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1. Introduction

Let » > 1 be a positive integer, A a real positive definite symmetric r x
r-matrix, B a vector of length r, and C a scalar. The series

inT An+nT B+C

(1.1) Fapclq) = 3 C

n=(n1, ) E(Zs0)” (Dny -+ (@Dn,
converges for |g| < 1. Here we use the notation (a;q), := [[1—_,(1 — ag*™})
for n € Z>p U {oo} and the convention that the second argument is removed
if it equals ¢ (so (q)n = (¢;¢)n = [[1—; (1 — ¢*)). We are concerned with the
following problem due to Werner Nahm [2-4]: describe all such A, B and
C with rational entries for which (1.1) is a modular form. This problem is
relevant in the study of conformal field theories.

In [8], Zagier studies this question and gives many examples of triples
(A, B, C) for which the series (1.1) is modular. An important tool in studying
the modularity is to consider the asymptotic expansion of (1.1), with ¢ =
e, for € | 0. In [8] three approaches to computing the asymptotic behavior
are outlined. By using the asymptotic behavior, Zagier then obtains for the
case r = 1 a complete list of triples (A4, B,C) € Q4 x Q x Q, for which (1.1)
is modular. The list contains seven triples (see Theorem 3.1 below). The
case B = 0 was previously solved by Terhoeven in [5,7].

For r > 1 it becomes computationally very hard to use Zagier’s method.
However, by using the second approach, as outlined by Zagier, to obtain
the asymptotic expansion (see Theorem 2.1), we find all triples (A, B,C)
for which F4 ¢ is modular, for A belonging to a particular family, namely
A= (/\ﬁa ’\;a), with a € Q and X € {%, 1,2}. See Theorem 3.2, table 1 and
table 2 for the results.

Nahm has also given a conjectural criterion for a matrix A to be such
that there exist some B and C' with modular F4 g ¢ (see [4]). The condition
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618 Masha Vlasenko and Sander Zwegers

for the matrix A is given in terms of solutions of a system of algebraic
equations

T
(1.2) 1-Qi=[]@/, i=1....rn
j=1

The conjecture (see Conjecture 4.1) states that all solutions should give tor-
sion elements in the Bloch group. Interestingly, some of the A in Theorem
3.2 and table 1 do not satisfy this criterion. Therefore we obtain counterex-
amples to Nahm’s conjecture: for A = (?g ;ﬁ) and A = <—31/;14 ;1/24) not
all solutions to (1.2) give a torsion element in the Bloch group, but we do
find a B and C such that F4 p ¢ is modular. In the last section, we then also
give a counterexample for » = 4 where the matrix A has integer coefficients.

Note that we only give counterexamples to the conjecture in one direc-
tion: we find that condition (ii) in Conjecture 4.1 does not imply condition
(i). In the other direction, the conjecture could very well still be true, that
is, that condition (i) implies condition (ii). The correct formulation of the
conjecture remains an interesting open question.

2. Asymptotical computations

Let us explain a method to compute the asymptotics of (1.1) when ¢ — 1.
The idea comes from [8], where it is written in a very sketchy form. We denote
the general term of the sum (1.1) by a,(q). Suppose ¢ — 1 and n; — oo so
that ¢" — @; for some numbers @Q); ¢ {0,1}. Then we have

miee) _ AT A g g
an(q) 1 —gntt 1-Q; 7

where e; is a vector whose all but ith coordinates are 0 and ith coordinate
is 1. We have the following statement.

Lemma 2.1. Let A be a real positive definite symmetric r X r matriz. Then
the system of equations

.
A
(2.1) 1-Qi =@/, i=1,...r
j=1

has a unique solution with Q; € (0,1) for all1 <i <r.



Nahm'’s conjecture 619

Proof. We consider the function f4 : [0,00)" — R given by

falz) = ; TAa:—f—ZLzQ exp(—x;)),
=1

where Lig is the dilogarithm function defined by the power series Lis(z) =
Yoy =3 for |z| < 1. Tt has the property zLiy(z) = —log(1 — 2).
The gradient and the Hessian of f4 are

Via(x) = Az + (log(1 — exp(=i))) 1<i<; »

. 1
Hy,(z) = A+ diag <exp(:vl-) - 1>1<‘< .

Using @; = exp(—x;), the statement of the lemma is equivalent to saying
that f4 has a unique critical point in (0, 00)".

First, f4 has at least one critical point in (0,00)", because it takes on
it is minimum in (0, 00)": it is continuous, bounded from below by 0 and
fa(x) — oo if ||z|| — oo, and so it takes on it is minimum in [0, 00)". In fact,
it takes on that minimum in (0, 00)", because

lim dfa
z;10 0x;

() = —o0 < 0.

Second, f4 has at most one critical point in (0,00)", because it’s differ-
entiable and strictly convex on (0,00)": since A is positive definite, we see
that the Hessian Hy, () is positive definite for all z € (0, 00)". O

Consider the unique solution @; € (0,1) of (2.1) and let g =e™%, ¢ > 0.
Then all the ratios L(q) are close to 1 when n is near (—%, R —loggﬁ)
and it is very likely that an(q) as a function of n is maximal around this point.
We will apply a version of Laplace’s method to describe the asymptotics of

Fa g,c(e™®) for small e. For this we need the so called polylogarithm

> _n
Liy(2) = Z Z . for |z| <1, m € Z,

)
nm
n=1

which satisfies the obvious relation

d . .
ziLzm(z) = Lipm—1(2).
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Lemma 2.2. Let n €N and q=e"¢ with ¢ >0. We fixr Q € (0,1) and
introduce a variable v = —log Q) — ne. Then
(i) for all n,e we have an inequality

q Lia(Q v 1 v Q
(2.2) 10g<((q))oo) < — E( ) + <g - 5) log(l — Q) + 5f@ 3
n
(ii) we have an asymptotic expansion

(2.3) lo(q ) —ZLQTS 741/55T1when51/—>0

* g q T'S' ) 9y

r,s>0

where By =1,B7 = 2,32 = %, ... are the Bernoulli numbers.

Proof.

log<((qq))°:> = Zlog ”*s = Zlog(l - Qe”*se)

s=1
Qpepy s€) &
SR 3) PL A, S
s=1 p=1 p*lp

Since e® > 1+ x for all z # 0 and %5 > 1 — 5 for z > 0 then

el > (14 )<1 1) 1 +(1/ 1) v
vi|— — =) =— —— =] —p=
epe — 1 b pe 2 pE e 2 b

and we get inequality (i) after summation in p. To prove (ii) we notice that
for every fixed p we have an asymptotic expansion

B (Z ﬁ’“@ae)’“) (Z W) = > Py o)

r=0 s=0 r,5>0

i.e., for every fixed N and § > 0 we can find ¢’ > 0 such that

pee?” Byp™* _r_ s
ere—1 ET‘+8§N rls! ev

< 6,
pN max(e, [v|)N

whenever pe, p|v| < ¢§'. Also we observe that when x \, 0

(2.4) xLN Z p*QP — 0

p>%

x
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for any a, as well as

QP peet” 1 X (v+logQ)
(2.5) a:N Z o Z Qe < i arigg 0

p>— P>f

uniformly in v in small domains. Let us choose 6” > 0 such that expres-
sions (2.4) for all integer a between —2 and N — 2 and also the left-hand side
of (2.5) are smaller than ¢ whenever z <¢” and |v| <d”. Now if
max(e, [v]) < ¢” then

pv B,pr+s
‘Zp>1 p? ((I:ziefl - Z’I’-FSSN rfs! €rl/s)
max(e, [v])V

_ 1 QP peeP”
- Z p Q + max(s, ‘y‘)N Z p2 ere — 1]

pmax(e, |I/D<5' pmax(g,|v|)>6’

7“| 7" S 1 r+s Np
+ Z Is! i max(e, |v])V Z P

r+s<N pmax(e,|v|) >

< <L2—N +1+ Z 5" T+5>5

7‘+S<N

and (ii) follows. O

be the Bernoulli polynomials. Con-

Let By(X) =Y, (})BeXPF, p>1
l, p > 1 defined by the following equality

sider polynomials D, € Q[B, X, T

of formal power series in /2

1 Q =1 T , _

=14+> D, (B, 1_QQT) op/2.
p=1

(2.6) exp

Observe that the coefficients of the series under the exponent are polynomials
in B, % and T because Lio—(Q) = Pr—1 (1QQ> where P, r > 1 are the
polynomials defined by P;(X) = X and P,41(X) = (X? + X)%PP(X).
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Theorem 2.1. There is an asymptotic expansion

(0.)
Fapc(e®) e”: ~ Be" <1 + Z cp€p>, e\, 0

with the coefficients o € Ry, 3,7 € Q and ¢, € Q, p > 1 given below. Let
Qi € (0,1) be the solutions of (2.1). Denote §; = = Q A=A+ diag{¢&i, ...,
&} and let L(z) be the Rogers dilogarithm function. Then

r

a=> (L(1) - L(Q)) > 0,

i=1

B=det AVT]QP(L- Q)2 v=C+ 2> 1+Qz:

¢p = det AY?(27) 7772 / Cop(B, &, 1) e 3" Mgy,

where the polynomials in 3r variables Cp, € Q[B,§,t] are defined as
(2.7) Co(B.&t) = > ] DPwn(Bi & ta),
p1++pr=pi=1

where Dy, are the polynomials in three variables defined by (2.6).

Recall that L(x) is an increasing function on R (therefore a > 0), we
have

(2.8) L(z) = Lis(z) + 1 log(z) log(1 — )

2

for x € (0,1) and L(1) = F.
Proof. Let

Z Q). B = HQ )2 v—c+—zgz

=1

and t; = —% — n;. Consider the function

(9)ooan(q)

= (g=e")
fret

¢(t75) =
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defined only for ¢ € t%(c) + Z" where t = t)(¢) is the fractional part of
—%. We assume that a,(q) =0 if n; <0 for some i. After a straight-
forward computation using (i) of Lemma 2.2 and equation (2.1) we obtain
that

(2.9) logo(te) < (~3t"At+ (" (B+3¢) - C)=.

Then
()5 FaB.c(q
ﬁ’ex—) Z o(t,e) ~ Z o(t,€)
p( teto+2r HEtO+Zr [t <

[ 2
~

for every A < —3, where always means that the difference is o(¢?V) for
every INV. Indeed for such A we have }7, .\ ¢(t, €) = o(e) for every N due
0 (2.9). We can further rewrite it as

t
2, e = ) ¢<ﬁ’5>'
0L |t <e HE(tO+Z7 )/ [t <e 3
Let also A > —%. Then
t L ¥ N
(2.10) <Z><\/g, €> = ezl AT (1 +)° Cp(t)ap/2> + o(eNBM2))
p=1

uniformly in the domain |t;] < e**3. Here Cy(t) are the polynomials defined
by (2.7) and actually depending also on B and £. We observe that for any
polynomial P

(2.11) 3 P(t)e 5" At o s—’"/Q/P(t) e~ 3t At gy
tE(tO+Z7 )\ /e |t | <t 3

(the difference is o(¢"V) for every N) when A < —%. Combining (2.10) and
(2.11) (we will prove both facts later), we get

r r/2 ~ >
(q)ooFA;Byc(q) ~ <2£) et AV L+ epe? ).
B exp( —7'e) : .

YEe

Here we have only integer powers of ¢ because [ Cp(t) e~ 3" Atdt = 0 when
p is odd. And this happens because the total t-degree of every monomial in
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C) has the same parity as p, which in turn follows from the definition of D,,.

Now, since
™1 1 2 €
R S GRS
08(q)oo 6z g° o

when € — 0, we obtain the statement of the theorem.
To prove (2.11) we notice again that thilxﬂr% P(t)e
every N, and using Poisson summation formula we have

Z P(t) o3t Z P(ty/e) o 5tTAL _ Z g(s) 2™

te(tO+Zr) /e teto+Zr seZr

14t A
—5t At

= o(eV) for

where g(s) is the Fourier transform of P(ty/&)e” 3" 4. Then ¢(0) is the
right-hand side (RHS) of (2.11), and the sum of all remaining terms are
o(eV) since for any monomial P’(¢) and ¢'(s) being the Fourier transform of
P'(t)e"2""4"* one can check by direct computation that >oseza\joy 19'(s)] =
o(eN) for any N.

It remains to prove (2.10). Using (ii) of Lemma 2.2 we get

1.~ 1
log p(t,e) ~ — §tTAt — e +tT <B + 25)
- Z Z LZ2 P(QZ)sp 17 57t8 - 07

zp3

and therefore for every N
log ¢ - e | = —ltTgt—’y'E—FtT B+ lf Ve
Ve’ 2 2
Np—1 N(A+1)—1
syl B () Ly Q) 4 ofc )

i p=3

uniformly in |¢;| < M3, If we rewrite the RHS as Z;V_OQ gp( t)es then
deggp, <p+2 (because degB,=p). It follows that Zp Zgp(t)et =
O(£3*2) uniformly in our domain since

<>\+;> (p+2)+

Therefore we can take a sufficiently long but finite part of the standard series
to approximate its exponent. Hence some sufficiently long but again finite

N3

=pA+1)+22+1>3Xx+2 > 0.



Nahm'’s conjecture 625

part of

exp

Z<B+ g)t\f Zzp, ( )Lw p(Qi)e"™ ]

i p=3

=1+ Z C,(t)eP!?

will approximate gzb(%, 5) 3t A Ope can easily see that deg C)p(t) < 3p
(in the variable t). Since for p > N

Cp(t)gg _ 0(8(A+%)3p+§) — O(Sp(3)\+2)) _ O(€N(3>\+2))
then it is sufficient to consider only the part with p < N in (2.10). O

3. Modular functions F4 g c

Let us search for those triples (A, B, C) for which F4 g c(q) is a modular
function (of any weight and any congruence subgroup). We will call such
(A, B,C) a modular triple. The idea here is that in order for F4 g c(q) to
be modular, the asymptotic expansion needs to be of a special type, as we
can see from the following lemma.

Lemma 3.1. Let F(q) be a modular form of weight w for some subgroup
of finite index I' C SL(2,7Z). Then when £ \, 0 one has

(3.1) e:F(e ) ~ be ¥ +o(eV), YN>0

for appropriate numbers a € m>Q and b € C.

0 1
-1 0
the subgroup ST'S and in particular it has a g-expansion with some rational
powers ap < ap < --- of q= 627riz:

Proof. Consider S = € SL(2,Z). Then SF is a modular form on

1 1

P (7)) = a0g™ +arg™ + -

Z’U}

. . 2
Subsituting z = % we get
2mi\ w 72ag w2aq
F(e™®) = (%) [ao e T ai e T 4 ]
(27mi)%ag

= TU %, e [1 +o(e )} VN.
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If we now compare the asymptotics from Theorem 2.1 with (3.1) we get
the following statement.

Corollary 3.1. If Fa p,c(q) is modular then
(i) its weight w =0,
(i) a € ?Q +—= S L(Qi) € ©2Q,
(i) e (14202, ¢pe?) =1 <= ¢, =L Vp.

Condition (ii) is very interesting, we consider it in the next section. It
follows from (iii) that modular triples satisfy an infinite number of equations

1 ~
(3.2) (cp — Hcfl’) (B,&, A1) =0, p=23,...,

and these equations are polynomial in the entries of B, ¢ ,A‘l. Indeed, let
us look at the expression for ¢, from Theorem 2.1. Since the generating
function for the moments of the Gaussian measure is

2% det AY/2 o 14T Ay 1 o~
Z ol (2n)2 /t e 2 dt—exp<21: A x>,

1.,
a€(Zx>o)"

all the moments are rational polynomials in the entries of A~ and we obtain
that ¢, € Q[B, ¢, A7Y].

Now let r = 1. It is easy to see that the degrees of D,(B,X,T) in the
variables B, X and T are p, 2p and 3p, respectively. Since ¢,(B, &, (A + £)71)
is the integral of Do, (B, &, t) w.r.t. the measure %e*(‘”@ﬁﬂdt and the

™

integral of t*™ is (2m — 1)!I(A + €)™, the degrees of ¢, in the corresponding
variables are 2p, 4p and 3p. It is convenient to consider the polynomials

~ 1 1
GB6A) = (A + % |- ] (B g ) p=2e

Although these polynomials look rather complicated, we have found using
the Magma algebra system ([1]) that the ideal

I = (ca, ¢3,¢4,¢5) C Q[B,E, A
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contains the element

EE+DAPA-1D)B(A+1)(A-2)(A-1/2).
Consequently, if (A, B,C) is a modular triple then A € {%, 1,2}. For each
A on this list it is not hard to find the corresponding values of B, and one

can compute C' from the equality v = ¢;. This way we obtain exactly the
list from the theorem below.

Theorem 3.1 D. Zagier [8]. Letr = 1. The only (A,B,C) € Q1+ xQ x Q
for which Fa p.c(q) is a modular form are given in the following table.

A B C Fapc(e*™?)
2 0 —1/60 051(2)/n(z)
1 11/60 05.2(2)/1(2)

1 0 —1/48|  n(2)*/n(5)n(22)
12 1/24 1(22)/n(2)
—1/2  1/24 2n(22)/n(2)

1/2 0 —1/40 | 05.1(3)n(22)/n(2)n(4z)
1/2 1740 | 652(5)n(22)/n(2)n(42).

Here and below
n(z) =g [0 - ¢
n=1

and
05,]’(2) _ Z (_1)[n/10]qn2/40_
ne(2j—1)+10Z
We warn the reader that if (iii) of Corollary 3.1 holds for some (A, B, C)
this does not yet imply that F4 p ¢ is in fact modular. To get modularity one
needs to prove an identity between the corresponding g-series for each line

of the table. For example, the first two lines correspond to the well known
Rogers—Ramanujan identities.
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Further computer experiments showed that ¢, € I for p=6,...,20.
Although we stopped at this point, it is very likely that the statement
is true for all p. Also with the help of Magma we have got the following

decomposition of the radical of I into prime ideals:

Rad(Il)=Py----- P1a

where the generators of P; are given below:

i | generators of P;

1 3

2 £+1

3 | B—-1/2, £+2, A

4 | B-1, £+2, A

5 | B, £+2, A

6 | B+1/2, 2 4364+1, A+1
7 | B-1/2, E24+3¢+1, A+1
8 | B+1/2, £—1, A—1
9 | B, €1, A—1
10| B—1/2, £—1, A—1
11| B-1, € —-€c-1, A-2
12 | B, € —-€c-1, A-2
13| B—-1/2, e24+¢-1, A-1/2
14 | B, E24¢6-1, A-1/2

Consequently, the set of all solutions of the system ¢,(B,§,A) =0, p=
2,3,... is a subset of this table, and if we indeed had ¢, € I (or at least
¢p € Rad([])) for all p then this table would be exactly the set of solutions.

Let us us now consider the case r = 2. The task of solving the sys-
tem (3.2) for several small values of p becomes already very complicated.
We failed to solve it with Magma in full generality for r = 2 as we did in
the case r = 1. However, we can still search for modular F4 g ¢, where A is
of a special type. We will consider three families of matrices:

A:<1a %a) = 512522\/5_1

;—a a 2 7’
2—a VE+1

3.3 Y — =
(3.3) A <2—a a) = =& 7
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It is easy to check that (ii) of Corollary 3.1 holds for these matrices. For
these families of matrices we can do an analysis similar to what we did for
r=1.

Theorem 3.2. Modular functions Fa g c(z) with the matriz A being of the
1

form (1 “ a 2;@) exist if and only ifa =1, a =3/4 or a = 1/2. Below
1o

is the list of all such modular functions.

A B C Fa,p.c(e’™7)
( 1 _%) (o) | (05,320 + 0512(29) nz)/mE(=/2)
_ 1 — 20
2 ! 0 * +205,5(22)0(22) /(=)
L 0 ) 2051 (22)1(22)/n(2)”
(02>and<—l> 20| 49 5 (2)05.2(22)0(2)° /n(2/2)2n(22)2n(10
2 5,3 (2)05,2(22)n(2)"/n(2/2)"n(22)"n(102)
3 _1 1 _1
(,4; §4) (f;) and ( ;4> — % 05,1(5)n(2)/n(5)n(22)
4 4 4 4
(g) and (‘j) & 05.2(2)n(=)/n(3)n(22)
2
(5 9) (8) .. (65.1.(3)n(22) /n(=)n(42))?
1
(3) =0 (9) 0 05,1(5)05.2(5)((22) /n()n(42))?
(E) % (05,2(3)1(22) /n(2)n(42))?
2

Proof. Consider the ideal I C Q[by, ba, &, a] generated by &2 + ¢ — 1 and the
polynomials

A1 (b (¢ +e oo\
(£2+2a£+a—1/4)3px|:Cp_pl!:|(<b;>7<€>a<ga ?L+g>)

for p =2,3,4,5. We find with Magma that the element

a(a—3)(a—3)(a—-3)(a—-1)(0* —a~ )

belongs to I. (We ran the function GroebnerBasis(I) which has computed
the Groebner basis for I using reversed lexicographical order on monomi-
als with the variables ordered as by > by > £ > a. It took several hours, the
Groebner basis contains 15 elements, and the element above is one of them.)
The last term does not give rational values for a, and the reason it enters
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here is that we have multiplied every equation ¢, — ¢/ /p! = 0 by 3pth power
of the determinant ¢2 + 2a¢ 4+ a — 1/4 = (£ +1/2)(€ + 2a — 1/2) while pre-
cisely the denominator of ¢, — ¢} /p! is (€ +1/2)3(& + 2a — 1/2)?P. There-
fore our polynomials are divisible by (£ + 2a — %)p for p = 2,3, 4,5, and since
€2 + ¢ = 1 these factors are zero exactly when a? — a = %. We now have a
finite list of values for a, and we plug each of them together with £ into
the equations to find all values of b; and by for which our equations vanish
for p=2,3,4,5. So, we get the list above. For each row we compute the

corresponding value of C from ¢; =7, i.e.

2 + 1
12

1 1+ Q;
C=ci(b1,02,§,a) — ﬂz T g = c1(b1,b2,&,a) —

What remains is to prove that the F4 g satisfy the identities given
in the last column. For the case a = 1/2, this is easy, since Fs p ¢ splits
as the product of two rank 1 cases, for which an identity is given in The-
orem 3.1. For the case a = 3/4, the identities follow directly by applying
Theorem 4.1 below, with m =2 and A = 1/2, and again using identities
from Theorem 3.1.

Only the case a = 1 is a bit more work: using

1E? k
(3.4) (—zq q2
k>0

(this is a direct consequence of the first identity in Proposition 2 of Chapter
2 [8]), with = = ¢~"/2, we find

Z qz amntgn? qun (—q72""2)
m,n>0 n n>0 (Q)n
1 1
_ Z q2n (_q n+5)oo N q2n2+2n+5(_q—n)oo
n>0 (q)2n n>0 (Q)2n+1

Now using that for n >0 we have (—¢ "%)o = ¢~ 2" (¢ )n(—¢2 ) and

ip2_1p

(0™ =2¢7 2" 72" (—q)n(—¢) oo, this equals

. e
50 (@2)n(@% ¢*)n = (Dnl@ P
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To get identities for these last two sums, we use equations (19) and (44)
in [6], which (in our notation) read

3 D" (%07)0(0% %) (@’ 4

= (—0:¢*)n(g* q")n (% 9% ’
3 gt (4% 4"%)o0(@% 00 ("5 4™
= @n(G¢%)n (@)oo ‘

If we use the Jacobi triple product identity (—zq'/?)oo(—2 1¢"?) o0 (q)o0 =
Y onez 2"¢™"/? on the RHS and replace ¢ by —¢*/2 in the first identity, we
get

qgnz I 957%(22) + 057§(2Z)
2 ()l Pn iz
Z qgn2+gn _ q_% 9572(22)
Further we have
(—g%) = (@:6°) _ (@)% o= n(z)?
(@70)00  (4%4%)o0(d75 07 n(22)n(z/2)’
(o = L)oo _ -2 (22)
(@)oo n(z)
and so we get from (3.5)
n(z) ( ) n(22)
F =————(60:3(2 0- 13(2 2 05.9(2
A,B,C(Q) 77(22)?7(Z/2) 5,1( Z)+ 5,7( Z) + 77(2)2 5,2( Z)7
where A = (71/2 _11/2>, B =())and C = —1/20.
The proof for the identity for B = *%)/ 2) and C' = 1/20 is very similar,
and so we omit some of the details. We have
Z qémeéanrérﬁf%m
%nQién — 1 gn2+n — % n
(g

=2(—q)0 Y ((1272 (3o 3 1

= (Dnla56)n = Q)2n+1
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Again we use two identities from Slater’s list (see [6]), namely (46) which
reads

3n? —fn 10 10)

q> (0% 0" (4% 0" (¢"% ¢
; (Q)n(Q;q )n B (Q)oo

o0
Y

and so we can identify it as ¢~'/12905(22)/n(z), and (97), which should
read (note that there are mistakes in some of the exponents; we have given
the corrected version here)

T (—q36%)

>0 (qz; q2)2n+1

2
—4:4
_ ( )OO ((_qll;q30)oo(—q19§q30)oo

(%)
— ¢ (=4¢) e (0% ¢*) ) (6% )0
_ (—Q§q2)oo 3. 10 7. .10 10. 16. 20
= P (%000 (0" 0")o0 (0" 0") 0 (0% 7)o (4% 4> s0-
9 oo
If we replace g by ¢'/2, we find
Z qgn +n % n+1 7£957%(z)95,2(22)7](z)
= q 240 y
"0 q)2n+1 n(z/2)n(22)n(10z)
which gives the desired result. U

In [8] one can find a list of triples (A, B, C') for r = 2 (table 2 on p. 47) for
which numerical experiments show that the condition (iii) of Corollary 3.1
holds, as well as (ii). We see that the cases of Theorem 3.2 with a =1 are
on this list, but the ones with a = 3/4 appear to be new. We will come back
to the case a = 3/4 in the next section.

Similar analysis for the other two families in (3.3) gave the following
results. In both cases if the matrix in the family is diagonal then the modular
forms are products of the ones from Theorem 3.1. Non-diagonal cases are
listed in tables 1 and 2.

In table 1, the identities for the case a = 3/2 follow directly by applying
Theorem 4.1 with m = 2 and A = 2, and using identities from Theorem 3.1.
For the case a = 4/3 we were unable to find a proof.
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Table 1: A complete list of modular triples (A, B, C') with the matrix

2 — . .

A= 9 i a @ , a> 1, a## 2. The corresponding identities for a = %
are not proved but have been verified to a high order in the power series
in q.

A B C FA,B,C(e27riZ)

§> (0) L n;Z)%(_l)n(2q2("+ o)’

B

N
I Lol

1

2 1 - (_1)"(2q%("+$)2
( ?) and ( 32> 310 ? n(z)%
3 3

+ q%(n_i_%)Q . q125(n+23)2)

7N\
DO~ N
O[O D=
~
N
i
=
~
O
=
o,
/—\
=
.N»—‘

) L 65.1(3)/n(3)

@) and @) 150 052(5)/n(3)

In table 2, the identity for B = (b —b) is given in [8] (see (26) in Chapter
2). The proof uses that for any n € Z

¢! 1
(3.6) k%:o (@Dr@) (@)oo
k—l=n

The identity for B = (: ) is proven similarly, using

==

kl—lk’ 1l n/2 +q7n/2

E; - :

(@)oo
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Table 2: The list containing all (B, C') such that F4 g ¢ is modular, where

_ a 1—a 1
A_<1—a a ),a>2,a7é1.

B C FA,B,C’<62WiZ)
o1

(b —b) — o | i X ¢
20 24| ") o1,

|
M\Hlﬂl\'—‘
N————
gl-
|
2 -

n(QZ) > g/

nEZ-ﬁ-i
- > < g > o 1
2} and 2 Z_ Z g2
< 2 1-2) 8 24 i
for all n € Z. This identity follows directly from (3.6):
2 qkl_lk_“ _ oy (- +dY)
k,1>0 (@r(a)r }i>0 (@r(a)
k—l=n k—l=n
kl—5k—31 ki+Lik—11
D S A o ki
k21,zgo(q)k—1(q)l P (@)r(q)
k—Il=n k—Il=n

If we replace k by k + 1 in the first sum on the RHS, we see that it equals
4% /(q)s and the second sum equals ¢"/2/(q)oo

To get the identity for B = (1_53) we use

qkl—i-l 1 1o
(37) Z = (_1)nq—2n —3n

with s, =3 45, (=1 1)*qz*"*3* (this is easily obtained by checking that both
1

sides satisfy the recursion b, + ¢" 1,11 = 1/(q)0o and lim, . by, T)
to get

FABC (a—1)(n?%+n)/

nEZ
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If we replace n by —n — 1 in the sum and use that s_,_1 = sp41 = Sp —
—1)"qz""t3" we easily get that ez @OV 25— 2> ez
, which gives the desired result.
We also checked for each matrix A in Zagier’s list for r = 2 (p. 47 in [8])
if the corresponding list of vectors B is complete. It appears to be complete
a 1—a
1—a
forms in the first row of table 2 were known.

in all cases except A = . For such matrices only the modular

4. Counterexamples to Nahm’s conjecture

The Bloch group B(K) of a field K is an abelian group defined as the
quotient of the kernel of the map

ZIK*\ 1] — A’K*,

(4.1) xr—axA(l—2x)

by the subgroup generated by all elements of the form

(4.2)
a+i-al [+ [5] mepn-as (2] 2L

T 1—2xy 11—y

If K is a number field than B(K) ®z Q = K3(K) ®7z Q and the regulator
map is given explicitly on B(K) by
B(K) — R™,
2 (D(o1(2), ..., D(0r (),

where 73 is the number of pairs of complex conjugate embeddings of K into
C, o1,...,0y, is any choice of such embedding from different pairs, and

D(z) = S(Liz(z) + log(1 — z) log |z|)
is the Bloch—Wigner dilogarithm function. It vanishes on all combinations
in (4.2).
Let (Q1,...,Qy) be an arbitrary solution of the system of algebraic equa-

tions (2.1) in some number field K. Then the element [Q1] + -+ [Q,] €
Z[K* \ 1] belongs to the kernel of (4.1). Indeed, we have

D QiN(1—Q) :ZQi/\HQ;‘i-f = A4;Q: N Q; =0,
5 5 j

]
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because of the symmetry A;; = Aj;. Hence, every solution of (2.1) defines
an element in the Bloch group of the corresponding field.

Recall that there exists the unique solution (Q9,..., Q%) of (2.1) with
QY € (0,1), and we have used this solution to compute the asymptotics
of (1.1) when ¢ — 1. If (1.1) is a modular function then for this solution we
have

(4.3) L(QY) + -+ + L(QY) € 7*Q,

where L(x) is the Rogers dilogarithm function (condition (ii) of Corol-
lary 3.1). Rogers dilogarithm is defined on the interval (0,1) by (2.8) and
then extended to R by setting L(0) =0, L(1) = %2, and
2L(1) — L(1 if 1
Loy = [2E0) = LO/2), it >0,
—L(z/(x—1)), ifx <0.

The resulting function is a monotone increasing continuous real-valued func-
tion, and one has

L(x)—l—L(l—x)—::, L(m)+L<1>_{E2 if x > 0,

)
x &, ifz <0,

L(z) + L(y) + L(1 —zy) + L<11—fy> * L<11—5y>

—%2, if x,y <0,
= xy > 1,

2 .
+7%, otherwise.

We see that Rogers dilogarithm takes values in 72Q on all combinations of
real arguments of the form (4.2). On the other hand, all known functional
equations for L(z) follow from these ones. Therefore it is very natural to
expect that [QV] +--- + [QV] is torsion in the corresponding Bloch group
because of (4.3). (It is automatically torsion if the field Q(QY,...,QY) is
totally real.) Similar reasoning lead Werner Nahm to the following
conjecture.

Conjecture 4.1. For a positive definite symmetric r X r matriz with ratio-
nal coefficients A the following are equivalent:

(i) The element [Q1] + - -+ [Qr] is torsion in the corresponding Bloch
group for every solution of (2.1).
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(ii) There exist B € Q" and C € Q such that F ¢ is a modular function.

This conjecture is true in case r = 1, and there are a lot of examples
supporting the Conjecture also for > 1 (see [8]). Although examples show
that it is not sufficient to require only [QY] + - - - + [Q"] to be torsion, it does
not actually follow from anywhere that one should consider all solutions
of (2.1) in (i). We will see soon that this requirement is indeed too strong.

. . 1-—
As an example, let us consider matrices of the form A = <1 z a a a> .
The corresponding equations are
1- Ql = Qllz %_a7
1 - Q2= Q1 Q8

hence

1-Q1 (@)a _ @
Q2 Q2 1-Qy’
(1-Q1)(1—Q2) = Q1Q2,
Q1 +Q=1 = [Qﬂ—l—[@g] =01in B((C)
This computation is the same for all values of ¢ and we see from table 2

that indeed we have modular functions for every a.
Next, let us look at the table from Theorem 3.2. One can check that

the matrix A = (_ 1/2 _11/2> satisfies condition (i) of the Conjecture.

(All solutions of (2.1) are (Q1,Q2) = (z,z) with 1 — 2 = 2'/2.) However,
A= < 3/4 —1/4

—-1/4 3/4
to Nahm'’s conjecture, since there do exist corresponding modular functions.
Indeed, consider the corresponding equation:

1- Q=@ QY
1-Qy=Q Y Q¥"

> does not satisfy (i), and so we get a counterexample

(4.4)

It is algebraic equation in the variables Q}M and Q;M. Let t = Q}M 2_1/4.

Then we have from the above equations

11—
172
2

1 - Q2
172
1

=t = Q7 =t71-qQ),

= = Q=P Q)
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and we substitute these equalities into Qi/ as t2Q;/ % to get

3(1— Q) = t2t73(1 — Q1),
tH1-Q2)=1-Q1=1-1'Qs,
tt=1.

Consequently, all solutions of (4.4) are (Q1, Q2) = (x, x) where z is a solution
of 1 — z = tz'/2 for a fourth root of unity t* = 1. If we take ¢t = +i we get a
non-torsion element in the Bloch group. Indeed, we can rewrite the equation
for z as

1-2)'=2> & (@ -3z+1)@*-2+1)=0.

We see that (Q1,Q2) = (%, HT\/:O’) is a solution of (4.4), and the corre-

sponding element 2 [HT\/:)’} is not torsion because D(%ﬂ) =1.01494....
Here D is the Bloch-Wigner dilog (see [8, Chapter I, Section 3]) for which
it is known that D(z) = 0 if and only if z € R.

. . . . . _ (4/3 2/3 .
A similar thing happens in table 1: the matrix A = <2 /3 4 /3> satis-
3/2 1/2

fies the Conjecture while A = <1/2 3/2

have two counterexamples, and we notice that both matrices match into the
following general pattern.

is a counterexample. So far, we

Theorem 4.1. Let A be a real positive definite symmetric r X r-matriz, B
a vector of length v, and C' a scalar. For an arbitrary m > 1 we define

A=l +E,®(A-1), B =ly+e,®(B-1), C =C/m,

where Ep, € My xm(Q) such that (Ey,)ij = 1/m, e, € Q™ such that (ep,); =

1/m and l, € Q" such that (1,); = % Then

Fa pc(q) = Fapcld’™).

Proof. The proof relies on the following identity

2 mET ktmiT k

1
D PR,

M. MM e M. 41T
()n kel (@™ ¢k, - (@™ 4™k,
kit thm=n
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which holds for all n > 0. It follows directly if we use (3.4) on both sides in
the trivial identity

(—2¢"% @)oo = (26" ™00 (—2¢* % ¢™) oo -+ (—2¢™ V2 4™ oo

and compare the coefficient of 2™ on both sides.
Using the identity we find

InT An4+nTB+C

Fapclq) = Z “

nezyyr (@Oni---(@n,

— Z q%nT(A—IT)n—I—nTB—i-C Z
nE(Zzo)T KeManl(ZZO)
mKe,,=n

q%HKH2+m7’eZKlm

(@™ q™) Kk

9

where ||K|[> =Y >0 K3 and  (¢;9)x = [Ti—; [Tj21 (¢ @)k, - Now
changing the order of summation, we get that this equals

2T KT(A-1)Kep+ 2| K||24+meZ KT B+mre? Kl +C

Z q m
(@™ q™) Kk

KEMT‘X’HL(ZED)

If we turn the r x m matrix K into a vector of length rm by putting
the columns of K under each other, we can recognize this last sum as
Fy pr.c/(q™), where A" and C' are as in the theorem and B” = e,,, ® B +
rlm ® er. We can easily verify that

Tl @ ep =y _€m®lra

which gives B” = B’, with B as in the theorem. So we have found

Fapcl(q) = Fa g o(q™)

1/m

Now replacing ¢ by ¢ gives the desired result. [l

Let us take r = 1 and m = 2. Then

A=y - A/:<_3{;14 —3%4)7

s - a=( 1)
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and the theorem produces modular functions for these 2 x 2 matrices from
the ones known for 7 = 1. One can construct more counterexamples with
higher r using Theorem 4.1.

Finally, we would like to give one more counterexample, this time such
that A has integer entries. Let

31 1 0 1
1 3 0 1 1]-1 1

A‘1010’B_’ 1 ’C_E'
01 0 1 1

All solutions of (2.1) in this case are

1 1
= - . s T thl— 2: 4
(@1.Q2.Q3.Q0) = (w7 ) with1—u? = u
and
(@1,Q2,Q Q4)=(u y—— —) with 1 — 2 = —u/*
B B R T =) ‘

A solution of the first type gives the element 2[u] 4+ 2[1_%11], which by the
five-term relation equals —[1 — u?] = [u?] = [v], where v satisfies 1 — v = v?
and so it is indeed torsion in the Bloch group. However, solutions of the
second type give non-torsion elements: using the relations [t] + [1/t] =0 =

[t] + [1 — t] we get

1 1
e R e
and so these solutions give the element 2[u] + 2[14%1;]’ which again equals
—[1 — u?] = [u?] = [v], where v satisfies 1 — v = —v2. Since v is not real, we

see that the element is not torsion in the Bloch group.
On the other hand, we have that

2)2051 (2
Fapc(q) = 77(277)(2%)31()

We get this identity by applying the theorem below to A = <i’g ;g ), B =

( _11/;14) and C' = —1/120, and using the identity for this case given in table 1.

Theorem 4.2. Let A be a real positive definite symmetric r X r-matriz, B
a vector of length v, and C a scalar. Let A’, B' and C' be the symmetric
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2r x 2r-matriz, the vector of length 2r and the scalar, resp., given by

2B
1
2A 1 2 T
A= r B — I _9 s
<Ir Ir>’ S ¢ C+24’
1
2
then
n(2z)"

FA’,B/,C” q) = FA,B,C q2 .
(1) =" Faseld®)

Proof. Using (g% ¢%*)n = (¢; On(—¢ @)n, (6% 60 = (¢;0)00(—¢; @)oo and
(3.4), we see that

(%0 1 (¢dx (=00
(D (@63 (GOn(—C Dn (4 O)n
1 q§k2+§k+nk

9

B <Q)n k>0 (Q)k

and so
2. 2yr
((J(;]()ZOOFA,B,AQQ)
anAn+2nTB+20 qngk+nTk+§(k1+k2+-~-+kr)
S X e = nen
" AT SR kT ket 20T Bt g (Rt ) 420
B n,ke%zo)r @y = (@D (@D~ (@,

If we turn the two vectors n and k into one vector of length 2r by putting &
below n, we can recognize this last sum as q_r/24FAI,B/,C/(q), where A’, B’
and C’ are as in the theorem. So we have found
2. 2\r
q;q _
((q)?")OOF ap,0(@”) =q " Fapro(q).

[e.o]

Multiplying both sides by ¢"/24

gives the desired result. ]
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