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Global strong solution and exponential decay to the 3D
incompressible Bénard system with density-dependent

viscosity and vacuum
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Abstract. In this paper, we study the Cauchy problem of the incompressible
Bénard system with density-dependent viscosity on the whole three-dimensional
space. We first construct a key priori exponential estimates by the energy
method, and then we prove that there is a unique global strong solution for
the 3D Cauchy problem under the assumption that initial energy is suitably
small. In particular, it is not required to be smallness condition for the initial
density which contains vacuum and even has compact support. Finally, we
obtain the exponential decay rates for the gradients of velocity, temperature
field and pressure.
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1. Introduction

We consider the 3D nonhomogeneous incompressible Bénard system with density-
dependent viscosity as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇p− div(μ(ρ)∇u) = ρθe3,

(ρθ)t + div(ρuθ)− κ� θ = ρu · e3,
divu = 0,

(1.1)
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where x = (x1, x2, x3) ∈ R
3 is the spatial coordinate, t ≥ 0 is time, ρ = ρ(x, t),

u = (u1, u2, u3)(x, t) are the density and velocity, respectively; θ = θ(x, t) stands for
the temperature of the fluid, and p = p(x, t) denotes the pressure; μ(ρ) > 0 is the
viscosity coefficient which depends on the density; the constant κ > 0 represents
the heat conductivity coefficient. e3 = (0, 0, 1)t is the write vertical vector. The
viscosity coefficient μ(ρ) satisfies the following hypothesis:

μ(ρ) ∈ C1[0,∞) and 0 < μ ≤ μ(ρ) ≤ μ̄ <∞, ∀ρ ∈ [0,∞).(1.2)

The initial data and far field conditions are given by{
ρ(x, 0) = ρ0(x), ρu(x, 0) = ρ0u0(x), ρθ(x, 0) = ρθ0(x), x ∈ R

3,

(ρ, u, θ)(x, t)→ 0, as |x| → ∞.
(1.3)

The equations (1.1) is called Bénard system, which describes the Rayleigh-
Bénard convective motion in a heated fluid [1, 2]. In fact, Bénard [3] first pro-
posed the Bénard convection problem in experimental observations. Later on, many
scholars modified and innovated it, which can be refree [4, 5, 6, 7, 8]. When ρ is
a constant, the system (1.1) is homogeneous viscid fluid and has been considered
extensively, if we ignore the thermal effects and remove the vertical disturbed veloc-
ity component u · e3, the Bénard system becomes the Boussinesq equations. If the
initial data (u0, θ0) has finite energy, bounded vorticity and the initial temperature
θ0 ∈ L2 ∩ B−1

∞,1, Danchin and Paicu [9] proved that the inviscid Bénard system
has a global unique solution for Yudovich’s type data. The authors also showed
the global existence in the case of infinite energy velocity field which admits the
vortex-patches-like structures and achieve another further improvement to the less
regular data as a extension of the important work of Yudovich [10]. Wu-Xue [11]
obtained the global unique solution for Yudovich’s type data for the 2D inviscid
Bénard system with fractional diffusivity. Hmidi-Keraani-Rousset [12] established
the global well-posedness with the dissipative power by deeply developing the struc-
tures of the coupling system. motivated by this, Ye [13] showed the global-in-time
existence of smooth solutions to the 2D Bénard equations with critical dissipation.
For the dynamics problem of a Boussinesq approximated Bénard convection fluid
evolving in 3D, Guo-Xie-Zeng [14] proved the exponential decay of solutions in the
framework of high regularity by applying a flattening coordinate method. However,
when we consider the density-dependent viscosity and the initial density allowing
vacuum states, it seems bring some difficulties that the strong coupling between
velocity and temperature under vacuum.

Recently, more attentions have attracted by density is not a constant. When the
initial density allowing vacuum states and the thermal diffusivity tends to zero, Ye-
Zhu [15] proved the global existence and the asymptotic behavior of the solutions for
the initial boundary problem. Fan-Sun-Tang [16] showed the global strong solutions
for 2D initial boundary value problem by using the bootstrap argument. Zhong [17]
investigated the global existence and uniqueness of strong solutions to the 2D initial
boundary value problem with general initial data including vacuum. Zhong [18]
established a unique global strong solution for nonhomogeneous Bénard system
with zero density at infinity and large initial data. While assuming that some small
conditions hold true, Zhong [19] studied the global existence and exponential decay
of strong solutions to the Cauchy problem of nonhomogeneous Bénard system in R

3.
However, the viscosity coefficient is independent of density in those above results.
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Recently, when the viscosity coefficient μ(ρ) depends on the density ρ, He-Li-Lü
[20] obtained the global existence and exponential stability of strong solutions in
unbounded domains while the initial velocity ‖u0‖Ḣβ (β ∈ ( 12 , 1]) is suitably small.
Our purpose is to study the global existence and uniqueness of strong solutions of
3D density-dependent viscosity Bénard system with vacuum. There is no need any
smallness conditions on the initial density and here we only need the initial energy
for the gradients of velocity and temperature are suitably small. Meanwhile, we
also obtain the exponential decay rates of the spatial gradients for the velocity,
temperature and the pressure.

We give some notations and conventions employed throughout the paper. For
R > 0, set

BR � {x ∈ R
3 | |x| < R},

∫
fdx �

∫
R3

fdx.

Moreover, for 1 ≤ r < ∞, k ≥ 1, we denote the standard and Sobolve spaces as
follows:

Lr = Lr(R3), W k,r = W k,r(R3), Hr = W k,2.

Our main result stated as follows:

Theorem 1.1. Suppose the initial data (ρ0, u0, θ0) satisfy that for any given
numbers ρ̄ > 0, q ∈ (3,∞), and β ∈ ( 12 , 1]⎧⎪⎨

⎪⎩
0 ≤ ρ0 ≤ ρ̄, ρ0 ∈ L

3
2 ∩H1 ∩W 1,q,∇μ(ρ0) ∈ Lq,

u0 ∈ H1
0,σ, θ0 ∈ H1

0,σ,

divu0 = 0;

(1.4)

there exists small positive constant ε0 depending only on q, β, μ, μ̄, κ, ‖ρ0‖
L

3
2
, ρ̄,

and M � ‖∇μ(ρ0)‖Lq such that if

(1.5) ‖∇u0‖2L2 + ‖∇θ0‖2L2 ≤ ε0.

Then the problem (1.1)− (1.3) exists unique global strong solutions (ρ, u, p, θ) such

that for any 0 < τ < T <∞ and p ∈ [2, r0) with r0 � min{6, q},⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ ρ ∈ C([0, T ];L
3
2 ∩H1),∇μ(ρ) ∈ C([0, T ];Lq)

∇u ∈ L∞(0, T ;L2) ∩ L∞(τ, T ;W 1,r0) ∩ C([τ, T ];H1 ∩W 1,p),

∇θ ∈ L∞(0, T ;L2) ∩ L∞(τ, T ;W 1,r0) ∩ C([τ, T ];H1 ∩W 1,p),

∇p ∈ L∞(τ, T ;Lr0) ∩ C([τ, T ];Lp),

∇ut ∈ L∞(τ, T ;L2) ∩ L2(τ, T ;Lr0),

∇θt ∈ L∞(τ, T ;L2) ∩ L2(τ, T ;Lr0),
√
ρut,

√
ρθt ∈ L2(0, T ;L2) ∩ L∞(τ, T ;L2).

(1.6)

Moreover, it holds that

sup
0≤t≤∞

‖∇ρ‖L2 ≤ 2‖∇ρ0‖L2 , sup
0≤t≤∞

‖∇μ(ρ)‖Lq ≤ 2‖∇μ(ρ0)‖Lq ,(1.7)
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and for positive constant σ depending only ‖ρ0‖
L

3
2
, μ, and κ, such that, for all

t ≥ 1, {‖∇u(·, t)‖H1∩W 1,r0 + ‖∇ut(·, t)‖2L2 + ‖p(·, t)‖H1∩W 1,r0 ≤ Ce−σt,

‖∇θ(·, t)‖H1∩W 1,r0 + ‖∇θt(·, t)‖2L2 ≤ Ce−σt,
(1.8)

where C depends only on q, β, μ, μ̄, κ, M , ρ̄, ‖ρ0‖
L

3
2
, ‖∇u0‖L2 , and ‖∇θ0‖L2 .

Remark 1.2. It is all considered the viscosity coefficient is independent of
density in [18, 19], motivated by [20], we improve their results and study the
global existence and uniqueness of strong solutions of nonhomogeneous Bénard
system with the viscosity coefficient μ(ρ) depends on the density ρ.

Remark 1.3. There is only the condition (1.5) and without other additional
small initial conditions in Theorem 1.1. Meanwhile, we also obtain the exponential
decay-in-time properties (1.8) to the Cauchy problem.

According to Lemma 2.1, in order to prove Theorem 1.1, one needs to get global
a priori estimates on strong solution to (1.1)-(1.3) in proper higher norms. Firstly,
the key ingredient here is to get the time-independent L1(0, T ;L∞(R3))-norm of∇u.

we derive that the bound on L2(0, T ;L2(R3))-norm of e
σt
2 ∇u and L2(0, T ;L2(R3))-

norm of e
σt
2 ∇θ by applying the upper bounds on the density (3.3) and the Sobolev’s

inequality. In addition, we need to define a function ζ(t) � min{1, t} to get the esti-

mates on L∞(0, ζ(T );L2(R3))−norm of t
1−β
2
√
ρut and L∞(ζ(T ), T ;L2(R3))−norm

of e
1
2σt
√
ρut, which avoids the singularity of ‖√ρut‖2L2 at t = 0 and the same as

‖√ρθt‖2L2 . And then the most important thing is to estimate H1(R3))-norm of

∇u by Lemma 2.3 (see (3.15)) and H1(R3))-norm of ∇θ by L2-theory of the el-
liptic equation (see (3.20)), which solves the strong coupling of u · ∇u and u · ∇θ
caused by density. And further we get the estimates on L∞(0, ζ(T );L2(R3))−norm
of t

2−β
2
√
ρut and L∞(0, ζ(T );L2(R3))−norm of t

2−β
2
√
ρθt, which make us succeed

in bounding the L1(0, T ;L∞(R3))-norm of ∇u (see (3.57)). Then, with a priori
estimates stated above, we are in a position to prove Proposition 3.1. Finally, we
can extend the local solution to all time, and meanwhile obtain the exponential
decay rates for the gradients of velocity, temperature field and pressure.

Next, we shall first state some known inequalities, which will be employed later
in this paper. In the last section, we will give some priori estimates and prove the
Theorem 1.1.

2. Preliminaries

We will recall some known facts and elementary inequalities which will be used
frequently later. The following local existence of strong solutions whose proof can
be found in [26].

Lemma 2.1. Assume that (ρ0, u0, θ0) satisfies (1.4). Then there exists a small
time T > 0 and a unique strong solution (ρ, u, p, θ) to the problem (1.1) − (1.3) in
R

3 × (0, T ) satisfying (1.6).

Lemma 2.2. (see [27]) (Gagliardo-Nirenberg). Let v belongs to Lq(Rn), and
its derivatives of order m, ∇mv, belong to Lr(Rn), 1 ≤ q, r ≤ ∞. Then for the
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derivatives ∇jv, 0 ≤ j < m, we have

‖∇jv‖Lq(Rn) ≤ C̃‖∇mv‖αLr(Rn)‖v‖1−α
Lq(Rn),(2.1)

where
1
p = j

n + α( 1r − m
n ) + (1− α) 1q ,

for all a in the interval
j
m ≤ α ≤ 1,

and the constant C̃ depends only on n, m, j, q, r, α.

To derive the estimates of the solutions, we need the following regularity on
the Stokes equations, which plays a key role in the following priori estimates of
(ρ, u, p, θ), we can also refer to ([20], Lemma 2.4).

Lemma 2.3. For positive constants μ, μ̄ and q ∈ (3,∞), in addition to (1.2).

Then, if F ∈ L
6
5 ∩Lr with r ∈ [ 2q

q+2 , q], there exists a positive constant C depending

only on μ, μ̄, r and q, such that the unique weak solution (u, p) ∈ D1
0,σ×L2 satisfies

the following Cauchy problem⎧⎪⎨
⎪⎩
− div(2μ(ρ)∇u) +∇p = F, x ∈ R

3,

divu = 0, x ∈ R
3,

u(x)→ 0, |x| → ∞,

(2.2)

where D1
0,σ = ¯C∞0,σ closure in the norm of D1 and satisfies

‖∇u‖L2 + ‖p‖L2 ≤ C‖F‖
L

6
5
,(2.3)

‖∇2u‖Lr + ‖∇p‖Lr ≤ C‖F‖Lr + C‖∇μ(ρ)‖
q(5r−6)
2r(q−3)

Lq ‖F‖
L

6
5
.(2.4)

Moreover, if F = divg with g ∈ L2∩Lr̃ for some r̃ ∈ ( 6q
q+6 , q], there exists a positive

constant C depending only on μ, μ̄, q and r̃ such that the unique weak solution

(u, p) ∈ D1
0,σ × L2 to (2.2) satisfies

‖∇u‖L2∩Lr̃ + ‖p‖L2∩Lr̃ ≤ C‖g‖L2∩Lr̃ + C‖∇μ(ρ)‖
3q(r̃−2)
2r̃(q−3)

Lq ‖g‖L2 .(2.5)

3. Convergence rate of the solution.

Before proving the result of Theorem 1.1, we aim to get the following a priori
estimates on (ρ, u, p, θ).

proposition 3.1. There exists a positive constant ε0 depending only on q, β,
μ, μ̄, κ, ρ̄, ‖ρ0‖

L
3
2
, and M, such that if (ρ, u, p, θ) is a smooth solution of (1.1)-(1.3)

on R
3 × (0, T ] satisfying

(3.1) sup
t∈[0,T ]

‖∇μ(ρ)‖2Lq ≤ 4M,

∫ T

0

‖∇u‖4L2 ≤ 2(‖∇u0‖2L2 + ‖∇θ0‖2L2),

then the following estimates hold:

(3.2) sup
t∈[0,T ]

‖∇μ(ρ)‖2Lq ≤ 2M,

∫ T

0

‖∇u‖4L2 ≤ ‖∇u0‖2L2 + ‖∇θ0‖2L2 ,

provided that ‖∇u0‖2L2 + ‖∇θ0‖2L2 ≤ ε0.
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Lemma 3.2. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, μ, μ̄, κ, ρ̄, ‖ρ0‖

L
3
2
,

‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that

0 ≤ ρ ≤ ρ̄, ‖ρ‖
L

3
2
= ‖ρ0‖

L
3
2
,(3.3)

sup
t∈[0,T ]

(‖√ρu‖2L2 + ‖√ρθ‖2L2) +

∫ T

0

(‖∇u‖2L2 + ‖∇θ‖2L2)dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.4)

sup
t∈[0,T ]

eσt(‖√ρu‖2L2 + ‖√ρθ‖2L2) +

∫ T

0

eσt(‖∇u‖2L2 + ‖∇θ‖2L2)dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.5)

Proof. (3.3) can be obtained by Theorem 2.1 in [28]. Adding (1.1)2 × u to
(1.1)2 × θ and integrating it over R3, we have

1

2

d

dt

∫
ρ(|u|2 + θ2)dx+

∫
(μ|∇u|2 + κ|∇θ|2)dx

≤ 2

∫
ρθu · e3dx

≤ ‖√ρu‖2L2 + ‖√ρθ‖2L2 .(3.6)

Next, applying Grönwall’s inequality to the above inequality and along with Hölder’s,
Sobolev’s inequality, we get

sup
t∈[0,T ]

(‖√ρu‖2L2 + ‖√ρθ‖2L2) +

∫ T

0

(‖∇u‖2L2 + ‖∇θ‖2L2)dt

≤‖√ρ0u0‖2L2 + ‖√ρ0θ0‖2L2

≤‖ρ0‖
L

3
2
(‖u0‖2L6 + ‖θ0‖2L6)

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.7)

It deduces from (3.3), Hölder’s and Sobolev’s inequality that

‖√ρu‖2L2 + ‖√ρθ‖2L2 ≤ ‖ρ‖
L

3
2
(‖u‖2L6 + ‖θ‖2L6)

≤ 4

3
‖ρ0‖

L
3
2
(‖∇u‖2L2 + ‖∇θ‖2L2)

≤ σ−1(μ‖∇u‖2L2 + κ‖∇θ‖2L2),(3.8)

where σ−1 = max{
4‖ρ0‖

L
3
2

3μ ,
4‖ρ0‖

L
3
2

3κ }. Then combining (3.8) and (3.6), we obtain

d

dt
(‖√ρu‖2L2 + ‖√ρθ‖2L2) + σ(‖√ρu‖2L2 + ‖√ρθ‖2L2) + ‖∇u‖2L2 + ‖∇θ‖2L2

≤ 2(‖√ρu‖2L2 + ‖√ρθ‖2L2),(3.9)

which with the help of Grönwall’s inequality and (3.4) to yield (3.5). Finally, the
proof of Lemma 3.2 is finished. �
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Lemma 3.3. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, β, μ, μ̄, κ, M, ρ̄,

‖ρ0‖
L

3
2
, ‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that

sup
t∈[0,T ]

t1−β‖∇u‖2L2 +

∫ T

0

t1−β‖√ρut‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.10)

sup
t∈[0,T ]

t1−β‖∇θ‖2L2 +

∫ T

0

t1−β‖√ρθt‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.11)

sup
t∈[0,T ]

eσt(‖∇u‖2L2 + ‖∇θ‖2L2) +

∫ T

0

eσt(‖√ρut‖2L2 + ‖√ρθt‖2L2)dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.12)

Proof. First, multiplying (1.1)2 by ut and integrating the resulting equality
over R3, we have

1

2

d

dt
μ(ρ)‖∇u‖2L2 + ‖√ρut‖2L2

=−
∫

ρu · ∇u · utdx− 1

2

∫
μ(ρ)u · ∇|∇u|2dx+

∫
ρθe3 · utdx

≤ρ̄ 1
2 ‖u‖L6‖√ρut‖L2‖∇u‖L3 +

μ̄

2
‖u‖L6‖∇u‖L3‖∇2u‖L2

+ C‖√ρθ‖L2‖√ρut‖L2

≤C‖∇u‖L2‖√ρut‖L2‖∇u‖ 1
2

L2‖∇2u‖ 1
2

L2 + C‖∇u‖L2‖∇u‖ 1
2

L2‖∇2u‖ 3
2

L2

+ C‖√ρθ‖2L2 +
1

6
‖√ρut‖2L2 ,(3.13)

where Sobolev’s and Gagliardo-Nirenberg inequality were used in the last integral.
Next, it follows from Lemma 2.3, (3.1), (3.3) and the Gagliardo-Nirenberg inequality
that

‖∇u‖H1 + ‖p‖H1 ≤C(‖ρut + ρu · ∇u+ ρθe3‖L2 + ‖ρut + ρu · ∇u+ ρθe3‖
L

6
5
)

≤C(ρ̄
1
2 + ‖ρ‖ 1

2

L
3
2
)(‖√ρut‖L2 + ρ̄

1
2 ‖u · ∇u‖L2 + ‖√ρθ‖L2)

≤C‖√ρut‖L2 + C‖∇u‖2L2‖∇u‖L2 + C‖√ρθ‖L2 +
1

2
‖∇2u‖L2 .(3.14)

It can be directly obtained

‖∇u‖H1 + ‖p‖H1 ≤ C‖√ρut‖L2 + C‖√ρθ‖L2 + C‖∇u‖3L2 .(3.15)

Combining with (3.13) and Young’s inequality, we get

d

dt
‖∇u‖2L2 + ‖√ρut‖2L2 ≤ C‖∇u‖4L2‖∇u‖2L2 + C‖√ρθ‖2L2 .(3.16)

Then, with the help of Grönwall’s inequality, (3.1), and (3.4), we have

sup
t∈[0,T ]

‖∇u‖2L2 +

∫ T

0

‖√ρut‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.17)
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For any β ∈ ( 12 , 1), multiplying (3.16) by t1−β together with the Grönwall’s inequal-
ity, (3.1), and (3.17), we obtain the following estimate

sup
t∈[0,T ]

t1−β‖∇u‖2L2 +

∫ T

0

t1−β‖√ρut‖2L2dt

≤ C sup
t∈[0,T ]

‖∇u‖2L2

∫ T

0

t−βdt

≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.18)

which combining with (3.17) it obtains (3.10). Next, multiplying (1.1)3 by θt and
integrating the resulting equality over R3, it shows

κ

2

d

dt
‖∇θ‖2L2 + ‖√ρθt‖2L2

= −
∫

ρu · ∇θθtdx+

∫
ρu · e3θtdx

≤ ρ̄
1
2 ‖u‖L6‖√ρθt‖L2‖∇θ‖L3 + ‖√ρu‖L2‖√ρθt‖L2

≤ C‖∇u‖L2‖√ρθt‖L2‖∇θ‖ 1
2

L2‖∇2θ‖ 1
2

L2 + C‖√ρu‖2L2 +
1

4
‖√ρθt‖2L2 .(3.19)

It deduces from (1.1)3, L
2-theory of the elliptic equation, (3.3), and (3.4) that

‖∇θ‖H1 ≤C(‖ρθt + ρu · ∇θ + ρu · e3‖L2 + ‖∇θ‖L2)

≤C(‖√ρθt‖L2 + ‖u‖L6‖∇θ‖L3 + ‖√ρu‖L2 + ‖∇θ‖L2)

≤C(‖√ρθt‖L2 + ‖∇u‖2L2‖∇θ‖L2) + C‖√ρu‖L2 +
1

2
‖∇2θ‖L2 ,(3.20)

which yields

‖∇θ‖H1 ≤ C‖√ρθt‖L2 + C‖√ρu‖L2 + C‖∇u‖2L2‖∇θ‖L2 .(3.21)

Combining (3.19) with (3.21), we yield

d

dt
‖∇θ‖2L2 + ‖√ρθt‖2L2 ≤ C‖∇u‖4L2‖∇θ‖2L2 + C‖√ρu‖2L2 .(3.22)

Then we use Grönwall’s integrating, and (3.1) to get that

sup
t∈[0,T ]

‖∇θ‖2L2 +

∫ T

0

‖√ρθt‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.23)

Multiplying (3.19) by t1−β(β ∈ ( 12 , 1)) together with Grönwall’s inequality, (3.21),
(3.1), and (3.23), we arrive at

sup
t∈[0,T ]

t1−β‖∇θ‖2L2 +

∫ T

0

t1−β‖√ρθt‖2L2dt ≤ C sup
t∈[0,T ]

‖∇θ‖2L2

∫ T

0

t−βdt

≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.24)

Adding (3.16) to (3.19) and together with (3.21), we have

d

dt
(‖∇u‖2L2 + ‖∇θ‖2L2) + (‖√ρut‖2L2 + ‖√ρθt‖2L2)

≤ C(‖∇u‖2L2 + ‖∇θ‖2L2)‖∇u‖4L2 + C‖√ρu‖2L2 + C‖√ρθ‖2L2 ,(3.25)
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then which multiplying by eσt together with Grönwall’s inequality, (3.1) and (3.4)
we get (3.12). Finally, we finish the proof of lemma 3.3.

Lemma 3.4. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, β, μ, μ̄, κ, M, ρ̄,

‖ρ0‖
L

3
2
, ‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that

sup
t∈[0,ζ(T )]

t2−β‖√ρut‖2L2 +

∫ ζ(T )

0

t2−β‖∇ut‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.26)

sup
t∈[ζ(T ),T ]

eσt‖√ρut‖2L2 +

∫ T

ζ(T )

eσt‖∇ut‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.27)

sup
t∈[ζ(T ),T ]

eσt(‖∇u‖2H1 + ‖P‖2H1) ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.28)

with ζ(t) � min{1, t}.

Proof: First, operating ∂t to (1.1)2, it has

ρutt + ρu · ∇ut − div(μ(ρ)∇ut) +∇p

= −ρtut − (ρu)t · ∇u+ div(μ(ρ)t∇u) + (ρθ)te3,(3.29)

then multiplying it by ut, with the help of integration by parts and (1.1)4, we yield

1

2

d

dt
‖√ρut‖2L2 + μ‖∇ut‖2L2

=− 2

∫
ρu · ∇ut · utdx−

∫
ρu · ∇(u · ∇u · ut)dx−

∫
ρut · ∇u · utdx

+

∫
u · ∇μ(ρ)∇u · ∇utdx+

∫
(ρθ)te3 · utdx

�
5∑

i=1

Ii.(3.30)

Next, we will estimate Ii(i = 1, 2, ..., 5) one by one as follows

|I1|+ |I3| ≤
∫

ρ|ut|(|u||∇ut|+ |ut||∇u|)dx
≤ C‖√ρut‖L3‖u‖L6‖∇ut‖L2 + C‖√ρut‖L3‖ut‖L6‖∇u‖L2

≤ C‖√ρut‖
1
2

L2‖ut‖
1
2

L6‖∇ut‖L2‖∇u‖L2

≤ μ

10
‖∇ut‖2L2 + C‖√ρut‖2L2‖∇u‖4L2 .(3.31)
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Due to (3.15) and Young’s inequality, it shows

|I2| ≤ρ̄
∫
(|u||∇u|2|ut|+ |u|2|∇2u||ut|+ |u|2|∇u||∇ut|)dx

≤C‖u‖L6‖ut‖L6(‖∇u‖L6‖∇u‖L2 + ‖u‖L6‖∇2u‖L2)

+ C‖u‖2L6‖∇u‖L6‖∇ut‖L2

≤C‖∇ut‖L2‖∇2u‖L2‖∇u‖2L2

≤ μ

10
‖∇ut‖2L2 + C‖√ρut‖2L2‖∇u‖4L2 + C‖∇u‖10L2 .(3.32)

With the help of (3.1), it gives

|I4| ≤ C‖∇μ(ρ)‖Lq‖u‖L∞‖∇ut‖L2‖∇u‖
L

2q
q−2

≤ C‖∇u‖ 1
2

L2‖∇2u‖ 1
2

L2‖∇ut‖L2‖∇u‖
q−3
q

L2 ‖∇2u‖
3
q

L2

≤ μ

10
‖∇ut‖2L2 + ‖∇u‖L2‖∇2u‖3L2 + C‖∇u‖4L2

≤ μ

10
‖∇ut‖2L2 + C‖√ρut‖3L2‖∇u‖L2 + C‖∇u‖10L2 .(3.33)

According to (1.1)1, (1.1)2, and Hölder’s inequality, we have

|I5| =
∫
(ρθtut · e3 + ρtθe3 · ut)dx

=

∫
((ρu · e3 − ρu · ∇θ + κ�θ)ut · e3 − u · ∇ρθe3 · ut)dx

≤
∫
(ρθ|u||∇ut|+ κ|∇θ||∇ut|+ ρ|u||ut|)dx

≤ρ̄ 1
2 ‖√ρu‖L3‖θ‖L6‖∇ut‖L2 + C‖∇θ‖L2‖∇ut‖L2

+ C‖√ρu‖L2‖√ρut‖L2

≤ρ̄ 3
4 ‖√ρu‖ 1

2

L2‖u‖
1
2

L6‖∇θ‖L2‖∇ut‖L2 +
μ

10
‖∇ut‖2L2

+ C‖∇θ‖2L2 + C‖√ρut‖L2

≤μ

5
‖∇ut‖2L2 + C‖√ρu‖L2‖∇u‖L2‖∇θ‖2L2 + C‖∇θ‖2L2 + C‖√ρut‖L2 .(3.34)

Substituting (3.31)-(3.34) into (3.30) and along with (3.4), (3.17), (3.23), we have
the following inequality

d

dt
‖√ρut‖2L2 + ‖∇ut‖2L2

≤C‖√ρut‖2L2(‖∇u‖4L2 + ‖√ρut‖L2‖∇u‖L2) + C‖∇θ‖2L2 + C‖∇u‖10L2 .(3.35)
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Then multiplying (3.35) by t2−β and combining with Grönwall’s inequality, (3.1),
(3.4), and (3.10), we have

sup
t∈[0,ζ(T )]

t2−β‖√ρut‖2L2 +

∫ ζ(T )

0

tβ−1‖∇ut‖2L2dt

≤Cexp{
∫ ζ(T )

0

(‖∇u‖4L2 + ‖√ρut‖L2‖∇u‖L2)dt}(ζ(T )2−β

∫ ζ(T )

0

‖∇θ‖2L2dt

+

∫ ζ(T )

0

(t4β−3 + t1−β‖√ρut‖2L2)dt)

≤C exp{ sup
t∈[0,ζ(T )]

t
1−β
2 ‖∇u‖L2(

∫ ζ(T )

0

t1−β‖√ρut‖2L2dt)
1
2 (

∫ ζ(T )

0

t2−2βdt)
1
2 }

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.36)

Multiplying (3.35) by eσt and together with Grönwall’s inequality, (3.1), (3.5),
(3.12) and (3.26), we get

sup
t∈[ζ(T ),T ]

eσt‖√ρut‖2L2 +

∫ T

ζ(T )

eσt‖∇ut‖2L2dt

≤Cexp{
∫ T

ζ(T )

(‖∇u‖4L2 + ‖√ρut‖L2‖∇u‖L2)dt}(eσt‖√ρut‖2L2 |t=ζ(T )

+

∫ T

ζ(T )

eσt‖∇θ‖2L2dt+

∫ T

ζ(T )

e−4σtdt)

≤C exp{ sup
t∈[ζ(T ),T ]

e
σt
2 ‖∇u‖L2(

∫ T

ζ(T )

eσt‖√ρut‖2L2dt)
1
2 (

∫ T

ζ(T )

e−2σt)
1
2 dt}

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.37)

Finally, (3.28) is a direct consequence of (3.12) and (3.27). Lemma 3.4 is completed.

Lemma 3.5. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, β, μ, μ̄, κ, M, ρ̄,

‖ρ0‖
L

3
2
, ‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that

sup
t∈[0,ζ(T )]

t2−β‖√ρθt‖2L2 +

∫ ζ(T )

0

t2−β‖∇θt‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2),(3.38)

sup
t∈[ζ(T ),T ]

eσt‖√ρθt‖2L2 +

∫ T

ζ(T )

eσt‖∇θt‖2L2dt ≤ C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.39)

Proof: First, operating ∂t to (1.1)3, we have

ρθtt + ρu · ∇θt − κ�θt = −ρtθt − (ρu)t · ∇θ + (ρu)te3,(3.40)
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multiplying it by θt, and integration by parts when necessary, one gets

1

2

d

dt
‖√ρθt‖2L2 + κ‖∇θt‖2L2

=− 2

∫
ρu · ∇θtθtdx−

∫
ρu · ∇(u · ∇θθt)dx

−
∫

ρut · ∇θθtdx+

∫
θt(ρu)te3dx

�
4∑

i=1

Ji.(3.41)

Similar to Ii(i = 1, 2, ..., 5), we estimate the four terms of Ji as follows

|J1|+ |J3| ≤
∫
(ρ|u||∇θt||θt|+ ρ|ut||∇θ||θt|)dx

≤ρ̄ 3
4 ‖u‖L6‖√ρθt‖L3‖∇θt‖L2 + ρ̄

1
2 ‖∇θ‖L2‖ut‖L6‖√ρθt‖L3

≤C‖√ρθt‖
1
2

L2‖∇θt‖
1
2

L2(‖∇u‖L2‖∇θt‖L2 + C‖∇θ‖L2‖∇ut‖L2)

≤κ

6
‖∇θt‖2L2 + C‖√ρθt‖2L2‖∇u‖4L2 + C‖∇ut‖2L2

+ C‖∇θ‖2L2‖√ρθt‖2L2 ,(3.42)

|J2| ≤
∫

ρ|u|(θt|∇u||∇θ|+ θt|u||∇2θ|+ |∇θt||u||∇θ|)dx
≤C‖u‖L6‖θt‖L6(‖∇θ‖L6‖∇u‖L2 + ‖u‖L6‖∇2θ‖L2)

+ ‖u‖2L6‖∇θ‖L6‖∇θt‖L2

≤C‖∇θt‖L2‖∇2θ‖L2‖∇u‖2L2

≤κ

6
‖∇θt‖2L2 + C‖√ρθt‖2L2‖∇u‖4L2 + ‖∇θ‖2L2‖∇u‖8L2 ,(3.43)

|J4| ≤
∫
(ρθt|ut|+ ρθt|u||∇u|+ ρ|u|2|∇θt|)dx

≤‖ρ‖23
2
‖√ρθt‖L2‖ut‖L6 + ρ̄

1
2 ‖√ρu‖L3‖∇u‖L2‖θt‖L6

+ ρ̄
1
2 ‖√ρu‖L3‖u‖L6‖∇θt‖L2

≤C‖√ρθt‖L2‖∇ut‖L2 + ρ̄
3
4 ‖√ρu‖ 1

2

L2‖u‖
1
2

L6‖∇θt‖L2‖∇u‖L2

≤κ

6
‖∇θt‖2L2 + C‖√ρθt‖2L2 + C‖∇ut‖2L2 + C‖√ρu‖L2‖∇u‖3L2 .(3.44)

Substituting (3.42)-(3.44) into (3.41) and along with (3.4), (3.17), (3.23), we obtain
the following estimates,

d

dt
‖√ρθt‖2L2 + ‖∇θt‖2L2

≤C‖√ρθt‖2L2‖∇u‖4L2 + C‖∇ut‖2L2 + ‖∇θ‖2L2‖∇u‖8L2 .(3.45)
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Then multiplying (3.45) by t2−β and combining with Grönwall’s inequality, (3.1),
(3.11), and (3.26), we have

sup
t∈[0,ζ(T )]

t2−β‖√ρθt‖2L2 +

∫ ζ(T )

0

t2−β‖∇θt‖2L2dt

≤Cexp{
∫ ζ(T )

0

‖∇u‖4L2dt}
∫ ζ(T )

0

(t1−β‖√ρθt‖2L2

+ t2−β‖∇ut‖2L2 + t4β−3)dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.46)

Multiplying (3.45) by eσt and together with Grönwall’s inequality, (3.1), (3.27) and
(3.38), we get

sup
t∈[ζ(T ),T ]

eσt‖√ρθt‖2L2 +

∫ T

ζ(T )

eσt‖∇θt‖2L2dt

≤Cexp{
∫ T

ζ(T )

‖∇u‖4L2dt}(eσt‖√ρθt‖2L2 |t=ζ(T )

+

∫ T

ζ(T )

(eσt‖∇ut‖2L2 + e−4σt)dt)

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.47)

Then, we finish the Lemma 3.5.

Lemma 3.6. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, β, μ, μ̄, κ, M, ρ̄,

‖ρ0‖
L

3
2
, ‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that

(3.48)

∫ T

0

‖∇u‖L∞dt ≤ C(‖∇u0‖L2 + ‖∇θ0‖L2).

Proof. It deduces from Lemma 2.3, the Hölder’s inequality, the Young’s
inequality, (2.1), (3.3)-(3.4) and (3.14), for any p ∈ [2,min{6, q}]

‖∇2u‖Lp + ‖∇P‖Lp

≤‖ρut + ρu · ∇u+ ρθe3‖
Lp∩L 6

5

≤C‖√ρut‖
6−p
2p

L2 ‖∇ut‖
3p−6
2p

L2 + ‖u‖L6‖∇u‖
L

6p
6−p

+ C‖√ρθ‖
6−p
2p

L2 ‖√ρθ‖
3p−6
2p

L6

+ C‖ρ‖ 1
2

L
3
2
‖√ρut‖L2 + ρ̄

1
2 ‖u · ∇u‖L2 + C‖ρ‖

L
3
2
‖θ‖L6

≤C‖√ρut‖
6−p
2p

L2 ‖∇ut‖
3p−6
2p

L2 + C‖∇u‖L2‖∇u‖
p

5p−6

L2 ‖∇2u‖
4p−6
5p−6

L2

+ C‖√ρθ‖
6−p
2p

L2 ‖∇θ‖
3p−6
2p

L2 + C‖√ρut‖L2 + C‖u · ∇u‖L2 + C‖∇θ‖L2

≤C‖√ρut‖
6−p
2p

L2 ‖∇ut‖
3p−6
2p

L2 + C‖∇u‖
6p−6

p

L2 +
1

2
‖∇2u‖Lp + C‖√ρut‖L2

+ C‖∇u‖3L2 + C‖∇θ‖2L2 .(3.49)
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Due to (3.17) and (3.23) , and setting r ∈ (3,min{q, 6
3−2β }), we get

‖∇u‖L∞ ≤C‖∇2u‖Lr + C‖∇u‖L2

≤C‖√ρut‖
6−r
2r

L2 ‖∇ut‖
3r−6
2r

L2 + C‖√ρut‖L2 + C‖∇u‖L2

+ C‖∇u‖
6r−6

r

L2 + C‖∇θ‖2L2 .(3.50)

Next, we can obtain from (3.1), (3.17), (3.10) and (3.26) that,∫ ζ(T )

0

‖∇u‖L∞dt

≤C sup
t∈[0,ζ(T )]

(t2−β‖√ρut‖2L2)
6−r
r (

∫ ζ(T )

0

t2−β‖∇ut‖2L2dt)
3r−6
4r ·

(

∫ ζ(T )

0

t
2(β−2)
r+6 dt)

r+6
4r + C sup

t∈[0,ζ(T )]

t
2−β
2 ‖√ρut‖L2

∫ ζ(T )

0

t−
β−2
2 dt

+ C sup
t∈[0,ζ(T )]

t
1−β
2 ‖∇u‖L2

∫ ζ(T )

0

t−
β−1
2 dt+ C

∫ ζ(T )

0

‖∇θ‖2L2dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.51)

Then, according to (3.50), (3.1), (3.12) and (3.27), we show that∫ T

ζ(T )

‖∇u‖L∞dt

≤C sup
t∈[ζ(T ),T ]

e
σt
2 (‖√ρut‖L2 + ‖∇u‖L2)

∫ T

ζ(T )

e−
σt
2 dt

+ (

∫ T

ζ(T )

eσt‖∇ut‖2L2dt)
1
2 (

∫ T

ζ(T )

e−σtdt)
1
2

+ sup
t∈[ζ(T ),T ]

(eσt‖∇u‖2L2)3
∫ T

ζ(T )

e−3σtdt+ C

∫ T

ζ(T )

‖∇θ‖2L2dt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2).(3.52)

According to Lemmas 3.2− 3.6, we turn to prove Proposition 3.1.

Proof of Proposition 3.1. First, we can deduce from (1.1)1 that

(μ(ρ))t + u · ∇μ(ρ) = 0,(3.53)

then multiplying the above equality by |∇μ(ρ)|q−2 · ∇μ(ρ), we have

d

dt
‖∇μ(ρ)‖Lq ≤ C‖∇u‖L∞‖∇μ(ρ)‖Lq .(3.54)

Together with Grönwall’s inequality and (3.38) leads to

sup
t∈[0,T ]

‖∇μ(ρ)‖Lq ≤‖∇μ(ρ0)‖Lq exp{C
∫ T

0

‖∇u‖L∞dt}

≤‖∇μ(ρ0)‖Lq exp{C(‖∇u0‖2L2 + ‖∇θ0‖2L2)}
≤2M,(3.55)
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where ‖∇u0‖2L2+‖∇θ0‖2L2 ≤ ε1 � C−1ln2. Next, it obtained from (3.10) and (3.12)
that ∫ T

0

‖∇u‖4L2 ≤ sup
t∈[0,ζ(T )]

(t1−β‖∇u‖2L2)2
∫ ζ(T )

0

t2β−2dt

+ sup
t∈[ζ(T ),T ]

(eσt‖∇u‖2L2)2
∫ T

ζ(T )

e−2σtdt

≤C(‖∇u0‖2L2 + ‖∇θ0‖2L2)2

≤‖∇u0‖2L2 + ‖∇θ0‖2L2 .(3.56)

where ‖∇u0‖2L2 + ‖∇θ0‖2L2 ≤ ε2 � C−
1
2 . Then, choosing ε0 � min{1, ε1, ε2}, by

virtue of (3.13) and (3.14), we can directly get (3.2).

Lemma 3.7. Let (ρ, u, p, θ) be a smooth solution to (1.1)-(1.3) satisfying (3.1).
Then there exists a positive constant C depending only on q, β, μ, μ̄, κ, M, ρ̄,

‖ρ0‖
L

3
2
, ‖∇u0‖2L2 , and ‖∇θ0‖2L2 such that for r0 � min{6, q},

sup
t∈[0,T ]

eσt(‖∇u‖2L2 + ‖∇θ‖2L2 + ζ‖∇u‖2H1 + ζ‖p‖2H1 + ζ‖∇θ‖2H1)

+

∫ T

0

ζeσt(‖∇u‖2H1 + ‖p‖2H1 + ‖∇θ‖2H1 + ζ‖∇u‖2W 1,r0 + ζ‖p‖2W 1,r0

+ ζ‖∇θ‖2W 1,r0 )dt+

∫ T

0

ζeσt(‖∇ut‖2L2 + ‖∇θt‖2L2)dt ≤ C.(3.57)

Proof. Similar to (3.53) and (3.54), it implies that

‖∇ρ‖L2∩Lq ≤ 2‖∇ρ0‖L2∩Lq .(3.58)

Multiplying (3.25) by eσt and along with Grönwall’s inequality, (3.5), and (3.2), we
obtain

sup
t∈[0,T ]

eσt(‖∇u‖2L2 + ‖∇θ‖2L2) +

∫ T

0

eσt(
√
ρut‖2L2 +

√
ρθt‖2L2)dt ≤ C.(3.59)

Due to (3.35) and (3.45), it implies that

d

dt
(‖√ρut‖2L2 + ‖√ρθt‖2L2) + ‖∇ut‖2L2 + ‖∇θt‖2L2

≤C(‖√ρut‖2L2 + ‖√ρθt‖2L2)‖√ρut‖2L2 + C‖∇u‖2L2 .(3.60)

Together with Grönwall’s inequality, (3.59), and (3.5), it gives

sup
t∈[0,T ]

ζeσt(‖√ρut‖2L2 + ‖√ρθt‖2L2) +

∫ T

0

ζeσt(‖∇ut‖2L2 + ‖∇θt‖2L2)dt ≤ C.(3.61)

Then, with the help of (3.15), (3.21), and (3.61), it is easy to deduce that

sup
t∈[0,T ]

ζeσt(‖∇u‖2H1 + ‖p‖2H1 + ‖∇θ‖2H1)

+

∫ T

0

eσt(‖∇u‖2H1 + ‖p‖2H1 + ‖∇θ‖2H1)dt ≤ C.(3.62)
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At the same time, using Lp-theory of the elliptic equation, and (3.3), we have for
any p ∈ [2,min{6, q}),
‖∇2θ‖Lp ≤C‖ρθt + ρu · ∇θ + ρu · e3‖Lp

≤C‖√ρθt‖
6−p
2p

L2 ‖√ρθt‖
3p−6
2p

L6 + C‖u‖L6‖∇θ‖
L

6p
6−p

+ ‖ρ‖
L

6p
6−p
‖u‖L6

≤C‖√ρθt‖
6−p
2p

L2 ‖∇θt‖
3p−6
2p

L2 + C‖∇u‖L2‖∇θ‖
p

5p−6

L2 ‖∇2θ‖
4p−6
5p−6

Lp + C‖∇u‖L2

≤C‖√ρθt‖L2 + C‖∇θt‖L2 + C‖∇u‖
5p−6

p

L2 ‖∇θ‖L2

+
1

2
‖∇2θ‖Lp + C‖∇u‖L2 .(3.63)

Then, it holds that

‖∇2θ‖Lp ≤ C‖√ρθt‖L2 + C‖∇θt‖L2 + C‖∇u‖L2 + C‖∇θ‖L2 .(3.64)

It follows from (3.15), (3.21) (3.39), (3.64), and (3.59) that for r0 � min{6, q},
‖∇u‖W 1,r0 + ‖p‖W 1,r0 + ‖∇θ‖W 1,r0

≤ C‖∇ut‖L2 + C‖∇θt‖L2 + C‖∇u‖L2 + C‖∇θ‖L2 ,(3.65)

combining with (3.61) and (3.5), we get∫ T

0

ζeσt(‖∇u‖W 1,r0 + ‖p‖W 1,r0 + ‖∇θ‖W 1,r0 )dt ≤ C.(3.66)

According to (3.59) and (3.66), we can yield (3.57). Finally, the proof of Lemma
3.5 is finished. �

Proof of Theorem 1.1. With the help of the a priori estimates in Lemma
3.2-Lemma 3.7, we can prove the Theorem 1.1, and the detailed proof are similar
to [22]. Here, we omit it for simplicity.

Acknowledgments: The authors would like to thank the referee for valu-
able comments, and Li is supported by Beijing Natural Science Foundation (Grant
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