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A note on Nahm’s conjecture in rank 2 case

AN HUANG AND CHUL-HEE LEE

The aim of this paper is to get a complete list of positive definite

symmetric matrices with integer entries [‘g 2] such that all complex

solutions to the system of equations

1 -z = 2%8,
_ .b..d
1 —z9 = 2]y

are real. This result is related to Nahm'’s conjecture in rank 2 case.

1. Introduction

The investigation of torus partition functions of certain conformal field the-
ories is one of the central topics relating physics and number theory. From
physical considerations, in general, one expects those functions to have nice
modular transformation properties. Zhu'’s [5] is a fundamental paper devoted
to establish such expectations rigorously by using the theory of vertex opera-
tor algebras. In [1], Nahm considered certain rational conformal field theories
with integrable perturbations, and argued that their partition functions have
a canonical sum representation in terms of ¢g-hypergeometric series. Conse-
quently, he conjectured a partial answer to the question of when a particular
g-hypergeometric series is modular. This is called Nahm’s conjecture, and
is discussed in [2]. (In particular, one may consult pages 40 and 41 of this
paper for a precise statement of the conjecture.)
To state Nahm’s conjecture, we consider the g-hypergeometric series

IntAn+Bitn+C

fapc(z) = Z i

e @y (D= (D,

where (q),, denotes the product (1 —¢)(1 —¢?)...(1 —¢"), A is a positive
definite symmetric r X r matrix, B is a vector of length r and C' is a scalar,
all three with rational coefficients. We will call r the rank throughout the
paper. Associated with A = (a;;) we consider the system of r equations of r
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variables z1,...,x,
T

(1.1) L—z=[]af" (i=1,....r).
j=1

The definition of (1.1) needs to be made more precise when there are non-
integral entries in A. However, in this paper we only consider the case when
all entries are integral, so there is no problem. There are only finitely many
solutions to (1.1), so all solutions lie in Q. For any solution = (1, ...,z,),
we consider the element &, = [z1] + ... + [z,] € Z[F], where F is the num-
ber field Q(z1,...,x,). & defines an element in the Bloch group B(F') by a
standard construction [2]. Then Nahm’s conjecture asserts that the following
are equivalent:

(i) The element &, is a torsion element of B(F') for every solution z of
(1.1)

(ii) There exist B and C such that fa pc(z) is a modular function.

It is not hard to show that Nahm’s conjecture holds in rank 1 case (i.e.,
r =1): one may see [2] for example. In particular, A =1,2 are the only
integral values of A that satisfy (i). However, from rank 2 and above, both
directions are open. Obviously, it will be very useful if one can get a complete
list of matrices A such that condition (i) above holds (let us denote this list
by L). Presumably, however, this is a hard task. Instead, one may ask an
easier question: to determine the set of matrices A such that all solutions to
(1.1) are real. For any number field F, it is well known that the free part of
B(F) is isomorphic to Z", where 2ry is the number of complex embeddings
of F. So if all solutions to (1.1) are real, then F is totally real, ro = 0, and
any element of B(F') is torsion. Therefore for each rank r, the set of these
matrices is a subset of L. We wish to investigate this subset for two reasons:
first, it is reasonable to expect that this subset constitutes a substantial
part of L (From [1,2], one may look at the available examples of Nahm'’s
conjecture to get an idea of this. Except some trivial infinite families, most
examples are in this subset.); second, we hope this subset is much more
tractable.

In this paper, we focus our attention to rank 2 case, and consider only
the case when all entries of A are integers. With these restrictions, we will
identify this subset exactly by using Bezout’s theorem. The idea is very
simple: when r = 2, we introduce a new variable z and consider homoge-
neous equations corresponding to (1.1). Then Bezout’s theorem tells us the
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exact number of complex solutions to the system of homogeneous equa-
tions, counting multiplicity. There are solutions to the homogeneous system
of equations, corresponding to z = 0, which are not solutions to (1.1). We
can estimate the multiplicities of these solutions, and this gives us a lower
bound for the number of solutions to (1.1), counting multiplicity. The tech-
nique we will employ to estimate the multiplicities is the method of local
analytic parametrization. For reference, one can see [4], chapter IV, Sec-
tions 1-5. On the other hand, we prove an absolute upper bound for the
number of real solutions to (1.1), counting multiplicity. Combining these,
together with the condition that all solutions to (1.1) are real, we obtain
inequalities for a, b and d, which are sharp enough to enable us to determine
all possibilities.
Our aim is to prove

Theorem 1.1. If [g 2] s a positive definite symmetric matrix with integer
entries such that all complex solutions to the system of equations

11—z = :L“fa:g,

b .d

(1.2)
1 —a20 =225

are real, then | equals one of [21], [13], [42], |
(215 ] (89 (03], (391 or [89]
-1 2 »lo2b lo2l Lol 01l
In Section 2, we will assume b > 0 and prove Theorem 1.1 in this case.
After we finish the proof of b > 0 case, it should be very clear how to general-
ize the proof to the case when b is negative (b = 0 case is trivial as it reduces
to the rank 1 case). We will include the proof for the latter case in Section

3. At the end of this paper, we will also indicate a possible generalization of
the above method to higher rank cases.
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Remark 1.2. Concerning the list of rank 2 examples in [2], except the
trivial infinite family corresponding to central charge one representations
of the Virasoro algebra, there is essentially only one known example from
integral rank 2 case, where all solutions give rise to torsion, but not all

solutions are real. Namely, the matrix [{1] (or [11]).

2. The case when b is positive

Without loss of generality, we assume a >d in this section. Thus
a>b>1. We consider the following homogeneous system of equations
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in CP?%:
Za-i—b _ x12a+b_1 (]J: g 0,
(2.1) 2oHd _ g bl l{ g’ 0.

By Bezout’s theorem, the number of solutions to (2.1), counting multiplicity,
is equal to (b+ a)(b+ d). Obviously, complex solutions to (2.1) with z # 0
are in one-to-one correspondence with complex solutions to (1.2). Moreover,
(2.1) has two solutions with z = 0: [x1 122 : 2] =[1:0:0] and [z : 2 : 2] =
[0:1:0]. Let us denote their multiplicities by i; and i9, respectively. And
we denote the determinant of the matrix A by A. We have the following
lemmas for (b+ a)(b+d) — i1 — ia.

Lemma 2.1. Let g denote the greatest common divisor of 2b and d. If
A =d andb> d, we have iy < b(b+d) + g.
Otherwise, i1 = min{b(b+ d),d(a +b—1)}.

Proof. Take x1 = 1, then (2.1) are reduced to

(2.2&) Za—i-b _ Za-i—b—l _ -’L'g _
(2.2b) T gl g =

We would like to take a local analytic parametrization of (2.2a) at z =
x9 = 0, and compute 7; with that. Let e denote the greatest common divisor
of a+b—1 and b, and write a +b — 1 = euy, b = euy. Take

(2.3) = the

1
then we have (2)®* =t"2 —1. We use (1 —t"?)<2 to denote its Taylor
series, then

0 (1 — =) iz
w/

(2.4) T = y
where w is a bth root of unity, and w’ is any chosen primitive 2bth root of
unity.

It is straightforward to check that Equations (2.3) and (2.4) give a local
analytic parametrization of (2.2a) at z = x9 = 0, provided that w varies
among wf, where wj is a primitive bth root of unity, and k =1,2,...,e. The
point is that for each point on the affine curve (2.2a), there exists a unique
pair of k and ¢, such that (2.3) and (2.4) give rise to the coordinates of that
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point. For definiteness, let us choose w; = (w’)?. (Note that these choices are
not unique. However, any choice will give rise to the same answer for iy, of
course.)

Substituting (2.3) and (2.4) into (2.2b), then (2.2b) becomes

1 1 d
(25)  foraw TR, <(1 - ﬂ“)eww)
. - — .

By the theory of local analytic parametrization, ¢; equals the sum over k& of
the degrees of the lowest degree terms in ¢ in (2.5).

Since a > 1, u; > ug, (b+ d)ug < uy + (b+d — 1)us.

If A#d, then (b+ d)ug # duj. Therefore, for each choice of w, the
degree of the lowest degree term in (2.5) equals min{(b+ d)ua,dus}. So
we have i; = min{b(b+d),d(a+b—1)}.

If A = d, then (b + d)ug = duy. Sinced = A = ad — b*,b*> = d(a — 1). So
a— 12> b > d. There are two possibilities:

(i) b=d, then a—1=0b. We have iy =I(22T!1 220 28 220
3322’%_1 _ :Cg) — I(Z2b+1 _ Z2b _ 1:’5, 22b _ 1.22217—1 _ (22b+1 _ ZQb)) —
b(2b) = b(b+ d), as the intersection multiplicity equals the product
of multiplicities of the point on each curve, if the two curves share no
common tangent lines at the point.

(ii) b > d. Then a — 1 > b. Therefore u; + (b+d — 1)uy is greater than
duy + ug, which is the degree of the second lowest degree term of

u % d
tdw (1—th#) . Consequently, the degree of the lowest degree term

in (2.5) equals (b + d)uy if (£2)? # 1, and equals duy + ug if (£)% = 1.
We write d = gd’, 2b = gb'. Since g is the greatest common divisor of
2b and d, d’ and ¥’ are coprime. Therefore, for w = w¥ and wy = (w')?
(%)d =1 only if ¥’ divides 2k — 1, which can happen for at most %—?
many k. We then get an estimate for ¢;:

)

2e

(2.6) iy < (b+ d)us <e - if) + (duy + us) <b/) —bb+d+g O

Lemma 2.2. If A =a, thenia <bla+0b)+d—1.
Otherwise, iz = min{b(b+ a),a(d +b—1)}.

Proof. The proof is very similar to the proof of the above lemma. Every-
where one replaces a, e, u; and us by d, f, v1 and vg, respectively. If A #£ a
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and d > 1, then v; > v, and the same estimate gives i3 = min{b(b+ a),
a(d+b—1)}. If A = a, then d > 1, and the difference with the previous case
is that now we have v1 + v2(a + b — 1) < avy + vg, so the terms of degree
v] +va(a+b—1) survives, and a rude estimate gives iz < f(v; + va(a +
b—1))=bla+b)+d—1.1fd=1,thena > A, (a+bjva=v1+(a+b—1)
vy > avy, and i = afv; = a(b+d—1). O

Having both lemmas, now let us estimate (a + b)(d + b) — i1 — i2. Obvi-
ously A = a and A = d cannot both happen. We have the following result.

Lemma 2.3. IfA=aorA=d<b, (a+b)(d+b)—i1—iz>a—d.
Otherwise, (a + b)(d +b) — i1 — i2 > a.

Proof. If A # a and one of A # d, A = d = b holds, then

(@ +0b)(d+b) —iy —iz = (a+b)(d+b) —min{b(b+d),d(a+b—1)}
(2.7) — min{b(b+ a),a(d+b—1)}.

Therefore,
(2.8) (a+b)(d+b)—i3 —iz = A+ max{0,d — A} + max{0,a — A} > a.

If A=a, then (a+0b)(d+b)—i1—iz>(a+0b)(d+0b)—bb+d)—
(bb+a)+(d—-1)=a—-d+1.

If A=d<b,then (a+b)(d+0b) —i1—i2 > (a+b)(d+b)—(b(b+d)+g)—
ald+b—-1)=a—g>a—d. O

Next we prove an absolute upper bound for the number of real solutions
to (1.2) (counting multiplicity).

Lemma 2.4. The number of real solutions to (1.2), counting multiplicity,
s at most 9.

Proof. First of all, there is exactly one solution in (0,1)? with multiplicity
one. (In [2], Zagier already mentioned that there is exactly one solution
in this domain, and moreover this holds in much more general case.) By
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eliminating z9, we obtain

b

e (1
(2.9) < x1>+ L) _1—o.

a

=l

In the domain (0, 1), there is no ambiguity on the definition of (2.9), and
obviously solutions to (1.2) in the domain are in one-to-one correspondence
with solutions to (2.9) in (0, 1). Moreover, for any solution to (2.9) given
by z1 = 7, we have the well-defined multiplicity as the valuation of the left
hand side of (2.9) at the point (z; — 7) on the affine Al. In other words,
expand the left hand side of (2.9) as a formal power series in (21 — 7), the
multiplicity of the solution x1 = 7 equals the degree of the nonzero lowest
degree term. Furthermore, this multiplicity is the same as the multiplicity
of the corresponding solution to (1.2).

However, since the left hand side of (2.9) is strictly decreasing in (0, 1),
one easily sees that there is exactly one solution in (0, 1). Since the derivative
must be negative, the multiplicity is one.

Next, we consider solutions outside (0, 1)2,

If b is odd, then (2.9) is defined unambiguously if we concern only real
solutions, since there is only one branch of the function z — z+ which maps
real numbers to real numbers.

If we have at least one solution with 1 > 1, then d must be even, and
x9 < 0. This is case (I). We will show that there are at most two solutions
in this case, counting multiplicity.

If there exists at least one solution with z1 < 0, then there are two
possibilities:
x9 > 0: In this case we have o > 1, and a must be even. Exchanging indices
1 and 2, we see that from case (I) there can be at most two solutions for x5,
so at most two solutions for x1 as well.
zo < 0: In this case we must have both a and d to be odd. This is case
(IT). We will show that there are at most six solutions in this case, counting
multiplicity.

Note that any solution to (1.2) with z; € (0,1) has to be the unique
solution in (0,1)2, so the above exhausted all possibilities of real solutions.

If b is even, then we have three possibilities:
x1 <0, and 2 < 0: We call this case (III). In this case both a and d must
be even, and we will show that there are at most 6 solutions, counting
multiplicity.



616 An Huang and Chul-hee Lee

x1 < 0,and 0 < 2 < 1: So a has to be even. We call this case (IV), and we
will show that there is at most one solution, counting multiplicity.
22 <0, and 0 < z1 < 1: So d has to be even. This is the same as case (IV)
with x1 and z9 switched, so there is at most one solution, counting multi-
plicity.

For case (I), (2.9) can be rewritten as

(2.10) s =~ (

It is easy to see that we need to have A < d, in order that this equation
has a solution for x; > 1. We have the following identity for the derivative
function:

(2.11) b(xy — D f'(x1) = 285%(d — Az + A] — s[la — (a — 1)),

where

N
(2.12) 5= <$1 . ) .
)

(Note that multiplying by invertible elements such as z; — 1, or 2 in local
rings do not affect the multiplicities of solutions. And we are making use
of the fact that if a polynomial equation has N real solutions in an open
interval, counting multiplicity, then its derivative has N — 1 real solutions
in the same interval, counting multiplicity.)

So f'(x1) can possibly have a solution only when 21 < -%7. In this case,
when 0 < z1 < %4, f'(z1) = 0 iff

(2.13) st [(d — Az + Al =a — (a — 1)z

But it is easy to see that the left hand side of (2.13) is strictly increasing,
and the right hand side is strictly decreasing. So f’(z1) =0 has at most
one solution counting multiplicity. Consequently, f(z) = 0 has at most two
solutions, counting multiplicity.

For case (IV), by eliminating xo we have

) 1 ) d
(2.14) ( +x)b+( tx>b_1za
:L’a :EE

where 1 = —x, z > 1.
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If A <d, then the left hand side of (2.14) is always greater than 0, so
we don’t have solutions. If A > d, then the left hand side of (2.14) is strictly
decreasing, so we have at most one real solution counting multiplicity.

For cases (II) and (III), denote 1 = —z, with > 0, by eliminating x9
we have

(2.15) g(:p):—<1+$)i+<1tm>:—1:0.

x% xrd

For the derivative function, we have

(2.16) b(1 + x)tg'(z) = —a’sI[(A — d)z + A] + s1]a + (a — 1)),
where
(2.17) 51 = (1;m>b.

So real solutions to ¢’'(z) = 0 are equivalent to real solutions to (counting
multiplicity)

(1 + z)vtt N d(l +z)v

2.18 A—d — —1)z)=0
21y)  (A-a " (et a- 1) =0,
where u = %, v = A;a. But we have
1 u\ " 1 u—2
<( —;Ux) ) = ( —;Uil X (quadratic polynomial of x).

So the second order derivative of the left-hand side of (2.18) equals 0 iff

(14 x)v2

73— X (a polynomial of z of degree at most 3) = 0.
x

So the second order derivative of the left hand side of (2.18) equals 0 has
at most three solutions, ¢’(xz) = 0 has at most five solutions, and g(z) =0
has at most six solutions, all counting multiplicity. Combining all the above,
and enumerate all eight cases of a,b and d being even or odd as in table 1,
the lemma is proved. O

Now let us prove Theorem 1.1 for the case b > 0.

Proof. In [2], they first searched for matrices A with integral entries (actu-
ally they did it for matrices with rational entries with certain bounds on
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Table 1: Upper bound for the number of real solutions # (for a,b and d, 1
denotes odd, and 0 denotes even).

b 1 1 1 1 0 0 0 0
a 1 0 0 1 1 1 0 0
d 0 0 1 1 1 0 1 0
#< 1+2 1+2+2 142 146 1 1+1 1+1 1+1+1+6

numerator and denominator) whose absolute values are less than or equal to
100 such that L(¢) € 72Q, where & = [z1] + [x2] is the Bloch group element
corresponding to the unique solution 1,z to (1.2) in (0,1)?, and L(¢) =
L(z1) + L(z2), where L(x) is the Rogers dilogarithm function. Among these
they then identified all matrices such that condition (i) of Nahm’s conjecture
holds. On the other hand, as we have explained in the introduction, for any
matrix A satisfying the condition of Theorem 1.1, A satisfies condition (i)
of Nahm’s conjecture, and in particular L(¢) € 72Q, which follows from the
well-definedness of the regulator map (for details one may see [2]). Mean-
while, combining Lemmas 2.3 and 2.4, we have a <9, or A =a,a—b <9,
or A=d<b, a—b<9. From each of these conditions one easily derives
that a,b,d < 100, so A has to be in the Zagier’s list. Therefore, only the

matrices [? 1] and [§ 3] survive. O

3. The case when b is negative
We will prove the following

Proposition 3.1. If [‘; 2] 18 a positive definite symmetric matrix with inte-
ger entries such that all complex solutions to the system of equations

1 —ay = 2%ab,

1—29= xll’xg,
are real, and b is negative, then a,—b and d < 20.

This proposition will be a consequence of the following two Lemmas 3.2
and 3.3, and it immediately implies the full Theorem 1.1, again as there are
only finitely many remaining cases to check to identify all matrices among
these such that all solutions to (1.2) are real, and all these cases are already
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checked in [2]. The proof will be brief since it is similar to the proof of the
case b > 0 above.

Let us write b = —c¢, with ¢ > 0. Without loss of generality, we assume
a > d. Then a > ¢+ 1. We consider the system of equations

z5(1 —x1) = ¥,
(3.1) 251 — x9) = 24,

Except for 1 = 29 = 0, solutions to (3.1) are in one-to-one correspondence
with solutions to (1.2). Using the method of local analytic parametrization,
one easily sees that the multiplicity of this solution is ¢?: write a = hiaq,
¢ = hicy, where hq is the greatest common divisor of a and ¢. Then z1 = ¢,

Ty = t”?k —, where 6 is a primitive cth root of unity, and k varies among

(1—tC1 hicy
1,2,...,hy defines a local analytic parametrization of x{ — x§(1 —z1) at
x1 = x9 = 0. Substituting this parametrization into x§(1 — z2) = 24 while

keeping in mind that ad > c?, one sees easily that for every k, the degree of

the lowest degree term is cjc. So the multiplicity of this solution is c?.

Lemma 3.2. The number of solutions to (3.1) other than z1 = x9 =0,
counting multiplicity, is at least a — 1.

Proof. Let us denote the quantity in the above lemma by n. We introduce a
new variable z, and consider homogeneous equations corresponding to (3.1).
Since a > ¢+ 1, we need to discuss two cases:

Case (i). d > ¢+ 1: In this case, the homogeneous equations are

25(297¢ — 12977 = 19,
(3.2) x‘f(zdfc — xgzdfcfl) = mg.

If a > ¢+ 1, then z = 0 implies 1 = 22 = 0. So we don’t have solutions
to (3.2) with z = 0. Thus, Bezout’s theorem implies that n > ad — ¢ = A >
a—1.

If a =c+1, then d = ¢+ 1, (3.2) becomes

25(z — xp) = L,
2§(z — xg) = a5
There are ¢ distinct solutions with z =0: [z : x2: 2] = [1 : wy, : 0], where
wit2kmi
Wy = e i , k=0,1,...,c—1. We calculate the local valuation of the

function z§z — z§ — 1 on the curve z — x5 — St = 0. In fact we have 252 —
2 2 2 2
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x5 —1=—(za+1)(x§+1). So V(z§z — 2§ — 1) equals 2 if wy, = —1, and 1
otherwise. There is at most one k such that wyp = —1, so the sum of mul-
tiplicities of these solutions is at most ¢+ 1. Therefore n > (¢ +1)? — (c +
)-?=c=a—1.

Case (i1). d < c: In this case, the homogeneous equations are

25(297¢ — 21297 = 2,
(3.3) 2§ (z — x9) = 242174
We have only one solution with z = 0, namely [z : 22 : 2] =[0:1:0]. Let

us denote the multiplicity of this solution by 1.
Again we use the method of local analytic parametrization. Let 2o = 1,
(3.3) are reduced to

(3.4a) 207C — 207 29 =0,

(3.4b) 2§(z — 1) — 2¢t1d =,

Write ¢ = hoco, ¢+ 1 — d = hads, where hy is the greatest common divisor

of c and ¢+ 1—d. Then z =t%, 1 = %, where k varies among
tc2—1) hac2

1,2,..., hy defines a local analytic parametrization of (3.4b) at 1 = z9 = 0.

Substituting this parametrization into (3.4a), we obtain

(3.5) geala—e) _ AN e .
(t — 1) (t — 1)

If d > 1, then ca(a — ¢) > da + c2(a — ¢ — 1), and we have two possibili-
ties:

(i) a+d# A+1, then dy + co(a — ¢ — 1) # adz, and therefore i < ¢+
l—d+cla—c—1)=ac—c?—d+1<cla—c),

(i) a+d=A+1, then dy + co(a — ¢ —1) = ads > ca(a — ¢) — ¢2, so the
term t2(¢~¢) survives, and i < ¢(a — c).

Either case, we have n > a(c+1) — c? — c¢(a — ¢) = a.
If d = 1, the second lowest degree term in glateatamer Dot survives, and we
(tcz_l) hoco
havei <a—c+1<a,andn>alc+1)—c—a=cla—c)>a—1. O

Lemma 3.3. The number of real solutions to (3.1) other than 1 = x2 =0,
counting multiplicity, is at most 19.
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Table 2: Upper bound for the number of real solutions # (for a,c and d, 1
denotes odd, and 0 denotes even).

c 1 1 1 1 0 0 0 0
a 1 0 0 1 1 1 0 0
d 0 0 1 1 1 0 1 0
#< 1+6 1+6+6 1+6 14+6 1 1+6 14+6 1+6+6+6

Proof. Except for the solution in (0,1)?, again we have four possible cases,
identical to the case when b > 0. In each of these cases, the same argument
as in the cases (II) and (III) for b being positive works, which produces
an upper bound 6 for the number of real solutions in each case. Again by
enumerating all eight cases of a, ¢ and d being even or odd as in table 2, we
get an upper bound for the number of solutions counting multiplicity to be
1+6+6+6=19: O

Combining Lemmas 3.2 and 3.3, Lemma 3.1 is thus proved, and our
proof for Theorem 1.1 is complete.

Remark 3.4. It looks likely that this method can also be generalized to
deal with the case when A is a nonintegral matrix. In this case one has to
formulate the problem a bit more carefully and do all the above analysis
with more patience. In other words, we expect the above method to pro-
vide a complete list of rational matrices A such that all solutions to (1.2)
are real. Lastly, it is conceivable to speculate that the method may also be
generalized to higher rank cases: again, our goal is to get some inequalities
on matrix entries from Bezout’s theorem, which hopefully are sharp enough
to give an upper bound for matrix entries depending only on the rank, thus
giving a finite set of possibilities for the matrix A for each rank, such that
all solutions to (1.1) are real. Thanks to the work of A.G. Khovanskii, we
already have an almost satisfactory substitute for Lemma 2.4 in higher rank
cases: corollary 7 on page 80 of the book [3]. It provides an upper bound for
the number of nondegenerate real solutions to (1.1) depending only on the
rank. (Although in rank 2 case, this upper bound is too large compared to
ours in Lemma 2.4. But the most important thing is the existence of such
an upper bound in general.) Consequently, if we can find a good way to
estimate the sum of multiplicities of solutions to certain homogeneous equa-
tions corresponding to (1.1), which are not solutions to (1.1), thus getting a
substitute for Lemma 2.3, we may achieve our goal. (provided that we also
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know how to deal with the exceptional cases when some of the real solutions
to (1.1) are degenerate)
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