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The asymptotic profile of y,—genera of
Hilbert schemes of points on K3 surfaces

JAN MANSCHOT AND JOSE MIGUEL ZAPATA ROLON

The Hodge numbers of the Hilbert schemes of points on algebraic
surfaces are given by Gottsche’s formula, which expresses the gen-
erating functions of the Hodge numbers in terms of theta and eta
functions. We specialize in this paper to generating functions of
the x,-genera of Hilbert schemes of n points on K3 surfaces. We
determine asymptotic values of the coefficients of the y,-genus for
n — oo as well as their asymptotic profile.

1. Introduction and results

The Hilbert scheme S of n points on a complex projective surface S heuris-
tically parametrizes collections of n points on the surface S. The geometry
of such Hilbert schemes is well studiedE] In this paper we will be mainly con-
sidering the case when S is a K3 surface. K3 surfaces are smooth, compact
and simply connected surfaces with trivial canonical bundle. K3 surfaces
are hyper-Kéahler manifolds and exhibit a wealth of other special proper-
ties. The Hilbert schemes K3 are also hyper-Kéahler manifolds, and their
topological invariants determine many other interesting invariants for math-
ematical objects associated to K3: Gromov-Witten invariants [16} [I7], stable
pair invariants [22], rank r sheaves of pure complex dimension 2 [25]. K3 sur-
faces are important in Calabi-Yau compactifications of 10-dimensional string
theory to 4 and 6 dimensions. From this perspective, the Hodge numbers
hP7(SI) of the cohomology give information about the number of (super-
symmetric) quantum states in the lower dimensional physical theories. See
for example [§].

The Hodge numbers h?"(S!™) of the Hilbert schemes of n points on an
algebraic surface S are famously given by Gottsche’s formula [12]. Gottsche’s
formula expresses the generating function as an infinite product, and is
in fact a simple product of Jacobi theta and Dedekind eta functions. The
asymptotic growth of the Euler number x(S [”]) for n — oo has been known

1See for example [13] and [21] for two expository texts.
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for a long time. It was found using the Rademacher circle method (see for
example [3| [14]) and is of interest for conformal field theory and string the-
ory. Recently, methods are also developed to derive the asymptotic behavior
of the Betti numbers which gives much more refined information about the
cohomology of the Hilbert schemes [4] [7]. Closely related is the work by
Hausel and Rodriguez-Villegas [15], who have determined the asymptotic
profiles of Betti numbers of a class of hyper-Kéahler manifolds. The majority
of those hyper-Kéahler manifolds in [15] appear as moduli spaces of families
of mathematical objects.

In the present paper we extend the techniques developed in [4] [7], to
determine the asymptotic behavior of the x, genus of K3, To explain the
setup and results in more detail, let

dime M
e(Mia,y) = Y WP(M)ary,

p,r=0

be the Hodge polynomial of a smooth complex manifold M with h?" (M) =
dim HP" (M) the dimension of the Dolbeault cohomology group HP"(M). If
M satisfies Poincaré duality, e(M;x,y) is a palindromic polynomial in the
two variables x and y. The polynomial specializes to several other well-known
characteristic polynomials. For x = y, one obtains the Poincaré polynomial,
i.e. the generating function of Betti numbers by(M) =3° . _; hP"(M). For
x = —1, e(M;x,y) specializes to the x,-genus of

M xy(M) =) RPT(M) (1)Y= X" (M

p7r

The number x" (M) is the index of the Dolbeault complex of forms with non-
holomorphic degree r. Finally for x =y = —1, e(M;z,y) equals the Euler
number x(M).

The famous formula by Gottsche [12, Conjecture 3.1] expresses the gen-
erating function of Hodge polynomials of the Hilbert schemes as an infinite
product formula

0o 1+xp71yr71qn)hp’r(5)

dd
(1.1) e(SM;z,y) "y e Y Ry
nz;) H Hp+r even(l_xp lyr lqn)h ()

To specialize Eq. (1.1) to a K3 surface, note that the nonvanishing Hodge
numbers of a K3 surface are given by h%?(K3) = h?9(K3) = h"2(K3) =
h%2(K3) = 1, and h1(K3) = 20.
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In the physical context of Calabi-Yau compactifications to 4 dimensions,
the exponents of x and y label representations of the SU(2) rotation and
U(1) R-symmetry group [8]. Specializing (1.1) by  — —1, and y — —(, one
obtains a generating function of the Laurent polynomials (7" x_ C(K3["])
The exponent of ¢ then labels representations of a diagonal subgroup C
SU(2) x U(1).

To obtain our results we use and develop techniques from analytic num-
ber theory. See for example the closely related papers [4H7, 9, [14] 18] 19, 27].
We expect that the techniques in this paper might in turn motivate and be
relevant for questions in analytic number theory. For example, a combinato-
rial interpretation of the coefficients of (and its specialization of (x,y)

o (—1,—C)) in terms of colored partitions is still missing. We continue by
expressing the generating function in terms of modular forms. Recall that
the Jacobi theta function ¥(wj;7) is defined for w € C and 7 € H

o0

19('11};7') = iCEqE H(l—qn) (1—<qn)( C 1 n 1)

where

o

C:=e™ g:=e*7  and (a;q)e0 = H(l —aq")
n=0

is the ¢-Pochhammer symbol. Recall also that the Dedekind n-function is
defined as

1 o 1
*H (1-4") =q*(¢: )0

Then specialization of Equation (1.1)) to z = —1 and y = —e?™™ = —( gives
the generating function of x_c-genera of K3l

with £k = 24 and
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We define the coefficients a, ,(n) of fi(w,7), k > 1, as follows
Z A, k: Cm "

We note that the coefficients x" ([K3]") are given by (—1)"a,24(n). Due to
the symmetry w <> —w of f(w;7) it is easy to deduce that x_ C(K3[ ])
a palindromic polynomial of degree 2n with positive coefficients. We note
that Y 7 amr(n) = pr(n), with py(n) the number of partitions of n in &
colors.

Our first result is obtained using the approach of Wright [26] also used
in [5H7, 19, 27].

Theorem 1.1. Let N € N and I;(x) denote the I-Bessel function defined
in Equation . For fized m we have, as n — oo

2 14+6+5%
_ 24204k
am k Z dm k 4 (77 \/;)

xflg;<w 2’;”)+o( eV,

where the dy, 1(€) are defined in Equation (2.9).

Since dp, (£) are independent of m for £ = 1,2 and dy, 1(3) — drx(3) =

6—10(7“2 —m?), we deduce:

Corollary 1.1. The difference an, (n) — ar(n), as n — oo, is given by

am k(1) — arp(n) =

4 9+k k T4 2kn
1571'3(1“2 —m?) (8n)~ =N () e"V s

—I—O( —Sem %)

Remark. The leading asymptotic behavior of a similar difference of coef-
ficients was determined in [7, Corollary 1.2] for the function g(w;7)/n(7)*.
We observe that the two asymptotic behaviors only differ by the factor %.
Note however that for large m the coefficients d,, 1 (¢) grow much faster in

the case studied here compared to [7].
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Our second main result concerns the profile of the coefficients a,, x(n)
for [m| < /¢ lof_". To this end we define

(1.2) P(m, ) = dd22 (m th<5;n)>

icsch2<ﬁm> (Bm oth<ﬁ2 ) —2>,

with csch(z) = 1/sinh(x). The function P(m, ) satisfies

P(0,8) = gv /_ P(m,B)dm =1

271'2

Using the Taylor expansion of P(m, /) in m, we obtain the limiting shape
of the ratio a, x(n)/pr(n) for large n. This is given by:

and has variance

Theorem 1.2. Let px(n) be the number of partitions of n in k colors. For
m as above we have, as n — oo

‘L;:’ZT(Z;) = P(m, By) (1 +0<55]m\§>> ’

k

where B, = 74/ &

It is an interesting open question to which distribution the probabil-
ity density function P(m, () corresponds. Probability distributions occurred
earlier for coefficients of inverse theta functions and for the cohomology of
hyper-Kihler manifolds. For example the profile for the function g(w;r)/n(7)*
was conjectured by Dyson [I0] (and recently proven by Bringmann and
Dousse [4, Theorem 1.3]; see also [24, Equation (2.13)]), to be equal to
Piog(m, 8)=17 B sech? (2Bm) T B cosh™ (2ﬁm), which coincides with the prob-
ability density function of the logistic distribution with mean 0 and variance
%. Similarly, the profiles of Betti numbers of hyper-Kéhler manifolds found
by Hausel and Rodriguez-Villegas allow often an interpretation as proba-
bility distributions [I5]. For example, the profile of the Betti numbers of
Hilbert schemes on C? corresponds to the Gumbel distribution [15]. In a
similar spirit, a Gaussian distribution is found for DT-invariants of C* [20].
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The paper is organized as follows: In section [2] we prove Theorem [I.1] by
using Wright’s method as in [7] and in section |3| we adopt the method de-
veloped in [4] to our generating function of x,-genera to prove Theorem 1.2
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2. Proof of Theorem [1.1]
2.1. The main term

We start by recalling the transformation properties under 7 — —1/7 of the
Jacobi theta and the Dedekind eta function.

Lemma 2.1. We have

77(—1> — (=)t (),

1 10
ﬁ(w; —) = —i(—iT)2 ™ TY(w; 7).
T T
To prove Theorem we investigate the main term of g(w;7) by using
the transformation rules of 7(7) and ¥(w;7). Recall that q:= e?™" and
¢ := 2™ We define furthermore z := —27i7 such that ¢ = e~?. Then we

have for g(w; %)2 as z — O:

Lemma 2.2. For 0 < Re(z) < 1, 0 < Re(w) <1 we have

g(w i >2 _ sin(mw)? exp(#) <1 N 0(6_4W2Re(§)(1—w))) .

2\2 . 2w\ 2
(27) sinh(*%)
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Proof. Using Lemma [2.1] we obtain
1 _1\?2 iz \6 1 _1\?2 m2w? i\ 6
( iz)2 (=8 n(E)" (¢ -c) exp(tme) ()
glw =— :

& w5 (7)o )’

Then expanding the definitions one obtains

1 _1)? 42w?
(o) (65— c78) e ()
glwi—) =-
27T 2 2r2w _2n2w 2
(#) (¢ )
4n2n\ 4
=)
' H 4n2w 4n2n 2 4n2w 4n2n 2
31 (1_6 : —T> (1_6— = —T)

el oo emn-),

27 z

which completes the proof. O

We continue by using Cauchy’s theorem to express the coefficients of
Jr(w;T) as contour integrals. We define f,, x(7) as the coefficient of (™,

2qi é 9
fmg(T) = / g(w; 7)° cos(2mmw)dw,
()= o | gtwim)? cos(zmmu)

where we used that fi(—w;7) = fi(w;7). From f,, (1), the a,, ,(n) are
consequently obtained as

1 Im k(T)
2.1 = — ’
( ) am,k(n) omi J, qn+1 d

)

0 clockwise. We choose e #* for the radius,

where C is a circle surrounding

with G := F\/g. Lemmas and show that in order to obtain the
asymptotic main term of a,, ;(n), the following split is natural [7), 26]

amip(n) =M+ E,
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with
M = L fonss(7) q,
271 e qn—H
F o= L fm,k(T)

C 27 Je, gt ¢

where C; is the arc going counterclockwise from phase —f to [, and Cs is
the complement of C; in C.

The leading term will follow from M, whereas E will contribute to the
error. We first consider M and split this further into

M = My + Eq,
with
1
(22) My = [ ImaCL i g
2 Jey (e e7%)
1
(2.3 g e L
2mi Je, (e7%1e7%) 5

and gm,1(2) and g 2(z) are defined by

(2.4)
2

an2w?

se = cos(2mmw)dw,

22 Jo sinh( 27;21”)

% . 2 . 2 an 22
gm2(2) == 2/ g(w; ;Z> - 2511.1(7rw)2 ——e - cos(2mmw)dw.
0 ™ (ﬁ) sinh ( o w)

z

872 : sin(mw
Im(2) = —- (mw)

In view of Lemma [2.2] this is the natural splitting.
Continuing in analogy with [4], we insert the Taylor expansions of sin?(7rw),

cos(2mrmw), and exp (@) ,

1 . ‘ 1 2w)2¢
Sin(ww)2 — _Z (6271'111) + e—27‘rzw _ 2) _ _5 Z(_l)g( 7TU))

cos(2rmw) = Z(_U@M eXp<47T2w2> _ Z w
2V -.
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into Equation (2.4]). Since the Taylor series converge absolutely, we can ex-
change the sums and the integral, such that we find for g, 1(2)

277)2(£1+£2+j+1) m2€2 % w2(51+32+j)

m — _1 £1+£2+1( _ d
g1 (2) £1>1Z£;>0Y( ) (201)!(262)! 5! 2+2 ] sinh(M)2 .

j=0

We are thus left to evaluate integrals of the shape (j € N¥)

3 2j
0 sinh(Q“T“’)

This integral is convergent since the integrand behaves as w as func-
tion of w. We next extend the integration domain [0, 3] to [0,00]. Using
the incomplete Gamma function I" (j;x) := f;o e~ 'tI71dt, the error may be
bounded by

(2.6) < / w4 wRe(2) g

1
2

1\ ! 1 —_
< <Re<>> T <2j 1272 Re()) < e 2 Re(2)
z z

where we throughout use that g(x) < f(z) means g(z) = O(f(z)), and the
well known fact that

2j—2

L (jsa) ~alte™,

as x — 00. In the new integral we make the change of variables 2”7“’ = U.

The path then is given by Arg(u) = Arg(z). Using the Residue Theorem we
can shift the path of integration down to R giving

= 2j+1/<>0 u?d J
(27r) o sinh(mu)? u.

o) u2j
B; = ———du.
I /0 sinh(7u)? “

We will need the following evaluation

Now define

Lemma 2.3. We have A
5 — (CUTBy
j T )

where Bj denotes the j-th Bernoulli number.
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Proof. The proof is similar in spirit to [0, Lemma 5.2]. We first extend the
integral to R. Since the poles all lie at iZ/{0}, we can shift the integral away
from the real axis. One obtains

1 u?
R L
5) 2 /IR+;' sinh(7u)?2 “

2wiTu

Define the function g(u,T) := =5——. Its residue is given by

sinh(mu)?*

2mi Resy—i(g(u, T) ) = / - / g(u, T)du = —4Te~>T
R+% R+3E

Moreover, we have that

/ g(u, T)du = / glu+1i,T)du = 62”T/ g(u, T)du,
R+3 R+ R é

which gives us the integral

4T
g(u, T)du = ———.
/]R—f—; 1 — e2nT

The generating function of the Bernoulli numbers B,

x > x™
(2.7) o1 Z Bmm,
m=0
and the expansion of the numerator of % in the integral gives the

desired result. O

Now combining Lemma with the error (2.6]), we have

205

2. m =2 1Y 2(614+-€2)+5—1
(28)  gma(z) W;N,( ) G0 @

j=0

X\ Ba(t,+£,45) + O |22 Hart) =1 =2nRe( 1)) )
( )

To evaluate the integral M; defined in (2.2)), we can proceed as in [7, 26].
First we define the coefficients d,, 1 (¢) as the Taylor coeflicients of g, 1(2),
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where we let N € N,

(2.9) e 24gm1 dek z +O(zN+1).

The first few coefficients are given by

1 1 k 23 m?2 k k2
Zod - " g 3= " .
6’ m#(2) 30 144’ m.h(3) 9520 60 720 T 6912

dm,k(l) =

Having obtained Equation ({2.9)), we make two further splits, where the first
one is natural in view of Lemma 2.7

My = M + Es,

with

My ::1./ Im,1(2) (Z)’Se gy
C

27 gt \2r
1 dm 1(2’) 1 z % kz krr
FEy i = — . — (—) 24 dq,
and
My = M3 + Es,
where

1 & 1 Z\5
o 2 kw2 Y
o Z / g+t (27r> ¢ o zdg,
Lyt G
5 1 1 < z )';' o p
e _— _— € 6z e 24
57 o e, (" \2m g1 Z mik(l

After a change of the integration variable v = 2/, the main term M3
consists of contour integrals of the form

1 144
Ts(a) == — v () dy a > 0.
s 211 1—i ’

Lemma 3.1 in [7] estimates this integral in terms of the I-Bessel function

To(e) = Loa(20) + O(e37)
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with
£

5 (0+4)
(2.10) L(2vz) = 2 / t_g_lexp<t—|—%) dt,

2mt J_

where the integral is along any counterclockwise contour looping from —oo
around 0 back to —oo. Theorem 1.1 follows now from substitution of these
expressions and a = B, except for the determination of the error terms,
which we bound in the following subsection. Corollary follows from The-
orem 1.1 and using the asymptotic behavior of the Bessel function [I]

(2.11) I,(z) = emx+0<ef>.

2m X2

2.2. The error term

We determine in this subsection the magnitude of the error terms F, F1, Fo,
and FEj3, and that they are ignorable compared to the main term. We show
that the main error is due to F3. We start by computing bounds for the
error terms coming from the different approximations near the dominant
pole starting with Ej. To this end we first bound g, 2(%), which is given
by , near the dominant pole

Lemma 2.4. We have for z € C1 and B — 0

_3x?
e %

gm2(2) K —5—.
Proof. Recall that C; is the arc for ¢ = e™* with phase going from —f; to
Bi and radius e P*. One straightforwardly establishes the following bounds
on this arc

1 1
) > —
|z| > Bk, Re<z> =T

Furthermore, the quotient
sin(mw)

ar2w

1—e =

< 1,

is bounded for w € [0, %], since the numerator is obviously bounded and for

‘%’ < 1, the quotient is < |z|, and for larger w the denominator is < 1 for
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Br — 0. Using Lemma and the bounds above, we bound g, 2(z) by

_ 3n2

1 3 sin(rw)? 2Rl 1) (a2 e 2%k
gm2(2) < 2/ (—22 AR D gy £
’Z‘ 0 (1 _ 6—47;"”) Bk

where we used that w? — 1 has its maximum on [O, %] at % O

With this result we find for Fj, defined in Equation ([2.3)),
Lemma 2.5. We have for n — oo
i< nngr%eﬂ\/?*%ﬂ\/%.

Proof. Using the bound of g, 2(2) (see Lemma we obtain directly

3n2

o< / g "y d
1 < q.
5;% C (e*Z;e*Z)k

From Lemma |2.1]it is easy to see that

[e.9]

k

(12) = ()" e 5% (1+0(e ).

(e ek \2r

As a result we find for n — oo
k_g _ 3x2 B k kn2 1
Ey < B; e (=30t S Re(2)
—Br

Now we investigate the exponent, which can be rewritten and bounded by

[2hn 3 [6n
™ 2"k

This follows from the following upperbound for Re(%) on Cy

Re(z) < 11
2>~ Re(z) B’

and so

k ™k (1 2kn
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by substituting g = m/ﬁ%. Since the length of the integration path is of
order O(fy), we arrive at the desired result. O

The next step is to evaluate the error Fo coming from approximation of the
g-Pochhammer symbol by its functional equation.

Lemma 2.6. We have for n — oo
By <« n i lemV/ AR AT
Proof. On C; the following approximation is valid
12)? = B2 + Im(2)* < 2533

Since the leading term in the Taylor series of gy, 1(%), given in Equation (2.8)),
is &, we can bound g, 1(2) as

gm1(2) < |z| < B

From (2.12)) we know that
1 (Z); _E+k12 O( k —E—&—“z(i—l))
— [ — e 24" 62 — z2 e 24" =z \24 .

(e7#e72),  \2m

Now we have
2k 4x2 Kk
e N T T g N |
E2<</C dze 60k Pr ,B,s .
1

By noting that the integration path is of order O(fx) and plugging in [ we
obtain the lemma. O

To finish the analysis of the error terms on the major arc we calculate F3
coming from the replacement of our main term by a Taylor series.

Lemma 2.7. We have, as n — o0
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Proof. Using
N
e 2 gm1(z) — Z dm7k(£)ze = 0N,
(=1
and changing variables we have

Es <</ ‘Z|§+N+1enﬁk+%Re(i)d&
Cy

Using (2.13), |z| < Sk and that the path is of order O(f) gives the desired
result. O

To obtain an error term away from the dominant pole (also known as the
minor arc) we use the following Lemma proved in [4].

Lemma 2.8. Assume that 7 =u+iv € H with Mv < |u| < § for u >0
and v — 0, we have that

(¢39)c | < Vvexp Ll} (17; —~ % <1 - ﬁ))] .

This means that the contribution of the other roots of unity will be
suppressed as we see by bounding the error term FE.

Lemma 2.9. We have, for every 0 <e <1, asn — o0

FE < nf%eﬂ\/@(l_zj; ) .

Proof. We first bound g(w; 7). To this end, we write g(w;7) as a sum over
its poles [2]

C1ymgtE _qymgtE
g("‘U;T):l"‘(l_C)Z(l)_gqm+(1_C1)Z(1_)C€1qm’
m>1 m>1

Therefore g(w;7) can be bounded for Im(7) = %, Im(w) =0 and n — oo
as follows

7n2+7n

. lq| 1 _Bm? -2 3
9(w77)<<21—|q\m<<1—\qlze LB <,
m>1 m>1

where the second last bound comes from comparison with a gaussian inte-
gral. Thus

glw;7)? < ns.
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We use Lemma for the arc Cy. Recall that 7 = £ and Re(z) = S, =

T/ %. Consequently, v = 5—7’; and M in Lemma equals 1. Using this and
the bound for g(w;7), we directly obtain

IDR< ng/ Bkgenﬁk—"—nﬁk(l_%(l_%)) dz.
C2

Using that for n — oo, —%nﬂk (1-— %) < —4%715/& and that the integration
path is O(1) finishes the proof. O

This finishes the proof of Theorem [I.1] since we have computed the main
term M3 and determined that the leading error among the error terms F,
FE;,i=1,2,3 is given by FEj.

3. Proof of Theorem [1.2]

In this section we calculate the main term that contributes to the profile
coming from approaching the main singularity. To deduce Theorem we
then use Wright’s circle method. Moreover we detect the error coming from
terms near the dominant pole and away from the dominant pole, giving the
range where the asymptotic expansion is valid.

3.1. The main term

To determine the profile of a,, ;(n) as a function of m for large n, we start
by determining an expansion of g, 1(z) which is valid for a wide range
of m. The range of m is 1 < |m| < ﬁlog n. One verifies that with this
range the error in Theorem [I.2) goes to zero for large n. Furthermore, we set

z = Pk <1 + ium7%> for |m| > 1 and as before () := m/%.
To prove Theorem [I.2] we continue in much the same way as in Section[I.1
using the approach of [4, [7] to perform Wright’s variant [26] of the circle

method. We recall the definition of ay, 1 (n) (2.1)

. 1 fm,k(Q)
A k(1) = o o gl d

I

where the contour is as in Section Pl the counterclockwise transversal of the
1
circle C := {q € C; |q| = e *}. We change variables to z = B (1 + ium ™ 5)
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and obtain

am,k(n) =

/Bk . / fm,k(e_z) eV? du,
s Jp

2mm

1 1
where D is the interval u € [— ”213 , ”213 } We split as before

amip(n) =M+ E,

with
M = 5k-1 fm k(e %)e" du,
2mms JD,
B= D [ pe ) e d,
2mms Jp,

where D; is the interval u € [—1,1] and D is the complement of D; in
D. Completely analogously to Section |2 we split M = M; + Fy and M; =
My + E5, where Mo, 1 and Es are now defined as

k

Z \2 _kz kx?
om B [ g (2)f
D,

2rms 2m
By = 5’“1/ Im2(2) _ nz gy,
2rms Jp, (e77e77) 5
1 5 ke kn?
Es = ﬁk1/ Im1(2) 7k_(i> e mte | e du.
2mms Jp, (e7%e77%) 5 2m

In the following Lemma we give an approximation for g, 1(z) as z — 0,
which is valid for the wide range of m mentioned above. We resum the sum

over {3 (the exponents of m) in the Taylor series for g, 1(z) (2.8)). This gives
an expression in terms of hyperbolic trigonometric functions

Lemma 3.1. Recall that P(m, ) is defined in Equation (1.2). Assume that
lul <1 and m < ﬁlogn. Then we have as n — 0o

g1 (2) = (1+ium™3) P(m, ) + O(Bem’ P(m, 30))

Proof. Recall that we determined in the previous section the Taylor series
for gm,1(z) defined in Equation (2.8). Using the generating function of the
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Bernoulli numbers, given by Equation (2.7]), we can approximate this as

> (mz)ﬂ
gmi(2) = (2Bart2 + O(|21%))

— (20!
= zd(rc)ljz)Q <% coth (%)) + O(|2|* cosh(mz))

= P(m, 2) + O(|2|* cosh(mz)) .

We note that z~1 P(m, z) =: f(mz) is only a function of mz. This func-
tion f(x) is clearly smooth for x # 0, and one easily verifies that f(x) is also
analytic for x =0

f(z) = é +0(2?).

We can thus make a Taylor expansion of f(x) around any z € R. Since
|f'(z)| < |f(x)], we have

flz+e) = f(z) + f'(x)e + O(?) = f(z) + O(f(2)e).

2
3

Now we apply this to g, 1(2) with z = Sym and € = i8m

1

gm1(2) =z f(mBr) + 0(51% mi (1+m3) 2f(m5k))
+ o(ﬁgu +m~3) cosh(mﬂk)) .
Now we show that the first error term is larger than the second term for

the full range of m. For that we distinguish between the cases where Sym is
bounded and where Bym grows as § log(n). If Bym is bounded, both f(Bxm)

and cosh(f8ym) are O(1). Since in this case m = O<n§> for n — oo, we find

thus that the first error is O nfg) and the second error term is O(n_l).

For Bym — % log(n) as n — oo, we can bound the cosh(8,m) by
cosh(Bym) < ™ « ne.
Similarly, one finds for f(Sxm)
f(Bem) < n=s log(n).

As a result, the first error becomes O(n_% log(n)g) and the second error

-

O <n7§>. This concludes the proof of Lemma O
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This Lemma leads us to the last split My = M3 + E3 with

1 B ke?

Myim oy [ 2Pmg) ()" e EVE

2mms ) 27
Brm P [ (a0 - 2P0 ()7 50

2mms Jp, Bk 2w

In order to determine the main term, we first define the following function
1 pltimed )
TIs(a) := — vsea(”Jr?)dv, a>0,
27 J1—im~3%

and recall that Ref. [4, Lemma 4.2] shows that these integrals may be related
to I-Bessel functions (analogously to Zs(«) in Section

Lemma 3.2. Asn — oo

Jo(@) = T_s 1(20) + O <exp (oz (1 + H;_))) .

With this lemma we prove the the following proposition for Mz

Proposition 3.3. We have

My = P(m, B) pi(n) (14 0(n 7))

Proof. The change of variables v =1 + ium™s gives

k
41 144 -1
2 1 +Zm K k k k T nk
Ms = B / v2 eV E T IV do.
1

R
—m 3

We approximate the integral over v for n — co by

Wl

1 1+Zm7 k kn T kn 1
v2Tle™V et iVE (1 + O<n75v)> dv.

y 1
27 J1im—3

Now using the definition of J5(a) this equals

(3.1) T 41 <7r\/?> +O<n—ij§+2 (7r ?)) :
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Using Lemma [3.2] and the asymptotic expansion of the Bessel function given
in Equation (2.11)), Equation (3.1)) is further approximated by
i

s ™ k 1
61+O<e 3 )‘l‘O(eXp(ﬂ' n<1+2>>>
W\/Q(%k‘n)‘l na 6 1+m s

One easily sees that the first error term is the largest one and so we have
for the leading term M3

2kn

M; = 5" Plm, f)— (1+0(n—%>)
T ent Y ava k)t '

Now using the following well-known formula [14, 23] for py(n), for n — oo,

k41

pk(n)—2<§> C8n)~ e ”“T"(HO(W%)),

we finish the proof. O
3.2. The error term

In this subsection, we discuss the error terms E7, Fy, F3 near the dominant
pole. We also determine the error E to Theorem[I.2]away from the dominant

pole, which is due to the minor arc Ds. .

To start with E1, one can easily verify that the bound g, 2(2) < ﬁ%e—%k
obtained in Lemma for z € C1 continues to hold for z € D; and m > 1.
Similarly, the proof of Lemma mostly goes through, except that the
length of D; is of order Gy m™5. As a result we have now

k 1 1 2k 37 6
Ei<n atam 5™V 2V,

To establish the bound for F5, we note that for z € D; and m > 1,
gm,1(2) < P(m, B). We can follow again roughly the proof of Lemma
using now g, 1(z) < P(m, ) and that the length of D; is of order S m™s.
Then one obtains

E2 < nfgfé mfé P(myﬁk) eﬂ-\/%inleﬂ- %

For Fs, we recall that Lemma |3.1] gives

z

gm,1(2> B

P(m, By) = O<Bkm§P(m,5k)) .
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After substituting this bound in the definition of EF3 and again using the
length of D1, one obtains

Es<n i 'ms P(m, B)e™V E

Finally, one can also verify that the proof for F in Section[2]is now applicable
with M = m™ 5. This leads to

E < n~ 5™V e

Therefore the dominant pole is indeed the one for z = O(nfé). Comparing
now all error terms we see that Fj3 is again the dominating error, which

concludes the proof of Theorem
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