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Abstract. We generalize the inverse function theorem to show the existence
of an infinity of smooth classical symmetric Yang-Mills gauge fields and of
some particular kinds of super-symmetric Yang-Mills gauge fields in a smooth
3-dimensional compact manifold with boundary for any finite interval of time
or in whole R

4.
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1. Introduction

This paper is the third and last one of an attempt to improve global inversion
in nonlinear Analysis. In a first part, we go to the roots of the inverse function
theorem back. We generalize this inverse function theorem to obtain precise bounds
for the rays of the bowls in which the inversion occurs. Our main reference is Avez’s
treatise [1].

In a second part, we apply this topological result to prove the existence of an
infinity of smooth symmetric gauge fields with commutators for one Lie algebra in
a smooth compact manifold with boundary of R3 for a finite interval of time or
in whole R4. This one Lie algebra model covers the classical interactions: on the
first hand, the electromagnetic and the weak theories for the U(1) gauge subgroup
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diagonally embedded in SU(2) × U(1) and on the other hand the nuclear strong
forces with the gauge group SU(3).

In a third part, we apply our generalization of the inverse function theorem to
prove the existence of some classes of super-symmetric Yang-Mills fields, still in a
smooth compact manifold with boundary of R

3 for a finite interval of time or in
whole R4.

The main analytical tool of this paper is a transformation of a system of linear
wave equations derived at any finite order into a first order system of large rank;
inspired by Michael Taylor books [5], we will use the so-called method of the ”finite
propagation speed” in a thin version that we will call ”tesseralization” to show the
existence and the uniqueness of the solution of this ”huge” first order system.

Since hyperbolic problems (in the linear case or not) are more tricky than the
parabolic ones, we will have to use finest computations than in the couple of our
first papers but for less precise results: indeed, we won’t obtain the uniqueness of
the solution but only the existence.

Three other references have guided us: Claude Itzykson’s and Jean-Bernard Zu-
ber’s book [3], Theodore Frankel’s book [2] and the three volumes of ”The Quantum
Theory of Fields” by Steven Weinberg [6].

2. A generalization of the inverse function theorem

2.1. Statement of the theorem. We denote by BS(c, r) the open ball of
ray r, centered at c in a norm space S:

BS(c, r) = {x ∈ S, ‖ x − c ‖S < r}.

Theorem 2.1. 1) Consider a sequence of Banach spaces (En)n≥0 with contin-
uous inclusions:

. . . En+1 ⊂ En ⊂ En−1 ⊂ · · · ⊂ E0

with:

∀n ≥ 0, ‖ x ‖En+1 ≥ ‖ x ‖En
.

2) f is an operator in C0(En+2,Fn), for any n ≥ 0, where (Fn)n≥0 is a
sequence of Banach spaces with continuous inclusions:

. . .Fn+1 ⊂ Fn ⊂ Fn−1 ⊂ . . . ⊂ F0

and for any x, y ∈ En+2, the difference f(x)−f(y) ∈ Fn, where (Fn)n≥0 is another
sequence of Banach spaces with:

{

Fn ⊂ Fn, n ≥ 0 (with a continuous injection)

‖ . ‖Fn
= ‖ . ‖Fn

.

Suppose that Df(x) for any x ∈ En+2, n ≥ 0, exists in L(En+2, Fn) and that
x → Df(x) is in C0(En+2, L(En+2, Fn)).

3) Consider a sequence (An)n≥0 of sets with:
a) ∀n ≥ 0, m ≥ 0, An ⊂ Em

b) ∀an ∈ An:

∀m ≥ 0, ‖ an ‖Em
≤ ‖ an ‖En

.

4) For any am ⊂ Am, [Df(am)]−1 exists in L(Fn, En+1) for any n ≥ 0, with:

‖ [Df(am)]−1 ‖L(Fn,En+1) ≤ αm‖ am ‖r
Em

+ βm,
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for a real r independent of m and of n, where αm and βm are positive numbers only
depending on m and so independent of n.

5) There exists a positive real γ independent of n such that for any couple (x, y)
in En+2 × En+2:

‖ Df(x) − Df(y) ‖L(En+2,Fn) ≤ γ(‖ x ‖En+2 + ‖ y ‖En+2 + 1)‖ x − y ‖En+2 .

6) For any m ≥ 0:
12βmγ > 1.

7) For any n ≥ 0 and (x, y) ∈ E2
n+1:

‖ x − y ‖En+1 ≤ cn(x, y)‖ f(x) − f(y) ‖Fn

where cn is a continuous operator from En+1 × En+1 into R+.
8) x → f(x) − f(0) acts from Am into Bα(m), where α is a function from N

into N and (Bm)m≥0 a sequence of sets such that:
a) ∀ n, m ≥ 0, Bn ⊂ Fm

b) ∀ bn ∈ Bn:
∀m ≥ 0, ‖ bn ‖Fm

≤ ‖ bn ‖Fn
.

9) We consider a sequence of sets (Cn)n≥0 with:
a) ∀n, m ≥ 0, Cn ⊂ Fm

b) ∀cn ∈ Cn:
∀m ≥ 0, ‖ cn ‖Fm

≤ ‖ cn ‖Fn
.

c)
⋃

n≥0

Cn is dense in Fm, for any m ≥ 0.

Then, for any am in Am (this for any m ≥ 0) and for any n ≥ 0, f−1 exists
from BFn

(f(am), rm

αm‖ am ‖r
Em

+βm
) into BEn+1(am, 2rm), for any rm such that:

(1) rm <
1

4(αm‖ am ‖r
Em

+ βm) × γ(2‖ am ‖Em
+ 3)

.

2.2. Proof of Theorem 2.1. Consider am in Am and the operator g defined
by:

g(x) = x − [Df(am)]−1(f(x) − f(am)).

According to assumptions 2) and 4), g is in C1(En+2, En+1) for any n ≥ 0 and:
{

g(am) = am

Dg(x) = [Df(am)]−1[Df(am) − Df(x)]
,

for any x in En+2 (since x ∈ En+2, x ∈ En+1 so that:

x = [Df(am)]−1[Df(am)x].)

We suppose that x ∈ BEn+2(am, 2r′m), with:

r′m < rm,

where rm satisfies (1). So, according to assumption 6), rm < 1. We get, according
to assumptions 4), 5) and 3b):

‖ Dg(x) ‖L(En+2,En+1) ≤ (αm‖ am ‖r
Em

+ βm) × γ(2‖ am ‖Em
+ 3) × 2r′m.

Therefore, according to (1):

‖ Dg(x) ‖L(En+2,En+1) ≤
1

2
.

So, we obtain for any x ∈ BEn+2(am, 2r′m):
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‖ g(x) − g(am) ‖En+1 ≤ 1

2
‖ x − am ‖En+2 < r′m.

Since g(am) = am, we obtain that:

g[BEn+2(am, 2r′m)] ⊂ BEn+1(am, r′m).

For yp ∈ BFn
(f(am) − f(0), rm

αm‖ am ‖r
Em

+βm
) ∩ Cp, we consider the operator

hyp
defined by:

hyp
(x) = x − [Df(am)]−1(f(x) − f(0) − yp)

hyp
(x) = g(x) − [Df(am)]−1(f(am) − f(0) − yp).

Let’s show that hyp
applies BEn+2(am, 2r′m) into BEn+1(am, 2r′m) for any n ≥ 0,

where r′m is such that:

yp ∈ BFn
(f(am) − f(0),

r′m
αm‖ am ‖r

Em
+ βm

).

We get:

‖ hyp
(x) − am ‖En+1 ≤ ‖ g(x) − am ‖En+1 + ‖ [Df(am)]−1 ‖L(Fn,En+1)×

‖ f(am) − f(0) − yp ‖Fn

‖ hyp
(x) − am ‖En+1 < r′m + (αm‖ am ‖r

Em
+ βm) × r′m

αm‖ am ‖r
Em

+ βm

‖ hyp
(x) − am ‖En+1 < 2r′m.

So, hyp
applies BEn+2(am, 2rm) into BEn+1(am, 2rm) for any n ≥ 0. Moreover, for

x, y ∈ BEn+2(am, 2rm):

‖ hyp
(x) − hyp

(y) ‖En+1 ≤ ‖ g(x) − g(y) ‖En+1

‖ hyp
(x) − hyp

(y) ‖En+1 ≤ 1

2
‖ x − y ‖En+2 .

Now, we consider the following sequence (zN )N≥0:
{

z0 = am

zN = hyp
(zN−1), N ≥ 1

.

We get:

‖ zN+p − zN ‖En
≤

p−1
∑

k=0

‖ zN+p−k − zN+p−k−1 ‖En
.

By rough majorations, for N ≥ 2:

‖ zN+p − zN ‖En
≤

p−1
∑

k=0

(
1

2
)p−k−1‖ zN+1 − zN ‖Ep+n

‖ zN+p − zN ‖En
≤ (

1

2
)N × 2 × ‖ z1 − z0 ‖Ep+n+N

‖ zN+p − zN ‖En
≤ (

1

2
)N−2 × ‖ hyp

(am) − am ‖Ep+n+N

‖ zN+p − zN ‖En
≤ (

1

2
)N−2 × ‖ [Df(am)]−1 ‖L(Fp+n+N−1;Ep+n+N)×

‖ f(am) − f(0) − yp ‖Fp+n+N−1.
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Since yp ∈ Cp and, by assumption 8), f(am)− f(0) ∈ Bα(m), according to assump-
tion 9) and assumption 8):

‖ zN+p − zN ‖En
≤ (

1

2
)N−2 × (αm‖ am ‖r

Em
+ βm)

× [‖ f(am) − f(0) ‖Fα(m)
+ ‖ yp ‖Fp

].

So, (zN ) is a Cauchy sequence in En for any n ≥ 0. Since En is a Banach space,
(zN) tends to z in En for any n and more precisely with z ∈ BEn

(am, 2rm) for any
n ≥ 0. We get:

zN = zN−1 − [Df(am)]−1(f(zN−1) − f(0) − yp).

So:

z = z − [Df(am)]−1(f(z) − f(0) − yp).

Therefore:

f(z) = yp + f(0).

Now, we consider any Y in BFn
(f(am)−f(0),

r′
m

αm‖ am ‖r
Em

+βm
) for a certain n ≥ 0.

With assumptions 9c), we get a sequence (Yp) with:

Yp ∈ BFn
(f(am) − f(0),

r′m
αm‖ am ‖r

Em
+ βm

) ∩ Cp

such that Yp → Y for the Fn norm. Then, for each Yp, there exists Zp in
BEn

(am, 2r′m) (here, for any n ≥ 0), such that:

f(Zp) = Yp + f(0).

According to assumption 7), now, we get:

‖ Zp − Zq ‖En+1 ≤ cn(Zp, Zq)‖ Yp − Yq ‖Fn
.

Since cn is continuous from En+1×En+1 into R+ and since Zp is bounded in En+1,
we obtain:

‖ Zp − Zq ‖En+1 ≤ C‖ Yp − Yq ‖Fn
,

where C denotes a certain constant. Since (Yp) is a Cauchy sequence in Fn, (Zp) is

a Cauchy sequence in En+1 so that (Zp) tends to a Z in BEn+1(am, 2r′m) that is in
BEn+1(am, 2rm). So, f(Zp) tends to f(Z) in Fn−1. Since f(Zp) tends to Y + f(0)
in Fn, by the fact that Fn ⊂ Fn ⊂ Fn−1 with continuous injections, we get that
f(Z) = Y + f(0). Moreover, the uniqueness of Z is guaranteed by assumption 7.

Therefore, for any am in Am (this for any m ≥ 0) and for any n ≥ 0, f−1 exists
from BFn

(f(am), rm

αm‖ am ‖r
Em

+βm
) into BEn+1(am, 2rm), for any rm such that:

rm <
1

4(αm‖ am ‖r
Em

+ βm) × γ(2‖ am ‖Em
+ 3)

.

3. Application to the Yang-Mills equation

3.1. Lorentz metric. We are going to show the existence (but not the unique-
ness) of smooth Landau-Lorentz gauge fields solutions to the Yang-Mills equation
in a smooth compact manifold with boundary P in R3 for a finite interval of time
[0, T ], T > 0 or in the whole R

4. We consider:

ρP = max
x∈P

| x |.
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We conceive a torus Ω equal to R3|((2N+1)Z)3 , with an integer N such that:

ρP < N.

On ]0, T [×Ω, we will work with the simplest Lorentz metric:
(

−1 0
0 Id3

)

,

where Id3 denotes the identity matrix in dimension three. So, in local chart x =
(x0, x1, x2, x3), x0 will denote the time (”t” and ”s” too) and (x1, x2, x3) the space
coordinates. In this metrics, we get:

∂µ∂µV = −∂2
0V + ∂2

1V + ∂2
2V + ∂2

3V

that is, the opposite of the Dalembertian operator.
A couple of cases can be considered: the case of the classical Yukawa-Klein-

Yang-Mills theory with commutators and the case of some super-symmetric Yang-
Mills fields. Even if the second case is a generalization of the first one, we prefer to
begin with the easiest one for a couple of reasons: the calculations of the first case
will be largely used in the second one and the first one, which is the historical one,
involves the electromagnetic, the weak and the strong forces.

3.2. Classical strength tensors with commutators.

3.2.1. Introduction of the Yang-Mills equation of the motion. In ]0, T [×Ω, we
consider the gauge field x → (χµ

a + Aµ
a)(x), where χµ

a denotes complex constants,
that is (χµ + Aµ)(x) = (χµ

a(x) + Aµ
a(x))ta, with 0 ≤ µ ≤ 3, 1 ≤ a ≤ a′ in the

summation, where a′ is the number of generators ta of the Lie algebra associated
with the gauge field χ + A. The use of a constant field χ is necessary to prove the
existence of an infinity of Landau-Lorentz Yang-Mills fields. In this paragraph 3,
we consider the strength tensors Fµν defined by a Lie bracket:

Fµν = ∂µ(χν + Aν) − ∂ν(χµ + Aµ) − g[χµ + Aµ, χν + Aν ], 0 ≤ µ, ν ≤ 3,

where g denotes the Yukawa coupling constant (for us, any complex number). We
suppose the classical relations of commutation inside the Lie algebra stated with
the classical Christoffel complex numbers Cab

c :

[ta, tb] = Cab
c tc.

The Christoffel numbers are antisymmetric:

Cab
c = −Cc

ab.

We consider the covariant derivative Dµ expressed by:

Dµ. = ∂µ. − g[χµ + Aµ, .].

Then, the non homogeneous Yang-Mills equation of motion of the gauge field is:

(2) DµFµν = ∂µFµν − g[χµ + Aµ, Fµν ] = 0, ν = 0, 1, 2, 3,

where g still denotes the Yukawa coupling constant. We consider the following
equation, where A is naturally the unknown field:

(3) [∂µ∂µAνa − gCbc
a (∂µAµb)(χνc + Aνc) − 2gCbc

a (χµb + Aµb)∂
µAνc

+ gCbc
a (χµb + Aµb)∂νAµc + g2Cde

a (χµd + Aµd)(Cbc
e (χµb + Aµb)

× (χνc + Aνc))]t
a = 0, 1 ≤ ν ≤ 3, 1 ≤ a ≤ a′.
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The link between (2) and (3) is the following one: if we denote by (Y M(Aνa))ta

the left-member of (2), then (3) is:

(4) (Y M(Aνa) + ∂ν∂µAµa)ta = 0.

Then, if we are able to find a field A which satisfies (4), it will only remain to show
that χ + A is a Landau-Lorentz field, that is ∂µ(χµa + Aµa) = 0, for any a with
1 ≤ a ≤ a′, to obtain a solution A to the Yang-Mills equation (2).

Now, we recall that the generators ta of the Lie algebra are such that:

(5) (λata = 0) ⇐⇒ (λa = 0, for every a).

So, if we denote by (Y Mw(Aνa))ta the left member of (4), we just have (for the
moment) to find a solution A to:

(6) Y Mw(Aνa) = 0, for 0 ≤ ν ≤ 3, 1 ≤ a ≤ a′.

3.2.2. Introduction of the Yang-Mills derivative operator. The formal differen-
tial operator dY MwA of Y Mw, taken in some gauge field A whose regularity will
be later explained, is:

(7) dY MwAAνa = ∂µ∂µAνa − gCbc
a (∂µAµb)Aνc − gCbc

a Aνc∂
µAµb

− 2gCbc
a (∂µAνc)Aµb − 2gCbc

a Aµb∂
µAνc + gCbc

a Aµb∂νAµc + gCbc
a (∂νAµc)A

µb

+ g2Cde
a Aµd(Cbc

e AµbAνc) + g2Cde
a Aµd(Cbc

e AνcAµb) + g2Cde
a (Cbc

e AµbAνc)A
µd

− gCbc
a χνc∂

µAµb − 2gCbc
a χµb∂

µAνc + gCbc
a χµb∂νAµc + g2Cde

a χµd(Cbc
e AµbAνc)

+ g2Cde
a Aµd(Cbc

e χµbAνc) + g2Cde
a χµd(Cbc

e χµbAνc) + g2Cde
a χµd(Cbc

e AνcAµb)

+ g2Cde
a Aµd(Cbc

e χνcAµb) + g2Cde
a χµd(Cbc

e χνcAµb) + g2Cde
a (Cbc

a χµbAνc)A
µd

+ g2Cde
a (Cbc

e Aµbχνc)A
µd + g2Cde

a (Cbc
e χµbχνc)A

µd

for 0 ≤ ν ≤ 3, 1 ≤ a ≤ a′. So, Y M, Y Mw and dY Mw,A depend on the constant
field χ = (χνa)0≤ν≤3, 1≤a≤a′ . We will denote:
{

Y MwA = (Y MwA01, Y MwA11, . . . , Y MwA2a′ , Y MwA3a′)

dY MwAA = (dY MwAA01, dY MwAA11, . . . , dY MwAA2a′ , dY MwAA3a′)
.

3.2.3. Assumptions 1, 3 and 9. We consider the spaces:






















4a′

H
k
(]0, T [×Ω) = {u = (u1, u2, . . . , u4a′), ui ∈ Hk(]0, T [×Ω),

1 ≤ i ≤ 4a′}, for k ≥ 0

4a′

H
k

m(]0, T [×Ω) = {u ∈ 4a′

H
k
(]0, T [×Ω), ∂i

0(0, x1, x2, x3) = 0, i = 0, 1,

. . . , m}, 0 ≤ m ≤ k − 3

Relatively to the statement of Theorem 2.1, we put:














Fn = 4a′

H
n+6

(]0, T [×Ω) (n ≥ 0)

En = 4a′

H
n+6

3 (]0, T [×Ω) (n ≥ 0)

Fn = 4a′

H
n+6

1 (]0, T [×Ω) (n ≥ 0)

.

We consider the sets (An)n≥0 of polynomials P of the variables x0, x1, x2 and x3 of
degrees ≤ n, with:

∂i
0P (0, x1, x2, x3) = 0, i = 0, 1, 2, 3.
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We consider the sets (Cn)n≥0 of polynomials P of the variables x0, x1, x2 and x3 of
degrees ≤ n, with:

∂i
0P (0, x1, x2, x3) = 0, i = 0, 1.

Now, let’s check if all the assumptions of Theorem 1 are fulfilled. So, assumptions
1, 3 and 9 are evidently fulfilled.

3.2.4. Assumptions 2 and 5. Relatively to Theorem 2.1, we consider f = Y Mw.

Does Y Mw act continuously from 4a′

H
n+2

3 (]0, T [×Ω) into 4a′

H
n
(]0, T [×Ω) for

n ≥ 6? Consider a couple of gauge fields A and C in 4a′

H
n+2

3 (]0, T [×Ω) (we have
to notice that C has not to be confused with the Christoffel coefficients Cbc

a ). We
get:

Y MwAνa − Y MwCνa = ∂µ∂µ(Aνa − Cνa) − gCbc
a (∂µAµb − ∂µCµb)(χνc + Aνc)

+ gCbc
a ∂µCµb(Cνc − Aνc) − 2gCbc

a (χµb + Aµb)(∂
µAνc − ∂µCνc)

+ 2gCbc
a (Cµb − Aµb)∂

µCνc + gCbc
a (χµb + Aµb)(∂νAµc − ∂νCµc)

− gCbc
a (Cµb − Aµb)∂νCµc + g2Cde

a (Aµd − Cµd)Cbc
e (χµb + Aµb)(χνc + Aνc)

− g2Cde
a (χµd + Cµd)Cbc

e [(Cµb − Aµb)(χνc + Cνc) − (χµb + Aµb)(Aνc − Cνc)].

In the following paragraphs, we use the Cauchy-Schwarz-Buniakowski inequality
and Sobolev imbeddings with continuous injections:

(8)











H1 ⊂c L4

H2 ⊂c L8 (in fact H2 ⊂c Lp, ∀p ≥ 0)

H3 ⊂c C0

valuable for the four-dimensional R × Ω. Now, we evidently get:

‖ ∂µ∂µ(Aνa − Cνa) ‖Hn(]0,T [×Ω) ≤ ‖ Aνa − Cνa ‖Hn+2(]0,T [×Ω)

‖ ∂µ∂µ(Aνa − Cνa) ‖Hn(]0,T [×Ω) ≤ ‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

.

In the following calculations, the constants K or else can change from a line to
another.

We get too:

‖ (χµb + Aµb)(∂µAνc − ∂µCνc) ‖Hn(]0,T [×Ω) ≤
K

∑

| α |≤n

∑

γ+δ=α
| δ |<n

‖ ∂γ(χµb + Aµb)∂δ∂µ(Aνc − Cνc) ‖L2(]0,T [×Ω)

+ K
∑

| δ |=n

‖ (χµb + Aµb)∂δ∂µ(Aνc − Cνc) ‖L2(]0,T [×Ω).

For | δ | < n:

‖ ∂γ(χµb + Aµb)∂δ∂µ(Aνc − Cνc) ‖L2(]0,T [×Ω)

≤ ‖ ∂γ(χµb + Aµb) ‖L4(]0,T [×Ω)‖ ∂δ∂µ(Aνc − Cνc) ‖L4(]0,T [×Ω)

‖ ∂γ(χµb + Aµb∂δ∂µ(Aνc) − Cνc) ‖L2(]0,T [×Ω)

≤ K‖ χµb + Aµb ‖Hn+2(]0,T [×Ω)‖ Aνc − Cνc ‖Hn+2(]0,T [×Ω).
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For | δ | = n:

‖ (χµb + Aµb)∂δ∂µ(Aνc − Cνc) ‖L2(]0,T [×Ω) ≤‖ χµb + Aµb ‖H3(]0,T [×Ω)

× ‖ Aνc − Cνc ‖Hn+2(]0,T [×Ω).

Since n ≥ 6, n + 2 ≥ 3, so that:

‖ − 2gCbc
a (χµb + Aµb)(∂

µAνc − ∂µCνc) ‖Hn(]0,T [×Ω)

≤ K‖ χ + A ‖4a′
H

n+2
(]0,T [×Ω)

‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

.

By similar treatments:

‖ − gCbc
a (∂µAµb − ∂µCµb)(χνc + Aνc)

+ gCbc
a (χµb + Aµb)(∂νAµc − ∂νCµc) ‖Hn(]0,T [×Ω)

≤ K‖ χ + A ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

.

Moreover:

‖ 2gCbc
a (Cµb − Aµb)∂

µCνc ‖Hn(]0,T [×Ω)

≤ K‖ C − A ‖4a′
H

n+2
(]0,T [×Ω)

‖ C ‖4a′
H

n+2
(]0,T [×Ω)

.

We get too:

‖ gCbc
a ∂µCµb(Cνc − Aνc)

− gCbc
a (Cµb − Aµb)∂νCµc ‖Hn(]0,T [×Ω)

≤ K‖ C ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

.

Now, let’s study the case of (Aµd − Cµd)(χµb + Aµb)(χνc + Aνc):

‖ (Aµd − Cµd)(χµb + Aµb)(χνc + Aνc) ‖Hn(]0,T [×Ω) ≤
C

∑

| α |≤n

∑

γ+δ=α

‖ ∂γ(Aµd − Cµd)

∑

κ+τ=δ

∂κ(χµb + Aµb)∂τ (χνc + Aνc)

∥

∥

∥

∥

∥

L2(]0,T [×Ω)

and so:

‖ ∂γ(Aµd − Cµd) × ∂κ(χµb + Aµb) × ∂τ (χνc + Aνc) ‖L2(]0,T [×Ω)

≤ ‖ ∂γ(Aµd − Cµd) ‖L8(]0,T [×Ω)‖ ∂κ(χ + A) ‖4a′
L

8
(]0,T [×Ω)

× ‖ ∂τ (χ + A) ‖4a′
L

4
(]0,T [×Ω)

‖ ∂γ(Aµd − Cµd) × ∂κ(χµb + Aµb) × ∂τ (χνc + Aνc) ‖L2(]0,T [×Ω)

≤ K‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

‖ χ + A ‖4a′
H

n+2
(]0,T [×Ω)

‖ χ + A ‖4a′
H

n+2
(]0,T [×Ω)

.
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So:

‖ g2Cde
a (Aµd − Cµd)Cbc

e (χµb + Aµb)(χνc + Aνc) − g2Cde
a (χµd + Cµd)Cbc

e

× [(Cµb − Aµb)(χνc + Cνc) − (χµb + Aµb)(Aνc − Cνc)] ‖Hn(]0,T [×Ω)

≤ K‖ A − C ‖4a′
H

n+2
(]0,T [×Ω)

(

‖ χ + A ‖2
4a′

H
n+2

(]0,T [×Ω)

+‖ χ + C ‖2
4a′

H
n+2

(]0,T [×Ω)

)

.

So, f acts continuously from En+2 into Fn for n ≥ 0. Moreover, if:

{

∂i
0Aka(0, x1, x2, x3) = 0, 0 ≤ i, k ≤ 3, 1 ≤ a ≤ a′

∂i
0Cka(0, x1, x2, x3) = 0, 0 ≤ i, k ≤ 3, 1 ≤ a ≤ a′ ,

then:

{

∂i
0(∂

2
j Aka)(0, x1, x2, x3) = ∂2

j ∂i
0Aka(0, x1, x2, x3) = 0, i = 0, 1

∂i
0(∂

2
j Cka)(0, x1, x2, x3) = 0, i = 0, 1

and:











(∂jAka × Alb)(0, x1, x2, x3) = (∂jAka(0, x1, x2, x3)) × Alb(0, x1, x2, x3) = 0

∂0(∂jAka × Alb)(0, x1, x2, x3) = (∂j∂0Aka(0, x1, x2, x3)) × Alb(0, x1, x2, x3)

+(∂jAka)(0, x1, x2, x3) × (∂0Alb)(0, x1, x2, x3) = 0











(∂jCka × Clb)(0, x1, x2, x3) = (∂jCka(0, x1, x2, x3)) × Clb(0, x1, x2, x3) = 0

∂0(∂jCka × Clb)(0, x1, x2, x3) = (∂j∂0Cka(0, x1, x2, x3)) × Clb(0, x1, x2, x3)

+(∂jCka)(0, x1, x2, x3) × (∂0Clb)(0, x1, x2, x3) = 0











(∂jAka × χlb)(0, x1, x2, x3) = (∂jAka(0, x1, x2, x3)) × χlb(0, x1, x2, x3) = 0

∂0(∂jAka × χlb)(0, x1, x2, x3) = (∂j∂0Aka(0, x1, x2, x3)) × χlb(0, x1, x2, x3)

+(∂jAka)(0, x1, x2, x3) × (∂0χlb)(0, x1, x2, x3) = 0











(∂jCka × Alb)(0, x1, x2, x3) = (∂jCka(0, x1, x2, x3)) × Alb(0, x1, x2, x3) = 0

∂0(∂jCka × Alb)(0, x1, x2, x3) = (∂j∂0Cka(0, x1, x2, x3)) × Alb(0, x1, x2, x3)

+(∂jCka)(0, x1, x2, x3) × (∂0Alb)(0, x1, x2, x3) = 0











(∂jCka × χlb)(0, x1, x2, x3) = (∂jCka(0, x1, x2, x3)) × χlb(0, x1, x2, x3) = 0

∂0(∂jCka × χlb)(0, x1, x2, x3) = (∂j∂0Cka(0, x1, x2, x3)) × χlb(0, x1, x2, x3)

+(∂jCka)(0, x1, x2, x3) × (∂0χlb)(0, x1, x2, x3) = 0
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and:














































































(Aja − Cja)(χkb + Akb)(χlc + Alc)(0, x1, x2, x3)

= (Aja − Cja)(0, x1, x2, x3)

×(χkb + Akb)(0, x1, x2, x3) × (χlc + Alc)(0, x1, x2, x3) = 0

∂0((Aja − Cja) × (χkb + Akb) × (χlc + Alc))(0, x1, x2, x3)

= (∂0Aja − ∂0Cja)(0, x1, x2, x3)

×(χkb + Akb)(0, x1, x2, x3) × (χlc + Alc)(0, x1, x2, x3)

+(Aja − Cja)(0, x1, x2, x3) × (∂0(χkb + Akb)(0, x1, x2, x3))

×(χlc + Alc)(0, x1, x2, x3)

+(Aja − Cja)(0, x1, x2, x3) × (χkb + Akb)(0, x1, x2, x3)

×(∂0(χlc + Alc)(0, x1, x2, x3)) = 0.

So, f(A) − f(C) acts from E2
n+2 into Fn for n ≥ 0. Now, for any A in En+2, is

dY MwA in L(En+2, Fn)? We get:

‖ ∂µ∂µAνa ‖Hn(]0,T [×Ω) ≤ ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

.

We get too, by using the calculations done on Y MwAνa − Y MwCνa:

‖ − gCbc
a (∂µAµb)Aνc ‖Hn(]0,T [×Ω)

≤ K‖ A ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

and idem for the terms from −gCbc
a Aνc∂

µAµb to gCbc
a (∂νAµc)A

µb in (7). Now,
following the calculation done above, we obtain:

‖ g2Cde
a Aµd(Cbc

e AµbAνc) ‖Hn(]0,T [×Ω)

≤ K‖ A ‖2
4a′

H
n+2

(]0,T [×Ω)
‖ A ‖4a′

H
n+2

(]0,T [×Ω)
.

We can similarly treat the term g2Cde
a Aµd(Cbc

e AνcAµb)+g2Cde
a (Cbc

e AµbAνc)A
µd in

(7). Moreover:

‖ − gCbc
a χνc∂

µAµb ‖Hn(]0,T [×Ω) ≤ K‖ χνc ‖4a′
H

n+2
(]0,T [×Ω)

×‖ A ‖4a′
H

n+2
(]0,T [×Ω)

and idem for the term −2gCbc
a χµb∂

µAνc + gCbc
a χµb∂νAµc in (7). Moreover:

‖ g2Cde
a χµd(Cbc

e AµbAνc) ‖Hn(]0,T [×Ω) ≤ K‖ χ ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

and idem for the remaining term in (7) with sometimes ‖ χ ‖4a′
H

n+2
(]0,T [×Ω)

instead

of ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

. We finally obtain:

‖ dY MwAAνa ‖Hn(]0,T [×Ω) ≤ K‖ A ‖4a′
H

n+2
(]0,T [×Ω)

×
[

1 + ‖ A ‖2
4a′

H
n+2

(]0,T [×Ω)
+ ‖ χ ‖2

4a′
H

n+2
(]0,T [×Ω)

]

.

So, if we notice as above that dY MwAA satisfies the boundary conditions of Fn for
any A in En+2, dY MwA is in L(En+2, Fn).
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Now, is A → dY MwA in C0(En+2, L(En+2, Fn))? Consider any couple (A,A′)
in E2

n+2 and any A in En+2. Denoting Hn(]0, T [×Ω) by Hn, we get:

‖ (Aµb −A′
µb)∂

µAνc ‖2
Hn =

∑

| α |≤n

‖ ∂α[(Aµb −A′
µb)∂µAνc] ‖2

L2(]0,T [×Ω)

‖ (Aµb −A′
µb)∂

µAνc ‖2
Hn ≤

∑

| α |n

∑

γ+δ=α

(

‖ ∂γ(Aµb −A′
µb) ‖2

L4(]0,T [×Ω)

×‖ ∂δ∂µAνc ‖2
L4(]0,T [×Ω)

)

.

For a constant C independent of n, we get:

‖ (Aµb −A′
µb)∂

µAνc ‖2
Hn ≤C

∑

| α |≤n

∑

γ+δ=α

(

‖ ∂γ(Aµb −A′
µb) ‖2

H1(]0,T [×Ω)

×‖ ∂δ∂µAνc ‖2
H1(]0,T [×Ω)

)

.

By a rough majoration, with C ′ independent of n:

‖ (Aµb −A′
µb)∂

µAνc ‖2
Hn ≤ C ′‖ Aµb −A′

µb ‖2
Hn+1(]0,T [×Ω)

‖ ∂µAνc ‖2
Hn+1(]0,T [×Ω).

Now:

‖ (Aµb −A′
µb)∂

µAνc ‖Hn ≤
√

C ′‖ Aµb −A′
µb ‖Hn+2(]0,T [×Ω)‖ Aνc ‖Hn+2(]0,T [×Ω).

An analogous calculation affords:

‖ − 2gCbc
a Aµb∂

µAνc − gCbc
a (∂µAµb)Aνc − gCbc

a Aνc∂
µAµb

− 2gCbc
a (∂µAνc)Aµb + gCbc

a Aµb∂νAµc + gCbc
a (∂νAµc)A

µb

+ 2gCbcA′
µbAνc + gCbc

a (∂µA′
µb)Aνc + gCbc

a A′
νc∂

µAµb

+ 2gCbc
a (∂µA′

νc)Aµb − gCbc
a A′µb

∂νAµc − gCbc
a (∂νA′

µc)A
µb ‖Hn(]0,T [×Ω)

≤ C1‖ A −A′ ‖4a′
H

n+2
(]0,T [×Ω)

‖ A ‖4a′
H

n+2
(]0,T [×Ω)

where C1 denotes a constant independent of n. Now, with Hn written instead of
Hn(]0, T [×Ω):

‖ AµdAµbAνc −A′
µdA′

µbAνc ‖2
Hn = ‖ (Aµd −A′

µd)AµbAνc

+ (Aµb −A′
µb)A′

µdAνc ‖2
Hn .

Therefore:

‖ (Aµd −A′
µd)AµbAνc ‖2

Hn =
∑

| α |≤n

‖ ∂α[(Aµd −A′
µd)AµbAνc] ‖2

L2(]0,T [×Ω)

‖ (Aµd −A′
µd)AµbAνc ‖2

Hn

≤
∑

| α |≤n

∑

γ+δ=α

∑

κ+τ=δ

‖ ∂γ(Aµd −A′
µd) ‖2

L8(]0,T [×Ω) × ‖ ∂κAµb ‖2
L8(]0,T [×Ω)

× ‖ ∂τAνc ‖2
L4(]0,T [×Ω).
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So, there exists a constant C independent of n such that:

‖ (Aµd −A′
µd)AµbAνc ‖2

Hn ≤
C

∑

| α |≤n

∑

γ+δ=α

∑

κ+τ=δ

‖ ∂γ(Aµd −A′
µd) ‖2

H2(]0,T [×Ω) × ‖ ∂κAµb ‖2
H2(]0,T [×Ω)

× ‖ ∂τAνc ‖2
H1(]0,T [×Ω).

We get by rough majorations for C ′ independent of n:

‖ (Aµd −A′
µd)AµbAνc ‖Hn ≤ C ′‖ Aµd −A′

µd ‖Hn+2(]0,T [×Ω)

× ‖ Aµb ‖Hn+2(]0,T [×Ω) × ‖ Aνc ‖Hn+2(]0,T [×Ω).

An analogous majoration brings:

‖ g2Cde
a Aµd(Cbc

e AµbAνc) + g2Cde
a Aµd(Cbc

e AµbAνc)

+ g2Cde
a (Cbc

e AµbAνc)A
µd − g2Cde

a A′µd
(Cbc

e A′
µbAνc)

− g2Cde
a A′µd

(Cbd
e AµbA′

νc) − g2Cde
a (Cbc

a A′
µbA′

νc)A
µd ‖Hn(]0,T [×Ω)

≤ C2‖ A −A′ ‖4a′
H

n+2
(]0,T [×Ω)

× (‖ A ‖4a′
H

n+2
(]0,T [×Ω)

+ ‖ A′ ‖4a′
H

n+2
(]0,T [×Ω)

)‖ A ‖4a′
H

n+2
(]0,T [×Ω)

,

with C2 independent of n. Moreover, we get:

‖ g2Cde
a χµd(Cbc

e (Aµb −A′
µb)Aνc) ‖Hn ≤ C ′

2‖ A −A′ ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ χ ‖4a′
H

n+2
(]0,T [×Ω)

× ‖ A ‖4a′
H

n+2
(]0,T [×Ω)

,

with C ′
2 independent of n and idem for the other lasting terms of the difference

dY MwA − dY MwA′ build on the (7) formula. So we get for a constant C indepen-
dent of n ≥ 0 (with C obviously 6= 0):

(9) ‖ dY MwA − dY MwA′ ‖
L(4a′

H
n+2
3 (]0,T [×Ω),4a′

H
n
1 (]0,T [×Ω))

≤

C‖ A −A′ ‖4a′
H

n+2
3 (]0,T [×Ω)

(

‖ χ ‖4a′
H

n+2
3 (]0,T [×Ω)

+ ‖ A ‖4a′
H

n+2
3 (]0,T [×Ω)

+‖ A′ ‖4a′
H

n+2
3 (]0,T [×Ω)

)

.

So, x → Df(x) is in C0(En+2, L(En+2, Fn)) and the estimate of assumption 5 is
fulfilled too.

3.2.5. Assumption 4: tesseralization. For a problem of transcription, we are
going to change the exponent of Hn into Hk and the index n of En and Fn into k.
Consider the problem (P):

”for any F in Fn and any A in En+2, to find A in En+1 such that:

dY MwAA = F.”

We are going to show that problem (P) has one and only one solution.
We consider the following manner to express any natural integer ≥ 1:











n = n0a
′ + n1, if n ≤ 4a′

n = 4a′ + 4 × 4a′ + 42 × 4a′ + . . . + 4k(n) × 4a′

+n0 × 4k(n) × 4a′ + n1 if n > 4a′
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with:
{

0 ≤ n0 ≤ 3

1 ≤ n1 ≤ 4a′ × 4k(n)

and with the following rules: in the case n1 = 4a′ × 4k(n), we suppose:

n = 4a′ + 4 × 4a′ + . . . + 4k(n) × 4a′ + n0 × 4a′ × 4k(n) + n1

and not:
n = 4a′ + . . . + (n0 + 1) × 4a′ × 4k(n)

if n0 ≤ 2, or:

n = 4a′ + . . . + 4k(n)+1 × 4a′

if n0 = 3.
If n ≤ 4a′, we put:

k(n) = −1.

Let’s put:

Nk(n) = 4a′ + 4 × 4a′ + . . . + 4k(n) × 4a′ = (4k(n)+1 − 1) × 4

3
a′, k(n) ≥ −1.

So:
N−1 = 0, N0 = 4a′, N1 = 20a′, N2 = 84a′, . . . .

Therefore:
n = Nk(n) + n0 × 4a′ × 4k(n) + n1.

Let’s put too:
n′ = Nk(n)−1 + n1.

We now understand Nk as the number Nk(n) with k(n) = k, k being any integer.
For the moment, we consider the finite sequences u = (un)1≤n≤Nk

and f =
(fn)1≤n≤20a′ defined by:

(10)











uν+4(a−1)+1 = Aνa, 1 ≤ a ≤ a′, 0 ≤ ν ≤ 3

un = ∂n0un′ for 4a′ < n ≤ 20a′

un = ∂(n′)0un′+(n0−(n′)0)×4k(n)−1×4a′ , for 20a′ < n ≤ Nk

and:

(11)











fn = 0 for 1 ≤ n ≤ 4a′

fν+4(a−1)+1+4a′ = −Fνa 1 ≤ a ≤ a′, 0 ≤ ν ≤ 3

fn = 0 for 8a′ < n ≤ 20a′
.

We consider the 20a′ × 20a′ matrices (A20a′

j ) for j = 1, 2, 3 defined by:

A20a′

1 =













04a′ 04a′ 04a′ 04a′ 04a′

04a′ 04a′ −Id4a′ 04a′ 04a′

04a′ −Id4a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ 04a′ 04a′













,

A20a′

2 =













04a′ 04a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ −Id4a′ 04a′

04a′ 04a′ 04a′ 04a′ 04a′

04a′ −Id4a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ 04a′ 04a′













,
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A20a′

3 =













04a′ 04a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ 04a′ −Id4a′

04a′ 04a′ 04a′ 04a′ 04a′

04a′ 04a′ 04a′ 04a′ 04a′

04a′ −Id4a′ 04a′ 04a′ 04a′













,

where 04a′ denotes the null 4a′×4a′ matrix and Id4a′ denotes the 4a′×4a′ identity
matrix. So, we consider the 20a′ × 20a′ system given by:

(12) Mu = ∂0u +
3
∑

j=1

A20a′

j ∂ju + B20a′

(x)u = f,

where the 20a′ × 20a′ B20a′

(x) matrix is composed by −Id4a′ for the second block
of its first line of 4a′ × 4a′ blocks, and 04a′ for the other blocks of its first line
of 4a′ × 4a′ blocks. Notice that we have to write −Fνa and not Fνa in the right
member of the second equation in (11) since we have chosen ∂0u and not −∂0u in

(12). Moreover, B20a′

(x) is build to make the nth line of Mu = f for 4a′ < n ≤ 8a′

equal to:

dY MwAun = fn

and with only 0s on the lines of rank n > 8a′.
Now, starting from the 20a′×20a′ system (12), we can build a Nk ×Nk system

(see (17) below): indeed, if we denote by ln the nth of (17), we form (17) by:

(13) ln = ∂(n′)0 ln′+(n0−(n′)0)×4k(n)−1×4a′ , for 20a′ < n ≤ Nk.

We call the process a ”tesseralization”. In fact, the order of derivation of un in (10)
brings by a permutation of the derivatives:

(14) (un) = (u1, . . . , u4a′ , ∂0u1, . . . , ∂0u4a′ , ∂1u1, . . . , ∂1u4a′ , ∂2u1, . . . , ∂2u4a′ ,

∂3u1, . . . , ∂3u4a′ , ∂0∂0u1, ∂0∂0u2, . . . , ∂0∂3u4a′ , ∂1∂0u1, . . . , ∂1∂3u4a′ ,

∂2∂0u1, . . . , ∂2∂3u4a′ , ∂3∂0u1, . . . , ∂3∂3u4a′ , ∂0∂0∂0u1,

∂0∂0∂0u2, . . . , ∂
k
3u4a′)

and so brings the natural order of derivation on un in (10):

(15) un = ∂n0un′ for 4a′ < n ≤ Nk.

So, we can consider the sequence (un)1≤n≤Nk
defined by (10) and (fn)1≤n≤Nk

by
(11) and:

(16) fn = ∂(n′)0fn′+(n0−(n′)0)×4k(n)−1×4a′ , for 20a′ < n ≤ Nk.

So, we obtain a Nk ×Nk system (17) by this process of ”tesseralization” of system
(12) from order 20a′ + 1 to order Nk:

(17) Lu = ∂0u +

3
∑

j=1

Aj∂ju + B(x)u = fn.

The A1 matrix (which has not to be confused with the A1 component of the gauge

field A), is composed on its main diagonal by the first block (top-left) A20a′

1 and
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then on the remaining part of its main diagonal, by a finite sequence of blocks for
n = 1 to k − 1:









04n×4a′ −Id4n×4a′ 04n×4a′ 04n×4a′

−Id4n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′









and 0s anywhere else. The A2 matrix is composed ont its principal diagonal by the
first block (top-left) A20a′

2 and then on the remaining part of its principal diagonal,
by a finite sequence of blocks for n = 1 to k − 1:









04n×4a′ 04n×4a′ −Id4n×4a′ 04n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

−Id4n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′









and 0s anywhere else. The A3 matrix is composed on its main diagonal by the first
block (top-left) A20a′

3 and then on the remaining part of its main diagonal, by a
finite sequence of blocks for n = 1 to k − 1:









04n×4a′ 04n×4a′ 04n×4a′ −Id4n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

04n×4a′ 04n×4a′ 04n×4a′ 04n×4a′

−Id4n×4a′ 04n×4a′ 04n×4a′ 04n×4a′









and 0s anywhere else. The important point for the possibility to apply the finite
propagation speed method is that A1, A2 and A3 are symmetrical. So, for n > 4a′

with n0 6= 0, then the nth line of B(x) is only composed by 0s and:

(18) fn = 0

too.
3.2.6. Assumption 4 : finite propagation speed. Now, we consider O(s) =

]0, s[×Ω and we put:

Σt = {t} × Ω.

We consider the Hermitian product ( , )s in NkL2(O(s)) for k ≥ 7. We put:

O = O(T ).

We obtain for any u smooth in [0, T ]×R1 ×R2 ×R3 periodic in x1, x2, x3 with the
period 2N (N presented in paragraph 3.1):

(19) (Lu, u)s + (u, Lu)s − (u, Bu)s − (Bu, u)s =

∫

Σs

| u |2 dS −
∫

Σ0

| u |2 dS.

Notice that (19) is equivalent to formula (5.22) [5,volume 1,page 437]. So:

2Re(Lu, u)s − 2Re(Bu, u)s =

∫

Σs

| u |2 dS −
∫

Σ0

| u |2 dS.

But, if we do rather the same calculations as for the proof of assumptions 2 and 5,
using the following inclusion:

H3(R4) ⊂c L∞(R4),
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we get:
∫

O(s)

| Bu |2 dt

≤ C(‖ A ‖4
O(s) + ‖ χ ‖4

O(s) + 1)

∫

O(s)

| u |2 dt,

where the constant C is independent of the order k of the Sobolev spaces.
So, if we put:

E(s) = ‖ u ‖2
NkL

2(O(s))
,

we get:

(20)
dE

ds
(s) ≤ 2

∫

O(s)

| Lu× u | dV + 2

∫

O(s)

| Bu × u | dV +

∫

Σ0

| u |2 dS.

Suppose that:

∂m
0 un(0, x) = 0 for 1 ≤ n ≤ 4a′, for m = 0, 1,

then we obtain for α = (α0, α1, α2, α3) with | (α1, α2, α3) | 6= 0:

∂αun(0, x) = 0 for any n.

Now, we suppose that problem (P) has a solution for u and F smooth. Using:

∂2
0un − ∆un + Bn+4a′(u) = −fn+4a′ for 1 ≤ n ≤ 4a′,

where Bn(u) expresses the nth line of Bu, we obtain by induction:

∂m+2
0 un(0, x) = −∂m

0 fn+4a′(0, x) − ∂m
0 Bn+4a′(u)(0, x),

for 1 ≤ n ≤ 4a′. Therefore:

∫

Σ0

| u |2 dS =

k−2
∑

j=0

4a′
∑

n=1

∫

Σ0

| ∂
j
0fn+4a′(0, x) |2 dS

+

k−2
∑

j=0

4a′
∑

n=1

∫

Σ0

| ∂
j
0Bn+4a′(u)(0, x) |2 dS.

Now, we use the continuous trace map from H1(O(s)) into L2(Σ0) to get:

(21)

∫

Σ0

| u |2 dS ≤ K

k−2
∑

i=0

3
∑

j=0

4a′
∑

n=1

∫

O(s)

| ∂i
0∂jfn+4a′ |2 dV

+ K

k−2
∑

n=0

4a′
∑

n=1

∫

O(s)

| ∂i
0fn+4a′ |2 dV + K

k−2
∑

i=0

3
∑

j=0

4a′
∑

n=1

∫

O(s)

| ∂i
0∂jBn+4a′(u) |2 dV

+ K

k−2
∑

i=0

4a′
∑

n=1

∫

O(s)

| ∂i
0Bn+4a′(u) |2 dV.

Therefore, we get for a constant K ′ independent of k:
∫

Σ0

| u |2 dS ≤ K ′‖ Lu ‖2
Nk L

2(O(s))
+ K ′‖ Bu ‖2

Nk L
2(O(s))

.
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So:

(22)

∫

Σ0

| u |2 dS ≤ (C1(‖ A ‖4
4a′

H
k+2

(O(s))
+ ‖ χ ‖4

4a′
H

k+2
(O(s))

) + C1)

× ‖ u ‖2
Nk L

2(O(s))
+ K ′ × ‖ Lu ‖2

NkL
2(O(s))

,

with constants K ′ and C1 independent of k. Then, according to (20), we get for
any M ′′ > 0 (and k ≥ 7):

dE

ds
(s) ≤ (

1

2M ′′ + K1)‖ Lu ‖2
Nk L

2(O(s))

+
[

2M ′′ + C3(‖ A ‖4
4a′

H
k+2

(O(s))
+ ‖ χ ‖4

4a′
H

k+2
(O(s))

) + C3

]

× E(s),

with constants K1 and C3 independent of k and A.
Then, by the Gronwall lemma, we get:

(23) E(s) ≤ s(
1

2M ′′ + K1)‖ Lu ‖2
Nk L

2(O(s))
×

e

s
R

0

»

C3(‖ A ‖4

4a′
H

k+2
(O(σ))

+‖ χ ‖4

4a′
H

k+2
(O(σ))

)+C3+2M ′′

–

dσ

.

So:

(24) ‖ u ‖Nk L
2(O) ≤ CA,k‖ Lu ‖Nk L

2(O),

with a constant CA,k depending on k and A. Now, we are going to show that (24)
occurs for:

(25) CA,k = k0

√
T × (‖ A ‖4

4a′
H

k+2
(O)

+ ‖ χ ‖4
4a′

H
k+2

(O)
)

where the constant k0 is independent of A, T and of the order k of the Sobolev
spaces.

So, if we consider the constants C3 in (23) and s such that:
[

2M ′′ + C3(‖ A ‖4
4a′

H
k+2

(O)
+ ‖ A ‖4

4a′
H

k+2
(O)

) + C3

]

s = 1,

then, we get:

‖ u ‖2
Nk L

2(O(s))
≤ es(

1

2M ′′ + K1)‖ Lu ‖2
NkL

2(O(s))
.

So, if we share [0, T ] in intervals of length ∆T with:
[

2M ′′ + C3(‖ A ‖4
4a′

H
k+2

(O)
+ ‖ A ‖4

4a′
H

k+2
(O)

) + C3

]

∆T = 1,

then putting:

(26)

{

On =]n∆T, (n + 1)∆T [×Ω, for 0 ≤ n ≤ M, with :

M =
[

2M ′′ + C3(‖ A ‖4
4a′

H
k+2

(O)
+ ‖ χ ‖4

4a′
H

k+2
(O)

) + C3

]

× T − 1

(we suppose M integer), we get if un = 0 for 1 ≤ n ≤ 4a′ on Σn∆T = {n∆T} ×Ω:

‖ u ‖2
NkL

2(On)
≤ ∆Te(

1

2M ′′ + K1)‖ Lu ‖2
Nk L

2(On)
.

Now, if we denote by ur,n the function such that:

(27) ur,n(n∆T + t, x) = u(n∆T − t, x), for 1 ≤ n ≤ 4a′
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and by Lr,n the operator obtained from L by transforming all its coefficients in the
(27) way, then, by putting:

1

M
=

e
(

1
2M ′′ + K1

)

2M ′′ + C3

(

‖ A ‖4
4a′

H
k+2

(O)
+ ‖ χ ‖4

4a′
H

k+2
(O)

)

+ C3

we get (since ur,n(n∆T, x) − u(n∆T, x) = 0 on Σn∆T for 1 ≤ n ≤ 4a′):

‖ u − ur,n ‖2
Nk L

2(On)
≤ 1

M
‖ L(u − ur,n) ‖2

Nk L
2(On)

.

Since A → dY MwA is in C0(En+2, L(En+2, Fn)), for ∆T sufficiently small (choos-
ing C3 ad hoc to get this), we get:

‖ Lr,nur,n − Lur,n ‖2
Nk L

2(On)
≤ K

M
‖ u ‖2

Nk L
2(On−1)

,

where we can put:

K =
1

e( 1
2M ′′ + K1)

.

We do now ad hoc majorations to obtain the recurrent inequalities (29) (see further
beyond):

‖ u − ur,n ‖2
Nk L

2(On)
≤ 1

M
‖ L(u− ur,n) ‖2

NkL
2(On)

‖ u − ur,n ‖2
Nk L

2(On)
≤ 2

M
‖ Lu ‖2

Nk L
2(On)

+
4

M
‖ Lr,nur,n − Lur,n ‖2

Nk L
2(On)

+
4

M
‖ Lr,nur,n ‖2

NkL
2(On)

‖ u − ur,n ‖2
Nk L

2(On)
≤ 2

M
‖ Lu ‖2

Nk L
2(On)

+
4K

M2
‖ u ‖2

NkL
2(On−1)

4

M
‖ Lu ‖2

Nk L
2(On−1)

.

So:

‖ u ‖NkL
2(On) ≤√

2√
M

‖ Lu ‖Nk L
2(On) +

2
√

K

M
‖ u ‖NkL

2(On−1) +
2√
M

‖ Lu ‖NkL
2(On−1)

+ ‖ ur,n ‖Nk L
2(On)

‖ u ‖NkL
2(On) ≤√

2√
M

‖ Lu ‖Nk L
2(On) +

2√
M

‖ Lu ‖NkL
2(On−1)

+ (
2
√

K

M
+ 1)‖ u ‖NkL

2(On−1).

But we get:

‖ u ‖NkL
2(O0) ≤

1√
M

‖ Lu ‖Nk L
2(O0)

and so:

‖ u ‖Nk L
2(O1) ≤

√
2√
M

‖ Lu ‖NkL
2(O1) +

(

3√
M

+
2
√

K

M
3
2

)

‖ Lu ‖Nk L
2(O0).
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So, we can obtain a majoration of the type:

‖ u ‖Nk L
2(On) ≤

n
∑

i=0

an,i‖ Lu ‖NkL
2(Oi).

We put:






























a0,0 = 1√
M

a1,0 =
(

2
√

K
M

+ 1
)

× 4√
M

a2,0 =
(

2
√

K
M

+ 1
)2

× 4√
M

an,0 =
(

2
√

K
M

+ 1
)

an−1,0, for n ≥ 3

.

Now, we consider:

M ′′ = ‖ A ‖4
4a′

H
k+2

(O)
.

So, for ‖ A ‖4a′
H

k+2
(O)

sufficiently great, since M = M+1
Te×( 1

2M′′ +K1)
, we obtain:

M
∑

i=0

a2
i,0 ≤ 1

M
+

17

M
×

1 −
(

2
√

K
M

+ 1
)2M

1 −
(

2
√

K
M

+ 1
)2 .

Therefore:

M
∑

i=0

a2
i,0 ≤ 1

M
+

18

M
×

4
√

KM
M

4
√

K
M

M
∑

i=0

a2
i,0 ≤ 1

M
+ 18

(

1

2M ′′ + K1

)

Te

(28)

M
∑

i=0

a2
i,0 ≤ Te( 1

2M ′′ + K1)

M + 1
+ 18

(

1

2M ′′ + K1

)

Te

We put:

r =
2
√

K

M
+ 1.

We want to get the following recurrent inequalities for n ≥ 1:

(29) an,0 ≥ an,1 ≥ . . . ≥ an,n−2 ≥ an,n−1 ≥ an,n and an,n−1 ≥ an+1,n.

Indeed, for n = 1, we can put:

a1,1 =

√
2√
M

and so:

a1,0 ≥ a1,1.

For n = 2, we have put and we can put:

a2,0 = r2 × 4√
M

, a2,1 =
2√
M

+

√
2√
M

× r, a2,2 =

√
2√
M

,

so, since r > 1:

a2,0 ≥ a2,1 ≥ a2,2 and a1,0 ≥ a2,1.
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Moreover:

a3,2 =
2√
M

+ r

√
2√
M

so that:

a2,1 ≥ a3,2.

So, inequalities (29) are fulfilled for n = 1 and 2. Suppose that for the rank n ≥ 2,
we get the above recurrent inequalities (29). Then:











an+1,n+1 =
√

2√
M

an+1,n = 2√
M

+ ran,n

an+1,i = ran,i, for 0 ≤ i < n

.

So, using the inductive inequalities (29) for the rank n, we obtain those of rank
n + 1 until i = n − 1:

an+1,0 ≥ an+1,1 ≥ . . . ≥ an+1,n−2 ≥ an+1,n−1.

Moreover:

an+1,n−1 = ran,n−1 ≥ ran+1,n ≥ an+1,n.

Moreover:

an+2,n+1 =
2√
M

+ ran+1,n+1

an+2,n+1 =
2√
M

+

√
2√
M

r

an+2,n+1 ≤ 2√
M

+ ran,n

so that:

an+1,n ≥ an+2,n+1.

Moreover, we evidently get:

an+1,n ≥ an+1,n+1.

So, we get (29) for the rank n + 1. Therefore, we get the first set of recurrent
inequalities (29) for any rank n, 0 ≤ n ≤ M.

So, we obtain for M sufficiently great and any k ≥ 7:

M
∑

n=0

‖ u ‖2
NkL

2(On)
≤

M
∑

n=0

(n + 1)
n
∑

i=0

a2
n,i‖ Lu ‖2

Nk L
2(Oi)

.

By a rough majoration, using (28) and (29):

‖ u ‖2
Nk L

2(O)
≤(M + 1)2

(M
∑

n=0

a2
n,0

)

× ‖ Lu ‖2
NkL

2(O)

‖ u ‖2
Nk L

2(O)
≤(M + 1)2 ×

[

Te
(

1
2M ′′ + K1

)

M + 1
+ 18Te

(

1

2M ′′ + K1

)

]

× ‖ Lu ‖2
Nk L

2(O)
.
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So, by a rough majoration:

‖ u ‖Nk L
2(O) ≤k0

√
T ×

(

‖ A ‖4
4a′

H
k+2

(O)
+ ‖ χ ‖4

4a′
H

k+2
(O)

+
1

3

)

× ‖ Lu ‖Nk L
2(O)

where k0 is independent of A, T and the Sobolev order k. So, we get for any k ≥ 7:

(30) ‖ A ‖4a′
H

k
(]0,T [×Ω)

≤k0

√
T ×

(

‖ A ‖4
4a′

H
k+2

(O)
+ ‖ χ ‖4

4a′
H

k+2
(O)

+
1

3

)

× ‖ dY Mw,AA ‖4a′
H

k−1
(]0,T [×Ω)

.

Now, we have to build the solution to problem (P). We can approximate the coeffi-
cients of L by real analytic functions Aν = (Aν1, Aν2, Aν3) and Bν up to the order
20a′, on R × Ω; we can conceive these functions as being defined on R × R3 and
can arrange their coefficients to have entire holomorphic extension to C × C3 with
the 2N−periodicity in (x1, x2, x3) (with the N introduced in paragraph 3.1). We
denote by Mν the sequence of 20a′−operators corresponding to Aν and Bν and by
Lν the sequence of Nk−operators corresponding to Aν and Bν by tesseralization of
Mν . We denote by (fν) the sequence obtained from (Fν) by (11) and (16). Now,
we consider the initial-value problem (P ′

ν)20a′ : to find (uν,n)1≤n≤20a′ such that:

Mνuν = fν , uν,n(0, x) = 0, 1 ≤ n ≤ 20a′.

The Cauchy-Kowalevsky theorem applies; for each ν, there exists a unique solution
uν(t, x) which is real-analytic on all R×Ω. Therefore, we obtain that (uν,n)1≤n≤Nk

defined from (uν,n)1≤n≤4a′ by (10) is a solution of the tesseralized problem (P ′
ν)20a′

to the rank Nk:

Lνuν = fν , uν,n(0, x) = 0, 1 ≤ n ≤ 4a′.

Now, since the tesseralized approximated problems have a solution, we can use the
energy estimate (30) for Lν instead of L, and so with a factor 2 for instance in the
right member, denoting by Aν the approximation of A:

(31)

(∫

O
| uν |2 dV

)
1
2

≤

k0

√
T

(

2

3
+ ‖ Aν ‖4

4a′
H

k+2
(O)

+ ‖ χ ‖4
4a′

H
k+2

(O)

)(∫

O
| Lν(uν) |2 dV

)
1
2

(∫

O
| uν |2 dV

)
1
2

≤

k0

√
T

(

2

3
+ ‖ Aν ‖4

4a′
H

k+2
(O)

+ ‖ χ ‖4
4a′

H
k+2

(O)

)(∫

O
| fν |2 dV

)
1
2

(∫

O
| fν |2 dV

)
1
2

≤

k0

√
T
(

1 + ‖ A ‖4
4a′

H
k+2

(O)
+ ‖ χ ‖4

4a′
H

k+2
(O)

)

(∫

O
| f |2 dV

)
1
2
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we obtain that the sequence (uν) is bounded in NkL
2
(]0, T [×Ω) and that there

exists a subsequence uνj
→ u weakly in NkL

2
(]0, T [×Ω). Therefore:

Lu = f.

Moreover, u satisfies inequality (30) with a k0 equal to 3 times the original one and

1 instead of 1
3 . Back to problem (P ), if F ∈ 4a′

H
n+6

1 (]0, T [×Ω) = Fn (for n ≥ 0),
we get:

∂m
0 Fνa(0, x) = 0, m = 0, 1.

Now, we consider the gauge field A build on u by relations (10). Then, A is
solution of the main equation of the (P) problem, with, according to (30), A ∈
4a′

H
n+7

(]0, T [×Ω). Now, we have to show that A satisfies the boundary conditions
of:

En+1 = 4a′

H
n+7

3 (]0, T [×Ω).

We denote by Bνa(u) the line of Bu associated with the rank ”ν, a” that is of rank
4a′ + ν + 4(a − 1) + 1. We get:

∂m
0 Aνa(0, x) = 0, for m = 0, 1

and since Bνa(u) is a linear combination of ∂m
0 Aνa(0, x) for m = 0, 1, we get too:

∂2
0Aνa(0, x) = Fνa(0, x) − (Bνa(u))(0, x) = 0

and since ∂0Bνa(u) is a linear combination of ∂m
0 Aνa(0, x) for m = 0, 1, 2, we get:

∂3
0Aνa(0, x) = ∂0Fνa(0, x) − ∂0(Bνa(u))(0, x) = 0.

Therefore:
∂

µ
0 Aνa(0, x) = 0, 0 ≤ µ, ν ≤ 3, 1 ≤ a ≤ a′.

So, A ∈ 4a′

H
n+7

3 (]0, T [×Ω). This A is the solution of problem (P ), and the only
one according to (30) itself. So, assumption 4 is fulfilled and a little bit more since,
in (31), A can be chosen not only as a polynomial in An but also as a distribution
in Fn.

3.2.7. Assumption 6. We consider the C in (9) and change (9) into:

‖ dY MwA − dY MwA′ ‖
L(4a′

H
n+2
3 (]0,T [×Ω),4a′

H
n
1 (]0,T [×Ω))

≤

max
(

C, C‖ χ ‖4a′
H

n+2
3 (]0,T [×Ω)

)

× ‖ A −A′ ‖4a′
H

n+2
3 (]0,T [×Ω)

×
(

1 + ‖ A ‖4a′
H

n+2
3 (]0,T [×Ω)

+ ‖ A′ ‖4a′
H

n+2
3 (]0,T [×Ω)

)

and the k0 in (30). The product:

12× max
(

C, C‖ χ ‖4a′
H

n+2
3 (]0,T [×Ω)

)

× k0

√
T × (‖ χ ‖4

4a′
H

k+2
(O)

+ 1)

can be chosen ≥ 1. So, assumption 6 is fulfilled.
3.2.8. Assumption 7. We notice that a minoration of Y Mw(A)−Y Mw(B) can

be done in the same way as the minoration of ‖ dY M−1
wAA ‖4a′

H
k−1

(]0,T [×Ω)
in (30),

that is, by a rough majoration for n ≥ 0:

‖ A − B ‖4a′
H

n+7
(]0,T [×Ω)

≤
(

‖ A ‖4
4a′

H
n+9

(]0,T [×Ω)
+ ‖ B ‖4

4a′
H

n+9
(]0,T [×Ω)

+1) × Cn+6 × ‖ Y Mw(A) − Y Mw(B) ‖4a′
H

n+6
(]0,T [×Ω)

,

where Cn+6 depends on T and n (this point here is without importance). So,
assumption 7 is fulfilled.
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3.2.9. Assumption 8. We consider the sets Bn of polynomials P in x0, x1, x2

and x3 of degrees ≤ n with:

∂i
0P (0, x1, x2, x3) = 0, i = 0, 1.

So Bn = Cn. Therefore, x → f(x) − f(0) = Y Mw(x) − Y Mw(0) transforms any
polynomial of An in a polynomial which belongs to B3n. So, assumption 8 is fulfilled
too. Hypotheses 8a) and b) are evidently fulfilled. So, the whole assumptions of
Theorem 2.1 are fulfilled.

Now, we still consider a constant gauge field χ, any integer m ≥ 0, any Aµa ∈
Am, that is a gauge polynomial of degree ≤ m with:

∂k
0Aµa(0, x) = 0, 0 ≤ k ≤ 3,

and any rm with:

rm <
1

4(αm‖ Aµa ‖4
4a′

H
m

(]0;T [×Ω)
+ βm)γ(2‖ Aµa ‖4a′

H
m

(]0;T [×Ω) + 3)
,

with γ = max(C, C‖ χ ‖4a′
H

n+2
3 (]0;T [×Ω)

) of paragraph 3.2.7, with the αm = k0

√
T

and:

βm = k0

√
T‖ χ ‖4

4a′
H

0
(O)

+ k0

√
T .

For any F in 4a′

H
n+6

1 (]0, T [×Ω) (still with n ≥ 0 and with:

‖ F − Y Mw(Aµa) ‖4a′
H

n+6
1 (]0,T [×Ω)

≤ rm

αm‖ Aµa ‖4
4a′

H
m
3 (]0,T [×Ω)

+ βm

,

there exists A in 4a′

H
n+7

3 (]0, T [×Ω) (still with n ≥ 0) and with:

‖ A −A ‖4a′
H

n+7
3 (]0,T [×Ω)

≤ 2rm

such that:

dY MwA = F.

Moreover, according to the proof of Theorem 2.1, if F is in a CM for a M ≥ 0, then

A ∈ 4a′

H
Q

3 (]0, T [×Ω) for any Q ≥ 0 so that A ∈ 4a′

C
∞
3 (]0, T [×Ω) (so that:

∂i
0A(0, x1, x2, x3) = 0, 0 ≤ i ≤ 3).

Now, to show the existence of an infinity of non zero Yang-Mills fields, we consider
the polynomial in t quantum field NAµa given by:

(32) NAµa(t, x) = kµaT−N−0,7tN , N ≥ 4.

We can choose the kµa complex coefficients to get for T sufficiently great and any
n ≥ N − 1 and n ≥ 6:

‖ NAµa ‖4a′
H

n+1
(]0,T [×Ω)

= K ′
0T

−N−0,7 × T N+1
2

√
2N + 1

K0

2
√

2N + 1
T−0,2 ≤ ‖ NAµa ‖4a′

H
n+1

(]0,T [×Ω)
≤ K0√

2N + 1
T−0,2,

with a suitable constant K0 6= 0, which can be chosen independent of N when N

is sufficiently great. Still for T sufficiently great, for χ sufficiently small and any
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n ≥ N :

‖ Y Mw(NAµa) ‖4a′
H

n
(]0,T [×Ω) ≤ k′

0 × T−N−0,7 × T
2(N−2)+1

2

√
2N − 3

× N(N − 1)

+ k′
1 × T−2N−1,4 × T

4N−1
2 × N√
4N − 1

+ k′
2 × T−3N−2,1 × T

6N+1
2

√
6N + 1

≤ k′
3

T−1,6

√
6N + 1

for suitable constants k′
0, k

′
1, k

′
2 and k′

3. Now, still for T sufficiently great, for χ

sufficiently small, rm can be chosen such as to satisfy for m ≥ N :

rm <

1

4(αm‖ NAµa ‖4
4a′

H
m

(]0,T [×Ω)
+ βm)γ(2‖ NAµa ‖4a′

H
m

(]0,T [×Ω) + 3)

rm ≤ K1T
− 1

2

and:
rm

αm‖ NAµa ‖4
4a′

H
m

(]0,T [×Ω)
+ βm

≥ K2T
−1

with suitable constants K1 and K2 depending on N . Now, for T sufficiently great
and χ taken sufficiently small, we get for any n ≥ N − 1 and n ≥ 6 and m ≥ N :

‖ NAµa ‖4a′
H

m
(]0,T [×Ω) > 2K1T

− 1
2 > 2rm

and:

‖ Y Mw(NAµa) ‖4a′
H

m
(]0,T [×Ω) < K2T

−1

‖ Y Mw(NAµa) ‖4a′
H

n
(]0,T [×Ω) <

rm

αm‖ NAµa ‖4
4a′

H
m

(]0,T [×Ω)
+ βm

.

So, for n ≥ 6 (since F0 = 4a′

H
6

1(]0, T [×Ω)), the trivial gauge field 0 is in:

B4a′
H

n
1 (]0,T [×Ω)

(

Y Mw(NAµa),
rm

αm‖ NAµa ‖4
4a′

H
m

(]0,T [×Ω)
+ βm

)

and there exists a non-trivial gauge field AN in B4a′
H

n+3
(]0,T [×Ω)

(

NAµa, 2rm

)

, with:

Y Mw(χ + AN ) = 0.

Therefore, χ + AN = (χνa + AN,νa)0≤ν≤3, 1≤a≤a′ with N ≥ 4 is a sequence of non
trivial ”w” Yang-Mills fields. So, making T depend on N and choosing TN as great
as we want, we have build a sequence of non trivial Yang-mills fields, different each

other, with AN ∈ 4a′

C
∞
3 ([0, TN ] × Ω) and by restriction in 4a′

C
∞
3 ([0, T ] × Ω) with

T = T4. So χ + AN ∈ 4a′

C
∞

([0, T ] × Ω). By choosing a non countable infinity of
constant non-trivial fields χ, since (AN + χ)(0, x) = χ, we obtain a non countable
infinity of sequences of Yang-Mills fields.

Now, we have to show that these quantum fields are not only ”w” Yang-Mills
but Landau-Lorentz Yang-Mills ones, that is:

(33) ∂µ(χµa + AN,µa) = 0, 1 ≤ a ≤ a′, N ≥ 4.

Now:
DµFµν + ∂ν∂µ(χµ + AN,µ) = 0, 0 ≤ ν ≤ 3
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with the strength tensor Fµν associated with χ + AN . Let’s apply Dν (with Dν

still given by (2)):

DνDµFµν + ∂ν∂ν∂µ(χµ + AN,µ) − g[χ + Aν
N , ∂ν∂µ(χ + AN,µ)] = 0.

Since:
DνDµFµν = 0,

we get that:

∂ν∂ν∂µAN,µ − g∂ν [χν + Aν
N , ∂µAN,µ] + g[∂νAν

N , ∂µAN,µ] = 0.

Now:
[∂νAν

N , ∂µAN,µ] = 0,

affords that:

∂ν∂ν∂µAN,µa − g∂ν [Cbc
a (χνb + Aνb

N )∂µAN,µc] = 0, 1 ≤ a ≤ a′.

Now, we introduce the following linear system:

(34) ∂ν∂νua − g∂ν [Cbc
a (χνb + Aνb

N )uc] = 0, 1 ≤ a ≤ a′.

If:
un = ∂0un = 0 on {0} × Ω,

(34) has 0 for unique solution. Since A ∈ 4a′

C
∞
3 ([0, T ] × Ω):

∂µAN,µa(0, x) = ∂0∂
µ
N,µa(0, x) = 0,

so that (33) occurs and χ = AN is a smooth Landau-Lorentz Yang-Mills field.
We consider an increasing sequence Tn with:

lim
n→+∞

Tn = +∞.

Then, it is possible to obtain smooth Yang-Mills fields. Indeed, we cover R
+
t × R3

with ”pieces”:

Mn =]0, Tn[×{(x2, x3, x4),
√

x2
2 + x2

3 + x2
4 < n}

in whole R
+
t ×R3. Considering a fixed NA as in (32), we obtain smooth Yang-Mills

fields AN,n in Mn. According to the bowls described above, since the rays rm

decrease when T grows, we get:

AN,n′ ≡ AN,n for n′ ≥ n in Mn.

Indeed, let’s denote by rmTn
the rays of the bowls of Theorem 2.1 in:

4a′

H
n

1 (]0, Tn[×Ω).

If:

AN,n′ ∈ B4a′
H

n
1 (]0,Tn′ [×Ω)

(

Y Mw(NAµa),
rmT

n′

αm‖ NAµa ‖4
4a′

Hm(]0,Tn′ [×Ω[)
+ βm

)

,

then, since rmT
n′

can be chosen < rmTn
(even if Tn has not to be modified by taking

greater values):

AN,n′ |[0,Tn] ∈

B4a′
H

n
1 (]0,Tn[×Ω)

(

Y Mw(NAµa),
rmTn

αm‖ NAµa ‖4
4a′

Hm(]0,Tn[×Ω[)
+ βm

)

.
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So lim
n→+∞

AN,n is a smooth Landau-Lorentz gauge field in R
+
t × R3. Now, we can

imagine:

M ′
n =] − n, Tn[×{(x2, x3, x4),

√

x2
2 + x2

3 + x2
4 < n}.

We can consider a smooth prolongment n
NA of NA (as in (32)) still with an increas-

ing sequence Tn with:

lim
n→+∞

Tn = +∞

and such that:

∂i
0
n
NAµa(−n, x) = 0 for 0 ≤ i ≤ 3.

Then, we obtain smooth Yang-Mills fields AN,n in M ′
n such that:

AN,m ≡ AN,n for n ≥ m in Mn.

So lim
n→+∞

AN,n is a smooth Landau-Lorentz gauge field in whole R4.

4. Strength tensors of a certain kind of super-symmetry type

4.1. Motion equation. We consider a product of a finite number of Lie alge-
bras L1, . . . , LA′ ; the generators of LK are denoted by {taK}1≤a≤tK

. We consider
a partition {LI}1≤I≤I of the set {LK}1≤K≤A′ with:

LI = {LK}K∈II
.

We suppose that:
1) for any I with 1 ≤ I ≤ I:

∀E, F ∈ II , ∀a, b with 1 ≤ a ≤ tE , 1 ≤ b ≤ tF , λtaE + µtbF

brings an element of a complex vectorial space MI containing LI , so that λ = µ = 0
implies λtaE + µtbF = 0 in MI ,

2) there exists a product ”taEtbF ” (non necessarily commutative), inside LI

with 1 ≤ I ≤ I:

taetbF =
∑

κ∈II
1≤c≤tK

νaEbFcKtcK

with some complex coefficients νaEbFcK .
We consider the gauge fields (V µ

K(x) = V
µ
Ka(x)taK = (χµ

Ka + W
µ
Ka)taK) with

0 ≤ µ ≤ 3 and 1 ≤ K ≤ A′ with a constant field χ
µ
Ka. We consider the strength

tensor FKµν with K ∈ II , 0 ≤ µ, ν ≤ 3 defined by:

FKµν = ∂µVKν − ∂νVKµ +
∑

M,N∈II

RKMNVMµVNν +
∑

M,N∈II

LKMNVMνVNµ,

where the RKMN and LKMN can be polynomials (and not numbers any more). We
notice that the last sum in FKµν is not considered in classical super-symmetry theo-
ries and that the RKMN are only complex numbers in those theories (see Weinberg
[6,volume 3,page 128,(27.3.2)]).

So, the present paragraph 4 will generalize paragraph 3 with its commutators.
Then, even if the Yang-Mills equation of the motion of the gauge field V is not

very clear in the books we’ve read, we can imagine that this equation features in
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the following form:

∀I, 1 ≤ I ≤ I, ∀K ∈ II , ν = 0, 1, 2, 3

(35) ∂µ
∑

K∈II

FKµν +
∑

K∈II

∑

M,N∈II

RKMNV
µ
MFNµν

+
∑

K∈II

∑

M,N∈II

LKMNF
µ
NνVMµ = 0

We denote (35) by:

SY M(V ) = 0.

SY M is written for ”super-symmetric Yang-Mills”. So, we get (35) if:

(36) ((∂µ∂µVKνa − ∂ν∂µVKµa + EaKν(V ))taK = 0) 1≤K≤A′

0≤ν≤3

,

with:

(37) EaKν(V ) =
∑

M,N,O∈II
1≤b≤tM
1≤c≤tN
1≤d≤tO

CKνaMNObcdV
µ
MbVNµcVOνd

+
∑

M,N∈II
1≤b≤tM
1≤c≤tN

DKνaMNbcV
µ
Mb(∂µVNνc) +

∑

M,N∈II
1≤b≤tM
1≤c≤tN

EKνaMNbcV
µ
Mb(∂νVNνc)

+
∑

M,N∈II
1≤b≤tM
1≤c≤tN

GKνaMNbcVMνb∂
µVNµc +

∑

M,N∈II
1≤b≤tM
1≤c≤tN

H
µ
KνaMNbcVMµbVNνc.

CKνaMNObcd, DKνaMNbc, EKνaMNbc, GKνaMNbc and HKµνaMNbc are polynomials
expressible by the RKMN and LKMN ones.

Now, (36) occurs if for 1 ≤ K ≤ A′, 1 ≤ a ≤ tK , 0 ≤ ν ≤ 3:

(38) ∂µ∂µVKνa − ∂ν∂µVKµa + EaKν(V ) = 0.

4.2. Finite propagation speed. Now, we consider only:

(39) ∂µ∂µVKνa + EaKν(V ) = 0

still for 1 ≤ K ≤ A′, 1 ≤ a ≤ tK , 0 ≤ ν ≤ 3. We denote by SY MwWKνa (recall
that V = χ + W ) the left member of (39). We put:

z = 4

A′
∑

k=1

tk.

Now, like in paragraph 3.2, we consider the indexation k of the Sobolev spaces such
that SY M acts from zHk+8

3 (]0, T [×Ω) into zHk+6
1 (]0, T [×Ω) for k ≥ 0. But, (39)

is of the same type as (6) and can be treated by Theorem 2.1, exactly in the same
way. So, there exists a non countable infinity of sequences of smooth gauge fields
VN different each other with the same properties as described in paragraph 3.2.9,
solution to (39).

Now, we just have to show that:

(40) ∂µVKµa = 0, 1 ≤ K ≤ A′, 1 ≤ a ≤ tK
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to obtain a Landau-Lorentz gauge field solution to the Yang-Mills equation (38).
We apply ∂ν to (39) and we suppose that we obtain:

(41) ∂µ∂µ∂νVKνa + gLb

Ka∂µVLµb + h
Lµb

Ka VLµb = 0, 1 ≤ K ≤ A′, 1 ≤ a ≤ tK ,

where gLb

Ka and h
Lµb

Ka have the same regularity as V, V 2, ∂V, V ∂V or ∂2V . Now, we
consider the following sequence:

u P

B<K

tB+a+1 = ∂νVKνa.

We put:

z′ =

A′
∑

K=1

tK .

If z′ < n ≤ 5z′ we put:

n = z′ + n0 × z′ + n1

with:
{

0 ≤ n0 ≤ 3

0 ≤ n1 ≤ z′
.

For z′ < n ≤ 5z′, we put:

un = ∂n0un1 .

We consider the other sequence:

(42)























vn = 0 1 ≤ n ≤ z′

vz′+
P

B<K

tB+a+1 = gLb

Kau
P

B<L

tB+b+1 + h
Lµb

Ka VLµb,

for 1 ≤ K ≤ A′, 1 ≤ a ≤ tK

vn = 0 2z′ < n ≤ 5z′

.

Then, we consider the matrices A1, A2, A3 defined by:

A1 =













0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ −Idz′ 0z′ 0z′

0z′ −Idz′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

,













,

A2 =













0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ −Idz′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ −Idz′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

,













,

A2 =













0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ −Idz′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ −Idz′ 0z′ 0z′ 0z′













.

So, the system (41) can be written:

Lu = ∂0u +

3
∑

j=1

Aj∂ju + Bu + v = 0,
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where the B matrix is the 5z′ × 5z′ matrix:

B =













0z′ −Idz′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′

0z′ 0z′ 0z′ 0z′ 0z′













and where v is the 5z′ × 1 column matrix:

v =

























0′z′

v1

v2

. . .

vz′

0′z′

0′z′

0′z′

























where 0′z′ is a z′−vertical matrix only composed by 0s.

4.3. Finite propagation speed. Then, we use the same notation as in para-

graph 3.2.5 with 5z′ instead of Nk: since V ∈ z′

H
k+6

3 , we get that un(0, x) = 0 for
x ∈ Ω and 1 ≤ n ≤ z′. Moreover:

∂jun(0, x) = 0, for 1 ≤ n ≤ z′, 0 ≤ j ≤ 3,

so that un(0, x) = 0 for any n and:

(Lu, u)s + (u, Lu)s − (u, Bu)s − (u, v)s − (Bu, u)s − (v, u)s =

∫

Σs

| u |2 dS

−
∫

Σ0

| u |2 dS

(43) 2Re(Lu, u)s − 2Re(Bu, u)s − 2Re(v, u)s =

∫

Σs

| u |2 dS.

Since:

VKνa(0, x) = 0,

we get (according to Taylor [5,volume 1,(5.34),page 439]):

(44) ‖ VKνa ‖L2(O(s)) ≤ C0‖ ∂νVKνa ‖L2(O(s)).

Now, since V ∈ z′

H
k+7

3 with k ≥ 0, the coefficients of u and V in the expression
(42) of vn in function of u and V are L∞, so by (44), we obtain that:

(45) ‖ v ‖z′
L

2
(O(s)) ≤ C1‖ u ‖z′

L
2
(O(s)).

Therefore, if we put:

E(s) = ‖ u ‖2
z′

L
2
(O(s))

,
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according to (43) and (45), we obtain that:

dE

ds
(s) ≤ 2

∫

O(s)

| Lu× u | dV + 2

∫

O(s)

| u |2 dV + 2C1

∫

O(s)

| v × u | dV

dE

ds
(s) ≤ C3

(

‖ Lu ‖2
z′

L
2
(O(s))

+ ‖ v ‖2
z′

L
2
(O(s))

+ ‖ u ‖2
z′

L
2
(O(s))

)

dE

ds
(s) ≤ C3‖ Lu ‖2

z′
L

2
(O(s))

+ C4E(s).

Then, if we apply the Gronwall lemma, for s = T :

‖ u ‖2
z′

L(O)
≤ C3‖ Lu ‖2

z′
L(O)

× eC4T .

So, since Lu = 0, we obtain u = 0 and so:

∂νVKνa = 0, 1 ≤ K ≤ A′, 1 ≤ a ≤ tK .

Therefore, we obtain that V is a Landau-Lorentz field and so:

(46) ∂ν∂µVKµa = 0, 1 ≤ K ≤ A′, 1 ≤ a ≤ tK , 0 ≤ ν ≤ 3.

So, if we introduce the opposite of the left member of (46) in (39), we ob-
tain the Yang-Mills equations (38). Therefore, relatively to the compact manifold
with boundary P of R3, we obtain that (35) occurs in ]0, T [×P . So, we obtain
a non countable infinity of sequences of non trivial super-symmetric fields under
conditions (41).

Now, if we cover R4 with the same pieces Mi as in paragraph 3.2.9, we get
smooth super-symmetric Landau-Lorentz gauge fields in whole R4.

Moreover, like for the classical Yang-Mills fields, the question of the uniqueness
of the Yang-Mills super-symmetric fields of the type considered here remains open.

5. Conclusion

Theorem 2.1 can be applied in a rather easy way in some questions of existence
(and uniqueness) of the solution to nonlinear partial differential problems; among
various famous problems, we first think to nonlinear hyperbolic equations, but
also to nonlinear parabolic problems that can’t be treated by the Hadamard-Lévy
theorem itself. Among nonlinear parabolic equations, we especially think to the
nonlinear Schrödinger’s one that can be treated or by the means of the present
paper or on the basis of Lions-Magenes [4,volume 2,chapitre 5]; the roots of the
Lions-Magenes analytic method are to be found in the coercivity inequalities of the
Faedo-Galerkine method.

Concerning the Yang-Mills equation itself, the question of the existence of a
solution to the non homogeneous one (Y Mu = f with f 6= 0) remains open but can
be treated by the present paper for some particular classes of fields f . Still about
Yang-Mills theory, we think that it is possible to prove the existence of Yang-Mills
Coulomb gauge fields. Since Einstein’s equation and other ones in the theory of
relativity look like the Yang-Mills one, we don’t know how far the present researches
could be applied to relativity.

Now, it would be interesting to apply the methods of this paper to any Rie-
mannian metric instead of the simple Lorentz metric. Moreover, an important
problem should be a control theory for the Yang-Mills equation.

The main question is the existence or not of a mass gap to know if the passage
from the vacuum to the matter can be continuous.
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In a higher point of view, we think that some classical theorems of local analysis
(Taylor expansions etc.) can be generalized either in the surround of the metric
spaces or of the Banach spaces.
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