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Integrality of relative BPS state counts of toric del
Pezzo surfaces

MICHEL VAN GARREL, ToNY W.H. WONG AND GJERGJI ZAIMI

Relative Bogomolny-Prasad-Sommerfield (BPS) state counts for
log Calabi—Yau surface pairs were introduced by Gross—Pandhari-
pande-Siebert in [4] and conjectured by the authors to be integers.
For toric del Pezzo surfaces, we provide an arithmetic proof of
this conjecture, by relating these invariants to the local BPS state
counts of the surfaces. The latter were shown to be integers by
Peng in [15]; and more generally for toric Calabi—Yau three-folds
by Konishi in [8].

1. Introduction
1.1. Local BPS state counts

For Calabi—Yau three-folds, BPS invariants were defined by Gopakumar—
Vafa in [5,6] using a M-theory construction. Their definition and the related
conjectures were extended to all three-folds by Pandharipande in [13, 14].
Presently, genus 0 invariants are considered, also called BPS state counts.
For the local Calabi-Yau geometries relevant below, the terminology local
BPS state counts is used. Let S be a smooth del Pezzo surface and denote
by E a smooth effective anticanonical divisor on it, that is, an elliptic curve.
Denote furthermore by Kg the non-compact local Calabi-Yau three-fold
given as the total space of the canonical bundle Og(—FE) on S. For a curve
class § € Ho(S,Z), denote by ng the local BPS state count in class 3, whose
definition we state below. From a physics point of view, ng counts D-branes
supported on genus 0 curves of class (3. This definition does not rest on rig-
orous mathematical foundations, so alternative definitions are used. Perhaps
the most common one, the one we follow in this paper, aims at extracting
multiple cover contributions from Gromov—Witten invariants and is as fol-
lows. Denote by Mg o(S, 3), resp. by Mo 1(S, 3), the moduli stack of stable
maps f:C — S from genus 0 curves with no, resp. one, marked point to
S such that f.([C]) = 3. Denote moreover by 7 : Mo 1(S,3) — Mg o(S, 3)
the forgetful morphism and by ev : M 1(S, 3) — S the evaluation map. This

671



672 Michel van Garrel, Tony W.H. Wong and Gjergji Zaimi

determines the obstruction bundle R'm.ev* K g whose fiber over a stable map
f:C — Sis HY{(C, f*Kg). Then Ix.(83), the genus 0 local Gromov-Witten
tnvariant of degree B of S, is defined as the integral of the Euler class of
R'7.ev*Kg against the virtual fundamental class of Mo (S, 3), i.e.,

I, (B) := / e (R'meviKg) € Q.
[Mo,0(S,8)]™

The definition of the associated BPS state counts is modeled on the following
ideal (rarely satisfied) situation: suppose that Kg only contained a finite
number of genus 0 degree 3 curves, and that all these curves were rigidly
embedded in Kg, i.e., with normal bundle isomorphic to O(—1) & O(-1).
Then ng should be the number of such curves. Let C C Kg be such a rigid
rational curve of degree (3. According to the Aspinwall-Morrison formula
proven by Manin in [10], degree k stable maps

C — Tot(Oa(—1) @ Ox(—1))

contribute a factor of 75 to the Gromov-Witten invariant Ix, (kf3). For k €
N, we write k|8 to mean that there is 3’ € Ho(Kg,Z) such that k3’ = . In
this ideal situation then, the following equality would hold:

1
(1.1) I, (B) =) 7318/
k|8
In general, the described geometric conditions are not satisfied, and so the

ng do not count curves in class 3.1 They can nonetheless be defined via
Equation (1.1), or alternatively, via generating functions as follows.

Definition 1 (Stated as a formula by Gopakumar—Vafa in [5, 6];
stated as a definition by Bryan—Pandharipande in [1]). Assume [
to be primitive. Then the local BPS state counts ngg, for d > 1, are defined
as rational numbers via the formula

o0 o oo 1
(1.2) > Ik, (18)d = anﬁZ@qdk-
=1 d=1 k=1

Conjecture 2. (Attributed to Gopakumar—Vafa; stated in [1] by
Bryan—Pandharipande) For all curve classes 3 € Ho(S,Z),

ngEZ.

Tt is believed though that a (non-algebraic) deformation of Kg exhibits these
conditions.
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Conjecture 2 was proven by Peng in [15] in the case of toric del Pezzo
surfaces, which are the del Pezzo surfaces of degree >6. More generally, a
proof for toric Calabi-Yau three-folds was given by Konishi in [8].

1.2. Relative BPS state counts

The definitions and conjectures relating to relative BPS state counts mirror
the discussion of the previous section. These invariants were introduced by
Gross—Pandharipande—Siebert in [4]. Whereas the previous section is con-
cerned with local Calabi—Yau three-folds, this one deals with open Calabi—
Yau surfaces, which are examples of log Calabi—Yau surfaces.

Definition 3 (See [4]). Let S be a smooth surface and let D C S a smooth
divisor. Let furthermore v € H2(S,Z) be non-zero. The pair (S, D) is called
log Calabi—Yau with respect to ~ if

(1.3) D-vy=c(S) 7.

If Equation (1.3) holds for all v € H2(S,Z), which is the situation considered
below, we abbreviate and say that (S, D) is a log Calabi—Yau surface pair.
Sometimes the divisor D is excluded from the notation.

The discussion in [4] is concerned with any log Calabi—Yau surface pair.
For our purposes, we restrict to del Pezzo surfaces with a smooth anticanon-
ical divisor. We mention in Section 1.5 below an integrality result by Reineke
in [18], which concerns relative BPS state counts associated to blow ups of
the projective plane relative to the toric divisor.?

As in the previous section, let S be a del Pezzo surface and denote by
E a smooth effective anticanonical divisor on it. Then the pair (S, E) is
log Calabi-Yau. This is the open Calabi-Yau geometry considered in this
section. This terminology is justified by the fact that the canonical bun-
dle of S is trivial away from E. Let § € Ho(S,Z) be the class of a curve
and set w = F - 3. Note that the moduli stack of genus 0 curves in S is of
virtual dimension w — 1. A generic curve representing 3 would meet F in
w points of simple tangency. Instead, we can impose that the curve meets

2The precise geometry is more elaborate. In particular, in order to obtain a
smooth divisor, the singular points of the toric divisor are removed. The authors
in [4] prove that (contrary to expectation) invariants can be defined for this open
geometry.
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FE in fewer points with higher tangencies, cutting down the virtual dimen-
sion. Considering the maximal case, denote by M (S/E,w) the moduli stack
which roughly parametrizes genus 0 relative stable maps f : C' — S repre-
senting § and such that the image of C' meets E in one point of tangency
w. Then M(S/E,w) is of virtual dimension 0 and the degree of its virtual
fundamental class

M(S/E,w)]v

Nslw] := /[ 1eQ

is called the genus 0 relative Gromov—Witten invariant of degree 3 and max-
imal tangency of (S, E). Denote by ¢ : P — S arigid element of M (S/E,w).
For k > 1, denote by Mp[k] the contribution of k-fold multiple covers of P
to Ng[kw] (see [4] for precise definitions).

Proposition 4 (Proposition 6.1 in [4]).

Mlk] = % <k(wkj—_1)l—1)‘

Consequently:

Definition 5 (Paragraph 6.3 in [4]). For d > 1, the relative BPS state
counts ngldw] € Q are defined by means of the equality

(1.4) ZNS[lw] ¢ = an[dw] Z % (kz(du;g—_ll) B 1> q*.
=1 d=1 k

Conjecture 6 (Conjecture 6.2 in [4]). Let 3 € Hy(S,Z) be an effective
curve class and set w = (- FE. Then, for alld > 1

ngldw] € Z.
1.3. Main result
Our main result is based on the following theorem, which was proved for P2
by Gathmann in [3]. A proof for all del Pezzo surfaces was announced by
Graber—Hassett.
Theorem 7 (Gathmann for P? in [3], for general S announced

by Graber—Hassett). Let S be a del Pezzo surface and denote by E a
smooth effective anticanonical divisor on it. Let 3 € Ho(S,7Z) be an effective
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curve class and setw = B - E. Then the following identity of Gromov—Witten
imvariants holds:

(1.5) Nsfw] = (=1)"* w Ik, (9).
In the present paper, we prove the following theorem:

Theorem 8. Let € Ho(S,7Z) be an effective non-zero primitive curve
class. Consider two sequences of rational numbers

{Ns[dw}}dZI and {IKS(dﬁ)}dzl
and assume that they are related, for all d > 1, via (c¢f. Equation (1.5))
(1.6) Nsldw] = (=1)™* dw I (d}3).
Define two sequences of rational numbers

{nS[dw]}dzl and {ndﬁ}d21
by means of Equations (1.2) and (1.4). Then
ngldw] € Z  for alld > 1

if and only if
dw -ngg € Z for all d > 1.

An immediate consequence is as follows:
Corollary 9. Conjecture 2 for Kg implies Conjecture 6 for (S, E).
Per the integrality result of Peng in [15] or of Konishi in [8] then:
Corollary 10. Conjecture 6 holds for toric del Pezzo surfaces.

Our proof of Theorem 8 employs some of the same methods that Peng
used in his proof of Conjecture 2 for toric del Pezzo surfaces, cf. [15]. Namely,
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we rely on congruence relations between binomial coefficients. In particular,
Lemma 13 below was stated in [15].

1.4. Relationship to Takahashi’s work on log mirror symmetry

It follows from Theorem 7 that the relative BPS state counts are related to
the local BPS state counts (see Lemma 12 below for the precise relation-
ship). The local invariants are calculated via mirror symmetry (see Chiang—
Klemm-Yau-Zaslow in [2]) and thus, it is expected that the relative BPS
state counts are directly computed via mirror symmetry as well. It is not
clear what the B-model is though and there is at present no physical inter-
pretation for these relative Gromov—Witten invariants. A mirror symmetry
conjecture in this sense was formulated and explored by Takahashi in [19]
for the projective plane. Let us note though that Takahashi considers an
alternative enumerative version of relative BPS state counts.

Takahashi develops logarithmic mirror symmetry for P? relative to an
elliptic curve F, and considers the following A-model invariants. Let d > 1.
A degree d curve in P? will meet E in a 3d-torsion point. Choose a group
structure on E such that the zero element 0 € I is a flex point. Choose
P € E a point of order 3d for the chosen group structure. Then mg is defined
as the number of rational degree d curves in P? meeting E only at P in only
one branch. The relative BPS state counts npz2[3d] are a virtual extension
of mg in the sense that the rational curves virtually counted by np2[3d] are
allowed to meet E in any 3d-torsion point, not just at P. The attribute
virtual is justified since the np:2[3d] arise from Gromov-Witten invariants.
Based on his calculations and on the work by Gathmann in [3], Takahashi
conjectures that the my are related to the local BPS state counts ng of P?
as follows.

Conjecture 11 (Takahashi in [19]).
3dmg = (—1)ng.

The above conjecture provides an enumerative interpretation of the
invariants ngy. We prove a result analogous to Conjecture 11 in Lemma 12
below. Namely, that lemma provides a linear relationship between the sets
of invariants np:2[3d| and ng. It follows that the relative BPS state counts
are calculated from the periods of the mirror family. This is more generally
true for any del Pezzo surface, since Lemma 12 holds in that setting.
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1.5. Integrality of relative BPS state counts of another geometry

The relative BPS state counts of Definition 5 are defined in [4] in the more
general setting of log Calabi—Yau surface pairs (see Definition 3 above), and
the integrality Conjecture 6 is stated in that generality. An example treated
in detail throughout [4] is that of the pairs consisting of blow ups of weighted
projective planes and their toric divisors.® Consider (a,b) € N? determining
a weighted projective plane via the action

t-(x,y.2) = (t%, thy, t2),
where t € C*. For k € N, let moreover
P = (P,, Py)
consists of two ordered partitions
Po=pi+-+p, and Py=pj+-+p,

of sizes ak, resp. bk. Then the authors consider relative Gromov-Witten
invariants, denoted by

Na7b[P] S @

which, roughly speaking, count genus 0 maps with prescribed intersection
multiplicities along the toric divisors.* Note that k is implicit in the notation.
In [18], Reineke—~Weist prove that the data of the Gromov—Witten invariants
N, [P] are equivalent to the data given by the Euler characteristic of mod-
uli spaces of quiver representations. Using this correspondence, the authors
prove in [18, Corollary 11.4] a variant of Conjecture 6 above. They prove
that BPS state counts extracted from the projective space invariants Ny 1 [P],
for appropriate partitions P, are integers. The above Corollary 10 can be
thought of as an analogue of that result in the case of a smooth non-toric
anticanonical divisor.

3More precisely, the singular points of the toric divisors are removed since the
divisors of log Calabi—Yau surface pairs are required to be smooth. The authors
prove that the standard techniques yield well-defined invariants.

4See [4] for the exact statements concerning the geometry, the intersection mul-
tiplicities and the well definedness of the invariants.
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1.6. Relationship to the integrality of Donaldson—Thomas-type
invariants

Gromov—Witten invariants are defined via intersection theory on the stable
map compactification.” Donaldson-Thomas invariants are a closely related
way of counting curves, corresponding to the Hilbert space compactifica-
tion.% A generalization of Donaldson—-Thomas invariants was proposed in [9)]
by Kontsevich-Soibelman and in [7] by Joyce—Song. A special type of such
invariants is considered by Reineke in [17]. Fix m > 1. In [17, Definition
3.3], the author considers the following Donaldson-Thomas type invariants.
Let n > 0. Then DT%m) encodes the Euler characteristic of some specific
non-commutative Hilbert schemes associated to the m-loop quiver. More
precisely, consider the free algebra on m generators F(™) := Clz1, ... Tm)-
Consider, moreover, the non-commutative Hilbert scheme Hilbgm) para-
metrizing left ideals [ in F (m)  of codimension n, ie., such that
dime F(™) /I =n. Consider furthermore the generating function of Euler
characteristics

F(t):=Y x (Hﬂbgm)) e Z[[t]).
n>0

)

Then the Donaldson—Thomas-type invariants DT%m are defined as rational

numbers via the equality of power series

P((-1mt o) = [La - 0o,

n>1

The shape of the above definition is motivated by Kontsevich and Soibelman
[9]. Then, Reineke [17, Theorem 3.2] states that DT{™ € N and provides a
formula in terms of sums of binomial coefficients. This result is proven for a
more general class of examples by Reineke in [16, Theorem 5.9 and formula
(15)]. It is absolutely remarkable that the invariants DT,(lm) are exactly the
coefficients of the transformation matrix C' of Lemma 12 below:

w—1
(1.7) Cyy =DTY.

®Namely, Mg o(S, 3) compactifies the moduli space of genus 0 curves in S of class

6See [11,12], where Maulik—Nekrasov—Okounkov—Pandharipande conjecture the
precise relationship.
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Here s,t > 1 are such that s/t € N, and w is as in Section 1.2. The matrix
C transforms the relative BPS state counts ng[dw] from Section 1.2 into the
local BPS state counts ng4g from Section 1.1. Albeit formula (1.7) provides
a direct numerical connection, we are as of now not aware of a geometric
connection as to why the transformation matrix from relative to local BPS
state counts should be given by the invariants DTS/?_I). Our proof of the
integrality of the coefficients Cy, via analysis of congruence relations of
binomial coefficients, has much in common with the proof of [17, Theorem
3.2]. That theorem, however, is proven in the more general setting of [16].
Avoiding the extra formalism of [16], our proof is more direct.

1.7. Outline

The proof of Theorem 8 is split into two parts. In Section 2, Lemma 12 states
the precise relationship between the local and relative BPS state counts that
we consider. Each set of invariants is related to the other by means of an
invertible matrix. In Section 3, we analyze congruence classes relating to
the entries of this matrix. We prove that each entry is integer valued, which
proves Theorem 8.

2. Combinatorics
Let S be a del Pezzo surface with smooth effective anticanonical divisor E

and let § € Ho(S,7Z) be a non-zero effective primitive curve class. Consider
two sequences of rational numbers

{Nsldw] }dzl and  {Ix; (dﬁ)}dzl

which we assume to be related, for all d > 1, by Equation (1.6). Define two
sequences of rational numbers

{ns[dw]}d21 and {”dﬁ}dzl

by means of Equations (1.2) and (1.4). Note that formula (1.4) is equivalent
to the set of equations

dy 1) —
(2.1) Ns[dw]:Z];(k(kk_ll) 1>ns[dw/kz}.

k|d
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Combining the formulas (1.1), (1.6) and (2.1) yields the following collection
of formulas:

dy— 1) —
(2.2) Z;(k (% k—11> 1>ns[dw/k] = (—1)dwt! de%ndﬁ/k.
k|d k|d

Fix a positive integer N and, for 1 < d < N, consider the formulas (2.2).
In matrix form, this collection of formulas is expressed as

(2.3) R [ng[dw]l,= A L- A" [(f1)dw+l dw ndﬁ]d,

where R, A and L are the following lower triangular N x N matrices:

i/7 Gu—1)—1\ g -

Rii— (i/lj)2 ( /3 (i]/j—l) ) if jli,
ij

0 else,

Aij = (_1)iw+1 1w 51']',

1 e s
Ly = wop ALl
0 else.

Note that R is lower triangular and has determinant 1.

Notation. For an integer n, denote by w(n) the number of primes (not
counting multiplicities) in the prime factorization of n. Moreover, let

I(n) :=={k € N : k|n and n/k is square-free} .

Lemma 12. Define the N x N matriz C as follows. If t|s, set

—1)s oy o (F(tw —1) — 1
. = kefz(s:/w(_l) e (( ’f—l) )

Iftts, set Csy = 0. Then the sequences
{ngldw]} and {(_1)dw+1 dw ndﬁ}
for 1 < d < N, are related via

(2.5) C - [nsdw]], = [(—1)dw+l dw ndﬂ}d.
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Moreover, C' has determinant 1 and is lower triangular. Thus, by Cramer’s
rule

C integral <= C~ integral.

Proof. We start by writing L = B - L - B~!, where

Bij =
By Mébius inversion the inverse of L is given by

<I~F1> _ (=1)«6/3) if j|i and i/ is square-free,
ij 0 else.

Then
LW w
(AB);; = (=1)"* =5 6y
and

_ (_1)iw+1 ﬁ(‘j
ij w v

((4B)™)
It follows from formula (2.3) that a matrix C' satisfying (2.5) is given by
C=AL'A"" " R=AB-L' (AB)"'-R.

The matrix C' is lower triangular and has determinant 1, as this is the case
for both AL7'A~! and R. A calculation then yields

CFo1) (—1)swHt L (—1)¥(/M)if r[s and s/r is square-free,
(AB k >37‘ {0 else

and

(=)ot 2 s (DT i

0 else.

mm), -

If ¢t does not divide s, then there is no integer r such that t|r|s, so that
Cy = 0. If, however, t|s, then

—1)swtl . st [T/t (tw—1) =1
Ca = ((s;t)? D (=)l (—pyrett < / (T/t_ 1) )
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where the sum runs over all r such that t|r|s and such that s/r is square
free. Set k = r/t, so that, for ¢ dividing s

—1)sw s W (k(tw—1)—1
Cy = ( ) Z (_1) (s/kt) (_l)kt ( ( L 1) >
kel(s/t)

finishing the proof. (]

Lemma 12 reduces Theorem 8 to proving that the coefficients of the matrix
C are integers. This is achieved in Lemmas 15 and 16 of the next section.

3. Integrality

We start by stating the following lemma, which follows directly from the
proof of Lemma A.1 of [15].

Lemma 13 (Peng). Let a,b and « be positive integers and denote by p a
prime number. If p = 2, assume furthermore that o > 2. Then

p%a—1\ _ p*la—1 9
ap = mod (p 0‘) .
peb — 1 pe—th —1
In the case that p = 2 and a = 1, we have the following lemma:

Lemma 14. Let k> 1 be odd and let a be a positive integer. Then

(22kka__ 11> = (—1)*H (kka__11> mod (4).

Proof. Note that

(2ka—1>_2ka—1 2ka — 2 2ka —2k+2 2ka—2k+1

2% —-1) 2—1 2%k—2 2 1
_2ka—1 ka —1 ka—k+1 2ka—2k+1
2%k —1 k-1 1 1

(ka—1)(ka—2)---(ka —k+1)
(k—1)(k—2)---1
(2ka —1)(2ka — 3) - - (2ka — 2k + 1)
2k —1)(2k —3)---1
_ <k;a—1> (2ka —1)(2ka —3) -~ (2ka — 2k + 1)
k-1 2k —1)(2k —3)---1
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and hence
2ka — 1 ofka—1
<2k—1> (=D <k—1>
~ (ka—1 (_1)a+(Zk:a—1)(2ka—3)---(2ka—2k—|—1)
S \k-1 (2k —1)(2k —3)---1 ’

It thus suffices to show that

(2ka — 1)(2ka — 3) - - - (2ka — 2k + 1)
2k —1)(2k —3)---1

(3.1) (=1)*™ mod (4).

Suppose first that a is even, so that the left-hand side of (3.1) is congruent
to

(=1)(=3) - (=(2k = 3))(=(2k — 1))
1-3---(2k — 3)(2k — 1)
(1" mod (4),

(-1

where the last congruence follows from the fact that k& is odd. Suppose now
that @ is odd. Then the left-hand side of the expression (3.1) is congruent
to

C2%(a—1)+(2k—1) 2k(a—1)4(2k—3) 2k(a—1)+1
- 2%k — 1 ' 2k — 3 1
=1= (-1)*"" mod (4).

l

We return to the proof of Theorem 8. If s =¢, then Cs = 1 is an integer,
and we may thus henceforth assume that t|s, but ¢ # s. Let p be a prime
number and « a positive integer. For an integer n, we use the notation

p*ln

to mean that p®|n, but p®*t! {n. In order to prove that Cy € Z, we show
the following: if p is a prime number such that

S
ai
pllt

(3.2) pQOé‘ Z (_1)w(s/kt) (_1)ktw (k (tﬂ;g—_ll) - 1>.

kel(s/t)
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Fix a prime number p and a positive integer « such that
S
(¢4 —
Pl

We regroup the sum over k € I(s/t) as follows. Let k € I(s/t). For s/kt to
be square free, it is necessary that p®~!|k. This splits into the two cases

Pk
in which case k/p®~! € I(s/p*t) and
p°k

so that k/p*~1 = pl for | € I(s/p>t). Regrouping the terms of the sum (3.2)
accordingly yields

D S (1) (ke (k (tw—1) — 1>.
l€(s/pot) ke{pe—11pal} k=1
Thus, it suffices to show that for all I € I(s/p®t)
—1)—1
f(l) — Z (_1)w(8/kt) (_1)ktw (k (tu;f B 1) > =0 mod (an)
ke{p—1l,p>l}

which we proceed to prove. There are two cases. In the above sum, either
the sign (—1)“(/k) (—1)*® changes or it does not. The only case where the
sign does not change is when p =2, o = 1, and both ¢ and w are odd.

Lemma 15. Assume that either p # 2 or, if p =2, that o > 1. Then

f()=0 mod (p*).
Proof. In this case,

pH(tw—1) =1 p* Htw—1) -1
N e B W
pxl —1 pel—1
=0 mod (pQC“)

by Lemma 13. O
Lemma 16. Assume that p =2 and that o = 1. Then

f()=0 mod (4).
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Proof. In this case,

== () s ()

=0 mod (4)
follows from Lemma 14. O

Therefore in both cases f(I) is divisible by p?®, and this finishes the proof
that the entries of C' are integers. Consequently, by Lemma 12, the proof of
Theorem 8 is complete.
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