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ABSTRACT. Existence of homoclinic orbits in the cubic nonlinear Schrédinger
equation under singular perturbations is proved. Emphasis is placed upon
the regularity of the semigroup e“t97 at ¢ = 0. This article is a substantial
generalization of [4], and motivated by the effort of Dr. Zeng [10] [9]. The
mistake of Zeng [9] is corrected with a normal form transform approach. Both

one and two unstable modes cases are investigated.
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1. Introduction

The recent development of chaos in partial differential equations [5] [4] [3] has
brought a lot of hope to this area. Basically, for perturbed soliton eqautions, the
above works offer a general program for proving the existence of chaos. These works
focused upon perturbed nonlinear Schrodinger equations. [5] dealt with integrable
theory. In particular, [5] dealt with those critical ingredients of integrable theory,
which are needed for studying perturbed systems. Specifically, [5] provides explicit
representations of figure-eight structures through Darboux transformations, general
explicit representations of Melnikov vectors, and phase space foliations. [4] dealt
with perturbed nonlinear Schrodinger equations, to prove the existence of homo-
clinic orbits. Two main tools are used: Melnikov analysis and Fenichel fibers. The
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locating of homoclinic orbits requires two measurements: One is given by Melnikov
functions, and the other is a scale measurement (called second measurement). It
turns out that such second measurement is typical in higher dimensional systems,
that is, to locate homoclinic orbits in high dimensions, the second measurement
is often necessary. The tool needed in the second measurement is certain normal
form transform to get proper scale estimate of certain stable manifold. The located
homoclinic orbits are often of the type of Silnikov. In [3], Smale horseshoes are
constructed in the neighborhood of the Silnikov homoclinic orbits. Two main tools
are developed: Locating the fixed points of the Poincaré map and Conley-Moser
conditions. Another important tool used is smooth linearization. Such smooth
linearization does not pose any limitation by virtue of the fact that the Smale
horseshoes once constructed are structurally stable.

The current article is a further development of [4]. In [4], a singular per-
turbation €d? is replaced by its Galerkin truncation which is a bounded Fouerier
multiplier. In [10] [9], Zeng used exactly the same ideas of [4] and followed exactly
step by step of [4] to overcome the difficulty introduced by the singular perturba-
tion €92. A mistake was made in the second measurement argument in [10]. That
is, instead of using the normal form transform to get the proper scale estimate,
Zeng tried to use Liapunov functions. One of the crucial estimates on the decay of
Liapunov functions is not right. Zeng claimed that he could fix the argument in
[9]. The current author is not convinced both geometrically and analytically that
such Liapunov function arguement can ever work. One of the goals of the current
article is to use normal form transform to fix the above arguement. An elegant
normal form transform is constructed to establish the proper scale estimate.

The singularly perturbed nonlinear Schrodinger equation is given as,

(1.1) iqr = Gz + 2[|q|* — w?)q + i€[gs — ag + B]

where ¢ = ¢(t,x) is a complex-valued function of the two real variables ¢ and =z,
t represents time, and x represents space. ¢(¢,x) is subject to periodic boundary
condition of period 27, and even constraint, i.e.

q(t,z+27) = q(t,z) , q(t,—x)=q(t,z) .

w is a positive constant, & > 0 and 8 > 0 are constants, and € > 0 is the perturba-
tion parameter.

The main difficulty introduced by the singular perturbation €92 is that it breaks
the spectral gap condition of the unperturbed system. Therefore, standard invariant
manifold results will not apply. Nevertheless, it turns out that certain invariant
manifold results do hold. The regularity of such invariant manifolds at ¢ = 0 is
controled by the regularity of e92 at € = 0. Difficulties and interesting results
created by the singular perturbation term ed2q are all clearly pointed out and/or
commented in Remarks. Integrable theory for two unstable modes is developed.

The entire theory of locating a homoclinic orbit is divided into two parts. Part
1 deals with local invariant manifold theory. Part 2 deals with global theory which
includes integrable theory, Melnikov analysis, etc..

The notation | | will denote absolute value, and the notation || ||s will denote
the Sobolev H® (i.e. W*2) norm of periodic function with period 2.

The article is organized as follows: Section 2 deals with local theory which
contains six subsections. Section 3 deals with global theory which contains five
subsections.
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2. Local Theory

Local theory is referred to a theory in a neighborhood of certain circle of fixed
points, which includes local unstable fiber theorem, local center-stable manifold
theorem, and size estimate of local stable manifold for certain saddle. These are
some of the tools needed in locating a homoclinic orbit.

2.1. Dynamics in a 2D Invariant Subspace. The 2D subspace II,
(2.1) II={q| 0.q=0},

is an invariant subspace under the PNLS flow (1.1). The governing equation in IT
is

(2:2) iq = 2[|q” — w?]q + ie[~aq + A,

where - = % . Dynamics of this equation is shown in Figure 1. Interesting dynamics
is created through resonance in the neighborhood of the circle S,:

(2.3) So={qell| |q| =w}.

When e = 0, S, consists of fixed points. To explore the dynamics in this neighbor-
hood better, one can make a series of changes of coordinates. Let ¢ = v/Te*?, then
(2.2) can be rewritten as

(2.4) I =e(—2al +26VIcosh) ,
sin 0

(2.5) 9':—2(1—&)—65\5 .

There are three fixed points:
(1) The focus O, in the neighborhood of the origin,

12626—24"""
(2.6) N
COS —T, E(’E)

Its eigenvalues are

(2.7) P12 = :I:i\/4(w2 — )2 — 4eV/IBsin 6 — ea,

where I and 6 are given in (2.6).
(2) The focus P. in the neighborhood of S, (2.3),

{]_uﬂ—i-e% B2 —a?w? + .-,
_aV/I =
COSH—T, RS (—— 0).

Its eigenvalues are

(2.8)

. 2
(2.9) pio = :I:i\/E\/—élx/TﬁsinH +e (6\8/1;9> — ea,

where I and 6 are given in (2.8).
(3) The saddle Q. in the neighborhood of S,, (2.3),

I=w?—er/F2 —a?w?+ -,
cos@:"“—ﬁﬁ, 96(0 E).

’ 2

(2.10)
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FIGURE 1. Dynamics on the invariant plane II.

Its eigenvalues are

a1 2
(211) /’LI,Q - :I:\/E\/Zlﬁﬁsme — € <63}19> — €q,

where I and 6 are given in (2.10).
Now focus our attention to order /e neighborhood of S, (2.3) and let

J:I—WQ, J:\/Eja T:\/Eta

we have

(2.12) =2 [—a(wz +Vej) + B/ w? + Vej cos 9} )
in6

2.13 0 = —2j — \Jef—ml

219 N

where ' = % . To leading order, we get

(2.14) §' = 2[—aw? + fwcosb)] ,

(2.15) 0 =—2j.

There are two fixed points which are the counterparts of P. and Q. (2.8) and (2.10):
(1) The center Pk,

. aw T
(2.16) j=0, 6059—7, S (—5,0).
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FIGURE 2. The fish-like dynamics in the neighborhood of the res-
onant circle S,,.

Its eigenvalues are

(2.17) pn 2 = +i2v/w(8% — a?w?)i.
(2) The saddle Q.,
(2.18) j=0, 00892%, 0 c (o,g).
Its eigenvalues are
(2.19) p12 = £2v/w(8? — aPw?)7.
In fact, (2.14) and (2.15) form a Hamiltonian system with the Hamiltonian
(2.20) H = 5% + 2w(—awb + Bsinh).

Connecting to @ is a fish-like singular level set of H, which intersects the axis
j=0at Q. and Q = (0,0),

(2.21) aw(f —0,) = B(sinf —sind,), 0e (—37”, 0),

where 6, is given in (2.18). See Figure 2 for an illustration of the dynamics of
(2.12)-(2.15). For later use, we define a piece of each of the stable and unstable
manifolds of @,
J=00), j=030), 0€[0+0,0.+2m],
for some small § > 0, and
6 — 0,

1) =~

(2.22) ¢+ (6) |6 — 0.
¢ (0) = =L (6).

@¥(0) and ¢2(#) perturb smoothly in 6 and /€ into ¢1f/€ and (bf/g for (2.12) and
(2.13).

\/2w[aw(9 — 9*) - ﬂ(SIHG — sin9*)],



92 Y. CHARLES LI

The homoclinic orbit to be located will take off from (). along its unstable
curve, flies away from and returns to II, lands near the stable curve of Q. and
approaches Q). spirally.

2.2. Change of Coordinates. As mentioned above, interesting dynamics
happens in the neighborhood of the circle S, (2.3). It is natural and convenient to
center our coordinates around S,,. First, write g as

(2.23) q(t,z) = [p(t) + f(t, )},

where p and 6 are polar coordinates on II (2.1), and f has zero spatial mean. We
use the notation (-) to denote spatial mean,

T o

(2.24) (@) ! /Oﬂqu.

Since the L2-norm is an action variable when e = 0, it is more convenient to replace
p by:
(2.25) I={(|q]*) = p* +(If*).

Since S,, corresponds to I = w?, the final pick is

(2.26) J=1-uw
In terms of the new variables (.J, 0, f), Equation (1.1) can be rewritten as
(2.27) J=¢ [—204(J +w?) + 26V J + w? cos 9} +eRy,
i_ oy gm0 | pe
(2.28) 0= 2] = s + RS,
(2.29) fr=Lef +Vef —iNo — i3,
where
(2.30) Lef = —ifos + e(—af + fox) — i202(f + f),
. o sin 6
(2.31) Vef =—i2J(f+ )+ %ﬁfﬁa
(2.32) Ry = —2(|f»?) + 28 cos [\/J—i—uﬂ —{|f1* - \/J—i-aﬂ} :
RE = —((f + %) = AP + )
(2.33) | | |
— efsinf - )
VI+w? = (IfF) VJ+w?
(2.34) Nz = 20[2(1f 2 = (I£1%) + (f* = {(f*))];
Na = —(f2+ 2+ 6IfP)f +2(1f1PF = (fPF)
L NV 2\ 7
(2.35) p<|f| (F+Inf =211

1 1

— €3sind —
fs STt (I VIt a?

1.
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REMARK 2.1. The singular perturbation term “cd2¢” can be seen at two loca-
tions, L. and Ry (2.30,2.32). The singular perturbation term (|f,|?) in Ry does
not create any difficulty. Since H! is a Banach algebra [1], this term is still of
quadratic order, {|f.|?) ~ O(||f]1?).

LEMMA 2.2. The nonlinear terms have the orders:
IR ~ O(I£12), RS ~O(If2),
IN2lls ~ O(IF117), IVl ~ O(IFI2), (s> 1).

PROOF. The proof is an easy direct verification. O

3. Normal Form Transformation. In locating a homoclinic orbit to Q.
(2.10), we need to estimate the size of the local stable manifold of Q.. The size
of the variable J is of order O(y/€). The size of the variable 6 is of order O(1).
To be able to track a homoclinic orbit, we need the size of the variable f to be of
order O(e*), u < 1. Such an estimate can be achieved, if the quadratic term N5
(2.34) in (2.29) can be removed through a normal form transformation. In [10],
Zeng tried to aviod such normal form transform, instead to use certain Liapunov
function to achieve the size estimate. Geometrically and analytically, such normal
form transform is very intuitive for establishing the size estimate, while the intuition
for the success of the Liapunov function argument is elusive.

In terms of Fourier transforms,

f — Zf(k)eikw, f Zf lk}LE

k0 k0

and the two terms in /\/2 can be written as,

Z f z(kJrl

k+¢#£0
1P =P = D FR)f (=00
(2.36) k4-££0
' 1 2NE 2N F i+
=35 > W0+ fOf (=Rl
k400

It turns out to be convenient to work with the symmetrized form (2.36). We will
search for a normal form transformation of the general form,

(2.37) g=rf+K( 1)

where

K(f,) = Y [Kats 0F(R)F(0) + Ra(k, 0 f(k) F(=0)

k4040

IS (0 R) f(—R) F(0) + Ka(k, 0) f(—k) f(=0) | '*H07,
Kj(k, 0), (7 = 1,2, 3) are the unknown coefficients to be determined, and Kj(k, l) =
K, k), (j=1,3).

LEMMA 2.3. Forw € ( , %) /S, S is a finite subset, there exists a normal form
transformation of the form (2.37) that transforms the equation

fr=1Lcf —iNa,

N
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into an equation with a cubic nonlinearity
ge=Leg+ O(lgl?), (s >1),
where L is given in (2.30), and Ny has the expression (cf: (2.34)),
(2.38) N = 202(If 2 = (| 1%) + (f* = (f*)]-
PROOF. Denote the operator id; — iL. by L.. We have
Eeg: £€f+£€K(f7f)
+iK(Ouf — Lef, f) +iK(f,0uf — Lef),

where L.f = Ny and K(8,f — L.f, f) and K(f,d.f — Lf) will be shown to be
cubic in f. To eliminate the quadratic terms, we need to set

iLK(f, f) = iK (Lef, ) = iK(f, Lef) = Ao,
which takes the explicit form:
(2.39) (o1 +i0) Ky (k, €) + bKa(k, £) + bKo(l, k) + bK3(—k, —€) = —2uw,
(240)  —bKy(k,0) + (02 + i) Kok, £) + bKo(—0, —k) + bK3(k,0) = —
(241)  —bKy(k,£) + bKo(—k, —) + (03 + i0) Ko (€, k) + bKs(k, £) = —
(2.42) by (—k, —0) — bKa(k, £) — bKa(l, k) + (04 + io)K3(k, £) = 0,
where
b=—2w? o=¢€2kl—q), o1=2k0+w?), o9=2("+kl—w?),
o3 =2(k> + kl —w?), o04=2(k*+ 02 + kl — 3u?).
Since these coefficients are even in (k, f) we will search for even solutions, i.e.
K;(=k,—0) = K;(k,0), j=1,2,3.
(2.39)+(2.42), (2.40)+(2.42)~, and (2.41)+(2.42)~ lead to
(o1 +i0) K1 (K, 0) + bK, (k, £) =
(09 + i0) Ka(k, £) — bKo(k, €) =
@3+uﬂkx&k)—bKﬂ&k):—Ji

where
K = 2w+ (04 + i0)K3(k, £) + bK3(k, £).

Therefore we can express K (k, /) in terms of K as,

(2.43) Ki(k, ) = (of + 0® = b*) 'K — (01 — i0) K],

(2.44) Ky(k,€) = (03 4+ 02 — b?) " =bK — (09 — i0)K],

(2.45) Ky(l,k) = (02 4+ 02 — b?) " —bK — (03 — i0)K],

(2.46) K3(k,0) = (62 4+ 0% = b¥) (04 — i0) (K — 2w) — b(K — 2w)].

Substituting these expressions into (2.42), we get

(2.47) K=(UP?-|V]»)"Y(WU -WV),
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where
(2.48) B b2 b(oy — io) b(os —io) o2+ 02
' ot +o02—b2 03+ 02— b2 o3 +0%2 -0 oi+402-b%
b ) b2 b2 b )
(249) v = _tloitio) | + _ oatio)

o2 +02—-b2 0i+02-b oi+02-b2 o0F+02%2-b?
(2.50) W =2w(oi + 0% = b*) "ol + 0% — b(oy4 +i0)].
For w € (3,3), the denominators in (2.43)-(2.46) and (2.48)-(2.50), and o; (1 <
j < 4) vanish at w in a finite subset. For w not in this finite subset, o2 is a O(€?)
small perturbation of 03 —b* (1 < j < 4), and ¢ is a O(e) small perturbation of
g; (1 <j <4). Setting 0 = 0, we have K = 2w, which leads to the solution given
in [4]. To the order O(e),

1 1 1
K =2w|1+1b .
w[ +1 0<a%—b2+a§—b2+a§—b2)

b b b o !
o1—b o9+b o3+b o4—0b '

We will show that the denominator in (2.51) does not vanish except for w in a finite
subset. Denote the denominator by D. As k — +oo, or £ — +o00,

(2.51)

(2.52) D —1.
We also know that
1 1 1 1
D=1+b
+ |:0'1—b+02+b+0'3+b+04—b
71+b (k + )% — 40? n (k+ £)?
N 2 | (02 4+ Kkl —2w2) (k2 + Kkl — 2w2)  (kf + 2w?2) (k2 + 2 + k{ — 2w2)

—2(2w?)" 4 x1(2w?)? 4+ x2(2w?)? + x3(2w?) + x4
(@ Tl — 207) (&2 + kil — 207) (k0 1 22) (k2 + P + bl — 22)’

where x; (1 < j <4) are polynomials in k¥ and £. For each k and ¢, the numerator

vanishes at most at four values of 2w?. Together with the fact (2.52), we have that

for w € (%, %), D does not vanish except for w in a finite subset.
The denominator in (2.47) has the representation:

U = [V[? =Re{(U +V)(U - V)},

where
04 . 1 1 1 1
U+V = — b
+ o4+0b ZG[of—lﬂ+0§—b2+ag—b2+02—b2]
+ higher order terms in e,
1 1 1
U-V=D+ib — _
+20[0f—b2 o3 —b? ag—b2+ai—b2]
4+ higher order terms in e.
Then
2 2 94 2
|U|* = |V]* = D+ O(e%).

o4+
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Therefore, for w € (4,32), the denominator in (2.47), [U[> — [V|*> does not vanish
except for w in a finite subset. (2.43)-(2.47) give the solution to the linear system

(2.39)-(2.42) for w € (5,3) /S, where S is a finite subset.

As in [4], K(f, f) is also a bounded bilinear map:
IK(f, Hlls < CIFIE, (5= 1)

We can invert the equation

g=f+K(f.f)
to obtain
f=9+Kg),
where K is of order O(||g||?), (s > 1). Thus, terms like K(d;f — L.f, f) and
K(f,0:f — L.f) are cubic terms in g. O

REMARK 2.4. In this remark, we would like to make a comparison between the
above normal form transform with that in [4], and in particular to comment on why
the above normal form transform is necessary when singular perturbation €92 f is
studied. In [4], the linear operator L. is replaced by Lg (i.e. setting e =0 in L) in
constructing normal form transform. The corresponding normal form transform is
given by
w

Ko(kt) = ————

~ A w
(253) K =2w, Ksk,0)=0 Kkl =—— TCET

ke’

When such a normal form transform is applied to Equation (2.29), the singular
perturbation term €92 f will introduce the following term in the equation for g:

(2.54) DK (. f)

which is actually an unbounded bilinear operator. Therefore, we have to work
with L. for a normal form transform. On the other hand, in [4], the singular
perturbation €d? is mollified into a bounded pseudo-differential operator (actually

a bounded Fourier multiplier) 6(9% The term (2.54) is replaced by
€OZK(f )

which is of order O(e|| f||?) sufficient for the estimate on the size of the local stable
manifold of Q.. Although the normal form transform (2.43)-(2.47) has a more
complicated expression than (2.53), they have the same asymptotic nature in k and

¢. €92 f only introduces small perturbations in the expressions of Kj(k, 0H(1<j<
3).

We apply the normal form transform given by (2.43)-(2.47) to the full equation
(2.29), and the full system (2.27)-(2.29) is transformed into:

(2.55) J=e|-2a(J +w?) +28V7 + o2 cos@} +eRY,
. sin 6

2.56 0=-2J —ef—
(250 e
(2.57) gt =Leg+Veg+ N,

+ RS,
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I I

e=0 ° e>0

FI1GURE 3. The point spectra of the linear operator L..

where L., V., RJ and R are given in (2.30)-(2.33) with f = g + K(g), and
N = V.K(g) — itNo — No) — iNs + K(@uf — Lef, )+ K(f, 0uf — Lef)
(2.58) = V.K(g) — i(Na — Na) —iNz + K(V.f —iNa —iN3, f)
+ K(f, Vef —iN2 —iN3),

where Ao, Ny and N are given in (2.34), (2.38) and (2.35) with f = g + K(g). N
has the estimate,

(2.59) Vs ~ O lIglZ + ellgllz + llgl2), (s =1).

2.4. Unstable Fibers. Under regular perturbations as in [4], center-stable,
center-unstable, and center manifolds, and Fenichel stable and unstable fibers per-
sist as in the standard theory. Under the singular perturbation, what are the objects
that persist? We start with the linear operator L..

2.4.1. The Spectrum of L.. The spectrum of L. consists of only point spectrum.
The eigenvalues of L. are:

(2.60) pE = —e(a+ k) £kVdw?2 — k2, (k=1,2,...).
When w € (%, 1), only ,uf are real, and uf are complex for k > 1. When w € (1, %),
only uli and u2i are real, and uf are complex for k > 2.

REMARK 2.5. The main difficulty introduced by the singular perturbation €92 f
is the breaking of the spectral gap condition. Figure 3 shows the distributions of
the eigenvalues when € = 0 and € # 0. It clearly shows the breaking of the stable
spectral gap condition. As a result, center and center-unstable manifolds do not
necessarily persist. On the other hand, the unstable spectral gap condition is not
broken. This gives the hope for the persistence of center-stable manifold. Another
case of persistence can be described as follows: Notice that the plane II (2.1) is
invariant under the PNLS flow (1.1). When e = 0, there is an unstable fibration
with base points in a neighborhood of the circle S, (2.3) in II, as an invariant sub-
fibration of the unstable Fenichel fibration with base points in the center manifold.
When e > 0, the center manifold may not persist, but II persists, moreover, the
unstable spectral gap condition is not broken, therefore, the unstable sub-fibration
with base points in II may persist. This is the topics of this subsection. Since
the semiflow generated by PNLS (1.1) is not a C! perturbation of that generated
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by the unperturbed NLS due to the singular perturbation €92, standard results on
persistence can not be applied.

From now on, we will take the case of two unstable eigenvalues as our example
to conduct the arguments. The case of one unstable eigenvalue is easier. The
eigenfunctions corresponding to the real eigenvalues are:

kT ivA4w? — k2
2w

Notice that they are independent of €. The eigenspaces corresponding to the com-
plex conjugate pairs of eigenvalues are given by:

k=1,2.

3 )

(2.61) ef =T coskx, eV =

Ej, = spang{coskz}.

and have real dimension 2.
2.4.2. The Set-Up of Equations. For the goal of this subsection, we need to
single out the eigen-directions (2.61). Let

9= Y &ep+h,
+ik=1,2
where 53 are real variables, and
(h) = (hcosz) = (hcos2z) = 0.
In terms of the coordinates (&, J, 6, h), (2.55)-(2.57) can be rewritten as:

(2.62) & =g+ Vi + N (k=1,2),

(2.63) J=e|—2a(J + w?) + 28/ J + w? cos 9} + Ry,
. sin 6

2.64 6 =—-2J — f—m—xoes + RS,

(2:64) Pt

(2.65) hi = Lh+Veh + N,

(2.66) § =y + V& + N, (k=1,2),

where uki are given in (2.60), Nki and N are projections of N to the corresponding
directions, and
sin 0
VJ + w?
. _ sin 0 _ _
Vi & = —2eJ (& + &) +€ﬁﬁ(0k & — &),

k 4 2w? — k2 2w?

ViHGE =2ed (G + &) + €8 (cF&h — e &),

— (=Y, ¢ =
VA — k2 P kVa? k2 Y kVAw? —k

2.4.3. Statement of the Unstable Fiber Theorem. The main unstable fiber the-
orem can be stated as follows.

Cr =

THEOREM 2.6. There exists an annular neighborhood A of the circle S, (2.3)
in II (2.1), for any p € A, there is a local unstable fiber .7-'; which is a 2D surface.
.7-'; has the following properties:

(1) Ff is a C* smooth surface in || ||, norm, ¥n > 1.
(2) _7-'; is also C' smooth in ¢, a, B, w, and p in || ||, norm, for any n > 1,
€ €10,¢€9) for some ey > 0.
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Al

Y&

FIGURE 4. The bump function 7.

pE s 18 tangent to spanie; ,e at p when e = 0, where e =
3 .7:; .7:; ) g f ; h 0, wh ; k
1,2) are defined in (2.61).
as the exponential decay property: Let e the evolution operator
4.7-';rhh jal decay y: Let St be th luti
of (2.62)-(2.66), Vp; € .7:;,

[Stp1 — S'pl|x
”pl _p”n

+
N
Tt,

<Ce vt <0,
where p* = min{u], pg}.
(5) {F,f }pea forms an invariant family of unstable fibers,

S'Ff CFg,, Vte[-T,0]
and NT > 0 (T can be +o0), such that S'p € A, Vt € [-T,0].

2.4.4. Proof of the Unstable Fiber Theorem. There are two main approaches in
establishing invariant manifolds and fibrations: 1. Lyapunov-Perron’s method [7],
2. Hadamard’s method [2]. Here we will adopt the Lyapunov-Perron’s method,
pay special attention to non-standard applications of the method, and focus on the
difficulties generated by the singular perturbation €92.

DEFINITION 2.7. For any § > 0, we define the annular neighborhood of the
circle S, (2.3) as

A@0) ={(,0) | |J] <d}.

To apply the Lyapunov-Perron’s method, it is standard and necessary to modify
the J equation so that A(40) is overflowing invariant. Let n € C*°(R, R) be a
“bump” function:

0, in (—2,2)U(—00,—6)U (6,00),

n=<{1, in(3,5),
—1, in (=5,-3),
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as shown in Figure 4, || < 2, |n”| < C. We modify the J equation (2.63) as
follows:

(2.67) J = ebn(J/8) + € | —2a(J + w?) + 28/ J + w? cos 9} + €Ry,
where b > 2(2aw? + 2Bw). Then A(45) is overflowing invariant. There are two

main points in adopting the bump function:

(1) One needs A(40) to be overflowing invariant so that a Lyapunov-Perron
type integral equation can be set up along orbits in .A(49) for ¢ € (—o0,0).

(2) One needs the vector field inside .A(24) to be unchanged so that results
for the modified system can be claimed for the original system in A(J).

REMARK 2.8. Due to the singular perturbation, the real part of ,uf approaches
—o00 as k — o0o. Thus the h equation (2.65) can not be modified to give overflowing
flow. This rules out the construction of unstable fibers with base points having
general h coordinates.

For any (Jo,00) € A(46), let
(2.68) J=J.(t), 0=0.(t), te(—o0,0],

be the backward orbit of the modified system (2.67) and (2.64) with the initial
pOiIlt (Jo,eo). If

(&F (), Ju(8) + T (1), 0<(8) + 6(2), h(2), & (1))

is a solution of the modified full system, then one has

(2.69) & = wme+E, (k=12

(2.70) uy = Au+ F,

where
J 0 0 0 0 0 F;
0 -2 0 0 0 0 Fy

wu=|hnl|, A4=l0 0o L. 0o of, F=]|F|,

& 0 0 0 pu O Fy
& 0 0 0 0 pu Fy

EF =vieh + N,
Fy = eb[n(J/8) — n(J.(£)/0)] + ¢ [_QOJ + 28V T + w2 cos
— 2B~/ J(t) + w? cos b, (t)} + Ry,

P 3 sin 0 L ep sin 0, (t) LR
= —¢ € :
’ VJ + w? VI (t) + w? 2
Fy = Veh + N,

Fo =V, & + N,
J=J.t)+J, 0=0.(t)+8.
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System (2.69)-(2.70) can be written in the equivalent integral equation form:

t
(2.71) 5:(t):§,j(to)e“k+(t_t°)+/ et DY (r)dr, (k=1,2)

to

t
(2.72) u(t) = ety tg) + / AT F(7)dr.

to
By virtue of the gap between UZ and the real parts of the eigenvalues of A, one can
introduce the following space: For o € (%, %), ut = min{uf,u;’}, and n > 1,
let

Gopn = {g(t) = (52'(t),u(t))’ t € (—00,0], g(t) is continuous

it in 17 worn gl = supe 3 16501+ o)) < oo
= k=1,2

Gy n is a Banach space under the norm || - ||,n. Let B, () denote the ball in Gy,
centered at the origin with radius r. Since A only has point spectrum, the spectral
mapping theorem is valid. It is obvious that for ¢ > 0,

le™*ulln < O+ 8)]ulln,

for some constant C. Thus, if g(¢) € B, ,(r), 7 < 0o is a solution of (2.71)-(2.72),
by letting to — —oo in (2.72) and setting to = 0 in (2.71), one has

(2.73) 610 =g e+ [ LI R, (k= 1,2)
. 0
(2.74) u(t) = / AT P (7)dr.

For g(t) € By n(r), let I'(g) be the map defined by the right hand side of (2.73)-
(2.74). Then a solution of (2.73)-(2.74) is a fixed point of I'. For any n > 1 and
€ < 62, and § and r are small enough, F]:r and F' are Lipschitz in g with small
Lipschitz constants. Standard arguments of the Lyapunov-Perron’s method readily
imply the existence of a fixed point g, of I' in B, ,(r). The difficulties lie in the
investigation on the regularity of g, with respect to (e, o, 8, w, Jo, 6o, & (0)). That
is our focus. The most difficult one is the regularity with respect to € due to the
singular perturbation, which is our further focus. Formally differentiating g¢. in
(2.73)-(2.74) with respect to €, one gets

t
&.(1) = /0 N OE uct Y O B -6, | (n)dr

(2.75) fat

+RE®), (k=1,2)

t
(2.76) e (t) = / Ao F u + 3 O F -, | (T)dr + R,
—o0 (=1,2
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where

t
RE(t) = gg(o)ugeteﬂit + / it (t - et TV EE (r)dr
(2.77) . 0
—|—/ e“z(t*T)[aeF,j—l—au*F; U] (T)dT,
0

t
R(t) = / (t = 7) A, A=) p(r)dr
(2.78) e
+ / eACDOF + 0, F - u | (7)dr,

(2.79) pre=—(a+k), k=12,
00 0 0 0
00 0 0 0
(2.80) Ac=10 0 —a+0?2 0 0 :
00 0 —(a+1) 0
00 0 0 —(a+4)
(2.81) uy = (J,,0,,0,0,0)7,

where T' = transpose, and (Jy,0,) are given in (2.68). The troublesome terms are
the ones containing A, or u, . in (2.77)-(2.78).

(2.82) [AcF|ln < Cl[F|lnt2 < é(|[ullnte + Z €5 1),
k=12

where ¢ is small when ( - ) on the right hand side is small.

€

05, Fy-Jue= gb[n’(J/é) — ' (Ji)0)] Jsc
cosf cos 0,

+e€ -
SN Ry ey
+ easier terms.

€ R . ~
0. - Juel < 550 sup 0" ([ + (1 =4)J)/8)] |J] [ s.cl
0<4<1

| i

+€eBC(|J) +10))|J.c| + easier terms
< C1(|J] +16))|Ju.c| + easier terms,
supe 7|0, Fy - Ju.e| < Crsuple” "4 (|J| + (8])] sup[e”™| Ju.c[]
<0 <0 <0
+ easier terms,

where sup; - €”¢|J. | can be bounded when e is sufficiently small for any fixed 7 > 0,
through a routine estimate on Equations (2.67) and (2.64) for (J.(t),0.(t)). Other
terms involving wu, . can be estimated similarly. Thus, the || |ls, norm of terms
involving u, . has to be bounded by || ||s+5,n norms. This leads to the standard
rate condition for the regularity of invariant manifolds. That is, the regularity is
controlled by the spectral gap. The || ||s» norm of the term involving A, has to
be bounded by || ||5n+2 norms. This is a new phenomenon caused by the singular
perturbation. This problem is resolved by virtue of a special property of the fixed
point g, of I'. Notice that if oo > o1, ne > nq, then Go, n, C Goyny- Thus by
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the uniqueness of the fixed point, if g, is the fixed point of I in G4, n,, g« is also
the fixed point of I in G, pn,. Since g, exists in G4, for an fixed n > 1 and

o€ -

jfmv 3 — 107) where ¥ is small enough,

IRF Nlon < C1 + Callgullotin,

IRllo.n < Csllg«llon+a + Callgallorsn + Cs,

where C; (1 <j <5) depend upon ||g.(0)||, and [|g«(0)||n+2. Let
M = 2(|R{llo.n + [ Rllon);
and I"” denote the linear map defined by the right hand sides of (2.75) and (2.76).

Since the terms 8, F,, O +Fk , OuF, and O +F all have small || ||, norms, I is
a contraction map on B(M) C L(R,Gs 1), Where B(M) is the ball of radius M.
Thus I' has a unique fixed point g. .. Next one needs to show that g, . is indeed
the partial derivative of g, with respect to e. That is, one needs to show
llg«(e + A€) — g (€) = g cAcllom
Ae—»O AG
This has to be accomplished directly from Equations (2.73)-(2.74), (2.75)-(2.76)
satisfied by g« and g« .. The most troublesome estimate is still the one involving

(2.83) = 0.

A.. First, notice the fact that e is holomorphic in € when ¢ > 0, and not
differentiable at € = 0. Then, notice that ¢g. € G4, for any n > 1, thus, eeagg* is
differentiable, up to certain order m, in € at € = 0 from the right, i.e.

(dt /de)™e % g.] =0
exists in H". Let
z(t, Ae) = (EJFAE)tagg tagg* - (Ae)t@ieetagg
= eétazw(Ae),
where t > 0, Ae > 0, and
w(Ae) = BNy g — (Ae)td?g.
Since w(0) = 0, by the Mean Value Theorem, one has

dw
lw(Ae)lln = lw(Ae) —w(0)lln < sup [|77=(AA€)n]Ad,
0<A<1 €

where at A =0, dAE = ddT:y and

d

B g, 2]
Since %(O) = 0, by the Mean Value Theorem again, one has

dw
- <
I 080 = |00 — ZLO] < sup 55 0AA A

where

d*w 21 (Ae)td? g4
IAS t [ 0,9+ -
Therefore, one has the estimate

(2.84) 12(t, Ae)lln < |Ael*E]lgullnta -
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This estimate is sufficient for handling the estimate involving A.. The estimate
involving u4 ¢ can be handled in a similar manner. For instance, let

Z(t, A€) = Fux(t, e + Ae€)) — F(us(t,€)) — AeDy, F - ts e
then
12(t, A€)||on < |Ae|2 sup || [tx,e - 83*}7' AUsee + Ou, F et e J(ANAE) ||l o -
0<A<1

From the expression of F' (2.70), one has
||u*,e : 65*F : u*,e + 6U*F . u*,ee”o’,n
S Cl ||g*||<7+21777l[(sup eﬂtlu*)€|)2 + sup €2ﬁtlu*,ee|]7
<0 t<0

and the term [ ] on the right hand side can be easily shown to be bounded. In
conclusion, let

h = g«(€+ A€) — gu(€) — gu.cAe,

one has the estimate

[|A] omn < "%”h”mn + |A6|2é(”9*”0,n+4? ”9*”0-‘:-217,71)7

where £ is small, thus
[Bllon < 21 AePC([Ig+llontas 19+l o+20,n)-

This implies that
Bl
Ae—0 |A6|

207

which is (2.83).

Let g.(t) = (ﬁlj(t)vu(t)) First, let me comment on 85%“(0) e y=0em0 = 0.

From (2.74), one has

N 2y
At o = || 77 S lloyns
aE(0) 9E(0)
by letting & (0) — 0 and € — 0%, k1 — 0. Thus

ou

=0.

+
9€; (0) & (0)=0,e=0
I shall also comment on “exponential decay” property. Since [|g.|,+ <,
3

+

||g*(t)||n§re%t, vt < 0.

IN

DEFINITION 2.9. Let g.(t) = (& (), u(t)), where

u(0) = /0 AT B (1) dr

depends upon & (0). Thus
u? : £5(0) — u(0),
defines a 2D surface, which we call an unstable fiber denoted by F

» s Where p =
(Jo, 0o) is the base point, & (0) € [—r,7] x [—r,7].
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Let S* denote the evolution operator of (2.69)-(2.70), then
S'F, C Fsrp, VL0,

That is, {]—";r}peA(M) is an invariant family of unstable fibers. The proof of the
Unstable Fiber Theorem is finished. (I

REMARK 2.10. If one replaces the base orbit (J.(t),0.(t)) by a general orbit
for which only || ||, norm is bounded, then the estimate (2.82) will not be possible.
The || ||,n+2 norm of the fixed point g, will not be bounded either. In such case,
g« may not be smooth in € due to the singular perturbation.

REMARK 2.11. Smoothness of g, in € at ¢ = 0 is the key point of the entire
argument in this article. In the global theory in later sections, information is known
at € = 0. This key point will link “e = 0” information to “e # 0” studies. Only
continuity in € at € = 0 is not enough for the study. The beauty of the entire theory
is reflected by the fact that although <92 is not holomorphic at € = 0, <02 g« can be
smooth at € = 0 from the right, up to certain order depending upon the regularity
of g,. This is the beauty of the singular perturbation.

2.5. Center-Stable Manifold. We start with Equations (2.62)-(2.66), let
J

J
0 h
(2.85) v=|h|, o=].1,
- &
61 g—
23 2

and let F, (r) be the tubular neighborhood of S, (2.3):
(2.86) En(r) = {(J,e,h,fl_,fg) eH"| [|o]l. <r}.

E,.(r) is of codimension 2 in the entire phase space coordinatized by (&, &5, J,0, b, &7, £5).
2.5.1. Statement of the Center-Stable Manifold Theorem.

THEOREM 2.12. There exists a C' smooth codimension 2 locally invariant
center-stable manifold WS° in H™ for any n > 1. WS° can be represented as the
graph of a C* function & : E,(r) — R2, for some r > 0.

(1) At points in the subset WS, of W, W is C' smooth in € for € € [0, €)
and some €9 > 0. That is, if v € Enya(r) C E,u(r), then &F(v) is CF
smooth in €, in H" norm. Moreover, 8.6} (v) is uniformly bounded in
v € Eppa(r) and € € [0, ).

(2) W is C1 smooth in (o, B,w).

(3) The annular neighborhood A in Theorem 2.6 is included in WS°, i.e.
£5(J,0,0,0,0) = 0. Along the circle S, (2.3), W< is tangent to E,(r)
when € = 0, i.e. 0,65(0,60,0,0) = 0 when ¢ = 0. W< is C close to
E,(r), i.e. ||0,&5] < Cr.

REMARK 2.13. C! regularity in ¢ is crucial in locating a homoclinic orbit.
As can be seen later, one has detailed information on certain unperturbed (i.e.
e = 0) homoclinic orbit, which will be used in tracking candidates for a perturbed
homoclinic orbit. In particular, Melnikov measurement will be needed. Melnikov
measurement measures zeros of O(e) signed distances, thus, the perturbed orbit
needs to be O(e) close to the unperturbed orbit in order to perform Melnikov
measurement.
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2.5.2. Proof of the Center-Stable Manifold Theorem. Let x € C*°(R, R) be a
“cut-off” function:

_J0, in (—o0,—4)U (4,00),
X= {1, in (~2,2).

We apply the cut-off
= X(19lln/8)x (&1 /8)x (& /9)

to Equations (2.62)-(2.66), so that the equations in a tubular neighborhood of the
circle S, (2.3) are unchanged, and linear outside a bigger tubular neighborhood.
The modified equations take the form:

(2.87) S =pfeh +FF (k=12
(2.88) vy = Av+ F,

where A is given in (2.70),
Ef = xslVir & + N,
F = (Fy,Fp, Fy, Fy,Fy)T, T = transpose,
Fr=ys¢ {—204(J+w2) + 26V J + w?cosd +Rg} ,
sin 0
F, —ef—— +R9} :
0 = X5|: ﬁm 2
Fh = X5[‘/€h+J\/’]7 (k = 172)
By =V & + N,

Equations (2.87)-(2.88) can be written in the equivalent integral equation form:

t
(259) 60 = & et )+ [ I ryar
to
t
(2.90) u(t) = e u(to) + / AT (7)dr
to

We introduce the following space: For o € ({%0, %), ut o= min{uf,u;’}, and
n>1, let

Gom = {g(t) = (§z(t),v(t))‘ t € [0,00), g(t) is continuous in ¢

i £ vorin, gl = supe='] 3 I6£ 0]+ (0] < oo |

k=1,2

Go.n is a Banach space under the norm || - [|o.n. Let Ay, (r) denote the closed
tubular neighborhood of S, (2.3):

Apn(r) = {g<t> — (& (t).0(1)) € G

supe | Y I 0]+ [o0)ll] <7}

t20 k=12
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where  is defined in (2.85). If g(t) € Ay, (r), 7 < 00, is a solution of (2.89)-(2.90),
by letting to — +o00 in (2.89) and setting top = 0 in (2.90), one has

(2.91) & (1) = / t e I () dr, (k=1,2)
“+oo
(2.92) v(t) zeAtU(O)—i—/ AT B (7)dr.
0

For any g(t) € Ay (r), let T'(g) be the map defined by the right hand side of (2.91)-
(2.92). In contrast to the map I' defined in (2.73)-(2.74), I' contains constant terms

of order O(¢), e.g. F; and Fj both contain such terms. Also, A, (r) is a tubular
neighborhood of the circle S, (2.3) instead of the ball B, ,(r) for I'. Fortunately,
these facts will not create any difficulty in showing [ is a contraction on fla,n(r).
For any n > 1 and € < 62, and § and r are small enough, F, ,;L and F are Lipschitz in
g with small Lipschitz constants. I has a unique fixed point g, in Amn(r), following
from standard arguments. For the regularity of g. with respect to (e, o, 8, w, v(0)),
the most difficult one is of course with respect to € due to the singular perturbation.
Formally differentiating g, in (2.91)-(2.92) with respect to €, one gets

t
Fipr - .
(2.93) S0 :/+ DY L O B &+ 0uF v | (n)dr
' o0 =1,2

+RF®t), (k=1,2)

t
(2.94) o(t) = / ATy Ot F - &/ + 0, F -ve| (7)dr + R(t),
0 =12
where
t t
(2.95) Rf(t) = / pif (¢ = T)er T EE (7)dr + / e D FF (1) dr,
+oo +oo

t t
(2.96)  R(t) = tA.ev(0) + / (t — 1) A F(7)dr + / eAt=19 F(r)dr,

0 0
and M:,e and A, are given in (2.79)-(2.81). The troublesome terms are the ones
containing A in (2.96). These terms can be handled in the same way as in the
Proof of the Unstable Fiber Theorem. The crucial fact utilized is that if v(0) € H™,
then g, is the unique fixed point of I' in both G, , and G, 5, for any ns < n;.

REMARK 2.14. In the Proof of the Unstable Fiber Theorem, the arbitrary initial
data in (2.73)-(2.74) are & (0) (k = 1,2) which are scalars. Here the arbitrary
initial datum in (2.91)-(2.92) is v(0) which is a function of z. If v(0) € H™ but
not H™ for some ny > ng, then g, ¢ Gy, , in contrast to the case of (2.73)-(2.74)
where g. € G, for any fixed n > 1. The center-stable manifold Wy stated in
the Center-Stable Manifold Theorem will be defined through v(0). This already
illustrates why WS° has the regularity in € as stated in the theorem.

We have
1R llom < Ch,

I1Rllon < Callgallon+z + Cs,
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for g. € A07n+2(r), where C’j (j = 1,2,3) are constants depending in particular
upon the cut-off in Flj and F. Let I denote the linear map defined by the right
hand sides of (2.93)-(2.94). If v(0) € H"*? and §. € Ay, 12(r), standard argument
shows that I is a contraction map on a closed ball in L(R, éan) Thus I’ has
a unique fixed point §. .. Furthermore, if v(0) € H"** and §. € Ag,ya(r), one
has that g. . is indeed the derivative of g, in €, following the same argument as
in the Proof of the Unstable Fiber Theorem. Here one may be able to replace
the requirement v(0) € H"* and §. € Ay pya(r) by just v(0) € H"*2 and §. €
Ag_’nJrQ (r). But we are not interested in sharper results, and the current result is
sufficient for our purpose.

DEFINITION 2.15. For any v(0) € E,(r) where r is sufficiently small and E,,(r)
is defined in (2.86), let g.(t) = (& (t),v(t)) be the fixed point of I' in G, where
one has o

)= [ IR i (k=12
+oo
which depend upon v(0). Thus

& v(0) = &0(0), (k=1,2)
defines a codimension 2 surface, which we call center-stable manifold denoted by
Wes.

The regularity of the fixed point g. immediately implies the regularity of W<2°.
We have sketched the proof of the most difficult regularity, i.e. with respect to e.
Uniform boundedness of 9.£; in v(0) € E,44(r) and € € [0, ), is obvious. Other
parts of the detailed proof is completely standard. We have that W< is a C! locally
invariant submanifold which is C* in («, 3,w). W<* is C! in € at point in the subset
WSS 4. From Equation (2.91), Claim 3 in the Theorem immediately follows. O

REMARK 2.16. Let S? denote the evolution operator of the perturbed nonlinear
Schrodinger equation (1.1). The proofs of the Unstable Fiber Theorem and the
Center-Stable Manifold Theorem also imply the following: S* is a C* map on H™
for any fixed t > 0, n > 1. S*is also C* in (a, B,w). St is C! in € as a map from
H"™ to H™ for any fixed n > 1, € € [0, ), €0 > 0.

2.6. Stable Manifold of (.. As mentioned earlier, the homoclinic orbit to
be located will be asymptotic to the saddle Q. (2.10). Dynamics on the invariant
plane II (2.1) on which Q. lives, is governed by Equations (2.4)-(2.5) which are
equivalent to Equation (2.27)-(2.28) with f = 0. The eigenvalues of Q. are given
by (2.11) on IT and (2.60) off II. Thus Q. has three unstable eigenvalues of two
scales: One unstable eigenvalue of order O(y/€) with eigen-direction in II, the other
two unstable eigenvalues of order O(1) with eigen-directions off II. On II, Q). has the
unstable curve gbif/g with approximate representation (2.22). Thus the 3D unstable

manifold of Q., W*(Q.) has the representation
WHQ) = Upeor F

where f; is the unstable fiber given in Theorem 2.6. The scales of the stable eigen-
values of Q. range from O(e) to O(oc0). The stable eigenvalue with eigen-direction
in IT has order O(1/€). On II, Q. has the stable curve (bf/g with approximate repre-

sentation (2.22). From the standard stable manifold theorem, Q. has a C* stable
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manifold W2 (Q.) in H™ for any n > 1. In fact, the codimension 3 stable manifold
of Qe, W2 (Q.) intersects II along (bf/g. In order to locate a homoclinic orbit, we
need the size of W2 (Q.) large enough. Along @7 the size of Wi (Q.) is O(1)
sufficient for our purpose. One can view W;(Q.) as a wall with base (bf/g. As can
be seen later in the Second Measurement, one needs the size of W3 (Q.) off II to be
of order O(e”), k < 1 in order to overcome the order O(e) “fuzz” between certain
perturbed and unperturbed (e = 0) orbits to locate a perturbed homoclinic orbit.
Starting from the system (2.27)-(2.29), one can only get the size of W3 (Q.) off II
to be O(e) from standard stable manifold theorems. As discussed previously in the
subsection on Normal Form Transformation, an estimate of order O(¢”), k < 1 can
be achieved if the quadratic term A3 (2.34) in (2.29) can be removed through a
normal form transformation. Such a normal form transformation has be found in
that subsection.

THEOREM 2.17. The size of W3(Q.) off I1 is of order O(\/€) for w € (3,3) /S,
where S is a finite subset.

PRrROOF. Forw € (%, %) /S, where S is a finite subset, we apply the normal form
transform given by (2.43)-(2.47) to Equation (2.29), then the system (2.27)-(2.29)
is transformed into the system (2.55)-(2.57). By virtue of the estimate (2.59), the
theorem follows from standard argument. For details, see [4]. O

As discussed in the subsection on Center-Stable Manifold, the center-stable
manifold W< is unique. Thus W;(Q,) is a codimension 1 submanifold of We*.

3. Global Theory

Global Theory is referred to a theory global in phase space, which includes
integrable theory, Melnikov measurement, and the so called second measurements.
These are tools necessary in locating a homoclinic orbit.

The entire process of locating the homoclinic orbit can be briefly summarized
as follows: The integrable theory will provide explicit representations for certain
family of homoclinic orbits asymptotic to periodic orbits on the invariant plane II.
Local unstable fiber theorem will provide ways of picking orbits in the local unstable
manifold of @, that are close to certain unperturbed homoclinic orbits. Our main
strategy is to use the unperturbed homoclinic orbits to trace the candidates for a
perturbed homoclinic orbit. The procedure is splinted into two steps:

Step 1. Find an orbit that is in W*(Q.) N We*.
Step 2. Find out when this orbit is also in W*(Q.) NW;3(Q.), where W3 (Q.) is a
codimension 1 submanifold of WS°.

Step 1 will be accomplished through Melnikov measurement. The Melnikov vectors
will be provided by integrable theory. The Melnikov integrals will be evaluated
along the unperturbed homoclinic orbits mentioned above. In contrast to the work
[4], the new feature in Step 1 is that W<* is not C! in € everywhere rather only
at its subset W%,. This difficulty is overcome by the fact that W*(Q.) C H™ for
any fixed n > 1 by virtue of the unstable fiber theorem. Step 2 will be accom-
plished by the so called second measurement. It turns out that one can trace the
perturbed orbit in W*(Q.) N W* through an unperturbed homoclinic orbit to an
order O(e|In€|) neighborhood of IT (2.1). In order to check when this orbit can be
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in W*(Q¢) N W2(Q.), one needs the size of W2(Q.) off II to be large enough, and
O(y/e) is sufficient.

3.1. Integrable Theory. Consider the integrable 1D cubic focusing nonlinear
Schrédinger equation (e =0 in (1.1)),

(3.1) iqr = Qoo +2[q* — g .

Its Lax pair is given by the Zakharov-Shabat linear system,
(3.2) Y. = Uy,

where

_ (A a
v=i(y 3)
Vs 227 — g +w 2\q — iqy
T\ 20g + i —2X% + |¢|? — w?

3.1.1. Isospectral Theory. Focusing one’s attention on the spatial part (3.2) of
the Lax pair (3.2,3.3), one can define the fundamental matrix solution M (x), s.t.
M (0) is the 2 x 2 identity matrix. Then the Floquet discriminant A is defined as

A = trace M(2m) .

[

A = A(), q), as a functional in ¢ for any A € C, provides enough functionally inde-
pendent constants of motion to make NLS (3.1) integrable in the classical Liouville
sense. For each fixed ¢, there is a sequence of special points {/\j, jeZrof AeC
called simple points for which |[A(A%,¢)| = 2. There is also a sequence of critical
points {)\§, j € Z} of A € C for which %A(/\‘]?,q) = 0. When some A} coincides
with some Af, a double point is formed. The geometric multiplicity is the dimension
of the eigenspace of (3.2) at the double point.

DEFINITION 3.1. The sequence of constants of motion F} is defined as
(3.4) F=A0Sq), jeZ.

F}’s provide a sequence of Melnikov functions. More importantly, the gradients of
F;’s, which will be the Melnikov vectors, have a simple representation,

OF; A2 —4 AT
3.5 —ﬂ:ii( 2 2>,at)\:)\c-,jeZ,
BY 5 T Wer e \ et j
where ¢ = (q,9)7, v* = (z/Jli,z/JgE)T are two eigenfunctions at A = A%, and

W (™) = b py — b aby is the Wronskian. For more details on the isospectral
theory of NLS, we refer the readers to [5].

3.1.2. Backlund-Darboux Transformation. The particular form of the Backlund-
Darboux transformation for NLS (3.1), that is useful for our purpose, is due to
David Sattinger and V. Zurkowski [8].

THEOREM 3.2. Let q(t,x) be a solution of NLS (3.1), v is a complex double
point of geometric multiplicity 2. Let ¢F be two linearly independent eigenfunctions
of the Lax pair (3.2,8.8) at A = v. Denote by ¢ the general solution

¢ = ¢(t,I,V,C+,C7) = C+¢+ +C*¢_ )
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We use ¢ to define a Gauge transformation matriz

A= _
(3.6) G:G(A;u,¢):1“(0 v A_g)rl,
where o
_( ¢ —¢2
b= ( ¢2 P ) '
Then we define Q and ¥ by
_ . i
QA i

and
¥=Gy,
where ¥ solves the Lazx pair (3.2,3.3) at (A, q). Then ¥ solves the Lax pair (3.2,3.3)
at (\,Q), and Q also solves NLS (3.1).
3.1.3. Figure Fight Structures. Consider the special solution of NLS (3.1),
(3.7) ge = ae”®® | 0(t) = —[2(a® — W)t + 7] .

The corresponding Floquet discriminant is given by

AN o) = 2cos(2mk) , k=+a?+ A2,

and two eigenfunctions (Bloch functions) are

(3.8) 1/)i — ( ik ae/\) e ) exp{ti2\kt + ika} .
— Ne i3

When £ is real, to have temporal growth (and decay) in *, one needs \ to be
purely imaginary. The temporal growth (and decay) in ¢* is connected to the
linear instability of ., since quadratic products of 1)* solve linearized NLS [5]. The
temporal growth is also necessary for constructing homoclinic solutions through the
Bécklund-Darboux transformation. Specifically, the double points of A are given
by
k=+va2+X=j/2, jeZ/{0}.
If one requires that a lies in the interval
ac(1/2,1),
then there is only one pair of complex double points
A=tv=d=ioc, c=+/a>?—-1/4.
If one requires that a lies in the interval
ac(1,3/2),
then there are two pairs of complex double points
A=xv=d=ic, and A\ =+0 =+i5 ,6 = Va®—1.

Next we will construct homoclinic orbits, starting from the special solution ¢,
through the Backlund-Darboux transformation. Notice that building the Backlund-
Darboux transformation at A = v v.s. at A = —vand at A\ =0 v.s. at A = -0
always lead to equivalent results. We will choose A = v and A = ».
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FIGURE 5. Figure eight structure of noneven data with one unsta-
ble mode.

<O ¢

FIGURE 6. Figure eight structure of even data with one unstable mode.

One Pair of Complex Double Points Case

Let ¢ = ¢*(t,z,v) defined in (3.8), and let
(3.9) p=c ot +c o .
Applying the Backlund-Darboux transformation given in Theorem 3.2, one gets a
new solution,

-1
Q = q [1 + sin g sechr cos y] . [cos 29¢ — isin 29g tanh 7

(3.10) —sindy sechr cos y} ;

where

(3.11) c¢T/c™ =erT | %—FV:CLEWO , T=20t—p, y=x+9—"9+7/2.
As t — Fo0,

(3.12) Q — qeeT?%

Thus Q is asymptotic to g. up to phase shifts as t — +o00. We say @ is a homoclinic
orbit asymptotic to the periodic orbit given by ¢.. For a fixed amplitude a of g., the
phase v of ¢, and the Backlund parameters p and ¥ parametrize a 3-dimensional
submanifold with a figure eight structure. For an illustration, see Figure 5. If one
restricts the Bécklund parameter ¢ by ¥ — ¥¢ + 7/2 = 0, or 7, one gets @ to be
even in z,

-1

Q = q [1 + sin ¥ sechr cosz

(3.13) . {cos 21 — i sin 29 tanh 7 F sin ¥ sechr cosz|
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where the upper sign corresponds to 0. Then for a fixed amplitude a of g., the
phase v of g, and the Backlund parameter p parametrize a 2-dimensional subman-
ifold with a figure eight structure. For an illustration, see Figure 6.

Two Pairs of Complex Double Points Case
Let ¢F = o= (¢, 2, D) defined in (3.8), and let
(3.14) p=ctot+e ¢ .

In this “two pairs of complex double points” case, to get the complete foliation of the
figure eight structure, one needs to iterate the Backlund-Darboux transformation.
First one needs to apply the Bécklund-Darboux transformation at A = v, then one
needs to iterate the Béacklund-Darboux transformation at A = ©. Switching the
order between v and ¥ leads to the same result. At A = v, the Gauge transform
G = G(\;v,¢) (3.6), then one defines

(3.15) d* = G(0yv, )™ .
Let
(3.16) S =G, ¢)p =T 460 .

After an iteration on the Bécklund-Darboux transformation, one gets the solution
of NLS (3.1) with the representation,

A — (bl% ~ = (i)lg
RQ=q+2v—V)—F——F— +20 —0)——F7— .
( )|¢1|2+|¢2|2 ( )|<I>1|2+|<I>2|2
Explicit formula for Q is,
~ Wo sin1§0
3.17 = cT Ny
(3.17) @=0Q+4e—
where @ is given in (3.10),
. 1
W, = {(sin 99)*(1 4 sindg sechr cosy)? + g(sin 290)% (sech7)?(1 — cos 2y)]

(1 + sinJy sech? cos )

1 )

) sin 29 sin 29 sechr sech7 (1 + sin g sechr cosy) siny sin g

+  (sinvy)? [1 + 2sin 1y sechr cosy + [(cosy)? — (cos 190)2](sech7)2]
(1 + sin ¥y sech? cos )

— 2sin 190 sin 9y [cos Yo cos ¥p tanh 7 tanh 7 + (sin¥g + secht cosy)

(sindg + sech? cos Q)] (14 sindg sechr cosy) ,
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=-©-C

FIGURE 7. Figure eight structure of noneven data with two unsta-
ble modes.

FIGURE 8. Figure eight structure of even data with two unstable modes.

Wy = { — 2(sind)%(1 + sin ¥y sechr cos y)? + = (sin 209)?(sechr)?(1 — cos 2y)

1

1
(sindg + sech? cos§ + i cosdg tanh 7)

4+ 2(sindg)?(— cos o tanh T 4 i sin g + i secht cos y)?
-(sin Jo 4+ sech? cos§ — i cos Ug tanh 7)

+ 2sindg(sindy + sechr cosy + i cosJp tanh 7)

. [2 sindo(1 4 sin g sechr cosy)(1 4 sindy sech? cos )

— sin 299 cos ¥ secht sech7 sinysing| ,

and the notations are given by

l+p=ae | ¢t/em=elt | t=dot—p, §g=2u+0—Do+7/2.

)

The asymptotic phase of @ is as follows, as t — £oo,
(3.18) Q N qce¥i2(190+1§0) .

Thus Q is asymptotic to . up to phase shifts as t — +oo. We say Q is a homoclinic
orbit asymptotic to the periodic orbit given by ¢.. For a fixed amplitude a of ¢,
the phase v of g, and the Backlund parameters p, ¥, p, and 9 parametrize a 5-
dimensional submanifold with a figure eight structure. For an illustration, see
Figure 7. If one put restrictions on the Backlund parameters 9 and 19, s.t.

O—do+m/2=0,
{ 1§—Q§0+7T/2=7T,
D—do+7/2=0,
{ 1§—1§0+7T/2:7T,

(3.19) O — 0o+ /2=

then @ is even in z. Then for a fixed amplitude a of g., the phase v of ¢. and
the Backlund parameters p and p parametrize a 3-dimensional submanifold with a
figure eight structure. For an illustration, see Figure 8.
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3.1.4. Melnikov Vectors. Notice that (3.5) evaluated at (v,Q) and (7,Q) are
linearly dependent. Same is true for (v, Q) or (7, Q).

One Pair of Complex Double Points Case
In this case, the Melnikov vector is %, (3.5) at A = v, evaluated along the
homoclinic orbit @ (3.10) or (3.13).

5F1_,\/m< dF by ) 7

o7 w@ne) \ ~efe;
where (cf: (3.6)),

(3.20) ot = Gvv, 0™
C LWt L( ¢2_) ,
OGP TIer \ 4
By L’Hospital’s rule,
VAZ—4  /Av)A"(v)
W(@+,27)  (v-0)W(pF,¢7)
¢ (3.9) can be rewritten as
(3.21) = 2vVete—aet® %y, , (o= 2V eteae™ 012y, ,
where
U = cosh% cos z — i sinh g sinz ,
uz = —sinh g cos(z — ¥g) + i cosh % sin(z — dy) ,
where
z=x/2+9/2,

and other notations have been defined in (3.7, 3.11, 3.17). Finally, one gets the
explicit representation for the Melnikov vector,

5Py 1 1 gy ?
3.22 — = — AWA"(V)———5= _ .
( ) (SJ 40’ Z(V I/) (V) (U) (|U1|2 + |U2|2)2 ( —qe U 2
Two Pairs of Complex Double Points Case
In this case, the Melnikov vectors are % and 55% (35)at A=vand A =7

respectively, evaluated along the homoclinic orbit @ (3.17) or (3.19). We know that
® is defined in (3.16). Then we use @ to define a Gauge matrix G(\; 7, ®). Let

(3.23) N = Gv;0,9)0F , OEY = G(; 0, D) |

where ®* and ®* are defined in (3.20, 3.15). Then the Melnikov vectors are
SF A2() — 4 (+,%) g (=)

(3.24) &1 _ v) ©y 0y ,
0q W(DH#), (=) —<I>§+’*><I>§ )

NI 2 (1) & (= %)
(3.25) o _ ) < ©y Dy ,
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By L’Hospital’s rule,

A2(v) —4 A(v)A"(v)

W@, 8=9) — (v —0)(v—)(v—D)W(pF,67)

A2(D) —4 A(D)A(D)

W@, 8(0) (0= D)0 —v)(0 — )W (I, 67)

We know that ¢ (3.9) can be rewritten as (3.21). ¢ (3.14) can also be rewritten as

(3.26) b1 = 2Vere—ae vy, Gy = 2Veteae 0 %0, |
where

v = coshZ Ccos Z — isinhZ sin Z |

2 2
LT o , T3

vy = —sinh 3 cos(Z — vg) + i cosh 3 sin(Z — dy) ,

where
t=z+0/2,

and other notations have been defined in (3.7, 3.11, 3.17). Using (3.21, 3.26), one
can get the representation for ® (3.16),

&y = 2vete—ae?v, , By = 2Vete—ae 02V, ,

where V7 and V5 are defined as

1 - 2 - 2 _ -
(327) W= m |:[(I/ —vV)|ur]® 4+ (& — ) |uz|* v + (7 — V)u1u2v2} ,
(3.28) Vo= m |:(V — v)arugvy + [(7 — 0)|ur|* + (0 — V)|’U,2|2]’U2:| :

Finally, one gets the explicit representations

SFL 1, g w1 7 753
(3.29) 5T 7° iw—0)v—0)""(v—"0) A(v)A"(v) —q.5? )
0F, 1

(3.30) 5
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where S; and S, (I = 1,2) are independent of the phase v of g., and have the
representations

1 —
S = — IV 2 — IV 21—
LS TaErmp e [ - OE + = 2)ivel T
(3.31) (- ﬁ)%vgu—l] ,
_ 1 [ .
% = Jal T ePpvir e [ =l
(3.32) - ﬁ)W]m} ,
5 1A
333) 1 = ———m—— |
( ) 1 |V1|2+|Vg|2
5 14
334) 8 = — L
( ) 2 |V1|2+|Vg|2

3.2. Melnikov Analysis. Let p be any point on ¢1f/€ (2.22) which is the

unstable curve of Q. in IT (2.1). Let ¢.(0) and go(0) be any two points on the
unstable fibers " |c and F |0, with the same & coordinates. By the Unstable
Fiber Theorem, fj is C! in € for € € [0, ¢€0), €0 > 0, thus

[1¢¢(0) = qo(0)|lnts < Ce.

The key point here is that 7 C H® for any fixed s > 1. By Remark 2.16, the
evolution operator of the perturbed NLS equation (1.1) S* is C! in € as a map from
H"* to H™ for any fixed n > 1, € € [0,¢€), g > 0. Also S* is a C! map on H" for
any fixed ¢ > 0, n > 1. Thus

[4e(T) = qo(T)ln-+a = 157 (46(0)) = 57 (0(0))[Int4 < Cre,
where T' > 0 is large enough so that
q0(T) € Wiy le=o -

Our goal is to determine when ¢.(T") € WS through Melnikov measurement. Let
qe(T) and qo(T') have the coordinate expressions

(3.35) ge(T) = (&%, v),  ao(T) = (&, vo).
Let Ge(T') be the unique point on W% ,, which has the same v-coordinate as q.(T),
Ge(T) = (& ve) € Wik,

By the Center-Stable Manifold Theorem, at points in the subset W% ,, W is C*
smooth in € for € € [0, €p), €9 > 0, thus

(3.36) ge(T") = Ge(T)[[n < Cae.
Also our goal now is to determine when the signed distances

]:ﬁe_é]:ﬁev (k:152)
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are zero through Melnikov measurement. Equivalently, one can define the signed
distances

dy = <VFk (QO(T))u Qe(T) - (je(T»
= 09 F(q0(T))(qe(T') — Ge(T))
+8¢7Fk(QO(T))(Qe(T)_QE(T))iv k= 1725

where F), and VFj are given in the subsection on Integrable Theory, go(t) is the
homoclinic orbit also given in the same subsection. In fact, g.(t), ¢e(t), qo(t) € H",
for any fixed n > 1. The rest of the derivation for Melnikov integrals is completely
standard. For details, see [4] [6].

(3.37) di = eMy +o(e), k=12,

where
“+o0 27
M = / [ 000 ) @2an(t) ~ aaot) +9)

+ 0gFie(q0 (1)) (9200 (t) — aqo(t) + B)]dzdt,
where go(t), 0 F%, and 0zF} are given in the subsection on Integrable Theory.

THEOREM 3.3. There exists ey > 0, such that for any € € (0,¢€), there exists a
domain D C RT x RT x RT where w € (3,3)/S, S is a finite subset, and aw < 3.
For any (o, B,w) € D, there exists another orbit in W*(Q.) N WS* other than the
unstable curve ¢“ (2.22) of Q., for the perturbed nonlinear Schrédinger equation

(1.1).

PROOF. This theorem follows immediately from the explicit computation in
the subsection on Evaluation of Melnikov Integrals and Second Distance, and the
implicit function theorem. (I

3.3. The Second Measurement. The second measurement starts with the
orbit obtained in Theorem 3.3, i.e. ¢c(t) where ¢.(T) = G.(T). The goal is to
determine when g.(t) is also in W3 (Q.). Recall that W;$(Q.) can be visualized as a
codimension-one wall in W£* with base curve in IT and with O(y/€) height. Thus we
have to continue to follow ¢.(¢) and go(t) to a smaller neighborhood of II. From the
explicit expression of qo(t), we know that go(¢) approaches II at the rate O(e™#?),

(3.38) i = min{v/4w? — 1,4y/w? — 1}
(cf: (2.60)). Thus

1
(3.39) distance {qo(T + ;| Inel), H} < Ce.

LEMMA 3.4. For all t € [T,T+ 1] lne|},
(3.40) 4e(t) = qot)ln < Crel el
where Ch = C1(T).
PROOF. We start with the system (2.91)-(2.92). Let
ge(t) = (§°(8), J(1), 0°(1), h (1), &, (¢)),
qo(t) = (&°(8), J0(8),6°(8), (1), &, ° (1))
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Let Ty (> T') be a time such that
(3.41) lge(t) = ao(t)ln < CaelInef?,

for all t € [T,Ty], where Cy = Cy(T) is independent of e. From (3.36), such a
T, exists. The proof will be completed through a continuation argument. For
te [T, Tl],

(6O + 16,2 @)) + 1RO ()]l < Care™ 21T 1J01)] < Cav/e,
=1,2
(3.42) |J(1)] < [T +[T(t) = J(t)] < [JO(t)] + Cae|Inel* < Csv/e,

STUE O]+ 1€ @) + 1hE(B) |0 < Care™#"T) 4 Coe| Inel?,
=1,2

=

=

where r is small. Since actually g.(t), qo(t) € H™ for any fixed n > 1, by Theo-
rem 2.12,

(3.43) 165°(8) = &7 (0)] < Colloe(t) = vo(t)ln + Cre,

whenever v (t), vo(t) € Epnta(r), where v (T) = v. and vo(T) = v are defined in
(3.35). Thus we only need to estimate ||ve(t) — vo(t)||. From (2.92), we have for
te [T, Tl] that

(3.44) o(t) = eATy(T) + /t A=) B(7)dr.
T

Let Av(t) = ve(t) — vo(t). Then

Av(t) = [eAT) — Ale=o =Dy (T) 4 AT Ay(T)

(3.45) + [ A - Fr)lmoldr

t
+/ [eA(th) _6A|e:0(t*7')] F(7)|E:0dr,
T

By the condition (3.42), we have for ¢ € [T, T;] that

(3.46) VE(t) = F(]ecolln < [Cov + Core= =D Ine]2
Then
(3.47) |AV(E)|ln < Croe(t — T) + Cryre| Ine|* + Crav/e(t — T)?e| Ine|?.

Thus by the continuation argument, for ¢t € [T,T + %| Ine|], there is a constant

C1 = Cy(T),
(3.48) | Av(t)||, < Cre|Inel?

By Lemma 3.4 and estimate (3.39),

1 .
(3.49) distance {qE(T + —|In e|),H} < Ce|Inel?.
w
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FIGURE 9. The second measurement.

Recall the fish-like singular level set given by H (2.20), the width of the fish is of
order O(y/€), and the length of the fish is of order O(1). Notice also that go(t) has
a phase shift

(3.50) 60 = 6°(T + %|1ne|) — 6°(0).

For fixed 3, changing « can induce O(1) change in the length of the fish, O(\/e)
change in 69, and O(1) change in 0°(0). See Figure 9 for an illustration. The
leading order signed distance from ¢. (7 + %| Ine|) to W5(Q.) can be defined as

d = H(jo. 6°(0)) — H(jo, 6°(0) +67)

(3.51) = 2w [awd? + B[sin 0°(0) — sin(6°(0) + 69)]] ,

where H is given in (2.20). The common zero of Mj, (3.37) and d and the im-
plicit function theorem imply the existence of a homoclinic orbit asymptotic to Q..
Much detailed arguments have been given to the signed distance d and the second
measurement in [4] and [6].

3.4. Evaluation of Melnikov Integrals and Second Distance. It turns
out that to the leading order, one can evaluate My (3.37) at qo(t) where a = w.
Our goal in this subsection is to find the common zero of M, (3.37) and d (3.51).

One Pair of Complex Double Points Case
M; =0 and d =0 lead to

(3.52) M= MY +aM® 4 BeosyM®) =0,
aw(Ay)

3.53 cosy = ,

(559 peos 2sin 47

where Ay = —40y, M) = MU (w), (j = 1,2,3), and

+o0o 27
MO — 2 / / (Jur|? + |ua|2)~2[a202 P — 7202 Pldadt |
—00 0



HOMOCLINIC ORBITS FOR SINGULARLY PERTURBED NLS 121

+oo 27 _
M@ — 2 / / (url? + [us|?)~2[@2P — a2 Pdadt ,
— 00 0

“+o0 2
M :w/ / (ua? + [us|?) (a2 — a2]dadt |
—00 0

and P is given by Q = ¢.P, and Q is given in (3.13). Equations (3.52) and (3.53)
define a codimension-one surface in the space of (o, 8,w), given by

b
r(w)

3

where
k(w) = —[2MP sin % + M®u(Ay)][2M D sin %]71 ,

and its graph is plotted in Figure 10.

Two Pairs of Complex Double Points Case
M; =0 (j=1,2) and d = 0 lead to

354)  Mj=MDY +aM® + geosyMP + gsiny MM =0, (j=1,2)

(3.55) Bcosy = =,

where Ay = —4(d + ), M = M(w,Ap), (j = 1,2, | = 1,2,3,4), Ap =
260~ p — p, and

M1(4) = w

- “+o0 2
/ [S3 + S%|dxdt
—o00 0
and P is given by Q = ¢.P, and Q is given in (3.17) and (3.19). M2(l) can be
obtained from Ml(l) (I =1,2,3,4) by replacing Sy, by S, (m =1,2). Equations
(3.54) and (3.55) define a codimension-one surface in the space of («, 8,w), given
by
1
X(w, Ap) 7
200w DY o
B = Blw, Ap) = |(awAy)*(2sin 7)

. A- 1/2
+ M2 D 4 (M + MPwAy(2sin 2”)*1)]2
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FIGURE 10. The curve of s(w).

FIGURE 11. The surface of x(w, Ap).

where

Uw, Ap) = <M§”Mf4>—Mf”M§4>>1[<M1<2>M§4>—M§2>Mf4>>

~ An
+wly(2sin—1) 7 (MY Y — M§3>Ml(4>)] ,
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and its graph is plotted in Figure 11.
3.5. Statement of the Main Theorem.

THEOREM 3.5 (Main Theorem). There exists a e > 0, such that for any

€ € (0,¢9), there exists a codimension 1 surface in the space of (o, 3,w) € RT x

RT x RY where w € (3,3)/S, S is a finite subset, and ow < B. For any (a, B, w)
on the codimension-one surface, the perturbed nonlinear Schridinger equation (1.1)
possesses a homoclinic orbit asymptotic to the saddle Q. (2.10). The codimension
1 surface has the approximate representation given in the subsection on Evaluation

of Melnikov Integrals and Second Measurement.

PROOF. From the explicit computation in last subsection and the implicit func-
tion theorem, dy and d are zero for the parameter values specified in the theorem
O
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