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Dynamics of non-autonomous equations of non-Newtonian

fluid on 2D unbounded domains
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ABSTRACT. This paper studies the asymptotic behavior of solutions for a
non-autonomous incompressible non-Newtonian fluid on two-dimensional un-
bounded domains. We first prove the existences of the L2-regularity uniform

H 2_ ; ; \% ;
attractors AH(go) and H“-regularity uniform attractor ‘AH( %)’ respectively.

Then we establish the regularity of the uniform attractors by showing
H _ AV
Aig0) = Arig0)

which implies the uniform (with respect to the external forces) asymptotic
smoothing effect of the non-autonomous fluid in the sense that the solutions
become eventually more regular than the initial data.
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1. Introduction

In this paper, we study the existence and regularity of the uniform attrac-
tors for the following non-autonomous incompressible non-Newtonian fluid on two-
dimensional (2D) unbounded channel-like domains

ou
(1.1) o + (u-V)u—V-7(e(u)) + Vp = g(z,t),
(1.2) divu=V -u=0, 2= (21,22) € Q,

where Q = Rx (—L,L) C R? and L > 0 is a positive constant. Equations (1.1)-(1.2)
describe the motion of an isothermal incompressible viscous fluid, where u denotes
the velocity field of the fluid, g is the time-dependent external force function, the
scalar function p is the pressure, and 7(e(u)) = (7j(e(w)))2x2, which is usually
called the extra stress tensor of the fluid, is a matrix of order 2 x 2 defined as

(1.3)  mi(e(u) = 2uo(e + le(u)]?) " 2es;(u) — 2u1Aeij(u), i,j = 1,2,
where

e =g (G 5e) e = Yl

4,j=1

and g, 441, , € are parameters associated to the fluid. In this paper we assume
that po, pu1, € are positive constants and « € (0, 1).

In equation (1.3) if 7;;(e(u)) depends linearly on e;;(u) then we say the cor-
responding fluid is a Newtonian one. Generally speaking, gases, water, motor oil,
alcohols, and simple hydrocarbon compounds tend to be Newtonian fluids and their
motions can be described by the Navier-Stokes equations. If the relation between
Ti;(e(uw)) and e;;(w) is nonlinear, then the fluid is called to be non-Newtonian. For
instance, molten plastics, polymer solutions and paints tend to be non-Newtonian
fluids. One can refer to [4, 5, 6, 21, 24, 28] and the references therein for de-
tailed physical significance. Factually, equations (1.1)-(1.3) were firstly formulated
by Ladyzhenskaya as a modification to the Navier-Stokes equations when the gra-
dient |Vu| of the velocity is relatively large ([21]). Clearly, equations (1.1)-(1.3)
reduce into Navier-Stokes equations when o = ;7 = 0 and into Euler equations as
p1 = po =0.

The first objective of this paper is to prove the existence of uniform attractors
Ag(go) in space H and .A;Q(go) in space V' (see notations in section 2) for the family
of processes corresponding to equations (1.1)-(1.3), respectively. In studying time
asymptotic behavior of solutions of PDEs defined on unbounded spatial domains,
one will find a considerable obstacle. If the spatial domain is unbounded, we loose
the compactness of the Sobolev embedding related to the phase spaces. This ab-
sence of compactness is also the main difficulty when we prove the existence of the
uniform attractor in the present paper. For example, we have V — H, but the
embedding is not compact because that the spatial domain €2 is unbounded.

To obtain the existence of the uniform attractor Ag( %) in space H, we use the
truncation function and decomposition of spatial domain, as well as the compact
Sobolev embedding on bounded spatial domain, to prove the asymptotic compact-
ness of the associated family of processes. The technique of truncation function has
been successfully used by some researchers, see e.g. [2, 31, 32, 41].



UNIFORM ATTRACTOR FOR AN INCOMPRESSIBLE NON-NEWTONIAN FLUID 285

To obtain the existence of the uniform attractor in space V', we use the approach
of enstrophy equation of the fluid to prove the asymptotic compactness of the
associated family of processes. The idea of energy equation was essentially due
to Ball [3] and it has been extended and generalized in some directions [11, 19,
20, 22, 33, 34]. This technique was later presented by Moise, Rosa and Wang
in a systematic way and in a general abstract framework in [26, 27]. Also, this
technique has been successfully extended to study the pullback asymptotic behavior
of non-autonomous systems (see e.g. [8, 9, 10]).

We want to point out here that the method of energy equation seems difficult to
be used in the present paper to obtain the asymptotic compactness of the associated
family of processes in space H. The obstacle comes from the nonlinear term po(e +
le(u)|?)*/2e;;(u). We are not easy to prove the corresponding convergence of this
term in the energy equation. This is the reason that we use the truncation function
in space H.

The second purpose of this paper is to establish the regularity of the uniform
attractors. We prove that AZ( %) = A;Q( 90) C V. There are two conclusions can
be concluded from this result. The one is that the uniform attractor associated to
equations (1.1)-(1.3) does not depend on the energy space chosen for the mathe-
matical studying; the other is the uniform (with respect to (w.r.t. for short) the
external forces) asymptotic smoothing effect of the fluid in the sense that the so-
lutions become eventually more regular (possessing H?2-regularity) than the initial
data (possessing L?-regularity).

There are some results on the regularity of global attractors for autonomous
dynamical systems, see e.g. [15, 16, 17, 23, 25, 35]. However, to our knowledge,
there are only a little of reference on the regularity of uniform attractor for non-
autonomous dynamical systems in the unbounded spatial domain case.

Other than the global attractor of a semigroup in the autonomous case, the
uniform attractor of a family of processes does not possess the invariance property.
We will first use the minimality of the uniform attractor to show that A;Q(go) =

Ag( g0) C H. Then we utilize the Uniform Gronwall Lemma to establish that
the solutions of (1.1)-(1.3) with initial values in any bounded set of H will enter
a bounded set of V after large enough time. And then by the structure of the
uniform attractor, we show that Ag( ) is indeed a bounded set of space V. So we

806 At 4o) = Afigen) C V-

The paper is organized as follows. Section 2 is preliminaries. We first introduce
some notations, and then we show the unique existence, as well as some a prior:
estimates of solutions. In Section 3, we prove some properties and the existence of
uniform attractor for the family of processes corresponding to the non-Newtonian
fluid in space H. In Section 4, we verify some properties and the existence of
uniform attractor in space V. In Section 5, we establish the regularity of the
uniform attractors.

2. Preliminaries

In this paper, we will use the following notations.
LP(2) = LP(Q) x LP(Q2)-the 2D vector Lebesgue space with norm || - [|L»(q); partic-
ularly, ||+ flL2) = 11 - [I;
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H™(Q) = H™(Q)x H™(Q)-the 2D vector Sobolev space {¢ = (¢1, ¢2) € L2(Q), V¥¢ €
L?(Q), k < m} with norm || - ||gm q);(see [1])
1 (0)
H5(Q) = {¢: ¢ = (¢1,02) € C5°(Q) x C*(V}
V= {¢€Co (€) xC°(Q) : ¢ = (d1,¢2), V-0 =0}
H= v o
V= V ! with norm || - v and dual space V’;

with norm || - || and dual space H’;

Yy—the closure of space X under the norm of Y;
(+,-)-the inner product in H, (-, -)—the dual pairing between V' and V”’;
B(H)-the union of all bounded sets of H;
B(V)-the union of all bounded sets of V;
L%(R; H)-the set of functions g € L} .(R; H) satisfying
t+1

(2.1) Hﬂ%z”%%mﬂy:wp/HMﬂﬁh<+m;
teR y

L2(R; H)-the set of functions g(s) € L? (R; H) satisfying

{g(s+h):he R}L“’C 5 compact in L7 (R; H); (see [7], Pio1)
H@»4%w+w%e@mﬂn““m,
=[r,+0), Ry =][0,+00);
dlst m(X,Y)-the Hausdorff semidistance between X C M and Y C M defined as
dlstM(X Y) = sup,cx infyey ||z — vyl ar;
“ — 7 denotes convergence in strong topology;
“ — 7 denotes convergence in weak topology;
— 7 denotes embedding between spaces;

c is the generic constant that can take different values in different places.

To put equations (1.1)-(1.3) into an abstract form, we now introduce some
operators. Firstly, we set

2
(2.2) a(u,v) = Z /82;i )&zjxi )d:v, u,v € V.

i,5,k=1 Q
Lemma 2.1 (Bloom and Hao [5]). There exist two positive constants ¢; and
co which depends only on Q such that
(2.3) cillul|¥ < a(u,u) < collull}, Yue V.

From the definition of a(-, -) and Lemma 2.1 we see that a(-, ) defines a positive
definite symmetric bilinear form on V. By the Lax-Milgram Lemma, we obtain an
isometric operator A € L(V, V') via
(2.4) (Au,v) = a(u,v), Yu,v eV.

Moreover, let D(A) = {u € V : Au € H}, then D(A) is a Hilbert space. Indeed,
A = PA?, where P is the Leray projector from L?(Q) to H. Also by Lemma 2.1,
we have
(2.5)

crllully < a(u,u) = (Au,u) = (Au, u) < || Aul| lu]] < | Aul| [u]lv,Vu € D(A),

thus
(2.6) allullv < ||Aul|, Yu e D(A).
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Secondly, we define a continuous trilinear form on HE(Q) x HE(Q) x H(Q) as
b(u, v, w) = i /u-%w»dx u, v, w € HY(Q).
. ij=1% Ox T ’

Since V' C H}(Q), b(:, -, -) is continuous on V x V x V and one can check
(2.7) b(u,v,w) = =b(u,w,v), blu,v,v) =0, Yu,v,we V.
Now we can define a continuous mapping B(u) from V x V to V' by
(2.8) (B(u),v) = b(u,u,v), VoeV.

Finally, we set

() = 2p10(= + (@) /2, VueV,
and define the mapping N (-) as
2
(2.9) (N(u),v) = > / p(u)eij(u)eij(v)dz, Yve V.
ij=1g

Then N(+) is continuous from V to V’. When u € D(A), N(u) can be extended to
H via

(2.10) (N(u),v) = — /{V p(u)e(uw)]} -vde, Yo e H.
Q

From the viewpoint of physics, the initial boundary value problem of (1.1)-(1.3)
can be formulated as follows:

0
(2.11) 8—1; +u-Vju—-V- (2u0(5 + le[?) 722 — 2M1Ae) + Vp = g(z,t),
(2.12) V-u=0,
(2.13) u=0, mn;n =0, =€ 09,
(2.14) uly=r =u,;, z€Q, TER,
Oe;;
where ;5 = 2,u1% (4,4, = 1,2) and n = (n1,n2) denotes the exterior unit
T

normal to the boundary 9. The first condition in (2.13) represents the usual no-
slip condition associated with a viscous fluid, while the second one expresses the fact
that the first moments of the traction vanish on 92. It is a direct consequence of
the principle of virtual work. We refer to [4, 5, 6, 21, 24, 28] and the references
therein for detailed physical background. There are many works concerning the
unique existence, regularity and long-term behavior of solutions to equations (2.11)-
(2.14) or its associated versions (see e.g. [4, 5, 6, 12, 13, 14, 18, 21, 24, 28, 34,
36, 37, 38, 39, 40, 41, 42)).

Excluding the pressure p, we can express the weak form of equations (2.11)-
(2.14) in the solenoidal vector fields as follows (see [5, 36]):

ou

(2.15) 5 +2p1Au+ B(u) + N(u) = g(z,t),
(2.16) Ulg=r =u, € H, T €R.
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We now take in equation (2.15) an external force function go(z,t) € L(R; H)
and take (X,0) = (H(go),g) as the symbol space. Note that L2(R; H) C L(R; H)
and for any g € L?(R; H) we have (see [7])

(2.17) lgllzz < llgollLz-

Lemma 2.2 (I) If go € LZ(R; H), then forV g € H(go) and Vu. € H, problem
(2.15)-(2.16) admits a unique solution u satisfying

(2.18) uw € C(R,; HYNL>®(R,; H)NLE (R V), du € L7 (R V),

loc
and
(219) @) < a2 0 4 (1 — ol ¥t > 7,
C1p1 C11 b
t t
@20 Jul +eum [ u(s)pds < el + —— [l

hereafter the positive constant ¢y comes from Lemma 2.1.
(IT) Suppose go € LE(R;H), then for Vg € H(go) and Yu, € V, problem
(2.15)-(2.16) possesses a unique solution u satisfying

(2.21) uw€C(R;V)NL®(R; V)N LE (R D(A)), Ou € LE (R, H).

loc

Moreover,
t
(2.22) t=Du®lF <Q | t =7, lurl?, / lg(s)?ds |, Yt>7,7€R,

where Q(z1, 22, 23) s an increasing continuous function of z1 =t — 7,22 and zs.
Proof. The unique existence of solutions, (2.18) and (2.21) can be proved sim-
ilarly to that of [5] by using Galerkin approximations and some a priori estimates.
The inequalities (2.19),(2.20) and (2.22) can be established analogously to that of
[37]. We omit the detailed proof here. O
Remark 2.1 From Lemma 2.2 (IT), we see that for all g € H(go) and Vit > T,
there holds

(2.23) (t —7)|[u@®)]? <Q (t =7, Ju-|?, (t - T)IIgollig) :

The bound in the right hand side of (2.23) is independent of g € H(go). In fact,
for any given u, and Vg € H(go), denote by u,4(t) = Uy(t, 7)u, the solution corre-
sponding to initial value u, and symbol g. Then we have for each T' > 7 that

(2.24) s ug(®)[} < +00, Vg€ H(go),
te|r,

and

T
(2.25) /||Aug(t)||2dt < +oo, Vg€ Hlgo).
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3. Existence of the uniform attractor in space H

The aim of this section is to prove the existence of uniform attractor for the
family of processes corresponding to problem (2.15)-(2.16) in space H. We will
establish the existence of uniform (w.r.t. g € H(go)) absorbing set and the (H x
H(go), H)-continuity of the family of processes. Then we use the truncation of
functions, as well as decomposition of spatial domain, to verify the asymptotic
compactness of the family processes, which plays an important role when we prove
the existence of uniform (w.r.t. g € H(go)) attractor in space H.

We first define a natural translation semigroup {S(¢)}:>0 on H(go) as

(3.1) S(h)g(-) = g(- + h), Yh = 0, g € H(go).

By Lemma 2.2, we see that for each g € H(go), the process {Uy(t,7)}i>r :
Ug(t, T)ur = u(t), is well defined from H to H, where u, € H is arbitrarily given
and u(t) is the solution of problem (2.15)-(2.16) with initial value u, and with

symbol g. Analogously, the family of processes {Uy(t, T) }+>r,get(q0) 18 Well defined
from H to H. Moreover, we have the following translation identities in space H

(3.2) Us(hyg(t,7) = Ug(t +h, 7+ h),Yh>0,t > 7,7 €R,g € H(go),
(3.3) U, (7, 7) = Id(identity operator), 7 € R, g € H(go),
(3.4) Ug(t, s)Ug(s,7) =Uy(t, 1), Vt > s>, g € H(go).

We now introduce some definitions.

Definition 3.1 A4 set By C H is said to be a uniformly (w.r.t. g € H(go))
absorbing set for the family of processes {Uy(t,T)}i>r ger(go), if for VB € B(H)
and V1 € R, there exists a to = to(B,7) = 7 such that Uyeqy(y,) Ug(t, 7)B S By for
all t > to.

Definition 3.2 The family of processes {Uy(t, T) }1>r gem(q0) 5 said to be (H x
H(go), H)-continuous if for any fixed t,7 € R (¢t > 7), the mapping (u,g) +—
Uy(t, m)u is continuous from H x H(go) to H.

Definition 3.3 The family of processes {Ug(t,T)}i1>r gem(go) 15 said to be asymp-
totically compact in H if {Uywm (tn,T)ugn)};’f:l 1s pre-compact in H, whenever
{ugn)}j’f:l is bounded in H, {g™}2, C H(go) and {t,}3>, C R, with t, — +o0
as n — oo.

Definition 3.4 A set A C H is said to be the uniformly (w.r.t. g € H(go))
attracting set of {Ug(t,7) }e>r.get(go) @ H if for VB € B(H) and any fized T € R,

lim sup distyg (Uy(t, 7)B,A) =0.
t—+o0 g€H(g0)
The family of processes {Uy(t,T)}e>r gem(g0) POSSESSING 0 compact uniformly at-
tracting set in H is said to be uniformly (w.r.t. g € H(go)) asymptotically compact
in H.

Definition 3.5 A closed set A C H is said to be the uniform (w.r.t. g € H(go))
attractor of {Uy(t, T) }e>r.gem(qgo) if A satisfies

(1) (Uniformly attracting property) For ¥B € B(H) and any fixzed T € R, there
holds

lim sup disty (Uy(t,7)B,A) = 0.
b= geH(g0)
(ii) (Minimal property) A is the minimal set (for inclusion relation) among
the closed sets satisfying (i).
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Lemma 3.1 Let go € L}(R; H), then the family of processes {Uy(t, ) }i>r.ger(go)
corresponding to problem (2.15)-(2.16) possesses a bounded uniformly (w.r.t. g €
H(go)) absorbing set BE C H, where

2 1
(3.5) B = {u cH:||ul)<—@1+

2 2
go = R, }
1 ClMl)” HLg 0

Proof. We see from (2.19) that for arbitrarily given B € B(H), Vu, € B and
Vg € H(go), the corresponding solution of (2.15)-(2.16) satisfies

1 1
(1+

Uy (t, T)ur||? < |Jur|Pe et 4
Ut e < e e

Mgoll2. ¥t > .

which implies that there exists a time to = to(7, 8) > 7 such that

2 1
Uy(t, ur||? < —(1+
[Ug (¢, T)ur|l Clm( o

MgollZ: = R3. ¥t > to.

The proof is complete. O

Lemma 3.2 Let go € L2(R; H). Then the family of processes {Uq(t, )} 1> gt (g0)
corresponding to problem (2.15)-(2.16) is (H x H(go), H)-continuous.

The proof is similar to Lemma 3.2 of [39] with the bounded spatial domain
replaced by the unbounded spatial domain. We omit the detailed proof here.

Lemma 3.3 Let go € L2(R; H) and ul™ . weakly in H. Set Q, = {z €
Q: x| <r} forr >0, {g}2, C H(go) and g™ — g strongly in H(go). Then

T

(3.7) Ug(m(-,T)uT”) - Uy(-yT)ur weaklyin L*(1,T;V),VT > .

(3.6) Ugm)(t,T)u(”) —  Uy(t, 7)ur weaklyin H,

Proof. We get (3.6) directly from Lemma 3.2. Also, we can show that the
sequence {U,m) (t, 7)ul™}, is bounded in L®(R,; H) N L2, (R,;V) and the se-

loc

quence {2-Uywm) (t,T)’U/S—n)}Zozl is bounded in L? (R,;V’). The rest proofs of (3.7)
are essentially the same as that of Lemma 2.1 of [29]. The proof is complete. O
Lemma 3.4 Let go € L2(R; H) and B € B(H). Then for any ¢ > 0, there

exists an vo > 0 and a time Ty = Ty (7, B) > 7, such that
(38) ||Ug(ta7—)uTHI%,2(Q\QT) <, Vg S H(go), Yu, € B,V’I” > ro,t > Tk.

Proof. Let x(-) € C*(R?) such that
_ 0 <,
X(®) _{ 1, |z >2
Set xr(7) = x(¥), 7 > 1. Then [|[Vx; Lo r2) < er1, ||D2XT||]L°°(]R2) < cr™2, where
¢ > 0. Assume that p is the corresponding pressure. We remark that the following
deduction will be rigorous for the solutions of problem (2.15)-(2.16) with initial
data u, € V. By passing limit and the fact that U, (¢, 7) is continuous in H for any

g € H(go), it is also true for u, € H. For any given g € H(go) and u, € B, set
u=u(t) = Uy(t, 7)u,. We see from (2.11) that

0 2\—a/2 .
= e (2ol + leP) ey (a))
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The right hand side of the above equation is at least in L? (R,;H~2(Q)), thus

p€ L (R;; L*(Q)) and for each fixed T > 0,

loc

t+T

(3.9) / 1Pl dt < e(T), Vi>.
t

Taking the inner product of (2.11) with y2u, noting V - u = 0, we obtain

2

1d 9 Oeij(xru) Oeij(xru) ouj

ige=1 A 6$k 6$k 2
/gx udx+2/pxrvxr udz — 2 Z / u)eij(u)ei; (xru) da
Q i,5,k= 16
(3.10) —|—2,u1/<1)(xr,u) dz,

Q

where

2 €ij u €4 u e (u e 2’(},
D)= 3 (a i () Deij (xru) e (u) e (X3 )>.

L “ a’ﬂk 8xk 8xk 8:z;k
i,5,k=1

Using integrating by parts, we have

ou; ou
/uia—éxfuj dx = —/uiujxf l

(9:;- dx — 2/uiujujxr% dx.

3

Q Q Q
Thus
ou; Oxr
Juguds| = | [ w5 da| < o Vxl o lulls
Q Q
_ 1/2 _
< 1nu|\5/2|\u|\Hé oy < e (1 + lulZe o)
(3.11) < e ulBegy.  (t> to(r, B)
Since
1 Ox ox
. 2 _ . ks ks
eij(Xru) = xreij (Xru) + 2Xr< I 0a, - +u a%)

1 8XT 8X7“
xreij(u) = eij(xru) — X (Ua Ry T uig - )
J
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we get

2 / p(uw)es; (wes; () da

Q
2 1 ox ox 2
— _ . 2_ - LA AT
— |23 [utw [( ()~ 3 (u . axj) ] de
5,j=1 ¢
2 2
1 Oxr Oxr
< . )
< 5 % o (w5 u ax) da
BI=1g
1 -
(3.12) = Spuoe PllullPIVxelfe @) < er™2 (t>to(7,B))
Similarly, we have
Beij(xfu) - 0 1 aXr aXr
Oy, - X oxy, eig (xru) + 2\ Oz + U Oz
8Xr 1 aXr 8XT
+8Ik {ew (Xru) + 9 ('U/] 8$Z + u; 8$j )
deyj(u) 0 1 Oxr Oxr Oxr
Xr oz, T Oz eij (xrt) 2 Ui ox; + Oz oz, i (u);
2 2
1 0 Oxr Oxr
B =g ”;:1 {&L’k (uj O +u13$a‘)}
3)@ a aXT aXT
_5—;%6“ (U)a—xk <uJ oz, + u; oz,
Oxr Oeyj(u) Oxr Oxr
+6$k afk i (9;63‘ + i al’i .
Hence
/@(Xr,u) dz
Q
< 2”””]%12(9)(HVXTHI%PO(Q) + ||D2Xr|‘iw(sz))
HIVxr1Z 20 1ullzn @) IV X loe (@) + VXA I o (62))
(313) S CT‘_QH,U‘HIQHP(Q)' (t > tQ(T, B))

Note that on the spatial domain ) we have the Poincaré inequality
A1 / lu|?dz < / |Vul?dz, Yue H{(Q),
Q Q

so we have

3 [ 1o < [ |8uPde < fulfag, Ve YD) NE®),
Q Q
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where A; is a positive constant depending only on €. The rest terms in (3.10) are
estimated as

IN

RS
(3.14) [oxtuds| < gl lhoul < 252 ol + clhogl?,

Q

/ Ve -udz| < 2pllzaey ol [Vxellie o)

Q
AT
< el + el VXl o P20
H1 -
(3.15) < 7||XTU||]%I2(Q) t+or 2||p||2L2(Q)7

where ); is the constant in the Poincaré inequality. Therefore,

d
3 heul® + 2m A houl®

IN

d
T lheul® + 2mlbeulie )

IN

(3.16) clixrgll +er™? (||U||1%12(Q) + ||p||2L2(Q)) +er

Setting n = 2u1\?, we get by using Gronwall inequality

t
c —n(t—s
bl < 5 [0 (Juls) ey + ) + og()I?) ds

(3.17) sl + £
7’]7‘

Now (2.20) shows that for any 7" > 0

T+T T+T
/ ()13 < cllur® + ¢ / lg(s)l12ds < e(llur 2 + llg0ll2.7).

T
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Combining (3.9) (fixing T = 1), we get

/ 7 (Ju(s) ey + () oy + g2 ds

< / e (Ju(s) ey + I9(5)]132(0) + rg()[12) ds
t—1
N / 1 (Jlu(s)]12 @) + 1)) + [x09(5)]2) d
t—2
t—2
+ / e (Ju(s) ey + IP(3)]132(0) + IPerg(s)]12) ds
t—3
< (I4e e e 4 (et xngl7e)
L et lxegol?s
(818) = et gl < ———

(3.17) and (3.18) imply

2
C(t— c ¢ ¢t lIxrgoll7:
(319) ol < lxeurlPeT 0 4 o G =R Vi T

Since go € L%(R; H), we have 11111 [Xrgollz = 0. Hence, by (3.19) we see that for

any € > 0, there exists an 7o > 0 and a T, > max{¢o(7, B), 7} such that ||X%u||2 <e
for t > T,. When r > r¢

[ullZ2 (o0, < HX%UH2 <e t>T.

The proof is complete. O
Lemma 3.5 Let go € L2(R; H). Then the family of processes

{Ug(tv T)}tZT,ge'H(go)

corresponding to problem (2.15)-(2.16) is asymptotically compact in space H.

Proof. Let {uTn)} ° , be a bounded sequence in H, {g™}%, C H(go) and
{tn}2; C R; with ¢, — +o00 as n — oo. Without loss of generahty we may
assume that t, > to (see Lemma 3.1). Let {uym (tn) = q(m(tn,T)uT )}n 1 be
the corresponding solution sequence. Then {uywm)(tn)}n%; is bounded in H. We
can also prove that {u,wm) (t)}52; is bounded in V (see Lemma 5.2 later). Thus
{uge (tn) }y converges weakly to some v € V' in space V. Obviously, for any
€ > 0, there exists an 1 > 0 such that

€
lollz@a,,) < 3
By Lemma 3.4, for above € > 0 there exists a Ty > tg and an ro > 0 such that

€
(3.20) ||ug(n)(tn)||L2(Q\QT) < 3 Vi, >Te, V7 >rs.
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Clearly, {uym) (tn)|a, }or; is bounded in H?(Q,) for any given r > 0. Set r =
r1 + 72 + 1, then the embedding H?(Q,) — L?*(Q,) is compact and the sequence
{ugyo (tn)la, Yo, is pre-compact in L2(€2,.). It is easy to see that {uym) (tn)], }22,
converges strongly to v|q, in L?(,) and there exists an ng > 0 such that

€
3
Therefore, we have when n is large enough that

(3.21) lugon (tn) = vl < =, Yn > no.

lugo (tn) — vllL2(0)

< lugen (Bn) = vllLzie,) + lluge (tn) — vliLz@a,)
< uge (tn) = vllLe(,) + lugm (ta)llL2@\a.) + vllL@\e,)
€ € €
3.22 < —4+ -4+ - =€
( ) S 3 + 3 + 3 €

Thus the sequence {uywm) (tn) 52, converges strongly to v in H, which implies that
the family of processes {Uy(t, T) }+>r get(q0) 15 asymptotically compact in space H.
The proof is complete. O

Lemma 3.6 Let go € L2(R; H). Then the family of processes

{Ug(tv T)}tZTngH(gr))

corresponding to problem (2.15)-(2.16) is uniformly (w.r.t. g € H(go)) asymptoti-
cally compact in space H.

Proof. It suffices to prove that the family of processes {Ugy(t,7)}i>r ger(g0)
possesses a compact uniformly (w.r.t. g € H(go)) attracting set in H. We claim
that the set

L?(2)
(3.23) Wr 31(g0) (BE) = m U U Uy(s, 7)BY for each 7 € R,
t>7 geH(go) s>t

is a compact uniformly (w.r.t. g € H(go)) attracting set for {Uy(t, 7) }1>r,ger(go) i
H. In fact, the set w; 3(gy)(B§') defined by (3.23) can be characterized, similarly
to the semigroup case, as follows:

we waH(go)(Bg){) —

there exist {w(™}22, € Bf, {g™}321 € H(go),

and{t,} C R, with ¢, — 400 as n — o0

such that Uy (tn, T)w™ — w stronglyin H as n — oo.

(3.24

Indeed, (3.24) implies that wo 3(gy) (BE) = wr p(go) (BE) for each 7 € R, in other
words, wﬂH(gO)(Bé{ ) is independent of 7. The rest proofs of this lemma are similar
to those of Proposition 4.1, 4.2 and 4.3(iii) in [19]. Here we only sketch the main
steps and omit the detailed proofs.

Step 1. wT_’H(gD)(Bé{) is a nonempty compact set in H. This assertion can be
established by the uniformly (w.r.t. g € H(go)) absorbing property (Lemma 3.1),
asymptotic compactness property (Lemma 3.5) of {Uy(t,7)}i>r gem(go) in H and
the characterization of w, 3(4,)(B¢') described by (3.24).

Step 2. For VB € B(H) and any fixed 7 € R,

(3.25) lim  sup disty (Ug(t, 7)B,w; 1(4)(BS)) = 0.
E=F00 geH(go)

(3.25) could be proved by contradiction and using of Lemma 3.5 and (3.24).
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Step 3. For VB € B(H),

(3'26) WT,H(go)(B) - wT,H(go)(Bgl)'

(3.26) can be proved by using (3.4), (3.24) and Lemma 3.1. (3.25) and (3.26) imply
the uniformly (w.r.t. g € H(go)) attracting property of w, 3;(g0)(B¢) in H. The
proof of Lemma 3.6 is complete. O

Combining Lemmas 3.1, 3.2, 3.6 and Theorem 5.1 of [7], we now can state the

main result of this section.
Theorem 3.1 Let go € L2(R; H). Then the family of processes

{Ug(tv T)}tZTngH(gr))

possesses a compact uniform (w.r.t. g € H(go)) attractor Ag(go) in space H, which
has the following structure

(3.27) A= U K(s) = wepe (B, seR,
g€H(go)

where Kf(s) is the kernel section at time moment t = s, IC? is the kernel of the
process {Uy(t,7)} =7 and K is nonempty for all g € H(go), BE is the bounded
uniformly (w.r.t. g € H(go)) absorbing set defined by (5.5) and wy 34(40)(BE) is its
uniform (w.r.t. g € H(go)) w-limit set.

4. Existence of the uniform attractor in space V'

The aim of this section is to prove the existence of the uniform attractor for
the family of processes corresponding to problem (2.15)-(2.16) in space V. We will
establish the existence of the uniform (w.r.t. g € H(go)) absorbing set and the
(V x H(go), V)-continuity of the family of processes. Then we use the approach of
enstrophy equation to verify the asymptotic compactness of the processes, which
plays an important role when we establish the existence of the uniform (w.r.t.
g € H(go)) attractor in space V.

By Lemma 2.2 (II), we see that for each g € H(go), the process {Ugy(t, 7) >~
Ug(t, T)ur = u(t), is well defined on V, where u, € V is arbitrarily given and
u(t) is the solution of problem (2.15)-(2.16) with initial value u, and with symbol
g. Analogously, the family of processes {Uy(t,7)}i>r get(go) is Well defined on V.
Moreover, the identities (3.2)-(3.4) also hold true in space V.

The definitions of the uniform (w.r.t. g € H(go)) absorbing set, (V x H(go), V)-
continuity, asymptotic compactness, uniform (w.r.t. g € H(go) asymptotic com-
pactness and uniform (w.r.t. g € H(go)) attractor for the family of processes
{Uy(t, 7) }e>r,9em(g0) 1D sPace V are similar with Definitions 3.1-3.5.

Lemma 4.1 Let gy € L2(R; H), then the family of processes

{Ug(tv T)}tZTygEH(gr))

corresponding to problem (2.15)-(2.16) possesses a bounded uniformly (w.r.t. g €
H(go)) absorbing set BY C V, where

(4.1) Y ={uev:lul} <Q (1R lgol2;) = B3}

and Q(-,-,-) is the function from Lemma 2.2 (II).
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Proof. Set
(4.2) = U Uub+1,n8{.

g€H(go) TER

Then we can derive from (3.5) that BY is bounded in V. Precisely, we have by
(2.23) that

(43) lull < @ (1, B llgol3;) = B3, Ve BY.

Clearly, BY C V is the bounded uniformly (w.r.t. g € H(go)) absorbing set of

the family of processes {Uy(t,T)}i>r ger(go)s Which uniformly (w.r.t. g € H(go))

absorbs any bounded sets of H (also of V') in norm of V. The proof is complete. [
Lemma 4.2 Let go € L2(R; H). Then the family of processes

{Ug(tv T)}tZT,ge'H(go)

corresponding to problem (2.15)-(2.16) is (V x H(go),V) continuous.

Proof. Recall that if for any fixed ¢ and 7, the mapping (u, g) — Uy(t, 7)u is
continuous from V' x H(go) to V, then the family of processes {Uy(t, T) }+>r ge(q0)
is said to be (V x H(go), V)-continuous. Let {(u{™,¢™)}> | c V x H(go) be a
sequence that converges strongly to some (u,, g) € V xH(go), {u™ (£)}5, and u(t)
be the corresponding solutions of equations (2.15)-(2.16) with symbols {g™}22
and g, and with initial data {u }n 1 and u,, respectively. Set

w™ (t) = u(t) — u™(t) = Uy(t, T)ur — Uy (¢, 70, n=1,2,- -
For each n we see that w(™ (¢) is a solution of the following problem:

o B) + N(u) ~ N(u) = g - ¢,

("™ 4 B(u) —
(45) w )|t:T:w£n):Ur— u™, T eR.

(4.4)

Multiplying (4.4) with Aw(™, we obtain

(Aw™ w™) + 20 | Aw™|1* + (B(u) — B(u™), Aw'™)
), Aw(”)) — (N (u) — N(u(")), Aw(”)>.

1d
2dt
(4.6) =(g—
Now by the property of the operator B(:) = b(,-), (2.6), Cauchy inequality, Holder
inequality and the embedding H?(2) — L>°(9), we get

[(B(u) = B(u™), Aw™)|

b(u, u, Aw™) — b(u™, u™ | Aw™)|

lb(w — u'™, u, Aw™) + b(u(" Ju, Aw™) — b(u™, u™ | Aw™)|
= [b(w™,u, Aw™) + bu™ W™, Aw™)|

< cllullo oy lw™ A + cllut™ = @y | Vo™ | 4w ™|
< ellullvllw™ly + u®™ v [l )] Aw™]
. e, IAwt]2
@n) < ellul + ™) o™ + 2

211
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Also, using the similar derivations of (3.11) in [37], we have

(N (u) = N(u™), Awt™)] < el ™y [|Aw®™)|

Aw™) |2
4.8 < ofjw™)? +”7.
(45) <+ 15
Combining (4.6)-(4.8), Cauchy inequality and Lemma 2.1, we have

1d

= () (™)

5T (Aw'™ w'™)

lg — g7

< (e lully + ™) lw™3 + :
M1

! _ (n)2
(e + l[ully + Ju™)2) (4w, i) + 12 =90

4.9 < —
( ) s el 4,”/1

By Gronwall inequality and (2.20), we get for ¢ > 7 that
(Au™) (), ™ (1)

t
1
< | (A, wimy 4 L / lg(s) — g (s)]2ds
2[&1
/ 1
xep [ (et fulfy + ] )ds
1 t
< | wt g [l —goras
2[&1
1 n
(4.10) soxp { 2 (et Jurl+ 1P + laoll)(e — )}

Since {ul™} converges strongly to u., |ul™ || is bounded. Thus by Lemma 2.1 we
get

[ut™ () —u@)llf < é(Aw(") (t), w™(#))
t
< el — w42 [ lgGs) - V)l
(a.) e { [ e+ urlP + 11+ lanlltp) | ¢ =)}
from which we can obtain the (V' x H(go), V')-continuity of the family of processes
{Uy(t, 7) }¢>r,9eH(g0)- The proof is complete. O

Lemma 4.3 Let uﬁ") — wu, strongly in H and ¢ — ¢ strongly in
L2

2 (R H), u(t) = Uy(t, T)ur, uM(t) = g (t,T)US-n) be the corresponding so-
lutions. Then for VT > T, we have

(4.12) u™(t) — u(t) strongly in L*(1,T;V).
Proof. From (2.5) we obtain
(4.13) 1™ =} < elfu™ —ull | A@u™ — ).
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Integrating (4.13) from 7 to T, we have by Young inequality that

1/2 1/2

T T T
(4.14) /Mmm—m@agc /ﬂmm—m&ﬁ /Mmmm—um%t

From the (H x H(go), H)-continuity of {U,(t,7)}i>, (see Lemma 3.2), we see that
u(™) — wu strongly in H. We also have from (2.25) that

1/2

T
/||A(u(”) — w)|]2dt < 4o0.

T
Therefore, we obtain from (4.14) that lim / |t — ul|2-dt = 0, so u™ (t) — u(t)

strongly in L?(7, T; V). The proof is complete. (I
Lemma 4.4 Let u\” — u, weakly in V and g™ — g strongly in L? (R; H).

loc
Then
(4.15) U,y (8, ) ul™ — Uy (t, )u, weakly in V for ¥Vt > T,

g T

and
(4.16) Uy (-, m)ul™ = Uy (-, 7)ur weakly in L*(7,T; D(A)) for YT > 1.

The proof of this lemma is very similar with that of Lemma 2.2 in [20] and it is
omitted here. We next use the idea of enstrophy equation to prove the asymptotic
compactness of the family of processes in space V.

Lemma 4.5 Let go € L2(R; H). Then the family of processes

{Ug(tv T)}tZT,ge'H(go)

corresponding to problem (2.15)-(2.16) is asymptotically compact in space V.
Proof. Let {u(Tn)};’f:l be a bounded sequence in V, {g(™}22, C H(go) and

{tn}2, C R, with ¢, — 400 as n — oco. For any given 7 € R, we see from

Lemma 4.1 that there exists a time ¢1(7,R) > 7 (where R is a constant satis-

fying Hui")Hv < R) such that for all ¢, > t1, {Ujm (tn,T)ugn)} C BY, where
BY is the bounded uniformly (w.r.t. g € H(go)) absorbing set in V. Thus
{Uym (tn, T)uﬁ")};o:l is weakly pre-compact in V' and there is a subsequence (still
denote by {U,) (tn, r)uﬁ") & ,) such that

n=1
(4.17) Ug(n)(tn,r)ugn) —u weakly in Vas n— oo

for some v € V. Similarly for each T > 0 and ¢, > t; + T, we have
(4.18) WS = Uy (t, — T, m)ul™ € BY.

Thus {u(Tn)};’f:l is weakly pre-compact in V' and there exists a subsequence (still
denote by {ugpn)};’f:l) such that

(4.19) ugl) —u, weakly in Vas n — oo
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for some u, € V. Using (3.2)-(3.4), we get
Uy (tn,7) = Uy (tny tn — T)U oy (b — T, 7)
(4.20) = Uspy—1ygom (T,0)Ugons (tn = T, 1), to =T > .
Setting g(T”) = S(t,—T)g"™, we have by (4.18) and (4.20) for VT > 0 and t,,—T > 7
that,

(421) U, (n) (tn, T)’U,,(rn) =U (77,) (T, O)Uq(n) ( — T T) () — Ug;n) (T, O)’u;n)

g

Since {g{™}22, C H(go) and H(go) is compact in L7 (R; H), there exist a subse-
quence of {g(™}2c, (still denote by {g{™}2° ) and some g, € H(go) such that

(4.22) g,(F") — g, strongly in L} (R;H) as n — oo, for everyT > 0.
Taking (4.17)-(4.19), (4.21)-(4.22), the (V x H(go), V)-continuity and Lemma 4.4
into account, we obtain

(4.23) u=U, (T,0)u, for every T >0,

where we also used the uniqueness of the limit. Now it follows from (4.17)-(4.18),

(4.21) and the equivalence between the norm |||y and (A-,-) (see Lemma 2.1) that
lim 1nf(AU () (b YU Uy (E, T)ul™)

g

hmnlnf(AUg(Tn) (T, O)u(T ), Ug<Tn) (T, O)ugl))
(4.24) (Au, u).

Next we prove

Y

lim inf (AU ) (tn, T)ul™, Uy (tn, T)ul™)
= liminf(AU o (T, 0)ul?, Uy (T, 0)ul™)
(4.25) < (Au,u).

To this end, we use the argument of enstrophy equation of the non-Newtonian fluid
in space V. First we define a bilinear operator [-,-] : D(A) x D(A) — R as

(4.26) [[u v] = 2p1 (Au, Av) — v(Au,v), Yu,v € D(A).
where v = . Setting [u,u] = [u]?, we use Lemma 2.1 to obtain
u1||Au||2 = 2qullAu)? = | Aul® < 2p )| Au|l? = cpa ¥
< A - I 4w
(4.27) = [u]® <2l Au|®.

Then /[-]? defines a norm in space D(A) which is equivalent to ||A-||. Now for any
solution u(t) of problem (2.15)-(2.16) corresponding to initial data u, and symbol
g, we use Au to multiply equation (2.15) and obtain

(4.28) %%(Au,u} + 2| Aul]? + (B(w), Au) + (N (), Au) = (g, Aw).

Thus we have

%(Au, u) 4 27(Au, u) = 2(g, Au) — 2(B(u), Au) — 2(N (u), Au) — 2[u]?.
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By the formula of constant variation, we get the enstrophy equation of the non-
Newtonian fluid as
t

(4.29)  (Au(t),u(t)) = (Auy,u,)e 27 4 /eiQV(t*S)G(g(s),u(s))ds, t>T,

T

where G(g,u) = 2(g, Au) — 2(B(u), Au) — 2(N(u), Au) — 2[u]?. We now apply the
enstrophy equation to Uqw (T,0)u'™ to obtain
9r

T
(AUg(Tn) (T, O)u(T"), Ug;n) (T, O)u n))

T
= (Au(T"), u(T"))e_%T

+2 [ eI ((gl(s), AU g (s, 0)ull" ) ds
T

T

6727(T*S)< (U (n)(S 0)u n)) AU (n)(S 0)u (n)>d8

6727(T*S)< (U (n)(S 0) ) AU (n)(S 0)u n)>ds

T

(4.30) -2

T

—2v(T=s) [U i (5,0)u "]?ds.
9t

By (4.18), there exists a time 7* such that if ¢, — T > T then
(4.31) (Au(" "))672"T < cz||u(T”)||%, < cpR2e 7T,

By Lemma 4.4, we have

(4.32) Uy 0)ul™ — Uy (-,0)u, weakly in L*(0,T; D(A)),
and

(4.33) AU oo (-, 0)ul™ — AU, (-,0)u, weakly in L*(0,T; H),

which, together with (4.22), gives

T
lim [ e (T S)( )(s), AU (u)(s 0)ul" )> ds
B
T
(4.34) = /e_QV(T_S) (gT(s),AUgT (s,O)uT> ds.
0
Since /[]? defines a norm in space D(A) which is equivalent to ||A - || and 0 <
T 1/2
e < e=29(T=5) < 1 for any s € [0, 7], we see that /e‘QV(T_S)[HFds is

0
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a norm in L?(0,T; D(A)) equivalent to the usual norm. Thus by (4.32) we get

T T
(4.35) I%Iniiréf 6_27(T_S)[[Ug(Tn)(S,O)u(T")]]2ds2/e_QV(T_S)[[UgT(s,O)uT]]st.
0 0
We next prove
T
Jim [ e T <B(Uq(Tn)(s,O)u(Tn)) AU o (5,0)u <">>ds
0
T
@30) =[BT (BU,, (5.0)u,), AUy, (5.0, ) ds
0
and
T
nlLH;O 6727(T75)< (U (n)(S 0)u n)) AU (n)(S 0)u (n)>d8
0
T
4.37) = /e*WT*S) <N(UgT (5,0)u, ), AU, (s,O)uT>ds.
0

To prove (4.36), we set
S)b U (n)(S O) (n) U (n)(S O) n) AU (n)(S O)U(n))d

e 2V(T—s) Uy, (s, O)uT,U (u)(s O) n AU (n)(s O)u("))d

—2v(T—s) g (57 O)UTv UQT (S; O)uTv AUQT (S’ O)UT)dS

I(")

3 T=)b(Uy, (5,0)u,, U, (5’O)UTaAUqw)(S,O)u(T"))ds
97

/T
0

/T
0
T

M = / T=p(U,, (s, 0z, Uy (s, 0)ul", AU, (5,0)uy)ds

0

/T
0
T
0/

e—QV(T_S)b(UgT (57 O)uT7 UQT (S, O)UT7 AUgT (Sa O)UT)dS

(=)
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Then we have

T
/ e~ 2V(T=5) <B(Ug<Tn) (5,0)u™), AU (1 (s, 0)u<Tn>> ds
0

T
- / e=2(T=) <B(U9T (5,0)u,), AU,_ (s, 0)uT> ds
0

(4.38) < I rm 4.

Note H?(Q) — L>°(Q) and L*(0,T;V) — L?(0,T; H), we obtain by using (2.24),
(2.25), (4.12) and Holder inequality that

T
K< e [ 008 Uy, (5.0,
0

X[|U g (s, 0)ul |0 [ AU g (s, 0)ul™||ds

T
[ 10,605,000 = Uy, (5,00, |
0

<
X H Ug(Tn) (S, O)ug") ||V ||AUg(Tn) (S, O)u;") ||d8
T 1/2
< c /||Uq<Tn>(570)u(T") = Uy, (5, 0)ur [P U g (5, 0)ul |[F ) ds
0
T 1/2
« / AT, (5, 0)u] Pds
0
T 1/2
(4.39) < ¢ /||Ug(Tn>(s,0)u(T") - UgT(s,O)uT”?ds — 0, n — oo.
0
Similarly, we have
T 1/2
(4.40) M <e /||U9<Tn) (5,0)ul™ — Uy (5,0)u,[*ds p  — 0, n — oo.
0

Now from (2.24) and (2.25) we see that B(u) € L?(0,T; H) for Yu € D(A), this
fact together with (4.33) gives

n—oo n—oo

T
lim 7§V = | lim / (B(Uy, (5,0)12), A(U 0 (5,00l = Uy, (5. 0)u, ))ds
0

(4.41) = 0.
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Then (4.36) can be deduced from (4.38)-(4.41). To prove (4.37), we denote

N/\
2
Il
o\ﬂ

/6—27(T—s) {V . [,U(Uggf) (S, O)ugn))e(Ug;") (S, O)UTn))
Q

(4.42) — Uy, (5,0)uy )e(Uy, (s, O)UT)} } L AU, (s,0)u, dads.

T
1 = [ e {9 [t 5. 00,0 5,00}
0 Q

(4.43) A (Ug;n) (5,0)ul™ — U,_ (s, O)UT) dads.

Then by (2.10), we have
T
/ T (N (U, (5, 0)ul), AU, (5,0)ul™ ) ds
0
T
_ / e T (N (U, (5,0)u,), AU, (5,0)u, ) ds

e 21T L - (U (5, 0 e(U, o (5, 0)u)] }

T

O\H

Q
-AUg<Tn) (s, O)u(T")dxds

BT - (U, (5,00, )e (U, (5,0)u, )] | - AUy, (s, 0)u, duds

O\’ﬂ

Q
(4.44)= 1™ 4 1™,

To show the convergence of IS and I{™, we set F(s) = 2uo(e + |s|2)~*/2s, where

4
52(81 Sz)engg, |s|2:Zs?, sieR, i=1,2,3,4,

5 54 i=1

and Moy is the matrix of order 2 x 2. By some computations we see that the first
order and second order Fréchet derivatives of F'(s) satisfy

(4.45) |DE(s)|| + |D*F(s)|| < ¢, Vs; € Ryi=1,2,3,4,

where c is a positive constant depending only on pg, e and . For any a,b € Mk,
we have
1
F(b) — Fla) = / DF(a+7(b—a))(b— a) dr.
0



UNIFORM ATTRACTOR FOR AN INCOMPRESSIBLE NON-NEWTONIAN FLUID 305

Taking a = (eij(Ug;n) (5,0)ul™))axa,b = (eij(Ug,. (8,0)us))2x2, applying the inte-
gration by parts first and then the inequality (4.45), we get

T
) = / / e BTG (U o (5, 0)ul)e(U o (s, 0)uls)
0 Q

—u(Ug,. (s,0)uy)e (UgT (s, O)uT)} } AUy (s,0)updzds

S

< [Ty, (500, 1 + 1V, 5,00l )
0
%lle (U, (5, 00 = Uy, (5,00 ) e
(4.46) x[|AUg,. (s, 0)u,||ds,
where (2.24) is also used. By the Gagliardo-Nirenberg inequality, we have

le (U (5, 0)u™) = Uy, (5,01, ) Il s | AU, (5,0 |

< ellUy (5,00 = Uy, (5,0, )||/2
X ([T (5, 0)ul™ || + | ATy, (s, 0)u, ) /2] AT, (s, 0)u |
< CllU o (5, 0™ — Uy, (5,0 | /2

(4.47) ><(||AUg(Tn) (s, O)U(T")H + ||AUgT (s, O)uT”)B/?.
Using (2.24), (2.25), (4.46), (4.47) and the Holder inequality, we have

T
Y < e / 10 (5, 0)u™ — Uy, (5, 0)u |2
0

X (HAUq;n) (s, O)u(T") I+ HAUQT (s,0)u, H)3/2d5

T 1/2
< ¢ /HUg;n) (s,O)u(T") —U,, (5,0)u.,.||*ds
0
T 3/4
| [ 1400 00 + 1407, (5000, s
0
(4.48) — 0,mn—00,VT > 0.

Note that
(4.49) TV [u(Uy, (5,0)u,)e(Uy, (5,0)u,)| } € L*(0,T; H).
Then (4.33) and (4.49) imply that for any 7> 0

T
If()n) = //6_27(T_S) {V- [M(Ug(Tn)(s,O)u(T"))e(Ug;n)(S,O)uT"))]}
0 Q

(4.50) A (U

It

(s, O)u(T") — Uy, (s, O)uT> dzds — 0,n — 0.
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Thus (4.37) can be deduced from (4.44), (4.48) and (4.50). Now, we use (4.30),
(4.31) and (4.34)-(4.37) to obtain

lim inf (AU o (T,0)u), U o (T, 0)u <n>)
T

n—oo

IN

coR2e 7T 4 2/6 9-(5), AU, (s,O)uT) ds
0

—2 [ e 2(T=9) (B(UQT (s,0)uy), AU, (s,O)uT) ds

-2

e_QV(T_S) <N(U‘7T (Sa O)U‘T)7 AU‘]T (S’ O)UT > dS

(4.51) —2 [ e=(T=9) [Uy,. (s, 0)u,.]%ds.

O — g Ty T—

At the same time, we apply the enstrophy equation to u = U, (T,0)u, and obtain
(AU, (7,0)u,, Uy, (T,0)u, )

= (Au,, uT)e_QVT

+2 [ e=2(T=5) (gT (s), AUy (s, O)uT> ds

(4.52) —2 [ e=2(T=9) [Us,. (5,0)u,.]*ds.

(4.51) and (4.52) gives us for any 7' > 0 that
lim inf (AU o (T,0)0"), U 0 (T, 0)u <">)

(453) < (2R3- (AuT,uT>>e*2WT+(AUgT<T,o>uT,UgT<T,o>uT)-

Recall that u, € B} is bounded. Lemma 2.1 implies (Au,., u,.) is bounded. Letting
T — +o0 in (4.53), we have

lim inf (AU o (T, 0)uy 0N o (T, O)u("))

n—oo

IN

(AUgT (T, 0)u,, Uy, (T, O)UT)
(4.54) = (Au,u),
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ie. (4.25) holds. (4.24) and (4.25) immediately imply

(4.55) Tlim. (AU o (T,0)u, U (T, 0)ul ) (Au, u).

Because V is a Hilbert space, we deduce from (4.17) and (4.55) that
Jim [[U o (T,00u8) —ully = T [[Uyen (tn, Tul™ —ully = 0.

Lemma 4.5 is eventually proved. O
Lemma 4.6 Let go € L2(R; H). Then the family of processes

{Ug (t,7) }tZT,geH(go)

corresponding to problem (2.15)-(2.16) is uniform (w.r.t. g € H(go)) asymptotically
compact in space V.

The proof of Lemma 4.6 is almost the same as that as Lemma 3.6 with the
small modification that the space V replaces the space H.

Combining Lemmas 4.1, 4.2, 4.6 and Theorem 5.1 of [7], we now can state the
main result of this section as follows.

Theorem 4.1 Let go € L2(R; H). Then the family of processes

{Ug(th)}tZTygeH(go)
possesses a compact uniform (w.r.t. g € H(go)) attractor A;'/{(go) in space V, which
has the following structure

TL]IQ(Q)

(456) A= U KJ () =wan®@B) =) U UUsls.1)BY ,

g€H(go) t>7 geH(go) s>t

for Vs € R, where ICX(S) s the kernel section at time moment t = s, IC;/ is the
kernel of the process {Uy(t,T) 1>+ in space V and IC;/ is nonempty for all g € H(go);
BY s the bounded uniformly (w.r.t. g € H(go)) absorbing set defined by (4.2) and
Ws H(go) (BY ) is its uniform (w.r.t. g € H(go)) w-limit set.

5. Regularity of the uniform attractors

The purpose of this section is to prove AH(q ) = AH(q )y C V for inclusion
relation. To this end, we utilize the Uniform Gronwall Lemma to establish that the
solutions of (2.15)- (2.16) with initial values in any bounded set of H will enter a
bounded set of V' after large enough time.

Lemma 5.1 (Uniform Gronwall Lemma [30]). Let Y(t), ®(t),¥(t) be three
positive locally integrable functions on R, such that ®' is locally integrable on R,
and

%(f) <TWDE) + U(E) for t>
t+r t+r t+r
/ T(s)ds < ay, / U(s)ds < as, / ®(s)ds <as, for t >,
t t

where T, a1, a2 and az are positive constants. Then
a
D(t+7) < (= +ay)e™, Vi>r.
r

We next use Lemma 5.1 to prove the following lemma.
Lemma 5.2. Let go € L?2(R;H) and B € B(H) be arbitrary. Let u(t) =
Ug(t, T)ur be the corresponding solution of problem (2.15)-(2.16) with any given
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ur € B and any given g € H(go). Then there is a time To(T,B) and a positive
constant K such that

(5.1) lu®llv = Ug(t, Tusllv < K, Vit = To(r, B).

Proof. Multiplying (2.15) by u; and then integrating the resulting equality
over (), we obtain

(5.2) el + 2pna(u, ug) + (B(u), we) + (N (w), ur) = (g, ur)-
Set
le(u)|?
L(le(u)?) = po(e + )~ */*ds,
0
then

Thus, . )
63 W@ = Y [uweswestede = 35 | [Tle@])s
Li=1Q Q

Substituting (5.3) into (5.2), we obtain

d 1
Jul? + 5 ( matww + 5 [ (ew)Praz

= —(B(u),u) + (g(t), ur)

IN

2
6’11,]‘ 8uj 2 1 2
> [u S| + g + §lwl

3,7=1 Q

(5.4)

IN

1
[ulluay I Vullus @) luell + lg@)]1* + ZHWHQ'
By the Gagliardo-Nirenberg inequality, we get
1
(5:5)  lulluse IVullus@lluedl < ellAul?[ludl < elully + 7 llull*.
Inserting (5.5) into (5.4), we have by using Lemma 2.1 that

d

G (metwn + 5 [Tleiaz)] < ety + g2
Q
(5.6) < el g
So we have
(5.7) 9y + ),

dt —
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where

a(t) = malult),u(e) + 5 / I (Je(w)P)da,

Q
T() = clibll\U(t)H?/, T(t) = llg®)]*.

Now taking the inner product (-,-) of (2.15) with u and integrating the resulting
equality over [¢,t+ 1], we obtain by using the facts (B(u),u) = 0 and (N (u),u) > 0
that

t+1 t+1
[ 2matu.uonas < [ fulaolds + 5 lu)?
t4+1 )
(5.8) < /(IIU(S)H2+||g(s)||2)ds+§IIU(t)ll2-

t

Let ¢ > to(, B) (see Lemma 3.1), then from (5.8) it follows

t+1 3 t+1
(5:9) 2 [ ulkae < 385+ [ o)l
t t
Hence, by Lemma 2.1,
t+1 t+1 t+1
[roas = [ Souds < gy | [ llats)IPds+ 58
c1p ~2aud 2

t t t

¢ 2 32 -
< g (Il + 3R8) = ¥z to(rB)
Clearly, we have
t+1 t+1

(5.10) / U(s)ds = / Hg(s)Hst < HgOH%g =ag. Vit>to(r,B).
t t

where a1,as are positive constants. We next show that there exists a positive
constant as such that

t+1
O(s)ds < as, Vt>to(r,B).
t

From (5.9) and Lemma 2.1 we obtain

t+1 t+1

[ matuuonas < 2 ([ lateas+ 353

201

IN

c 3
(5.11) 5, (l9ollZz + 5RE). ¥t = to(r, B).
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At the same time, we have 0 < (¢ +5)"*/2 < ¢ /2 with s > 0 and 0 < a < 1.
Thus
le(u)|?
D) = [ e+ ) /2ds < poe~e(w,
0
from which and (5.11) we get

t+1
/ /1"(|e(u)|2)dxds
t Q
t+1 t+1
< e [ [ letwPdeds < apoer? [ u(s)las
t Q t
t+1
e [ oD,
C1i1
t
202uos_a/2 9 3 9
(5.12) < ——5—llgollz2 + 5R5), Yt = to(r, B),
CiH1 b2

where we have used the fact that / le(u)|*dz < 4[jul|}. Tt follows from (5.11) and
Q

(5.12) that
t+1 9 —a)2 3
C2 Coproe” 2 2\ .
5.13 P(s)ds < | — + —5—— —Ry | = Vt>t B).
613) [ @eds < (52 + 2250 (ool + SR3) = aa, v 2 ta(r.0)

Taking Lemma 5.1, (5.7), (5.10), (5.11) and (5.13) into account, we obtain
(I)(t) < (a3+a2)ea1, VtZto(T,B)—f—l.

Therefore,

1 O(t)  (ag+ az)e™ |
uw(t)||? < —a(u(t),u(t)) < < =K, t>ty(r,B)+1.
(Ol < —afu(t).u(t) < 20 < L2 o7, )

The proof of Lemma 5.2 is complete. O
Theorem 5.1. Let go € L2(R; H), then
(514) Ag(go) = A'}"/f(go) cV.

Proof. On the one hand, A%(go) C V — H is clear, and by Lemma 4.1 we
see that B'?Yl(go) uniformly (w.r.t. g € H(go)) absorbs any bounded sets of H in the
norm of V' (also in the norm of H). Thus A%(QO) can be regarded as the uniform
(wr.t. g € H(go)) attractor for the family of processes {Uy(t,T)}i>r ger(go) in
space H. By the minimality and thus the uniqueness of the uniform attractor, we
get 'A?"/f(go) = Ag(go) CH.

On the other hand, the kernel Kf of the process {Uy(t,7)}i>, in space H
consists of all bounded complete trajectories of equation (2.15) with time symbol
g € H(go). In fact,

IC;I = {u(") : u(t) = Uy(t, T)u(r), dist g (u(t), u(0)) < Cy, ¥Vt > 7,V T € R}.
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From Lemma 5.2, we see that AZ(%) is indeed a bounded set of V. Therefore, we

get AX{(QO) = Ag(go) C V. The proof is complete. |
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