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ABSTRACT. We generalize the inverse function theorem to show the existence
of an infinity of smooth classical symmetric Yang-Mills gauge fields and of
some particular kinds of super-symmetric Yang-Mills gauge fields in a smooth
3-dimensional compact manifold with boundary for any finite interval of time
or in whole R%.
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1. Introduction

This paper is the third and last one of an attempt to improve global inversion
in nonlinear Analysis. In a first part, we go to the roots of the inverse function
theorem back. We generalize this inverse function theorem to obtain precise bounds
for the rays of the bowls in which the inversion occurs. Our main reference is Avez’s
treatise [1].

In a second part, we apply this topological result to prove the existence of an
infinity of smooth symmetric gauge fields with commutators for one Lie algebra in
a smooth compact manifold with boundary of R? for a finite interval of time or
in whole R*. This one Lie algebra model covers the classical interactions: on the
first hand, the electromagnetic and the weak theories for the U(1) gauge subgroup
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diagonally embedded in SU(2) x U(1) and on the other hand the nuclear strong
forces with the gauge group SU(3).

In a third part, we apply our generalization of the inverse function theorem to
prove the existence of some classes of super-symmetric Yang-Mills fields, still in a
smooth compact manifold with boundary of R? for a finite interval of time or in
whole R%.

The main analytical tool of this paper is a transformation of a system of linear
wave equations derived at any finite order into a first order system of large rank;
inspired by Michael Taylor books [5], we will use the so-called method of the ”finite
propagation speed” in a thin version that we will call ”tesseralization” to show the
existence and the uniqueness of the solution of this "huge” first order system.

Since hyperbolic problems (in the linear case or not) are more tricky than the
parabolic ones, we will have to use finest computations than in the couple of our
first papers but for less precise results: indeed, we won’t obtain the uniqueness of
the solution but only the existence.

Three other references have guided us: Claude Itzykson’s and Jean-Bernard Zu-
ber’s book [3], Theodore Frankel’s book [2] and the three volumes of ” The Quantum
Theory of Fields” by Steven Weinberg [6].

2. A generalization of the inverse function theorem

2.1. Statement of the theorem. We denote by Bg(c,r) the open ball of
ray r, centered at ¢ in a norm space S:

Bs(e,r)={zeS,||z—cls <7}
THEOREM 2.1. 1) Consider a sequence of Banach spaces (Ey,)n>0 with contin-
wous inclusions:
..BEp1 CE, CE,1C---CEy
with:
=0, |zlz,.,2lle,.
2) f is an operator in C°(Eni2,F,), for any n > 0, where (Fp)n>0 is a
sequence of Banach spaces with continuous inclusions:

....7:n+1C.7:nC.7:n_1C...C.7:Q

and for any x,y € Enta, the difference f(x)— f(y) € F,,, where (F,,)n>0 is another
sequence of Banach spaces with:

F, CF,, n>0 (with a continuous injection)
|| ° ||-7:n = || ° ||Fn

Suppose that Df(x) for any x € Enio,n > 0, exists in L(E,12,F,) and that
x — Df(z) is in C°(Epi2, L(Eyya, Fy)).
3) Consider a sequence (Ap)n>0 of sets with:
a)Vn>0m>0, A, C E,
b) Va, € Ay:
Vm =0, | an e, < an g,

4) For any am C Ap, [Df(am)]™t ezists in L(F,, Eny1) for any n >0, with:

DS (@m)] ™ o(rnBurn) < @mll am s, + B,
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for a real r independent of m and of n, where .y, and By, are positive numbers only
depending on m and so independent of n.

5) There exists a positive real v independent of n such that for any couple (z,y)
m En+2 X En+2.'

| Df(@) = DFW) Ensar) SV 2 B0 + 19 B0 + DI 2 =y B0
6) For any m > 0:
1267y > 1.
7) For anyn >0 and (x,y) € E2_;:

2=y . <cnlz )l fz) = fy) [F,

where ¢, is a continuous operator from E, 1 X E, 1 into RT.

8) x — f(x) — f(0) acts from Ay, into By(m), where « is a function from N
into N and (By,)m>0 a sequence of sets such that:

a)Vn,m>0, B,CF,

b) ¥ b, € By:

vm 20, | bn [lr, <l bn |7,
9) We consider a sequence of sets (Cy)n>0 with:
a) Vn,m >0, C,CF,

b) Ve, € C:
Vm >0, | enllm, <l en 7,
¢) U C, is dense in F,, for any m > 0.
n>0

Then, for any a,, in A, (this for any m > 0) and for any n >0, f~' erists
from B, (f(am,) ) into B, (am,2ry), for any r,, such that:
1
(am| am ”%‘m + Bm) x 2|l am ||E,, +3)

2.2. Proof of Theorem 2.1. Consider a,, in A,, and the operator g defined
by:

Tm
7OzmH Am “%m"l‘ﬁm

(1) Tm < 1

g(z) =@ = [Df(am)] 7' (f () = f(am))

According to assumptions 2) and 4), g is in C1(E, 2, Fy+1) for any n > 0 and:
9(am) = am
Dg(z) = [Df(am)]"'[Df(am) — Df(z)]
for any x in E, 4o (since € Ep42,x € E, 41 so that:
v = [Df(am)]”" [Df(am)z].)
We suppose that © € Bg, ., (am, 2r;,), with:
T < Tm,

where r,,, satisfies (1). So, according to assumption 6), r,, < 1. We get, according
to assumptions 4), 5) and 3b):

I Dg(@) | L(Bsa.Eur) < (@mll am Iz, + Bm) X ¥2| am |5, +3) x 27,
Therefore, according to (1):

| Dg(x) |L(BminEni) <

N =

So, we obtain for any = € Bg,, ,,(am,27,):
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1
I9(z) = gam) IBuin < 5l @ = am [lBosa <70
Since g(am,) = am, we obtain that:
g[BEnJrz (amv 2T:7L)] - BEn+1 (amv T )
For y, € B, (f(am) — f(0), m) N Cp, we consider the operator
hy, defined by:

hy, (2) = 2 — [Df (am)] " (f(x) = £(0) — yp)
hy, (2) = g(z) = [Df (am)] ™" (f (am) = £(0) = yp)-

Let’s show that h,, applies Bg, ,(am,2r},) into Bg, , (am,2r),) for any n > 0,
where 7/ is such that:

Yp € Br, (f(am) — f(0)

,rl

m )-

’ am” am ”%m + Bm

We get:
|| h/yp(‘r) — Gm ||En+1 < || g(l‘) — am ||En+1 + || [Df(a’m)]_l ||L(FmEn+1)X

| flam) = f(0) = yp || r,

I by, (@) = @ | Boia < 7o+ (@l am [, + Bm) x —

| Ty, (@) = am || iy < 277,

So, hy, applies Bg, ,,(@m,2rm) into Bg, ., (am,2ry) for any n > 0. Moreover, for
%,y € Bp, ,(am, 2rm):

I hy, (2) = by, () 1By < 1 9(2) = 9(Y) B0

A

1
Iy, (2) = Ry, () [Bss < 512 =y [0y

Now, we consider the following sequence (zn)n>o0:

20 = Qm
ZN = hyp(ZNfl), N Z 1

We get:
p—1
I 2nip = 28 20 < DI 2Ngp—i — 2N1p—k-1 ||E, -
k=0
By rough majorations, for N > 2:
p—1 1
lenep = 2n 1o, < 3 G 2ver = 2v I,
k=0

1

| z2n4p — 28 B, < (§)N x2x | 21 =20 |Epnsn
I

|| ZN'H) — ZN ||En S (E)N 2 X || hyp(am) — am ||Ep+n+N

1 N _
|| ZN+p = ZN ||En < (i)N ? % ” [Df(am)] ! ||L(Fp+n+N71;Ep+n+N)><

I fam) = FO0) = yp 7y in s
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Since y, € Cp and, by assumption 8), f(am) — f(0) € By(m), according to assump-
tion 9) and assumption 8):

1)N—2

[ ZN+p — N Iz, < (5 X (am| am ”TEm + Bm)

<l flam) = £0) [|Fogny + 1 9o Il )-

So, (zn) is a Cauchy sequence in E,, for any n > 0. Since E,, is a Banach space,
(zn) tends to z in E,, for any n and more precisely with z € Bg, (@, 2r,,) for any
n > 0. We get:
an = 2n-1 = [Df(am)] 7 (f(2v-1) = £(0) = ).
So:
z=2z—[Df(an)) " (f(2) = f(0) — Yp)-
Therefore:
f(z) = yp + f(0).
Now, we consider any Y in B, (f(am)— f(0), amuwf—m) for a certain n > 0.
With assumptions 9c¢), we get a sequence (Y,) with:

,,,,/

" am| am ”TEm + Bm
such that Y, — Y for the F,, norm. Then, for each Y),, there exists Z, in
Bg, (am,2r7,) (here, for any n > 0), such that:

f(Zp) =Y, + £(0).
According to assumption 7), now, we get:

I Zp — Zq | = < Cn(Z;Dan>|| Y, -Y, |7, -

nt1 —=

Yy € Br, (f(am) = f(0)

)NGy

Since ¢, is continuous from E, ;1 x E, 1 into RT and since Z, is bounded in Fy, 41,
we obtain:
” ZP - Zq HEn+1 < CH Yp - KJ ”an

where C' denotes a certain constant. Since (Y},) is a Cauchy sequence in F,,, (Z,) is
a Cauchy sequence in E, 1 so that (Z,) tends to a Z in Bg,, ., (am,2r},) that is in
Bg,,,(am,2ry). So, f(Zy) tends to f(Z) in F,,—1. Since f(Z,) tends to Y + f(0)
in F),, by the fact that F,, C F, C F,—1 with continuous injections, we get that
f(Z) =Y + f(0). Moreover, the uniqueness of Z is guaranteed by assumption 7.

Therefore, for any a,, in A, (this for any m > 0) and for any n > 0, f ! exists
from Br, (f(am), m) into Bg,,.,(@m,27m), for any r,, such that:

1
(ol am |, + Bm) x ¥l am &, +3)

rm<4

3. Application to the Yang-Mills equation

3.1. Lorentz metric. We are going to show the existence (but not the unique-
ness) of smooth Landau-Lorentz gauge fields solutions to the Yang-Mills equation
in a smooth compact manifold with boundary P in R3 for a finite interval of time
[0,T],T > 0 or in the whole R*. We consider:

or =gl l
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We conceive a torus €2 equal to R3|((2N+1)Z)3a with an integer N such that:
pp < N.

On 10, T[x$, we will work with the simplest Lorentz metric:

-1 0
0 Ids J’

where Ids denotes the identity matrix in dimension three. So, in local chart x =
M o

(zo, 21, %2, x3), o will denote the time (”t” and ”s” too) and (x1, x2,x3) the space
coordinates. In this metrics, we get:

OOV = =03V + 02V + 953V + 03V

that is, the opposite of the Dalembertian operator.

A couple of cases can be considered: the case of the classical Yukawa-Klein-
Yang-Mills theory with commutators and the case of some super-symmetric Yang-
Mills fields. Even if the second case is a generalization of the first one, we prefer to
begin with the easiest one for a couple of reasons: the calculations of the first case
will be largely used in the second one and the first one, which is the historical one,
involves the electromagnetic, the weak and the strong forces.

3.2. Classical strength tensors with commutators.

3.2.1. Introduction of the Yang-Mills equation of the motion. In |0, T[xQ, we
consider the gauge field © — (x# + A¥)(z), where x# denotes complex constants,
that is (x* + A")(x) = (x(x) + A%(z))t*, with 0 < p < 3,1 < a < d in the
summation, where a’ is the number of generators ¢, of the Lie algebra associated
with the gauge field x + A. The use of a constant field x is necessary to prove the
existence of an infinity of Landau-Lorentz Yang-Mills fields. In this paragraph 3,
we consider the strength tensors F),,, defined by a Lie bracket:

Fu=0,(xv +A)) —0u(xu + Au) —glxp + Apsxe + AJ], 0 < p,v <3,

where g denotes the Yukawa coupling constant (for us, any complex number). We
suppose the classical relations of commutation inside the Lie algebra stated with
the classical Christoffel complex numbers C'%°:

[te, ") = Cebte.
The Christoffel numbers are antisymmetric:
cat = —C5,
We consider the covariant derivative D,, expressed by:
D,. = 6#' - Q[Xu + Auv ]
Then, the non homogeneous Yang-Mills equation of motion of the gauge field is:
(2) DVF,, = 0"F,, —g[x* +A*,F,,]=0, vr=0,1,2,3,

where ¢ still denotes the Yukawa coupling constant. We consider the following
equation, where A is naturally the unknown field:

(3) [0*0uAva — gOZC(a“A#b)(XUC + A — 2gC§°(x#b + Aup)0H AL
+ QCSC(X“b + Aub)auA,uc + 92056 (Xud + A“d)(Cfc(Xub + Aub)
X (Xve + Ape))t* =0, 1<v <3, 1<a<d.
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The link between (2) and (3) is the following one: if we denote by (Y M (A,,))t*
the left-member of (2), then (3) is:
4) (YM(Ay,) + 0,0"Aua)t® = 0.

Then, if we are able to find a field A which satisfies (4), it will only remain to show
that x + A is a Landau-Lorentz field, that is 0*(xue + Aue) = 0, for any a with
1 <a <d, to obtain a solution A to the Yang-Mills equation (2).

Now, we recall that the generators ¢, of the Lie algebra are such that:

(5) ANty =0) <= (A, =0, for every a).

So, if we denote by (Y M,,(A,q))t" the left member of (4), we just have (for the
moment) to find a solution A to:

(6) YMy(A4,,)=0, for0<v<3 1<a<d.

3.2.2. Introduction of the Yang-Mills derivative operator. The formal differen-
tial operator dY M,,A of Y M,,, taken in some gauge field A whose regularity will
be later explained, is:

(7) dY My aAyq = 0"0,Ave — gC (0  App) Ave — gCLe AL 0" Ay,

— 29CY (0" Aye) Ay — 2902 A0 Aye + gCL A" 0, A e + gCL (D) Ayuc) AP
+ g2 O AU (O Ay Aye) + g2C AP CP A Ap) + g2CI (O Ay Ay ) A
— gCY X0 Ay — 29C5 X p0" Aye + gCLXP0, Ay + g7 CIXM(CY A, Aye)
+ GPCLA N (CL X Ave) + G CEX (CE X Ave) + G2 CLEXHH(CL Ave Ap)

+ g CLEACY X Aws) + G2 CEXHCE X e Aws) + G CE(CE X pAve) A

+ 2CE(CL Appxue) AM + > CI(CL X b Xwe) AP

for 0 <v <3,1<a<d. So,YM,YM, and dY M, 4 depend on the constant
field x = (Xva)o<v<3, 1<a<a’- We will denote:

YMu,A=YMyAop,Y MyAir, ..., Y MyAse, Y My Asqer)
dY MyaA = (dY MyaAor,dY My aA11, ..., dY My aAsgr, dY My aAsar)
3.2.3. Assumptions 1, 8 and 9. We consider the spaces:
10’ 11 (10, T[x Q) = {u = (ur, us, .. ., wsr), w; € H*(J0,T[x),
1<i<4a’}, fork>0
10’ g* (10, T[xQ) = {u € * B (0, T[xQ), 90,21, 22, 23) = 0,i =0, 1,
oom}, 0<m<k-3

Relatively to the statement of Theorem 2.1, we put:

Fn =4 H" (]07T[><Q) (n>0)
E,="Hy  (j0,T[xQ) (n>0)
F, =% 100, T[xQ) (n>0)

We consider the sets (A, )n>0 of polynomials P of the variables xg, z1, 2 and z3 of
degrees < n, with:

OYP(0, 21,20, 23) =0, i=0,1,2,3.
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We consider the sets (Cy,),>0 of polynomials P of the variables xg, z1, z2 and z3 of
degrees < n, with:

OyP(0, 1, 29,23) =0, i=0,1.
Now, let’s check if all the assumptions of Theorem 1 are fulfilled. So, assumptions

1, 3 and 9 are evidently fulfilled.
3.2.4. Assumptions 2 and 5. Relatively to Theorem 2.1, we consider f = Y M,,,.

Does Y M, act continuously from 4“/H§+2(]0,T[><Q) into 4“,Hn(]O,T[><Q) for

n > 67 Consider a couple of gauge fields A and C' in 4a,Hg+2(]O,T[><Q) (we have
to notice that C has not to be confused with the Christoffel coefficients C%¢). We
get:

Y MyAya =Y MyCra = 0"0,u(Ava — Cua) — gC27 (0" Ay — 0" Cpip) (Xwe + Ave)

+9Ca 0" Cup(Cre — Ave) = 29C5° (b + Ayup) (9" Aye — 9 Ce)

+ QQCSC(CM - Aub)aucuc + QCSC(XMZ) + A”b)(&,AHC - aVCHC)

= 9GO = A1), Cpe + g*Cf (A" = CH)CE (X + Apn) Otve + Ave)

- 92Cge(XMd + CHd)CgC[(CHb - AHb)(XVC + Cuc) - (Xub + Aub)(Auc - Cuc)]-

In the following paragraphs, we use the Cauchy-Schwarz-Buniakowski inequality
and Sobolev imbeddings with continuous injections:

H'c . I*

(8) H? C. L® (in fact H? C. LP, Vp>0)
H3 c,.C°

valuable for the four-dimensional R x Q. Now, we evidently get:

| 040, (Ava — Cua) lanqo,rix0) < |l Ava — Cua [Hn+2(0,77x0)
|| 8#‘9#(/11/(1 - Oua) ||H"(]O,T[><Q) < || A-C ||4alH"+2(]Q7T[XQ)'
In the following calculations, the constants K or else can change from a line to

another.
We get too:

[ (Xub + Aub)(auAuc — 0,Cle) ||H"(]O,T[><Q) <
K Z Z | 9y (Xub + Aup) 960 (Ave — Cue) |20, 11x0)

| o f<n ooz
| 6 |<n

+ K Z | (Xub + Aup) 059, (Ave — Cue) ||L2(]0,T[xﬂ)-
| 6 |=n

For | § | < n:
| 0y (Xub + Ap) 950, (Ave — Cle) ||L2(]0,T[><Q)
<l Oy (b + Aub) laqo,rixe) |l 950u(Ave — Cue) |lLago,rixe)

| 0y (xub + Aup050u(Aue) — Cue) ||L2(]O,T[><Q)
S K| X + App lam+2q0,71x) | Ave = Cue lHm+200,71x0)-
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For | 0 | = n:

I Otub + Aub) 950, (Ave — Cue) llL2qo.rixe) <II Xpb + A |30, 7(x9)

X || Avc - Ouc ||H"+2(]O,T[><Q)'

Since n > 6, n + 2 > 3, so that:

| - 29030()(@ + Aup) (0" Aye — 0"Cle) ||H"(]07T[><Q)

S KX+ A lawr g2 o x| A= C llawr etz o 1<)
By similar treatments:

|| - gc’gc(aﬂA#b - aMCpb)(ch + Auc)
+ 90 (X" + AM) (9, Ae = 3,Ce) |lmn o, ix0)
S KX+ A [la e X || A= C |laar gnt=

(10, T[x ) (J0,T[x2)"
Moreover:
| 29C(Chup — Aup)0*Cc || g0, 71
<K|C-A ||4a/Hn+2(]O7T[XQ)H C ||4a/Hn+2(]O)T[XQ).
We get too:

| gCEO Cpup(Cre — Aue)
— gCLe(CM — AM)0,Ce || 1m0, (x2)

< KH C ||4a1Hn+2 X || A-C ||4a/Hn+2

(J0,T[x£2) (J0,T[x)"

Now, let’s study the case of (Auq — Cpa) (xXub + Aus) (Xve + Ave):

Il (Apd — Cra) (Xub + App) (Xve + Ave) 1m0, T[x0Q) <

C Y 3 10y (Aua — Cua)

| a |<nvy+d=a

Z 8& (Xub + Aub)aT (XVC + Auc)
K+T=0

L2(]0,T[x %)

and so:

| 04 (Apd — Cpa) X Ox(Xup + Aup) X Or(Xve + Ave) |lL2g0,7(x0)
<l 87(A#d - C;Ld) ||LS(]O,T[><Q)|| Ox(x + A) ||4a’LS(]07T[><Q)

X || O-(x +4) ||4a/L4(]0)T[><Q)

[ 0y (Apa — Cud) X O (Xpub + App) X Or (Xve + Ave) ||L2(]0,T[><Q)
SK[|A-C ||4a’H””(}o,T[xQ)H x+A4 ||4a/H””(]o,T[xQ)

5+ Al o2 g0 21
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So:
| >Cae (AP — CHICE (b + Apv) (Xve + Ave) — g2 CLE (XM + CH)CEF
X [(Cub - Aub)(XVc + CVC) - (Xub + Aub)(Avc - C,,c)] HH"(]O,T[XQ)
2
< K” A-C ||4a/H"+2(]07T[><Q) (” X + A ||4a’H"+2(]07T[X52)

Hix+C ||§G'H”+2(]O,T[><Q)) :

So, f acts continuously from FE,, 5 into F,, for n > 0. Moreover, if:

{86Aka(0,z1,x2,x3) =0, 0<i,k<3, 1<a<d

0iCra (0,21, 12, 73) = 0<ik<3, < ;a’ '
then:
{‘93(5J2'Aka)(07$17$2= x3) = 0704 Apa(0, 1, 2, 3) =0, i=0,1
94(07Cka) (0,21, 29, 23) =0, i=0,1
and:

(0jAka X Aip)(0, 1, 22, x3) = (0jAka(0, 1, T2, 23)) X Ap(0, 21, T2, 23) =0
00(0jAra x Ap)(0, 21, 2, 23) = (0500 Ara(0, 21,22, 23)) X Ap(0, 21, 22, 73)
+(0jAka)(0, 21,22, 23) X (00 An)(0, 21,22, 23) =0

(0iCra x Cip) (0,21, 22, 23) = (0jCka (0,21, 2, 23)) X Cpp(0, 21,22, 23) =0
00(0jCra x Cip)(0, 21, 22, 23) = (0;00Cka (0, 21,22, 23)) x C1(0, 1, 22, 23)
+(0;Cra) (0,1, 22, 23) X (00C1)(0, 1,22, 23) =0

00(0; Aka % X16)(0, 21, 22, 23) = (0j00Aka (0, 1, 22, 3)) X X16(0, 1, T2, 3)
+(0j Aka) (0, 21, 22, 23) X (o X1)(0, 71, 2, 73) = 0

(0;Cra x Ap)(0, 21, 2, 23) = (0;Cra (0, 1, 22, x3)) X Ap(0, 1, 2,23) =0
00(0;Cra x Ap)(0, 21,22, 23) = (0;00Cra (0, x1, 22, 23)) X Ap(0, 21, 22, 23)
+(0;Cra) (0,21, 22, 23) X (00 A1) (0,21, 22, 23) =0

(0;Cra X x16)(0, 21, 2, x3) = (0;Cra (0,1, T2, x3)) X X16(0, x1, 22, 23) =0
00(0;Cra % x16)(0, 21, 22, 23) = (0;00Cka(0, 1, 22, 3)) X X15(0, 1, T2, 3)
+(0;Cra) (0,21, 22, 23) X (Gox1v)(0, x1,22,23) =0

{(agAka x xw)(0, 1, x2, x3) = (0 Aka(0, 1, T2, 23)) X X1p(0, 21, 2, 23) =0
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and:

(Aja — Cia) (xkp + Arp) (X1e + Aie) (0, 1, 22, 23)

= (Aja — Cja)(0, 21, 72, 23)

X (Xrb + Arp) (0, 21, w2, 23) X (X1e + A1) (0, 21, 2, 23) = 0
00((Aja — Cja) % (xkb + Arb) X (Xie + Aic))(0, 21, 22, 23)
= (80Aja — (9003‘,1)(0 $1,$2,$3)

X(Xkb + Akb)(o x1, x2,x3) X (Xie + Aic)(0, 1, 22, 3)
+(Aja — Cja)(0, 21, 2, 23) X (Fo(Xko + Akp)(0, 21, 72, 23))
X(ch + Alc)(o Ty, T2,13)

+(Aja — Cja) (0,21, T2, 23) X (XK + Akp)(0, 21, 72, 23)
><(50(ch + Alc)(07 r1,w2,23)) = 0.

So, f(A) — f(C) acts from E?, into F, for n > 0. Now, for any A in E, o, is
dY Mya in L(Epia, F,)? We get:

1 0#0uAva | o,rix2) S I A llawr gtz go 10y

We get too, by using the calculations done on Y M, A, — Y M,,C\q:

| = gCl (0" Auw)Ave || 1m0, 7(x )
< K[ A ||4a’H"+2(]o,T[xQ) x|l A ||4a’H"+2(]o,T[xQ)
and idem for the terms from —gC%A,.0" A to gC2%(d,Auc)A*Y in (7). Now,
following the calculation done above, we obtain:
[ 92CgeA”d(OgcAubAvc) ”H" 0,T[x)

< K[| AIZL Al

H"2(10,T[xQ) H" (0, T[xQ)"

We can similarly treat the term g2C2¢ AR (CY A, A,p) + g?CIe(C A p Ay ) AFE in
(7). Moreover:

H _QCSCXVCaMAMb ||H"(]O,T[><Q) < KH Xve ||4a’H"+2(]07T[XQ) X H A ||4a’H"+2(]0,T[><Q)
and idem for the term —29030)(“1,8“14,,0 + gCgcx“b(?,,A,w in (7). Moreover:

|| g2Cde Nd(cbcAMbAuc) ”H"(]O,T[XQ) < KH X ||4a’H"+2(]01T[X52)
XA lsar g X | A e

"2(10,7[x Q) H"2(10,7[xQ)

and idem for the remaining term in (7) with sometimes || x ||4a1Hn+2(] instead

0,7[x€)
of || A ||4a’H"+2(]O,T[><Q)' We finally obtain:

” dYMw.AAVa ”H”(]O,T[XQ) < KH A ||4a/

X [ AN e

H"2(10,T[xQ)
2
(10,T[x€) +1 x ||4a/H"+2(]O,T[><Q):| )

So, if we notice as above that dY M, 4 A satisfies the boundary conditions of F;, for
any A in E, 19, dY My 4 is in L(E, 12, F,).
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Now, is A — dY My 4 in C°(E, 42, L(E, 42, F,,))? Consider any couple (A, .A")
in £2,, and any A in E, 5. Denoting H"(]0,T[x) by H", we get:

I (As = A')0" Ave 3n = Y || Gal(Aub — A'us)0u Ave] [1220 70

| a|<n

| (A = A)0" Ave 3 < 37 32 (1105

| @ |[ny+d=a

x|| 050, Ave ||%4(]O,T[><Q)> :

For a constant C' independent of n, we get:

| (Aub _A/ub)aﬂAVc HH" <C Z Z (H (9

| a |<ny+d=a

xn%@ﬂwn%mmvm)

By a rough majoration, with C’ independent of n:

ub - A/ub) ||2L4(]O,T[><Q)

—A'yw) ||12Hl(]o,:r[xsz)

| (Aup — A'up)0" Ave |30 <Ol Ay — Ay H%{"H(]O,T[XQ)

I 8 Ave | Fms1 o rix0)-
Now:

[ (Au — A/ub)aﬂAvc [ < \/EH A —

Ay lan+2o,rixo)ll Ave lam+20,71x0)-
An analogous calculation affords:

| —29C%A,p0" Ay — gCP(OF Ayp) Aye — gCPe AL O Ay,

— 2905 (0" Aye) Ay + gCP A" 0, A e + gCL (9 Ape) AP
+ QQCbcAI bAuc + ngc(aﬂA/ub)AVc + gcbcA/ucaMAub

+29CY (0" AL ) A — QCabcAlubauAuc — gCL (O A 1) AP || 10 o, 71 )

<SG A-A ||4a’H"+2(]o,T[xQ)|| A ||4a’H"+2(]o,T[xQ)

where C; denotes a constant independent of n. Now, with H™ written instead of
H™(]0, T[%xQ):
H AudA,ub-AVc - A/#dA/ubAvc H%{n = || (-Aud - A/,ud)A#bAvc
+ (A — A ) A aAve |-
Therefore:
| (Apg — A pa) A Ave |3n = Z | Oal(Aud — A'pa) A Avel 1720 71xa)

| o |<n

H (Aud - Alud)AubAvc H%I”
Z Z Z |0 (Aua — A ) ||%8(]0,T[><Q) X || O A H%S(]O,T[XQ)

| o |<ny+d=a k+T7=4§

x| 0rAve 1 Zag0,7ix0):
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So, there exists a constant C' independent of n such that:
|| ( pnd ,ud)AubAvc ||?{" <
C Y > D 10 (Aua = Aud) lzqorixey X | 0cAus r2go.rix0)

| a |<ny+é=aktT=5
x || - Aue ”%{1(]0,T[><Q)'
We get by rough majorations for C’ independent of n:
I (Apa = A'pa) A Ave ln < C'll Apa = A'pa | ns2go,rixe)
X || Apub HHn+2(]0,T[xQ) X || Ave | zn+20,71x0)-
An analogous majoration brings:
I g*Cac A(C A Ave) + g2 Ol AH(CL° App Ave)
+ 2O (CP A A AP — 2CIe A (C A, Ae)
FPOL AU AwA ) = L (CL A A ) A | o7
SO A=A g "+2(10,T[x Q)
x (]l A ||4a’H"+2(]o,T[xQ) +IA ||4a’H"+2(]o,T[xQ))|| A ||4a’H"+2(]o,T[xQ)=

with Cs independent of n. Moreover, we get:

| > Caex (O (App — A p)Ave) |ln < Ch A= A lla grn+2 g0 7% 02)

X || X ||4a/ n+2(]0T [x€) X || A ||4a "+2(]0,T[><Q)’
with C) independent of n and idem for the other lasting terms of the difference

dY My 4 — dY M, 4 build on the (7) formula. So we get for a constant C' indepen-
dent of n > 0 (with C' obviously # 0):

9) I dY Mya —dY Mya HL(4a’H;+2(]o,T[xQ),4a’H{‘(]o,T[xQ)) <

Cl A= A’ ||4a’H"+2(]0,T[xQ) (” X ||4a’H§+2(]0,T[xQ) A ||4a’Hg‘+2(]o,T[xQ)

+ A’ H4a 7*2(jo, T[><Q))

So, x — Df(x) is in C%(Ep42, L(Ent2, F,)) and the estimate of assumption 5 is
fulfilled too.

3.2.5. Assumption 4: tesseralization. For a problem of transcription, we are
going to change the exponent of H™ into H* and the index n of E,, and F,, into k.
Consider the problem (P):

"for any F' in F,, and any A in E, 12, to find A in F, 1 such that:

dY MyaA = F?

We are going to show that problem (P) has one and only one solution.
We consider the following manner to express any natural integer > 1:

n=mnga +ny, ifn <4d
n=4a" +4 x 4a’ + 4% x 4a’ + ... + 4" x 4a’
+ng x 450 x d4a’ + 0y if n > 4d
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with:

{0 <ng<3

1 <ny <da’ x 4%

and with the following rules: in the case n; = 4a’ x 45" we suppose:
n=da +4x4a' + ...+ 45" x 4d’ + ng x da’ x 44 4y

and not:
n=4a+ ...+ (no+1) x 4a’ x 4*
if ng < 2, or:
n=4a +...+ 4"+« 44’

if nog = 3.
If n < 4d/, we put:
k(n) =—1.
Let’s put:
4
Niny =4a’ +4 x da’ + ...+ 45" x 40’ = (45)F 1) x ga/, k(n) > —1.

So:

N_1 = O7N0 = 4(1/,N1 = 2Oa’,N2 = 84(1/, N
Therefore:

n = Nk(n) +ng x 4a’ x k() 4 ni.
Let’s put too:
n = Nk(n)—l + nj.
We now understand N}, as the number Ny, with k(n) = k, k being any integer.
For the moment, we consider the finite sequences v = (un)i<n<n, and f =

(fn)1<n<20a’ defined by:
Uptd(a—1)41 = Ava, 1<a<a, 0<v <3
(10) Up = Opottny  for 4a’ < n < 20d’
Un = On')oUn/ 4+ (no—(n')o) x 4k(m—1x4q7, fOr 20a" < m < Ny
and:
fn=0 forl<n<d4d
(11) Jotata—) 41440 = —Foa 1<a<a,0<v <3
fn=0 for 8 <n <20ad

We consider the 20a’ x 20a’ matrices (A?O“/) for j = 1,2,3 defined by:

040/ 040/ 040/ O4a’ 040/

, O4a’ O4a’ _Id4a/ O4a/ O4a’
A%OG = 04(1’ _Id4a/ 04(1’ 04(1/ 04(1’ )

04(1’ 04(1’ 04(1’ 04(1/ 04(1’

040/ 040/ 040/ O4a’ 040/

04(1’ 04(1’ 04(1’ 04(1’ 04(1’
04(1’ 04(1’ 04(1’ _Id4a/ 04(1’
Aéo“' =] 0Oug O O40r  Oaq O4ar |
040/ _Id4a’ 040/ 040/ 040/
040/ 040/ 040/ 040/ 040/
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040/ 040/ 040/ 040/ 040/
, O4a’ O4a’ 04(1’ 04(1’ _Id4a/
20
A3 ¢ = 04(1’ 04(1’ 04(1’ 04(1’ 04(1’ )

04(1’ 04(1’ 04(1’ 04(1’ 04(1’
040/ _Id4a’ 040/ 040/ 040/

where 04, denotes the null 4a’ x 4a’ matrix and Idy, denotes the 4a’ x 4a’ identity
matrix. So, we consider the 20a’ x 20a’ system given by:

3
(12) Mu = 0yu + Z A?O‘llaju + B2 (g)u = f,

j=1

where the 20a’ x 20a’ B2°% () matrix is composed by —Idsq for the second block
of its first line of 4a’ x 4a’ blocks, and 04, for the other blocks of its first line
of 4a’ x 4a’ blocks. Notice that we have to write —F,, and not F,, in the right
member of the second equation in (11) since we have chosen dpu and not —dyu in
(12). Moreover, B2 (1) is build to make the n* line of Mu = f for 4a’ < n < 8a’
equal to:

dYMw.Aun = fn

and with only Os on the lines of rank n > 8a’.
Now, starting from the 20a’ x 20a’ system (12), we can build a Ny x N, system
(see (17) below): indeed, if we denote by I,, the nt" of (17), we form (17) by:

(13) l, = 6(n,)oln,+(no,(n,)o)X4k(n>71 wxdas for 20a’ < n < Ng.

We call the process a ”tesseralization”. In fact, the order of derivation of u,, in (10)
brings by a permutation of the derivatives:

(14) (’U,n) = (ul, e ooy Ugq!, 80U1, ceey 80u4a/, 81U1, ceey 81U4a/, 82U1, ceey 821L4a/,
(93’111, RN 63U4a/, (90(90’(1,1, 60(90’(1,2, ey 60(93’(1,4,1/, 6160U1, ey 61(93’11,4(1/,
8280’(1,1, ceey 8283’&4@/, 8380U1, ey 8383U4a/, 808080u1,
808080U2, [P ,a§U4a/)

and so brings the natural order of derivation on u,, in (10):
(15) Up = Opytn  for 4a’ < n < Ny

So, we can consider the sequence (un)i1<n<n, defined by (10) and (fn)i<n<n, by
(11) and:

(16) fn = 6(n/)ofn/+(n0_(n/)0)X4k(n)71X4a/, fOI‘ 20(1’ <n S Nk.

So, we obtain a Nj X N system (17) by this process of ”tesseralization” of system
(12) from order 20a’ 4+ 1 to order Ny:

3
(17) Lu:80u+ZAj8ju+B(x)u = fn.

j=1

The A; matrix (which has not to be confused with the A; component of the gauge
field A), is composed on its main diagonal by the first block (top-left) A2°¢" and
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then on the remaining part of its main diagonal, by a finite sequence of blocks for
n=1tok—1:

04n x4q’ —Idsnxaar Oanxaar  Oanxaa
—Idynxaar Ognxsar 047 x40’ Oanxdar
O4n x4ar O4n x4a O4n x4ar  Osnxsar
O4n x4ar O4n x4a O4n x4ar  Osnxsar

and Os anywhere else. The Az matrix is composed ont its principal diagonal by the
first block (top-left) A29¢" and then on the remaining part of its principal diagonal,
by a finite sequence of blocks for n =1 to k — 1:

04n % 4ar Ognxaar  —Idanxaar  O4nxsar
047 x 4a’ O4nx4ar Oanxdar 047 x 4a’
—Idynxaar Osnxaar  Oanxaar O4n xdar
047 x4a’ O4nx4ar O xdar 047 x4q’

and Os anywhere else. The A3 matrix is composed on its main diagonal by the first
block (top-left) A20¢" and then on the remaining part of its main diagonal, by a
finite sequence of blocks for n =1 to k — 1:

047 x4/ O4nxsar Oanxaar  —Idanxaar
O4n x4ar O4n xsar  Osnxsar  Osnxsar
04" x4a’ 04" X 4a’ 04" X 4a’ 04" x4a’

—Idsnxaar Oanxaar Oanxaar  Oanxaar

and Os anywhere else. The important point for the possibility to apply the finite
propagation speed method is that A;, Ay and A3 are symmetrical. So, for n > 4a’
with ng # 0, then the n'” line of B(z) is only composed by 0s and:

too.
3.2.6. Assumption 4 : finite propagation speed. Now, we consider O(s) =
10, s[x 2 and we put:

Et = {t} x Q.
We consider the Hermitian product (, ), in V*L%(O(s)) for k > 7. We put:
0 =0(T).

We obtain for any v smooth in [0, 7] x R; x Ry X R3 periodic in 1, z2, x5 with the
period 2N (N presented in paragraph 3.1):

(19)  (Lu,u)s + (u, Lu)s — (u, Bu)s — (Bu,u)s = / | u [*dS —/ | u |?dS.
pI Yo
Notice that (19) is equivalent to formula (5.22) [5,volume 1,page 437]. So:

2Re(Lu, u)s — 2Re(Bu, u)s, :/ | |? dS—/ | u|?dS.

Ss 3o

But, if we do rather the same calculations as for the proof of assumptions 2 and 5,
using the following inclusion:

H3(R*Y) ¢, L= (R?Y),
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we get:

/ | Bu |*dt
O(s)
<Ol Al + 1 X b +1) /O lula

where the constant C' is independent of the order k£ of the Sobolev spaces.
So, if we put:
E(s) = u ||12VkL2(O(s))’
we get:
dE _ — 2
(20) —(s) <2 | Luxu |[dV +2 | Buxu |dV + | w|*dS.
ds O(s) O(s) o

Suppose that:
O un(0,2) =0 for 1 <n<4d, form=0,1,
then we obtain for a = (ag, a1, az, ag) with | (a1, ag,as) | # 0:
9%u,(0,2) =0 for any n.
Now, we suppose that problem (P) has a solution for © and F' smooth. Using:
8gun — Atp + Bryge (4) = — friger for 1 <n < 4dd,
where B,,(u) expresses the n'”* line of Bu, we obtain by induction:
8(7)n+2un(07 I) = _a(gnfn+4a’ (07 I) - a(T)an+4a' (u)(oa 'T)a
for 1 < n < 4a’. Therefore:
k—2 4a’ )
[ 1upas =33 [ 10 furaw(0.0) Pas
Zo =0 n=1"%0
J
k—2 4a’

+ Z Z/ | aéBn+4a/ (u)(ovx) |2 ds.

j=0n=1"7%0
Now, we use the continuous trace map from H'(O(s)) into L?(Xp) to get:

k—2 3 4a’
ey [ JuPas<rY YN [ (00 fs Fav
o i=0 j=0n=1"0O(s)
k—2 4a’ ‘ k—2 3 4d’ .
AE S [ O PV 4K YY" [ 00, Buanw) P
n=0n=1"9(s) i=0 j=0n=1"0(s)
k—2 4a’ .
+EY Y / | 8 Buraar (u) |2 dV.
i=0 n=1"0(s)
Therefore, we get for a constant K’ independent of k:

[ 1uias <k Lo + K Bu s

NiL2(O(s)) O(s)’

o
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So:
2 4 4
(22) /ZO | u | ds < (Cl(” A ||4a/Hk+2(O(s)) + || X ||4'1/Hk+2((’)(s))) +Cl)

2 / 2
X || u ||NkL2(O(s)) + K' x| Lu ||NkL2((’)(s))’
with constants K’ and C; independent of k. Then, according to (20), we get for
any M"” >0 (and k > 7):
dE 1
) <
)= G
|20+ Gyl A [ e
with constants K7 and Cs independent of k and A.
Then, by the Gronwall lemma, we get:

1
2M//

Tlestr A, s
€

+ Kl)” Lu ||12VkL2(O(5))

4
(O(s)) + || X ||4a/Hk+2((’)(s))) + 03 X E(S)7

(23)  E(s) < s(557 + KOl Lu 1%, 120

()~

+Ix HWHHQ )+Cg+2M”i| do

(O(e)) (O())

So:
(24) [ lIvep2o) < Cakll Lu v p20)

with a constant C 4 depending on k and A. Now, we are going to show that (24)
occurs for:

(25) C-Ak - ko\/f X (H A ||4a Hk+2(0) + || X ||3a,Hk+2(O))

where the constant kg is independent of A, T and of the order k of the Sobolev
spaces.
So, if we consider the constants C5 in (23) and s such that:

2M" + Cs(|| A I3 1AL et 0) +Ca| 5 =1,

4a’ prkt2 (0) (O))

then, we get:

2
So, if we share [0, 7] in intervals of length AT with:

207+ Co () A1 + AL )+ Co| AT =1,

k+2(0 Hk+2(o)
then putting:
26) {O” =|nAT, (n + 1)AT[xQ, for 0 <n < M, with :

M= [QM// + CB(H A ||Zla/Hk+2(O) + H X ||3G/Hk+2(0)) + Cgi| xT—1
(we suppose M integer), we get if u,, = 0 for 1 <n < 4a’ on X,ar = {RAT} x Q:

Now, if we denote by u, , the function such that:

(27) Urn(NAT + t,7) = u(nAT — t,z), for 1 <n < 4d’
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and by L, , the operator obtained from L by transforming all its coeflicients in the
(27) way, then, by putting:

i _ € (21\]}[// + Kl)
M am7 4 Ca (I ANl ra o) + 1 X I esag) ) +Co

we get (since uy n(RAT, z) — u(nAT,z) = 0 on L,ar for 1 <n < 4d'):

| w— tpn ||NkL 2(om) < MH L(u — ) ||12VkL2(O")-

Since A — dY My, 4 is in C%(E, 42, L(En12, Fy)), for AT sufficiently small (choos-
ing C3 ad hoc to get this), we get:

|| Lr,nur,n Lurn ||NkL ((’)") < — || u HNkL (On—l)?

where we can put:
1

N e(ﬁ +K1)-

We do now ad hoc majorations to obtain the recurrent inequalities (29) (see further
beyond):

|| U — Upn ||NkL 2(om) —_H L(’LL—’LI/nn) ||J2VkL2(O”)
4
| w—uprp ||NkL ony = || Lu ||NkL on + = Lrntrn — Ly, ||12VkL2 on
2( 20m T M ©")

Vi || Ly ntir.m ||]2VkL2(On)

4K
Il = (1%, 2 2(om) = || Lu ||NkL2((’)") ezl [ *(on-1)
_H Lu ||NkL2(On Y
So:
[ w ||NkL2(O") <
V2 2VK 2
\/—M” Lu ||NkL2(On) + 7” u ||NkL2(O"’1) + \/—MH Lu ||NkL2(O"*1)
+ | trn ||NkL2(O")
[ u ||NkL2(O") <
V2 2
\/——” Lu ||NkL2(O") + \/—MH Lu ||NkL2(O"*1)
2VK
+ (7 + DIl w vy 2(0n-1y-
But we get:
1
| u ||NkL2((’)0) < \/—MH Lu ||NkL2((’)0)
and so:

V2 3 2\/K
| u ||NkL2(Ol) = \/——H Lu ||NkL oyt \/— Ve (| Lu ||NkL2((’)0)'
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So, we can obtain a majoration of the type:

n

| llvep2ony < Zan,iH Lu ([ny 1200y

i=0
We put:
1
ao \/M\/_
2VEK 4
( o +1) X Tt
2VK 4
(T + ) X
Qn,0 = (2‘]\/4?4— )an_l,o, forn >3
Now, we consider:
|| A ||4a Hk+2 (0)
So, for || A ||4a/Hk+2(O) sufficiently great, since M = ﬁ, we obtain:
2M//
2VK
ﬁ‘: 1+17x1_(M +1)
3,0 = T 2
pary Mo M 1—(—2XF+1)
Therefore:
M 1 18 AEM
T
! M M WK
i=0 M
a 1
> al, < 785 +K1> Te
i=0
M 1
Te( 77 + Kl) 1
28 2, < —2M 18 Ki|T
We put:

2vK
_WK

We want to get the following recurrent inequalities for n > 1:

(29) An0 > A1 > ... > A2 > Gpn—1 > Upp A0 Gpp—1 > Anti -
Indeed, for n = 1, we can put:
V2
ai1 = \/—M
and so:
aio = ai-

For n = 2, we have put and we can put:

2 V2

+ — X a2 =

4
T a 1= —F7/— 9
VM P T UM

=
s

a2,0 = 7’2 X

so, since r > 1:
a2,0 > G2,1 > az2 and aip > az;q.
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Moreover:

2 " \/5
a = — T—
UM VM

so that:
a1 = a32.

So, inequalities (29) are fulfilled for n = 1 and 2. Suppose that for the rank n > 2,
we get the above recurrent inequalities (29). Then:

2
An+1n+1 = \/LM

2
An41,n = \/_M + Tan,n
Gpy1,i =Tap;, for0<i<n

So, using the inductive inequalities (29) for the rank n, we obtain those of rank
n+1luntili=n—1:

Unt1,0 2 Opd1,1 2 o0 2 Gpdln—2 = OGpdln—1-

Moreover:
Gn4+1,n—1 = TQp,n—1 > Tan+1,n > An+1,n-
Moreover:
2 +
An42n+1 = \/—— Tan+4+1,n+1
M
2 V2
Up+2,n+1 = \/—— \/——
an+2 n+1 S \/— + Tan n
so that:

an+1,n Z an+2,n+1-
Moreover, we evidently get:

an-l—l,n Z an+1,n+l .

So, we get (29) for the rank n + 1. Therefore, we get the first set of recurrent
inequalities (29) for any rank n, 0 < n < M.
So, we obtain for M sufficiently great and any k > 7:

M n
ZHU’HN;CL (om) Zn+1 EO || LuHNkL oy’

By a rough majoration, using (28) and (29):

M
a1y 2 (o) <M +1) <Zai)0> <l Lu |3, 120

n=0

Te (g + 0)

1
w1 20y SM+1)? M1 18Te (2M,, +K1)

< Il Lu [, 12 o)
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So, by a rough majoration:
1
4 4
I vesior <KV x (1A ooy + X I oo+

x || Lu ||NkL2(O)

where kg is independent of A, T" and the Sobolev order k. So, we get for any k > 7:

1
4
(30) || A ||sar H*(10,T[x9) _ko\/T X (| A ||4(1 ' H2 (o) +1 x ||4a/Hk+2(O) + —>

3
Xl dY Muw, aA ||sar =140 7202y

Now, we have to build the solution to problem (P). We can approximate the coeffi-
cients of L by real analytic functions A, = (A,1, A2, Au3) and B, up to the order
20a’, on R x Q; we can conceive these functions as being defined on R x R? and
can arrange their coefficients to have entire holomorphic extension to C x C3 with
the 2N —periodicity in (21,2, z3) (with the N introduced in paragraph 3.1). We
denote by M, the sequence of 20a’—operators corresponding to A, and B, and by
L, the sequence of Ni—operators corresponding to A, and B, by tesseralization of
M,,. We denote by (f,) the sequence obtained from (F,) by (11) and (16). Now,
we consider the initial-value problem (P} )204/: to find (ty.n)1<n<20q’ sSuch that:

Myu, = fu, upn(0,2) =0, 1<n<20d.

The Cauchy-Kowalevsky theorem applies; for each v, there exists a unique solution
uy(t, z) which is real-analytic on all R x 2. Therefore, we obtain that (uy,n)1<n<n,
defined from (uy,n)1<n<4qe’ by (10) is a solution of the tesseralized problem (P},)204/
to the rank Ng:

Lyu, = fu, upn(0,2) =0, 1 <n<4d.

Now, since the tesseralized approximated problems have a solution, we can use the
energy estimate (30) for L, instead of L, and so with a factor 2 for instance in the
right member, denoting by A, the approximation of A:

(/|uUFdV> <
(@]

1
2
kOVT( + || Ay ||4a (o) + || X ||3G/Hk+2(o)) (/@| Lu(uu) |2dV>

(/|uVFdV> <
(@]

1
2
kO\/T( + || A ||4(1 'R (0) +1 x ||3Q/Hk+2(o)> (/O| fv |2 dV>

(12 |2dv)2§

1
2
VT (11 A L oo+ 1 U gesn) ([ 1 27
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we obtain that the sequence (u,) is bounded in N’CLQ(]O,T[XQ) and that there
exists a subsequence u,, — u weakly in V¢ L’ (0, T[x€2). Therefore:
Lu = f.
Moreover, u satisfies inequality (30) with a ko equal to 3 times the original one and
1 instead of 1. Back to problem (P), if F € 4“/H?+6(]0, T[xQ) = F, (for n > 0),
we get:
9 Fua(0,2) =0, m=0,1.
Now, we consider the gauge field A build on u by relations (10). Then, A is

solution of the main equation of the (P) problem, with, according to (30), A €
4‘llHnJﬂ(]O, T[xQ). Now, we have to show that A satisfies the boundary conditions

of:
Enir =Y Hy (10, T[x9).
We denote by By, (u) the line of Bu associated with the rank "v,a” that is of rank
40/ + v +4(a—1) 4+ 1. We get:
97 Ava(0,2) =0, form=0,1

and since By, (u) is a linear combination of 9" A4,,(0,z) for m =0, 1, we get too:

02 A,4(0,2) = F 0 (0,2) — (Bya(u))(0,2) =0
and since dyByq(u) is a linear combination of 9J*A4,4(0,z) for m = 0,1, 2, we get:

05 Aya(0,2) = 00 F,a(0,2) — 0o (Bua(u))(0,z) = 0.

Therefore:

O AG0,2)=0, 0<pr<3 1<a<d.

So, A € 4“/H;L+7(]O,T[><Q). This A is the solution of problem (P), and the only
one according to (30) itself. So, assumption 4 is fulfilled and a little bit more since,

n (31), A can be chosen not only as a polynomial in A,, but also as a distribution
in F,,.
3.2.7. Assumption 6. We consider the C in (9) and change (9) into:

I dY Muya = dY Muwar || se 20 rpx) a0 5y o< ) <

max (C’OH X ”““IH?”(]&T[XQ)) x| A=A ||4a’H§“(]0,T[xQ)

X (LAl g2 oy + 1A oo sy =20 )
and the kg in (30). The product:

12 x max (c,cn X ||4a,Hg+2(]O7T[XQ)) X koVT X (Il X 14 v + 1)

can be chosen > 1. So, assumption 6 is fulfilled.

3.2.8. Assumption 7. We notice that a minoration of Y M,,(4) — Y M,,(B) can
be done in the same way as the minoration of || dY' M, } A ||4a/Hk—1(]07T[XQ) in (30),
that is, by a rough majoration for n > 0:

4 4
| A-B ||4a’H””(]0,T[xQ) < (H A ||4a’H”+9(]0,T[xsz) +1 B ||4a’H”+9(]0,T[xQ)

+1) X Cogs % | Y Mip(A) = Y Myp(B) [l 0 g0 110

where Cj,4+¢ depends on T and n (this point here is without importance). So,
assumption 7 is fulfilled.
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3.2.9. Assumption 8. We consider the sets B,, of polynomials P in xg,x1, x2
and z3 of degrees < n with:

OLP(0, 21,29, 23) =0, i=0,1.

So B, = C,. Therefore, x — f(x) — f(0) = Y M, (z) — Y M, (0) transforms any
polynomial of A,, in a polynomial which belongs to Bs,,. So, assumption 8 is fulfilled
too. Hypotheses 8a) and b) are evidently fulfilled. So, the whole assumptions of
Theorem 2.1 are fulfilled.

Now, we still consider a constant gauge field x, any integer m > 0, any A, €
A,,, that is a gauge polynomial of degree < m with:

O ALL(0,2) =0, 0<k<3,
and any r,, with:
1
@l A o s orzpessy P01 Cl Ao Tt s oty + 3)

rm<4

with v = max(C, C|| x H4a/H§+2(] ) of paragraph 3.2.7, with the a,, = kov/T

0;T[xQ)
and:

_ 4
Bm = kO\/T” X ||4“’H0(O) + ko\/T.

For any F in * H| (10, T[x€) (still with n > 0 and with:

"'m

| F =Y Muy(Apa) ,

|| al n+6 S
FIOTED  a|| Ay i gm0 ey + Om

there exists A in 4’ Hg+7(]0, T[x9Q) (still with n > 0) and with:
|| A-A ||4a/H;+7(]O,T[><Q) < 2’)°m
such that:
dYM,A = F.
Moreover, according to the proof of Theorem 2.1, if F'is in a C); for a M > 0, then
Ae 4“/H3Q(]0, T[xQ) for any Q > 0 so that A € 4“/0?(]0, T[x9Q) (so that:
ObA(0, 1,9, 03) =0, 0<i<3).

Now, to show the existence of an infinity of non zero Yang-Mills fields, we consider
the polynomial in ¢ quantum field y.4,, given by:

(32) NAu(t,z) = kMaT_N_077tN, N > 4.
We can choose the k,, complex coefficients to get for T" sufficiently great and any
n>N—1andn > 6:
TN+2
VAN +1
ST < v Ay s oy < T T

with a suitable constant Ky # 0, which can be chosen independent of N when N
is sufficiently great. Still for T" sufficiently great, for x sufficiently small and any

H NA#a ||4a’H"+1(]O,T[><Q) = K(/)T_N_O’7 X
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n> N:
T2(N—2)+1
2

1Y M (v Apa) llaa g qorixey < ko x T~ 707 x =3 * N(N -1)

4N —1 6N 41

T2 XN =z

4 k/ x T72N7174 X 4 k/ X T73N7271 X
! AN —1 2 VBN +1

- k/ T71’6

56N + 1

for suitable constants kg, ki, k5 and k5. Now, still for T sufficiently great, for x
sufficiently small, r,,, can be chosen such as to satisfy for m > N:

Tm <
1
4] 5 Aua T o zpeey + B0V N A it 7 o,y +3)

T < K172

and:

r
m > K2T71
; =
am| NALa H4a’Hm(]O7T[><Q) + Bm

with suitable constants K; and K> depending on N. Now, for T sufficiently great
and x taken sufficiently small, we get for any n > N — 1 and n > 6 and m > N:

_1
H NAua ||4a/H7n(]01T[><sl) >2K\T72 > 2r,
and:
| Y Muw(NAua) llaa g go,rx0) < KT

T'm

Y M Aa) N < '
pa) [ HT(0,Tx2) ™ o ] NAL. Hﬁa’H’"(]O,T[XQ) + Bm

So, for n > 6 (since Fy = 4“/H? (0, T[x€2)), the trivial gauge field 0 is in:

Tm
Biw gn YMy(NA,L),
4" H 1 (]0,T[x€Q) ( (N 1z ) OémH N.A#a Hil'Hm(]O,T[XQ) +5m>

and there exists a non-trivial gauge field Ay in B4Q,Hn+s(]0 T(x9) (NAM, 27°m), with:
YM,(x+ Anx) = 0.

Therefore, x + An = (Xva + AN,va)o<v<3, 1<a<a’ With N >4 is a sequence of non
trivial ”w” Yang-Mills fields. So, making T depend on N and choosing Ty as great
as we want, we have build a sequence of non trivial Yang-mills fields, different each
other, with Ay € 4’ C;O([O, Txn] x Q) and by restriction in 4@’ C;o([O, T] x Q) with
T =Ty Sox+ Ay €4 C7([0,T] x Q). By choosing a non countable infinity of
constant non-trivial fields x, since (Anx + x)(0,2) = x, we obtain a non countable
infinity of sequences of Yang-Mills fields.

Now, we have to show that these quantum fields are not only ”w” Yang-Mills
but Landau-Lorentz Yang-Mills ones, that is:

(33) M(Xpa + ANpa) =0, 1<a<d, N >4

Now:
DVF +0,0M (X +ANny) =0, 0<v <3
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with the strength tensor F},, associated with x + An. Let’s apply DY (with D"
still given by (2)):

DYD"F,, + 0"0,0"(xu + An,p) — glx + A%, 0,0 (x + Anu)] = 0.

Since:
D"DH'F,, =0,
we get that:
0”0, 0" AN,y — g0 [X" + AN, 0" AN ) + g[0L Ay, 0P AN ) = 0.
Now:

[0, ATy, 0" AN ] = 0,
affords that:
9”0, 0" AN o — 90, [CE (X" + AL)" AN el =0, 1<a<d.
Now, we introduce the following linear system:
(34) YOyt — g0, [CP (" + A)u] =0, 1<a<d.

If:
f Up = Oott, =0 on {0} x Q,
(34) has 0 for unique solution. Since A € 4“lC§O([O, T] x Q):
8“AN7W(O, w) = 8065\‘,7#&(0, w) = 07
so that (33) occurs and x = Ay is a smooth Landau-Lorentz Yang-Mills field.
We consider an increasing sequence T3, with:

lim 7T, = +oo.

n—-+o0o

Then, it is possible to obtain smooth Yang-Mills fields. Indeed, we cover R, x R?

with ”pieces”:
My, =)0, Tp[x{(x2, 23, T4), \/ 73 + 5 + 2] < n}

in whole R;" x RiConsidering a fixed yA as in (32), we obtain smooth Yang-Mills
fields Ay in M,. According to the bowls described above, since the rays 7,
decrease when T' grows, we get:

AN = ANy, forn’ >nin M,,.
Indeed, let’s denote by 7y, —the rays of the bowls of Theorem 2.1 in:
91 (10, T % ).
If:

T"mr
A n € B ol Imn YMw A a)s = )
N, e HY (10, 0 [ ) < (N " ) Oém” NAHII Hi:a’Hm 10,7,/ [x9) + 5777,)

then, since 7,,,. - can be chosen < r,,, (even if T}, has not to be modified by taking
greater values):

AN,n’l[O,Tn] €

,
Baus pn Y My(nNAua), T .
, Hl(]O,Tn[XQ)< W Aua) T A |ﬁa/Hm(]O)Tn[XQD+ﬂm>
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So lim Ay, is a smooth Landau-Lorentz gauge field in R;” x R3. Now, we can

n—-4o0o
M;, =] = n, T [x{(x2, 23, 74), (/a3 + 23 + 2] < n}.

imagine:
We can consider a smooth prolongment 3.4 of yA (as in (32)) still with an increas-
ing sequence T, with:

lim 7T, = 4o

n—-+oo
and such that:
Ao (—n,2) =0 for 0 <i<3.

Then, we obtain smooth Yang-Mills fields Ay ,, in m such that:
ANm =ANn, forn>min M,,.

So hrf AN n is a smooth Landau-Lorentz gauge field in whole R*.
n—-—+0oo

4. Strength tensors of a certain kind of super-symmetry type

4.1. Motion equation. We consider a product of a finite number of Lie alge-
bras L1, ..., Las; the generators of Lx are denoted by {teax }1<a<t,. We consider
a partition {L}1<r<z of the set {Lk }1<kx<a with:

Lr={Lk}kez,

We suppose that:
1) for any I with 1 <71 <7ZT:

VE,FEI], Va,bWithlSaStE,lngtF, )\taE+,LLtbF

brings an element of a complex vectorial space M containing £y, so that A = p =0
implies At,g + ptpr = 0 in My,

2) there exists a product "t,gtyr” (non necessarily commutative), inside £;
with1<I<17Z:

taetor = E VaEbFeKtek

KRELT
1<c<tpg

with some complex coefficients v, gprek .

We consider the gauge fields (Vi (z) = VE, (@)t% = (Xiq + Who)t%) with
0<pu<3and 1< K < A’ with a constant field Xl;(a' We consider the strength
tensor F'x,,, with K € Z7,0 < p, v < 3 defined by:

Fruw =0,Vky — 0, Vi, + Z ReyunVauVaw + Z LgyunVao Vg,
M.NeT; M.NeT;

where the Ry pnv and Li sy can be polynomials (and not numbers any more). We
notice that the last sum in Fk,, is not considered in classical super-symmetry theo-
ries and that the Ry sy are only complex numbers in those theories (see Weinberg
[6,volume 3,page 128,(27.3.2)]).
So, the present paragraph 4 will generalize paragraph 3 with its commutators.
Then, even if the Yang-Mills equation of the motion of the gauge field V' is not
very clear in the books we’ve read, we can imagine that this equation features in
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the following form:
VI, 1<I<I, VKeZI;, v=0,1,2,3
(35) 0" > Fruw+ >, > ReunViiFnu

KeZr KeZr M\N€eZr

+ Z Z LgmunEN, Var, =0
KeI; M,NeI;

We denote (35) by:

SYM(V) = 0.
SY M is written for ”super-symmetric Yang-Mills”. So, we get (35) if:
(36) ((a#a,uVKua - ava'uVK,ua + EaKy(V))t?{ = 0) 1§<K§<A’ 5
0<v<3
with:
(37) Baxv(V)= > CkvannoveaVip,VaueVova
M,N,0€Z;
1<b<tp;
1<c<ty
1<d<to
+ Z DKU&]\/INbCV]@b(aHVNVC) + Z EKVaMNbCVAlj[b(aVVNVc)
M,NeI; M,NeI;
1<b<tps 1<b<tps
1<c<tn 1<c<tpn
+ Z GKuaI\/INchvaa#VN,uc + Z HIILL(UUJ]\/]NbCVM,ubVNVC-
M,N€Ir M,NE€Tp
1<b<tpr 1<b<tpr
1<e<tn 1<e<tn

CKVaMNOde7 DKuaMNbcu EKuaMNb07 GKVaMNbc and HKHV(ZMNI)C are pOlyHOHlialS
expressible by the Rxyv and Ly ones.
Now, (36) occurs if for 1 < K < A1 <a<tg,0<v<3:

(38) 8“6MVKW - 61/8#‘/}{”(1 + EQKV(V) =0.

4.2. Finite propagation speed. Now, we consider only:
(39) 00, Vkva + Earx(V) =0

still for 1 < K < A')1 < a < tg,0 < v < 3. We denote by SYM,,Wg,, (recall
that V' = x + W) the left member of (39). We put:

Al
z = 42 tk.
k=1

Now, like in paragraph 3.2, we consider the indexation k of the Sobolev spaces such
that SY M acts from * HE8(]0, T[x Q) into * H¥*6(]0, T[x Q) for k > 0. But, (39)
is of the same type as (6) and can be treated by Theorem 2.1, exactly in the same
way. So, there exists a non countable infinity of sequences of smooth gauge fields
Vi different each other with the same properties as described in paragraph 3.2.9,
solution to (39).

Now, we just have to show that:

(40) MVikua =0, 1<K<A, 1<a<ig
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to obtain a Landau-Lorentz gauge field solution to the Yang-Mills equation (38).
We apply 0" to (39) and we suppose that we obtain:

(A1) 9"8,0"Vicva + gRu0" Vi + hili Vi =0, 1<K <A 1<a <1y,

where gf{ba and hf(“ab have the same regularity as V, V2,0V, VOV or 92V. Now, we

consider the following sequence:

v
u > tpta+l = 0 VKua-
B<K

We put:

If 2/ < n <52 we put:

n:z/—l—noxz/—l—nl

with:

For 2’ < n <52/, we put:

We consider the other sequence:

O§n0§3
0<n <2

Up, = OpgUn, -

v, =0 1<n<z

(42)

for1< K<A,1<a<tyg
v, =0 2z <n<52

_ Ly Ly
V't 3 tptatl = k¥ 3 tp+b+l + hKa VL#b’
B<K B<L

Then, we consider the matrices Ay, Az, A3 defined by:

0.
0.
A =] 0.
0.
0.

0./
0.
0.
0.
0.

0.
0.
Ay =| 0.
0.
0.

Ay

0.
0.
—Id,
0.
0.

0./
0.
0.
—Id.
0.

0.
0.
0.
0.
—Id.

So, the system (41) can be written:

Luz@ou—i—ZAjaju—i—Bu—i—v:O,

3

Jj=1

Oz’ Oz/ Oz’
—1d,, 0, 0
0, 0, O
0, 0. O
0., 0. O
0, 0, 0.
0, —Id, 0
Oz’ Oz/ Oz’
0. 0. 0,
0 0, O
Oz/ Oz’ Oz/

0, 0, —Id.
0. 0, 0.

0. 0, O

Oz/ Oz’ Oz/
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where the B matrix is the 52’ x 52’ matrix:

0, —Idy 0y 0y 0y

0., 0Oy 0., 0y 0y
B = 0, 0, 0, 0y 0y
0., Oy 0., 0y Oy

0, 0, 0, 0, 0,
and where v is the 52’ x 1 column matrix:

0,
U1
V2

Vyr
/
Z/
/

0,
/

0,

where 0, is a 2/ —vertical matrix only composed by Os.

4.3. Finite propagation speed. Then, we use the same notation as in para-

Pk
graph 3.2.5 with 52’ instead of Ny: since V € * H3+6, we get that u,(0,z) = 0 for
z € Qand 1<n <z Moreover:

djun(0,2) =0, forl<n<z, 0<j<3,

so that u,(0,2) = 0 for any n and:

(Lu,u)s + (u, Lu)s — (u, Bu)s — (u,v)s — (Bu,u)s — (v, u)s :/z\ | u|?dS

—/ | [2dS
Yo

(43)  2Re(Lu,u)s — 2Re(Bu,u)s — 2Re(v,u)s = / | u [*dS.
Zs
Since:

VKua(Oa ‘T) =0,
we get (according to Taylor [5,volume 1,(5.34),page 439]):

(44) | Vicva ll2(0¢s)) < Coll 0" Viva llL2(0(s))-

;o kT
Now, since V € *# H3+ with & > 0, the coefficients of v and V in the expression
(42) of vy, in function of uw and V are L, so by (44), we obtain that:

(45) | v ||Z/L2(O(S)) <] u ||Z'L2(O(s))'
Therefore, if we put:

E(S) = ” U HE'LQ((’)(S))’
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according to (43) and (45), we obtain that:

dE
(s)<2/ |Luxﬂ|dv+2/ |u|2dV—|—2C'1/ |vxa@|dV
ds o(s) o(s) o(s)
dE
<
() < O (I L 2 2y + 10 12 200y + 1 122 000y)
dE
T (6) S Cll Lu 12 2 o, + CaEs).
Then, if we apply the Gronwall lemma, for s =T
C T
H u ||z "L(0) < OBH Lu ||z L(O) o

So, since Lu = 0, we obtain u = 0 and so:

"Viva =0, 1<K<A 1<a<tg.
Therefore, we obtain that V is a Landau-Lorentz field and so:
(46) 0,0"Vipa =0, 1<K<A1<a<tg,0<v<3.

So, if we introduce the opposite of the left member of (46) in (39), we ob-
tain the Yang-Mills equations (38). Therefore, relatively to the compact manifold
with boundary P of R3, we obtain that (35) occurs in |0, T[xP. So, we obtain
a non countable infinity of sequences of non trivial super-symmetric fields under
conditions (41).

Now, if we cover R* with the same pieces M; as in paragraph 3.2.9, we get
smooth super-symmetric Landau-Lorentz gauge fields in whole R%.

Moreover, like for the classical Yang-Mills fields, the question of the uniqueness
of the Yang-Mills super-symmetric fields of the type considered here remains open.

5. Conclusion

Theorem 2.1 can be applied in a rather easy way in some questions of existence
(and uniqueness) of the solution to nonlinear partial differential problems; among
various famous problems, we first think to nonlinear hyperbolic equations, but
also to nonlinear parabolic problems that can’t be treated by the Hadamard-Lévy
theorem itself. Among nonlinear parabolic equations, we especially think to the
nonlinear Schrédinger’s one that can be treated or by the means of the present
paper or on the basis of Lions-Magenes [4,volume 2,chapitre 5|; the roots of the
Lions-Magenes analytic method are to be found in the coercivity inequalities of the
Faedo-Galerkine method.

Concerning the Yang-Mills equation itself, the question of the existence of a
solution to the non homogeneous one (Y Mu = f with f # 0) remains open but can
be treated by the present paper for some particular classes of fields f. Still about
Yang-Mills theory, we think that it is possible to prove the existence of Yang-Mills
Coulomb gauge fields. Since Einstein’s equation and other ones in the theory of
relativity look like the Yang-Mills one, we don’t know how far the present researches
could be applied to relativity.

Now, it would be interesting to apply the methods of this paper to any Rie-
mannian metric instead of the simple Lorentz metric. Moreover, an important
problem should be a control theory for the Yang-Mills equation.

The main question is the existence or not of a mass gap to know if the passage
from the vacuum to the matter can be continuous.
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In a higher point of view, we think that some classical theorems of local analysis
(Taylor expansions etc.) can be generalized either in the surround of the metric
spaces or of the Banach spaces.
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