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Global strong solution and exponential decay to the 3D
incompressible Bénard system with density-dependent
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ABSTRACT. In this paper, we study the Cauchy problem of the incompressible
Bénard system with density-dependent viscosity on the whole three-dimensional
space. We first construct a key priori exponential estimates by the energy
method, and then we prove that there is a unique global strong solution for
the 3D Cauchy problem under the assumption that initial energy is suitably
small. In particular, it is not required to be smallness condition for the initial
density which contains vacuum and even has compact support. Finally, we
obtain the exponential decay rates for the gradients of velocity, temperature
field and pressure.

CONTENTS
1. Introduction 118
2. Preliminaries 121
3. Convergence rate of the solution. 122
References 132

1. Introduction
We consider the 3D nonhomogeneous incompressible Bénard system with density-
dependent viscosity as follows:
pt + div(pu) = 0,
(pu)s + div(pu ® u) + Vp — div(u(p)Vu) = pbes,
(p0) + div(pul) — k A0 = pu - e3,

divu = 0,

(1.1)
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where z = (x1,72,73) € R? is the spatial coordinate, ¢t > 0 is time, p = p(z,1),
u = (u',u?,u?)(x,t) are the density and velocity, respectively; 6 = 6(z,t) stands for
the temperature of the fluid, and p = p(x,t) denotes the pressure; u(p) > 0 is the
viscosity coefficient which depends on the density; the constant x > 0 represents
the heat conductivity coefficient. e® = (0,0,1)" is the write vertical vector. The

viscosity coefficient p(p) satisfies the following hypothesis:
(12)  u(p) € CH0,00) and 0<p<p(p) <jp<oo, Vpel0,o00).
The initial data and far field conditions are given by

p(z,0) = po(z), pu(z,0) = pouo(z), pf(z,0) = pbo(z), =€ R,
(1.3)
(pyu,0)(z,t) =0, as |z]— oo.

The equations (1.1) is called Bénard system, which describes the Rayleigh-
Bénard convective motion in a heated fluid [1, 2]. In fact, Bénard [3] first pro-
posed the Bénard convection problem in experimental observations. Later on, many
scholars modified and innovated it, which can be refree [4, 5, 6, 7, 8. When p is
a constant, the system (1.1) is homogeneous viscid fluid and has been considered
extensively, if we ignore the thermal effects and remove the vertical disturbed veloc-
ity component u - e3, the Bénard system becomes the Boussinesq equations. If the
initial data (ug, ) has finite energy, bounded vorticity and the initial temperature
6y € L* N Bo_o1,17 Danchin and Paicu [9] proved that the inviscid Bénard system
has a global unique solution for Yudovich’s type data. The authors also showed
the global existence in the case of infinite energy velocity field which admits the
vortex-patches-like structures and achieve another further improvement to the less
regular data as a extension of the important work of Yudovich [10]. Wu-Xue [11]
obtained the global unique solution for Yudovich’s type data for the 2D inviscid
Bénard system with fractional diffusivity. Hmidi-Keraani-Rousset [12] established
the global well-posedness with the dissipative power by deeply developing the struc-
tures of the coupling system. motivated by this, Ye [13] showed the global-in-time
existence of smooth solutions to the 2D Bénard equations with critical dissipation.
For the dynamics problem of a Boussinesq approximated Bénard convection fluid
evolving in 3D, Guo-Xie-Zeng [14] proved the exponential decay of solutions in the
framework of high regularity by applying a flattening coordinate method. However,
when we consider the density-dependent viscosity and the initial density allowing
vacuum states, it seems bring some difficulties that the strong coupling between
velocity and temperature under vacuum.

Recently, more attentions have attracted by density is not a constant. When the
initial density allowing vacuum states and the thermal diffusivity tends to zero, Ye-
Zhu [15] proved the global existence and the asymptotic behavior of the solutions for
the initial boundary problem. Fan-Sun-Tang [16] showed the global strong solutions
for 2D initial boundary value problem by using the bootstrap argument. Zhong [17]
investigated the global existence and uniqueness of strong solutions to the 2D initial
boundary value problem with general initial data including vacuum. Zhong [18]
established a unique global strong solution for nonhomogeneous Bénard system
with zero density at infinity and large initial data. While assuming that some small
conditions hold true, Zhong [19] studied the global existence and exponential decay
of strong solutions to the Cauchy problem of nonhomogeneous Bénard system in R3.
However, the viscosity coefficient is independent of density in those above results.
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Recently, when the viscosity coefficient p(p) depends on the density p, He-Li-Li
[20] obtained the global existence and exponential stability of strong solutions in
unbounded domains while the initial velocity [Jugl| ;4 (8 € (3,1]) is suitably small.
Our purpose is to study the global existence and uniqueness of strong solutions of
3D density-dependent viscosity Bénard system with vacuum. There is no need any
smallness conditions on the initial density and here we only need the initial energy
for the gradients of velocity and temperature are suitably small. Meanwhile, we
also obtain the exponential decay rates of the spatial gradients for the velocity,
temperature and the pressure.

We give some notations and conventions employed throughout the paper. For
R >0, set

R 2 {zeR® ||z <R}, /fdxé/fdx.
RIS

Moreover, for 1 < r < oo, k > 1, we denote the standard and Sobolve spaces as
follows:

LT — LT’(RS), Wk,’r’ — Wk,’r‘(R3)’ H’r — Wk’Q.
Our main result stated as follows:

THEOREM 1.1. Suppose the initial data (po,uo,00) satisfy that for any given
numbers p >0, q € (3,00), and 8 € (3,1]
0<po<ppo€LsNH AW, Vp(po) € L,
(14) Up € Hé’gﬂeo € H(%,aw
divug = 0;
there exists small positive constant e9 depending only on q, B, u, fi, K, ||p0||L%, 7,
and M = ||V u(po)||La such that if

(1.5) IVuoll72 + V0017 < <o.

Then the problem (1.1) — (1.3) exists unique global strong solutions (p,u,p, ) such
that for any 0 <7 < T < oo and p € [2,79) with ro = min{6, ¢},
0<peC(0,T);L? N H"),Vu(p) € C([0,T); LI)

Vu € L>®(0,T; L?) N L= (1, T; W)y n C([r, T); H n WhP),

VO € L=(0,T; L*) N L (1, T; Wh) n C([r, T]; H* nWP),
(1.6) Vp e L*(r,T; L) N C([r, T]; L),

Vu, € L(,T; L*) N L*(7,T; L"),

V0, € L=(r,T; L*) N L*(1,T; L™),
Vpue, /pby € L2(0,T; L?) N L (7, T; L?).

Moreover, it holds that

(1.7) sup [[Vpllz < 2[Vpollez,  sup [[Vu(p)|re < 2[Vulpo)llzs,
0<t<oo 0<t<oo
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and for positive constant o depending only ||p0||L%, W, and K, such that, for all
t>1,

wg {1V hmow + IV O + o6 Ollaowo < Ce™
IVOC, B)llmawro + VO )72 < Ce™,

where C depends OTLly on g, ﬁ: Jo2) i K, M, P HPOHL%7 HVU0||L2, and ||ve0||L2

REMARK 1.2. It is all considered the viscosity coefficient is independent of
density in [18, 19], motivated by [20], we improve their results and study the
global existence and uniqueness of strong solutions of nonhomogeneous Bénard
system with the viscosity coefficient u(p) depends on the density p.

REMARK 1.3. There is only the condition (1.5) and without other additional
small initial conditions in Theorem 1.1. Meanwhile, we also obtain the exponential
decay-in-time properties (1.8) to the Cauchy problem.

According to Lemma 2.1, in order to prove Theorem 1.1, one needs to get global
a priori estimates on strong solution to (1.1)-(1.3) in proper higher norms. Firstly,
the key ingredient here is to get the time-independent L (0, T'; L>°(R?))-norm of Vu.
we derive that the bound on L2(0, T'; L2(R?))-norm of e % Vu and L2(0, T'; L2(R?))-
norm of e V6 by applying the upper bounds on the density (3.3) and the Sobolev’s
inequality. In addition, we need to define a function ¢(¢) £ min{1,} to get the esti-
mates on L (0, ((T); L2(R3))—norm of ¢z~ Vpue and L (¢(T), T; L*(R?))—norm
of e%"t\/ﬁut, which avoids the singularity of ||\/pu[|3. at ¢ = 0 and the same as
[v/P0:||32. And then the most important thing is to estimate H'(R?))-norm of
Vu by Lemma 2.3 (see (3.15)) and H'(R3))-norm of V6 by L?-theory of the el-
liptic equation (see (3.20)), which solves the strong coupling of v - Vu and u - V6
caused by density. And further we get the estimates on L°°(0,¢(T); L?(R3))—norm
of t3° Vpug and L>(0,¢(T); L?(R?*))—norm of %" /PO, which make us succeed
in bounding the L'(0,7; L>°(R3))-norm of Vu (see (3.57)). Then, with a priori
estimates stated above, we are in a position to prove Proposition 3.1. Finally, we
can extend the local solution to all time, and meanwhile obtain the exponential
decay rates for the gradients of velocity, temperature field and pressure.

Next, we shall first state some known inequalities, which will be employed later
in this paper. In the last section, we will give some priori estimates and prove the
Theorem 1.1.

2. Preliminaries

We will recall some known facts and elementary inequalities which will be used
frequently later. The following local existence of strong solutions whose proof can
be found in [26].

LEMMA 2.1. Assume that (po,uo,80) satisfies (1.4). Then there exists a small
time T > 0 and a unique strong solution (p,u,p,0) to the problem (1.1) — (1.3) in
R3 x (0,T) satisfying (1.6).

LEMMA 2.2. (see [27]) (Gagliardo-Nirenberg). Let v belongs to LI(R™), and
its derivatives of order m, V™uv, belong to L"(R™), 1 < ¢q,r < oco. Then for the
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derivatives VIiv, 0 < j < m, we have

(2.1) IV 0]l Lagrny < CIV™ 0% ey 1V] Lo Gy
where
p=atalG =)+ 0-a)g,
for all a in the interval
L<ac<l,

and the constant C depends only onn, m, j, q, r, c.

To derive the estimates of the solutions, we need the following regularity on
the Stokes equations, which plays a key role in the following priori estimates of
(p,u,p,0), we can also refer to ([20], Lemma 2.4).

LEMMA 2.3. For positive constants j1, fi and q € (3,00), in addition to (1.2).

Then, if F' € LENL" withr € [%, q], there exists a positive constant C depending

only on p, fi, v and g, such that the unique weak solution (u,p) € DéJ x L? satisfies
the following Cauchy problem

—div(2u(p)Vu) + Vp = F, r € R3,
(2.2) divu = 0, r € R3,
u(zx) = 0, |x] — oo,

where D(lw = C’S’f’g closure in the norm of D' and satisfies

(2.3) IVullzz + llpllz < CIFl, s
2 =
(2.4) IVouller + Vel < CIFlL + CIVrp)li e I1F g -
Moreover, if F = divg with g € L>NL" for some 7 € (qﬁﬁ, q], there exists a positive

constant C' depending only on p, @i, q and 7 such that the unique weak solution
(u,p) € Dj, x L* to (2.2) satisfies
3q(7—2)

ra' " llglle.

(2.5)  IVullezazs + lIpllzencs < Cligllczazs + ClIVa(p)|

3. Convergence rate of the solution.

Before proving the result of Theorem 1.1, we aim to get the following a priori
estimates on (p, u, p,0).

PROPOSITION 3.1. There exists a positive constant ¢ depending only on q, (3,
s [y K, P, ||p0HL% , and M, such that if (p,u,p,0) is a smooth solution of (1.1)-(1.3)
on R x (0,T) satisfying
T
(3.1) sup [[Vu(p)||2a < 4M, / Va7 < 2(][Vuoll72 + [IV8ol[72),
te[0,T) 0
then the following estimates hold:
T
(3.2) s IVu(p)|2a < 2M, /0 [Vullz2 < [[VuolZ2 + V60|22,
telo,

provided that ||[Vugl||2. + [Vl < e.
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LEMMA 3.2. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there erists a positive constant C' depending only on q, u, fi, K, p, ||p0||L%,

[Vuoll2s, and ||[V6ol|3. such that

(3.3) 0<p<p loll s =looll,s.

T
sup. (II\TUHLHII\f@HLz) /O (IVullze + [IVOlZ-)dt

telo

(3.4) <C([Vuollz: + IV6ol72),

T
Sup ! (lvpulze + lveolIZ2) + /0 ! (IVullZ +1IVO|72)dt

te[0,T
(3.5) <CO([VuolZ2 + [[Vbo|172)-

Proof.  (3.3) can be obtained by Theorem 2.1 in [28]. Adding (1.1), X u to
(1.1), x 6 and integrating it over R*, we have

1d
53 [ Pl + 6+ [ @ITuP + kTP
2/p9u-63dx
(36) < IWpulls + VA1

Next, applying Gronwall’s inequality to the above inequality and along with Holder’s,
Sobolev’s inequality, we get

T
s (Al + VA + [ (9l + V0
<llvpouollz + lIvpobollZ
<llpoll 5 (luollzs + l160lI7s)
(3.7) <C([VuolZ> + IV6olZ2).
It deduces from (3.3), Holder’s and Sobolev’s inequality that
Ivpullzs + IveolIz < lloll, 2 (lullze + 10]1Z0)
4
< zleoll 5 (IVullZ: + 1V0)1Z2)
(3-8) < o plVulli: + KVOlIZ),

. 4llpoll s 4”/’0“ %
where 07" = max 3uL ,

}. Then combining (3.8) and (3.6), we obtain

d
(IVpuliz +1veolze) + o (lvpuliz + VeolZe) + [Vulzz + [ VOIIZ:
(3.9 <2(lvoulz + V072,

which with the help of Grénwall’s inequality and (3.4) to yield (3.5). Finally, the
proof of Lemma 3.2 is finished. ]
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LEMMA 3.3. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, B, u, i, x, M, p,

ool 3 IVuollZa. and [V6o|Z. such that

T
(3.10)  sup 77|V, +/ N puill72dt < C([VuolZ2 + [[VOo|72),
te[0,7) 0

T
B s (PG [t < OVl + V1),
tel0,T 0

T
sup e”*(||Vul7z + ||V9||iz)+/ e (|lv/pudl 7z + IV/pbell72)dt
te[0,7T] 0

(3.12) <C(|Vuoll72 +1[Vbo|172)-

Proof.  First, multiplying (1.1), by u; and integrating the resulting equality
over R3, we have

1d
5 7OVl + Vw7

1
:—/pu~Vu-utdx— §/u(p)u-V|Vu|2dx+/p963-utdx

<ol Bl Wl + & ol o[Vl |9
+ ClYpl 2 el
<CIVullzally/Bunll IVl 3920l + OVl 2 [Vl 292 o
(313)  + Ol + glvaulis

where Sobolev’s and Gagliardo-Nirenberg inequality were used in the last integral.
Next, it follows from Lemma 2.3, (3.1), (3.3) and the Gagliardo-Nirenberg inequality
that

IVull + [lpllers <C(llpue + pu - Vu+ pes||zz + [|pur + pu - Vu + pbes]| o)
_1 1 _1
<C(pz + el 5 )UIVpuelze + 52 lu - Vull 2 + [1v/p8]| 2)
1

(3.14) <Cllvpullzz + CIVull el Vullzz + Clvpo] Lz + 5 [VZull -
It can be directly obtained
(3.15) IVull s+ llpll e < Cllvpudllze + Cllv/pbll 2 + Cl|Vull7.
Combining with (3.13) and Young’s inequality, we get
(3.16) iHVUHQ +lvpullie < ClIVulz2lIVulz: + Cllv/eb|7

. dt L2 p tir2z = L2 L2 p L2

Then, with the help of Gronwall’s inequality, (3.1), and (3.4), we have

T
11 s [Sulf [ Il < OO0l + IV0:)
te|o, 0
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For any 8 € (%, ), multiplying (3.16) by t'~# together with the Gronwall’s inequal-
ity, (3.1), and (3.17), we obtain the following estimate

T
sup P |Vults + [ 6170 Bl et
t€[0,T 0

T
< C sup ||Vu||iz/ t=Pdt
te[0,T] 0

(3.18) < C(IVuollzz + Vol Z2),

which combining with (3.17) it obtains (3.10). Next, multiplying (1.1), by 6; and
integrating the resulting equality over R, it shows

N
— / pu - VOO dx + /pu - e30.dx
< p2llullze VP9l 21V O s + [|v/pullL2[1v/p0:| L2
1 1 1
(3.19) < ClIVull2llv/p0: 2 [VOl| £ 1V?01 2 + CllVpullze + 71ve0: 72
It deduces from (1.1),, L?-theory of the elliptic equation, (3.3), and (3.4) that

<C(IlVpbellLz + lull Lo IVO| s + [Vpull L2 + (V6] L2)

(3.20) <C(Ivpbellr2 + IVullZ211VO 2) + Cllv/pull 2 + %HV29HL27
which yields

(3.21) VOl < Cllvpbellrz + Cllv/pull Lz + ClVull 22 (VO] 2.
Combining (3.19) with (3.21), we yield

d
(3.22) IVOIIZ: + [Vp0:72 < ClIVul12]VOI7: + CllVpulz2-

Then we use Gronwall’s integrating, and (3.1) to get that
(3.23) sup, IVolZ. +/ IVP0:l|72dt < C(|[VuollZs + IVl Z2)-
telo,
Multiplying (3.19) by t'=#(8 € (3,1)) together with Grénwall’s inequality, (3.21),
(3.1), and (3.23), we arrive at

T T
sup 77| Vo|2, —I—/ 1P| /pb:||32dt < C sup HV@H%?/ t=Pat
0 t€[0,T) 0

t€(0,T]
(3.24) < C(|VuollZ2 + IV6olZ2)-
Adding (3.16) to (3.19) and together with (3.21), we have

d
Z(IVullZe + [VOIZ2) + (lvpulZz + 1veolIZ2)
(3.25) < C(IVullZ: + IIVOIL)Vullz: + Cllvpulli: + CllvdlLe,
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then which multiplying by e? together with Grénwall’s inequality, (3.1) and (3.4)
we get (3.12). Finally, we finish the proof of lemma 3.3.

LEMMA 3.4. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, B, p, i, k, M, p,
lpoll 3+ IVuollZ2, and [[Vooll. such that

¢(r)
(3.26) te[?)l?T)]tQ Zlvpudli: +/ 27| Vue|[Z2dt < C([[VuollZz + [V6olZ2),

T
G2 s puil+ [ eI Vulfade < COTula + [900]E)
te[¢(T),T] ¢(T)

(3.28) sup e ([|Vul[Fn + [[Pl[7) <

< C([Vuollze + [IV6ol72),
1€ (e(T), 7]

with ((t) = min{1,t}.
Proof: First, operating 0; to (1.1),, it has

pus + pu - Vuy — div(p(p)Vue) + Vp
(3.29) = —prur — (pu)e - Vu + div(u(p): Vu) + (pf)ces,

then multiplying it by u;, with the help of integration by parts and (1.1),, we yield

1d
5 g lvPulie + pl Vel

:—Q/pu~Vut~utdx—/pu~V(U'Vu'ut)dx—/put‘Vu~utdx

+ /u -Vu(p)Vu - Vugdx + /(p@)teg cupdx

5

(3.30) &> I

i=1

Next, we will estimate I;(¢ = 1,2,...,5) one by one as follows

(| + 13| < /P|Ut|(|u||vut| + [we|[Vul)dz
< Clivpuel s llullLe [ Vuel L2 + Clly/puel| ps[[uel| Lo [|Vul 2
1 1
< C||f“t||i2||ut||26||Vut||L2HVU||L2

(3-31) L IVurlZs + Cllv/pud 3. [ Vul L

_10
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Due to (3.15) and Young’s inequality, it shows

L2 Sﬁ/(IUHVUFIUtI + [ul?|V2ulug| + [ul?[Vul [V | da

<Cllullzo uell o (IVull o | Vel 2 + el o [Vl £2)
+ CllulLolI Vel o [ Vue 2
<C|| V|2 V?ul 2| Vul 72

I
(3.32) <1ollVeulliz + ClvowliaVulz: + ClVul 1.

With the help of (3.1), it gives

] < ClIVp(p)llzallull = [[Vue ] 2 Val | 2q,
1 9 i a-3 9 2
< O Vul| 22 (IV7ul| 22 Ve[ 2 [[Vul[ 5 [V7ullfe
1%
< fOHWtIIQLz + I Vul 2 IV2ull2 + O Vull12

7
(3.33) TolIVulze + Cllvpullz:lIVul oz + ClIVul 3.

IN

According to (1.1),, (1.1),, and Hélder’s inequality, we have

|75 :/(thut -e3 + pifes - up)dx
z/((pu ceg — pu - VO + kAO)uy - e3 —u - Vpbes - ug)dx
S/(PQWHVUA + K|VO|[Vue| + plul|u|)da
<p||vpul s |0l z Ve 12 + C VO] 12| Ve | 12
+ CllVpull 2 ||v/pue 2
_3 i i K
<pilVpullf:llull 6 VOl L2 [ Vuel 2 + fOHVUtHQLQ
+C|VO|I72 + Cllv/putll 2
1
(3.34) SEHVUtHiz + CllVpull 2 [IVull 2 VO] 2 + CIIVO 72 + Cll\/puel| 2

Substituting (3.31)-(3.34) into (3.30) and along with (3.4), (3.17), (3.23), we have
the following inequality

d
Ivewlis + 1 VulZ:
(335)  <CllVpullL:(IVullz: + VpullL: [ Vullz2) + CIVO|Z: + CVul 5.
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Then multiplying (3.35) by t>~# and combining with Grénwall’s inequality, (3.1),
(3.4), and (3.10), we have

¢(T)
sup t2_ﬂ||ﬁutH%z+/ £V | 2.t
(T 0

te[0,¢(T)]

¢(T) ¢(T)
<Cexpf / (IVullds + |/Burllz2 |Vl 2)dt} (¢ (T)>7 / V6|2t
0
T)

<(
[ 0 )
0
T

L an R I
<Cowp( swp ¢F[Vula([ OV puladnt([ et
t€[0,¢(T)] 0 0

(3.36) <CO(||Vuol[22 + || V8o |22).

Multiplying (3.35) by et and together with Gronwall’s inequality, (3.1), (3.5),
(3.12) and (3.26), we get

sup ]e”t||\/ﬁut||2L2+/ 7|V ||3 2 dt
T

T
te[¢(T) ¢(T)

T
SCeXp{/C(T)(IIVUII%z + llv/puell 2 [Vl L2 )dt} (| /puel72 i=c ry

T T
+/ e"t||v9||§2dt+/ e 1ot dt)
<) ()
T

T
fed 1 —20t\ &
<Cop{ sup HVula( [ e IVpuladnt([ elay
¢(T) (1)

te[¢(T), T
(3.37)  <C(IVuolz2 +[[V8oll72)-

Finally, (3.28) is a direct consequence of (3.12) and (3.27). Lemma 3.4 is completed.

LEMMA 3.5. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, B, p, i, k, M, p,
leoll, 5 [Vuol|22, and ||V, such that

¢(T)
(3.38)  sup 27|\ /pb 7 +/ 1270V, 72dt < C([[VuolZ + [[V6ol72),
t€[0,¢(T)] 0

T
(3.39) sup  e7"||\/p0:|7 +/ 7|V ||72dt < C(||Vuol|F2 + (V0o ||72).
te[¢(T).T) ¢(1)

Proof: First, operating 0; to (1.1),, we have

(3.40) PO + pu - VO — kAO, = —pi0y — (pu)y - VO + (pu)es,
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multiplying it by 6;, and integration by parts when necessary, one gets
1d
5@”@@”%? + K|[VO,]|72
=— 2/pu -V60,0,dx — /pu -V(u-Vo6,)dx

—/put-VHthx—i—/Ht(pu)tegdm

4
> i

i=1

lI>

(3.41)

Similar to I;(: = 1,2, ...,5), we estimate the four terms of J; as follows

1] + 5] < / (plul|V0:116:] + plu |1 V6]16, ) d
<pt||ull o || v/PO: | 13 1V 8el| 22 + 2% V0| 22 el o || /60 o
<Cl/p0l2: V6,1 2, (I ull 12 V84| 2 + ClIVOI| 2 | Vel 2)
<SG + Clly/pbel3al| Vullfs + O Vs
(3.42) e\ ANCAS

|2 S/ﬂlﬂ\(f%IVUIIW\ + 0eu|[V20] + [V ||ul[VO])dz

<Cllull e 10ell Lo IV Lo [Vl L2 + [|ull Lo ]| V0] £2)
+ [l Ze V0] e [V eI 2
<C|IVO, L2 [ V20| L2 ]| Vul| -
K
(3.43) <§IVOZ2 + CllVAOIZ: IV ullze + VOl Z2 [ Vel

|a S/(/ﬁtlml + pOy|u|Vul + plul*| V6, |)da

<lIpl3 IvA0ell el o + 52 [IV/pull s [ Vull 216 o
+ 0% || /pull s lull o | VO | 2
<Cllv/p00l 2 Vel + 23 | /ul s lul 26 V64| 2| Va1
(3.44) <t V632 + CllVEBiIIE + ClIVuillfa + Ol vpul 2 | Vul 3.

Substituting (3.42)-(3.44) into (3.41) and along with (3.4), (3.17), (3.23), we obtain
the following estimates,

d
prANCZ P R
(3.45) <ClVpbllizIVullze + CllVuel|7z + [ VOlI72 | Vul 7o
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Then multiplying (3.45) by t>~# and combining with Grénwall’s inequality, (3.1),
(3.11), and (3.26), we have

¢(T)
sup A+ [ VO e
T 0

t€[0,¢(T)]

(1) . ¢(T) . )
<Cow{ [ IVulisaty [ @ vrl:
0
+ 27| Vg ||F 2 + t*P73)adt
(3.46) <C(IVuoli3 + [900]32).
Multiplying (3.45) by et and together with Gronwall’s inequality, (3.1), (3.27) and
(3.38), we get

T
sup egtH\/thH%2-+-j/( R
) T

te[¢(T),T]

T
<Cesp{ /< o [Py Pl

T
[Tl + e a
¢(T)
(3.47) <C(|VuollZ> + [ Vol|72)-
Then, we finish the Lemma 3.5.

LEMMA 3.6. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, B, pu, fi, x, M, p,

lleoll 5 [Vuol|32, and ||Vl such that

T
(3.48) / IVl pedt < C(||Vuollzz + ||Vl L2).
0
Proof. It deduces from Lemma 2.3, the Hdlder’s inequality, the Young’s
inequality, (2.1), (3.3)-(3.4) and (3.14), for any p € [2, min{6, ¢}
IV2ull e + VP e

<|lpu¢ + pu - Vu + pHegHLng

<C\|fﬂtIILP HVUtllLZ” +llull ol Vull oo +C||f9||LP H\fGIIL
+C||PHE% v/l 2 +ﬁ§||u -Vl g2 + Cllpll 3 10| Lo
6—p 3p 5 4p—6
<CllVpull ;z HVUtIIL +CHVUHL2HVUH”’ V2l f5°
6—p 3p—6
+C||f9|| 7 HV9HL2” +C||x/ﬁut||L2 + Cllu-Vullrz + C| V| L2

2_ — ]'
<C\|fut|| HVUtllL ’ +CHVUHL2 §IIVQUIILP+CII\//7%||L2
(3.49)  +C|[Vul. + C|[VO2.
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Due to (3.17) and (3.23) , and setting r € (3, min{gq, ﬁ}), we get
IVullze <C|IVZullz- + C||Vul|2
<ClVpulZ Va5 + Cllvpule +ClVallss
(3.50) +CVull i +C)VO.
Next, we can obtain from (3.1), (3.17), (3.10) and (3.26) that,

(1)
[ Ivul
0

L o
<C sup (77| \pudlza) T ( / 28|V |[F2dt) 5
t€[0,¢(T)] 0

€T yoyw . «ry
(/ t2(f+62) dt) ke +C  sup t%”\/ﬁut”L2 / t_ydt
0 t€[0,¢(T)] 0

- «n ()

1—8 —£2=2 2

O sup ¢ HVU||L2/ =55 dt+C/ V0|2 de
t€(0,¢(T)] 0 0

(3.51) <C(IIVuollzz + V0ol Z2)-
Then, according to (3.50), (3.1), (3.12) and (3.27), we show that

T
(1)
T

<C sup e%‘(||¢ﬁut|\L2+||Vu||Lz)/ %t
el 1) )

T 1 T 1
H([ et Tuladnt([ e
(1) (1)

T T
+ sup (e”t||Vu||2L2)3/ e_gatdt—FC'/ NI
(1)

te[¢(T),T) ¢(T)
(3.52) <C(|Vuol|7: +1[Vbo|172)-

According to Lemmas 3.2 — 3.6, we turn to prove Proposition 3.1.

Proof of Proposition 3.1. First, we can deduce from (1.1); that
(3.53) (1(p))e +u-Vu(p) =0,
then multiplying the above equality by |Vu(p)|?=2 - Vu(p), we have
d
(3.54) i IVHP)llze < O Vul = [IVu(p) | Lo

Together with Gronwall’s inequality and (3.38) leads to

T
sup [|Vu(p)llLe <[[Vi(po)llza exp{C/ [Vul|poedt}
t€[0,T] 0

<[Vi(po) || s exp{C([[Vuoll7 + | V8oll72)}
(3.55) <2M,
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where ||Vug |2, + || V6|2, < e1 £ C~!n2. Next, it obtained from (3.10) and (3.12)
that

T ¢(T)

Vullf. < sup (t17P2)|Vul|2.)? 2624t

[Vully, p L
0 t€[0,¢(T))] 0

T
+ sup (e"tHVUH%z)2/ e 2ot dt
tel¢(T),T) (1)

<CO(|Vuoli2 + V6ol 72)
(3.56) <[Vuollz + Vool 72

where |[Vugl|2. + [|[VOo|2. < &2 & C~2. Then, choosing gy 2 min{1,e;,e5}, by
virtue of (3.13) and (3.14), we can directly get (3.2).

LEMMA 3.7. Let (p,u,p,0) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, B, p, i, x, M, p,

leoll, 35 [Vuol2., and ||V |2, such that for ro £ min{6,q},

sup }e"t(IIVullﬁa +IVOIZ: + CIVullfn +Cliplizn + CIVOlE)

te[0,T

T
4 / Ce (I9ulZn + 1912 + V612 + CIVulZnro + CllplZrng
0

T
(3.57) VO )dt +/ e (I VuellZs + [ VO[72)dt < C.
0

Proof.  Similar to (3.53) and (3.54), it implies that
(358) ||Vp||Lszq S 2||v,00||L2qu.

Multiplying (3.25) by €t and along with Gronwall’s inequality, (3.5), and (3.2), we
obtain

T
(359)  sup et (||VulZs + [VO|2) +/ e (/s |2a + /30 |2a)dlt < C.
t€[0,T] 0

Due to (3.35) and (3.45), it implies that

d

%(llx/ﬁutﬂiz FIVP0:lI72) + [IVuel|Ze + [IV8]|72
(3.60) <C(IVpullzz + VPl 22) P2 + ClIVul 2.
Together with Gronwall’s inequality, (3.59), and (3.5), it gives

T
B61) sup e (IVpulis + IVl + | et s + Iv0n2)ie < .
5 0

te|
Then, with the help of (3.15), (3.21), and (3.61), it is easy to deduce that

sup Ce”! ([ Vullfn + [l 3 + VO]7:)
t€[0,7)

T
(3.62) +/ e (IVullFn + Il + [VO)70)dt < C.
0
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At the same time, using LP-theory of the elliptic equation, and (3.3), we have for
any p € [2,min{6,q}),

V20|20 <C|lp; + pu- VO + pu- 63||Lv
<C||f9t||Lp Hf9tHL2" + CllullzslIVOIl o +lloll ee llullze

3p—6 4p—6

<C||f9t||L” VOl 2" +CIIVUHL2IIV9||2’§ " IV2015 + |Vl

<CllVpbel|L> + ClIVO: |2 + ClIVUHLz V6.
(3.63) + 5||V29|\Lp + C||Vul| 2.
Then, it holds that
(3.64) V20l 0 < CllVp0ell 2 + ClIVO:l| 2 + Cl[Vul 2 + C[[VE]| 2.
It follows from (3.15), (3.21) (3.39), (3.64), and (3.59) that for ro = min{6, ¢},

IVallwrro +[pllwiro +[[VOwiro

combining with (3.61) and (3.5), we get

T
(3.66) / Ce” (IVullwrro + lIpllwrro + VOl )dt < C.
0

According to (3.59) and (3.66), we can yield (3.57). Finally, the proof of Lemma
3.5 is finished. O

Proof of Theorem 1.1. With the help of the a priori estimates in Lemma
3.2-Lemma 3.7, we can prove the Theorem 1.1, and the detailed proof are similar
o [22]. Here, we omit it for simplicity.
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