Dynamics of PDE, Vol.7, No.4, 327-344, 2010

Stability of spheres under volume-preserving mean curvature
flow

D. Antonopoulou, G. Karali, and .M. Sigal
Communicated by Mikhail Vishik, received September 14, 2010.

ABSTRACT. We give a new, elementary proof of the theorem, due to J. Escher
and G. Simonett, that for the initial conditions close to Eucleadian spheres the
solutions of the volume-preserving mean curvature flow converge to Eucleadian
spheres (which, in general, differ from the initial spheres). Our result is in
the metric given by Sobolev norms. While the proof by J. Escher and G.
Simonett uses extensively rather involved results from the infinite-dimensional
invariant manifold theory and quasilinear parabolic differential equations, our
main point is to use an orthogonal decomposition of the solutions near the
manifold of Euclidean spheres and differential inequalities for the Lyapunov
functionals. Apart from local well-posedness, which is proven along standard
lines, our proof is completely self-contained.
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1. Introduction

In this paper we study the long time behavior of volume preserving mean cur-
vature flow (VPMCF). This flow is a natural modification of the mean curvature
flow (MCF) such that the volume enclosed by the evolving surface is preserved.
Besides of an interest on its own, such a flow appears in material sciences as an
interface dynamics in the case of the mass conservation (see e.g. [1I7, Bl [7] and was
used recently in Differential Geometry and General Relativity ([I3), I1]]). Given
an initial simple, closed hypersurface Sy in R®*! the latter flow determines a fam-
ily {Si; t > 0} of smooth closed hypersurfaces in R"*! satisfying the following
evolution equation:

(1) V=h-H,

where V' = V(¢) denotes the normal velocity of S; at time ¢ and H = H(t) stands
for the mean curvature of S;. Finally, h = h(¢) is the average of the mean curvature
on Sy, i.e.,

fs Hdo
IS8T 4>,
fsth ,t>0

If x = o(u,t) is a parametrization of S; (or an immersion), then V' = 0y« - v, where
v is the unit normal vector field on S;.

Like the MCF, the VPMCF shrinks the area of the surfaces, is invariant under
rigid motions (translations and rotations) and appropriate scaling, but, unlike the
MCF, the VPMCEF has stationary solutions - Euclidean spheres (for closed surfaces)
and cylinders for surfaces with flat boundaries.

The global well-posedness of VPMCEF for smooth and uniformly convex initial
conditions and for Holder continuous initial conditions close to spheres was proven
in [12] and [9], respectively. Results of this paper imply the global well-posedness
for Sobolev initial conditions close to spheres.

G. Huisken ([I2]), in the general case, and M. Gage ([I0]), for curves, proved
that the solution to () exists globally and converges exponentially fast to a sphere,
provided that the initial surface Sy is uniformly convex and smooth. Moreover, it is
shown in [12}, [T0] that S; stays uniformly convex for all ¢ > 0. Athanassenas [3}, 4]
has shown neckpinching of certain class of rotationally symmetric surfaces under the
volume preserving modification of the mean curvature flow. See also N. Alikakos
and A. Freire [I]. Later J. Escher and G. Simonett ([9]) proved, by means of a
center manifold analysis, the asymptotic stability of spheres under Hélder norm
(see also [1H]).

In this paper we give a new, elementary proof of this theorem, in the metric
given by Sobolev norms. (Though the proof in [9] is short and elegant it uses
extensively rather involved results from the infinite-dimensional invariant manifold
theory and quasilinear parabolic differential equations). Our main point is to use an
orthogonal decomposition of the solutions near the manifold of Euclidean spheres
and differential inequalities for the Lyapunov functionals. Apart from local well-
posedness, which is proven along standard lines, see [12], our proof is completely
self-contained. We believe our techniques can be extended to other flows, such
as anisotropic volume preserving mean curvature flow ([2]), Mullins-Sekerka and
Hele-Shaw models in the theory of phase transitions (see e.g. [8]).

(2) h:=
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Let T be the n—dimensional unit sphere in R"*!, centered at the origin, and
let H* be the Sobolev space over I'. Our main result is as follows.

THEOREM 1. For initial conditions in H*, for some k > n/2+ 1, and close
to Euclidean spheres, solutions of () exist globally and, as t — oo, converge expo-
nentially in H*, k > n/2+ 1 to Euclidian spheres.

More precise formulation of Theorem [ will be given in Section Bl Note that
the initial conditions here do not have to be convex (the principal curvatures could
be of either sign and arbitrary large in absolute value) and that the theorem implies
that the VPMCF has no stationary solutions close to Euclidean spheres.

In Section B we give a precise formulation of Theorem [lin terms of graphs over
spheres. In Section B we find the equation for the graph function equivalent to ().
The proof of Theorem [ is given in Sections BHR with some technical computations
carried out in Appendices The latter appendices were worked out jointly with
Wenbin Kong and are used also in [T4].
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2. Volume preserving flow for graphs

Let T be the n—dimensional unit sphere in R”*!, centered at the origin, and
let a hypersurface S be a graph (in normal direction) over I', i.e. there exists a
function p : I' — R such that
(3) by : w— p(w)w

is a diffeomorphism from I'" to S. We write S = graphrp.

Let Sg . denote the sphere of radius R, centered at z € R o = (R, z) and
po be the map from I' to R such that 0, (w) = pa(w)w is a diffeomorphism from I"
to S,. Let o/ = (1,0), then p, = 1. We give a more precise version to Theorem [

THEOREM 2. If the initial datum Sy of equation () satisfies Sy = graphrpo,
with po € H*(T') and ||po — 1||ge < 1 for some k > 2 + 1, then ([) has a unique
global solution, Si, which is a graph over T' of p(t) € H*(T') and which satisfies

_e
o) = pallgr S e 2"

for some a(t) such that a(t) — as for some . Here § > 0 is the 3rd smallest

eigenvalue of the negative Laplace-Beltrami operator —A on L?(T).

3. Differential equation for p

In what follows g;; is the metric induced on I' by the inner product in R"** and
A is the Laplace-Beltrami operator in this metric. In the local coordinates u (with

a local parametrization x = x(u)) we have g;; = gf; g%;. Let V and Hess = V2
be the standard connection on I' and the Hessian on I', respectively (see e.g. [16]).
In components, Hessp(V,W) = Vi Hess;;pW7, where Hess;; = V;V; and where
the summation over the repeated indices is assumed. In local coordinates on I,
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8 k P kE . 1 kn ag]n 8‘7171 _ agij
(Hessp)ij = gurmm — Lijgers Where I i= 59" (Fh + gh — 505). We also

km Op

Oum *

identify Vp with the gradient of p, with the components V¥p = g

PROPOSITION 3. Let S; be a graph in normal direction over I, determined by
the function p(-,t) : T — R. Then S; satisfies the ) if and only if p satisfies the
equation

(4) dp = G(p) +9(p),
with

1 n 1 9
(5) G(p) = FAP o m(HGSSP(va Vp) = pIVpl®),
and
©) o)== [ 6o [ oo
where

(7) u(p) =/ p*+1|Vpl*.
PROOF. Assume S; is a normal graph over I' determined by the function p(-, ) :
' = R. We extend p to R"™1\ {0} by p(z,t) = p(&,t) = p(a(z),t), where & = Tel

and a : R"™' — T, a(x) :== 2 . Then we can write S; = {x € R"" : p(z,t) = 0},
where p(x,t) = |x| — p(z,t). [@) is equivalent to

(8) Orp = (fl — h)|Vap| on St,

where V,, is the usual gradient in = and H := div( |§ﬁti|) and his given in @). We

compute that Oy = —p, Vo = Ii_l — V.p and

9) Vel = V14 |Vapl?

and therefore

(10) dip = J(p) on Sy,

~, = ~ Vap . ~ ~
— 2 _ — = =

where J(p) = \/1 + [V.p|?(h — H) with H = dw(\/l-ﬂT)' Since p(Az) = p(x),
we have that x - V,p = 0. Differentiating this equation with respect to x; we find
that -V ,0,,p = —0x, p, and therefore -V, |V,p|? = 2|V.p|?. Using this relation,
we compute

~ T~ Amﬁ _L|vwﬁ|2 + vmﬁ : Hessm(ﬁ)vmﬁ
(11) g - s :
V1+[Vapl? (1+[V.p[?)%/
where Hess, = (0g,0z;), the standard Hessian in x. Let r = |z|. We note first
that due to the well-known representation (see [6])

1
(12) Ay =1r7"9,7"0r + A on R*,
T

we have that A,p |s,= ﬁ%Ap. Next, we need the following lemmas which is proved
in Appendices [Al and [Bl respectively:
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LEMMA 4.
. 1
(13) \Vapl* = 5 |Vol%,
|z
~ e~ 1
(14) Vaip- HessypVap = WHessp(Vp, Vp).
LEMMA 5. Writes € S as s = p(y)y, v €. Then

(15) /S /f nl

The first lemma and the equations H = H|g, and ([[I) give

—p
(16) H(p) = ————G(p).
Vp*+ | Vpl?
and therefore J(p)|s, = @h + G(p). To compute h we use in addition, the
second lemma to obtain ([@). This, together with (), gives @) - (@). Hence if
Sy = graphrp satisfies (@), then p = p(t) satisfies @) - @). Reversing the steps we
see that if p satisfies @) - (@), then S; = graphrp; satisfies (). O

In the following we will consider equation (@) instead of equation ().

4. Linearized map

In this section we study, on L?(T), the linear operator L, = —.J(ps), which
is the Gateaux derivative of the map

(17) J(p) == G(p) + 9(p),

see (@), at the sphere p,. We begin with the easiest case of the linearization on a
sphere of radius R centered at the origin: Lpo := —0J(R) (pro = R). Using the
definition ([@d) and the elementary relations p [,=r= R, Oppt |p)=r=1, G |)=r= —%
and 9,G |,=r= f=, We obtain (see [8])

1 n
(18) LR0§=—ﬁ(A+n)§+|F|7/F§-

PROPOSITION 6. Lgq is self-adjoint on L*(T) with discrete spectrum, o(Lpo),
accumulating at +o0o. Moreover, o(Lgo) C [O +00) and 0 is an eigenvalue of
'n.+l

multiplicity n + 2 with the eigenfunctions {1, & T |m| }.

PROOF. Since (n, [&) = [ [& = [(JME = ([ n.€&) and since A is self-
adjoint, we have that Lpo is self-adjoint as well. By the general fact that I' is
compact, the spectrum of Lpgq is discrete and accumulating at +00. Observe that
Lrol = 0. Consider Lpg acting on 1+ = {¢ € L3(T fF§ = 0} and let LR0 =
Lrolsy- Then L, = —4(A +n). The spectrum of —A is well-known (see
m8)): {i{l+mn—1),l =0,1,---}, with the corresponding eigenspaces H; of the

dimension dim H; = ( ntl ) - ( nt+i-2 ) Moreover, Hy = span{1} and

n n
H, = span{%, R |m| } Hence the spectrum of Lgg is {0, gz (I(l +n—1) —n) :
l= 2 3, -+ }, with the zero eigenvalue of multiplicity n+2 having the eigenfunctions

{1, & \z\ AR ””TTT} Hence the proposition follows. O
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This proposition implies the estimate

n+2 x! gl
H5|‘2 if é.J_l, T T .
Rr? || ||

A key fact in understanding the spectrum of the operator L, is that d,p, are
zero modes of this operator:

(19) (§; Lro§) =

(20) LoOapa = 0.

Indeed, this equation is obtained by differentiating J(p,) = 0 we find 0J(po )0 pa =
0. These zero modes are related to the zero modes of the operator Lgg described
in Proposition @ The fact that S, = graphp, can be written as |p(2)% — z| = R
implies that p,(2)? + |2|* — 2pa(2)2 - & = R? and therefore

pal®) =2 -2+ 1/R? — (2-21)2, where (z-35)? == |2]? — (2 - 2)?

and, recall, & = % Differentiating the former relation with respect to R and 27,
we obtain
R pa(d)ai — 2
21 Oppald) = ————— and D.ipa(d) = L2
( ) RP (‘T) pa(i)—z-i an P (JJ) pa(.f)—Z'I

Hence we have that
(22) Orpa(®) = 1+ O(|2]), 8ipa(@) =27 + O(|2]),
which relates (Z0) to Proposition [l

&) shows that Span{dapa} C Null L,. We conjecture that
(23) Span{Ounpat = Null L.

For |z(a)| sufficiently small, this conjecture follows from Proposition @ by pertur-
bation theory, using the following decomposition, which can be easily seen from the
definition of L,

(24) Lo, =Lgro+ M,

where a = (R, z) and where the 2nd order operator M satisfies the estimate || M¢|| <
el 2| L ro€]l-

5. Orthogonal decomposition of solutions

In what follows the inner product and orthogonality relation is understood in
the sense of L?(T"). We define the manifold of spheres as M = {p,, : @ € RT xR"+1}.
We have T, M = span{Orpa, 0.ipa}. Thus #7,j =0,...,n+ 1, where we denoted
#% = 1, span an approximate tangent space T, M. Recall that o/ = (1,0) and
Pa’ = 1.

PROPOSITION 7. Thereisd > 0, s.t. if ||p—par|| < €, then there exists « = a(p)
so that

p—pa L@, j=0,...,n+1, in L*T,dy).
Moreover, |a(p) — o| < |lp = porll and ||p = pagyll e S 1o — po |l k.
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ProoOF. The orthogonality conditions on the fluctuation can be written as
F(p,a) = 0, where F : L?(T') x Rt x R*"™' — R"*! is defined as F(p,a) =
P — Pa, £j>. Here and in what follows, all inner products are the L? inner products.
Note first that the mapping F' is C* and F(ps,a) = 0, Ya. We claim that
the linear map 0,F(p, )|p=p., 1s invertible, provided |z| where (R,z) = a, is
sufficiently small. Indeed, let a® = R, of = 27, j = 1,...,n + 1. We compute

using 22) that
8o¢iF(p7 a)|P:ch = - <8aipa7£j> = - <:EZ :EJ> + O(|Z|)

Since (2, &) is a diagonal matrix diag(— [ 1, — [(2')?, — [p(&"1)?) we have
that 0, F'(p, )| p=p,, is invertible, if |z| is sufficiently small Recall that o/ = (R, 0).
Hence, |z| < |a — o/| and is small, if |« — /| is small. Thus, the first part of the
proposition follows by the implicit function theorem.

Next we expand the function F(p, ) in « around o'

F(p,a) = F(p, ) + 0o F(p, o) (a — ') + R(p, ),
where R(p,a) = O(|a — /|?) uniformly in o and p for p in a small neighbourhood
of po. Hence we have |a—ao/| < F(p,a’) + |a—a/[2. Since |F(p,a’)| < |lp— porl] <
1, it follows that |a — /| < |F(p,a’)] < |lp — par||. The latter estimate, the
triangle inequality, [|p — pa(o) |l e S |p = par | x +11Par — Pa(p)ll m+ and the estimate
lpar — pallar S o — af imply the last inequality of the proposition. O

6. Reparametrization of solutions
Applying Proposition [ to the solution p(t) we find «a(t) s.t.
(25) p(7,1) = pag)(7) +£(7, 1),

where ¢ L a7, j=0,...,n+1,, as long as lp(t) — porl] < 6. Plug @3) into @) to
obtain

(26) & =—Lo6+NE+F

where
Lo =—=0J(pa),

(27) N ) J(pa + &) — J(pa) — 0J(pa)§,
F = —0apa - Q.

Now, we project 8] onto span{i’, j =0,...,n+1}. By £ L3’ and L0, 3’ =

0, j=0,...,n+ 1, we have

o (0i€,37) = —(£,0:37) =0,

o (La&,#7) = (¢ Lad?) = (¢, M37),

o (F,27) = =30 (Qaspo, 7).
Then we obtain Q& = (N(£), 0apa) — <§,M:£j> , where Q is the matrix with the
entries Q9 = (8yipa,i7), i,j = 0,1,---,n+ 1. By @), we know that QY =
(2%,27) + O(]2|). Assume |z| < 1. Then by the proof of Proposition [, we know
that € is invertible. This gives us

&= Qil(<N(€)aaapa> - <€7M§7>)7

which implies

(28) & <IN+ [=11E]1-
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Next, we estimate N (), defined in 1), with (@), @) and (). An explicit
expression for NV (£) is rather long and is given in Appendix [0 Here we write out
only the worst term:

 Hess(£)(VE, VE)
P2 (p? +1|VER)

where, recall, p = p, + £. Hence, assuming that || < %pa, we have that

(29)

(30) IVl < (IVEILs + 1l )€l = + 1€l 7
This together with (28) gives
(31) |6 S (IVElIZ~ + €l m)lENm= + [2111€]:-

7. Lyapunov functional

In this section we assume that Proposition [ holds and therefore the solution
p can be written as p = po + &, with & 1 1, ‘m—;‘, cee % in L2(T"). Let o = (R, 2).
For k > 1, we define the functional Ay (&) = 4 (&, L% &), where Ly is given by ([3)
(i.e. Lpo& = —gz(A+n)é+ M7= Jr-€) and, recall, the inner product is taken in

n+1

L(T). Since § 1 1,2+, 2 we have, by (T, that (Lgo¢, &) > %=2|¢]12.

9 mv
PROPOSITION 8. There exist constants ¢ > 0 and C > 0 such that
cR(1€]IFn < A(&) < CRTF||E||7

PRrROOF. By a standard computation, we see that there exists a C' > 0 such that
(& Lh&) < CR™2%||€||%,. We prove the lower bound below. Recall (¢, Lpo&) >
2E211€]|1°. From the definition of Lrg we also have (¢, Lro€) = C1R™2||VE[]? —
CoR72||€|? for some C; > 0 and Cy > 0. These two inequalities imply that

<§a LRO§> =A <€7 LRO§> + (1 - A) <§a LRO€>

> ACLR72||VE|]” = ACoRT2[I€]1* + (1 = A)(n + 2)R2[|¢]1?
= AC1R*([IVE[1* + [1€11),

provided that A = C++1+C2, where C' = n + 2.

For the general case, observe that L g is a self-adjoint operator and L’fm has the
same eigenfunctions as Lpo with eigenvalues { gz (I(l+n—1)—n)* : 1 =0,1,---}.
Hence, by (@), (&, L&) > (%2)F(€]|>. On the other hand, we have as before
(&, Lh&) > (2)F11€]1%. — CI€]1%]. Then proceeding as before we find (&, L% &) >
R2k||¢|%,,, which is the lower bound in the proposition. O

PROPOSITION 9. Let k > 2 + 1, |2| < 1 and |¢| < Lpo. Then there exists a
constant C' > 0 such that

n -+ 2 1

EEAE) — [5 — ROV + ArOILgp €.

PROOF. We have 10, (¢, L%&) = (0:&, L&) + 3 (€, (8 L)€) . Now, using
&8), we obtain

(32) DAk (§) < —

(33) éat (& Lio€) = = (La&, Lk ) +(N(€), Lro&)+(7, L’fm@% (& (O LTo)E) -
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We consider each term on the right hand side. First, we observe that one can show
readily that the operator M in the decomposition 4, L, = Lgo + M, satisfies
the estimate

Bt 251
(34) ILRe ME| < clzl|Lpp &]-
Using this estimate and the lower bound (), we obtain
<LOL§7 Ll;%0§>

k41

1 — k k k=1 k1
UL €17+ 3 (Lhot LroLig€) + (Lip M& Ly €)

(35)

1732 nt2 /15 5 o2
> Ui €17 + 33 (Lt L€ ) — clzllLp €]
> HlLg €IF + HEAE)
= 31¥Ro R2Z Ak\S )

To estimate the next term we need the following inequality proven in Appendix B:

k=1 LES]
(36) ILgd NI S (A(€) + AR L €.
This estimate implies that

(N, Do) | =1(Lag N©), L €)]

(37) <L NOUIL €l
< C(A2(©) + AR €112
We have by 1),

| <f7 LIIC%O§> | = |d|| <8apaaL]1€%0€> | = |‘j‘|| <L]1€%08apav§> |
Next, we use B1), the relation LroJnpe = MIapa and @) to obtain

(38) [ (F, Li€) | < CUVENT~ + 1€l + 12D II€] rr21€] -
Finally, using ([[J) and &II), we obtain
(39)
k 2kR k 2 5 ¢2
€6 (9 LR0)E) | = | =5 (& Lro&) | < CUIVENIL + 1€l + 12D 1€ 21T 2o 1™

Now, by the condition k£ > % + 1 and Proposition B we have that ||V,

1€l 2, €] e < CAY?(€). This, together with (33), @), @), BR) and B and
the condition |z| < 1, gives (B2). O

8. Proof of Theorem

First, we note that we can either assume that the initial conditions are smooth
and use the proof of [I2] of local well-posedness of [l) or we can adapt the latter
proof to the Sobolev spaces used here.

We begin with an estimate of |z| and |a — o/| (recall, that a = (R, z) and
o’ = (1,0)) in terms of the Lyapunov functionals Ag(§). Using the estimates
021 < 12 < la] and [ V€|, €]z, €l < CiAY?(€) and Eqn @), we
obtain
(40) Oul2ll < Calhn(€) + A (©) + |=181*(©).

By Gronwall’s inequality the equation ([E0) implies

(A1) |2(t)] < CyeC o AP EENds (1) 4 / max(AY2(€(r)), Ax(€(r))dr).
0
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Finally, by @1l) we have that |&| < C5[Ax(£) + A,lc/2( &)+ |z]]A 1/2( €) and therefore

(42) |a _Oél| < |a0 - a’| +05[Ak(f) +A]1€/2( )+ |Z|] 1/2( )

Let ¢ be the same as in Proposition [ and let € be s.t. Proposition [ holds for
|z| < e. The initial condition, &g, for £ is given in Proposition[d with p = pg. By the
latter proposition we can take initial condition po such that Ag(&)z + Ag(&)F <
a5, where the constant C is the same as in Proposition B Ar(&) + |20] < 557e,
where C' = C3e“*, and |ag — o' + (1 + Cs n+2) 1/2(50) 16, with the constants
C3, Cy and Cs, the same as in @) and {2). Let
T = supft > 0: Ay(ED) FHAR(EW)* < 5. 20)] < g6 Ar(E(0) Ha(B)—o'| < 36},

Clearly, T" > 0 while we assume T' < oo. Then for any ¢ < T we get O, Ax(€) <
— 252\, (€). Integrate this:

(43) Aw(€) < A(&o)e™ R,
which implies
(44) ARET)E + AR(ET)F < Aplo)? + Ael&o)" < iz

and, together with (EII),

(45) 2(6)] < €20 + Axl0)) < 7

uniformly in ¢. Finally, Eqns @), @3) and ) imply that
1
(46) AR(E(0)F + o —o'| < 6.
This, together with (@) and EH), contradicts the assumption 7' < oo, so T = oo
and (), E3) and EH) are valid for all ¢ < cc.
By (B) and (E3) we have that |d] < [Ax(©)+A, (O +]2[]43/*(€) < e 5243/ (6).
Hence there exists ao, > 0 such that |a(t) — as| S e “ERETA /2(50) To sum up

we have p(7,8) = pagn(7) + £(,1) and, by Proposition B and @3), (1)l m <

e 2R2t||§( M ge and |a(t) — aoo| < efZTT?ZtH{(O)HHk for some a, > 0. Due to the
definition ([2H), this proves Theorem 2 O

Appendix A. Appendix A: Proof of Lemma H

Let 8: U — R™*! be a local parametrization of I', and we denote p in the local
coordinates, pof3, again as p : U — R. We write p := poa = poBo3~Loa, which we
rewrite as p = poao, where o:=f"toa:R"! — U. Now, writing u = u(;v) =o(x),

we define %;Z ggl =: §*, where we use the convention of summing over repeated
indices. We claim
~ ; 1
Indeed, since (o(z)) = a(z), we have
oz’ ou™ 0o’ 1 xigd

(48) (

oum Oo’) Oxi - Oxi = m(éw - |I|2 )
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Note that o is homogeneous of degree 0, so x - Vyo = 0. This together with ES)
implies that

~q 2 J n n
) 79 2)a(0) = BB (55 0 B o)
— 1 ou’ (5mn _ oz )61 1 ou’ 9z

|z] dx™ ]2 /ouF — Tz] 9z OuF -

Since |z | 2% amm is homogeneous of degree 0, we have that |z| 2% = amm |p, and there-

Bzm
fore 2 = L (awmh‘) Usmg oo = 1y we compute that (8:“ o ﬁ)g% = ik,

Ox™ Tz|
which is equivalent to 2 o |r( Sow 00) = 0ix. This gives us
ou’ ox™ B i( ou’ | )(%cm B i(g.
dxm ouk x| 0z ouk T ik
From #J) and (B) we have the equation E1).
In what follows we use the relations 88 L= gy V/p (this follows from the defi-

(50)

nition of Vp) and 0,:p = gg; 707+ Using these relations and D) we can compute

= & §zl<9wauzﬁ=§“< )0yt POy p
= gr(2)gkm (W) V" pgin (W) V" p = 5=V pgin V" p

= rElVal.

This gives [I3).
Now we prove ([[d]). We have

u™ Op du' (8uk dp )au" dp

(51)

= dz® Ju™ Ozt dul \ 9z duF ) dxi dun
(52) _ ~ml _Op _9 (auk dp )au" dp
B ou gul ?ﬁ] a%k O au"a 8 (0uF\ 9p 8 0
. >mlzkn _Op p__9p =ml_Op u p_ou" Op
= 99 3um auluF dun +9g du™ dul (Bzf ) uk Oz dun
= A+ B.
Then
9?p 1 9?p
53 A= ~ml ~kn Vp Y r Vq _ —Vl Vk
(53) 979 9moN g m InaV P = TV P g Y P
and
1~ml_Op 9p Op 9 (dul\ou" ~ml_Op Op Op 8 (Ju™\du”
B 29" Bum uf dur B (8907 ) Oz + 29 Ou™ Ou™ duk dul (amj ) Oz
_1-ml_ 9p 9p 9p i(au’c 8u")
29" um uF Jun dul \ 9a7 Bz
Laml_Op_ Op 9p 0g*"
29 aum Ouk du™ Oul
Now B = By = By = B3, where
By = ék" PNJT ) S ) — 1 Ot}kn Op_ \VAAVE
1= 29 gmrgks Dl aun PV p= 2|m|2gks our aun PVPp,
el a5kn - a5kn
By = 53" gmsGnr Far e V7PV P = ariz Gur B i V' PV,
1=mi gk
B3 = ng gkrgns aul Ju 20 =N pV?p.
Hence
ap
(54) B = ——l"p —vrpvsp,

| |4 ”’Sap
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where e, = \w\ (9ks am +gnr au — 2|2 g7 grr s S aul -). 9 (grsgtr) =
aur ( Imlgé ) (pomts x € R"™! are parameterized by (u) and |3:|), we compute
g’“% = 52 (grsJ™") — Qkpagu’? = —ﬁkp%. This gives
F;T)s _ ﬁ(gkp agk 4 gkp Bgm |$|29plgk gkn %gunls)
_ (e 1 o S — gt ).

Since |z| = 1, and therefore §P¥ = ¢g*?, we have that on T
1 8gks 8gkr agrs
P = Zgkp —
s =99 ( our  Ous  Juk )
which coincides with our definition for I'?; at the beginning of Section
Equations (2), (3) and (B4) and the relations Hessp(V, W) = Vi(Hessp);j W’

and (Hessp);j = 832(3“] —I¥; aafk give ([d). This finishes the proof of the lemma. O

Appendix B. Appendix B: Proof of Lemma

In this appendix we prove Lemma [l In what follows we drop the subindex
t in S;, as well as the t—dependence of p. First, we note that if S(u) is a local
parametrization of I', then

(55) Bu) = p(B(u))B(u)
is a local parametrization of S. We denote metrics on I' and S by g;; := giFj and
Gij = gfj, respectively. Let g := det(g;;) (not to be confused with the map g(p)
defined in (@) and g := det(gi;).

The following lemma proves a simple formula estabilishing the relation between
g and g.

LEMMA 10.
(56) g=p"""g (p2 + |VP|2)-
Proor. The definitions g;; = g‘; g‘; and g;; = ?921 gZ] , imply
ook dp \ [ Oc* Op
( ) g] 8'Lp+o- 8uz 8u1p+ 83
Since 0 -0 =1 on I' and therefore o - ‘9" =0, ED) gives
o 8p 8p
Jig = 943 2 8u1 O’
and hence
_ dp Op
58 =d t( i p? ___)
(58) g=det(gip" + 5 555

Writing (gijp2 + 2 %) = p?G'/? (1 + p_2G_1/2(§£)(%)G_lﬂ)(}l/?, where

G := (g;j), we compute
(59) §=p¥g det(l n )\P),

where X := p~2?|Vp[? and P is the projection onto the vector G’l/Q(%). Due
to the relation det(l + AP) = 1+ A, for any rank-one projection P, we arrive at

(530) 0
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By the local definition of the integral over a surface, we have

(60) 1= | s i = [ o0 >\/g

The last equation together with () and the definition ([ proves ([H).

Appendix C. Appendix C: Expression for N (€)

In this appendix we derive the explicit expression for the term A(£), defined
in [@7), with (T7), @) and @). Let F(p) and 9?F(p)) denote the first and second
Gateaux derivatives of F(p) evaluated at p, OF(p) : £ — OF(p)¢ and 9?F(p) :
(&,m) — 0?F(p)(&,n) and at & and 7. Recall the notation

1(p) = \/p® +[Vp[?
and the definition (@) of the map J. In what follows we use the shorthand
£ (&,n) = Hessf(€,n). We have

LEMMA 11. The nonlinearity N'(§) := J(pa + &) — J(pa) — 0J(pa)§ can be
written as

1 s
61 N - d d 82'] [e% ) )
(61) © = [ as [ arotao,+r6)(E)
where 92J(p) = 0*G(p) + 9%g(p), with I*G(p) and d*g(p) given by
4EA A 2ng?
62G(p)(§7£):_ i)3§+6§p4p_ Zg
N 2|[VE[?  2VpVE(2p€ + 5VpVE) N 2|Vpl*E(p€ 4 2VpV§)
pu? put p2ut
_2VpEVE | 2|V 8|Vp]PVpVE(pE + VpVE)
52 3,2 T 6
(62) P21 PP pi

- = (29999 + (v, 79))

362 £(pE+ VpVE)  A(pE + VpVEE €+ |VEP »
_2(04M2+4 (p pguf )+ (p pZuﬁp ) _ p2|u4 | )p (Vp,Vp)
v v " 1"
2+ BLER) (5 (9,96 +€(95.V0)
and
_ 2 2 2
P(p)(E,6) = [2bez 1 PS5 TVHVE & HEVEL, (o6 + VPVES)
r PoH pi pi
<6‘°” v (- B Jome - Paric o)
where
_ Gl 1 . .
Bor= 1 2% e /r (0G(p)ep™ + Glomp™ )
1
(64) T o) )e (/F G(P)P"/F(aﬂ(/?)ﬁpn_l + u(p)(n — 1)0"_2§)> ;
r
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2 _ ; 2
BES) = o ( [ecieon

+ 2/ dG(p)énp™ 1 + / n(n — 1)G(p)p"‘2€2>

fpu "1 (/82 :

+ 2/Ft9u p)E(n —1)p" 2 + /F(n —1)(n— 2)/1,(p)p"_3§2)

1 T
~ (Jpulp)pn—1)2 ( /F(aG(p)gp

+ G [ Ol + up)n - 120))

—fpu . (/(W( )Epn !

T u(p)(n ) /G

with du(p)¢ = p&-erpvi7 Ou(p)(&,€) = ¢ +Z£V£ _ (PE+Z§V£) , @) and
A 2A
IAYS PSS

IG(p)§ = 5 p—gf 02
N 2VpVE  |Vpl%¢ ) |VP|2(P€ + vaé)
(66) pH? p*u? put

- ﬁ (2p,,(Vp, vE) + € (Vp, Vp))

¢ pE + VpVeE
+2 + Vp,V
(p3u2 p?ut ) ( )
PROOF. We write the nonlinearity N'(§) := J(po +£&) — J(pa) — 0J(pa )€ in the
standard form

1 s
(67) NG = [ ds [ aro2a(en +re),
0 0
The definitions of the first and second Gateaux derivatives imply
(68) 9J(p)§ = 0rJ (p +1&)lr=0,
and
(69) 9*J(p)(€,€) = 87T (p + rE) =0
Using the expressions above, we obtain the formula
1 s
(70) N = [ ds [ o+ )60

We use 02J(p) = 0*G(p) + 0%g(p), and compute 9°G(p) and 9?g(p) separately.
Using the definition

Ap _n Vo p (Ve V)

71 G(p) :=
(7) (p) pr o p o pp? p?u?
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we find (60) and (G2).
Next, we use the definition of g(p), which can be rephrased as g(p) = —A(p)B(p),
where A(p) := @ and B(p) := %, as in the lemma. Using this represen-
r
tation and using 8%g = —9?AB — 20A0B — A9*B and
pE + VpVeE
Ou(p)§ =

VP + Vo

E€+1Ve?  (pE+ VpVe)?
VAR T VR

we obtain (G3]).

Finally, using the definition of B in (@), we find @), and E3). O

0*ulp)(€,€) =

Appendix D. Appendix D: Proof of (B4
LEMMA 12. Let k> % + 1 and assume that |£| < pa. Then

(72) 1L N S (AY2(©) + AL €l

PROOF. Assume first that & is an integer. Then ||L§77|| ~ [[nll3pe—r = [Inll72+
[V*=1n||2,. Now, by Lemma [l [V*~IA(£)| is bounded above by terms of the
form [€H(VE)" (V) - -+ (VY E)|, where
(73)
0<t,r<k+1,1<s<k, t+r+s>2,2<a; <---<as <k—s+2, a1+ +as; < k+s.

Note that the last two conditions in [[3) imply that s < k. Then by Holder’s
inequality we have

IVEIN I < IVENE< IV €l -+ Vo€

where pil—l—---—l—p%:%.
Since k > % 4 1, we have, by the Sobolev embedding theorem, that ||{||r +

[V&llz= < [I€]l+. Moreover, we choose p; so that k —a; > 5 — 2t for all i =
1,--+,s—land k+1—ay > 5— - (this choice implies Yoy < BH14+(k—15)s,
which is compatible with [Z3) ). Then, using the Sobolev embedding theorem
again, we have |V ¢||pr: < ||&]|gn, fori=1,---,s—1,and |V*¢| Lrs < [|E]|gr+1-

Combining these estimates gives us

L2 NI S €N E N aw-

Now from 1 < r + s — 1 < 2k and Proposition § we obtain [(2). Furthermore, one
can easily check that k can be taken arbitrary close to § + 1 (this means that one
is able to satisfy 1 Zai—%, fori=1,---,5—1,2> as — pls and «; > 2, Vi).

If k is not integer, we proceed as follows. Let 5 =k — [k] € (0,1). We use the
space H? with the norm

dh
a0 = 170+ [ s |8,

where Ay, f(x) = f(z + h) — f(z). We have the embeddings
(74) I lme S gs Sl gsrs B <5

|Lps s
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Let us prove the first embedding:
(A + 1) f(x) = Caf(x) + /(f(l’ —y) — f(@))Gp(y)dy,

where Cg is an analytic continuation of Cg := [ Gg(x)dz with Re(3) < n and
Gs(y) == [e¥*(|k|* + 1)%/2dk. Note that Ga(y) ~ |y| "B as |y| — 0 and is
exponent1ally decaying at co. So

1£llszs = 1(=A+ 1) fll 12 < Call fll 2 + Iy |n+5||Auf||L2 Sl s

which proves the first embedding in ([Z4).
For the second embedding, let ¢ = (=A + 1)%/2f. Then

fe(CA+1) = / Gz — y)oly)dy,

where G/ (y) == [ eV (|k|? + 1)~ #'/2dk. Note that G (y) ~ |y|~"t% as |y| — 0
and is exponentlally decaylng at co. Let 8 < 3" < B'. Then

f|h\<1 ‘h|n+/3 ||Ahf||L2

= f|h\<1 \h|"+ﬁ|| fz y|<2 Gﬁ/(x"'h y) — B'(UU y))e(y)dy
75 +faa y\>2 Gﬁ’(‘f"'h y) — GB’(UC_ v)e(y)dy| r2
(75) < B n+p'—p"
S f|h\<1 ‘h|n+/3(|h| [ fm yl<2 lz—y|~ le(y)ldyl| 2
TRl — o7 T oyl )
S lelle = 1f lgsr
and

dh dh
/h|> |h|"+3 NARSflzz < 2| fllzz /h|>1 W SN e

This proves the second embedding in ([4).
Using ([[dl), we obtain

| H;:l fj”Hﬁ S f |h\n+5 ||Ah H] 1 5;1”2
< 21:1 f \h|n+ﬂ | H; 1 gaAh& Hj i+1 Th€j||2
S Zf:l(l_[‘j#z ||§J

where Ty, f(x) = f(z + h), ZJ L = % Usmg appropriate embeddings, we
conclude finally that

(76) I H §ills S Z H &1l

i=1 j=1
where c(- 2 ( 5 ( ) I} pﬁ) . Similarly as before we know
that E] 1 J — > %(s — 1), which guarantees tlhe existence of pgi).
For k not an 1nteger we write
(77) IVl s ~ (=2 + 12N €)1z,

where m = [k] — 1 and 8 =k — [k] € (0,1). V"N () is treated as before to obtain
(78) VTN(E) ~ €(VETVE- - Vg,
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where t <m+2,7r<m+2,2<ao; <m-—s+3, E;Zlozjgm—kl—ks,sgm—l—l
and t+7r+ s> 2. ‘

If a; < m+2 Vj, then, using (Z8) with & = V¢ V), ¢! +aj = k Vj # i and
cz(-i)—kozi:k—kl, we find

S

(79) 1€ (V)" [T V&l < €l 1EN rresn-
j=1
We use this estimate, together with [[2) and ([J), to obtain
2[k]
(80) IN@Eere—s S D el e 1€l prnsa
i=1

If g = m + 2 and therefore s = 1, then we let f = gt (V&)™ and proceed as
(81)  (=A+ 1)P2FUmt2e = f(—A + 1)V 26 4 [(—A +1)°/2, [V,
The first term on the r.h.s. is easy to estimate:

|f(=A+ 1)‘3/2Vm+zfll < (N lloollEl £+
< el Nl mee < 3oy Nl €l v
To estimate the second term in the r.h.s. we note that
[(—A+ 1572 fln=[(f (1)Gs(x — y)n(y)dy
Sz — Z)(f(l‘ —z) - f( ))Gﬁ( )dz

Using this representation we obtain for g’ > 3,
I[(=A+ 1), flnlls

(82)

< sup, In(- - z)%nm ) [ 1217'1Gp(2)|dz
< sup, [n(- - )%”Lz(dz)
<

Il sup | 255
where % + % = 1. Similar to (m), we have

SUP” = A fllae SN lgorrs 7 >

||7

Using this estimate and Sobolev embedding theorem, we find
ALf
(=2 + 172, flnlla S lInll e sup ”W”Hb S Al llfll gossrs

where " > ', a > % — %, b> % — 2. Taking f = £/(VE)" and n = V™3¢, a = 3,
we find

I[(=A+ 1)6/27f]Vm+2€|| < 1€ (VE N grrvar 1€l e
Note that " +7>n— % = %. Let 3” +r = j. As before, we estimate

IEVE s S 3o Vg VIEVI e gy < I V) >
Jittityr=J
Since k > § + 1, we can take j = k — 1 and so
I1(=A+ )72, IV 26| < (|l NE N e,

where, recall, f = £'(VE)". This inequality together with (), &) and (§2) implies
[B0) also in this case. As was mentioned above [B0) implies ([Z2). O
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