1

⎞

⎠
−1

,

where |γ|2 + |δ|2 = 1. We must identify (ψ + π,−γ,−δ) with (ψ, γ, δ), since
they correspond to the same B. Conjugating by T tells us we can replace
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δ with |δ| (as it will have the same G-orbit). Finally, conjugating by T ′

identifies (ψ, γ, |δ|) with (ψ, γ, |δ|). We must exclude δ = 0 and γ ∈ R as
these will have an enhanced stabilizer. Thus the G-orbits with C2 stabilizer
are parametrized by (ψ, φ, r) where 0 ≤ ψ ≤ π, 0 < φ < π, 0 < r < 1, and
the boundaries (0, φ, r) and (π, π − φ, r) are identified. This forms the direct
product of the open Möbius with the interval (0,1).

Case 3. Trivial stabilizer: Being unitary, B is diagonalizable. First, note that
StabG(B) = 1 iff B has no real eigenvector, since rotating such an eigenvec-
tor to (0, 0, 1)t amounts to conjugating B into a matrix of form (5.7). This
forces all eigenvalues of B to be distinct (a complex plane in C

3 neces-
sarily contains a nonzero real vector). Thus the eigenvalues of B, which
are constant on any G-orbit, will lie on the torus minus the three diago-
nals, quotiented by an S3-action (since the eigenvalues come unordered). We
know (from case 2) this to be an open triangular region. B is then uniquely
determined once we choose an ordered triple (Cv1, Cv2, Cv3) of orthogonal
complex lines in C

3 (corresponding to the three eigenspaces). G acts on this
triple by simultaneously acting on each component.

We can always find in the complex line Cv1 a vector (call it v1) with
norm 1, with ‖Re(v1)‖ ≥ ‖Im(v1)‖, and with Re(v1) orthogonal to Im(v1).
Assume first that x := ‖Re(v1)‖ > ‖Im(v1)‖. Then v1 is uniquely determined
up to multiplication by ±1. We can then use SO(3) to simultaneously rotate
Re(v1) to (x, 0, 0)t and Im(v1) to (0, y, 0)t where y =

√
1 − x2, so without

loss of generality we can take

(5.9) v1 =

⎛

⎝
x
iy
0

⎞

⎠ , v2 =

⎛

⎝
iyw
xw
z

⎞

⎠ , v3 =

⎛

⎝
iyz̄
xz̄
−w̄

⎞

⎠ ,

where (w, z) ∈ CP
1 other than (1, 0) or (0, 1). We can uniquely rescale (w, z)

to (reiθ,
√

1 − r2) where 0 < r < 1.
The remaining possibility is when ‖Re(v1)‖ = ‖Im(v1)‖ = 1√

2
. We can

again require (5.9) to hold, where x = y = 1√
2
. The difference here is that

when we simultaneously rotate the vi by diag(Rθ, 1), the effect on v1 can be
undone by rescaling it by e−iθ. This remaining T freedom means we can take
w, z to both be positive. Thus these vi are determined up to a single real
parameter 0 < r < 1. Recalling the parametrization (x, r, θ) of the previous
paragraph, this special case corresponds to the limit x → 1√

2
, and so together

they form a sphere with one point removed (parametrized by x, θ) times the
interval (0, 1) (parametrized by r).
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Thus the orbit spaces of the adjoint action of G on SU(3) are:

OSU2: three fixed points, with stabilizer G = SU(2);

OO2: the space 3 × R × G/O(2) � 3 × R × PR
2, with stabilizer O(2);

OT: Möb × G/T � Möb × S2, with stabilizer T, where Möb denotes the
open Möbius strip;

OD4: R
2 × G/D4, with stabilizer D4 � Q4;

OA3: R × Möb × G/A3, with stabilizer A3 � C4;

OA1: R
5 × G/A1, with stabilizer A1 � C2.

They are placed in such an order that OSU2 is compact; OSU2 ∪ OO2 is
compact; OSU2 ∪ OO2 ∪ OT is compact, etc. We need this for our six-term
exact sequences. This compactness is clear from the descriptions of the orbits
given above.

For later use, we need to see more clearly some of this topology. The
three R’s in OO2 are three arcs joined at the three points of OSU2, to form
a circle S1, so think of OSU2 ∪ OO2 as three sausages linked in a circle. The
boundary of the Möbius strip in OT is that circle S1, so in OSU2 ∪ OO2 ∪ OT

we imagine gluing the circle of OSU2 ∪ OO2 (doubly coiled) to the Möbius
strip, forming a closed Möbius strip Möb; to each point on Möb we place
a sphere, and to each point on ∂Möb = S1 we place a projective plane of
varying radius. This is depicted in figure 8. To the boundary S1 of the
Möbius strip, we glue the disc R

2 of OD4, forming a projective plane. So the
boundary of OD4 is OSU2 ∪ OO2. As we head in OD4 to a boundary point on
the three arcs, two of the eigenvalues of B become equal, which selects one
of the three order-2 subgroups of C2 × C2.

Figure 8: The closed Möbius strip M = OG ∪ OO2 ∪ OT.
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Intriguingly, the quaternionic group Q4 is given name “D4” in the McKay
A–D–E correspondence for finite subgroups of SU(2); D4 is also the name
given to this SU(2) modular invariant, in the Cappelli–Itzykson–Zuber A–
D–E classification [20].

5.2. The K-homological calculations

Write G = SU(2) and G = SO(3) as before. In this section we compute the
equivariant K-homology of SU(2) on SU(3), acting by conjugation after
first projecting onto SO(3). The appropriate bundle is that of SU(3) on
SU(3) at level 1, with the group G restricted to SO(3) ⊂ SU(3) — we let
τ ∈ H1

G(SU(3); Z2) ⊕ H3
G(SU(3); Z) denote the appropriate restricted twist.

This bundle is crucial in identifying the relevant twisting unitaries at various
spots in the calculation, as we shall see. Using spectral sequences (see Section
1.2), we quickly compute that H1

G(X; Z2) = H1(X; Z2) for any connected
X (indeed, E1,0

2 = 0 because G is connected). Thus H1
G(SU(3); Z2) = 0,

which means there is no global H1-twist. Likewise, the spectral sequence
says H3

G(SU(3); Z) = ker d4 is Z or 0, and so it must be Z, since from the
Sp(4) on Sp(4) bundle of Section 2.2 it is clear H3

G(SU(3)) contains Z.
Thus τ ∈ Z.

It is useful that all KG
∗ -groups carry an RG-module structure. The rep-

resentation rings we need are identified at the beginning of Section 1.2 —
recall figure 1.

In Section 5.1 we decomposed SU(3) into six spaces of G-orbits: OSU2,
. . . ,OA1, where the spaces OSU2, OSU2 ∪ OO2, . . ., OSU2 ∪ OO2 ∪ · · · ∪ OA1 =
SU(3) are each compact. We will use the six-term exact sequence (1.9) a
number of times, to recursively build up KG

∗ (SU(3)).

Step 1. τKG
∗ (OSU2 ∪ OO2 ∪ OT): Orbit OSU2 consists of the three fixed

points, so KG
∗ (OSU2) = 3 × KG

∗ (pt) = 3 × RSU2, 0. Since the global H1-twist
is trivial, the H1-twist on OO2 = 3 × R × G/O(2) will also be +.
We obtain

+KG
j (OO2) = 3 × +KG

j+1(G/O(2)) = 3 × −Kj+1
G (G/O(2)) = 3 × −Kj+1

O2 (pt),

where the grading − ∈ H1
O2(pt) arises from Poincaré duality and the nonori-

entability of the projective plane P 2 = G/O(2). Hence +KG
j (OO2) = 3 ×

−R1
O2, 3 × −RO2. These graded representation rings are explicitly described

in Section 2.1.
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We learned in Section 5.1 that the orbits with infinite stabilizers together
form a “closed Möbius strip” OSU2 ∪ OO2 ∪ OT, which we’ll call M . It is
drawn in figure 8, and consists of three copies of the SU(3) Stiefel diagram.
The dotted lines in the figure are the “cuts”, i.e., the overlaps of the open
cover of the bundle over M constructed in Section 2.1 (more precisely, this
bundle is that of Sp(4) on Sp(4), where the group is restricted to G, and the
space is then restricted to M).

The first step computes the K-homology of M by first removing two
closed “intervals” ab and cd. Here, a, b, c are the three fixed points, while
the “point” d is a copy of the projective plane, with stabilizer O(2). See
figure 8.

The “interval” ab = 1-S2-1 is the Stiefel diagram for G on G (see fig-
ure 4), so τKG

∗ (ab) is 2KG
∗ (G) = Ver0(G), where the shifted level 0 + 2 is

obtained from the bundle, which gives the twisting unitaries attached to each
cut. Thus τKG

0 (ab) = RG/(σ) � Z and τKG
1 (ab) = 0. Likewise, the “inter-

val” cd = 1-S2-P 2 is the Stiefel diagram for G on SO(3) (again see figure 4),
and τKG

∗ (cd) � (+,2)KG
∗ (SO(3)) (the first component of the (adjoint-shifted)

twist (+, 2) is the component in H1
G(SO(3); Z2) � Z2). This K-homology was

computed in Section 4.5 of [14] to be RG/(σ) and Z1− (the graded repre-
sentation arises here through the application of Poincaré duality and the
nonorientability of the projective plane P 2 = G/O(2)). Both τKG

∗ (ab) and
τKG

∗ (cd) can also be easily constructed from first principles (and the bun-
dle), by using the six-term sequence and removing the endpoints as in (1.26).
Indeed, we also need the K-homology of the “closed interval” P 2–S2–P 2:
this is readily found to be RG/(σ) and Z

21−. Finally, M \ (ab ∪ cd) falls into
two copies of R × (P 2–S2–P 2), and the bundle is trivial in the R-direction,
so τKG

∗ (M \ (ab ∪ cd)) � Z
41−, 2 × RG/(σ).

We can compute τKG
∗ (M \ ab) using the six-term exact sequence:

(5.10)
Z

41− ←− τKG
0 (M \ ab) ←− RG/(σ)

α ↓ ↑ β

Z1− −→ τKG
1 (M \ ab) −→ 2 × RG/(σ)

.

By considering the nonequivariant diagram, we see that the map α can
be written (m1, m

′
1; m2, m

′
2)1

− �→ (m1 + m′
1 + m2 + m′

2)1
−, while β sends

(n1; n2)[1] �→ (n1 + n2)[1]. We obtain

τKG
0 (M \ ab) = Z

31−,(5.11)
τKG

1 (M \ ab) = RG/(σ).(5.12)
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Now glue in ab:

(5.13)
Z

31− ←− τKG
0 (M) ←− RG/(σ)

↓ ↑ γ

0 −→ τKG
1 (M) −→ RG/(σ)

.

To see what γ is, consider the nonequivariant version of this calculation: the
closed Möbius strip is homotopic to S1, so its nonequivariant K-homology
K∗ = K∗,cs will be that of S1, namely Z, Z. Computing this from the six-
term by removing a closed interval (homotopic to pt) and thus opening
up the strip, we likewise get a vertical map γ′ : Z → Z which must vanish
in order to recover these K∗-groups. The equivariant K-homology here is
likewise 1 + 1 dimensional, so γ should likewise vanish. Hence we obtain

τKG
0 (OG ∪ OO2 ∪ OT) = RG/(σ) ⊕ Z

31− � Z
4,(5.14)

τKG
1 (OG ∪ OO2 ∪ OT) = RG/(σ) � Z.(5.15)

As an RG-module, τKG
0 (M) is a semi-direct sum, where RG/(σ) is the sub-

module, while Z
31− is a homomorphic image.

Step 2. τKG
∗ (OSU2 ∪ OO2 ∪ OT ∪ OD4): The K-homology of OD4 is immedi-

ate from (1.14) (in Section 1.2 we explain why the application of Poincaré
duality needed to relate KG

∗ (G/Γ) to the representation ring of the finite
subgroup Γ < SU(2) does not introduce any H1

G- or H3
G-twists):

KG
0 (OD4) = 0,(5.16)

KG
1 (OD4) = RD4 � Z

5.(5.17)

The six-term exact sequence becomes

(5.18)
0 ←− τKG

0 (M ∪ OD4) ←− Z
31− ⊕ RG/(σ)

↓ ↑ ψ

RG/(σ) −→ τKG
1 (M ∪ OD4) −→ RD4

.

First let us identify the composition of ψ with the projection from τK0(M)
to Z

31−. We learned in Section 5.1 that the R
2 of OD4 is naturally a trian-

gle, whose three edges can be identified with the three Rs of OO2; heading
from the interior to each of those edges gives three embeddings of D4 in
O(2), identifying δ in turn with each si, i �= 0. In particular, each of these
edges can be identified with the value of ResO2

D4 ψ there, which will be one of
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the nontrivial representations si. The composition of ψ with the projection
should be three copies of Dirac induction (2.1) from RD4 to −R1

O2, each with
the different embedding. In particular, the kernel of this composition will
be Span{1 + s1 + s2 + s3, t}. By the RG-module property of ψ, the image of
ψ must intersect RG/(σ) trivially, and so that also equals the kernel of ψ
itself. We obtain

τKG
0 (OG ∪ · · · ∪ OD4) = RG/(σ) � Z,(5.19)

τKG
1 (OG ∪ · · · ∪ OD4) = RG/(σ) ⊕ Span{1 + s1 + s2 + s3, t} � Z

3.(5.20)

Here, RG/(σ) is a submodule of τKG
1 .

Step 3. τKG
∗ (OSU2 ∪ OO2 ∪ OT ∪ OD4 ∪ OA3): Recall OA3 = R × Möb×G/A3.

We compute KG
∗ (OA3) by Mayer–Vietoris:

τKG
0 (OA3) −→ 2 × KG

0 (R2 × G/A3) −→ 2×
KG

0 (R2 × G/A3)
↑ ↓

2 × KG
1 (R2 × G/A3)

ε←− 2 × KG
1 (R2 × G/A3) ←− τKG

1 (OA3)

(5.21)

By the usual arguments KG
1 (R2 × G/A3) = RA3 but KG

0 (R2 × G/A3) = 0.
We take ε(f, g) = (f + g, f − g) (the sign arising because of the Möbius).
For this map, (5.21) says KG

∗ (OA3) = Z2 ⊗ RA3, 0 and the six-term sequence
immediately gives

τKG
0 (OG ∪ · · · ∪ OA3) = (Z2 ⊗ RA3) ⊕ RG/(σ) � Z

4
2 ⊕ Z,(5.22)

τKG
1 (OG ∪ · · · ∪ OA3) = RG/(σ) ⊕ Span{1 + s1 + s2 + s3, t} � Z

3,(5.23)

with the first summand of both these K-homology groups being the sub-
module. Note the torsion in τKG

0 .

Step 4. τKG
∗ (SU(3)): We get by the usual arguments that KG

∗ (OA1) =
KA1

∗ (pt) is RA1, 0 for ∗ = 0, 1, respectively. The six-term exact sequence
becomes
(5.24)

RA1 ←− τKG
0 (SU(3)) ←− Z

4
2 ⊕ Z

φ ↓ ↑
RG/(σ) ⊕ Span{1 + s1 + s2 + s3, t} −→ τKG

1 (SU(3)) −→ 0
.

As usual, compose φ with the projection from τKG
1 (OG ∪ · · · ∪ OA3) to the

submodule of RD4. Now, OD4 = R
2 × G/D4 consists of the boundary points
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of OA1 = R
5 × G/A1, as we move along two of the five Rs. So that compo-

sition of φ with the projection should be given by the induction from RA1
to RD4. Indeed, it is well-defined, sending r′′

1 to
∑

i si and r′′
−1 to t. By the

RG-module property φ cannot see RG/(σ). The final answer is then

τKG
0 (SU(3)) = (Z2 ⊗ RA3) ⊕ RG/(σ) � Z

4
2 ⊕ Z,(5.25)

τKG
1 (SU(3)) = RG/(σ) � Z.(5.26)

We discuss the meaning of this K-homology, and in particular its relation
to the full system of the D4 modular invariant, in the concluding section.
The torsion in τKG

0 (SU(3)) is mysterious though.

6. The E6 modular invariant of SU(2)

Write G = SU(2) as before. The “E6” exceptional modular invariant of
SU(2) arises from the conformal embedding of SU(2) at level 10, into Sp(4)
level 1. This conformal embedding belongs to an infinite series of Spin(n)
level 5 into Spin((n − 1)(n + 2)/2) at level 1 [5, 97], where the embedding
Spin(n) into Spin((n − 1)(n + 2)/2) is given by the representation with
Dynkin labels (2, 0, 0, . . . , 0). For us, n = 3 and we identify Spin(3) with
SU(2) and Spin(5) with Sp(4); the doubling of the level from 5 to 10 comes
from the identification of Lie algebras so(3) and su(2). This doubling can
be confirmed by a conformal charge calculation, or indeed the calculation in
Section 2.3 above.

We will identify the symplectic group Sp(4) with the set of all 4 × 4
unitary matrices B commuting with J =

( 0
−I2

I2

0

)
: this commutation with J

is equivalent to the block form

(6.1) B =
(

B C
D E

)
,

where BtD = DtB, EtC = CtE, I = BtE − DtC.
In a few spots in the orbit argument, it is very convenient to have an

explicit description of this embedding G ↪→ Sp(4), which we will call R(4):

(6.2) R(4)(γ, δ) :=

⎛

⎜⎜⎜⎝

γ3
√

3γ2δ δ3 −
√

3γδ2

−
√

3γ2δ (3|γ|2 − 2)γ
√

3γδ2 (1 − 3|γ|2)δ
−δ

3 √
3γδ

2
γ3

√
3γ2δ

−
√

3γδ
2 (3|γ|2 − 1)δ −

√
3γ2δ (3|γ|2 − 2)γ

⎞

⎟⎟⎟⎠
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(recall (5.1)). This can be written in block form A =
( A

−A
′
A′

A

)
. Useful spe-

cial cases of (6.2) are R(4)(eit, 0) = diag(e3it, eit, e−3it, e−it) and R(4)(0, 1) =( 0
−I

I
0

)
. Write T = R(4)(∗, 0), T ′ = R(4)(0, ∗) for the two circles coming from

the image of O(2) ⊂ G. It will be useful in Section 6.2 to note that the
normaliser of T in R(4)(G) is T ∪ T ′ � O(2).

6.1. The K-homology groups

The K-homology here can be elegantly computed by the spectral sequence
methods of Section 3.3.

The representation rings RSU2 and RSp4 are identified with Z[σ], and
Z[s, v], respectively. Here if σd is the d-dimensional representation of SU(2),
then σ = σ2, and the restriction of the spinor representation s from Sp(4)
to SU(2) is σ4 = σ3 − 2σ, and the restriction of the vector representation v
is σ5 = σ4 − 3σ2 + 1. Restriction makes RSU2 into an RSp4-module. At level
1, the fusion rules of Sp(4) coincide with those of the Ising model, and are
described by the fusion ideal I1 generated by s2 − v − 1, v2 − 1, vs − s, how-
ever v2 − 1 is redundant as v2 − 1 = (1 − v)(s2 − v − 1) + s(vs − s). If G =
Sp(4), we have a free resolution of the Verlinde algebra at
level 1 by

0 → RG
f→ R2

G
g→ RG → RG/I1 → 0,

where f(a) = ((vs − s)a, (s2 − v − 1)a) and g(a, b) = (s2 − v − 1)a +
(vs − s)b. This resolution has the same length as that of Meinrenken
[75] but smaller degree. To compute TorRG

i (RSU2, Ver1(Sp(4))), we ignore
the last term in the free resolution and tensor with RSU2 to get a
complex

0 → (RG ⊗RG
RSU2 � RSU2)

∂2→ (R2
G ⊗RG

RSU2 � R2
SU2)

∂1→ (RG ⊗RG
RSU2 � RSU2) → 0.

Here, if p, q ∈ Z[σ], then

∂1(p, q) = (s2 − v − 1)p + (vs − s)q

= (σ2
4 − σ5 − 1)p + (σ5 − 1)σ4q

= (σ2 − 2)[(σ4 − 3σ2 + 1)p + σ3(σ2 − 3)q].(6.3)
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Hence the image of ∂1 is (σ2 − 2)Z[σ], and TorRG

0 (RSU2, Ver1(Sp(4))) =
H0 = ker(∂0)/im(∂1) = Z[σ]/(σ2 − 2) is two dimensional. Similarly

∂2(p) = ((vs − s)p, (s2 − v − 1)p)

= (σ2 − 2)(σ3(σ2 − 3)p, −(σ4 − 3σ2 + 1)p),(6.4)

and so im(∂2) = (σ3(σ2 − 3),−(σ4 − 3σ2 + 1))(σ2 − 2)Z[σ] ⊂ ker(∂1) =
(σ3(σ2 − 3),−(σ4 − 3σ2 + 1))(σ2 − 2)Z[σ] and H1 = ker(∂1)/im(∂2) =
Z[σ]/(σ2 − 2) is again two dimensional.

Thus in the Hodgkin spectral sequence (Section 3.3), E2
p,q even is two

dimensional for p = 0, 1 while all other E2
p,q vanish. Therefore for r > 1, all

maps dr : Er
p,q → Er

p−r,q+r−1 in this spectral sequence will be trivial (having
either trivial domain or range), so E∞

p,q = E2
p,q and

(6.5) τKp
SU2(Sp(4)) � Z[σ]/(σ2 − 2)

is two dimensional for any p. By comparison, τK∗
Sp4(Sp(4)) is Z

3, 0 (recov-
ering the Ising fusions); in (6.5) the spinor s ∈ Ver1(Sp(4)) is sent to 0 and
the vector v ∈ Ver1(Sp(4)) goes to 1.

The full system of the SU(2)10 “E6” modular invariant is 12 dimensional,
built out of two copies of the (unextended) E6 Dynkin diagram, as in figure 3.
We do not know yet how to reconcile this with (6.5) (see the concluding
section for some thoughts in this direction), but based on similar calculations
earlier in this paper, we may hope that the full system arises by having SU(2)
act instead on some closed submanifold of Sp(4). For this purpose, we now
proceed to work out the SU(2)-orbits in Sp(4) and recompute (6.5) the long
way.

6.2. The orbit analysis

We want the orbits of the conjugate action of G on Sp(4), using the embed-
ding R(4).

We will be finding the orbits in inverse order of the size of their stabiliz-
ers, by taking an element of maximal order and diagonalizing it. The simplest
way to verify that we are not counting some orbit twice, i.e., that what is
written for the stabilizer is the full stabilizer and not merely a subgroup
of it, seems to be to diagonalize the different generators of the stabilizer,
and confirm visually that the resulting expression for B does not fall into a
different orbit.
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First of all, recall that any element Ã ∈ G lies in a maximal torus, i.e.,

there is some matrix P̃ ∈ G such that P̃−1ÃP̃ =
(

eiθ 0
0 e−iθ

)
. It is clear

from this that if Ã has order n, then so will A = R(4)(Ã).

Lemma 2. If B ∈ Sp(4) has finite stabilizer, then any A ∈ R(4)(G) in its
stabilizer has order ≤ 4 or 6.

Proof. Suppose A has finite order n > 6 or n = 5. Diagonalizing it, with-
out loss of generality, we can consider A = diag(ξ3

n, ξn, ξ−3
n , ξ−1

n ) where ξn =
exp[2πi/n]. Commuting with B in (6.1), we get that B and E are both diag-
onal and C = D = 0. But such a B commutes with the full maximal torus
T , and so would have infinite stabilizer. �

Note that R(4)(−1, 0) = −I is always in the stabilizer. The only finite
subgroups of SU(2) of even order, whose elements all have order ≤ 4 or 6, are
the cyclic groups A1 = C2, A3 = C4 and A5 = C6, the binary dihedral groups
D4 = B(C2 × C2) = Q4 and D5 = BS3, as well as the tetrahedral group E6 =
BA4. The character tables and other information about these groups are
given in e.g., [59].

Case 1. Orbits with infinite stabilizer: The only orbits with infinite stabi-
lizer are

OG = ±I,(6.6)
OO2 = 2 × G/O(2),(6.7)

OT = (S2 − 4) × G/T.(6.8)

The four points in OG ∪ OO2 are the punctures of S2, so the union OG ∪
OO2 ∪ OT is compact, as is both OG and OO2. So we can take care of the
issue of infinite dimensionality, with a single six-term exact sequence.

The reason only ±I ∈ Sp(4) have stabilizer G, is Schur’s Lemma: R(4) is
an irreducible representation of G, so the only matrices which can commute
with all R(4)(G) are the scalar matrices.

Now suppose the stabilizer contains a maximal torus, which without loss
of generality we can take to be the “canonical” one T. Write the block-forms
A = R(4)(α, 0) = diag(A,A) and B in (6.1). AB = BA requires B and E
to be diagonal, and C = D = 0. Since B ∈ Sp(4), we also have E = B. The
set of such B form a torus T 2. It is elementary to confirm that such a matrix
B commutes with some A �∈ T ∪ T ′ iff B = ±I, and commutes with some
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A ∈ T ′ iff B = diag(±1,±1,±1,±1), where the first and third, and second
and fourth, signs must be equal for B ∈ Sp(4).

The final ingredient is the Weyl group of G. More precisely, conjugating
by any reflection in T ′ will amount to a nontrivial involution of OT, sending
B to its complex conjugate. This simultaneous complex conjugation of T × T

fixes the four points making up OG and OO2 (as it must). We should identify
points identified by this involution, so this gives (T 2 − 4)/2, which naturally
folds to a tetrahedron with its vertices removed, i.e., is homeomorphic to
the sphere with four punctures.

Case 2. All finite stabilizers containing elements of order 6: These orbits are

OA5 = (B2 \ 3R) × G/A5,(6.9)
OD5 = 2 × R × G/D5,(6.10)
OE6 = R × G/E6,(6.11)

where B2 denotes an open solid ball (whose boundary is the tetrahedron of
OT), and the 3 R’s of OA5 are the 2 + 1 R’s of OD5 and OE6. The R’s of OD5
are chords with endpoints ±I ∈ OG and diag(∓1,±1,∓1,±1) × G/O(2) ∈
OO2. The R of OE6 is a chord with endpoints at the orbits ±I in OG. Of
course E6 is the symmetry group of the tetrahedron, and we find that it is
the largest finite stabilizer for this action of G on Sp(4).

Let μ be an order 6 element in the stabilizer of B ∈ Sp(4). Without loss
of generality, diagonalize μ, so A = R(4)(ξ6, 0) = diag(−1, ξ6,−1, ξ6). Then
B commuting with A requires

(6.12) B =

⎛

⎜⎜⎝

b c
b′

d e
e′

⎞

⎟⎟⎠

(we avoid writing the 0’s), and B ∈ Sp(4) then forces b′e′ = 1, |b′| = 1, e = b,
d = −c and 1 = |b|2 + |c|2. Because B has finite stabilizer, c �= 0.

The finite stabilizers containing an order 6 element are A5, D5 and
E6. Which of the B in (6.12) have stabilizer D5? All subgroups of G iso-
morphic to D5 are conjugate in G to 〈diag(ξ6, ξ6),

( 0
−1

1
0

)
〉 (this fails if G

is replaced with U(2)). The matrices B of (6.12) which commute with
R(4)(0, 1) have c, b, b′ ∈ R, so b = e and b′ = e′ = ±1. Conjugating everything
by R(4)(ξ12, 0) (which normalizes this D5), we see we can take c > 0. Thus the
orbits with D5 stabilizer form two circular arcs: (b, b′, c) = (cos θ, ±1, sin θ)
for 0 < θ < π.
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Likewise, all subgroups of G isomorphic to E6 are conjugate in G to
〈diag(ξ6, ξ6), τ〉 for τ = 1√

3

( −i
(−1−i)ξ24

(1+i)ξ24

i

)
(again this fails for U(2)). The

matrices B of (6.12) which commute with τ have c = −2
√

2y, b′ = x − 3yi
where b = x + iy. Conjugating by R(4)(0, ξ12) (which normalizes E6) again
shows we can restrict to c > 0. We thus get one elliptical arc, where 1 =
x2 + 9y2.

The complement of these three chords will have stabilizer A5. Conjugat-
ing any such B by T ⊂ G, we see that again we may take c real and positive.
The parameter space so far is a solid torus — the interior of the torus of
case 1. As was the case there, there is a final folding that can be done: by
e.g., R(4)(0, 1). This replaces the torus with the tetrahedron as before.

Case 3. All finite stabilizers containing elements of order 4 but not higher:
These orbits are

OA3 = (B2 \ 4R) × G/A3,(6.13)
OD4 = R × G/D4.(6.14)

This open ball B2 also has boundary the tetrahedron S2 of Case 1 (though
of course it is disjoint from the open ball of Case 2). The endpoints of the
chord R of OD4 lie in distinct OO2-orbits. The four R’s in OA3 come from
overlaps with OD4, OD5 and OE6, and form a square with vertices on the
boundary S2.

Without loss of generality, we can diagonalize an order 4 element in the
stabilizer. We find that B commutes with R(4)(i, 0) iff it is of the form

(6.15) B =

⎛

⎜⎜⎝

b c
b′ c′

d e
d′ e′

⎞

⎟⎟⎠ .

Such a matrix B lies in Sp(4) iff it is in fact of the form

(6.16) B =

⎛

⎜⎜⎝

b c
cb/c′ c′

−c′ b

−c cb/c′

⎞

⎟⎟⎠ ,

where |c| = |c′| �= 0 (they must be nonzero, otherwise the stabilizer will be
infinite) and |b|2 + |c|2 = 1.
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The finite stabilizers containing an order-4 element are D5 and E6 (both
already dealt with) and A3 and D4. Consider first D4. Any such subgroup
of G will be conjugate to 〈

( i
0

0
−i

)
,
( 0

−1
1
0

)
〉. Requiring B in (6.15) to also

commute with R(4)(0, 1) means

(6.17) B =

⎛

⎜⎜⎝

b c
b′ c′

−c b
−c′ b′

⎞

⎟⎟⎠

and imposing (6.16) then tells us b, c are both real, b2 + c2 = 1, c′ = ±c
and b′ = ±b (same sign). But we could have diagonalized any of the other
order-4 elements in the stabilizer; conjugating by the order-6 element μ =
1√
2

(
ξ

−ξ
ξ
ξ

)
∈ G, or by the order-4 element ν =

( 0
−ξ

ξ
0

)
(where ξ = ξ8) cyclically

permutes these order-4 elements, so we should identify B with its conjugates
by R(4)(μ) and R(4)(ν). Doing this, we see that c = +c′ actually commutes
with R(4)(μ), so these B actually have stabilizer containing 〈D4, μ〉 = E6
and so have been considered already in Case 1. Thus it suffices to consider
the other sign, c = −c′. The action of μ on b, c can then be described by
the order-3 rotation b + ic �→ ξ3 (b + ic) on the unit circle, while that of ν is
complex conjugation: b + ic �→ b − ic. The six points e	πi/6 on the unit circle
lie in the orbits OO2 ∪ OG, so should be removed. The result is a single arc
worth of D4-orbits.

To identify the A3 orbits, return to (6.16). Conjugating by arbitrary
elements of T , we see that we can require c > 0. Hence the A3 orbits are
parametrized by the value of b (in the unit disc) and the value of Arg(c′) (in
the circle), i.e., a solid torus. We must eliminate the case where b and c′ are
both real, as their stabilizer would be at least D4. We must also eliminate
the case with stabilizer at least D5. Finally, we must identify conjugates by
R(4)(0, 1), which sends (b, c, c′) to (b, c, c′). The result is described above.

6.3. The K-homological calculations

We consider here the K-homology calculations of the E6 conformal embed-
ding for SU(2) at level 10. Recall the representation rings in Section 1.2.

First, we need the cohomology groups H1
G(Sp(4); Z2) and H3

G(Sp(4); Z).
For the former, E1,0

∞ = Hom(SU(2), Z2) = 0 since SU(2) is connected. We
have H2

SU2(pt; Z2) = 0 so the desired H1
G(Sp(4); Z2) equals E0,1

∞ = H1(Sp(4);
Z2) � Hom(H1(Sp(4)), Z2) = 0 (see p. 291 of [54]). This means that there is
no possibility for a global H1-grading here.
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Computing H3
G(Sp(4); Z) by spectral sequences requires knowing Hq

(Sp(4); Z) = Z, 0, 0, Z, 0 for q = 0, 1, 2, 3, 4 resp. (see p. 434 of [54]), as well as
Hp

G(pt; Z2) = Z2 or 0, and Hp
G(pt; Z) = Z or 0, both depending on whether

or not 4 divides p (see Section 1.2). Then H3
G(Sp(4); Z) = ker d4 for d4 :

H3(Sp(4); Z) → H4
G(pt; Z). From the bundle picture, H3

G(Sp(4); Z) contains
at least Z (associated to the level of the Sp(4) Verlinde algebra), and so it
must equal Z.

Step 1. The infinite stabilizers: This is where finite dimensionality is won (or
lost) — assuming the parameter spaces of the orbit spaces OG,OO2, . . . ,OA1
are sufficiently nice (which they are). The tetrahedron Tet = S2 of (6.8) is
drawn in figure 9(a); the vertices are a, b ∈ OG and c, d ∈ OO2. In figure 9(b)
the closed edges ad and bc are removed, resulting in an open cylinder cyl.
Four copies (the triangles in (b)) of the Sp(4)-Stiefel diagram tile this tetra-
hedron, although they coincide with only half of the faces of the tetrahedron
(the triangles in (a)). The dotted lines in (b) are the cuts (i.e., pairwise
intersections) of the open cover of the tetrahedron coming from the bundle
constructed in Section 2.2.

We compute the K-homology of Tet in two steps: first work out the
cylinder cyl, then use the six-term exact sequence to glue in the two edges.
The K-homology τKG

∗ (cyl × G/T) collapses to 2KT

∗+1(S
1), where the twist

2 ∈ H3
T
(S1) is determined from figure 9(b) and the bundle of Section 2.2

(which gives the twisting unitary across each cut — the bundle on cyl =
S1 × R splits as a product and is trivial on R). Thus the K-homology of cyl

Figure 9: (a) The tetrahedron Tet, and (b) The cylinder cyl.
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(recall Section 3.1) is

τKG
0 (S2 \ (ad ∪ bc)) = 0,(6.18)

τKG
1 (S2 \ (ad ∪ bc)) = Z[a±1]/(1 − a2).(6.19)

Note that τKG
∗ (ad) and τKG

∗ (bc) can both be identified with τ ′
KG

∗
(SO(3)) for some level τ ′ (which is found in the usual way to be 1 for both
intervals). This K-homology is computed in Section 4.1 of [14]:

τKG
0 (ad) � τKG

0 (bc) = 0,(6.20)
τKG

1 (ad) � τKG
1 (bc) = Z1−.(6.21)

Here, 1− ∈ −R1
O2 (recall Section 2.1); the reason for the H1-twist is the

nonorientability of the projective plane G/O(2).
From this and (1.9), the K-homology of the tetrahedron Tet is

immediate:

τKG
0 (OG ∪ OO2 ∪ OT) = 0,(6.22)

τKG
1 (OG ∪ OO2 ∪ OT) = Z

21− ⊕ RT/(1 − a2) � Z
4.(6.23)

This is really a semi-direct sum of RG-modules; Z
21− is a submodule of

τKG
1 , while RT/(1 − a2) is a homomorphic image (quotient).

Step 2. The A5-ball: Recall the “tetrahedron” Tet = OG ∪ OO2 ∪ OT of Step
1. The boundary of the genus-3 volume B2 \ 3R of (6.9) is Tet together with
the three chords OD5 ∪ OE6. First let us glue those chords to Tet using the
six-term sequence:

(6.24)
2 × RD5 ⊕ RE6 ←− τKG

0 (Tet ∪ OD5 ∪ OE6) ←− 0
α ↓ ↑

Z
21− ⊕ RT/(1 − a2) −→ τKG

1 (Tet ∪ OD5 ∪ OE6) −→ 0

As explained in Section 1.2, the representation rings in the upper-left entry
are untwisted. We claim α ≡ 0. Neither the D5- nor the E6-“chords” touch
OT, so α ignores the RT/(1 − a2) summand. Likewise, E6 cannot be related
to 1− ∈ −R1

O2. The easiest way to see α must vanish is because the alternative
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would mess up (6.31) below. We will return to this shortly, but assume α ≡ 0
for now. We then get

τKG
0 (Tet ∪ OD5 ∪ OE6) = R2

D5 ⊕ RE6 � Z
19,(6.25)

τKG
1 (Tet ∪ OD5 ∪ OE6) = Z

21− ⊕ RT/(1 − a2) � Z
4.(6.26)

As with (6.23), τKG
1 is a semi-direct sum with Z

21− the submodule.
Note from (1.13) that K∗

G((B2 \ n × R) × G/H) � RH ⊗Z K∗(Tn) where
Tn is the open solid torus of genus n; its nonequivariant K-homology is eas-
ily found by induction to be K0(Tn) � Z

n, K1(Tn) � Z. Thus KG
∗ (OA5) �

RA5, R
3
A5 (the dimension-shift comes from factoring off an implicit R

3 before
applying Poincaré duality). Writing BA5 for the closed ball Tet ∪ OD5 ∪
OE6 ∪ OA5, we obtain

(6.27)

RA5
δ←− τKG

0 (BA5) ←− R2
D5 ⊕ RE6

β ↓ ↑ γ
Z

21− ⊕ RT/(1 − a2) −→ τKG
1 (BA5) −→ R3

A5

.

The map γ is clear from the nonequivariant calculation: it will be the diag-
onal inductions (ρ1, ρ2, ρ3) �→ (IndD5

A5ρ1, IndD5
A5ρ2, IndE6

A5ρ3) (these inductions
are explicitly described in Section 1.2). We claim β must be the 0-map.
This can be seen by calculating BA5 in a different order, as follows. We can
compute the K-homology of cyl ∪ OA5 using Mayer–Vietoris: choosing our
open cover U, V appropriately, so both open sets are G-homeomorphic to
R

2 times L := (R × G/A5) ∪ G/T, we get

(6.28)

τKG
0 (cyl ∪ OA5) −→ KG

0 (L) × 2 −→ KG
0 (L) × 2 ⊕ RA5 × 2

↑ ↓
KG

1 (L) × 2 ←− KG
1 (L) × 2 ←− τKG

1 (cyl ∪ OA5)
.

The groups KG
∗ (L) are easily determined from the six-term sequence to be

RT ⊕ RA5, 0. Putting these into (6.28), we obtain in the usual way τKG
∗ (cyl ∪

OA5) = RA5, RT/(1 − a2) ⊕ R3
A5. We can cap this bounded cylinder by glu-

ing in ad and bc as in Step 1, and we find that the K-homology of Tet ∪ OA5
is RA5, (RT/(1 − a2) ⊕ R3

A5) ⊕ Z
211 (the induction (2.1) from RA5 to −R1

O2
will vanish). Finally, gluing in OD5 ∪ OE6, we recover τKG

∗ (BA5), in parti-
cular obtaining that the map τK0(BA5) → τK0(Tet ∪ OA5) appearing in this
final six-term is manifestly surjective. Now, we can calculate τKG

0 (OA5) in
exactly a parallel way as Tet ∪ OA5, and we find that they are naturally
isomorphic. Therefore the map δ in (6.27) is likewise surjective, and hence
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β must be identically 0. (What we need in Step 4 below are β, γ — it is
unnecessary to determine the K-homology τKG

∗ (BA5), though this is now
immediate.)

Step 3. The A3-ball: We want to repeat the above analysis, for the A3-
ball. The boundary of the genus-4 volume B2 \ 4R of (6.13) is Tet together
with the four chords OD5 ∪ OE6 ∪ OD4. As in Step 2, we know KG

∗ (OA3) =
RA3, R

4
A3. First, we fill the OD4 hole in OA3, in order to obtain:

τKG
0 (OA3 ∪ OD4) = coker (IndD4

A3) ⊕ KG
0 (OA3)

= (Span{[s0 − s2], [s1 − s3]}) ⊕ RA3,(6.29)
τKG

1 (OA3 ∪ OD4) = ker(IndD4
A3) ⊕ R3

A3 = Z(r′
i − r′

−i) ⊕ R3
A3 � Z

13.(6.30)

Write BA3 for the closed ball Tet ∪ OD5 ∪ OE6 ∪ OA3 ∪ OD4, we obtain
the analogue of (6.27):

Span{[s0 − s2], [s1 − s3]} ⊕ RA3 ←− τKG
0 (BA3) ←− R2

D5 ⊕ RE6
β′ ↓ ↑ γ′

Z
21− ⊕ RT/(1 − a2) −→ τKG

1 (BA3) −→ Z(r′
i − r′

−i) ⊕ R3
A5

.

(6.31)

The map γ′ will again be the diagonal inductions, sending (x; ρ1, ρ2, ρ3) to
(IndD5

A3ρ1, IndD5
A3ρ2, IndE6

A3ρ3). Incidentally, this is why α in (6.24) must vanish:
the alternative would be the (nontrivial) induction (2.1) from RD5 to −R1

O2,
which would kill some of the R2

D5 and γ′ here would no longer be defined
everywhere in R3

A5. Again, we will have β′ ≡ 0. To see this, recalculate the
K-homology of BA3 by gluing the four chords OD4 ∪ OD5 ∪ OE6 simultane-
ously into Tet ∪ OA3: the analog of the map γ must as usual be diagonal
inductions; the analog of the map β goes from RA3 to Z

21− ⊕ RT/(1 − a2),
and must be 0 for easy reasons: (2.1) is 0, and the RG-module property
says RA3 cannot see RT/(1 − a2). Thus β′ in (6.31) is required to vanish
identically. (As in the previous step, all that we are after here is to identify
β′, γ′ — we do not need τKG

∗ (BA3).)

Step 4. Gluing together the A5- and A3-balls: The final step is just the six-
term, gluing Tet ∪ OD5 ∪ OE6 to OA5 ∪ (OA3 ∪ OD4):

RA5 ⊕ RA3 ⊕ Z
2 ←− τKG

0 (BA5 ∪ OA3 ∪ OD4) ←− R2
D5 ⊕ RE6

β + β′ ↓ ↑ γ + γ′

Z
21− ⊕ RT/(1 − a2) −→ τKG

1 (BA5 ∪ OA3 ∪ OD4) −→ R3
A5 ⊕ Z ⊕ R3

A3

,

(6.32)
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where the vertical maps (using obvious notation) are given explicitly in Steps
2 and 3 above. We thus obtain the final answer, for the K-homology of the
complement of the generic orbits OA1 in Sp(4):

τKG
0 (Sp(4) \ gen) = coker(γ + γ′) ⊕ ker (β + β′)

= RA5 ⊕ RA3 ⊕ Span{[s0 − s2], [s1 − s3]} � Z
12,(6.33)

τKG
1 (Sp(4) \ gen) = coker (β + β′) ⊕ ker (γ + γ′)

= (Z21− ⊕ Z[a±1]/(1 − a2)) ⊕ Z(r′
i − r′

−i)

⊕ Span2{rω−rω2 , r−ω−r−ω2 , r1+2rω−r′
1−r′

−1,

r−1 + 2r−ω−r′
i−r′

−i}
⊕ Span{r′

i−r′
−i, r1+rω+rω2 −r′

1−r′
−1,

r−1+r−ω + r−ω2 −2r′
i} � Z

16.(6.34)

Presumably, gluing in the generic orbits (i.e., those with stabilizer A1)
reduces this Z

12, Z16 to the Z
2 we obtained in Section 6.1. We interpret

this in the concluding section.

7. Outlook

This paper is the first of a series devoted to deepening the connection
between twisted equivariant K-homology and conformal field theory. We
constructed the relevant bundles and provided several detailed calculations
of K-homology which should be relevant to the full systems, nimreps, branch-
ing coefficients, etc. of conformal embeddings and orbifolds. This concluding
section suggests some preliminary interpretations of these.

It should be remarked that although deep connections between K-theory
and conformal field theory/string theory have been known for some time,
their precise relationship is often very subtle. An old example of this is the
D-brane charge group, which for space-time X is identified with a twisted
nonequivariant K-theory δK∗(X), with twist δ ∈ H3(X; Z) given by the
H-flux (determined locally by the B-field). This charge group can also be
calculated independently from conformal field theory, at least when X is a
Lie group G, and the answers agree apart from a multiplicity 2rank G appear-
ing in the K-homology. There still is no noncontroversial explanation of this
multiplicity (see [15, 46, 77] and references therein for this story). A more
recent example is τK∗

G(G) when G is compact but nonsimply connected, as
mentioned in Section 1.4. The role of the H1-twist in that SO(3) example
is to choose between the identifications σi ∼ σk+2−i and σi ∼ −σk+2−i; the
former holds for the standard Wess–Zumino–Witten SO(3) theory, and a
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possible physical realisation of the latter is proposed in [39]. In this spirit,
H1-twists of τK∗

G(G) for finite G is often possible, although its conformal
field theoretic meaning it seems has never been explored.

In Sections 3.2 and 3.3 we computed the K-homology τK∗
G(H) of con-

formal embeddings of equal rank, and obtained a result of higher dimension
than we would have naively expected, which would have been the dimension
of the corresponding full system. By comparison, the K-homology for the
conformal embeddings of Sections 5 and 6 was smaller than the correspond-
ing full systems. What does all this mean? Consider for concreteness the
T2 → SU(2)1 example of Section 3.2, with k = 1. Perhaps we should have
stopped that calculation at the generic Orbits R

2 × T/C2, with C2 stabilizer.
Perhaps including the other orbits (with stabilizer T) incorrectly doubles the
answer. So more generally the full system of Hk → G	 should perhaps be
obtained as KH

0 (S) for some H-invariant submanifold, and only rarely will
S = G. We expect this to be the correct explanation, as it seems to be in
line with the discussion on conjugacy classes given below. Another possible
interpretation of the Section 3.2 calculation is that the K-homology cal-
culation sees two different versions of this conformal embedding, and adds
both answers together. The two embeddings of T in SU(2) would be distin-
guished by their orientation; more generally, the Weyl group would permute
these conformal embeddings. This could tie in with the appearance of the
Weyl group in Section 3.3, and with the aforementioned explanation of the
D-brane charge group multiplicities.

The holomorphic orbifolds by finite groups ([32] and Section 1.4 above)
performs beautifully. Likewise, permutation orbifolds of quantum doubles
of finite abelian groups also works out (see the beginning of Section 4).
Another class of accessible and important orbifolds are the Z2-orbifolds
of lattice theories — we will consider these in future work. By contrast, the
orbifold calculations in Sections 4.2 and 4.3 also do not quite match what
happens with orbifolds in conformal field theory [69]: the primaries fixed by
the orbifold group Z2 would be doubled (“fixed point resolution”) and the
remaining primaries replaced by their Z2-orbits. However in Section 4.2, K1
in Equation (4.10) is k-dimensional while K0 is k(k + 1)-dimensional, so we
recover the doubling of the fixed points, but not the folding of the remain-
der. In Section 4.3 the reverse happens. In particular, the primaries of the
S2-permutation orbifold of the SU(2) level k theory are parametrized by
pairs (i, j) where 0 ≤ i < j ≤ k (these are the S2-orbits of nonfixed points),
as well as double multiplicities of the fixed points (i, i). In Section 4.3 we get
the correct folding for the nonfixed points, but not the correct doubling of
fixed points. As mentioned at the beginning of Section 4, it is clear that this
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K-homology should only be an approximation; it is tempting to guess that
there is a natural “symmetrizing map” from the K-homology computed in
those subsections to the groups (namely the centre of the crossed-product
construction) exactly capturing this permutation orbifold; in one example
this map would be surjective and in the other it would be injective.

In Sections 5 and 6 we study in detail the SU(2)4 → SU(3)1 and
SU(2)10 → Sp(4)1 conformal embeddings, which give rise to the modular
invariants called D4 and E6, respectively, in the SU(2)k list of Cappelli
et al. [20]. Perhaps the most interesting observation to come out of this
analysis is that the largest finite stabilizer in this action of SU(2) on SU(3)
resp. Sp(4), is called D4 resp. E6 on McKay’s list [74]. We expect this pattern
to continue with the “E8” conformal embedding SU(2)28 → G2,1. We also
expect the E7 group to arise in this way, using the realization of the “E7”
modular invariant by a Z2-orbifold of the “D10” modular invariant. To our
knowledge the only other direct relation between the A–D–E of Cappelli–
Itzykson–Zuber and McKay’s A–D–E of finite subgroups of SU(2) are some
unrelated observations in Section 13 of [20] itself, and some speculative
remarks near the end of [52] relating orbifolds of certain supersymmetric
gauge theories with SU(n)k modular invariants; see also [56]. (For a fairly
direct construction of the SU(2)k modular invariants from the Lie groups
of A–D–E type, see [79].) Will the largest finite stabilizers in the conformal
embeddings for SU(3)k, agree with the SU(3)-subgroups which [52] asso-
ciate to those modular invariants? These conformal embeddings, namely
SU(3)3 → SO(8)1, SU(3)5 → SU(6)1, SU(3)9 → E6,1 and SU(3)21 → E7,1,
will be studied in the sequel to this paper.

The conformal embedding SU(2)4 → SU(3)1 considered in Section 5
yields the SU(2)4 modular invariant |χ0 + χ4|2 + 2|χ2|2, called D4 in [20].
The full system is eight dimensional, consisting of two copies of the D4 dia-
gram, as in figure 2. To what extent can we see these D4’s in the
K-homological groups of Section 5? The distinguishing feature of the (unex-
tended) D4 diagram is the S3 symmetry of the three endpoints, which fixes
the central vertex. This S3 symmetry exists throughout Section 5: on the full
space SU(3) it is generated by multiplying any orbit by a scalar matrix ωiI
(these form the centre of SU(3)), and by complex conjugation — all of these
commute with the SU(2) action. This is realized by arbitrarily permuting the
three connected components of OSU2 and OO2, as well as S3 = Aut(D4/〈−1〉)
(responsible for permuting the three nontrivial one-dimensional representa-
tions si of D4).

The final K-homological groups (5.25) of SU(2) on SU(3) are only one
dimensional. However, we can see copies of the D4 diagram in τKG

0 (OSU2 ∪
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OO2 ∪ OT) and KG
1 (OD4). The map ψ of (5.18) identifies these two D4’s.

As with the previous examples, we would expect that there is an SU(2)-
invariant submanifold of SU(3), whose K-homology consists of two copies
of D4, one of which is in K0 and defines the nimrep; the three endpoints of
that D4 should be a copy of Ver1(SU(3)).

Unfortunately, these considerations are made more difficult because the
RSU2-module structure obtained in Section 5.2 from K-homology does not
agree with that of the full system (which should come from α-induction).
Is there a meaning in CFT of this other RSU2-module structure, manifest
in the K-homology of Section 5? The presence of torsion in (5.25) suggests
that we may need to use K-theory over Q, rather than Z.

The conformal embedding SU(2)10 → Sp(4)1 considered in Section 6
yields the SU(2)10 exceptional modular invariant (1.25), called E6 in [20].
The full system is 12 dimensional, consisting of two copies of the E6 diagram,
as in figure 3. Again, the final K-homology groups (6.5) are likewise too small
to contain the full system. However, the Z2 symmetry of each diagram pre-
sumably comes from the centre Z2 of Sp(4) — this corresponds for instance
to permuting the two connected components in each of OSU2,OO2,OD5. The
(unextended) E6 diagram can be built from two A5 and one A3 groups, glued
together at the midpoint −1 (see (1.8)).

Clearly, a key (but difficult) question is to see α-induction directly in
these examples. This is responsible for the “correct” RG-module structures
in the full system; they will differ from the “obvious” RG-module structure
inherited directly from the K-homology, because there are two α’s (namely
α±) but only one “obvious.” Incidentally, the obvious one is the RG-structure
in both τK∗

G(G) [40] and τK∗
SU2(SO3) [14]. For the finite groups the α± are

found in [32] (see also Section 1.4 of this paper). Tu and Xu [104] find the
natural ring structure on the K-groups of twisted equivariant K-theory —
it is essentially the external Kasparov product in equivariant KK-theory. In
particular, for twisted equivariant K-homology (see Remark 4.30 of [104]),
there will be a graded product τKG

i (X) × τKG
j (X) → τKG

i+j(X) (at least
when the twist is transgressed). This should agree with the algebra of the
full system, and from this we can obtain the braiding, etc.

Two distinct A–D–E graphs can be associated to a given finite subgroup
Γ of SU(2): in the McKay or cohomological picture [59, 74], the vertices of
the extended Dynkin diagram are labelled with irreducible Γ-representations;
and in the Du Val or homological picture [18, 60], the vertices of the corre-
sponding unextended Dynkin diagram are labelled with nontrivial conjugacy
classes of Γ. The former is described in Section 1.2; the latter can be illus-
trated nicely in the E8 case. Indeed, the binary icosahedral group E8 =
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〈a, b, c | a5 = b3 = c2 = abc = −1〉 has eight conjugacy classes other than 1:
we can take as representatives ai for i = 1, 2, 3, 4, bi for i = 1, 2, and c, as well
as a5 = b3 = c2 = −1. Then the unextended E8 Dynkin diagram is obtained
by identifying an endpoint (corresponding to −1) of a 5-chain (correspond-
ing to the ai), a 3-chain (the bi) and a 2-chain (the ci). This really is the
unextended diagram: the missing conjugacy class, namely 1, should be the
affine vertex, but its edges would be all wrong. (This homological picture
is very reminiscent of the generators of e.g., the E8 Lie group representa-
tion ring found in [1]: denote by a, b, c the fundamental E8-representations
of dimension 248, 3875 and 147,250, respectively; then the exterior powers∧i a for i ≤ 4,

∧i b for i ≤ 2, and c, together with either
∧5 a or

∧3 b or∧2 c, generates the polynomial ring RE8.)
This cohomological picture is the one used exclusively in our calcula-

tions, and indeed conformal field theory identifies the primaries (i.e., the
basis of the Verlinde algebra RG/Ik) directly with representations. How-
ever, D-branes in Wess–Zumino–Witten models (the conformal field theories
of primary interest in this paper) have long been associated to conjugacy
classes in G (see, e.g., [37,73]). More fundamentally, Verlinde’s formula (1.18)
identifies all characters (one-dimensional representations) λ �→ Sλκ/S0κ of
the Verlinde algebra, labelling them with primaries κ. In the case of Wess–
Zumino–Witten models on a Lie group G, Sλκ/S0κ equals the character of
the λ-representation of G, evaluated at the (conjugacy class of the) element
of finite order exp(2πi (κ + ρ)/(k + h∨)) in G. This is precisely the conjugacy
class which e.g., [75] associates to the primary κ.

It is interesting that [75], who like us works in the language of K-
homology, interprets primaries as special conjugacy classes. Indeed the rep-
resentation rings appearing in our K-homology groups arise through the
(unnatural) application of Poincaré duality. The Dynkin diagrams which
both conformal field theory and subfactors attach to the SU(2)k modular
invariants and full systems are unextended. This suggests that a more natu-
ral treatment of these K-homology calculations could be to directly involve
conjugacy classes rather than representations. (See the end of Section 3.1 for
an explanation of how conjugacy classes arise in the K-theoretic treatment
of the Verlinde algebra of a circle.)

String theory is well-defined on singular spaces, and many relations
between it and the McKay correspondence and resolution of quotient sin-
gularities, have been explored. Let us briefly describe one which bears some
formal similarity to the considerations of Section 2.2. In type IIB string
theory, the 10-dimensional background comes factored into R

3,1 × I6, where
the transverse or internal space I6 is a Calabi–Yau three-fold. For ease of
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calculation it is common to locally model I6 with a (noncompact) toric
variety Y , e.g., C

3/Γ where Γ is a finite abelian subgroup of SU(3). These Y
have a singularity at the fixed point (0, 0, 0); probe that singularity with N
D3-branes. These branes will fill space-time R

3,1 but be localized to a sin-
gle point (namely 0) in the transverse space Y . We are supposed to live in
this R

3,1, and the optimistic among us may hope that the low-energy effec-
tive gauge theory of this string theory (for the vacuum corresponding to
0 ∈ Y ) would be that of a supersymmetric extension of the Standard Model
of particle physics. The method of brane tilings (see, e.g., [53]) is a success-
ful way of determining that effective theory. Periodic quivers are polygonal
tilings of a 2-torus, just as in figure 5 (e.g., the Sp(4)-Stiefel diagram would
correspond to the square tiling of the conifold); their dual (brane tilings)
is what we would call the graph of cuts associated to our covers of the
bundles of Section 2.2. The vertices of the periodic quiver label irreducible
Γ-representations. Γ breaks the U(N) gauge symmetry of the N coincident
branes down to some

∏
i SU(Ni) (one factor SU(Ni) for each vertex) —

perhaps these gauge groups could correspond to some of our stabilizers. To
the directed edges of the quiver graph are associated the matter fields of the
theory (called “bi-fundamentals” because they carry the SU(Ni) × SU(Nj)
representation φi ⊗ φj of Ni-, Nj-dimensional fundamental representations).
These resemble the unitaries of Section 2.2. The final ingredient needed to
identify the effective theory is the superpotential, a polynomial in the bi-
fundamentals, each term of which is determined from the faces of the peri-
odic quiver. For us these terms would be constants. These dimer models are
two dimensional (so for us correspond to rank-2 Lie groups), but a three-
dimensional generalization (corresponding to three dimensional superCFT,
toric Calabi–Yau four-fold singularities and hence rank-3 groups) has been
recently proposed — see, e.g., [72]. We do not know if there is anything deep
underlying the formal similarities of these seemingly independent pictures.

The H3-untwisted “Verlinde algebra” for SU(2) (so k = ∞) is the repre-
sentation ring RSU2. This can be realised through the K-theory of the fixed
point algebra of the product action on the Pauli algebra of the infinite ten-
sor product of 2 × 2 matrices [105]: K0((⊗NM2)SU2) � RSU2. If we identify
RSU2 with Z[t], the polynomials in an indeterminate t, then the nonzero
elements of the positive cone are identified with {P : P (t) > 0, t ∈ (0, 1/4]}.
The fixed point algebra (⊗NM2)SU2 is the generic Temperley–Lieb alge-
bra. Indeed if we deform this situation with a quantum group SUq(2) to
(⊗NM2)SUq(2) then we have the Temperley–Lieb algebra at say a root of
unity q = exp(iπ(k + 2)). The K-groups K0((⊗NM2)SUq(2)) of these algebras
can be identified with Z[t]/〈Pk〉, the corresponding Verlinde algebra at level
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k [33]. Here, Pi are the polynomials defined by Pi = Pi−2 − tPi−1, P0 =
1, P−1 = 0 and the non zero positive elements of the K-group are {Q + 〈Pk〉}
where Q((2 cos(π/(k + 2)))−2) > 0. The ring structure on the Verlinde alge-
bra is induced by the multiplication map (⊗NM2) × (⊗NM2) → ⊗NM2 on
the Pauli algebra. The K-group K0((⊗NM2)SUq(2)) should in turn be identi-
fied with the equivariant K-group K

SUq(2)
0 (⊗NM2) [80]. This should general-

ize to the other groups. It would be interesting to pursue the considerations
of this paper (conformal embeddings, orbifolds, etc.) from this quantum
group context.

In these remaining lines, we will give a small taste of the work in progress.
There is more to Freed–Hopkins–Teleman than writing the Verlinde alge-
bra as a K-group. They have bundles/equivalence = Verlinde algebra. If
we only look at equivalence classes, then we never see the braiding and
hence the associated representation of the modular group SL(2, Z), as the
Verlinde algebra is commutative. But there is here a special choice of iso-
morphism of bundle products V × W � W × V which gives the braiding.
Similarly, it is useful to think in terms of concrete algebras — i.e., a graded
equivariant bundle of compact operators over a space X, with appropri-
ate H3 and H1 invariants, such that the K-theory of the C∗-algebra A of
its sections is really K(X). We should think in terms of objects realising
K-theory and K-homology, rather then just their equivalence classes. The
analysis of Freed–Hopkins–Teleman of the Verlinde algebra already realises
the primary fields as supersymmetric operators. Mickelsson [76] wrote this
out explicitly for the case of SU(2). If A are the smooth su(2)-valued vec-
tor potentials on T, write QA = Q + Â, A ∈ A, where Q is the free super-
charge on Hf ⊗ Hb satisfying Q2 = L0, and Hf are fermions with a level
2 representation and Hb are bosons with an irreducible level k represen-
tation of LSU(2) and Â is an interaction term. Then QA is a family of
self-adjoint Fredholm operators, equivariant with respect to a central exten-
sion of the loop group LSU(2), and exp(−iπ sgn(QA)) basically defines an
element in the K-group K1

SU2(SU(2)). (The index computations of Jaffe–
Lesniewski–Weitsman [22] produce from supercharge operators Q spectral
triples giving elements in K-homology.) However, it is not just the primary
fields which need to be explicitly realized in this way, but all the associ-
ated objects of a modular invariant, such as the boundary NXM and the
full system MXM , including the Dirac-like canonical inclusion ι ∈ NXN ,
the canonical endomorphism θ = ῑι in the Verlinde algebra and the dual
canonical endomorphism γ = ιῑ ∈ MXM as spectral objects via Fredholm
modules, Dirac operators and spectral triples. Indeed going beyond this,
the maps between these K-groups, such as the modular invariant itself,
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branching coefficients, sigma-restriction and alpha-induction should have
KK-theoretic
interpretations.

In (1.1) we interpreted K-homology as classifying certain extensions.
More generally, the extensions

(7.1) 0 → K ⊗ A → E → B → 0

together with suspensions, yield the Kasparov groups KK∗(A, B) (p. 118
of [34]). Now by a Universal Coefficient Theorem there is an exact sequence
KK∗(A, B) → Hom(K∗(A), K∗(B)) → 0 as on p. 120 of [34]. In particular,
taking A = B to be the object giving the Verlinde algebra, a modular invari-
ant is just an element of Hom(K(A), K(A)) and so gives rise to an ele-
ment of KK1(A, A). Hence a modular invariant will give rise to very special
KK-elements, as would sigma restriction, alpha induction, which should be
analysed via spectral triples, Fredholm modules and Dirac operators.1 This
should be relatively straightforward for finite groups.
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[7] J. Böckenhauer, and D. E. Evans, Modular invariants, graphs and
alpha-induction for nets of subfactors. I, Commun. Math. Phys. 197
(1998), 361–386, II; Commun. Math. Phys. 200 (1999), 57–103, III;
Commun. Math. Phys. 205 (1999), 183–228.
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[11] J. Böckenhauer, D. E. Evans, and Y. Kawahigashi, Chiral structure of
modular invariants for subfactors, Commun. Math. Phys. 210 (2000),
733–784.

[12] R. Bott, Introduction to equivariant cohomology, in ‘Quantum Field
Theory: Perspective and Prospective’, eds. C. DeWitt-Morette, and
J.-B. Zuber, Kluwer Academic Publications, Dordrecht, 1999, 35–58.



Modular invariants and twisted equivariant K-theory 289

[13] P. Bouwknegt, and W. Nahm, Realizations of the exceptional modular
invariant A

(1)
1 partition functions, Phys. Lett. B184 (1987), 359–362.
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Soc. 361 (2009), 1269–1278; math.KT/0609556.

[104] J. L. Tu, and P. Xu, The ring structure for equivariant twisted
K-theory, J. Reine Angew. Math. (to appear); math.KT/0604160.

[105] A. Wassermann, PhD thesis, U Pennsylvania, 1981.



296 David E. Evans & Terry Gannon

[106] A. Wassermann, Operator algebras and conformal field theory III:
fusion of positive representations of LSU(n) using bounded operators,
Invent. Math. 133 (1998), 467–538.

[107] F. Xu, New braided endomorphisms from conformal inclusions, Com-
mun. Math. Phys. 192 (1998), 349–403.

School of Mathematics,

Cardiff University

Senghennydd Road,

Cardiff CF24 4AG

Wales, UK

E-mail address: EvansDE@cf.ac.uk

Department of Mathematics,

University of Alberta,

Edmonton, Alberta

Canada T6G 2G1

E-mail address: tgannon@math.ualberta.ca

Received November 26, 2008


