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1. Introduction

In this article we will study four different Sobolev H2-type metrics on the
infinite dimensional manifold of parametrized plane curves, Imm(S*, R?).
This space is of interest due to its connections to the field of mathematical
shape analysis. Riemannian metrics are used in shape analysis, since they
equip the space with a distance function that can be used for comparison
or classification of objects; they also allow to locally linearize the space via
the exponential map and thus to generalize linear statistical methods to
these—in general—highly nonlinear spaces.

In applications to shape analysis one is mostly interested not in the curve
itself, but only in the shape that it represents. Two curves represent the same
shape, if they differ by a reparameterization or relabelling of the points. For
this reason we will only be interested in metrics that are invariant under the
action of the reparameterization group Diff (S?).

The arguably simplest reparametrization invariant metric on
Imm(S*, R?) is the L2-metric

Ge(h, k) = /Sl<h,k> ds.

Here h,k € T.Imm(S!,R?) are tangent vectors at ¢ € Imm(S', R?) and
ds denotes arc-length integration, i.e., ds = |¢(#)|df. Unfortunately this
metric is unsuitable for shape analysis, because the induced geodesic dis-
tance vanishes, i.e., any two curves can be joined by paths of arbitrary short
length. This rather surprising result was proven first for the quotient space
Imm(St, R?)/ Diff(S!) in [25]; later it was generalized in [24] to the space
Imm(M, N)/ Diff (M) of type M submanifolds of N where M is compact and
dim M < dim N, as well as the diffeomorphism group Diff (M ); using a com-
bination of both results it was shown in [3] that the distance also vanishes on
Imm(M, N). Note that this is a purely infinite dimensional phenomenon—in
finite dimensions the geodesic distance is always positive, due to the local
invertibility of the exponential map.

The vanishing of the geodesic distance for the L?-metric led to the search
for stronger metrics, that would be suitable for shape analysis. Candidates,
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that have been considered, include the L2-metric weighted by curvature [25]:

GA(h, k) = / (14 Ax2)(h, k) ds,
Sl

or the length of the curve [34, 29]:

GE(h 1) = 0(t) [ (k) ds.
Sl
Here k. denotes the curvature of the curve, ¢, its length and ® : R — R+ is
a suitable positive function. These metrics have been generalized to higher
dimensional immersions in [8, 9].
A different approach to strengthen the metric and the one, that we will
use in this article is to add terms involving higher derivatives of the tangent
vectors to the metric, leading to metrics of the form

k
Gc(h,k):/ > " a;(Dih, Dik)ds,
514
7=0

where Dsh = ‘ci/'h’ denotes the arc-length derivative of h and a; are weights,
possibly depending on the curve c. More generally one can consider metrics

that are defined via a field of symmetric pseudo- differential operators L :
T, Imm(S*, R?) — T, Imm(S*, R?) by

Golh, k) = /1<Lch,k> ds = /1<h,Lck> ds.

This approach leads to the class of Sobolev-type metrics, which were in-
dependently introduced in [11, 26, 32] and studied further in [7, 10, 22].
Often the operator field L will have a kernel and thus G* will be a met-
ric only a certain quotient of Imm(S', R?), e.g., if all constant vector fields
are in its kernel, then one has to pass to the quotient Imm / Tra of plane
parametrized curves modulo translations. An overview of the various metrics
on Imm(S!, R?) can be found in [6].

While Sobolev-type metrics are a natural generalization of the L?-metric,
their numerical treatment is unfortunately rather involved. This is mainly
due to the fact that the geodesic equation of a Sobolev-type metric of order
k is generally a highly nonlinear PDE of order 2k. There are exceptions. For
the family of first order metrics on Imm(S*!, R?)/ Tra given by

Get(h,h) = / a?(Dsh,n)* + b*(Dsh,v)? ds,
Sl
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with a, b > 0 there exists an isometric transformation of the underlying space
Imm(S!, R?)/ Tra, called the R-transform, which tremendously simplifies
the computation of geodesics; see [35, 31, 19, 4]. Apart from simplifying
the computations, the representation via the R-transform also permits us to
compute the curvature and in some special cases to obtain explicit formulas
for geodesics.

There have been some attempts to solve the geodesic equation directly
for order one metrics on curves [27] and surfaces [2]. Metrics of higher order
on the other hand are still practically untouched. The only exception is [30],
discussing the homogenous H?-metric on the space of plane curves modulo
similitudes. It is therefore of interest to develop representations of higher
order metrics, that have the potential to simplify computations of geodesics.

In this article we continue the investigation started in [4] and use similar
methods to study four different H?-type metrics, namely:

((7) in Sect. 3)
Ge(h, k) =
((13) in Sect. 4)
Ge(h, k) =
((19) in Sect. 5)
Ge(h, k) =
((26) in Sect. 6)
Ge(h, k) = / (Dgh, Dgk) 4+ (D?h, D?k) ds .

k32 (D2h, n)(D2k,n) + (Dsh,v)(Dk,v) ds,

\

St

(Dsh,v)(Dgsk,v) + (D*h,n)(D?*k,n) ds,

1

m\

(Dsh, Dsk) + (D?h,n)(D?k,n) ds,

1

m\

Despite its seemingly complicated nature, metric (7) is completely amenable
to the R-tranform treatment: For open curves it is flat and we get explicit for-
mulas for geodesics and the geodesic distance. The image of the R-transform
of the space of closed curves is a codimension 2 splitting submanifold of
an open (with respect to a finer topology) set in a pre-Hilbert space. See
Sect. 3.3 for an explanation of the form of this metric.

For the metric (13) the image of the corresponding R-transform for open
curves is C*([0,27], (Rso x R, g)) with a weak L2-type metric; here g is a
curved metric on R5 ¢ xR, for which we manage to derive (somewhat) explicit
formulas for geodesics. The image of the space of closed curves is again a
codimension 2 splitting submanifold.
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For the metric (19), the image of the space of open curves under the
R-transform is a splitting submanifold of C°°([0, 27, (Rso x S* x R, g)) of
infinite codimension, which is described by a system of ODEs.

The picture for metric (26) is again more complicated but managable;
we do not include full results in this paper.

2. Background material and notation

In this paper we use convenient analysis in infinite dimensions as described
in [20].

2.1. Notation

Let M denote either S or [0,27] and let ¢ : M — R? be a regular curve,
i.e., d(0) # 0. We denote the curve parameter by § € M and differentiation
by /, i.e., ¢ = Opc. Since c is an immersion, the unit-length tangent vector
v = c'/|c/| is well-defined. Denote by J the rotation by 7. Rotating v we
obtain the unit-length normal vector

0 -1
n = ( 1 0 ) v=Juv.
We will denote by Dg = ﬁ@g the derivative with respect to arc-length and
by ds = |¢/| df the integration with respect to arclength. To summarize, we

have

1

v = Dsc, n=Jv, Dszm(‘?@, ds = || df.
c

The curvature can be defined as
k = (Dsv,n),

where (, ) denotes the Euclidean inner product. The orthonormal frame
(v,m) satisfies the Frenet equations,

Dsv = kn
Dsn = —kv.
We define the turning angle o : M — R/27Z of a curve ¢ by v(f) =

exp(ia(f)) = (cos , sin ); we shall often treat S, R/277Z, and the interval
[0, 27] with endpoints identified, as the same space.
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2.2. The manifold of plane curves

The space of closed immersed curves,
Imm(S', R?) = {c € C™(S",R?) : d(0) # 0},

is an open set in the manifold C°°(S', R?) with respect to the C*°-topology
and thus itself a smooth manifold. The tangent space of Imm(S*, R?) at the
point ¢ consists of all vector fields along the curve c. It can be described as
the space of sections of the pullback bundle ¢*TR?,

TR?

T.Imm(S', R?) =T(c*TR*) = { h : / lw

Sl _ ¢ R2

Since the tangent bundle TR? is trivial, we can identify 7. Imm(S', R?) with
the space of R?-valued functions on S,

T.Imm(S', R?) = C>(S R?).

If we drop the periodicity condition we obtain the manifold of open immersed
curves,

Imm([0, 27}, R?) = {c € C>([0,27],R?) : ¢(0) # 0} .

The tangent space of Imm([0, 2], R?) is similar to that for closed curves,
only with S! replaced by [0, 27]. Whenever we describe results that work for
both open and closed curves we will write Imm(M, R?), with M standing
for either S! or [0, 27].

All metrics in this article will be degenerate on Imm(M, R?)—their ker-
nel will consist of translations or Euclidean motions. This leads us to con-
sider the spaces Imm(M, R?)/ Tra and Imm(M, R?)/ Mot. Here Tra denotes
the translation group on R?, i.e., Tra = R? and Mot denotes the group
R? x SO(2) of Euclidean motions. We will identify the quotients with sub-
spaces of Imm (M, R?) (sections for the left action of the translation group
or the motion group) in the following way

Imm (M, R?)/ Tra = {¢ € Imm(M,R?) : ¢(0)
Imm (M, R?)/ Mot = {c € Imm(M,R?) : ¢(0) =

}

0
0 and a(0) =0} .



R-transforms for Sobolev H?2-metrics on spaces of plane curves 7

The tangent spaces are then given by

T, (Imm(M,R?)/ Tra) = {h € C*°(M,R?) : h(0) =
T, (Imm(M,R?)/ Mot) = {h € C*°(M,R?) : h(0)

}

0
0, <Dsh(0)7 TL(O)) = 0} :

If we additionally want sections that are invariant under the reparameteri-
zation group Diff (S'), we shall consider instead

Imm(M,R?)/ Tra = {¢ € Imm(M, R?) : / cds =0},
M

Imm (M, R?)/ Mot = {c¢ € Imm (M, R?) : /

cds =0 and / ads =0}.
M M

If we mean any of these sections, we shall write C(M,R?): in all cases it is
the intersection of Imm (M, R?) with a closed linear subspace of C*°(M,R?).
We will also need the space of positively oriented convex curves

Immeony (M, R?) := {c € Imm(M,R?) : k(c) > 0},
which is an open set in Imm (M, R?) and thus itself a smooth manifold.
2.3. Variational formulae

We will need formulae that express, how the quantities that have been in-
troduced in the previous sections change, if we vary the underlying curve c.
For a smooth map F from Imm(M, R?) to any convenient vector space we
denote by

d d
dF(c)h =D, F = —| Flc+th)= —| F((t,
(©h=DepF = | Fle+th)= gl F@lt, )

the variation in the direction h, where ¢ : R x M — R? is any smooth
variation with ¢(0,0) = ¢(0) and 9¢|oc(t,0) = h(0) for all §. Examples of
maps F include v, n, a, ||, k. In the following lemma we collect the basic
variational formulae that we will use throughout the article.

Lemma 2.3.1. The first variations of the the turning angle o, the unit tan-
gent vector v, the normal vector n, the length element |c'| and the curvature
Kk are given by

(1) da(c).h = (Dgsh,n)
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(2) dv(c).h = (Dsh,n)n

(3) dn(c).h = —(Dsh,n)v

(4) d(|c'l).h = (Dsh, v)|c|

(5) dr(c).h = (D*h,n) — 2k(Dsh,v) .

Proof. The proof of these formulae can be found for example in [26]. O
2.4. Riemannian metrics on spaces of curves

A Riemannian metric on the manifold of curves is a smooth family of positive
definite inner products G.(.,.) with ¢ € Imm(M, R?), i.e.,

Ge: T.Tmm(M,R?) x T, Tmm(M,R?) — R.
Each metric is weak in the sense that G., viewed as linear map
G, : T.Tmm(M,R?) — (T. Tmm(M, R?))’

from T, Imm(M,R?) into its dual, which consists of R%-valued distributions
on M, is injective but not surjective. In this article, we will study metrics
G that are induced by an operator field L via

Go(h k) = /M<Lch,k:) ds = /M<h,Lck> ds,

with ¢ a curve and h, k € T, Imm(M,R?). The momentum p = L.h ® ds €
(T, Tmm (M, R?))" allows us to represent the metric as

Gc(ha k) = <p7 k>TImm .

Furthermore, we will be interested only in metrics that are invariant under
the action of the reparameterization group Diff (M), that is, for each ¢ €
Diff (M) the metric has to satisfy

Gcocp(h op,koyp)==Ge(hk).

In this case the operator field L inducing the metric is invariant under repa-
rameterizations.

Remark. The reason for this restriction is that in applications to shape
analysis one is mostly interested not in the curve c¢ itself, but only in the
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shape that the curve represents. Two curves ¢ and e represent the same
shape, if they differ by a reparameterization or relabelling of the points, i.e.,
¢ = e o . Thus one passes to the quotient

Imm(M,R?) — B;(M,R?) := Imm(M,R?)/ Diff (M),

of shapes modulo reparameterizations. The quotient B;(M,R?) is an orb-
ifold; see [25]. Up to technicalities, equivalence classes [¢] € B;(M,R?) cor-
respond to the image ¢(M) C R? of the curve. Given a reparameterization
invariant metric on Imm(M,R?), it induces a metric on B;(M,R?), such
that the projection map is a Riemannian submersion. See [8] for details.

The following lemma provides a useful way to calculate the geodesic
equation of such a metric.

Lemma 2.4.1. Let C(M,R?) = Imm(M,R?) NV C Imm(M,R?) be any of
the sections mentioned in 2.2, where V is the corresponding closed linear
subspace of C°(M,R?). Let G = G* be a weak Riemannian metric on
C(M,R?) induced by an operator field L via

GL(h, k) = / (h, Lck)ds
M

for c € C(M,R?) and h,k € T.C(M,R?). Let L. = L.( )® ds and define
H(ct,ct) € (T.C(M,R?)) via D¢ py(Ge(h, b)) = (He(h,h),m)y, where {, )v
denotes the dual pairing between V' and V.

Then the geodesic equation ewists if and only if %Hc h,h) — (D¢pLe)(h)
is in the image of Lc and (c,h) — L7 (§He(h, h) — (DepLe)(h)) is smooth.
The geodesic equation can be written as:

p=Lccy @ ds = Le(ct)

1 _ _
1 or | Cit = §L;1(Hc(0t7 Ct)) - Lgl (8t(Lc)(Ct))
Pt = §Hc(0t7€t)

This lemma is an adaptation to the special situation here of the more
general result [23, Sect. 2.4]; there a robust weak Riemannian manifold is one
where the conclusion of this lemma holds together with a compatibility of the
chart structure with the G*-completions of all tangent spaces. Compare also
with the version for diffeomorphism groups [5, Sect. 3.2]. In the sequel we
shall compute H,.(h, h) in many situations, but often we shall not check that
it lies in the image of L; the latter will follow directly from the representation
of the metric via R-transforms.
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Proof. To calculate the first variation of the energy we consider a one-
parameter family of curves ¢ : (—e,¢) x [0,1] x M — R? having fixed
endpoints. The variational parameter will be denoted by o € (—¢,¢) and
the time-parameter by ¢ € [0, 1]. We calculate:

1 1 1
agl/ Golcr, cr) dt = 1/ (aaGC)(ct,ct)dt—i—/ GolDycr, ) di
2 Jo 2 /o 0
1 [t 1
= 5/ <HC(ct’Ct)7CJ>V dt+/ Gc(atcg,ct) dt
1 01 01 _
= 5/0 <HC(Ct7ct)>Ca>th+/(; <LC(Ct))8tCU>V dt

1

1 1 )
:5/0 <Hc(ct,ct),ca>vdt+0—/0 (0y(Le(ct)), co)v dt

1 1 B
:/ Gf(Lc_l(—Hc(Ct,ct)—ﬁt(Lcct)),cg) dt
; 2

= /01 GE (f)gl(%Hc(ct, ct) — (OeLe)(ct)) — cut cg> dt. O

2.5. The L?-metric on C*® (M, N) and H*(M, N)

To show well-posedness of the geodesic equation we will need to work with
the L?-metric on Sobolev completions of manifolds of mappings. Here we
summarise the necessary results.

Let M be a compact manifold with volume form g and (V,g) a Rie-
mannian manifold. We assume that both M, N are finite dimensional. Let
k > dim M/2 + 1. Then the k-th order Sobolev completion H*(M,N) of
order C*°(M, N) is a Hilbert manifold, and the tangent space is given by

T,H*(M,N) = {h € H*(M,TN):moh=q}.
All results of this section also hold for k = oo, i.e., for the Fréchet manifold

C*(M,N).
We consider the weak Riemannian metric on TH*(M, N):

(6) G (h k) = /ngm(h(a:),k(x))dn(x).

The following theorem summarizes the properties of GL°.
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Theorem 2.5.1. Let k € N satisfy k > dim M /241 and let G be defined
by (6).

1. G defines a smooth weak Riemannian metric on H*(M, N).
2. Let expy : TN — N be the exponential map on (N,g), defined on a
neighbourhood of the zero-section. Then

expL2 : X —expdoX

is the exponential map exp™ : TH*(M,N) — H*(M,N) of the G-
metric. It is a C°°-mapping defined on a neighbourhood of the zero-
section.

3. Let 29 : TN — TTN be the geodesic spray of (N,g). Then

—12 —_
2 X =90 X

is the geodesic spray =L° : TH*(M,N) — TTHF(M,N) of the G-
metric. It is a C'°°-mapping.

4. Let R9 : TN x TN x TN — TN be the curvature tensor of (N,g).
Then

R¥ . (X,Y,Z)— R0 (X,Y,Z)

is the curvature tensor RY" : TH* x TH* x TH* — THF of the GL -
metric. It is a C'°°-mapping.

The proof of this theorem can be found in [12, Thm. 9.1], [12, Cor. 9.3],
[1, Prop. 2] and [28, Prop. 3.4].

Given a submanifold of H¥(M, N), the smoothness of the induced geo-
desic spray can be shown using the following theorem.

Theorem 2.5.2. Let k € N be as above and let 4 be a smooth submanifold
of H*(M, N), such that the projection Proj” : TH*(M,N) | M — T.M is
smooth. Then the geodesic spray of the metric GL* on .4 is given by

—_ . —]2
=7 = Proyﬂ o=l

and it is a smooth map.

This theorem is proven in [12, Thm. 11.1].
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3. A flat H2-type metric
3.1. The metric and its geodesic equation

In this section we will study an H2-type metric on Immeony (M, R?)/ Mot—
the space of strictly convex curves. This metric has vanishing curvature for
M = [0,27] and for M = S! the space is isometric to a codimension 2
submanifold of a flat space. The metric is given by

(7)  Go(h,k) = /M k32 (D2h, n) (D2, n) + (Dsh,v)(Dk,v) ds.

Note that the metric is only defined for strictly convex curves, i.e., those sat-
isfying k > 0. It is sometimes more convenient to write G via its associated
operator L,

G.(h,k) = / (Lch, k) ds = / (h, Lck) ds,
M M
where L. : T, Immeopny (S*, R?) — T Immeony, (S1, R?) is given by
Lch = D? (H;_3/2<D§h,n>n)> — Ds((Dsh,v)v) .

Lemma 3.1.1. The null space of the bilinear form G.(.,.) is spanned by
constant vector fields and infinitesimal rotations, i.e.,

ker(Ge) = {h € T ImMeony (M, R?*) : h=a +b.Jc,a € R* b€ R} .
Proof. The null space of a symmetric bilinear form A on V' x V is the set
ker(A) ={v eV : A(v,w) =0,Yw € V}.

Thus for all & in the kernel of G, we have G¢(h, h) = 0. From this we see that
for all h € ker(G.) we have (Dsh,v) = 0 and (D2h,n) = 0. If h satisfies the
two conditions then we also have G.(h, k) = 0 for all & € T Immcopn, (M, R?)
and thus we see that the null space of G, consists exactly of these h with
G.(h,h) = 0. The condition (Dsh,v) = 0 yields Dsh = b.n, with some
b € C*°(M,R), and the condition (D?h,n) = 0 implies that b is constant.
Taking the antiderivative of Dsh we obtain the desired result. O

As an immediate consequence of Lem. 3.1.1 we obtain that G, is a weak
Riemannian metric on Immeon, (M, R?)/Mot. Its geodesic equation is given
by the following theorem.
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Theorem 3.1.2. On the manifold Immeon, (M, R?)/ Mot of plane paramet-
rized curves modulo Euclidean motions G.(.,.) defines a weak Riemannian
metric. For M = S' the geodesic equation is given by

p=Lc; ® ds
= Dg (“_3/2<D§Ct7n>n) — Ds(<D5Ct,'U>’U) ® ds,

1 _
pr = Dy (§<Dsct, v)20 — (Dgyeg,n)(Dscy, v)n — Dy (Ii 3/2<D30t, n)(D?c, n>)v
3
+ k32(D%¢;, v)(D2cy, n)n — ZDS <ﬂ75/2<D§ct,n>2n)> ® ds,
with the additional constraint

¢t € T.(Imm(S*, R?)/ Mot)

The first part of the theorem applies to both M = S and M = [0, 27].
The geodesic equation on the space of closed curves would additionaly con-
tain a series of boundary terms arising from integrations by parts.

Remark. Note that L. : T.(Imm(M,R?)/Mot) — T.(Imm(M,R?)/Mot)
is not an elliptic operator, since the highest derivative appears only in the
normal direction. Thus we cannot apply the well-posedness results from [26]
or [7]. Nevertheless we will show in Sects. 3.4 and 3.5 that the geodesic
equation is locally well-posed both on the space of open curves as well as
the space of closed curves.

Proof. To calculate the formula for the geodesic equation we use Lem. 2.4.1.
Using the variational formulas from Sect. 2.3 we calculate for a fixed vector
field A the variation of the components of the metric G:

De . ((Dsh,v)) = —(Dsm, v)(Dsh,v) + (Dsm,n)(Dsh,n)

Degn ({D2h,n)) = —(Dsh,n) Dy ({Dgm,v)) — (Dh,v)(Dygm, n)
— 2(D%h,n)(Dsm,v).

Thus we obtain the following expression for the variation of the metric:

Dem(Ge(h, b)) = /S1 7<D8m,v><D5h,v)2 + 2(Dsm,n)(Dsh,n){Dsh,v)

— 25732(Dyh, n)(D?*h,n)Ds ((Dgm, v))

— 2k~ 32(D2h, v)(D2h, n)(Dym,n) — %{5/2(D3m, n)(D3h,n)*ds .
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We can now calculate H.(h, h) using a series of integrations by parts:

H.(h,h) = Dy ((Dsh, )20 — 2(Dgh, n){Dsh, v)n

— 2D, (k7 3/2(Dsh, n)(D2h,n))v + 2k~%2(D2h, v)(D2h, n)n

- gDS (m_5/2<D§h,n>2n)> ® ds.

The existence of the geodesic equation, i.e., the invertibility of L will
follow from the representation of the metric via the R-transform. The R-
transform is an isometry from Imm (M, R?)/ Mot onto its image im(R) and
the image is a smooth submanifold of the space (C°(M,R?), GX*) with a
smooth orthogonal projection TC* (M, R?) | im(R) — T im(R). It is shown
in Thm. 2.5.2 that the geodesic spray of the L2-meric restricted to im(R)
exists and is smooth and thus we can pull it back via R to Imm (M, R?)/ Mot.
Hence the geodesic equation exists on Imm(M, R?)/ Mot. O

3.2. The R-transform

Consider the map

(8) R Immeony (M, R?)/ Mot —  C°°(M,R?)
' c > ] (2,4K%) 7

and equip the space C*° (M, R?) with the L2-Riemannian metric,
) GE (hk) = [ (hl6),k(0)) 0.
M

Here ¢ € C°°(M,R?) and h,k € T,C°°(M,R?). Note that the Riemannian
metric G doesn’t depend on the point ¢. The space (C®(M,R?), GF) is
therefore a flat Riemannian manifold.

Theorem 3.2.1. The map
R : (Immeony (M, R?)/ Mot, G) — (C°(M,R?), G**)

is an injective isometry between weak Riemannian manifolds, i.e.,

Ge(h, k) = G5y (dR(c).h, dR(c).k) = / (dR(c).h(0), dR(c).k(0)) A0
M

for b,k € T, ITmmeony (M, R?)/ Mot.
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Proof. Using formulas (4) and (5) we obtain

Den (VI€T) = 5(Duh, v/
Do (R4V/19T) = 473 4D2h, mp/ [

and thus the derivative of the R-transform is
dR(c).h = ((Dsh,v) 1], k=¥4(D2h, n) ycfy) .
Hence
(dR(c).h, dR(c).h) = ((Dch,v>2 + /1_3/2<D§h,n>2) |,

and the first statement of the theorem follows.

To show that R is injective we recall that one can recover the turning
angle up to a constant from the curvature function x and the arclength ||
via Dga = K, or equivalently

(7
a(6) — a(0) = /0 k|| do.

Choosing a different value for «(0) results in a rotation of the curve. From
the turning angle o and the arclength |¢/| one can reconstruct the curve ¢

up to a translation by integration: ¢() — ¢(0) = fog e[| db. O
3.3. A motivation for this metric

The choice of the factor £=3/2 in front of the term (D2h,n)? in (7) appears
to be arbitrary. One possibility to construct a second order Sobolev type
metric on Imm (M, R?) as the pullback of the flat GL*-metric, is to use an
R-transform, that has a component of the form R7(c) = \/|¢/|f(k), where
f:R — R is some smooth function. The derivative of R’/ with respect to c
is

dR(c)h = /|| (f’(m)(D?h,n} — 26f'(K)(Dch, v) + 3 f(K){Dch,v)) .
The pullback metric would then contain a term

2

[, (D2 m) = 26 () Do)+ () (Deh0)” s
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In order to avoid cross-derivatives in the metric, the function f(x) needs to
satisfy

1
5 (8) = 261'(s).
Solutions to this ODE are given by

Crl/4, k>0
—C(—r)V*, k<0

with C' € R and the corresponding R-transform with R’(c) = 4./]c/[s'/4

induces the following term in the metric
/ k32(D?h,n)? ds .

Thus the factor £~ 3/2 is the unique choice to obtain a second order Sobolev
type metric, which is flat on the space Immcon, (M, R?)/ Mot.

3.4. The space of open curves

The image of the R-transform on the space Immcony([0,27],R?) of open
convex curves is the set of all Rfo—valued functions, which is an open set in
C*>([0,27], R?).

Theorem 3.4.1. The R-transform

R : Tmmeony ([0, 27], R?)/ Mot — C*>([0,27],R2) < C>([0,2n],R?)

open
is a diffeomorphism and its inverse is given by

im(R)op — Immconv([oa 277]7 R2)/ Mot

-1,
(10) i { q = 272 [T @ exp (i [ 275¢7 24 dr) do

The space (Immeony ([0, 271], R?)/ Mot, G) is a flat and geodesically convex
Riemannian manifold.

Proof. Tt is shown in Thm. 3.2.1 that the R-transform is injective. The
surjectivity will follow directly from the inversion formula. For the inversion
formula note that we can reconstruct

Id|=27%¢; k= (g g)? o =278 ¢}
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and that

c(6) = c(0) + /O 9 exp (ia(0)) exp (z /0 " a(r) d7> do .

Since the initial conditions ¢(0) and «(0) are unspecified, this determines the
curve up to translations and rotations. The flatness follows from Thm. 2.5.1,
since R2>0 is flat. Given two curves ¢y and ¢1, the minimizing geodesic con-
necting them is given by

c(t,8) = R™" (tR(c1) + (L — t)R(co)) (6) ,

thus showing that Immceny ([0, 27], R?)/ Mot is geodesically convex. O

Remark. Since R>20 is geodesically incomplete, the same is true for the
space Immeony ([0, 27], R?)/ Mot. A geodesic will leave the space, when it
fails to be an immersion, i.e., |c/(t,0)| = 0 for some (¢, ), or when it stops
being convex, i.e., k(t,0) = 0. While the term x£=3/2(D2h,n)? in the metric
penalizes a curve from straightening out, it is not strong enough to prevent
it.

The R-transform allows us to give explicit formulas for geodesics and for
the geodesic distance.

Theorem 3.4.2. Given two curves co,c; € ImMeony([0,27], R?)/ Mot the
unique geodesic connecting them is given by

c(t.0) = B~ (tR(er) + (1 — )R(<o)) (0)

and their geodesic distance is

2
distO co,c1)? —/ 16< A 1/4) —|—4( il =1/l ) dé
(co,e1)” = | Vi6als™ —y/lels Vl6al=1/leol

Proof. This follows from Thm. 3.4.1. O

Remark. The formula for the geodesic distance implies in particular that
the following functions are Lipschitz continuous

V1] + (Immeony ([0, 27], R?) / Mot, dist$, ) — L*([0, 27], R)
kY41 (Immeony ([0, 277], R?) / Mot, dist$) — L*([0, 27], R) .
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From the Lipschitz continuity of y/|¢/| and the identity v/Z. = [|\/|¢|||L> we
can then conclude that

Vet (Tmmeony ([0, 27], R?)/ Mot, dist$,) — R

is also Lipschitz continuous. An immediate consequence of this is the follow-
ing lower bound for the geodesic distance:

distgp(co,cl) > 2 )\/ﬁcl — Ve,

3.5. The space of closed curves

When we restrict our attention to the space Immcony (S*, R?)/ Mot of closed,
strictly convex curves, the image of the R-transform is no longer an open
subset of C*°(S1, R?).

Define the following function Hy : Immeeny (S*, R?)/ Mot — R?, which
measures how far away the preimage of ¢ is from being a closed curve:

27 0
Hao) = | (0P explio@(©) a0, a(@)(®) =27 [ a(o) ()" .
The gradients of the components of Hg with respect to the GX*-metric are

(11a) grad HY = < 2q1 cos a(q) + 27 g3q; f;ﬁ ¢isina(q)do )

1 — _ —2 2 .
¢ —271g3q; 2feﬂqf sin a(q) do
. _ _3 2
2q1 sina(q) — 2 5q%q1 3 fewq% cos a(q) do )

(11b) grad H3 = ( P
¢ 2*4q§’q1 2 feﬁ q? cosa(q) do

The function H. characterizes the image of the R-transform.

Lemma 3.5.1. The image of Immeopny (S*, R?)/ Mot under the R-transform
18

im(R)a = {q € O™ (ST, R%,) : Hulq) = 0} .

It is a splitting submanifold of C*°(S*,R2,) of codimension 2.
For q € im(R) the orthogonal complement of T, im(R)q with respect to
the GL* -metric is spanned by grad Hl(q),grad H%(q), given in (11).

Proof. To characterize the image im(R). we recall the inversion formula
(10) from Thm. 3.4.1. For ¢ € C*® (R~ x R) it follows immediately that
R7Y(q) is a closed curve if and only if H.(q) = 0.
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We now show that im(R).; is a splitting submanifold. Fix qp € im(R)g
and define the codimension 2 closed linear subspace

- 16" 0o
Ty (im(R)a) == (R. grad HY(go) + R. grad H3(qo)) C C™(SY,R?).
We consider the affine isomorphism

e { Ty (im(R)a) x R?  — O (S, R?)
o (h,z,y) —  qo+ 2. grad H}(qo) + y. grad H3(qo)

Then the derivative Do(H o Agy)(h, x,y) of the smooth mapping
Hyo Ay, : Ty (im(R)g) x R? — R?

is bounded and invertible for all (h,x,y) near (0,0,0), and thus im(R)q =
H; 1(O) is a smooth splitting submanifold by the implicit function theorem
with parameters in a convenient vector space; see [33, Lem. 1], [17] or [15].

Since grad H},(¢) and grad H2(q) are linearly independent in C*°(S!, R?)
for any q € C°°(S',R5¢?), they form a basis of (T, im(R)a)". O

Remark. Since the tangent space T im(R)s has codimension 2, the or-
thogonal projection Proj™ : TC*> (S, R?) | im(R)q — Tim(R)y is given
by

(12) Proj"™(q).h = h — (h,w"(q))w"(q) — (h, w*(q))w*(q),

where w!(q),w?(q) is an orthonormal basis of (T,im(R)q)*. In particular
Proj™ is smooth.

Using the orthonormal basis w!(g), w?(g) of im(R)} and the Gau$} equa-
tion one can calculate the curvature of im(R) and hence also of the space
Immeony (S, R?)/ Mot. This has been done for a different metric in [4].

The geodesic equation on Immeeny (S*, R?)/ Mot is well-posed in appro-
priate Sobolev completions. We refer to Sect. 7 and in particular to Sect. 7.2
for a detailed discussion and proofs. The spaces Immj’k(S 1 R?) are defined
in (29).

Theorem 3.5.2. For k > 2 and (co,up) € TImm*HHE+2(S1 R2) the
geodesic equation with the given initial conditions has solutions in
Imm/THI+2(SY R?) for each 2 < j < k. The solutions depend C™ on t
and the initial conditions and the domain of existence is independent of j.

In particular for smooth initial conditions (co,ug) € T Imm(S*, R?) the
geodesic equation has smooth solutions.
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Remark. Since im(R)q C im(R)op, the geodesic distance functions satisfy
diStOGp(Co, Cl) < distg(co, Cl) .

Thus, the remark after Thm. 3.4.2 also holds for Immee,y(S*, R?)/ Mot,
the space of closed curves, i.e., the functions /|¢], '/*\/|¢| and /7. are
Lipschitz continuous with respect to the geodesic distance.

4. The second metric
4.1. The metric and its geodesic equation

The metric studied in the previous section is defined only for strictly convex
curves. Consider the following related metric

(13) Ge(h, k) = /M(Dsh,v><Dsk,v> + (D?h,n)(D?k,n) ds,

with ¢ € Imm(M, R?) and h, k € T.Imm (M, R?). This metric is defined for
all curves. After integrating the expression of the metric by parts

Ge(h k) = /Sl<Dsh,v)(Dsk,v> + (D?h,n)(D?k,n) ds
= /S —(k, Dy ((Dsh,v)v)) + (k, D? ({D2h,n)n)) ds.

we obtain the associated operator field of the metric on the space of closed
curves,

Lch = D? ((D2h,n)n) — Dy ((Dsh, v)v) .
The null space of G, is the same as in Sect. 3.

Lemma 4.1.1. The null space of the bilinear form G.(.,.) is spanned by
constant vector fields and infinitesimal rotations, i.e.,

ker(Ge) = {h € T.Imm(M,R?) : h=a+b.Jc, a € R* b € R} .

Proof. See the proof of Lem. 3.1.1. O

It follows from this lemma that G, is a Riemannian metric on the space
Imm (M, R?)/ Mot. We will use Lem. 2.4.1 to calculate its geodesic equation.



R-transforms for Sobolev H2-metrics on spaces of plane curves 21

Theorem 4.1.2. On the manifold Imm(M,R?)/ Mot of plane parametrized
curves modulo Euclidean motions G.(.,.) defines a weak Riemannian metric.
For M = S the geodesic equation is given by

p=Le® ds = (D2 ((DZey,n)n) — Dy ((Dscr, v)v)) @ ds
Pt = %Ds <<DsCt, v)?v = 2(Dyey, n)(Dsey, v)n — 2D ((Dser, n) (Dier, n) v
+ 2(D?cy,v)(D%cy,n)n + 3(D?cy, n>2n> ® ds,
with the additional constraint
¢t € T.(Imm(S*, R?)/ Mot)
Remark. Similarily as in Sect. 3, the operator
L. : T, (Imm(M,R?)/Mot) — T, (Imm(M,R?)/Mot)

is not an elliptic operator, since the highest derivative appears only in the
normal direction. Again we cannot apply the well-posedness results from [26]
or [7]. Instead we will show in Sects. 4.3 and 4.4, that the geodesic equation
is locally well-posed both on the space of open and closed curves.

Proof. To apply Lem. 2.4.1 we need to compute the H.-gradient of the
metric. Using the variational formulae from Sect. 2.3 we first calculate the
variation of the metric

D¢ (Ge(h, b)) = /S1 7<D8m,v><Dsh,v)2 + 2(Dsm,n)(Dsh,n){Dsh,v)

— 2(Dsh, n)(D?h,n) Dy ({Dgm,v)) — 2(D?h,v)(D%h,n)(Dsm,n)
— 3(D?h,n)*(Dym,v)ds,

and we integrate to obtain
H.(h,h) = D, <<Dsh, v)?v — 2(Dsh, n)(Dsh,v)n — 2D, ((Dsh,n){D2h,n))v
+2(D2h, 0)(D2h, nn + 3(D?h,n)*n) @ ds

Regarding the existence of the geodesic equation, see the proof of Thm. 3.1.2.
O
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4.2. The R-transform

Consider the map

(14) R { Imm(M,R2) /Mot —  C®(M,R?)

c = (VL sldP)

On R? we define the following Riemannian metric

4 0
g(Q1 ,q2) = 0 q1—6 )

and we equip the space C*®(M, (R?, g)) with the L?-metric,
(15) GE* (1) = [ gy (6. () 6.

Here ¢ € C*®°(M,R?) and h, k € T,C°(M,RR?). Note that as opposed to (9)
the metric (15) does depend on the footpoint g. We will sometimes write

Gé 9 to emphasize this dependence on the metric g. Since (R2, g) is not a
flat Riemannian manifold, neither is (C*°(M, (R2, g)), GI).

Theorem 4.2.1. With the metrics g and GE° defined as above, the map
R : (Imm(M,R?)/Mot, G) — (C®(M, (R?, g)), G*)
is an injective isometry between weak Riemannian manifolds, i.e.,

2

Ge(h, k) =Gk, (dR(c).h, dR(c).k) = /M ()0 (dR(c).1(6), dR(c).k(6)) db,

for h,k € T, Imm(M, R?)/ Mot.
Proof. Using the formulas (4) and (5) we obtain

Den (VI€T) = $(Dsh,0) Ve
Dy (5| ?) = (D2h,n)|c'|* = 2k(Dsh, v)|d|* + 2k(Dsh, v)|c|?
= (DZh,n)|c',

and thus the derivative of the R-transform is

dR(c).h = (%(Dsh, W], <D§h,n>\c'\2) .
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Hence
9r(e)(dR(c).h,dR(c).h) = ((Dch,v)* + (D2h,n)?) ||

and the first statement of the theorem follows. Injectivity has already been
shown in the proof of Thm. 3.2.1. O

4.3. The space of open curves

The image of the R-transform on the space Imm([0, 2], R?)/ Mot of open
curves is the set of all R x R-valued functions, which is an open subset of
the space C*([0, 27], R?).

Theorem 4.3.1. With the metrics g and G~ defined as above, the R-
transform

R : Tmm([0, 27],R?)/ Mot — C*([0,27],Rso x R) < C*([0, 27], R?)

open
1s a diffeomorphism. Its inverse is given by

1 { C>([0,27],Rsg x R) — Imm([0, 27}, R?)/ Mot
R 0 o )
q —> fo qi exp (z fo 424 dT) do

The space (Imm([0, 27], R2)/ Mot, G¥*9) is a geodesically convex Rieman-
nian manifold.

Proof. The characterization of the image and the inversion formula can be
proven as in Thm. 3.4.1 using

| =q; k=q g o =q%g.

It is shown in Sect. 4.5 that (R>o xR, g) is geodesically convex and that the
geodesic connecting two points is unique. Given two curves ¢y and ci, the
minimizing geodesic connecting them is described in (16). Thus the manifold
Imm([0, 27], R?)/ Mot is geodesically convex. O

Remark. Since R~y x R is geodesically incomplete (see Sect. 4.5), so is the
space Imm([0,27], R?)/ Mot. A geodesic will leave the space, when it fails
to be an immersion, i.e., when ¢/(¢,6) = 0 for some (¢, ).

The R-transform allows us to give formulas for geodesics and a lower
bound for the geodesic distance.



24 Martin Bauer et al.

Theorem 4.3.2. Given two curves co,c1 € Immeony ([0, 27], R?)/ Mot the
unique geodesic connecting them is given by

(16) ct,0) = R} (q(t))(6),

where for each 6 € [0,27] the curve t — q(-,0) is the geodesic connecting
R(co)(0) and R(c1)(0). The geodesic distance is bounded from below by

distg’;)(co, c1)?

27 915/8 ’C’|2/€1—’C,’2/<50)2 2
- | ( 4l — I 16 (y/ldl =/l ) as.

2
oIt + 1t 1* + 2| 14 P w1 — [ ho

where A s the constant

1 .6

2°dx

A:/ =0.30358....
0 V1—26

Proof. The proof of this theorem follows directly from the analysis of the
finite dimensional metric g, see Sect. 4.5. U

Remark. The formula for the geodesic distance implies in particular that
the function

VIe| + (Imm([0, 27], R?)/ Mot, dist$, ) — L?([0, 27], R)
is Lipschitz continuous, Since /¢, = |[\/|¢|||z: we can then conclude that
Ve : (Immcony ([0, 27r],]R2)/Mot,distg;) —R

is also Lipschitz continuous. This implies the following lower bound for the
geodesic distance:

distg’;)(co,cl) >4 )\/ﬁcl — Ve,

The space (Imm([0, 27], R?)/ Mot, GY*) is not flat. The representation
via R-transform allows us to calculate its curvature.

Theorem 4.3.3. The sectional curvature of the plane spanned by h,k is

given by

3 [27 ((Dsh, v)(D2k,n) — (Dsk,v)(D2h,n))* ds
Ge(h,h)Ge(k, k) — Ge(h, k)2 ’

ke(P(h, k) =
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with h, k € T.Tmm([0, 2], R?)/ Mot. In particular the sectional curvature is
non-positive.

Proof. The sectional curvature of (C*°([0, 27], R?), GF*) is the integral over
the pointwise sectional curvatures, see Thm. 2.5.1. The statement now fol-
lows from the curvature formulas for g given in Sect. 4.5. O

4.4. The space of closed curves
The image of the space of closed curves under the R-transform is not an
open subset of C*°(S! R?).

Consider the following function H : Imm(S*, R?)/ Mot — R?, measur-
ing how far away the preimage of ¢ is from being closed:

2 0
Halg) = /0 01(8)% explia(q)(8)) 48, a(q)(6) = /O 0>(0)q1(0) 2 do

The gradients of the components of Hg with respect to the GE*-metric are

(17a) grad(H}) = (écﬂ cos a(q) + 2%(12(11_3 f;ﬂ q? sin a(q) da)
—qi J;" aisina(q)do

(17b) grad(H2) = (%Ch sina(q) — %qwf?’ f;w q3 cos a(q) da) .
+qt [, " qi cosa(q) do

The function H permits us to characterize the image of the R-transform.

Lemma 4.4.1. The image of Imm(S*!,R?)/ Mot under the R-transform is
given by

(R)a = {q € C®(S", R0 x R) : Ha(q) =0} .

It is a splitting submanifold of C*°(Rs¢ x R) of codimension 2.
For q € im(R)q, the orthogonal complement of T,im(R)q with respect
to the GL* -metric is spanned by grad H(q),grad H%(q), given in (17).

Proof. Mutatis mutandis, we can reuse the proof of Lem. 3.5.1. O

Remark. The orthogonal projection
Proj™ : TC*(S*,R?) [ im(R)q — Tim(R)q

is again given by (12) and it is a smooth map.
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The geodesic equation on Imm(S*, R?)/ Mot is well-posed in appropri-
ate Sobolev completions. We refer to Sect. 7 and in particular to Sect. 7.2
for a detailed discussion and proofs. The spaces Imm/* (S, R?) are defined
in (29).

Theorem 4.4.2. Fork > 2 and (co,up) € T ImmFT1++2(S1 R2), the geode-
sic equation with given initial conditions has solutions in Imm/T1I+2 (S R2)
for each 2 < j < k. The solutions depend C*° on t and the initial conditions
and the domain of existence is independent of j.

In particular for smooth initial conditions (co,ug) € T Imm(S!, R?) the
geodesic equation has smooth solutions.

Remark. Since im(R) C im(R),p, the geodesic distance functions satisfy
distoGp(co, 1) < dist§ (co, ¢1) .

Therefore the remark after Thm. 4.3.2 also holds for Imm(S*, R?)/ Mot,
the space of closed curves, i.e., the functions y/|¢/| and /. are Lipschitz
continuous with respect to the geodesic distance.

4.5. Analysis of the Riemannian manifold (Rs¢ X R, g)

The metric is given by ¢ = 4dz? + 27 %dy? = o' ® o! + 0? ® 0%, where
ol = 2dx, 0? = £73dy is an orthonormal coframe.

First we note that the Levi-Civita connection has a 2-dimensional sym-
metry group; its transformations map geodesics to geodesics:

Ta<$>:< * ) a€R; HT<$>:(T4”““>, r € Rsg.
y y+a y riy

Namely, each T, and each reflection y — —y is an isometry. On the other
hand, H}g = 4d(rx)? + (rz)~%d(r'y)? = r%g, and a constant multiple of a
Riemannian metric has the same geodesics. Since H, T, H, ! = T4, this is
the semidirect product Rsg x R with multiplication (1y,, Hy,)(T},, Hy,) =
(Tal-&-r‘l*azHTl?"z)'

We have do! = 0 and do? = -3z *dz A dy = —(3/2)z" o' A 02, Using
Cartan’s structure equation we compute the connection form w € Q' (R~ x

R;0(2)),

—do' =0+wy Ao =0 (
_— W =
—do? =wino +0= %01/\02 —%dy 0
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The curvature matriz and the Gauss curvature are then:

3 1 5 -2
Q:dw—l—w/\w:<%010/\02 IQUO/\U>, scal(g):—%.
This already implies that there are no conjugate points along any geodesic
and that the Riemannian exponential mapping centered at each point is a
diffeomorphism onto its image.

We use the dual orthonormal frame s; = %896, So = :n38y. Then the
velocity of a curve q(t) is ¢ = #0, + 99, = 22(s1 0q) + yr3(s2 0 ¢q), and the
geodesic equation is as follows:

0= Va,d= Vo, (2i(s10q) + 9z >(s20q)) i= 3277y
= (& + 327 79%) 0, + (§ — 62~ 39) 0, i =6z iy

Note that (zo+tg, yo) are incomplete geodesics. Hence, if §(¢) = 0 for some
t, then for all ¢t. If §y > 0, it never can change sign, always & < 0 and the
geodesic, which is curving always to the left, leaves the space for ¢ — oo.
The case y < 0 is mapped to y > 0 by the reflection (x,y) — (x, —y).

Now we eliminate time from the geodesic equation. The second equation
can be rewritten as

] x . .
;=0 = log(|g[) = 6log(x) 4 log(|go) — 6log(xo)
— y=0Cz% where )= y—g.
Lo
Inserting this, the first equation becomes
i=-3CH" < 2it=-3C12" < i’=-1C7a"+ i}
= I = sign(io)(C'22 - %012336)1/2 where Cy =1y
Therefore,
dy gy sign(ig)Cra8 B C b B 20326
dr & (C2 - inxﬁ)l/Z - Cy(1 — ’20712‘23;6)1/2 (1= (|Cx)8)L/2”

y
xT
() ()"
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Note that sign(C') = sign (3.;’0). We get y as a function of x, namely

Zo

y(@) = 3o+ /m 20325 dz y +251gn(C) /Iclx 28dz
= Yo = Yo
(1= (|C2)0)1/2 1 Jiets, V1I—25

for 0 < zg,z < 1/|C|. Thus the trajectory of a geodesic is given by:

: Yo\ 2
() = o+ sign (32 ) o (F(Cl) = F(Clo)
(18) for 0 <xzp <z <1/|C|, where
U 64z
F = ith A:=F(1) =0.30358....
) /0 s "M M)

Let us now assume that gy > 0 and @ > 0. Then

y(0) = o — ﬁmcm), y(1/C) = 5(0) + 2@(;) ,
dy . dy B
o) o, Wil = oo.

The reflection y — —y+2y(1/|C|) maps this geodesic to its other half which
returns to z = 0.

Given two points (zg > 0,y) and (z1 > 0,y1), without loss satisfying
xo < 1 and yg < y1, we shall now determine the unique connecting geodesic
trajectory. By our assumption we have g > 0 and #¢ > 0, thus sign(C) =
sign(go/20) = 1.

Case 1. The two points lie on the right travelling branch of the geodesic arc
if we can find C' > 0 such that

2 1
y1=yo+@(F(Cx1)—F(Cxo)), 0<£L‘0<.1‘1§6.

The function f(C) = foy2,(C) := & (F(Cx1) — F(Cxq)) is strictly increas-
ingin0 < C < z—ll, since (note that F'(u) is flat for u ™\, 0)

/ __i x1) — X 2 CUI - mg
F(C)=——=(F(Cx1) — F(C o))+20(¢1_(0$1)6 /1= (Co)0

)>0.

05

This is the case if and only if

1 6
o B o4 z°dz
0<y1—yo < flo,l‘l(l/xl) - 2$1(F(1) F(xo/ml)) - 2xl /xo/asl m .
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Case 2. The point (zg,yo) lies on the right travelling branch, but (z1,y1) is
reached only after passing the apex on the left travelling branch. We know
that y1—yo > fre,2, (1/21). We have to find the apex (Z,y) with g < 21 < Z,
Yo < ¥ < y1, and C' = 1/z. The apex is given by

g:=yo+ 2z (F(1) — F(20/7)) = y1 — 22*(F(1) — F(21/7)) .
So we have to solve

y1 — yo = 22 (2F(1) — F(x0/z) — F(21/7))

for z = 1/C > x1. Since the right hand side is monotone increasing in
C = 1/7 there is a unique solution.

This implies that (R>¢ x R, g) is geodesically convex, and there is a
unique geodesic connecting any two points.

Since we need it later, we describe the Riemann curvature temsor, for
q=(q1,92) € Ryg xR and h, k, € R?:

2
(et A o?)y(h, k) = q—g(hlkg — kihg) = — det(h, k) = <h ik)
1 1

RI(h, k)l = 5195 (h, k)o”(£) + 3292 (h,k)at(£)

B 0 —% h, Jk) el
~\ B, Jk) @

scal(g) (@)- (1113, k15, — gq(h, k)

9a(Rg(h, k)k, h)

-3 h3 k3 hoks 2
= —((4h} + =2) (4 + dhiky + =252
7 ((and 8 (4ht + 02 - <11 )
~12
= — (hiks — hok)®
7

Lemma 4.5.1. The geodesic distance admits the following lower bound

|y0 —yl\2

32
(28 + 21 + 35lvo — 1) /

diSt((‘TOa yO), (-Tl’yl)) > 2\/|350 — 1‘1|2 +
21/8

Proof. Let v(t) be the geodesic connecting (z¢, yo) and (z1, y1). The distance
between the points, where the continuation of « intersects the y-axis is less
than

2A (x5 + 1) + yo — 11 -



30 Martin Bauer et al.

Thus
_ 1/4
(1) < 27V (i + it + o — )
Define
_o—1/12 (4 4,1 1/4
r=2 (zg+ 21+ 5glvo —wl) ",

and rescale the point by (Z;,7;) = (rz;,7*y;). From the symmetries of the
Levi-Civita connection we see that the geodesic connecting (To,7,) and
(T1,71) is given by (7',7°) = (ry",7*y?). Hence

T(0) = r(e) <273 =470,
On the set {(z,y) : 2 < 471/6} we have
g(z,y) = 4dx® + 2 V0dy? > 4da® + Ady?
and thus

diSt((x07 yO)’ (1‘1, yl)) = Leng('y) =1 Leng(ﬁ) > P LenEuCl(ﬁ)
>r [T — T + [5o — T2
= Vo — a1+ 0o — 1 2.

This concludes the proof. O
5. The third metric
5.1. The metric and its geodesic equation

The metrics studied in the previous two sections both had Euclidean motions
in their kernel. In this section we will study the following metric

(19) Ge(h, k) = /M<D5h, D.k) + (D?h,n)(D?*k,n) ds,

whose kernel consists only of translations. We can obtain it from (13) by
adding the term (Dsh,n)(Dsk,n). We shall study this metric only on the
space of closed curves because the R-transform is not better behaved on the
space of open curves.

The associated operator field L is given by

Lch = D2((D2h,n)n) — D2h.
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Lemma 5.1.1. The null space of the bilinear form G.(.,.) is spanned by
constant vector fields, i.e.,

ker(G.) = {h € T.Imm(S",R*) : h=a, a € R*} .

Proof. We have h € ker(G,) if and only if Dsh = 0. O

As an immediate consequence of Lem. 5.1.1 we obtain that G, is a weak
Riemannian metric on Imm(S!, R?)/ Tra. We will use Lem. 2.4.1 to calculate
its geodesic equation.

Theorem 5.1.2. On the manifold Tmm(S*, R?)/ Tra of plane curves mod-
ulo translations G.(.,.) defines a weak Riemannian metric. The geodesic
equation is given by

p=Lc® ds = (—Dgct + D? ((D?ct,n)n)) ® ds,
Py = Ds<%|DSh|2v — Ds(<Dsct, n)(D?ct,m)v
+ (D¢, v) (D¢, n)n + %(D?ct, n>2v) ® ds,
with the additional constraint:
¢, € T. (Imm(S", R?)/ Tra) = {h € C=(S*,R?) : h(0) = 0} .
Remark. Similarily, as in Sects. 3 and 4 the operators
Lc: T, (Imm(S',R?)/ Tra) — T, (Imm(S', R?)/ Tra)

are not elliptic operators and thus we again cannot apply the well-posedness
results from [26] or [7].

Proof. Using the variational formulas from Sect. 2.3 we calculate the varia-
tion of the metric:

Dem(Ge(h, h)) :/Sl—<Dsm,v><Dsh, D.h)—2(D%h,n)(Dsh,n)Ds ({Dgm, v))
— 2(D%h,n)(D%h,v)(Dsm,n) — (D*h,n)*(Dym,v) ds.

We can now calculate H.(h, h) using a series of integrations by parts,

H.(h,h) = D, (sthy% — 2D, ({Dsh, n)(D2h,n))v
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+ 2(D%h, v)(D*h, n)n + 3(Dh, n>2v) ® ds.

Regarding the existence of the geodesic equation, see the proof of Thm. 3.1.2.
O

5.2. The R-transform

Consider the map

R { Imm(St, R?)/ Tra — C°°(S},Rsg x St x R),

¢ = (VI a,lc1?)

In order to simplify the notation we shall write, R? for Rvg x S! x R.
On R? we define the following Riemannian metric

0
(20) g(Q1:Q2>fI3): 0 q% 0 ’
0 0 ¢f

and we equip the space C*®°(M, (R2, g)) with the L2-Riemannian metric,
(21) GE* ()= [ 0y0)(01(6).1(0)) 5.

Here ¢ € C*®°(M, (R2,g)) and h, k € T,C>(M, (R3, g)).
The reason for introducing these objects lies in the following theorem.

Theorem 5.2.1. With the metrics g and G~ defined as above, the R-
transform

R : (Imm(M,R?)/ Tra, G) — (C®(M, (R?, g)), GX*)

is an injective isometry between weak Riemannian manifolds, i.e.,
Ge(h, k)= Gﬁic)(dR(c).h, dR(c).k) = /MgR(C)(g) (dR(c).h(0),dR(c).k(0))da,

for h,k € T,Imm(M,R?)/ Tra.

Proof. Using the formulas from Sect. 2.3 we calculate the derivative of the
R-transform:

dR(c)h = (%(Dsh, w)\/|col, (Dsh,n), (D2h, n>\c@\2) .
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Hence
9r(e)(dR(c)h,dR(c)h) = ((Dch,v)* + (Dsh,n)? 4+ (D3h,n)?) |cal ,

and the first statement of the theorem follows. The map R is injective on
Imm / Tra since one can reconstruct the curve ¢ up to translations from ||
and a. O

Remark. A key difference between this R-transform and the ones used in
Sects. 3.2 and 4.2 is that the image has infinite codimension, both for open
as well as closed curves.

5.3. The space of closed curves

Theorem 5.3.1. The image of Imm(S*, R?)/Tra under the R-transform is
given by

(1) ¢h = a7 %3 }

im(R) = {((Il,(hv%) (@) [ @3 exp(iga) df = 0

It is a splitting submanifold of C*°(S',R2). The inverse of the R-transform
s given by

1 im(R) — Imm(S!,R?)/Tra

R . 6 o .
qg = [, qaiexp(igz) do
We introduce the maps
(22)
C>(SY,R3) —C>(S', R) C>(S',R3) — R?
Haigr o, Ha: 2 )
q =43 — 414y q = [o1 a7 exp(iqo)

which allow us to write im(R) = Hz(0) N H;'(0).
Proof. The constraint Hgig(q) = 0, rewritten in terms of ¢, is the definition
of curvature kK = Dy, written as

2
k|d]? =] .

The constraint He(0) results from [, ¢ df = 0 and ¢’ = ¢ exp(igz). The
latter identity implies

0
c(0) = ¢(0) +/0 q3 exp(iqe) do .
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Since ¢(0) is unspecified, this determines the curve up to translations. Thus
we have identified im(R) and proven the inversion formula.
To show that im(R) is a splitting submanifold define

o my o oo RY

o (an92,93) = (91592,93 + 47 gh)
The map @ is a smooth diffeomorphism and H£(0) = ®({g3 = 0}). Thus
H;+(0) is a splitting submanifold of C*°(S*, R}). Now we will pull back

im(R) by ® and show that ®~!(im(R)) is a splitting submanifold of {g3 = 0}.
First note that

&' (im(R)) = (Hao ®)' (0)N {gz = 0} = H3"(0) N {g3 = 0} .

The last equality holds because H doesn’t depend on ¢3. That Hc_ll(O) is
a splitting submanifold of {g3 = 0} can be shown via the implicit function
theorem with convenient parameters like in Lem. 3.5.1. This concludes the
proof. O

Next we want to compute the orthogonal projection
Proj™ : TC>(S*,R3) | im(R) — Tim(R).
We do this in two steps. First define the space
im(R)op = Hy5(0) = {g € C®(S1,Rsg x S* xR) : g3 = ¢34},

and compute the orthogonal projection Projig;1 : TC®(S1,R2) — Tim(R),p.
The space im(R),p corresponds to the image of the R-transform on the space
of open curves, if S were replaced by [0,27]. We can compute the tangent
space

Tq im(R)Op = {(hl, h2,2q1_1q3h1 + q%hé) : hi,ho € COO(SI,R)}

for ¢ € im(R)qp.

Lemma 5.3.2. Let g € im(R)op and h € T,C>=(SY,R?). Then the orthogo-
nal projection k = Projop(q).h of h to the tangent space to im(R)op is given
by

(23a) aiks — (Aky)' = B
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(23b) by = 2¢5h1 + qrgzhs — q3qsks
2(q§ + ¢2)

(23c) ks = 2q1gak + ik

with the functions

— /
2¢3q3h1 + q 4q§h3>

Q? 2
A— B:qh2+<
' ¢+ a3

A+ a

Furthermore the map Projf;;1 s smooth.

Proof. The orthogonal projection k € T;im(R)o, of h is defined by the
equation

Gy (h,a) = GY (k,a),
which has to hold for all a € T;im(R)op. Any such a is of the form

a = (a1, a2,2q; 'qsa1 + giay).

Thus the above equation reads

/ 4hia1 + gihaaz + ¢; °hs(2q; 'qzar + giah) dO =
Sl
_ 2 —6 —1 21./ —1 2 1
—/ 4k1a1 +qrkoaz+qy > (2q7 g3k +qiks)(2q7 “qza1+qias) do,
Sl

which is equivalent to the system

Al +2q; Tgshy = 4k + 4q; gk + 247 Pgskh
— _ _ /
gtha — (47 *ha)’ = aika — (247 °ask + 4, k)
The first equation allows us to express kj in terms of kJ,

_ 2¢8h1 + qugshs — ¢3qsk)

ky
2(q} + ¢3)

)

which we then insert into the second equation and obtain
/
aiks — (AKY) = B,

with A and B defined as above. The map (g, h) — k is smooth, because the
solution of an elliptic equation depends smoothly on the coefficients. ]
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Now we compute Proj™. The components of the constraint function Hyg

are
H, = (/ q%cosqsz,/ q%SiDQZd9> )
St St

and their gradients with respect to the G -metric are given by

(24a) grad™ H}(q) = ($q1 cos gz, — sin g3, 0)
(24Db) gradL2 Hgl(q) = (%ql sin g2, cos g2, 0) .

Theorem 5.3.3. Let ¢ € im(R). Define v = Proj™(q). grad”’ H\(q) for
i =1,2 and let T(q) : T,C>®(S*,R2) — T,C>®(SY,R}) be the projection to
the orthogonal complement of span{v!,v?}. Then

(25) Proj™(q) = T(q) o Projin(q) ,

m

and Proj™ is smooth.

Proof. Since span{v!v?} is the orthogonal complement of im(R) inside
im(R),p, the map T'(q) projects Ty im(R),, down to T im(R). In order for T
to be smooth we need that {v!,v?} are linearly independent. This is equiv-
alent to the condition that grad’ Hl(q) and grad®” H?(q) don’t differ by
an element of (T, im(R),p)+. This is clear from Lem. 5.3.2 and the formulas
(24) for the gradients of HY,. O

The geodesic equation on Immeopny (S*, R?)/ Tra is well-posed in appro-
priate Sobolev completions. We refer to Sect. 7 and in particular to Sect. 7.2
for a detailed discussion and proofs. The spaces Immj’k(S 1 R?) are defined
in (29).

Theorem 5.3.4. For k > 2 and (co,up) € TTImm*THA+2(S1 R2) the
geodesic equation with the given initial conditions has solutions 1in
Imm/THI+2(SYR2) for each 2 < j < k. The solutions depend C™ on t
and the initial conditions and the domain of existence is independent of j.

In particular, for smooth initial conditions (co,ug) € T Imm(S*,R?) the
geodesic equation has smooth solutions.

6. The full H?-metric
6.1. The metric and its geodesic equation

In this section we will study the full H?-metric that has translations in
the kernel. In comparison to the metric of the previous section we add the
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missing H2-term (D?h,v) to the definition of the metric. This yields the
bilinear form

(26) Ge(hk) = / (Dsh, Dk) + (D?h, D2k) ds..
M

On closed curves the associated operator field of this pseudo metric is given
by

L.h = Dih — D?h.
Lemma 6.1.1. The null space of the bilinear form G.(.,.) is spanned by
constant vector fields, i.e.,

ker(Ge) = {h € T.Imm(M,R?) : h = a, a € R?} .

Proof. The proof of this lemma is obvious, since the bilinear form G, mea-
sures the full first derivative. O

Remark. In contrast to the other metrics studied in this article the operator
L is elliptic and invertible on T, Imm / Tra. Therefore we will be able to apply
the well-posedness result of [7, 35].

As an immediate consequence of Lem. 3.1.1 we obtain that G, is a weak
Riemannian metric on Imm(M, R?)/ Tra. Similarly. as in Sects. 3 and 4 we
will use Lem. 2.4.1 to calculate its geodesic equation.

Theorem 6.1.2. On the manifold Imm(M,RR?)/ Tra of plane curves modulo
translations, the pseudo metric G¢(.,.) is a weak Riemannian metric. The
geodesic equation on the manifold Imm(S*,R?)/ Tra of closed curves modulo
translations is given by:

p=Lc;® ds = D;lct — Dgct ® ds
pr = Dy (3]D§ct\2v — 2D8(<Dsct,D§ct>v) + |Dsct|2v> ® ds

with the additional constraint:
¢; € T, (Imm(M, R?*)/ Tra) = {h € C*°(M,R?) : h(0) = 0}.

For each k > 11/2 and initial conditions (co,ug) € TImm*(S',R?), the
geodesic equation has solutions in Imm’(S',R?) for each 11/2 < j < k.
The solutions depend C*° on t and the initial conditions and the domain
of existence is independent of j. In particular, for smooth initial conditions
(co,up) € TImm(S,R?), the geodesic equation has smooth solutions.
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Proof. Using the variational formulas from Sect. 2.3 and
d(D?h)(c).m = —=2(Dym,v)D*h — D,((Dgm,v))Dsh
we obtain the variation of the metric:

Den(Gells)) = [ =3(Dum, v)(D2h, DER) 2D, ({Dum,v))(Dul, D20
’ — (Dgm,v)(Dsh, Dsh) ds
We can now calculate H.(h, h) using a series of integration by parts:
He.(h,h) = D, (3yD§h|% — 2D, ((Dsh, D2h)v) + |Dsh|2v) ®ds. O
The well-posedness result can be proven similar as in [35], see also [7].

6.2. The R-transform

We introduce the following transformation

Imm(M,R?)/ Tra — C®(M,Rsg x S! x R?),
R: / /12 )
¢ = (V] a, Ds|d|, k[P

which assigns to each curve c the 4-tuple of functions (1/|¢/|, a, Ds|c|, k|¢|?).
In order to simplify the notation we shall write, R? for Ry x S! x R2. On
R? we define the following Riemannian metric,

4 0 0 0

27 . 0 G+’ —agt 0
(91,92,93,94) 0 _q4q1—4 q1—2 0 ?

0 0 0 q "

and we equip the space C®°(M, (R}, g)) with the L?-Riemannian metric,
(28) GE* (1) = [ gy (6. () 6.

Here ¢ € C*®°(M, (R%, g)) and h, k € T,C>®(M, (R, g)).
The reason for introducing these objects lies in the following theorem:
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Theorem 6.2.1. With the metrics g and G¥* defined as above, the map
R : (Imm(M,R?)/ Tra, G) — (C=(M, (R%, ¢)), G*)
s an injective isometry between weak Riemannian manifolds, i.e.,
Ge(h, k)= GIL;EC) (dR(c).h,dR(c).k) = /MgR(c)(g) (dR(c).h(0),dR(c).k(0))do,
for h,k € T,Tmm(M, R?)/ Tra.
Proof. Using the identity
D¢ (Ds o R) = Ds (D pR) — (Dsh, v)Ds(R(c))
we calculate:

Dep (Ds|c|) = Dy (|¢'[{Dsh, v)) — (Dsh,v)Dy|c|
— ||(D2h, ) + ¢ (D2, Dyw)
= ||(D?h,v) + |¢|k(Dsh,n) .

Thus we obtain the derivative of the R-map:
aR(c).h = (3(Dsh,0) Ve,
(Dsh,n), |/ |(DZh,v) + |¢'[s{Dsh, n), (D§h7n>\0’\2) :
Hence
9r(e)(dR(c).h,dR(c).h) = ((Dsh, Dsh) + (DZh, DZh)) ||,

and the first statement of the theorem follows. The map R is injective on
Imm / Tra since one can reconstruct the curve ¢ up to translations from ||
and a. O

6.3. The metric on the space of closed curves

Theorem 6.3.1. The image of Imm(S', R?)/Tra under the R-transform is
given by

im(R) =< (¢1,92,93,q1) = (2)¢h =q7 "qu
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It is a splitting submanifold of C*°(S*,R%). The inverse of the R-transform
s given by
_1 im(R) — Imm(S!,R?)/Tra
R : ] 2 .
q — fo g exp(iqz) do

Introduce the maps

. {COO(SI,R;*) — (SR
it q = (g3 — 207 '}, a1 — B dh)
H. - {COO(Sl,R;Z’)a R2
¢ q — fsl q3 exp(iqe) df

which allow us to write im(R) = Hx(0) N H;*(0).

Proof. The first component of the constraint Hgig(q) = 0 corresponds to
the identity Dg|c'| = %,(99|c’ |. The second component as well as H¢(q) =0

|
are the same as in Thm. 5.3.1.

To show that im(R) is a splitting submanifold define

q,.{ C>(S"RY) — C=(S",RY)
(a1, a2, 03,q1) = (@192, 93 + 207 ", + )

We note as in the proof of Thm. 5.3.1 that ® is a smooth diffeomorphism,
that H(igf(o) = ®({g3 = 0,¢q4 = 0}) and that
@~ (im(R)) = Hy'(0) N {gs = 0,q4 = 0} .

cl

Since H doesn’t depend on g3, g4 we then apply the implicit function the-
orem with convenient parameters to conclude the proof. O

7. Well-posedness of the geodesic equation
7.1. Well-posedness for the third metric

Let G be the Riemannian metric (19) from Sect. 5 on closed curves
Ge(h,h) = / |Dsh|? + (D?h,n)*ds .
Sl
For j > 1, k > 1 define the spaces

(29)
Imm?* (S, R?) = {c e H2(SY,R?) : || € H(SY,R),a € H*(SL, Sl)} .
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Then Imm’*(S*, R?) is a Hilbert manifold modelled on H7 x H* and a global
chart is given by ¢ — (||, @). For k > 2 denote by

Imm* (S, R?) = {c € H*(S',R?) : |¢| > 0}
the space of Sobolev immersions of order k. Note that we have the inclusions
Imm™>GH+1(G1 R2) C Immd* (S, R?) C Imm™nGR+1 (g1 R?)
and if j = k, then
Imm’J (S, R?) = Imm/ ™! (5!, R?).
The spaces can Imm?*(S', R?) can be seen as a refinement of the Sobolev

scale of function spaces.

Theorem 7.1.1. For k > 2, the geodesic spray
29 TImm A2 (S R?)/ Tra — TT ImmF A2 (St R?) / Tra

of the metric G is smooth.

Combining this theorem with the existence theorem for ODEs, the trans-
lation invariance of the geodesic spray from App. A and Thm. A.1, we obtain
the following corollary.

Corollary 7.1.2. For k > 2 and (co,up) € TImmFHIA+2(S1 R2) | the
geodesic equation with given initial conditions has solutions in
Imm/+17+2(S1 R2)/ Tra for each 2 < j < k. The solutions depend C™ on t
and the initial conditions and the domain of existence is independent of j.

In particular for smooth initial conditions (co,uo) € T Imm(S*, R?)/ Tra
the geodesic equation has smooth solutions.

Proof of Theorem. The R-transform
R(e) = (V¢ vl )
extends to a smooth map
R : Imm* 14251 R2)/ Tra — H*(S', R3)
with R2 = R.g x S' x R and the image of the map is given by

(1)q € H*, g € H**! g3 € H*
im(R) = 4 (q1,92,43) : (2)dh=q; a3
(3) Jgu ai exp(iga) 8 =0
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By Lem. 7.1.3 it is an embedded submanifold of H*(S',R?). Let g be the
Riemannian metric (20) on R? and G%* the L*-metric (15) on H*(S*,R3).
The same proof as for Thm. 5.2.1 shows that the R-transform is an isometry
between (Imm*+1#+2(S1 R2?)/ Tra, G) and (H*(S',R3),GL*).
Denote by
v:im(R) — H*(S', R?)

the inclusion map. The orthogonal projection to Tim(R) is a map
Proj™ : *TH*(S*,R?) | im(R) — T'im(R),

and it is given by the same formulas (23) and (25) as in Thm. 5.3.3. It is
shown in Lem. 7.1.4 that Proj"™ can be extended to a smooth map

Proj™ : TH*(S",R?) — TH"(S',R?).
Denote by
=L THR(SY RY) — TTHR(S', R?)

the geodesic spray of the GE*-metric on H*(S",R2); the spray is smooth by
Thm. 2.5.1. Theorem 2.5.2 shows that the geodesic spray of the G’ -metric
restricted to im(R) is given by

E™ = T Proj™ o= o Tu Tim(R) — TTim(R),
L2

and that this map is smooth as well. The geodesic sprays =% and =™ are

T R-related, i.e., the following diagram commutes.

TT Imm* 1542 ) Tra 7T 77 im(R)

S

T Tmm*H1A+2 ) Trg IR Tim(R)

im

o

Since im(R) is an embedded submanifold of H*(S', R?) the map
R : Imm* 14251 R3) / Tra — im(R)

is a diffeomorphism and we can conclude that =€ is smooth. O

Lemma 7.1.3. Let k > 2. The image of the R-transform

R { Imm*HA+2(S1 R2)/Tra —  HF(S',R?)

¢ = (VIdhakld?)
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is an embedded submanifold of H*(S',R3).

Proof. Define the functions

C.: HY(S',R%) - R Cold) = [ arads
Sl
Caie - H* x H" x H* — H* Cait = ¢ — ¢; a3
Cq : H*(ST,R?) - R? Calq) = / ¢; exp(iqz) 6,
Sl

which allow us to write the image im(R) as
im(R) = H*(SY,R?) N C 1 (27Z) N Ci(0) N CH0)

That H*(S',R3) N C;!(277Z) is a submanifold of H¥(S',R3) can be seen
via the inverse function theorem on Banach spaces. Let ® be the map

9

oo B RING ) SR
' (Ul,UQ,’LLg) = (u17u2 + f’LLIQUzJ,,’LLg)

with [ uf2u;; denoting the indefinite integral of ufzu;),. Then & is a bijection,
when restricted to

H*(S',R3) N O (2nZ) N {ug = 0} —s H*(S',R3) N C (27Z) N Hy(0) .
This implies that

HE(SY R N O (2nZ) N O (0) — HF (ST, R N O (2nZ)
is a submanifold. Finally, that

HA (SR N O (2nZ) N Oy (0) N CH(0) —
— H*(S', R N C 1 (2nZ) N CLi(0)
is a submanifold can again be shown via the implicit function theorem. [

Lemma 7.1.4. Let k > 2. The orthogonal projection Proj™ defined in (25)
can be extended to a smooth map

Proj'™ : TH*(S*, R3) — TH*(S, R?).



44 Martin Bauer et al.

Proof. First we show that Plrojgl];1 : TH* — THF is a smooth map. Using the
notation of Lem. 5.3.2 we see that for (¢, h) € TH" we have A € H*(S',R)
and B € H*1(S' R). The second component ks of Projg;l is given as the
solution of the equation

qiks — (Aky) = B
and by Lem. B.1 we know that such a ks € H¥T1(S1 R) exists and depends

smoothly on (g, k). Then (23) shows that ki, k3 € H*(S!,R) thus showing

Projg;)1 to be well-defined and smooth.
The smoothness of the maps ¢ — grad’’ H|(q) for i = 1,2 given by (24)
is clear and we see by inspection that grad”’ Hi(q) € H*(S',R?). There-

fore ¢ — Proj™(q). grad™ H (q) =: v'(g) is also smooth. Let w!(q), w?(q)
be an orthonormal basis of span{v'(q),v?(q)}, constructed, e.g., via Gram-
Schmidt. Then

T(q).h = h— (h,w'(g))w'(q) — (h,w?(q))w?(q)
is smooth as well. Thus we conclude that the composition

Projim(q).h =T(q). Projffl‘;(q).h

is smooth as required. O
7.2. Well-posedness for the first and second metrics

The statements of Thm. 7.1.1 and Cor. 7.1.2 also hold for the metrics (7) and
(13) from Sect. 3 and Sect. 4 on the space of closed curves. In the proof of
Thm. 7.1.1 we need to change the R-transform used to represent the metric
and prove the analogues of Lem. 7.1.3 and Lem. 7.1.4, the rest of the proof
will remain the same.

Let G be the metric (13) from Sect. 4,

G.(h, k) = / (Dsh, Dok) + (D?h,n)(D%k,n) ds .

The image of the R-transform (14) is a submanifold in appropriate Sobolev
extensions.

Lemma 7.2.1. Let k > 2. The image of the R-transform

R { ImmF A2 R2) /Mot —  HF(S',Rso x R)

c = (V] k[P

is an embedded submanifold of H*(S*,R~g x R).
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Proof. The image is given by
im(R) = {g € H*(S", R0 x R) : Ha(g) = 0},

with the functional H given by

Ha(q) = /O27r qi exp <Z /09 01(0) *qa(0) dU) dg.

The gradient of H. was computed in Sect 4.4. Since 0 is a regular point of
H, the statement of the lemma follows from the implicit function theorem
in Banach spaces. ]

Since the image is defined by a finite number of constraints, the projec-
tion to the orthogonal complement can be written explicitly.

Lemma 7.2.2. Let k > 2. The orthogonal projection Proj™ to Tim(R) can
be extended to a smooth map

Proj'™ : TH*(S*, Rso x R) — TH¥(S' Ryg x R).

Proof. The smoothness of the maps ¢ — gradL2 Hf;l(q) given by (17) is
clear and we see by inspection that vi(q) := grad’’ H!(q) € H*(S'Y,R?).
Construct an orthonormal basis w!(q), w?(q) of span{v!(q),v?(q)}. Then
the orthogonal projection is given by

Proj"™(q).h = h — (h,w' (q))w"(q) — (h, w?(q))w’(q)

and is smooth. O

For the metric (7),
Ge(h, k) = /S k32(D?h,n)(D?k, n) + (Dgh,v)(Dsk,v) ds
the analogues of the above lemmas can be proven in the same way.
8. Discretization
In this section we describe, how one can use the R-transform to discretize
the geodesic equation of second order metrics. To make the exposition more

concise we will restrict ourselves to the third metric, described in Sect. 5,
although the principles are rather general.
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We consider the metric (19),
Ge(h, k) = / (Dsh, Dk) + (D?*h,n)(D?*k,n) ds.
M

The space Imm / Tra with the metric G is isometric to

o . (Wa=a%q
im(R) = {(Q1,Q2aq3) " (2) fsl q%lGXpa(ti)dG =0 } ’

which is a submanifold of C°°(S1, R2) equipped with the G _metric. Here
R3 =Ry x S' x R and we equip it with the non-flat Riemannian metric

g=4dq ®dg + ¢} dga ® dgo + q; % dgz @ dgs .

Instead of discretizing the space Imm / Tra and the geodesic equation there-
on directly, we discretize instead C(S!,R3), the metric G¥* and the con-
straints defining im(R).

8.1. Spatial discretization

Let us replace the curve ¢ € C°(SY,R3) by N uniformly sampled points
q',...,¢" with ¢* = ¢(2nk/N). Denote by Af = 27/N the spatial resolu-
tion. The continuous geodesic equation corresponds to a Hamiltonian system
with the Hamiltonian

Econt(‘]aP) = 1/5'1 g;(é)(p(e)7p(9))d07

2
together with the constraint functions Hgig, He defined in (22), that define
the image of the R-transform. Instead of discretizing the geodesic equations
directly, we discretize the Hamiltonian function. The discrete Hamiltonian
is

N
1 _
Eaiser(q' a0t p™) = 5 ) gl 089"
k=1
To simplify notation we shall denote the discretized curve (¢!, ..., v ) again

by ¢ and the same for the momentum. The discrete constraint functions are

HYg(q,p) = (qlf> - a5 — <q§+1 - q§) /A0
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Ha(g, p) E:MPWQ%_Aﬂ

Thus we have replaced an infinite-dimensional system by a 3/N-dimensional
Hamiltonian system with N +2 constraints. The resulting system has 2N —2
degrees of freedom. This corresponds to discretizing a plane curve by N
points and removing translations, again leading to 2N —2 degrees of freedom.

The advantage of the R-transform is that the Hamiltonian Fq, of the
continuous system doesn’t contain spatial derivatives, since it is related to
an L?-type metric. The spatial derivatives appear in the constraints, in par-
ticular in Hg;g, which enforces that the third component g3 is a derivative of
the second component ¢s. However, even though g3 represents the curvature
of the curve and thus a second derivative, the constraint Hgig is written in
terms of the first derivative only, which can be discretized using first order
differences.

Our discrete equations are now Hamilton’s equations of a constrained
Hamiltonian system. Denote by H : R3V — RN*2 the collected constraint
functions and let A € RV*2 be a Lagrange multiplier. Then Hamilton’s
equations are

O0iq = 8pEdiscr(Q7p)
(30) atp = _aquiscr(Q7p) + DHT(Q)A
H(q)=0.

8.2. Time discretization

There is a variety of integrators available for the time-discretization of a
constrained Hamiltonian system. For example RATTLE is a second-order
symplectic method, that preserves constraints exactly. A time-step of RAT-
TLE is given by the following equations. To simplify notation, we denote in
this section by ¢/ = q(t;) the system at time ¢;.

. At o .
P =+ S (<0,B(@ p ) + DHT (¢0)0)
A At o . ,
¢ =q + ) (apE(qjap]—H/Q) + apE(quaPHI/Q))
(31) 0= H(qurl)
Pl = pitl/2 4 9,E(q j+1 p]+1/2)—|—DH( F T )\2>
0=DH(¢'*).9,E(¢’ ", p"*).

At(
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This method was first proposed in [18]. One first performs a momentum
update with half of the timestep using the implicit Euler method and an
unknown Lagrange multiplier A;. This is followed by a full time-step for
the position using the implicit midpoint rule. The Lagrange multiplier A is
determined by the condition H(¢’*!), which guarantees that the constraints
are exactly satisfied in each time-step. Then we perform another half time-
step for the momentum with the explicit Euler and determine the Lagrange
multiplier Ao by requiring the hidden constraint

DH(¢™).0,E(@*, /") = 0
to be satisfied. See [16, 21] for more details about symplectic integrators.
9. Experiments

In this section we present a series of numerical examples to demonstrate
the value of R-transforms for numerical computations. The examples were
computed as described in Sect. 8. In all these examples we will only consider
the third metric, i.e.,

Ge(h,h) = / (Dsh, Dsh) + (D2h,n)?ds .
Sl

The curves are discretized with 100 points and since the metric ignores
translations we centered all curves such that their center of mass lies at the
origin. In Fig. 1 we show two examples of solutions to the geodesic boundary
value problem.

The second series of examples (Fig. 2) is concerned with the geodesic
initial value problem. It shows two geodesic that starts at the circle with
two different initial velocities.

The last example shows a geodesic in the shape space of umparametrized
curves. Following the presentation of [26] we identify this space with the
quotient space

B;(S',R?) = Imm(S', R?)/ Diff (S') .

Every reparametrization invariant metric on Imm(S', R?) induces a metric
on the shape space B;(S',R?) such that the projection

7 : Imm(S*, R?) — B;(S*,R?)

is a Riemannian submersion. In this setting geodesics on shape space corre-
spond to horizontal geodesics on Imm(S1, R?); i.e., geodesics on Imm(S!, R?)
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Figure 1: First line, left side: Geodesic connecting a circle to an ellipse in
time ¢ = 2. First line, right side: The geodesic continued until time ¢t = 6.
Second line, left side: Geodesic connecting a ellipse to a rotated ellipse in
time t = 2. Second line, right side: The geodesic continued until time ¢ = 6.

with horizontal velocity. By the conservation of reparametrization momen-
tum a geodesic with horizontal initial velocity stays horizontal for all time
and thus this condition has to be checked at the initial point of the geodesic
only. For a detailed description of this construction see [26, 7.

For metrics that are induced by a differential operator field L the hori-
zontality condition can be expressed as

h € Hor(c) C T.Imm(S*, R?) & L.h = fn, feC™(SY),

with n denoting the normal field to c. In the following we want to investigate
this condition for the third metric,

Ge(h,h) = / (Dsh, Dsh) 4 (D?h, n)%ds .
Sl
This metric is induced by the differential operator
Lch = D2((D2h,n)n) — D2h.

To simplify the expressions we choose the circle ¢(f) = (cosé,sinf) as the
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Figure 2: Two examples of a geodesic that starts at the circle. On the right-
hand side the geodesic is printed, whereas on the left-hand side we pictured
the initial velocity. First line: Initial velocity A = (0,sinf). The geodesic is
computed until time 2. Second line: Initial velocity h = — sin? #(cos #,sin 6).
The geodesic is computed until time 1.

starting point of the geodesic. Then we have

Let h = an + bv. Then

D2h = 93 (an + bv) = dp(a’'n + an’ + Vv + ')
=a"n+2dn" + an” +V"v+ 200" + "
=(a" —a+20)n+ (=24 +b" —b)v
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Figure 3: A horizontal geodesic on Imm(S!, R?) with initial velocity h =
—(2 — cos 26,2 sin 20) until time .3.

Thus we have

95 ((95h,n)n) = 93 ((a” — a — 2b')n)
— (a//// _ a// + 2b///)n+ 2(a/// _ a/ + 2b//)n/ + (a// _ a+ 2b/)n//
= (" —d + 20" + (a" — 2a" +a — 2’ + 20" )n

From this we can read off the tangential and the normal part of Lh:

(Lchyv) = —2a" + 4a’ — 50" +b
(Lehyn) = a™ — 3d" + 2a + 20" — 4V

A horizontal velocity satisfies (L.h,v) = 0, which leads to the ODE
—2a" 4+ 4a" = 50" + b= 0.
A solution to this equation is given for example by
a=3cosf, b=sinb.
This leads the initial velocity

h = (—cos?f — 3sin®6#, —4 cos fsin ) = —(2 — cos 26, 2sin 26) .
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Appendix A. Translation invariant sprays

Let N be a finite dimensional manifold. Consider a spray = on C*(S!, N)
that has smooth extensions to H¥(S', N) for k > ko. For each initial con-
dition (go,vo) € TH*(S', N) and each Sobolev order k denote by Jx(qo, vo)
the maximal domain of existence of its flow. If (go,vo) € TH*T1(S, N) then
a-priori we only have the inclusion

Ji+1(90,v0) € Jx(qo, vo) -

To obtain that smooth initial conditions have smooth solutions, we need
to know that the length of the maximal existence interval is bounded from
below, i.e., Nk>k,Jk(q0,v0) = {0} cannot happen. If the spray is invariant
under translations, this is ruled out by the following result.

Theorem A.1 (Ebin-Marsden, 1970). Let the spray Z be invariant under
translations, i.e.
E(T(0)q,T(0)v) =T(0)E(g; v),

with T(0)q(0) = q(8 + o) being the translation group. Then for initial con-
ditions (qo,vo) € TH*1(S1, N) we have

Jr+1(q0,v0) = Ji(qo,vo) -

Proof. This result is implicit in [12, Thm. 12.1] and proven explicitly in
[13, Lem. 5.1]. We prove it here only for N = R?, the general case requiring
only slightly more cumbersome notation.

If the spray is translation-invariant, then so is the exponential map,

exp(T(0)qo, T(0)tvg) = T(0) exp(qo, tvo) -
Differentiating at o = 0 gives
T go tvo) €XP (g, tvh) = 9 exp(qo, tvg) -
From our assumption g, vo € HFT1(S1, R?) it follows that the left-hand side
is an element of H*(S',R%). Since ¢(t) = exp(qo,tvg) we see that ¢/(t) €

H*(S',R%) which implies ¢(t) € H*1(S1, R?). Thus we have Ji(qo,vo) =
Jk+1(q0, v0). O
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Appendix B. Regularity for elliptic equations

Lemma B.1. Let k > 2 and let L be the operator
Lu = —(au") + bu

with a € H*1(SY), b € H*2(S') anda > 0,b>¢ >0 forc € R. The L is
a bibounded, invertible operator

L: HM(SY) — HF2(SY).
Furthermore the map L™ : a,b, f — L;if is a smooth map
L' HRY(SY) x HF2(SY) x HF2(SY) — H*(SY).

Proof. This lemma can be proven in the same way as existence and regularity
results are proven for second order elliptic PDEs in, e.g., [14, Chap. 6].
The proofs can be followed line by line, even though we have required less
regularity for the coefficient functions. O
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