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ABSTRACT. It is shown that there exist two inner automorphisms and a dis-
crete transformation besides the usual Béacklund transformation for the inte-
grable focusing nonlinear Schrodinger equation. By virtue of the inner auto-
morphisms, the discrete transformation can generate multi-soliton solutions.
The expressions for multi-soliton solutions generated by the discrete and the
Béacklund transformations turn out to be the same.
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In a series of papers by the author starting in the 80’s of the previous century [1],
a simple method for constructing integrable systems together with their soliton-like
solutions was proposed. This method requires only two calculational steps — solving
a system of linear algebraic equations and performing a Gaussian decomposition
of a polynomial into a product determined by its roots. This leads to a nonlinear
symmetry of integrable systems termed a discrete substitution or an integrable
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mapping. A discrete substitution is a nonlinear transformation (with no additional
parameters) that, given an arbitrary solution of an integrable system, produces a
new solution according to certain rules.

All systems of equations invariant with respect to such a mapping are united
into a hierarchy of integrable systems that bears the name of the corresponding
discrete substitution. This substitution is a canonical transformation [2][3] which
explains successful applications of methods of canonical transformation theory to
integrable systems [9].

Let us assume that an integrable system has some inner automorphism o.
This implies that there is a solution that is also invariant under ¢. Usually, such
solutions are interesting for applications. In general, a discrete transformation will
not commute with o. However, it is possible starting from a non-invariant solution
to produce a “good” invariant solution after several applications of the discrete
transformation (implementation of this scheme is outlined in [4] and [5]).

On the other hand, it is well known that Béacklund transformations contain
additional parameters and therefore allow to increase the number of parameters in
the solution after their application. Because the method of discrete substitution
allowed to obtain n-soliton solutions directly and explicitly, the author had no
interest in Bécklund transformations from the point of view of obtaining soliton
solutions. But Bécklund transformations have a wider sence and we would like to
close this loophole in the present paper.

The goal of the present paper is to show how to construct Backlund transfor-
mations for integrable systems using methods of [4],[5]. We restrict ourselves to the
well-known example of the nonlinear Schrodinger equation to ease the demonstra-
tion of the main idea and methods. The extension to the general case is obvious.

2. Discrete Transformation

All considerations of the present paper are given for the simplist example of the
nonlinear Schrédinger equations. However, it will become clear from our arguments,
detailed calculations below, and references that our method is applicable to all
integrable systems with soliton-like solutions.

The nonlinear Schrédinger equation can be represented in two forms: the clas-
sical one for one complex-valued unknown function v (z,t)

and as a wider system of two equations for two unknown complex-valued functions
functions u, v

(2.2) —12Uy + Ugy + 2(wv)u =0, 1204 + vgy + 2(uv)v = 0.

(The factor of 2 multiplying time derivatives can be of course eliminated by re-
defining the time variable.) The last system is obviously invariant under an inner
automorphism oy: © — ¥,v — @ and thus it has solutions invariant with respect
to this change of variables. Such solutions satisfy u = © = 4 and are therefore also
solutions of (2.1).

The system (2.2) is invariant with respect to the following nonlinear invertible
transformation

(2.3) U= l, V=v(uww —(Inv)y), v=

: % W= UV = (n0)s),
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which is referred to as a discrete transformation, discrete substitution or an inte-
grable mapping. Transformation (2.3) takes a given solution (u,v) of the system
(2.2) to a new one (U, V). But this transformation is not invariant with respect to
o1. Thus, if the initial solution has a property (u = @), the new solution (U, V)
will not have this property. Now we make the following very important observa-
tion. If we apply the direct discrete transformation m times to a solution of (2.1)
(u = ) with the result UT™ V™ and apply the inverse transformation to the
same solution m times with the result u~",v~"", the resulting new solutions are
related as follows: UT™ = 4~ ™, V*T™ = =™, Thus, if we start from an obvious
linear solution of the system (2.2) ug = 0, 2ivg; + Vo, = 0 and after 2m steps of
direct discrete transformation obtain a solution of 2iugn,; + Usmyr = 0,02, = 0
with ug,, = 79, we are guaranteed that at the mth step we will obtain a (m-soliton)
solution of (2.1) — traditional nonlinear Schrédinger equation. This approach to-
gether with the corresponding mathematical formalism is described in details in [4]
[5].

3. Backlund Transformation

Now we would like to find not the symmetry of the enlarged system (2.2) but
independently the symmetry of (2.1). This symmetry transformation can contain
additional numerical parameters, and after each of its applications, we increase the
number of parameters in the solution. This is exactly Backlund’s original idea.
However, one has to keep in mind that, applied to the general solution of the
equation, this transformation cannot add any new independent parameters, but
can only change the initial functions on which the general solution depends.

Consider a solution of the classical nonlinear Schrodinger equation ¥ = u = 0.
This equation may be written in Lax pair form

A U AW Ay — e
-1 _ . ) -1 _ 2 2
(3.1) 9z9 _Z<U _)\)a gtg _Z<>\v—|—iv2”” _)\2_’_u2v> .
Now let us use the formalism of [5] and try to find a new solution of the classical
nonlinear Schrodinger equation in the form

[ A+A B _
(3.2) G(C )\+D>ng

where functions A, B, C' and D are determined by imposing the condition that the
columns (and rows) of the matrix G are linearly dependent with constant coefficients
(ct,ch) at two points of the complex \ plane A12. In the Appendix, we show
that this condition is not independent, but follows directly from (3.2). From this
condition, we immediately obtain DetP = (A — A1)(A — A2) and a linear system of
equations for relating functions A, B, C, D to matrix elements of g, parameters \;,
and vectors ¢’

(3.3) (M +A)(ge)1 + Blge)z =0, (A2 + A)(ge)i + Blge); =0,

(3.4) C(ge)1 + (M + D)(ge); =0, C(ge)i + (M + D)(ge); = 0.

In particular, we have

—~

(%)Q1Ag+B<Wﬁ@%)Q Q1AQ+CCWH@%>&
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Now let us obtain a new L-A pair. For the matrix element (G,G~1)1; we have
(3.6)
Az + A+ A)ix+iBv B+ (A + A)iu — Bi)
: oy
detP !
where we used the fact that the determinants in the numerator and denominator
have zeros at the same points. Similarly, we obtain

det (
(GagG_l)n =

(3.7)
det ( A+ A B
_ Az + A+ A)id+ Biv By + (A + A)iu — BiA .
., — i(y—
(GzG™ )12 = JeiP = i(u—2B),
and finally
-1 _ - /\, u—2B
(3.8) G.G _Z<v—|—2C _)\>.

If we did not demand the condition of complex conjugation u = v* to hold,
this would exactly be a Backlund transformation for the enlarged nonlinear system
(2.2). But if we start from a solution of the nonlinear Schrédinger equation (2.1)
u = v* and would like to obtain a solution of the same equation, we have to require,
according to the last expression, that C = —B. To this end, it is necessary to use
known explicit expressions (3.5). From L-A representation (3.1), it follows that ¢
can be considered as a unitary matrix gg = 1 under the assumption that A is real.
This means that g~ = ¢ or in a matrix form (in what follows f = f*)

9(N)22 = 9" (M)11,  g(A\)12 = —g" (N1,
Taking into account that the matrix elements of g are analytic functions of A\ (as
solutions of a differential equation with coefficients analytic in A), we conclude that

(g(N)22)" = g(A\ )11, (g(N)11)" = g(A")22,

(g(N)21)* = —g(A\ )12, (9(M)12)" = —g(A\")a1.
Now we can evaluate C'. We have
(991 _ g)uet +9(M)izes  g(A) + g(A) e
(go)s  g(M)aict + g(M)azel — g(A1)a1 + g(A1)22cn

(3.9)

b=

C
where a; = ¢

. According to the above formulae for complex conjugation, we have

=

(FOway)* = (W e - 90z —g(aat _ !

(90— =g+ 9(M)na;  F(AL,—L)

3!
For further manipulations, let us rewrite (3.5) in terms of Fi, Fy introduced above
(3.10)

1 1
A1—A2)+C(F (A1, a1)—F (A, =0, (AM—X2)+B — =0.
(A =2A2)+C(F (A1, 1) —=F (X2, a2)) (A1—A2)+ (F(/\hoq) F(Ag,a2))
The condition B = —C* together with the conjugation properties of the functions
F' lead to
* * 1
(3.11) A=A o] = T

Thus if for some solution of (2.1), the corresponding element g is known, a new
solution of the same equation different from the initial one, can be constructed by
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the rules of present section. (But do not forget about the comments on this subject
at the beginning of this section.)

4. Multisoliton Solutions

Now let us apply n times the transformation of the previous section to a cer-
tain solution of the nonlinear Shrédinger equation (2.1). Each transformation is
defined by two complex parameters \;, «;. After n applications, we have for the
corresponding matrix G,,

A+ A B Py Pyt
(2 e (o
" C A+D )" pyt Py
Here the notation P means that the coefficient at the highest degree of the corre-
sponding polynomial is equal to one. G, has zero vectors at 2n points of the A;, A}
plane with the coefficients of proportionalities «;, _%. For this reason all coeffi-

cients of polynomials of the element G,, can be obtained from the linear system of

equations
n—1 n—1

AP+ Z PiAE + Z F(Xi, ;) Py A} =
k=0 k=0
n—1 n—l

Z F7 (i, ai) PR + A7 4+ PHAY =
k=0
where PZ; are the coefﬁments at A\* in the corresponding polynomial. In connection
with Cramers rules, coefficients interesting for further considerations are
deto, NP1 N LA FAN T2 LN, )
detgn(/\?_l, vey )\i; 1; Fi)\?_l, Fz)\l, Fz)

(41) P1n271 = )
deto, (NP3 FAINPT2 R IN Bt 0, 1)

deton( il)\? 1,... il)\i,Fi‘l;)\?_l,..,/\i,l) '
In the last formula, we symbolically wrote the structure of each of 2n lines of
the corresponding determinant matrices. In the case of a diagonal initial matrix
go = expi(Ax + A*t)h, formula (4.1) was presented in [4] without any connection

with the Béacklund transformation of the present paper.
Using absolutely the same technique as in the previous section, we obtain

-1 _ )\7 u — 2P{1271
(4.3) (Gn)oGy ' =i < o 2Pt 2 )

Thus, after n steps of Bécklund transformations each of which is defined by param-
eters (i, AY, o, _071%‘)7 we get a new solution of the nonlinear Schrédinger equation

(4.2) Pyt =~

U=u—2P}", V=uv+2P}"

From the explicit expressions (4.1) and (4.2), it follows that all Béacklund transfor-
mations are commutative ( functions P{L{l, P{Lfl are symmetrical to permutation
of all pairs A;, ;).

If we choose the initial solution in a “zero” form u =v* =0, ¢ =expi2(Az+
A2t)h, we obtain an n-soliton solution in an explicit form. This solution of course
coincides with the one obtained previously in [4][5] with the method of discrete
transformation.



154 A. N. LEZNOV

The result of [4] corresponds to decomposition of the determinant of 2nth order
into a sum of products of the corresponding minors nth order.

5. Backlund Transformation in Its Original Form

Béacklund transformation, in contrast to the discrete one, is not local. Indeed,
to obtain a new solution U = V* from a solution v = v*, we have to resolve the
L-A system (which is a system of linear differential equations), obtain the element
g and use its matrix elements to construct a new solution. This fact is related
to the original Backlund’s result of connecting the derivatives of the new and old
solutions. We would like to show now how such relations can be obtained from the
formalism of the previous section. Using the definition of F()A;, «;) and taking into
account equations of L-A pair (3.1), we obtain

Ff = (F(\s,)s)e = i(v — 2\ F5 —u(F*)?),
Fy = i((Av+i50) =208 = S)F* = (v — i) (F)?).

Calculating F'', F? via 2B = u — U,2c = V — v from (3.10) and substituting the
result into the system of derivatives above (with respect to x or ¢ arguments), we
obtain a system of two ordinary differential equations of the first order connecting
u,v and U,V and containing parameters A\; = A3 in explicit form. Two additional
parameters aq,ay = —% have to arise in the process of integration of the last
system in which v = v* considered as known and U = V* as unknown or visa
versa.

6. Second Automorphism o, of the Nonlinear Schrédinger System

Let us perform a change of variables v = ¢ u = e (R — 19%) in (2.2), where
R, 0 are two new unknown complex functions. We have

1
(6.1) 20; + (0,)* = 2R, 2R; — §9mw —2(0,R), =

Of course the last system is invariant with obvious exchange R — R*,0 — 6%,
which we call second inner automorphism o9 of nonlinear Schrédinger system. The
system (6.1) after excluding R is equivalent to a single equation

1

6.1. Method of Discrete Substitution. The nature of oy automorphism
consists in the fact that if discrete transformation (2.3) is interrupted on 2n+1 step
(but not on 2n one as it was in the case of o1), it has as its conclusion (6.2). Indeed

A . . . . . Dy, D

in this case, in the middle of the lattice arises two solutions (u, = 5=+, v, = “5+)
_ D, Dpy2 ' o

and (up41 = P Undl = DZ+ ), which are connected by condition v} = up41 =

v%’ ul = Upt1 = Up(Unvy + (Invy,)zs), which lead to (6.1) and (6.2).
Using the technique of discrete transformation, n-soliton solution of the equa-
tion (6.2) and system (6.1) may be represented in terms of the following
2n+1 2n+1

i2L e~ Lk 1
F= che . f= ch ()\k—/\)

k=1

where L; = A2t + )\ix and A;,¢; -(2n 4+ 1) numerical parameters connected via
equation F* = f. From the last condition, it follows the limitation on parameters
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of the problem: 2s + 1 parameters A3 = Ag are real ones, the remaining 2(n — s)
are in complex congugated pairs A% = Ap (1 < A,B < (n —s)). In all cases,
cict = [1'(\i — A\;)%. Finally

D,
0=iln , R= (ln(DnDZ))r/I?
Dn+1

where D, is the determinant of the s-order of the matrix:

F o F I

6.2. Method of the Backlund Transformation. It is necessary to repeat
word by word all calculations of the section 3 up to (3.8). The simplist solution of
(6.1) is the following one soliton solution (6 = —2(A3t + \gz) = —2Lg, R = 0). It
is obvious that the corresponding group element g belongs to the group of lower
triangular matrices and may be represented in the following form:

gz, t: \) = e e,
Taking into account equations of L-A pair (3.1), we obtain
929" = (g + 27,0) X + 7, H = i(AH + e 20X ),
919 = (¢ + 2ma) X_ + 7, H = i(A\2H + e Lo (A 4+ \g) X_).
Solitions of the last equations are trivial with
1 e—2Lo
TN

In the general case, let us represent element g in the usual form of S(2,C)
group

T =i(A\%t + \x).

e +afe”™™ ae 7
(6.3) g=eXreTHefXo — | ge=T e T

6.4)  ggl=(a —2r'a—a?Fe )Xy + (7' + Flae )H + fle X
Taking into account equations of L-A pair (3.1), we obtain
iA= (1o + ﬂzae_%), iv = fpe 7.

From the last relation, we conclude that 3’e™2" doesn’t depend on X\ and o =
IN—Te

5.3 Now let us rewrite the equation defining C' (3.5) using (6.3) (for clarity of

notations, we change the parameters aj 2 in (3.9) to v42)

1 1 271 279
(6.5) ¢ ¢

— + —dta;— ——
c )\1—>\2(ﬁ1+1/1 ! B + v

The new solution V' = v+ 2C' (3.8) and the condition of its invariance with respect
to o2, may be rewritten as (vo* = 1!)

—Oéz) =0.

(6.6) Z 4
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or using (6.5) we have (iv = B,e727)

v ﬁre—}r 62T1 6272

o —
Y Bt

+- +
C i\ - /\2)(51 + 11

—ag):()

From (6.6) (v* = 1), we obtain also

1 ) 1
oc - 1), V:O(l_‘_Z“CC* - 1),

v=C(—1+1
which can be rewritten as

Bs 5

AP W - —rl- — 2 =0
C (A1 —A2) B4 11) TRt P
v 1 (B +v1)e ™
Y 1 . =0.
C i Z()\l — )\2) [ n (52 + 1/2)6772]
Thus we have
1 —T1 1 —T1
(6.7) L B fme L B fwemy.

iAr—X)" (B+w)e ™" iN -y (BAre)e "
Comparing (6.4) and L-A pair representation (3.1), we obtain

1 1 1
/—2/ - /_27—:' =1- =1i— — (1 xx):
( T'a— f'e™T) =du i—uv zv(r 2(nv) )

Substituting all relations obtained above, we have
i
—r + §0m =)\ - Toa + (72)% + (A +i7,)0,.

In a L-A pair formalism, A has to be considered as a real parameter. Thus imaginary
part of last equation has the form

1
Opp = ;(T* —T)ga + (75 + 7)abs + (Tz)2 - (T;)Q.

The last equation has an obvious first integral

1 x
Op — = (7% = 7)p = el +7),
i

Noticing that ie? = B,e~27 and substituting it into the last quation, we have
F e ), =, (e ), = g

Thus

(6.8) %(ﬂxe*““”)) =e?e (7T = 16 + ¢

Inverting (6.8), we obtain

co

1 . .
B+v=—ele ") 4y
C1 C1

Putting the indices £ = 1,2 for A in the last expression, we have for the elements
introduced in (6.7),

| 5
B v = e T iy
!
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k
where 7, = v, — %, and
1

—i0 (rF— ~
Or + vy = e Welm 7"9)—1—1/,’;.

()"

After substituting the last expressions into (6.7) and simple manipulations, we
arrive at two possibilities: First Ay = A, Ay = A5, 010 = ﬁ ﬁ,
1\-1 1\-1

Of course, this results in the multisoliton

79295< -
and second A\; = A5, 005 = T
1 1
solutions which coincide with the ones obtained above by the method of discrete
substitution.

7. Outlook

First, we would like to explain why, in spite of our comments in the Introduc-
tion, Backlund transformations are interesting objects for investigation. Béacklund
transformations, as well as discrete ones, are canonical transformations. This means
that under these transformations, densities of conserved quantities change by com-
plete derivatives. In the case we considered above this applies in particular to the
energy density. Therefore, if the energy density of the initial solution is e, after
the application of the Backlund transformation it will be eg = e + A,. The term
A contains all parameters A\; = A}, a1 = —%, which define the Bécklund trans-
formation. For obtaining an explicit expression for A an additional (not a very
cumbersome) calculation, using the technique of [4][5], is necessary. If e itself has
been obtained from some other solution and so on, we will have a final expression

en = ZA;

Each A’ contains only parameters of previous transformations. Because the total
energy for an n-soliton solution is equal to n, it is very natural to assume that all
terms of the last sum have the same behavior at infinity and contribute 1 to the
total energy after integration.

It is completely obvious that ¢ and o9 exist for all integrable systems pos-
sessing soliton solutions and a discrete transformation. Indeed, as it was explained
above, this is related only to the parity of the step, odd (2n) or even (2n+1),
on which the discrete transformation applied to the initial solution is interrupted.
Without any doubts, all results of this paper also apply to supersymmetric inte-
grable hierarchies [6] and multicomponent matrix-type hierarchies [7],[8]. What are
the systems connected to o9 is completely unknown to the author at this moment.

Acknowledgements: The author is greatly indebted to E. A. Yuzbajan for
discussions of the results and helps in preparing the manuscript for publication.
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8. Appendix

Let us rewrite (3.1) and (3.2) in the equivalent form
A, B, n A+ A B\.[ A u
C. D, C A+D )" v -
(AU A+ A B
“"\v 2 )¢ A+D
C; Dy c A+D )"\ hoity A2
(=Y AU -iY A+ A B
=1 .
AV +i%e 224 5 C A+D
From which we have the following system of equations
u—U=2B, v—-V =-2C, iA,=Bv—-CU,

iD, = Cu— BV, iB, = Au— DU, iCy= Dv— AV

and the same kind of the equations with respect to ¢ differentiation. As a result we
have A+ D, AD — BC doesn’t depend on x,t arguments and thus is representable
in the form A+ D = A\ + Ay, AD — BC = A\ ). Besides, functions C' and D satisfy
the following system of equations

1 _ (C.)2B
—iC, — - 4 4K20) — O(BO) + ——2 2
1Cy 2(Cm + 4ikC, + 4k°C) — C(BC) + He—CB) 0,
. 1 . 5 (B,)*C B
where £k = A\; + A9, = ()‘1_T)‘2))2 The last system of course is equivalent to

nonlinear Schrédinger equation. More other solutions of (2.2) are connected with
the solution of the above system via relations

v iCy + kC u—B—f—iBgE_kC
B 2\/e — BC’ B 2/e— BC'
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