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The main purpose of this paper is providing a systematic study
and classification of non-scalar positive definite kernels for Repro-
ducing Kernel Hilbert Spaces (RKHS), to be used in the analysis
of deformations in shape spaces endowed with metrics induced by
the action of groups of diffeomorphisms. After providing an in-
troduction to matrix-valued kernels and their relevant differential
properties, we explore extensively those, that we call TRI kernels,
that induce a metric on the corresponding Hilbert spaces of vector
fields that is both translation- and rotation-invariant. These are an-
alyzed in a very effective manner in the Fourier domain, where the
characterization of RKHS of curl-free and divergence-free vector
fields is particularly natural. A technique for constructing generic
matrix-valued kernels from scalar kernels is also developed. The
exposition of the theory is supported by several examples. We also
provide numerical results that show the dynamics induced by dif-
ferent choices of TRI kernels on the manifold of labeled landmark
points, and illustrate one application in computational anatomy.
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1. Introduction

Recent years have seen the rapid development of acquisition techniques for
medical data, such as magnetic resonance imaging, that allow the identifica-
tion and very detailed visualization of anatomical structures in vivo and the
quantitative description of their shape. The key challenge for researchers is
to devise statistical methods that assess normal and abnormal variations of
such shapes across subjects, with the goal of gaining understanding of several
pathologies and ultimately providing practitioners with shape-based diag-
nostic tools. The problems of comparing geometrical objects of the same
nature, establishing correspondences that are anatomically justified, and
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quantifying deformation (i.e. computing distances between shapes, so to be
able to perform, for example, shape classification) are central in addressing
the above issues. The emerging discipline of computational anatomy thus
lies at the interface of geometry, imaging science, statistics, and numerical
analysis.

The group action approach. It was Ulf Grenander [31] that intro-
duced the notion of group action in this field. The main idea is to compare
anatomical objects through the estimation and the analysis of a deformation
of their entire space where such objects are located. The theoretical model
thus consists in defining (i) the mathematical space of the observed ob-
jects (e.g. the images, surfaces, curves, point sets—in one word, the shapes),
(ii) an appropriate group of transformations, and (iii) a group action on
the objects. This approach stems from the observation that the visual com-
parison of medical images coming from different individuals suggests the
existence of an underlying deformation of the ambient space.

The formulation of precise registration algorithms requires rigorous math-
ematical modeling of the deformations of such space. Rigid or affine trans-
formations alone are insufficient to describe the complexity of the observed
deformations, and it is in fact appropriate to consider functional spaces of
infinite dimension. In the diffeomorphic approach introduced in [18, 22] the
transformations are obtained by the temporal integration of a family of vec-
tor fields—this was partly inspired by Vladimir Arnold’s seminal paper [2],
in which he proved that incompressible fluid dynamics can be characterized
as geodesic flow in the group of volume preserving diffeomorphisms, with
respect to the kinetic energy metric (i.e. the L? norm of the fluid velocity).
A rigorous mathematical foundation for this new model and the construc-
tion of invariant metrics for the groups of diffeomorphisms was established
by Alain Trouvé [65]: in this approach one chooses a Hilbert space V' of
vector fields whose norm || - ||y defines the cost of infinitesimal deformations,
and time-dependent diffeomorphisms ¢; : Q@ — Q, with Q C R%, are ob-
tained by the integration of a family of vector fields v(t,-) : @ — R% in V,
t € [0, 1], via the differential equation dyps(x) = v(t, @i(x)), with ¢o(z) = =.
Given two shapes (geometric objects or images), among all diffeomorphisms
of such type that perform the registration, the one that is generated by a
time-dependent vector field that minimizes the kinetic energy fol v(t, )| dt
is chosen, and the square root of the minimal energy is in fact a distance
between the two shapes.

There are several advantages to this group action-based approach. First
of all, it fits into the shape space idea which views shapes as points in a
infinite dimensional curved manifold, and the estimated deformations, when
restricted to the shapes themselves, correspond to geodesics in this shape
space. Therefore the method generates smooth transitions between shapes
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which are in fact all plausible shapes of the considered population, at least
from a geometrical point of view. This also enables one to employ mathe-
matical notions and algorithms provided by Riemannian geometry [36, 37],
such as Fréchet means or medians [25] or parallel translation [68]. Secondly,
the generated diffeomorphisms can be applied to any geometrical structure
in the ambient space. Whence one may estimate a deformation induced by
a particular anatomical structure, for instance the cortical surface of the
brain, and then apply this deformation to inner brain structures. Thirdly,
the group action-based approach gives a unified framework for shape analysis
based on various geometrical objects: deformations estimated from the raw
images, or from segmented anatomical structures such as landmarks points
or surfaces, all belong to the same space and can be compared; moreover,
deformations may be estimated from combinations of such different struc-
tures. This is of course of primary importance for statistical purposes, as it
allows one to detach the deformation analysis from the particular modality
which was used to estimate the deformations.

This framework, often referred to as Large Deformation Diffeomorphic
Metric Mapping (LDDMM), has received considerable interest and is now
popular in the fields of computational anatomy, morphometry, and shape
analysis. The method may be applied for performing registration and com-
puting distances in different kinds of “shape spaces”, such as the manifolds
curves [29, 45|, surfaces [71], images [6, 46, 47], vector fields [15], diffusion
tensor images [14], measures [27], currents [28, 66], and labeled landmark
points [30, 35, 42, 47]. We should note that in this context the formula-
tion of the registration problem requires the vector fields to be L' or L?
in the time parameter t; these and other notions, that deviate from the
classical theory of dynamical systems, have been expanded in a book by
L. Younes [69].

David Mumford, to whom this work is dedicated, and his collaborators
have given considerable contributions to the understanding of the differen-
tial geometry of shape spaces endowed with a Riemannian metric, including
several instances of metrics induced by the group action of diffeomorphisms.
The knowledge of such geometry (and in particular, of curvature) is fun-
damental as it allows one to infer, for example, about the uniqueness of
geodesics between shapes, the existence of conjugate points, and the well-
posedness of the problem of computing the intrinsic (or Karcher’s) mean [54]
of a database of shapes. See, for example, the papers [42, 43, 44, 45, 48, 70]
and references therein.

Reproducing Kernel Hilbert Spaces. In LDDMM the Hilbert space
of vector fields V' has a reproducing kernel, whose choice uniquely deter-
mines the model in use and the properties of the deformation maps; more-
over, from a computational point of view, the most demanding operations
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in registration algorithms usually consist in convolutions of data points with
these kernels or their derivatives. For example, when dealing with the shape
manifold £V (R?) of N labeled landmarks in R? (typically, d = 2 or 3),
the registration constraints are described in terms of the displacements of
such points. The mathematical object of interest is the reproducing ker-
nel K : R x R? — R%*4 of the space V of deformation fields. One can in
fact show that the vector fields that minimize the kinetic energy for such reg-
istration constraints are sums of spline functions centered on the landmark
trajectories x4(t), a=1,...,N, t € [0,1], i.e.

N
(1) v(t,x) =Y K(z,74(t))0a(t), zeR% tel0,1],

a=1

and that the associated cost of the infinitesimal deformation for vector fields
of this type (i.e. their norm in the Hilbert space V') is also expressed in terms
of the reproducing kernel, as follows:

N
o, )Y = ag(t) - K (za(t), zp(t))an(t),  t€0,1];
a,b=1
the vectors ag : [0,1] — R%, a = 1,..., N, are called momenta, in analogy

with analytical mechanics [3], and they completely parametrize the search
space of an optimal (i.e. energy-minimizing) solution.

In this framework it is therefore natural to consider the kernel as the
starting point for modeling the linear deformation space V and the group
of diffeomorphisms that it generates. The theory of Reproducing Kernel
Hilbert Spaces (RKHS) was developed starting in the 1940s, mostly by Aron-
szajn [4, 5] and Schwartz [62], who built on previous studies by Bergman [7,
8], Bochner [10], Schoenberg [59, 60], and others. Such a theory is mostly
used in complex and functional analysis, and in more recent years it has
found numerous applications and developments in statistics and machine
learning [51, 61]. Reproducing kernels are also used as spline functions for
performing data interpolation [67]; their interest in this framework stems
from the fact that functions expressed in terms of kernels solve the min-
imal norm interpolation problem in the corresponding Hilbert space. Ker-
nels are also commonly used to interpolate data with values in the Euclidean
space R? (mostly with d = 2 or 3), such as vector fields in fluid dynamics (see
[11] and references therein).

The kernels that are most commonly used in applications are either
scalar-valued functions or (in the case of RKHS of R?valued functions)
they are given by a scalar-valued function multiplied by the d x d identity
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matrix I;. However, employing kernels that are truly non-scalar allows one
to obtain desirable properties of the vector fields that are not achievable
otherwise. To our knowledge a systematic study and classification of such
kernels have not yet taken place. Here we focus our attention on kernels
that induce translation- and rotation-invariant norms in the corresponding
RKHS, since this a common requirement for the interpolation of geometric
data. We shall examine in detail the ties between the properties of the ker-
nels and the corresponding deformation spaces, with the goal of providing a
large class of kernels that may be used to perform shape analysis. In particu-
lar, matrix-valued kernels that induce divergence-free vector fields are desir-
able in analyzing volume-preserving transformations, and those that induce
divergence-free vector fields can be used for deformations that are caused
by the pure growth or loss of mass. However, curl-free and divergence-free
vector fields are only achievable with non-scalar reproducing kernels.

Additional related work. As we said, it was Laurent Schwartz in his
seminal work [62] that built the foundations of the theory of (non-scalar)
reproducing kernels. Much more recently, Carmeli et al. [16] derived regu-
larity results of vector-valued RKHS and analyzed some of their properties
from the point of view of the machine learning community. De Vito et al. [19]
extend Mercer’s theorem to matrix-valued measurable kernels, whereas Mic-
chelli and Pontil [41] use such kernels for learning vector-valued functions.
Cachier and Ayache [13] consider a class of matrix-valued kernels that gener-
alize thin-plate splines for the interpolation of dense and sparse vector fields,
for the purposes of image registration. The work by Dodu and Rabut [21] is
related to ours in that it introduces a class of irrotational and divergence-
free kernels that minimize Beppo Levi-type seminorms, for the interpolation
of vector fields in two and three dimensions; our study is restricted to the
case of positive definite kernels but is more general in that it characterizes
the entire class of kernels that induce translation- and rotation-invariant
norms. Last, but not least, we should certainly mention a very recent paper
by Mumford and Michor [50], where they study an approximation to Euler’s
equation with EPDIff, i.e. the geodesic equation in the group of diffeomor-
phisms [49], by choosing kernels that are Green’s functions of a specific class
of differential operators. The latter depend on two positive parameters, and
their limit behavior yields precisely FEuler’s equation for fluid flow; such ker-
nels, as well as their limit cases, fall within our study.

Paper organization. In section 2 we introduce notation and definitions
for Reproducing Kernel Hilbert Spaces of vector-valued functions, state and
prove existence and uniqueness theorems for such spaces, and investigate
relevant differential properties of the corresponding matrix-valued kernels.
Section 3 explores the characterization of what we call TRI kernels, i.e. those
that induce a translation- and rotation-invariant metric on the corresponding



Matrix-valued kernels for shape deformation analysis 63

RKHS. This is also performed in the Fourier domain, and constitutes the core
of the present contribution: in fact, it turns out that the characterization of
kernels Hilbert spaces of curl-free or divergence-free vector fields is described
in a more natural manner in the Fourier domain than it is in the spatial
domain. Section 4 details methods for building TRI kernels from the more
commonly used scalar kernels, which is of course crucial for applications; in
fact we also show that all matrix-valued kernels may be obtained with such
constructive procedures. Section 5 develops the equations of the dynamics
induced by the LDDMM approach on the manifold of landmark points, such
as equation (1) introduced eariler. In section 6 we illustrate numerical results
for both landmarks and anatomical surfaces, comparing results for different
choices of TRI kernels. We summarize conclusions and describe directions
of potential future research developments of our research in section 7.

We would like to point out that the length of our paper is justified by
our desire to make it self-contained, exhaustive, and accessible to the largest
possible audience—in the hope to attract more researchers (mathematicians,
engineers, statisticians, computer scientists) to this interdisciplinary field.

2. Reproducing Kernel Hilbert Spaces of vector-valued
functions

The theory of Reproducing Kernel Hilbert Spaces of scalar-valued func-
tions [4, 5, 67] may be extended to vector-valued functions [16, 32, 62] and
has recently been adapted to the study of deformation [69]. Here we provide
notions and extensions of results that are relevant precisely for this purpose.

Notation. If S is a subset of a vector space then span(S) denotes the set
of finite linear combinations of elements of S. If (X, | - ||x), (Y,| - |ly) are
two normed spaces with X continuously embedded in ¥ (i.e. X C Y and
there there is a constant C' > 0 such that ||z|y < C||z||x for all x € X) we
write X — Y. If (H,(-,-)m) is an inner product space and U is a subspace
of H we indicate its orthogonal complement with U~L. If H is a Hilbert space
its dual space is written as H*; if a sequence {u,} in H converges weakly
to some u € H, i.e. (u, —u,h)g — 0 for all h € H, we write u,, = u in H.
The dot product of two vectors a,b € R? is denoted with (a,b)gs or a - b.
Vectors in R? are normally treated as column vectors, and 7 indicates the
transpose of a vector or a matrix.

Definition 2.1. Let (H,{-,-)g) be a Hilbert space of R%-valued functions
defined on a set Q. We call H a Reproducing Kernel Hilbert Space (RKHS)

if the evaluation functionals 0$ : u — o - u(zx) are linear and continuous for
all z € Q and o € RY; that is, if 6 € H*.
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By the Riesz Representation Theorem [26], in a Reproducing Kernel
Hilbert Space H, for all z € Q and a € R? there exists a unique func-
tion K%(-) € H such that

(2) <K§‘, u>H = - u(x)

for all v € H. Such function is called the representer of the evaluation
functional §¢, and relation (2) is referred to as the reproducing property
of Ko The map o — K%(-) is linear in a, ie. K2 = oK + bK? for
all z € Q, a,3 € R%, and a,b € R, by the uniqueness of the representer.
So for any pair of points z,y € € there exists a matrix K(y,z) € R4
such that K&(y) = K(y,x)a for all @ € R% the matrix-valued function
K : Q x Q — R4 ig called the reproducing kernel, or simply the kernel, of
the space H.

For any pair of points x,y € Q and any pair of vectors «, f € R? we have
that, by the reproducing property (2), (K¢, K5>H = a-Kf(x) =a-K(z,y)B
but also (Kz’f, K&y =8-K2y)=p-K(y,z)a = a-K(y,z)T B, so that the
symmetry K(x,y) = K(y,z)” holds for all z,y € Q.

Definition 2.2. A Reproducing Kernel Hilbert Space with kernel K is called
non-degenerate when it has the following property: for any N € N and any
distinct points x1,...,xN € §, if the vectors aq,...,ay € R? are such that
SN - u(za) =0 for allu e H, then ay = --- = ay = 0.

Non-degeneracy establishes a certain richness of functions in Reproduc-
ing Kernel Hilbert Spaces. Rather obviously, we will call a RKHS degenerate
if it is not non-degenarate.

Definition 2.3. A generic matriz-valued function K : Q x Q — R4 jg

positive definite if for abitrary N € N, vectors ai,...,an € R* and points
T1,...,TN € ), it is the case that
N
(3) Z aq - K(zq,zp)0p > 0.
a,b=1

Moreover, K is strictly positive definite if for abitrary N € N, vectors
ai,...,any € RY and distinct points x1,...,xx € Q the above inequality
holds, with equality if and only if a1 = -+ = ay = 0.

Proposition 2.4. The kernel K of a RKHS is a positive definite matrix-
valued function. Moreover, the RKHS is non-degenerate if and only if its
kernel is strictly positive definite.
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Proof. By the reproducing property (2) of the representer function we have

O< ”Zz aKaa <Za IKQO Zb IK:?:>H
_Zab 1<Kaa Kab>H ab 1aa'K(xaamb)ab-

Assuming that the RKHS is non-degenerate, if for x1,...,zx € Q (distinct),
a1,...,an € RY we have || Y, K|} = 3,4 % - K(za,zp)ap = 0, then

Zivzl K¢« =0, ie. (Za 1 Kge,u)g = 0 for all u € H; this is equivalent

to Y, aq - u(z,) = 0 for all u € H, therefore a1 = -+ = ay = 0 by
Definition 2.2. On the other hand, assuming that the kernel K is strictly
positive definite, if at least one of the vectors ai,...,ay € R? is non-zero

take u ==, O‘“, with distinct points x1,...,zy € ; it is the case that
Y g Qo u(zq) = Za,b aq - K (x4, xp)ap > 0 by strict positive definiteness. [

Example. All finite-dimensional Reproducing Kernel Hilbert Spaces are
degenerate. To see this, consider a finite-dimensional space H of R%valued
functions with a given inner product (-,-)r. We may assume without loss
of generality that H = span{fi,..., f;} with (fi, f;)m = d;j, where §;; is
Kronecker’s delta. The reproducing kernel of H is the matrix-valued function
K(z,y) =Y ,_, s fi(x)fi(y)T. Now fix arbitrarily N € N and the distinct
points 1, ... ,x}v € Q. Define:

3 fi(x1)
a=|:|eRY and fi(x):=| : |eRM, i=1,...,M,

N fz(xN)

all intended as column vectors. Having sz\; 1 u(x;) =0 for allu € H is
equivalent to a being orthogonal to U := span{fi(x),..., fu(x)}, i.e. we
have a € U*. But dimU < M, therefore dim U+ > max{Nd — M,0}. So,
if N was chosen large enough, a is not necessarily zero.

We have seen above that Reproducing Kernel Hilbert Spaces have a
unique reproducing kernel. The next definition of “kernel” is justified by the
theorem that immediately follows.

Definition 2.5. A positive definite function K : Q x  — R such that
K(y,x) = K(x,9)T for all z,y € Q is called a positive kernel, or simply
a kernel, of dimension d. If, in addition, K is a strictly positive definite
function, then we shall call it a strictly positive kernel of dimension d.

Theorem 2.6. Given a positive kernel K : Q x Q — R of dimension d,
there exists a unique RKHS of R*-valued functions defined on Q that has K
as its reproducing kernel.
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Proof. For arbitrary x € Q and a € R? we define the function K¢(-) :=
K(-,2)a and the linear space Hy := span{K2|z € Q,a € R?}. We also
define the inner product (K¢, K5>H0 = a- K(z,y)58. In order to extend it
to all of Hy by bilinearity it is sufficient to show that if

n n’

a a;

=Y Ko ="K
i=1 =1

(i.e. there are two different representations of f € Hj) then for all g =
K§ € Hy we have (f.g)m, = S0 (K&, K, = S0 (K% K, To
see this take m = n+n', v; = o; for 1 < ¢ < n and ~; := —a] for
n+1 < i < n+n'; now observe that since Y /*; KJ' = 0 we also have

ST KL Ky i = Y v K (2,908 = (27 K2 ()8 = 0.

It is immediate to verify that the inner product (-, -) g7, is symmetric; also,
if w € Hy then it is the case that (u,u)m, > 0 by the positive definiteness
of K. By construction (K¢, u)py, = o - u(x) for all u € Hy, so by Cauchy-
Schwarz we have |a-u(z)| < || K& a1, ||ul| g, for allu € Hy, 2 € Q and o € R
whence if (u,u) g, = 0 then v = 0. Whence Hj is an inner product space.

Now one can follow the standard procedure for the completion of metric
spaces [58] with some modifications. Letting C be the set of Cauchy sequences
in Hp, one first partitions it into equivalence classes (we call {u,}, {v,} € C
equivalent and write {u,} ~ {v,} if lim, o0 ||un — vn ||, = 0). We denote
with H. := C/~ the set of equivalence classes, and with [{u,}] the generic
element of H.. Then one defines the inner product between U,V € H, as
U, V), :=limy, o0 (Un, Un) H,, Where {u,} € U and {v,} € V. The map ¢ :
Hy — H. given by ¢(u) = [{u,u,u,...}] is an isometry, and ¢(Hp) is in
fact dense in H.. Any Cauchy sequence in ¢(Hp) converges to some U € H,
(in fact if {¢©(uy)} is Cauchy in H. then by isometry {u,} is Cauchy in Hy,
therefore {u,} belongs to some U € H,; one can prove that ¢(u,) — U in
H.). Together with the density of ¢(Hp) in H,, this can be used to show
that H, is complete. As we mentioned above, this procedure was rather
standard; what follows is specific to our setting.

It is in fact the case that any Cauchy sequence in Hy converges pointwise
to some function Q — R?. To see this, if {u,} € C then it is the case that
|(um(2) — un(z)) - of = [{um — un, K) i,| < [ltm — vnllm,/a - K(2, z)o for
allz € Q, a € R% and m,n € N, by the Cauchy-Schwarz inequality. Whence
{un(2)} is Cauchy in R? for all 2 € Q and there exists a function v : Q — R?
such that u,, — u pointwise.

On the other hand Cauchy sequences in Hy from distinct equivalence
classes converge, pointwise, to distinct functions. In fact, if {u,}, {v,} € C
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converge pointwise to the same u : Q — R? then the sequence {h,}, with
hy, := up—vy,, is also Cauchy in Hj and it converges to 0 pointwise. Therefore,
since (hp, K&) g, = hn(z) -« for all z € Q and a € R? we have that
hy, — 0 in Hy. By the Cauchy property of {h,} there exists an integer M
such that ||hnH%,0 — 2(hn, har)my < ||hn — hMH%{O < ¢ for all n > M. But we
have lim(hy,, har) g, = 0 by weak convergence, whence for sufficiently large n
we have [|hy ||}, = llun — vall, < 2e. So it is the case that {u,} ~ {v,}.

This suggests that we may realize the completion Hy as follows: we as-
sociate to each equivalence class in C/~ of Cauchy sequences in H the
function v : © — R? to which they converge pointwise, and let H be the
space of such functions. If {u,},{v,} € C and w, — u, v, — v point-
wise, we say that v = lim, u, in H and set (u,v)p := limy, o0 (Un, Vn) m,,
so H is isometric to H.. By construction the function space H is com-
plete, Hy is embedded in H, and H = H,. Moreover K is a reproduc-
ing kernel for H, since if {u,} € C and w, — w € H pointwise then
(K& uyg = lm, (K% up)g, = lim, a - up(x) = a - u(x), for all x € Q
and o € R,

Finally, assume that H; is another RKHS with the same kernel K. So it
must be the case that Hy C Hj, and the inner products (-, )y and (-,-)x,
must coincide on Hy. If {u,} € C is such that u, — u € H pointwise, by
the completeness of Hy there exists v € H; with w, — v in Hq, and

() — o)) - 0] = lim |(un () — v(a)) - 0] = limn [(un — v, K3 |

< lim [fun, = vl [|KZ [y = 0,

for all z € Q and o € R?, so it is the case that u = v. Therefore H C H;. Also
(g, = (-,-)g on H, whence H is a closed subset of H; and H; = H® H*.
If w € H; is orthogonal to H then - u(x) = (u, K$)y, = 0 for all x €
and a € RY, whence u = 0. In conclusion H = H;. O

Corollary 2.7. Let H be a RKHS of R%-valued functions that are defined
on §2, with reproducing kernel K. It is the case that H = Hy, where Hy =
span{K (-, z)a |z € Q,a € R4},

Corollary 2.8. Let H be a RKHS, and {u,} a sequence in H. If u, — u
in H (weak convergence) then it converges pointwise to u. On the other
hand, if {uy} is bounded in H and it converges pointwise to some function u,
then w € H and u,, — u in H.

Proof. Let z € Q and a € R? be arbitrary. If u,, — v in H then lim, o -
Up(z) = limy, (KS, un)g = (K¢, u)g = « - u(z). Vice versa, if the sequence
{un} is bounded in H then it has a subsequence {u,)} that converges
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weakly to some w € H; however, a-w(z) = (K5, w) g = lim, (Kg, uym)) g =
limy, @ - Uy () (r) = a - u(z), whence u = w and u € H. Now, we have that
lim,, (K, up) g = lim, o - up(z) = a - u(x) = (K, u) g, so it is also the case
that limy, (un, ho) g = (u, ho) g for all hg € Hy. If M := sup,, ||u, —u|| g then,
since H = Hy, for arbitrary ¢ > 0 and h € H we can choose hy € Hy such
that |h — hol| < /M, and we have |(u, — u, h) g| < |[{(un, — w, ho) | + ||un —
ul| ||k — hol|lg < 2e for sufficiently large n. O

Proposition 2.9 (Kernel of separable RKHS). Let H be a separable RKHS,
K its kernel and {u;}ien an orthonormal basis of H. Then K(z,y) =
limy, o0 Doieq wi(2) ui(y) T pointwise, for all x,y € Q.

Proof. For all y € Q and o € R% we have Ky = limy,_ Z?:1<K37UZ>HU2
(limit in H and therefore pointwise), whence it must be the case that:
K(z,y)a = limy, o0 Y00 (K ui) gui(e) = limg, o0 Y000 ccui(y) ui(e). O

We now introduce notions of regularity of R%valued functions in RKHS,
for which we assume that 2 is an open, connected subset of R". Denote
with Cp(Q,RY) the space of continuous functions u : @ — R? that vanish
at infinity (i.e. such that for every ¢ > 0 the set {z € Q : ||u(x)||ge > €}
is compact) which is Banach with the norm ||u||oc := sup,cq ||u(z)||ge. For
any integer s > 0 we define

CS(Q,Rd) = {U € C5(Q,RY) : 9Pu € Cy(Q, RY) for [p| < s},

where C*(Q,R?) is the space of functions that are continuously differen-
tiable s times. (We have used multi-index notation [24] for partial deriva-
tives OP = o' ob> ... o ie. if p= (p1,...,pm) then we set |p| :=p1+---+
Pm- Also, we have used the symbol s instead of the more customary k to
avoid confusion with a symbol that we will use later for kernels). The space
Cs(Q,RY) is Banach with the W*° (Sobolev) norm

lulls,oo := Y sup [|07u(@) g,

Ipl<s €N

and C§(Q,R?) — C57H(Q,RY) for any s > 1. Also, C(Q,R?) and C*(Q2, RY),
respectively, have the topology induced by the convergence with respect to
the norms || - |loo and || - ||s,0c On compact sets.

Definition 2.10. Let s > 0 be an integer. A Hilbert space H of R%-valued
functions defined on a set Q is called s-admissible if H — C§(Q,R?).

Given a s-admissible space H, for a fixed point x € Q and a fixed
vector a € R? the evaluation functional 6¢ : H — R : u + « - u(z) is
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obviously linear in u but also bounded: in fact, for all u € H,

105 (w)] = la - w(z)| < |lalplu(@)][re < [loflpallullseo < Cllofpallulla;
we have used the Cauchy-Schwarz inequality, the definition of || - |50, and
Definition 2.10. Therefore if H is a s-admissible Hilbert space then it is also
a Reproducing Kernel Hilbert Space, and admits a reproducing kernel such
that K(-,2)a € C§(Q,R?) for all z € Q, a € R4

Remark. By the symmetry K(z,y) = K(y,x)? it is the case that if K is
continuous (respectively, differentiable) in one of the two variables then it is
continuous (differentiable) in the other one too.

If the kernel K : Q x Q — R%*? is smooth enough and p = (p1,...,Pm)
and ¢ = (p1,...,pm) are multi-indices, we indicate with O70JK(-,-) the
partial derivative of K where 0P and 09 are taken with respect to the first
and second sets of variables of K (-,-), respectively.

Theorem 2.11. Let H be a RKHS with kernel K : Q x Q — R¥™? gnd

s > 0 be an integer. The following two statements are equivalent:

A. H < C3(Q,RY);

B. the function LK exists for all multi-indices p with 0 < |p| < s, it is
continuous in each of the two variables (separately), and it is locally
bounded.

Under the above assumptions, the following also holds:
c. for all z € Q, a € R, and multi-index p such that 0 < |p| < s, we
have 5K (-,x)a € H and

(4) (BK (-, x)a,u),, =a-Pu(z), foraluecH.

H
If, furthermore, we have K(-,x)a € C§(Q,R?) for all z € Q and o € R,
then H — C§(Q,RY).

Proof. We shall prove that (A=B& C) and (B=-A & C); in particular, this
will imply that (A < B).

e (A=B&C). We will prove by induction on [p| that for all multi-
indices p with 0 < [p| < s, the function YK (-,z)a, with fixed z € Q
and o € R, is in H and (4) holds, and that the function 0705 K exists and
is continuous in each of its two variables (its local boundedness is proven
separately). If [p| = 0 then 5K (,z)a = K(,z)a € H and (4) is sim-
ply the reproducing property (2); also, since H ¢ C*(Q, R?) we have that
OOV K (-,x) = K (-, ) is continuous in its first variable: the continuity in the
second one derives from the symmetry K (z,y) = K(y,z)T, =,y € Q.
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We now fix [p| and assume that for any multi-index r with 0 < |r| < |p|
we have that 0705 K exists and it is continuous in each of its two variables;
also, 05 K (-, )a € H and (05K (-,x)a,u)y = o - 0"u(z), for all w € H. For
fixed [p| take p = (p1,...,pm) and g =p+e; = (p1,...,p¢e + 1,...,pm) for
some arbitrary index ¢ € {1,...,m}. For any = € Q and a € R? we have
that K(-,x)a € H C C*(1Q, Rd) by the symmetry K(z,y) = K(y,z)T we
also have that K (z,-)a is in C*(Q, R?). Whence for any Sequence {en} in R
with |e,,| = 0, the sequence A, (+) := (5K (-, x + enep)a K(-,z)a)/e, €
H converges pointwise to 93K (-, z)av. For all u e H we have (Ap,uyg =

a - (OPu(x + epeg) — OPu(x))/en, which converges to a - 0%u(x) because H C
CS(Q,Rd). Therefore, for a fixed u € H, we have sup,, [(A,,u) | < oo, so
by the Uniform Boundedness Principle [26] the sequence ||A| i is bounded.
Together with the pointwise convergence of A,,, by Corollary 2.8 this implies:

(i) 0K (-,x)a € H. Since H C C*(Q,R%), 9]0 K (-, z) exists and it is
continuous in its first variable; by the symmetry K (z,y) = K (y, z)”
it is also continuous in the second variable.

(ii) for all u € H the sequence (A, u)y converges to (03K (-, x)a, u)p.
But we saw above that it also converges to « - 0%u(x), whence we
have (01K (-, z)a,u)g = o - 0%u(x).

By the arbitrariness of ¢ € {1,...,m}, this concludes the induction
argument. To prove local boundedness of 795K for an arbitrary multi-
index p with 0 < |p| < s, fix a compact subset D C 2. For an arbitrary a €
R? consider the maps {A; : H = R : u s (08K (-,x)o,u)y |x € D} C H*,
parameterized by € D. For a fixed u € H it is the case that sup,cp |Azu| =
supgep (OSK (-, x)a, u) | = sup,ep |a - Pu(z)| < oo, by the continuity of
the derivative 9Pu. Whence sup,cp || Az |3 = supyep @ OVEK (v, z)a < oo,
again by the Uniform Boundedness Principle; i.e., x — a - V05K (z,x)a is
locally bounded. Therefore 9705 K is locally bounded, since for all z,y € Q
and «a, 8 € R? we have

a5 K (z,y)B = (5K (-, 2)a, BK(,y)B)
< 8K () f|BK )8y = - K (2, x)ar [~ DROEK (3, ).

e (B= A& ). Similarly, we will prove by induction on [p| that for all
multi-indices p with 0 < [p| < s we have that H ¢ CPI(Q,R%), that the
function 05 K (-, z)a, with fixed z € Q and « € R%, is in H and that (4) holds
(the continuity of the inclusion, H < C*(Q2, R%), will be proven separately).
If [p| = 0 then OV K (-,z)a = K (-, x)ae € H and (4) is simply the reproducing
property (2). To prove the continuity of the functions in H, fix zp € Q C R™
and let {x,,} be a sequence in  with x,, — z¢. Let o € R? be arbitrary and
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define v, := K(-,zp)a € H. It is the case that (i) |Jva||% = o K (T, Tn)
is bounded, by the local boundedness of K, and (ii) v,(y) = K(y, zn)a —
K(y,zo)a, for all y € Q, by the continuity of K in each of its variables.
Since v, is bounded and it converges pointwise, by Corollary 2.8 it converges
weakly to the same function: for any v € H we have (K(-,xn)o,u)y —
(K(-,z0)o,u) g, that is o - u(z,) — a - u(xg). Therefore H ¢ C(Q,R?) by
the arbitrariness of u.

We now fix [p| and assume that H C C'PI(©, R?) and that for any multi-
index r with 0 < |r| < |p| we have 5K (-,z)a € H and (0" K (-, x)a,u)g =
a - 0"u(x), for all u € H. So, for fixed |p|, assume that p = (p1,...,pm)
and g =p+e = (p1,...,00 +1,...,pm), for some ¢ € {1,...,m}. Take
an arbitrary v € H and a sequence {e,} in R, with |e,| — 0. By (4), for
all z € Q and a € R? we have

(5)
U = a-

Pola + st = Fota) K2+ epeo = KL
En a En s
For fixed x €  and a € R? the sequence of functions A, (-) := (LK (-, +
ener)a — 05K (-, x)a) /e, converges pointwise to 05 K (-, z)a. Again by (4),

1
[P 5—2{04 - OVOVK (x + enep, T + eper)a

n

— 20 BHEK (z, 2+ enep)a+ - 8{’85[((:1:@)0(},

which converges to a-0103 K (z, x)a as m — oo, with ¢ as above. Therefore A,
is bounded in H. By Corollary 2.8 it converges weakly in H to 03K (-, x)a,
which must be an element of H. Whence ¢, = (A, u)y converges, i.e. the
derivative 99u(z) exists and « - d%u(x) = (IK (-, ), u) .

To prove the continuity of 0%u, we proceed as in the case |p| = 0.
Fix g € Q C R™ and let {z,,} be a sequence in Q with z,, — x¢. Let o € R?
be arbitrary and define w,, := 95K (-,z,)a € H. It is the case that (i)
|wnll? = - 0JOIK (2, ) is a bounded sequence, by the local bound-
edness of K, and (ii) wy,(y) = 0§K (y,zn)a — 0{K (y,z0)a, for all y € €,
by the continuity of 99K in each of its variables. By Corollary 2.8, w,, con-
verges weakly to 93K (-, x)a, i.e. for all u € H we have (0IK (-, zn)a,u)y —
(O§K (-, z0)a, u) g, or o - Ou(wy,) — a - d%u(xp); whence d%u € C(Q,RY). B
the arbitrariness of u and index ¢ we have H ¢ C'PI*1(Q, R9). This concludes
the induction.

Consider now the map ¢ : H — C*(Q,R%) : v+ v, let {v,} be a sequence
in H and assume that (v, v,) — (u,v) in H x C*(9, R%). Since v,, — u in H
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it converges to it pointwise (by Corollary 2.8) and since v, — v in C*(2, R%)
it also converges to it pointwise: whence u = v. So the graph of ¢ is a closed
subspace of H x C*(2,R%), and by the Closed Graph Theorem [26] the map ¢
is bounded. Whence the inclusion is continuous, i.e. H < C*(Q,R9).

e We have thus proven that (A < B). We now introduce the further as-
sumption that K¢ € C5(Q,RY). Let {u,} be a sequence in Hy that converges,
in the H norm, to an arbitrary u € H; therefore u,, — v in H. For any multi-
index p such that 0 < |p| < s we have (YK (-, ), un)g — (5K (-, x)a,u) g
i.e. a-0Puy,(x) — a-0Pu(z). Therefore u, — u in the topology of C*(Q,RY);
but C5(Q,R%) is closed in C*(2, R?), whence u € C§(Q, R?). In conclusion,
H < C5(Q,RY). O

Example. An example of non-degenerate, s-admissible RKHS that is used
in applications [69] is the Sobolev space of vector fields H := W%2(RY RY) =
H'(R4, R?) with the inner product:

6)  (u,v)g = /R Lu(x) - v(z) de = /Ré <f) 0%y " OPu- 0Pv da.

|p|=3

In (6) the differential operator L := (1 — 0?A)* (where ¢ > 0 is a scaling
factor, £ > 0 is an integer, and A is the Laplace operator) is applied to each
component of the vector field v = (u!,...,u); if £ > s +d/2 then H —
C§ (R4, RY) by the Sobolev Embedding Theorem [26], i.e. H is s-admissible.
Regarding its reproducing kernel, first note that for any v € H and z, o« € R?
we must have

a-u(r) = (K um = RdKﬁ(y) - Lu(y) dy

- / (K (y.2)0)  Lu(y) dy = o - / K () Lu(y) dy.
R4 R4

therefore u(z) = [, K(x,y) Lu(y) dy for all u € H. Since L is applied to
each component of the vector field u (i.e. the differential operator does not
mix the components of u) we must have K(z,y) = G(x,y)l;, where G is
the Green’s function of L and I is the d x d identity matrix. As reported
in [33], since L = (1 — 02A)* we have that K (z,y)a = k(|| — y||g«)lg, with

(7) k(r) = C(o,d, ) (g)f_gfg_g(f), r>0,

2\0

where C(o,d,l) := (2“%_1#% r')e?~! and K,, with v = ¢ — g, is a

modified Bessel function [1] of order v (this should not be confused with the
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symbol K that we use for kernels). Kernels of the type K (z,y) = k(||z—yl|) g
with k given by (7) are in fact referred to as Bessel kernels.

We have just seen an example of a RKHS with a “scalar” kernel, in
that K is given by a scalar-valued function multiplied by the identity matrix.
In the next section we shall explore a large class of (non-scalar) reproducing
kernels, study their properties, and provide some significant examples.

3. Translation- and rotation-invariant metrics in RKHS

In the current and following sections we shall restrict our attention to RKHS
whose kernel induces an inner product that is translation- and rotation-
invariant; we shall call these TRI kernels. In this case it is natural to assume
that Q = R?, so that the representer functions K¢(-) are in fact vector fields
in R?. From now on, unless otherwise specified, we shall assume that d > 2.

3.1. TRI kernels

In Q = R? we indicate the generic translation with the symbol 7 : 2 +— 2+,
for some fixed t € R?, and the generic rotation with p : 2 — Rz, for some
fixed R € O(d,R) (the orthogonal group over R of dimension d).

Theorem 3.1 (translation invariance). Let H be a RKHS with kernel K :
OxQ — R, The map v — wo T is an isometry in H for any translation T
if and only if there exists a function k : R? — R sych that K(z,y) =
k(xz —y) for all z,y € RY,

Proof. Assume first that u — woT is an isometry for all translations 7 : x +—
x+t Let f:= K% and g := Kg; their product is (f,g)g = o - K(z,y)0,
while (for,gom)g = (K(,z+t)a, K(,y+t)8)g =a- K(z+t,y+t)8.
Therefore it must be the case that K(z,y) = K(x + t,y +t) for all z, y
and t € R% in particular K (z,y) = K(z —y,0) = k(x — y) for all 2,y € R?,
where k(z) := K(z,0), z € R%. Conversely if K (z,y) = k(z—y) forall 2,y €
R? then it must be the case that (Kg‘H,KfH)H =a - Kx+ty+t)p =
ak(z+t—y—t)f=a-kz—y)f=a -K(z,y)f = <Kg,K5>H for all t € Q.
Defining the set Hp := span{ K¢ |z, € R?} we have proven that the linear
map T : Hy — Hy:u— uor, with 7: x +— x +t, is an isometry in Hy for
arbitrary translations .

This can be extended to an isometry T in H as follows. If v € H,
let {u,} be a Cauchy sequence such that u,, — u in H and therefore point-
wise. The map T is an isometry, whence {T'u,} is also Cauchy in Hj and
therefore it converges to some element of H which we call Tu. If {u,}, {v,}
are Cauchy in Hy and respectively converge to u,v € H then (Tu,Tv)y =
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limy, (T, Tp) g, = limy (up, va)g, = (u,v)y, so T : H — H is also an
isometry. Finally,

a-Tu(r) = (K2, Tu)y = lim, (K&, Tuy,) u,

= lim, o - Tup(x) = lim, @ - up(x +t) = - u(z +t),

for all z, o € RY, therefore Tu = w o 7. This completes the proof. U

We call a kernel with the properties described in Theorem 3.1 translation
invariant; with a small abuse of terminology we shall also call k “kernel”.
We now introduce the following matrices in R%*9:

T T
T xx
(8) Prli= and Pri=1I;— ——
A } [Ek

z € R\ {0},
which are, respectively, the projection operators onto vector x and onto the
plane that is perpendicular to = (again, we indicate with I; the d x d identity
matrix). In (8) we have indicated with ||z|| the Euclidean norm of a point
in z € R%, as we shall do, for simplicity, throughout the rest of the paper.
The following lemma does not require k to be the kernel of a RKHS.

Lemma 3.2. Let k : R* — R4 pe q generic matriz-valued function. The
following are equivalent:

i. for any x € R? and R € O(d,R) it is the case that k(—x) = k(x)T and
(9) k(Rz) = Rk(z)R™;

ii. there exist a scalar kg € R such that k(0) = kolg and two scalar
functions kI k't : RT — R such that for all z € R, z # 0, we have

(10) k(z) = Kl (||z])) Prl, + k* () Pry.

Proof. (i.=-1ii.) By choosing R = —I;in (9) we have k(z) = k(—=z) forallz €
R?; combining the latter with k(—z) = k(x)7 yields the symmetry k(z) =
k(z)T. So k(z) can be diagonalized, i.e. there exist matrices U(x) € O(d,R)
and X(x) = diag(oi(x),...,04(x)) such that k(z)U(zx) = U(z)X(x). Since
k(0)R = Rk(0) for all R € O(d,R) by (9), we have k(0) = %(0) (diagonal
matrix). If R € O(d,R) is such that Re; = e; (for fixed indices ¢ # j) then
aj(O)ej = k(O)ej = k(O)Rel = Rk(O)ei:RGi(O)Ci:O'Z'(O)ej, SO Uj(O):O'Z'(O)
(all eigenvalues are the same). Therefore k(0) = kol4, for some kg € R.
Now fix # € R, # # 0, and R € O(d,R) such that Rz = z and
dim{v € R*|Rv = v} = 1. By (9) we have k(z)R = Rk(z) for such
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choice of R, so Rk(z)r = k(z)Rx = k(z)z, i.e. both k(x)z and z are
eigenvectors of R with eigenvalue 1. Whence they k(z)z = A (z)z for some
scalar Al (). Therefore Al(z) is an eigenvalue of k(z); without loss of gen-
erality we assume that o1(x) = Al(x). We now claim that o;(z) = o;(x) for
i,7 > 2. Denoting the orthonormal columns of U(z), i.e. the eigenvectors
of k(x), with uy(x),...,uq(x), for any pair of indices 7,7 > 2 with i # j
there exists a matrix R € O(d,R) such that + = Rz and w;(z) = Ru;(x).
By equation (9), k(Rz)Ru;(z) = Rk(Rz)u;(z), whence k(Rz)u;(z) =
RKk(Rz)uj(x), that is o(z) ui(z) = Roj(x)uj(x) = oj(z) ui(x); therefore
oi(z) = oj(x). So there is a scalar A*(z) such that k(x)3 = A\ (z)g for all
vectors 5 L x.

We claim that Al and A\ only depend on ||z||. For all 2 € R% and
R € O(d,R) we have, by (9), that k(Rz) Rz = Rk(z)xz, whence Al (Rz) Rz =
RM(z)z, i.e. M(Rz) = M(2) for all z and R, which implies that A(z) =
kl(||z|) for some k!l : RT — R. Similarly for any a € R? we have, again
by (9), that k(Rx)Ra = Rk(x)a; if @ L x then also R 1 Rx, whence
M(Rz)Ra = RA\:(z)a and in fact M (Rz) = M () for all 2 and R. This
again implies that A (z) = k*(||z|) for some &+ : R — R.

(ii. =1i.) The implication is obvious in the case x = 0. When x # 0,
for any R € O(d,R) it is the case that Prlll%x = RPrl B! and Pry, =
RPr:R™!, and we conclude immediately. O

Definition 3.3. When a function k : R® — R may be written in the
form (10), we call the functions kIl k- : RT — R the coefficients of k.

Corollary 3.4. If the function k : RY — RI*? js such that (10) holds,
then for x # 0 the eigenvalues of k(x) are kll(||z|), with multiplicity 1 and
eigenvector x, and k*(||z|), with multiplicity d — 1.

Theorem 3.5 (rotation invariance). Let H be a RKHS with a translation-
invariant reproducing kernel, i.e. K(z,y) = k(x —y) for all z,y € R?. The
map v — pvo p~t is an isometry in H for any rotation p : x — Rz, with
R € O(d,R), if and only if (9) holds for all R € O(d,R).

Proof. Assume that v +— pv o p~! is an isometry in H for any rotation

p: x+— Rz, with R € O(d,R). For fixed z,y,,3 € R? and R € O(d,R),
define the functions f := R*1K§§ oR and g := Kf € H; then we have

(f.9)n = (R'K(R-,Rt)Ra, K(-,y)B), = 8" R~ K(Ry, Rz)Ra,

by the reproducing property of the second factor. But for all o, 5 € R this
must be equal to
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(Rfo R RgoR™')y = (K(-,Rz)Ra, RK(R™' - ,y)B) ,

® (Ra)TRK(R\Rz,y)8 = oK (2, )8 = fTK (z,y)Ta = fTK (y,z)a

in (%) we have used the reproducing property of the first factor. Whence we
have R'K(Ry, Rx)R = K (y,z) for all z,y € R? and R € O(d,R), and (9)
follows from translation invariance (Proposition 3.1).

Now assume that (9) holds for all R € O(d,R). Take f := K¢ and

g = Kg, for arbitrary points z,y and and vectors «, 8. For any R € O(d,R)
we have (RfoR™1)(-) = Rk(R™ ! —z)a = Rk(R™!(-—Rz))a = k(-— Rr) Ra
by (9), and a similar expression holds for Rg o R™!; therefore

(RfoR " RgoR™ "), = (k(- — Rr)Ra, k(- — Ry)RB) ,
— BTRTK(R(y — 2))Ra =) BT RT Rk(y — 2)a
= BTk(y —2)a = (k(- —z)o, k(- —y)B) ;= (f,9) ;>

where we have used (9) in (xx). Whence rotations are isometries Hy =
span{K% |z, € R?}. An argument that is in all similar to the last part
of the proof of Theorem 3.1 can be employed to prove that the rotations
p:x— Rz, with R € O(d,R), are in fact isometries on all of H = Hy. [

Note that by “rotations” we intend all the elements of O(d,R) and
not just the special orthogonal group SO(d,R); therefore we also include
e.g. all permutations of the coordinates and reflections. By Definition 2.5,
translation-invariant kernels K(x,y) = k(z — y) have the property that
k(-z) = k(z)T for all z € R? whence they may be written in the
form (10).

Definition 3.6 (TRI kernels). The kernels of RKHS with translation- and
rotation-invariant inner products, that may therefore be written in the form
(10), are called TRI kernels.

Not all matrix-valued functions k of the form (10) are positive definite,
i.e. kernels. In the next section we will characterize the functions (kll, k1)
that give rise to TRI kernels, and later in the paper we shall provide a
method to construct such coefficients. Introducing the auxiliary function

N El(r) — k- (r)

(1) B(r) MLl CO S

r

we may write the generic element of a matrix-valued function k= (k;;); j=1,..4
of the type (10) as follows, for z # 0:
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(12) kij(z) = [kI(|ll]) - kﬂuxm% + k() 655

= k(|z|) miz; + k(2] 65,  d,5=1,....d.

If k(0) = koly we may define kll and k' at zero by setting kll(0) = k1 (0) = ko;
in fact, when k is continuous, lim, o+ k! (r) = lim,_,o+ k*(r) = ko, thus this
choice is justified.

The result that follows states a property of TRI kernels that is a gen-
eralization of a well-known property of scalar-valued positive definite func-
tions.

Proposition 3.7. Let H be a RKHS with a TRI kernel k. Its coefficients k.,
k* and the number ko, introduced in Lemma 3.2, have the properties: ky > 0,
ko > |kI(r)| and ko > |k (r)| for all 7 > 0. If H is non-degenerate then such
inequalities are strict.

Proof. By Proposition 2.4, when expression (10) holds we must have, for
all N € N, points z1,...,zx € R? and vectors a1, ..., an € R?,

2 ) {EV(lza— )l Prl(wq —ap) o + kT (|| 2a — bl ol Prt (2 —zp) s }
1<a<b<N

N
+koY  lleal* > 0.
a=1

For now we shall not assume the non-degeneracy of H. By choosing N =1
we have kollaz]|? > 0 for all a; € R% therefore kg > 0. We now fix N = 2.
If we take oy = ag L (21 — 22) then the above expression yields 2[k=(||z1 —
z2|]) + kolllaa]|? > 0 for all 1 # w2 and ai, so that kg > —k*(r) for
all 7 > 0; similarly, if we take a; = —ap L (21 —x2) then we get 2[—k* (|21 —
z2) + kolllaa||? > 0 for all &1 # x5 and ay, which implies kg > k*(r)
for all » > 0. Combining the two results yields kg > |k*(r)|. To prove
that ko > |kll(r)| one follows an analogous argument, by choosing a1 = as

parallel to (z; — x2) first, and a1 = —ay parallel to (z1 — x2) later. It is
immediate to see that when H is non-degenerate the inequalities (>) become
strict (>). O

Remark. So far in this section we have not made any assumption of reg-
ularity. For now we shall limit ourselves to observing that if H is a RKHS
with a translation-invariant kernel k and we also have H < C*(Q,R%),
then by Theorem 2.11 it is the case that k € C2%(Q, R%*9); that is, the
kernel is “twice as smooth” as the functions of the space Cj(Q,R?) into
which H is embedded. Also, since 03K (-, z)a = (—1)19%(- — 2)a and
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FNK (-, x)a = (—1)ldoPHak(. — z)a, property (4) implies that

(13) a- 0" k(z —y)B = (-1)P(oPk(- — 2)a, 07k (- — y)B)
for all z,y, o, 3 € R? and multi-indices p and ¢ with 0 < |p| < s, 0 < |¢| <
s.

3.2. Characterization of TRI kernels

We shall now find conditions on k!l and &+ for a function k for the type (10)
to be positive definite, whence a kernel. The following auxiliary result does
not require k to be of the type (10).

Theorem 3.8 (Bochner’s theorem). Consider a matriz-valued function k €
LY(R?, R such that its Fourier transform k is also in LY (RY, RIx4),
Then K(z,y) := k(xz — y) is positive definite if and only if /12(5) is a self-
adjoint positive definite matriz for all € € R?.

The classical version of the above theorem holds for d = 1 and states
that a function is positive definite if and only if its Fourier transform is non-
negative [10]. The proof of Theorem 3.8 is reported in Appendix B, and the
result can be extended to L? functions with the usual density arguments [64].

In the particular case kl = k1 =: k we have the class of kernels that
are simply referred to as scalar: k(z) = k(||z||)Ig, * € R% In such a case
positive definiteness (Definition 2.3) is obviously equivalent to the following:
for abitrary N € N, z1,...,zy € R and r1,...,7y € R,

N
(14) > raryk(|lza — sl)) > 0;
a,b=1

whence the scalar-valued function k(|| - ||) must be positive definite; to apply
Bochner’s theorem we must compute its Fourier transform. We shall employ
the next proposition (see Appendix C for a simple proof).

Theorem 3.9. If f € LY(R?) is a radial function, i.e. f(zx) = g(||z||) for
some g : RT — R, then so is its Fourier transform f. It is in fact that case

~

that f(§) = G(l|€]]) with

_27r

o0
Glo) = = [ gtr) JuCmer)dr, o> 0.
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We remind the reader that the Hankel transform [12, 53, 63] of order v
of a function f : RT — R is defined as H,[f](o) := [, rf(r)Ju(or)dr,
where J, is the Bessel function of the first kind [1] of order v (references [20,
23, 52] provide tables of Hankel transforms); in Appendix A we list relevant
properties of J, that we will be using throughout the rest of the paper. Here
we note that if the function f : R? — R is radial, i.e. f(z) = g(||z||) for
some g : R™ — R, then

z)|P dz = o(ST! h )P rdtdr
[ r@p dz = o) [ gty et

where o(S™) is the surface area of the unit n-sphere; therefore f € LP(R?)
if and only if g € LP(R*,r?71), i.e. g is p'"-power integrable with respect to
the measure 74~ 1dr.

An immediate consequence of the above proposition and of Bochner’s
theorem is that a scalar kernel k(-) = k(|| - [|)Iq € L*(R?, R9*9) is positive
definite if and only if the function

_271'

(15) h(o) := pm / 1 k(r) J,(2mor) dr, defined for ¢ > 0,
0

is nonnegative, where we have set p := %l —1. Also, we will have that E(é ) =
h(||€]))Ig, with & € RY. We should note that if k is in L!(R? R?*?) then the
function h is (uniformly) continuous and vanishes at infinity, by the well-
known properties of Fourier transforms [26, 64]. Also, by applying Hankel’s
integral formula (73) in Appendix A to (15), it is immediate to verify that

_27r

(16) k(r) = " / g““h(@) Ju(2mor) dr, r >0,
0

i.e. the map L' (R*,r91) = Co(RY) : k + h given by formula (15) is in fact
an involution (it is equal to its inverse, when inversion makes sense); here we
have used the symbol Cy(R™) to indicate the set of real-valued continuous
functions defined on R that vanish at +oo.

Examples of scalar kernels. For a fixed o > 0, three scalar kernels k(z) =
k(||z|)I4, « € R? that are popular in applications are the following:

Gaussian kernels:

2
(17) k‘(’l‘) = exp(— %%)7 h(g) — (27r02)u+16_27r20292;
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Cauchy kernels:

(18) k(r) = 142702 h(o) =270 (g> K, (27op);
Bessel kernels:
19) ki) = Clo.d.0) (5) T, (D) B0 =

U \o = \g /)’ (1 + 402m202)t"

where K, is a modified Bessel function of order v. In cases (17) and (18),
we have p := d/2 — 1 and the functions h defined by (15) are computed
using [52, §1.5.9] and [52, §1.4.13], respectively. In (19), which we had al-
ready seen at the end of section 2, C(0,d, ¢) := (2t2 7172 D(£) 6%) 7!, with
¢ > s+ d/2 (for the RKHS to be s-admissible). To compute h in (19)
we observe that since k(]| - ||) is the Green’s function of the differential

operator L = (1 — ¢?A), then its Fourier transform A(|| - ||) is l/i; here

L&) = (14 40272||¢||2)¢, € € RY, is the Fourier transform of L, intended as
a distribution. Note that in all three cases above we have h > 0. We refer the
reader to [69] for further examples and techniques to build scalar kernels.

To generalize the above result we first compute the Fourier transform of
matrix-valued functions k of the type (10), that are not necessarily kernels.
First note that for all R € O(d,R) we have

ﬁ(Rg) — /Rd k(a:) 6727ri:1:~R§ dr = /Rd k(Ry) 6727riy-§ dy

D [ RK)RT 2 dy = RKOR'
]Rd

in (%) we have used the property (9), which therefore also holds for k.
Whence we may write k as

(20) k(€) = Al(llgl) Pr + hH(€]) Prg, € € RT\ {0},

for some functions hll, A+ : R* — R, by Lemma 3.2. When k € L' (R%, R%*%)
is of the type (10) we have that the coefficients kl, k* are in L'(R*,r4-1)
whereas, once again by the properties of Fourier transforms, the functions Al
and h' are continuous and vanish at infinity.

Definition 3.10. We call the functions hll, b : Rt — R in expression (20)
the coefficients of k.
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The above definition is in line with Definition 3.3; while this may be a bit
redundant, we want to associate the symbols (k:” k:L) with k and (Rl ht)

with its Fourier transform k. The coefficients of k are expressed in terms of
those of k by the following result, which generalizes formula (15).

Theorem 3.11. Consider a function k € L'(R% R¥>9) of the type (10).

Its Fourier transform k is a matriz-valued function of the form (20), where
Rl bt Rt — R are the scalar functions:

(21a)  hl(o) = ZZ /0 P 1 () T, (2mor) dr

_ 25;11 /0 T (k) k() T (2o dr
(21b) (o) = Z—Z /0 T L (1), (2mor) dr

+ Q:H /O N (kN (r) — k> (r)) Jusa (2mor) dr,

both defined for o > 0, where p = % —1.

Proof. Define k as in (11). The Fourier transform of the element (12) of
kis

Ril) = [ lla)e 2o
= [ Rl e by [ (el e

Rd
1

— 62 d
(22 = e aeoe PO T HFN O, €eR,

where ﬁ FL . R? — C are, respectively, the Fourier transforms of

k(1D and EL(||- |- It is convenient at this point to mtroduce the auxiliary
function J,(z) := 27"J,(2), which has the property o 4 J,(z) = —zJys1(2)
(see [1, §9.1.30]). By Theorem 3.9 we have

F(&)= 22 [ ()0, 2] dr = (2m) / ") T (2 €]) dr

€110 : 0
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so that

OF &
il — (27 )HT2 5L
©) =" e

= —(2n)"+3g; /OOO P23 () T (27 |€ ) dr

P22k (r) T (27 |1€]]) dr

Therefore the second partial derivatives of F are given by:

O*F 0 ar =
g ©) = ~ 0@ [ R (el
- np S8 )7, ) dr
0

= —(5]-@(277)“*3/0 L) T (27 |€]) dr

@G [ TR al2nr€]) dr
0
which, inserting J,,(z) = z2~"J,(z), may be rewritten as

O°F 272 [ ~
e, € = S [, 7 MO aarlel a

(27()3% oou+3~
+ HE ||§”2/0 Tk (r) S (27 ||€]]) drr.

Computing F+ via Proposition 3.9 and inserting it into (22) yields:

Kie(©) = CUIENEL + D€l
el
(23) = (el + DA )55 + DA€l (35~ 55 )-

2

with C(p) :=
(o) 7/

i3 l;(r)J,Hg(Qm"g) dr, and D(p) := h*(o), i.e. ex-
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pression (21b). Finally,
C(o)+ D(p

() / (1) - e 00) (U g 2mr) = (2 ar

/ P (r 27rg7')d7“+—/ rt kH (r)—k*(r)) Jut1 (2mor) dr

271' 2u +
=, r““ El (r r)J,(2mor) dr— s

[ (K )b 0) s 20
0

which is hll(p) by (21a); in (+*) we have used the property (74), reported in
Appendix A, of Bessel functions of the first kind. Rewriting equation (23)
in matrix form using definitions (8) completes the proof. O

Corollary 3.12. Under the assumptions of Theorem 3.11, by Bochner’s
theorem we have that k s positive definite, i.e. it is a kernel, if and only if
Rl and ht are nonnegative functions.

As we said above, formulae (21a) and (21b) generalize (15): in fact
the three coincide when kll = Ek+, i.e. for scalar kernels, in which case
we also have hl = hl. By the form of equation (20), we have that, for
a fixed € € R4\ {0}, the numbers All(||¢]|) and RL(||€]|) are the eigenvalues of
the matrix E(ﬁ); the former has multiplicity 1 and eigenvector &, while the
latter has multiplicity d — 1. While the Fourier transform of a kernel k may
be written in the form (20) it is not itself a “kernel”, in that it is not positive
definite (but just the Fourier transform of a positive definite function).

The two functions hll and Al may be expressed in terms of Hankel
transforms, as it is the case for formula (15) in the scalar case. In fact in the
examples that we shall work out we will write:

(1) (o) = Z—Z Hl(2r),  and () = 2@—2 H*(2m),

where:

(250) H(0) = / T (), (or) i — 22

/ P2 () Ty (o) dir,
0 0 0

(25b) HJ‘(Q) = /Ooor“"'lkzj‘(r)t]u(gr) dr + é/{) T“+2E(T‘)Ju+1(g7“) dr.

The following proposition, proven in Appendix B, ensures that for any
given TRI kernel k we have that as long as either Al or At are strictly



4 Mario Micheli and Joan A. Glauneés

positive somewhere (i.e. we are not dealing with the trivial case k = 0) the
corresponding RKHS is in fact non-degenerate (see Definition 2.2).

Proposition 3.13. Let k € L'Y(R? R4 be a TRI kernel such that k €
LY (R4, R4, Then k is strictly positive definite if and only if there exists
ro > 0 such that either hll(rg) > 0 or h'(rg) > 0.

A non-example: Gaussian kl and k'. One may ask whether we can
construct a positive definite translation- and rotation-invariant kernel k of
the type (10) with coefficients given by kl (r) = exp(—3r?/o?) and kt(r) =
exp(—11?/03), where oy > 0 and o3 > 0. The answer is that a kernel of
this type is positive definite if an only if oy = 09 =: o, which makes it of
the form k(z) = exp(—5 2| /0?)L4, € R?, i.e. scalar and of the type (17).
To see this, we compute hll, At and impose their nonnegativity.
We shall use the following Hankel transforms [52, §1.5.9 & §1.5.10]:

o] v 2
(26) /0 r”+le—cr2.],,(gr) dr = (25)71/“ exp(—i—c), for fv > —1, Rec > 0,

o0 R 21/—1 2
(27) / e g, (or) dr = 'y(u, Q—), for Rv > 0, Re > 0,
0 o 4c

where v(v, x) := fox e~tt'=1dt, Rv > 0, is the lower incomplete gamma func-
tion [1, §6.5.2]. Therefore when the coefficients are kl (r) = exp(—3r2/0?)
and k' (r) = exp(—3 r?/03) the expressions (25a) and (25b) become

LEE) =y (n+ 1,55)],
0?0’ 030°

) =y (e + LEE)]
Using formulae (24) and introducing for later convenience the upper incom-

plete gamma function I(v, z) := T'(v) —y(v,z) = [ 7 e 'tV 1dt, Rv > 0 (see
[1, §6.5.3]), we finally get:

2

H(g) = (o) +1 o exp(— T ) — 22t [y (1 +

2
1
H*(0)=(03)" 1 0 exp(— %) + 2 [(

2u+1
- outlg2ut2

(28b)  ht(p) = (2mo3)H Tt exp( 21205 0%)

(28a)  hll(p) = (2me?)rtt exp(—272070%)
[

I(p+1,2n%030%) — T (p+ 1,21%070%)],

[F(,u—l—l 2772 2 2)—F(,u—i—1 27‘(‘2 2 2)]

We first consider the case d = 2 (i.e. u = 0) since it is particularly simple.
In fact I'(1,2) = e~ and elementary manipulations lead to the following
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expressions for Al and ht:

W) = 5z [(4n%0%? + 1) exp(—20772%2) — exp(—203720%)],
ht (o) = gz [ (4m%030% + 1) exp(—203720%) — exp(—2077%0%)],

i.e. each is obtained from the other by exchanging o1 and oo. The condi-
tion Al > 0 is equivalent to

(29) dr?0i0® + 1 > exp(2n%(0f — 03)0%) for all o > 0.

This is certainly true if o3 < o9 (in which case the graph of the function of p
on the right-hand side of the above inequality is a Gaussian curve); in fact
this is also necessary for (29) to hold, since if o1 > o2 then the condition
breaks down for large values of . Similarly, k- > 0 if and only if o9 < 07,
so the functions hll and At are both nonnegative if and only if o = o».

To prove that this is also true in higher dimensions (d > 2, or u > 0) we
rewrite (28a) as follows:

2 1 207 )
hl(o) = (2mo?)rt? exp(—%r?a%f)—%”’”‘“ / e T dr,
2

o3

which is obviously nonnegative if 01 < o9. The latter condition is in fact
also necessary for the nonnegativity of hll. To see this, we use the asymptotic
expansion of the upper incomplete gamma function:

1/;14_(1/—1121/—2)

I(v,xz) ~ "~ 167‘%[14- --}, as T — 00,

(see [1, §6.5.31]) so that for any o > 0 it is the case that

1
271'H+1 02H+2
(202)Hgrtt

I'(n+1,27%0%0%)

22 2 K plp—1)
exp(—27°0 )[1 - 21202 g2 T (2n20202)2 Tt ]

as 0 — oo (incidentally, note that if the dimension d is even then p is integer
and the asymptotic expansion on the right-hand side has a finite number of



86 Mario Micheli and Joan A. Glauneés

terms), so (28a) can be expanded at infinity as follows:

(20%)¢ !

U202 o2
h”(g) ~(2p+ 1)272 exp(—2w2a%g2){[ T 910 H
0

2+ 1 21202 92

2

02)“ 2/ 2 2\ 2 [ H ]
exp(27°(o] — 0o 1+ +---|p, as p — o0.
( % p( ( 1 2)'9 ) 27.[.29-%@2 ¢

If o1 > o9 the second exponential function diverges faster than p?, implying
that Al is negative for large values of p. Therefore Al > 0 if and only if
o1 < 9. Manipulating (28b) in a similar manner proves that ht >0 if and
only if 09 < 0. In conclusion, a kernel k with Gaussian k!l and k1 is positive
definite if and only if o1 = 09, i.e. if and only if it is scalar.

Example 1. We now try a different route and verify for which values
of (a,b) € R? the functions

(30) Kl =b exp(—%i—i) and k*(r) = (b — ar?) exp(—lr—> r >0,

202
with o > 0, define a positive definite k of the type (10), i.e. a TRI ker-
nel. In other words we assume that the function (11) is given by k(r) =
aexp(—ir?/o?), so that both k and kl are Gaussian with the same vari-

ance, but different values at r = 0 (on the other hand kl and k- must have
the same value at 0 by Proposition 3.7). In this example we have that

Hl(g) = (o) o [b— (2u+1)a0}exp(—%>,

L0y — (s 2\HFL iy 2 2 12 s
H>(0) = (6*)"*1 o [b— (2u+ 1)ac” + a(o g)]exp( 5 )

In order to obtain the above expressions we have used the Hankel transform:

e or) dr = O et 1) - o) e~ )
: T (& wlor) ar = (2c)ﬂ+3 c\u 0| exXp e 5

valid for Ry > —2 and Re > 0 (it is computed by inserting in the left-hand
side the relation J,(2) = 2(p + 1)Ju41(2)/2 — Jur2(2), given by (74), and
applying (26) twice, with ¥ = p+ 1 and v = p + 2 respectively). By (24),

Wl (o) = (2ra®) b — (2 + 1)ac®] exp(—27°07¢?),
hL(g) = (27m2)“+1 [b —(2u+ 1)a02 + a(27r0 0) ] exp( 272 o? 2)



Matrix-valued kernels for shape deformation analysis 87

D1 \ D2

Figure 1: Domains D; and D> of positive definiteness for the kernels in
Examples 1 and 2.

So Al > 0 if and only if b — (2 + 1)ac?® > 0, and h+ > 0 if and only if
a(2mo?0)? > —[b— (2 + 1)ac?] for all p. Whence hll and h' are simultane-
ously nonnegative, i.e. k is positive definite, if and only if (a,b) is in

Dy :={(a,b) € R?|b > (d —1)ac? a >0}

(since 2u + 1 = d — 1) which is the wedge-shaped domain illustrated in
Figure 1(a). Note that the slope of the slanted boundary depends on the
dimension d. The vertical boundary (a = 0) corresponds to scalar kernels,
while the meaning of the other one shall be explored in later sections.

The graphs kll, k%, nll and At (symmetrized with respect to r = 0
for clarity) are shown in Figure 2 for d = 2, a = 1.5 and b = 202% = 1.
Note that hll > 0 and At > 0. The same figure shows the corresponding
vector field z — k(z)a, x € R?, with k given by (10) and a = e; € R?,
also shown in the figure (the importance of vector fields of the type x —
k(x)a is apparent from equation (1), on which we shall return in section 5).
For a = e; the two “vortices” of the vector field x — k(z)a are located
at points (0,4+/b/a); so for positive definite k with coefficients (30) their
distance is at least 20.

Example 2. We now modify the previous example and switch the roles
of kll and k*. In other words we want to find conditions on (a,b) € R? such
that the functions

172 172
l(r) = (b—ar? o L) = -
(31) K'(r) = (b—ar?) exp( 5 02> and k—(r)=1» exp( 5 02), r >0,

with fixed o > 0, define a positive definite k of the type (10), i.e. a TRI

kernel. So we assume that k(r) = —a exp(—3r?/0?), hence both k and k-
are Gaussian, with the same variance. Calculations that are similar to those
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Figure 2: Graphs of kll, k&4, hll, bt for Example 1 as well as the vector field
z — k(z)a, with o = e; (also shown). Note that hll > 0 and b+ > 0.

of the previous example lead to the following expressions for Al and h+*:

Wl(0) = (270?)* b — ac? + a(2m0?0)?] exp(—27r20292),
ht(o) = (2n0®)* (b — ac?) exp(—27r202g2).

The above are simultaneously nonnegative g, i.e. k is a TRI kernel, if
and only if (a,b) is in

Dy := {(a,b) ERQ‘b2a02,a20}

which is the wedge-shaped domain shown in Figure 1(b). The vertical bound-
ary (a = 0) again corresponds to scalar kernels, while the meaning of the
other boundary (whose slope this time does not depend on the dimension d
of the domain) will be explored later.

The graphs of the functions kIl kL, nll and A+ (again, symmetrized with
respect to 7 = 0) are shown in Figure 3 for d =2, a = 1.5 and b = 202 = 1,
as well as the corresponding vector field z +— k(z)a, with a = e; € R2.
For such « the apparent “sink” and “source” of the vector field (i.e. where
k(xz)a = 0) are located at points (++/b/a,0); that is, their mutual distance
is at least 20 for a positive definite k with coefficients (31).

3.3. Inversion formulae

Let M be the functional that maps the coefficients (kll, k1) of a matrix-
valued function k € L'(R%, R%*9) of the type (10) to the coefficients (h!l, h*)
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Al

Figure 3: Graphs of kll, k1, Al b1 for Example 2 as well as the vector field
x +— k(z)a, with o = e; (also shown). Again, hll > 0 and b+ > 0.

of its Fourier transform. That is,

M : LMR*, 4= x LYRY, r?71) — Co(RT) x Co(RT),
(32) : I L I L
with Mkl kt) = (hl, p 1),

where (hll, A1) are expressed in terms of (kll, k1) precisely by formulae (21a)
and (21b). The symbol Cy(R™) indicates the set of real-valued continuous
functions defined on R that vanish at +o0o. The map M is linear and it is
an involution, i.e. M~! = M, in the sense that is specified by the following
proposition (this generalizes the fact that (15) is an involution).

Proposition 3.14. Let k € L'(R% R4 be of the type (10), and also

assume k € LY(RY, R¥4). Then the functions (kl, k) can be computed
from the pair (b, h1) as follows:

(33a) k:”(?“) = i—z /000 ottt hH(Q)JM(Qﬂ'QT) do
A [ 00— (@) T 2 de
(33b) kt(r) = i—z /O - "t (o). (2mor) do

1 o0
T 0" (W(e) — ™ (0)) Tyt (2mer) do;

i.e. (kI kL) are obtained from (b, h'Y) by applying formulae (21a) and (21b).
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Proof. The claim may be proven by direct computation, i.e. by manip-
ulating formulae (21a)—(21b) and by inverting Hankel transforms (using
formula (73) in Appendix A). However, one can simply observe that the
Fourier transform, when restricted to functions that are symmetric in their
argument, i.e. k(x) = k(—=x) for all z (and TRI kernels belong to this class),
is an involution. But M computes the functions (h”,hi), which provide
the eigenvalues of k in terms of those of k, therefore it must be itself an
involution. O

The above proposition allows one to construct positive kernels by choos-
ing nonnegative functions Al and At in L' (R*,7?~1) and applying the inver-
sion formulae (33a) and (33b). This involves computing Hankel transforms,
which may be done either by employing tables of transforms [20, 23, 52],
or numerically. However, in section 4 we shall illustrate a very simple,
constructive method for building arbitrary TRI kernels from scalar ker-
nels.

Remark: L' vs. L?. While it is well known that the Fourier transform is
an isometry between L? and itself, we have assumed that the kernels are
in L' (and that, sometimes, so are their Fourier transforms) to be able to
use and manipulate the integral formulas in the definitions and proofs. We
should note that one could employ the usual argument that L' is dense
in L? [64] and extend the results, mutatis mutandis, to square integrable
kernels. However, for computational convenience, we will keep assuming that
the kernels are in L' when Fourier transforms are needed throughout the
rest of the paper.

3.4. Divergence-free and curl-free kernels

In this section we explore some properties of the vector fields = — k(z)a
generated by the kernels k of RKHS. In particular we shall compute the
functions div(k(-)a) and curl(k(-)a), and relate them to the coefficients hll
and h* of the Fourier transform of the kernel k.

Proposition 3.15. Let k € C'(R?, R?*?) be a TRI kernel. We have that

a-r K2l — &+ (lal) | dk!

div(k(z)a) = Tl ((d ~1) o + W(Hx”)), z € R\ {0}.

Proof. For x # 0 define oll(z) := Prll @ and ot (z) :=Pria=a—adl(z),so
that a = all(z) + o (z). It is the case that:
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div(k(z)a) =diV(/€”(II$H) all(2)) +diV(kl(||x||) (2))
= V(EI(lz])) - ol (@) + & (Jl2])) div (ol (2))
+V (k- (llz])) - ot (@) + k- (|l ]) div(a™

(z))
I .
@@r=%%wﬂbmﬁﬂ(@+kWMWdW@W@)+kWWWdN@L@D,

where we have used ﬁ ~a*(r) = 0. Also, ‘i—” call(z) = Hi—ll -« and

div(a Iz ) —div<ﬁx)

1 1 «
= —=(V(a-2) -x—i—(a-x)(V—) x+ dive
e (V) ERAREE
a-z -2 a-z a-z
=—+(a-x)<——>~x+ d=(d—-1)——>.
]| [l]|? [l ]| ]2
Moreover, div(a(z)) = —div(a/l(z)). Inserting these expressions into (34)
completes the proof. O

Corollary 3.16. Let k € C*(R? R™%) be a TRI kernel. The vector field
x — k(x)a is divergence-free if and only if

El(r) — k- (r) N %H

(35)  (d-1)—— —

(r)=0, for all r > 0.

We want to find a similar result for the curl of the vector field z +—
k(z)a. Indicating with QFR? the space of differential k-forms in R [38], it
is convenient to identify a vector field (v1,...,vq) in R? with the 1-form v =
S w; doxt, where dy is the differential of a function. In fact indicating with dy,
the exterior (Cartan) derivative of a k-form we may write the de Rahm
complex for R? as follows:

dg—2 da—1

dO dl d2
Q'R 5 QIRT — Q2RY — ... s QIR QIR

We define (it corresponds to the classical “curl” when d = 3).

Proposition 3.17. Let k € C1 (R4, R%¥*4) be a TRI kernel. We have
(36)

curl(k(z)a) =

ano (K(lal) =k l) k0N g
o ). 2<%,

]

where A indicates the wedge product between differential forms.
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Proof. As in the previous proof, let oll(z) := Prl o and at(z) == Pria=

a—all(z). We consider them 1-forms, i.e. let us write all(z) =33, all(x); doa?
and at(z) =, at(x); doz’. It is the case that

curl (k(z)a) = di (k(z)a) = do(K(||z])) A all(z) + kI (||z]]) di(al (z))
(37) +do (K- (|l2])) A o (2) + k- (||2]]) di(a ().

The first term is zero since dg(k:”(HxH)) = dk” (Hx||)|— and x A a”( ) = 0.
We also have

Q- T

dl(aH(x)) :dl(W ac) —dO(H H2> A+ o T ”2 dyz,

where dix = dq ( > xidoxi) =", dox* Adoz' =0 and

o-x 1 1 « o-x
0(—) = ——=do(a-x)+ (- x) do = - x
[l [l =2 fzl>  lzl*

Since z A x = 0 we conclude that d; (aH(ac)) = mﬁ Moreover x A o () =

r Ao =—aAx, whence

dl{:L dkL aNzx
do (k= (l[l)) A o () = ——(||= D) Aat(@) = (kD) -
(- elh) E] ar 170 7
Finally, di(at(z)) = —d; (a”(az)). Insertion of such expressions into (37)
completes the proof. O

Corollary 3.18. Let k € C'(R?,R™¥9) be a TRI kernel. The vector field
x> k(z)a is curl-free in R if and only if

l(r) —
(38) k() " k2 (r) — d;: (r)=0, for all r > 0.

Note that while condition (35) depends on the dimension d of the space,
condition (38) does not. The following fundamental theorem relates the in-
compressibility and irrotationality of vector fields of the type x — k(z)a
with the coefficients Al and At of the Fourier transform of the kernel k.

Theorem 3.19. Let k € C'(RY, R4 N LY(RY, R*?) be o TRI kernel with
Fourier transform K that is also in LY (R4, R4, Then the vector field x
k(x)a is divergence-free for all o € R if and only if hll = 0. On the other
hand, x — k(z)a is curl-free for all a € R® if and only if b+ = 0.
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Proof. Tt is the case that hll(0) = 20 HI (270) /0" and h*(0) = 2nHI (27 0) /0",

. . . . d
with Hl and H' respectively given by (25a) and (25b), and with p = s—1
Inserting (35) into (25a) yields

o0 1 [ dkll
H”(Q) 2/0 7“”+1k(7")Ju(Q7“)d7"+5/0 7"“+1W(7“)Ju+1(07“) dr

(note that 2u + 1 = d — 1). We use integration by parts to compute the
second term on the right:

00 dk
/0 s o (r)Jys1(or) dr

= [ (o] = [ E0) S aten }ar
= _Q/OOO T;Hrlk.”(r){ug—tl 1 (or) +J! +1(97’)}6[7”
(39) = —Q/O T“Jrlk”(r)JM(Qr) dr,

where we have used the property (75) of Bessel functions. Therefore if (35)
holds then Al = 0. Similarly, inserting (38) into (25b) gives

0 1 0 dk,J_
HL(Q) :/0 TMH"?L(T)J;L(QT) dr+§/o TM—HW(T)‘]}H%(QT) dr.

and an identical integration by parts allows us to conclude that if (38) holds
then At = 0.
Assume now hl = 0. In this case k!l and k*, given by (33a), (33b), are

2u+1 [
Klr) = = /0 0" (0)Jus1(2mor) do,
2 [ 1 *
kt(r) = A (o) g, (2mor) do — m/@ o"h*(0)Jus1(2mor) do,

therefore the auxiliary function (11) is given by

~ 2 [ w1
k(r) = o /0 g““hl(g){Zm w1 (2mor) — JH(27TQ'I“)} do
27

= TMQ/ Ot (0) T2 (2mer) do,
0
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where we have used property (74) in Appendix A. On the other hand,

w1

1 dk! %
) =—Cut A [T o @) e de
0

r dr

2u+1 [
+m/0 QWQMHhL(Q) l/,L+1(27TQT) do

2#"‘]— oo +1.1 M+1 /
= —2r 7WFQ/O o' h (Q){Tgr u+2(27TQ7’)—Ju+1(27TQ7“)}dQ

2u+1 [
= I /O Tt (0) Jus2(2mer)do,

where we have used property (76) in Appendix A. Since 2y +1 =d —1
we have that (35) holds and the vector field z — k(z)« is divergence-free.
Similarly, when h™ = 0 it is the case that

27 [*° 2u+1 [
(o +1 7] _AH ll
E'(r) = r“/o o' Wl (o) J,(2mor) do s /0 0"'h'"(0)J+1(2mor) do,
1 [o.¢]
K (r) = rﬂ+1/0 o"Wl(0) 11 (2mor) do,
so that  k(r) = [~ Q“HhH(g){J (2mor) — 2H—+1J (271'@7‘)} do
ret2 f, ’ 2mor ot

2 [
T a2 / Ot (0)J vz (2mor) do,
0

by property (74) in Appendix A. On the other hand,

Lk
r dr

o0 1 o0
= /0 ¢'h(Q) Ty 2mor) do+ —— i 2m 0" 0l (0)J) 41 (2mor) do

2w o w1
=3 /0 QuHhH(g){ — %JIH_Q(QTFQT) + JL+1(27TQT)} do

oo
=z [ @) al2mor) de

again by (76). Whence (38) holds and = — k(x)a is curl-free. O

Proposition 3.20. Let H — C'(R% R?) be a RKHS with a given TRI
kernel k. It is the case that div(k(-)a) = 0 for all « € R? if and only
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Table 1: Conditions on the coefficients k and k for the kernel to be
divergence-free or curl-free

Conditions Conditions
on (kll k+) on (nl nt)
() — kL I
k is div-free | (d—1) K = k() + %(r) =0 hl =0
r

Kl(r) =k (r) E(r) _0 Bl — 0

k is curl-free
r dr

if divu =0 for all w € H. On the other hand, we have that curl(k(-)a) =0
for all @ € R if and only if curlu =0 for all u € H.

Proof. The “if” part is obvious. Conversely, let Hy := span{k(-—z)a |z, a €
R4}, Take any v € H and a sequence {u,} in Hy with u, — u. For all
indices 4,5 € {1,...,d}, by formula (13) it is the case that e; - djup(x) =
(—0;k(- — x)ej, up)v, which converges to (—0;k(- — z)e;, u)y = e; - Oju(x).
That is, the sequence of functions d;ju,, converges to dju pointwise. Therefore
we have divu, — divu and curlu,, — curlu pointwise. Since u,, € Hy for
all n, if div(k(-)a) = 0 for all @ € R? then divu, = 0, whence divu = 0.
A similar argument holds in the case curl(k(-)a) = 0. O

The above results justify the following definition.

Definition 3.21. Let H < C'(RR?) be a RKHS with a TRI kernel k. We
call the space H and its kernel k divergence-free (or curl-free) if divu = 0
(respectively, if curlu = 0) for allu € H.

Table 1 summarizes the conditions on the coefficients (kll, k1) of k and on
the coefficients (hll, ') of its Fourier transform for a Reproducing Kernel
Hilbert Space H with a TRI kernel to be either divergence-free or curl-
free. We should note that if k is scalar, i.e. of the type k(z) = k(||z||)l4,
then kIl = kL and Al = h'; therefore by Corollaries 3.16 and 3.18 the
corresponding RKHS can be neither divergence-free nor curl-free (unless we
are dealing with the trivial case k = 0).

Examples 1 and 2, revisited. In light of the above results, the boundaries
of the domains D; and D- of Examples 1 and 2 in this section have an
interesting interpretation. We already noted that in both cases choosing a =
0 (vertical boundary of the domains) yields scalar kernels, i.e. of the type
k(z) = k(||z||)I with k(r) = bexp(—ir?/0?) (Gaussian).

In Example 1, when b = (d — 1)ac? we have k(r) = aexp(—ir?/o?),
kl(r) = (d — 1)ac® exp(—3r?/0?); therefore equation (35) holds and the
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b b
scalar scalar
kernels D, “~_b=(d—1)ac?® kernels Dy b= ao?
div-free kernels curl-free kernels
ol a 0l a
(a) (b)

Figure 4: Interpretation of the domain boundaries in Examples 1 and 2.

a=2/3b=1

a=4/3,b=1

Example 1

Example 2

scalar curl-free

Figure 5: Transition from a scalar kernel to divergence-free (Example 1)
and curl-free (Example 2) kernels by changing the parameter a in the
range [0,2], with b = 202 = 1, in d = 2 dimensions. The vector fields x
k(x)a are illustrated for o = ey, which in also shown in each graph.

kernel is divergence-free. Similarly, in the case of Example 2 when b = ac? we

have k(r) = —a exp(—3r?/0?) and k*(r) = ao? exp(—3r?/0?); whence (38)
holds and the kernel is curl-free. Thus the boundaries of the two domains
may be interpreted as illustrated in Figure 4.

In the case d = 2 we have that Dy = Ds. Figure 5 shows the vector
field z — k(x)a, o = eq, for both Example 1 and Example 2, with b =
202 = 1 and different choices of the parameter a. In particular, for a =
0 the point (a,b) is on the vertical part of the boundary of D; and Dsy;
this corresponds, in both cases, to a scalar kernel. As we move along the
line b = 1 towards higher values of a, we note that we transition to a vector
field z — k(z)a that is divergence-free (Example 1) or curl-free (Example 2);
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this occurs when (a, b) hits the slanted part of the boundaries of D and D,

i.e. the line b = ac?.

Hodge decomposition. Let k € L'(R? R%*9) be a TRI kernel with coef-
ficients (kll, k1), and let (All, A1) be the coefficients of its Fourier transform,
which we also assume integrable. Using the functional M introduced in (32),
we have (kll, k1) = M~1(hl, h1). By the linearity of M~ we also have

(K, k) := M=1(nl, 0)

(40) (kI kL) = (Kl k) + (Rl k), where: {

(k- ide) = M0, hh)
(subscripts “cf” and “df” will be justified soon). With the above definitions,
we let k = k¢ + kqr, where

(41) kcf(w)::k!f(fﬂ) Prll + k% (2) Prl and kdf(ar)::killf(w) Prll + k1 (2) Prll;

by Theorem 3.19 we have that for all @ € R? we may write k(z)a =
ke (z)a+kge(z)a, © € R where the first term is a curl-free vector field and
the second term is instead div-free. In other words, for any integrable TRI
kernel k and any a € R? this procedure allows one to perform the Hodge
decomposition [17, 34] of the vector field x — k(z)a: the two terms, curl-free
and divergence-free, may be respectively computed from the coefficients Al
and h* of the Fourier transform of k precisely by using the inversion for-
mulae (33a) and (33b) twice, the first time with h* = 0 (to compute k.f)
and then with 2l = 0 (to compute kg¢); note that since k vanishes at infin-
ity there is mo harmonic component in the Hodge decomposition. We shall
call ker and kg the curl-free and divergence-free components of the kernel k.

Incidentally, we note that if k € L' N L? then for any o € R the
orthogonality in L?(R? R?) of the Hodge components ke¢(-)a and kge(+)a
may be immediately verified via Plancherel’s theorem as follows:

(kegor, kaear) , = <ch057/l;df05>L2 Z/R (h”(IISH)Pr!a) - (R (JI€]))Pr o) d€ = 0.

d

The computation of ket and kg¢ from k via formulae (40) and (41) may be
viewed as an orthogonal projection (in the L? sense) of k onto the spaces of
curl-free and divergence-free kernels, respectively.

Example 3. We consider the Gaussian scalar kernel k(z) = k(||z||)1q4, = €
R?, with k(r) = exp(—3r?/0?) for some o > 0, and compute its Hodge
decomposition. We saw earlier (17) that its Fourier transform is

(42) K(€) = h(l€Ts, § €RY with h(e) = (2m0?)" exp(~2n20%0?),
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where as usual y = %l— 1. We let k = k¢¢+ kg, with ch(g) = h(|[£]]) Prg and

Edf(g) = h(||&ID Pré. The coefficients (kﬂf, k) of ket are given by inversion
formulae (33a) and (33b) with Al = h and h*+ =0, i.e.

2m [
(43a) k!f(r) = T‘_'“/O oi L h(o) J,(2mor) do
2u+1 [
B m /0 Q'u h(Q) JM+1(27['QT‘) do,
1 o0
(43) ) = i [ 0 b T (2rer) de,

We compute the integral (43b) with h as in (42) using the Hankel trans-
form (27), which yields

2\ptl 2
Loy (20 ) 1r
(44) keg(r) = Top2ut2 ’Y(M +1, 5;), r >0,

where y(v,x) = fox et tv~1dt, Rv > 0, is the lower incomplete gamma, func-
tion [1, §6.5.2]. The other coefficients of the kernels k.t and kg¢ are obtained
from (44) simply as follows:

45) Kl =k —@u+kk KL=k -kl = @ur kS K=k -k

the first one is derived from (43a), while the other two follow from k =
kllf —|—kgf and k = k:clf—i—k:jf (which, in turn, are a consequence of k = k¢¢+ kg
and the fact that k is scalar).

When d = 2 (ie. p = 0), since y(1,z) = 1 — e™* we simply have
kk(r) = ‘;—j[l — exp(—3r?/0?)], and the other coefficients are again derived
from formulae (45) with p = 0. It is interesting to note that k. and kq¢ are
not Gaussian like the curl-free and divergence-free kernels that we derived
in Examples 2 and 1, respectively—in fact they have much heavier “tails”
(they go to zero like 1/7? as r — oc) than the original scalar and Gaussian
kernel k; however, these heavy tails cancel each other when added. In the
case 202 = 1 and d = 2 the Hodge decomposition of z ++ k(x)e; into its
curl-free and divergence-free terms is illustrated in Figure 6; as observed
above, the two vector fields are orthogonal in the L? sense.

The discussion above also suggests that a seemingly simple way to gen-
erate curl-free (or divergence-free) kernels is to choose functions hll (respec-
tively, h*) in LY(RT, r?1) and apply formulae (33a) and (33b) with A+ = 0
(respectively, Rl = 0). This is rather cumbersome because it involves the
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7

scalar curl-free divergence-free

Figure 6: Hodge decomposition of z — k(z)ep, for k scalar and Gaussian.

computation of Hankel transforms, analytically or numerically; in the next
section we shall introduce a simple technique for generating all TRI kernels
of interest while avoiding such tedious calculations.

4. Construction of matrix-valued kernels from scalar kernels

In this section we illustrate a method for constructing matrix-valued kernels
from scalar kernels—in fact, it will turn out that all matrix-valued kernels
of interest can be built this way. We remind the reader that a s-admissible
Hilbert space of R%-valued functions defined in € is also a RKHS, and its
kernel is such that K (-,z)a € C5(Q,R?) for all z € 2, a € R? (see section 2).

4.1. Curl-free component

Given a s-admissible Hilbert space H of scalar-valued differentiable func-
tions defined on RY, one can define the space V := {Vf | f € H}. Note that
(i) if s > 2 all the elements of V' are curl-free and (ii) for all v € V there is a
unique f € H such that v =V f (in fact if v = V fi = Vfy then f1 — fo € H
is a constant that must be zero because H C C§(R%, R), i.e. it vanishes at
infinity). The proposition that follows shows that the kernel of H induces a
reproducing kernel on V.

Notation. Given a scalar-valued differentiable function F : R? x R4 — R
we indicate with 0, ;F, n € {1,2}, i € {1,...,d} the derivative of F' with
respect to the i*" variable of the n'" set of variables; with V,F, where
n € {1,2}, the gradient of F with respect to the n' set of variables; and
with Vlng the matrix-valued function whose (i, ) entry is 01,i02;F,
for 1 < 4,j < d. Finally, for a vector-valued function f : R? — R? we

indicate with Vf the matrix whose (i, 7)'" entry is 0;f;, for 1 < 4,5 < d.

Proposition 4.1. For fived s > 1, consider a Hilbert space H — Cj(R%,R)
of scalar-valued functions, with kernel Kg : R x R® — R. Let the space
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V:={Vf|f € H} be endowed with the inner product (vi,v2)v = (f1, f2)u,
where v1 = Vfi and vy = V fa. Then V < C5 (R4, RY), i.e. it is a (s — 1)-
admissible Hilbert space of R%-valued functions, and its kernel is given by
Ky =V iVIKy.

Proof. One can easily verify that (-,-)y is an inner product, that V' is com-
plete and continuously embedded in C§ 1 (R?, R?). So V is a RKHS, and for
all 2,0 € RY and v = Vf € V, its kernel Ky must satisfy

(Ky (- z)a,v),=a-v(z)=a- Vfz)=3%, a;9;f(x)=(by Theorem 2.11)

:Zgzlai<a2,iKH('v .%'), f>H: <a'v2KH('7 iL'), f>H
== <V(Q'VQKH(~, x)),v>v,

therefore Ky (-, 7)a = V(VaoKy (-, 7)-a) = (ViVE Ky (-, 7))a; we have used
the the property that V(f - o) = (Vf)« for any differentiable vector-valued
function f : R* — R?. By the arbitrariness of & € R? we conclude that we
must have Ky (y,z) = ViV Ky (y,z), for y,z € R%. O

Remark. Before proceeding to the case of translation- and rotation-invari-
ant kernels we note that if the kernel K of a s-admissible Hilbert space is
translation-invariant, i.e. K(z,y) = k(z—y), then k is differentiable 2s times
(see the remark at the end of section 3.1).

Proposition 4.2. Under the assumptions of Proposition 4.1, if Ky (z,y) =
ky(x —y) for some function ky : R* — R, then Ky (x,y) = ky(z —1), with
kV = —Hess kH (i.e. k” = —818JkH)

Proof. We have that 0y j Ky (z,y) = —0jku(x — y) and 01,00 ;Kpu(x,y) =
—0;0jkp(x — y), for all z,y € R?. The result follows by applying Proposi-
tion 4.1. L]

Corollary 4.3. Under the assumptions of Propositions 4.1 with s > 2 and
4.2, for any o € RY the vector field x +— ky (z)a is curl-free.

Proof. Using the fact that (Vf)a = V(f - ) for any differentiable vector-
valued function f : R? — RY, it is the case that ky/(z)a = (—Hess kg (z))a =
—(VVTkg(x))a = —V(Vkg(x) - @), and we conclude immediately. O

Proposition 4.4. Under the assumptions of Propositions 4.1 and 4.2, if
ky(z) = ku(||z||) for some kg : RY — R then the kernel of V is TRI,

ice. Xy (z) = k(2] Ped + ki (|lal]) Prd with

_ Ak
dr?

_Ldkn

(r) and k"%(r): -

(46)  kj(r) =

(r), r>0.
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Proof. First note that we have 0;kp(z) = k' (||z||) z;/|z| and

Tixj 8 xj
' (e iy K _ Xy ’

where §;; is Kronecker’s symbol. By Proposition 4.2 it must be the case that

T Kyllal) [, zaT
kv (e) = =k el oy = (=)
(el prd - D pr .

Corollary 4.5. Under the assumptions of Proposition 4.4, ky is curl-free.

When s > 2, the above follows from Corollary 4.3. However, one can ver-

ify that k:|‘|/ and ki, given by (46), satisfy equation (38), and that the latter
operation only involves two derivatives of ky (and kg is twice differentiable
when s = 1, by Theorem 2.11 and the remark at the end of section 3.1).
Therefore Corollary 4.5 also holds when s = 1. The curl-free property may
be seen in the Fourier domain as follows.

Proposition 4.6. Under the assumptions of Proposztzon 4.4, if kg is inte-
grable then kir(§) = har(|I¢]l) and kv (€) = hy (I€]) Prj+ht(|€]) Pre, where
h‘L/ =0 and

2
47) () = @noP hia(o), with (o) = 2 [ 1 ki (r) (2 dr
0
and, as usual, p = %l — 1.

Proof. Assuming just translation invariance, the (4, )" element of Ev(f ) is
0)€) = = [ 0k (a) e e
Rd

—(2mi&;) (2mi&y) /R k() e 2T gy = (2m) €6k (€),

from which we have Ev( €)= (27r||§||) m(€ )Pr” When kg is also rotation-

invariant, by Proposition 3.9 we must have Kz (€) = hy (||¢]]) with kg (o) as
n (47), and we conclude immediately.
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kp(z) = ku(llz]) — kg (x) = hy(||z])
}—Hess W(_HQSS)A
ky @ (kb k) = (=K, —Lk)) . ky @ (hl, h) = ((270)%hy,0)

Figure 7: Commutative diagram illustrating the construction, from the
scalar-valued kernel ky : R? — R, of the matrix-valued, curl-free ker-
nel ky : R — R4 with interpretation in the Fourier domain. Note that
while H < C§(R% R), we have V — C5~(RY, RY).

The construction of the curl-free kernel ky from the scalar-valued ker-
nel kg is summarized in Figure 7. We have used the notation (kU/, ki) to
compactly represent the coefficients of ky and (h|‘|/7 h%,) to represent those

of its Fourier transform EV. The dual operator of the negative Hessian in
the Fourier domain is the map hy — ((2m0)%hy,0). Under the assumptions
of Proposition 4.6 we may actually compute the corresponding “initial” ker-

nel kg in terms of the non-zero coefficient h“‘/ of Ev; in fact, using the
inversion formula (16) and the fact that hy (o) = (277@)_2h|‘|,(g) yields:

(48) kp(z) = kg (||z|]), with kg(r) = 271-17.u /000 o1 h|‘|/(g) J,(2mro) do,

defined for r > 0, where as usual p = g -1
We conclude that any integrable, TRI, curl-free kernel ky (i.e. with

nonnegative h“lf, and hiz = 0) of a (s — 1)-admissible Hilbert space V may
be derived with the procedure described in Propositions 4.1 and 4.4 (ulti-
mately, by applying formulae (46)) from the kernel kg (z) = kg (||z|]) of a
s-admissible Hilbert space of scalar-valued functions, where kg is given by
formula (48). This proves the generality of the above method for construct-
ing RKHS of curl-free vector fields with TRI kernels.

Example 2, revisited again. Consider a RKHS of scalar valued functions
defined in R?, denoted by H, with kernel kg (x) = kg (||z]|), where kg (r) =
bo? exp(—3r?/c?). As long as b > 0 it is the case that the Hilbert space
is s-admissible, for all s. Formulae (46) yield

(49) k“‘,(r) = (b — %72) exp(——(i—) and k:‘%(r) =0 exp(——;),
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which are precisely the equations of the coefficients (31) of the kernel in
Example 2 with @ = b/0?; that is, along the diagonal line of the domain Ds,
which corresponds to curl-free kernels. See Figure 4(b).

Example 4 (Bessel-type curl-free kernels). Consider the scalar-valued ker-
nel ky(z) = kg (||z]]), with kg given by

N5 r
(50) ka()=Co () “Kes(Z),  r=0,

o 2\o
where K, is a modified Bessel function of order v. When Cy = C(0,d,{) :=
(2”%71775 ['(0)o%)~1, as in (7) and (19), it is the Green’s function of the
differential operator L = (1 — 62A)¢. The corresponding Hilbert space H is
s-admissible, i.e. H < C§(R%,R), if £ > s + d/2. To apply our procedure,
we must have at least s > 1. By Lemma A.1 in Appendix A, applying (46)
to the kernel (50) yields

o =S () - L))

o2

(51b) kb (r) = %(2)711(_1(2)

where v = £ — %l. From the asymptotic expansion for large arguments of K,
given by (78) in Appendix A, one sees that the kernel with coefficients (51a)
and (51b) has heavier tails than the Gaussian case (49).

4.2. Divergence-free component

We have seen how one can create the matrix-valued kernel a curl-free RKHS
by taking the “double gradient” of a scalar-valued kernel. We will now illus-
trate how a the kernel of a divergence-free RKHS may be created by taking
the “double curl” of a matrix-valued scalar kernel (i.e. with equal diagonal
entries). Initially we shall limit ourselves to the case d = 3, which is the
most relevant in applications.

Lemma 4.7. A 1-admissible Hilbert space W — C}(R3,R3) is divergence-
free if and only if the linear map curl : W — Co(R3,R3) is injective.

Proof. First assume that W is divergence-free. If curlw = 0 then w = V f for
some scalar function f; therefore Af = divw = 0 because W is divergence-
free, and in fact f must be zero because it is harmonic and it vanishes at
infinity. Vice versa, assume that curl is injective on W. Take an arbitrary w €
W and let w = w; + wy be its Hodge decomposition (i.e. curlw; = 0 and
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divwy = 0). We have curlw = curlwy, so by the injectivity assumption
w = wo, whence wi = 0. Therefore divw = divw; = 0. O

Let s > 1 and consider a s-admissible Hilbert space W < Cj(R3,R3),
and the space of vector fields V' := {curlw|w € W}. By Lemma (4.7)
the “primitive” w € W of v = curlw € V is unique if and only if W is
divergence-free. With this condition, we can certainly follow a path that is
similar to the one described in the previous section and endow V with a
reproducing kernel induced by the kernel of W.

Notation. Given a differentiable matrix-valued function G : R3 x R? —
R3*3 we indicate with curlG the matrix-valued funcion whose i** column
(with i = 1,2, 3) is the curl of the i * column of G; the curl is computed with
respect to the n'' set of variables of G (with n = 1 or 2). The definition
of CurlSG is obtained by substituting the word “column” with the word
“row”. If the matrix-valued functions of only three variables g : R — R3*3
is differentiable, curl®g (respectively, curle) simply indicates the matrix

whose i ' column (row) is the curl of the i ** column (row) of g, fori = 1,2, 3.

Proposition 4.8. For fized s > 1, consider a Hilbert space W — C'S(R?’, R3)
of divergence-free vector fields, with kernel Ky : R3 x R? — R3. Let V :=
{curlw |w € W} be endowed with the inner product (vi,ve)y = (w1, w2)w,
where v; = curlw; and vy = curlws. Then V — Cg_l(R3,R3), .e. it is
a (s — 1)-admissible Hilbert space of R3-valued functions, and its kernel is
given by Ky = curl® curly Ky .

Proof. We indicate with K7;, and K;j the i*! row and the j™ column of K,
respectively. One can easily verify that (-,-)y is an inner product, V is
complete, and V' — CS_I(R3, R?); therefore V is a RKHS. For arbitrary w €
W let v = curlw; for all z, v € R3 the kernel Ky, must be such that

<Kv(',l')04,11>v =a-v(x) =«a-curlw(x)
= (82w3 (l’) —8311}2(37)) + o (8311)1 (.CC) —81103(%)) + a3 (81w2(:c) —82w1(x))
e (D22 K32 (-, x) — Do K7 (1)) + a2 (023 Ky (-, ) — Do Ky (-, )

+ a3(82,1K$(-,x) — 8272Ki/’{}(-,x)),w>w = <(curl2R KW(-,x))oz,w>W

(%)

:<curl[(cur12RKW(-,a:))a],v>v = <[curl?curngW(-,:L‘)]a,@V,

where in step (%) we have used Theorem 2.11, while in (xx) the fact that
curl(ga) = (curl“g)a for any differentiable function g : R?® — R3*3 and any
a € R3. This concludes the proof. O

In the translation-invariant case we have an immediate consequence.
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Proposition 4.9. Under the assumptions of Proposition 4.8, if Ky (z,y) =
ki (z — y) for some function kyy : R3 — R3*3, then Ky (z,y) = ky(z —y)
with ky = —curl®curl® kyy .

Corollary 4.10. Under the assumptions of Propositions 4.8 with r > 2
and 4.9, for any o € RY the vector field x — ky (x)a is divergence-free.

Proof. Since (curl®g)a = curl(ga) for any differentiable matrix-valued func-
tion g : R3 — R3*3, it is the case that ky (z)a = (—curl®curl®ky (2))a =
—curl[(curl®ky (2))a], and we conclude immediately. O

Lemma 4.11. For any matriz-valued function g = [gij]1<i j<3 : R® — R3*3
that is twice differentiable we have:

curlcurl® g = curl®eurl®g

83933 — 0203(g23 + g32) + 8§g22 —0102g33 + 0103923 + 0203931 — 33?921
= | —0102933 + 0103932 + 0203913 — 33?912 (9%933 — 0103(g13 + g31) + 35911
0102923 — 0103922 — 5%913 + 0203912 —8%923 + 0102913 + 0103921 — 0203911

0102932 — 0105g22 — 03931 + 203921
—07g32 + 0102931 + 9105912 — 0203911
3%922 — 0102(g12 + g21) + 33911

The above lemma may be proven by direct computation. We note that
curl® and curl® commute, and if g is symmetric (i.e. gij = gjifor 1 <, j < 3)
then so is the matrix-valued function curl®curl® g.

Remark. Before proceeding further we should note that the above proce-
dure and results require the s-admissible space of vector fields W (that we
use to build the new space V') to be divergence-free. This sounds like a se-
vere limitation because, as we said at the beginning of the section, our goal
here is to formulate a procedure that generates RKHS of divergence-free
vector fields. Having to start from such a space does not seem very useful.
The next results, that refer to the TRI case, solve this problem. In order to
interpret the results in the Fourier domain, we shall assume that the kernels
are integrable.

Proposition 4.12. Let ki, ky : R? — R3*3 be the TRI, integrable kernels
of two s-admissible Hilbert spaces, with s > 2. If their Fourier transforms
have the the same divergence-free coefficient h-, i.e.

k(&) = h{(€l) Pri+hi(I€]) Pre and ka(€) = hy(|I€]) Prl+ kg (|I€]) Pre,

with hi = hj‘ = h', then —curlccurle1 = —curlccurleg =:k, and k is
a divergence-free kernel.
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Proof. We first observe that if the Fourier transform a kernel k has coef-
ficient h+ = 0 then, for all o € R3, it is the case that curl(ka) = 0; but
curl(ka) = (curl®k)a, therefore curl®k = 0 and curl®curl®k = 0 (by the
commutativity of curl® and curl®, see Lemma 4.11). By the linearity of the
operator M (and its inverse), introduced by (32), for ¢ = 1,2 we have

ki(2) = k) (|l[))Pr} + & (|l])Pr},  with
(k) k) = a1l nty = pt @l o) + 0, m Yy,

177

(52)

note that hf = hQl = ht. We now apply curl®curl® to both k; and ks and,
by the first part of the proof, we have that the component that corresponds
to the first term on the right-hand side of (52) vanishes for both k; and ks;
what remains is the second component, which is the same for both kernels.
Therefore curl®curl®; = curl®curl®ky. The resulting kernel is divergence-
free because, for i = 1,2, we have (curl®curl®k;)ar = curl[(curl®k;)a], for
all o € RY. O

Consequently, if the coefficients of the Fourier transform k of a kernel k
are (hll,h'), then the coefficients of the Fourier transform of curl®curl®k
must be of the type (0,h.), where h, only depends on h'. Going back to
our original problem of inducing a RKHS structure on V' := {curlw |w € W}
from the one on W (Propositions 4.8 and 4.9), this suggests an alternative
way of computing the kernel ky .

Namely, we build a new auxiliary Hilbert space Wy < C§(R?, R3), with
a scalar kernel, i.e. of the form kyy, () = kw, (||z|)I3, € R3. Assuming ky,
is integrable and divergence-free, the coefficients of its Fourier transform EW

are (hlll/v, hi;r) = (0, h), for some nonegative function h : RT — R. We define
the scalar kernel kyy, via its Fourier transform, as

(53) kw, (€) == hw, (I€)Ts, € € R, with hyy, == h;

in other words, the coefficients of kyy, and EWO are respectively kUVO =

k#;vo = kw, and h|1|,V0 = hﬁ,o = hw,, where we have set hy, = h, i.e. equal to
the non-zero coefficient of the Fourier transform of ky,. Equivalently, and
perhaps more interestingly, kyy, is the only scalar kernel whose divergence-
free component is precisely kyy. The next proposition relates the kernels kyy
and kyy, explicitly in the spatial domain (as opposed to the Fourier domain);
this is summarized by the first and third rows of the diagram of Figure 8.

Proposition 4.13. Under the assumptions of Proposition 4.8, if the kernel
of W is TRI and integrable, with Fourier transform ky = h(|[{]|) Prg, £ e
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w s (ks Kigy) w i (hyy, hyg ) = (0, 1)

—curl®curl® (—curl®curl®)*
f

kv (k) k) = (= 2Ky, — Lkl — k) Ky o (bl h) = (0,(270)2h)

—curl®curl® (—curl€curl®)”

1 . !
kw, () =kw, (|2])ls, kw, =Skl +hp K, : (hly,, hit,)=(h, h)

Figure 8: Construction of the divergence-free kernel ky, from the divergence-
free kernel kyy, and (equivalently) from the auxiliary scalar kernel kyy, , with
interpretation in the Fourier domain. Note that while W < C§(R3 R?) and
Wo < C§(R3,R?), we have V — C5 1 (R3 R?).

Re, then the kernel kyy,, defined in the Fourier domain by (53), has the
form ky, = kw, (||z|)13, = € R3, with

1
kw, = §kgv+kﬁ,.

Proof. We have kyy, (r) = 2 Jo 0" h(o) Ju(2mor) do, with p = % -1=13
(since d = 3). In addition, since (h'J,V, hi;) = (0, h), by Proposition 3.14

_ 2p+1

k‘uv(r) = /0 0" h(0) Ju+1(2mor) do (where 2u+1=d—1=2)

_27r

and k‘ﬁ/(r) = /0 o't h(o) Ju(2mor) do

1 > 1
: r““/o ¢ (o) Jusr(2mor) do = k() = Shw(r).

By Proposition 4.12, since kyy and kW%{have the same coefficient At in
the Fourier domain, we must have curl®curl®ky, = CurlccurleWO; the right-
hand side is simpler to compute because kyy, is characterized by only one
coefficient (i.e. the function kyy,) in the spatial domain. This is done next.
Proposition 4.14. If Wy < C§(R3,R3), with s > 1, has scalar kernel of the
type Ky, (z) = kw, (|23, z € R3, and we define ky := —curl®curl®kyy,,
then ky (z) = kI (|J2])Prl + kL (2| Prt with

_ 2 dkw,
r dr

_Ldkw,
r dr

 dhw,
dr?

(54) kl(r) = (r) and k(r) = (r) (r), r>0.
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Proof. We first compute the curl “by rows” of kyy,:

0 —
Hlal) | 0 o o

curl® ky, (z) = z1 | = f(x) [vl(x) ’ va(x) ‘vg(x)},
I I
where f(z) := ky, (|[=|)/[l=||, and the v;’s are the columns of the above

matrix. Now we have

Ry, (lll) kg, () .
Vf(l”):( EEREE )x and curlv;(z) = 2e;, for i =1,2,3,

so that

curl(fv1) = Vf x v + feurlvg

2 2
<’f’v’vo(llm||) k’wo(llwll)> Ty I3 Ky (1)
- - —r122 | +2 ——e;.
(12 EE El
—Z1T3

Similar computations hold for curl(fvs) and curl(fvs), which lead to

ky (z) = —curl® curl® kyy,
Ko (al) K (leDy v o oy K (2l
= — 0 — 0 z||“I3 — zz’ ) — 2 —2——"13
G ) (lel )27

k! k!
— _2 WU(HQ:H)PI‘Q - (k{//vo(Hx”) + WD(HJ:H))PI':JC_

] ] O
Corollary 4.15. Under the assumptions of Proposition 4.14, the elements
of V are divergence-free.

When s > 2, we already knew that the above was true from Corol-
lary 4.10. However (similarly to what happens in the construction of curl-

free kernel, described in section 4.1) one can easily verify that k|‘|/ and k‘ﬁ,
given by (54), satisfy equation (35) for d = 3, and that once again the latter
operation only involves two derivatives of kyy,, which is twice differentiable
when s = 1. Therefore Corollary 4.15 also holds when s = 1. The proposition
that follows characterizes the kernel ky in the Fourier domain.

Lemma 4.16. If g : R? — R is a twice-differentiable scalar-valued function
and we define g = gl3, then it is the case that curl®curl®g = (All; — Hess)g.
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Proof. By Lemma 4.11, with g;; = ¢gd;;, we see immediately that

(03+03)g  —0hdhg  —0rDag
curl®curl®g = | —01029  (07+03)g —02059 | = (Al — Hess)g. O
~0105g  —Oe0sg (97 +85)g

Proposition 4.17. Under the assumptions of Proposition 4.14, if kyw, is
integrable and K, (€) = R([|€])Is, € € R?, then ky(€) = Ay (|l€]) P} +

hb(I€l]) Prg, with b, = 0 and hiz(0) = (20)*h(0).

Proof. We have ky,(z) = g(x)I3 with g(x) := kw,(|z]), = € R3; by
Lemma 4.16, it is the case that ky = —curl®url® kyy, = (Hess — All3)g.
Now, sinice [y, 9,0g(x) e~ 27 wda = —(2m)2€,€ () and (&) = h(|¢]), we
compute

kv (€) = (2m)* (I1E1°Ts — €67) A€l = @ lI€1)* R(I€]) Pre- -

The situation is completely illustrated by the commutative diagram in
Figure 8. In summary, given an arbitrary s-admissible Hilbert space W of
divergence-free vector fields with kernel ky (i.e. given the corresponding
coefficient in the frequency domain hﬁv = h), we can always build another
space Wy with a scalar kernel kyy, such that curlccurleW = curlccurleWO.
Then by Proposition 4.9 the kernel of the space V := {curlw |w € W} may
simply be computed as ky = —curlccurleWO, i.e. by equations (54).

In fact, given the arbitrariness of hﬁ, = h, we may start from any Hilbert
space Wy < C§(R3,R3) with a scalar kernel, compute the new coefficients
via (54) and these will correspond to the kernel of V' := {curlw|w € W}
for some s-admissible space W of divergence-free vector fields, whose ker-
nel kyy we do not need to make explicit. This provides us with a practical
procedure for building kernels of divergence-free vector fields. Since h(g) =

(27rg)_Qh|‘|/(g), we finally note that by formula (16) we have

. 1 <
(55) T ()=, (el with b ()= = [ 0~ (o) Tu(2mre) o

forr >0 (p = %l — 1 = 1). So the procedure is general, in the sense that

any integrable, TRI, divergence-free kernel ky of a (s—1)-admissible Hilbert
space V' may be derived by applying formulae (54) to the a scalar kernel kyy,
of a certain Hilbert space Wy < C§(R3,R3), in fact given by formula (55).

Generalization to arbitrary dimensions. Thanks to the interpretation
of the differential operator —curl®curl® in the Fourier domain provided by
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Proposition 4.17, we may actually extend the above procedure, and for-
mulae (54), to R%*?-valued TRI kernels, with arbitrary d. The following
holds:

Proposition 4.18. Let kyy, — C3(R%,RY) be integrable and of the form
kw, (z) = kw, (||z||)Lq, with Fourier transform given by EWO (&) = h(||€)Ly. If
we define ky via its Fourier transform as Ky (€) = h‘l/(H{H)Prgl with hiz(0) =
(270)%h(0), 0 > 0, then the coefficients of ky are given, for r > 0, by

o d—1dkw, Lo d—2dkw,,
(56) k(1) = == ) and kip(r) = - =S () - Sy,

r

Proof. By (33a) we have k|‘|/(r) = iﬁﬂ (2m)? [ 0" 2h(0) 1 (2mor) do,
since hll = 0. We note that

27 & 1dk
| () s (2mor) e
0

ortl r dr

¥ (2m)2 [
= _(QL“)/O rH ke, (r) Ju(2mer) do = —2mh(0);

in step (x) one uses an argument that is in all similar to the computation
n (39). Since the transformation (15), with p+ 1 instead of y, is an involu-
tion, it must be the case that

1dk 2 [°
. W”(?“)ZW+1 /0 Q"% (—27h(0)) Jur1(2mer) d,

r dr

which allows us to complete the computation of ky, (note that 2p+1 = d—1).
To calculate kz‘% we simply use formula (35), which is valid for divergence-free

kernels, rewritten as ki- = ky/ + 79 dky, /dr. O

By considerations that are in all similar to those above, we conclude that
all divergence-free kernels, in arbitrary dimensions, may be obtained from
scalar ones via formulae (56), which generalize (54).

Example 1, revisited again. Let W, — Cg(Rd,Rd) be a RKHS and
bo? 172

kyw, (z) = kw,(||z]|)l4, where ky,(r) = 777 exp(—55z), with b > 0; Wp is
s-admissible, for all s. Formulae (56) yield

(57) ky/(r):b exp(—%:;—Z) and ki (r)= (b — ﬁ r2) exp(—%%>,
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which are precisely the equations of the coefficients (30) of the kernel in
Example 1 with a = b[(d — 1)o?] ™!, which is the line on the boundary of D;
that corresponds to divergence-free kernels. See Figure 4(a).

Example 5 (Bessel-type divergence-free kernels). Consider the scalar kernel
kw, (x) = kw, (||=])L4, with kw, given by the right-hand side of (50); if £ >
s+d/2 then Wy < C3(R?,R?). Using Lemma A.1, if we apply formulae (56)
to such kernel kyy, we get:

s K =Sa-n(5) ma(5),
(58b)  ki(r) = 23 (E)H{(zu td-3)K,_; (g) _r K(ﬁ) }

g g g g

where v = ¢ — %. Once again, the kernel with coefficients (58a) and (58b)

has heavier tails than the Gaussian case (57).
5. Application: matching of landmark points

To illustrate an application of the tools that we developed thus far, in this
section we shall study the problem of matching feature points, or “land-
marks” [30, 35, 42, 69]. Let Q be an open subset of R™. The set of N labeled
landmark points in ) is defined as:

(59) LN Q) = {(Pl,...,PN) . PeQ, Py Py fora;éb},

which is in fact a manifold of dimension n = Nm. The generic element
of LN(Q) is called landmark set. For any pair of elements of £V () we will
look for a time-dependent velocity field of “minimal energy” (to be defined)
that deforms the first landmark set into the other; we shall consider velocity
fields in RKHS of the type described in this paper. This will result in the
formulation of a Riemannian distance in £V (Q2). Before proceeding, we first
review some some known results.

5.1. Ordinary differential equations and groups
of diffeomorphisms

We briefly summarize some facts on ordinary differential equations where
the time-dependent velocity fields take their values in RKHS of the type de-
scribed in this paper, and on the deformations that such dynamical systems
generate. The reader is referred to [69] for further details and results.
Consider a 1-admissible Hilbert space V < C}(Q,R%), where Q is an
open subset of R™; for now we shall not introduce further assumptions of
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invariance. We indicate with X7 := LP([0,1], V') the space of V-valued time-
dependent vector fields ¢ +— v(t,-) € V such that

lollag = / ot I dt)*

In particular, X‘Q, is a subset of X‘} and is Hilbert itself with the inner product
(u,v) xz = f01<u, v)ydt.

If Vs CL(Q,R?) then it is the case [69, §8.2] that for any v € A},
to € [0,1] and xg € Q the initial value problem 2z = v(t, z), z(t9) = xo has
a unique solution of the type z(t) = (¢, to, x), for t € [0,1]. We define the
function ¥ (z) := (t,s,x) and call it the flow associated to v; it has the
group property @Y, = @2 o oY, for all r,s,¢t € [0,1] and v € Xl In fact,
under the assumption that V — CZ(€Q, Rd) we have that for all v € XL and
s,t € [0,1] the map ¢ : Q — Q is a diffeomorphism of €.

If Ve C}(Q,R?), we denote with Gy := {¢}; : v € X}} the set of
diffeomorphisms provided by flows associated to elements of v € X‘l/ at
time 1. For any 1,12 € Gy we define

dv(r,n) = inf {Jlolly = v2=v1ogh }s

it was proven by A. Trouvé [69, Theorem 8.15] that the function dy is
a distance on Gy, and that (Gy,dy) is a complete metric space. For any
1,19 € Gy, their distance may in fact be computed as follows: dy (¢1,12) =
inf,exz {||v]lxz 2 = 91 0 g }; that is, the search of v may be restricted
to the set X‘z/ C X‘l/. The infimum attained in X‘%: more precisely, for all
Y1, P9 € Gy there exists a time-dependent vector field v € X‘Q/ such that
dv (¥1,%2) = [[v[lxx = ||[v|lx2, and it is such that [|v(¢,-)||v is constant with
respect to ¢ € [0,1]. See [69, Chapter 8] for details.

5.2. Interpolation of vector fields

Let V be a non-degenerate RKHS with kernel K : Q x Q — R¥? where
is an open subset of R™; for now we shall introduce no further assumption
of translation- and rotation-invariance, or differentiability, of the kernel. We
consider the following problem.

Interpolation Problem 1 (IP;). For any landmark set S = (z1,...,xN) €
LN(Q) and any N-tuple of vectors (B1,...,Bn) € (RHN, find a vector field
u €V such that
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u(xy) = Bq for 1 <a < N, and
lullv is minimal.

For this purpose, for a fixed S = (z1,...,2x5) € LY(Q) we define the
linear subspace of V:

Vs = {uEV‘u(xa):0foralla:1,...,N}.

Its orthogonal complement with respect to the inner product (-, )y is given
by the following result.

Lemma 5.1. If S = (z1,...,2n) € LY (), then V§ = span{K (-, z,) |
a=1,...,N, a € R},

Proof. We have that u € Vg if and only if
Zfzvzl g - u(Tq) = < Z(szzl K(-24)q, u>v =0

for all ay,...,ay € R% So Vg = span{K (-, z4)a | a=1,...,N, a € R4}+.
But {K(-,7.)a | a=1,...,N, a € R?} has finite dimension (and whence
it is closed), so the claim follows immediately. O

Proposition 5.2. Fiz S = (x1,...,2x) € LY(Q). For any u € V, there
evists a unique u, € Vg such that u.(z;) = u(x;) for alli =1,...,N; it is
given by the orthogonal projection of u onto VSL.

Proof. Let u, be the orthogonal projection of v onto VSJ‘; then v —u, € Vg,
i.e. u(zq) = us(wy) for a = 1,..., N. On the other hand, if u, € Vg is such
that u(x,) = ux(z,) for @ = 1,..., N, then it is the case that u — u, € Vg,
i.e. uy is the orthogonal projection of w onto VSJ-. O

Corollary 5.3. Let V be a RKHS. If a solution u to IPy exists, then u € Vsl.
If u € V§- 18 a solution to IPq restricted to Vsl, then it is a solution to IP;
on all of V.

Therefore if the solution to IP; exists then it must be in VSL, i.e. of the
form

N
(60) u() =Y K(,xp)a,

b=1

for some choice of vectors aq,...,ay € R? The squared norm of such

vector fields may be written as ||ul|} = fob:l g - K(xq,zp)p. Insert-

ing x1,...,xy in the above expression and imposing the conditions u(x,) =
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Ba,a=1,..., N, we see that we are looking for vectors as, ..., ay such that
N
(61) Ba:ZK(xa,xb)ab, a=1,...,N.
b=1
Introducing now the vectors in RV¢ and the matrix in RV?xNd
(62)
a 51 K($17x1) K(xluxQ) e K(fl}'l,.’ﬂ]\])
K(zg,21) K(x2,72) -+ K(x2,2N)
a=|:1|,8=|":] K@) := . . : . ;

N P K(zxy,z1) K(xn,22) -+ K(xn,zN)

we may rewrite (61) simply as 8 = K(z)a, while |Jul?, = o - K(z)a. Note
that the matrix K(z) is invertible (in fact if K(z)a = 0 for some a € R4
then a-K(x)a = 0; but o K () is the left-hand side of (3), so if V' is non-
degenerate we must have a = 0). Therefore the only solution to 3 = K(x)a
is a = K(z)~!3. In conclusion, there exists a unique solution to IP; when
this is restricted to Vg, which is the vector field (60) with a = K(z)™18.
By Corollary 5.3 this is the only solution to IP; (on all of V).

5.3. Landmark matching via diffeomorphisms, with differential
geometric interpretation

We will now formulate and provide a method for solving the more difficult
problem of matching landmark sets with flows of diffeomorphisms. For 2 C
R? open and connected, we introduce the further assumption that the non-
degenerate RKHS is 1-admissible, i.e. V < C}(Q, RY).

Interpolation Problem 2 (IP3). For any two sets I = (x1,...,xN) and
J = (y1,...,yn) in LY(Q), find a time-dependent vector field v € X2 such
that
0h(xa) =Yq for 1 <a < N, and
{ [v||x2 is minimal.

Forv € X%, S = (x1,...,zy) € LN(Q) and s,t € [0, 1], we let % (S) :=
(P4 (z1), ..., 9% (zN)), where @Y, is the flow associated to v. Since ¢?, is
a diffeomorphism we have ¢?(x,) # @Y (zp) for a # b, whence ¥ (S) €
LN (). We also introduce the subset of X2:

X3(9) = {v e XF|u(t,) € Vi (), forall t € [0,1]}.
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Theorem 5.4. Assume that V is a 1-admissible Hilbert space, and let S =
(z1,...,2n) € LY(Q). For anyv € X2 there exists a vector field v, € X2(S)
such that pg; (x,) = @8 (xq) for allt € [0,1] anda=1...,N, and it is such
that ||vs(t,)|lv < |lv(t,-)||v for all t €0, 1].

Proof. Fix v € X%, and for all ¢t € [0,1] let v.(Z,-) be the projection
of v(t,-) € V onto V;gt(s); by Corollary 5.3 it is in fact the vector field of min-
imal norm ||- ||y such that, foralla =1,..., N, v.(t, g (za)) = v(t, 0§, (xa))-
Therefore, by the uniqueness of solutions to ordinary differential equations
(discussed in §5.1), it must be the case that ¢g; (z4) = g, (2a), for all t €
[0,1] and @ = 1,..., N. This also implies that Vv (g) = Vs (g), therefore
Vu(t,-) € Voue (g for all t € [0,1], ie. v, € XZ(S). Also, by construction we
have that ||v.(¢,-)||lv < ||v(t,-)|lv for all ¢t € [0, 1]. O

Whence the solutions of the problem 1Py must be searched among the
vector fields of the form

(63) U<t7'> = ZK(be(t))ab(t)? te [07 1]7

b=1

for some set of functions ay, : [0,1] = R%, a = 1,..., N, where we have intro-
duced for simplicity the notation x4(t) := g, (zq), a = 1,..., N (the above
equation is precisely expression (1) in the introduction). Note therefore that
expression (63) for v is implicit, in that the trajectories z4, a = 1,..., N,
also depend on v. We can parametrize the search space X‘%(S’ ) of the solution
to IPy by the functions a4, a = 1,..., N. Similarly to what was done earlier,
for all ¢ € [0, 1] we introduce the vectors in RV and matrix in RVI*Nd,

aq (t) x1(t)
at)=| |, ®t)=] |,

(64) _Kg:cl(t),:nl(t)g Kgacl(t),xzv(t)g
cor K(zo(t), zn(t
K (z(t)) = ' 2(t), 2n ()

K (aen(®,a0(8) - K(ex(),an(0)

Note that since we assumed that V < C}(9,R?) is non-degenerate,
the matrix K(«(t)) is invertible for all ¢t € [0,1]. Note also that the norm
of the vector fields of the type (63) may be written as ||v(¢,-)|ly = a(t) -
K(x(t))a(t), by the reproducing property of K. Therefore the solutions
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to IP2 must be searched in the space XZ(S), whose elements have norm

that may also be parametrized by the functions ag, a = 1,..., N, as follows:
(65)
1 N 1
olZs = /0 ™ qalt) - K (walt), 2(8)) an(t) dt = /0 alt) - K(z(t)a(t) dt,
a,b=1
where, we remind the reader, z4(t) := ¢f,(24), fort € [0,1] anda=1,..., N.

Therefore, by definition, it must be the case that @,(t) = v(t,z4(t)); by
expression (63), we must have

Ea(t) =Y K(zalt),zp(t))on(t), t€[0,1], a=1,...,N,
b=1

or, with the compact notation introduced in (64), #(t) = K(x(t))a(t),
for t € [0, 1]. We conclude that the squared norm (65) of vector fields in X2
of the type (63) may be rewritten as:

(66) ol = /0 (1) K(@(t) () dt,

where z, : [0,1] = £Y(Q),and a = 1,..., N, are the trajectories determined
by the vector field v.

We note that the right-hand side of (66) may be interpreted in dif-
ferential geometric terms [36, 37] as the energy of a curve t — x(t) on
the Nd-dimensional manifold £V (Q) with respect to a Riemannian metric
(remember that Q C R?, as specified earlier). In the coordinates of the land-

mark points, which we indicate here generically as (¢!,...,¢") € LN(Q)
with ¢* = (¢*',...,¢*?) € R? for a = 1,..., N, the corresponding metric
tensor is written as the Nm x Nm matrix-valued function:
1
K(q;,qi) K(q;,fi) K(q;,qz)
K(¢*q') K(¢*,q%) K(q*q")
67 gla'g) =] ) R
K", q¢") K(V.¢* - K(¢,q¢V)

We now introduce notation from mechanics [3], namely ¢%(t) := x,(t) € RV?
and pu(t) == au(t) € RNY, with t € [0,1] and @« = 1,...,N, for land-
mark positions and momenta, respectively; also, we shall write q(t) := x(t)
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and p(t) = a(t), t € [0,1]. Whence &(t) = K(x(t))a(t) translates into

N

68) () =Y K(¢"(t), ") pe(t),  te[0,1], a=1,...,N,
b=1

which is nothing but the “sharp” isomorphism of differential geometry (rais-
ing of the indices) with respect to the metric tensor (67), that maps cotan-
gent vectors into tangent vectors (this justifies the upper location of the
indices in ¢*, a = 1,...,N). From the energy of the curve (66) we deduce
immediately the form of the Lagrangian function [3, 36] for landmarks, that
is L(q,q) = %q’ - g(q)d, and the Hamiltonian function which we may write
as:

N
— 1 -1 _ 1 a b
(69) H(p.q) =50 (9(0)) p=5 D pa K" d")ps
a,b=1
1 N d
=3 DD Kij(a",d")paivss,

ab=114,j=1

where we have explicitly written the components of the momenta p, =
(Pats---sPad); @ =1,..., N, and we have indicated with K;; the (i,5)"" el-
ement of the matrix-valued kernel K. We shall use (69) in the next section
to study the dynamics induced by the landmark matching problem.

Discussion. In light of the above, the landmark trajectories resulting from
vector fields v € X‘% that solve IPy will be length-minimizing geodesics in
LN (), with respect to the metric tensor (67), that connect the landmark
sets I = (z1,...,2y) and J = (y1,...,yn). Once such length-minimizing
geodesics ¢ : [0,1] — £N(Q) are known, the momenta are computed via the
inversion of the equations (68) (i.e. by p(t) = K(q(t))~14(t), t € [0,1]), while
the corresponding v € X2 is obtained via formula (63). We also have, by
the results summarized in §5.1, that the resulting geodesic distance between
the landmark sets I = (21,...,2x) and J = (y1,...,yn) in LV (Q) is equal
to dy (¢g;,1d), i.e. the distance in the group of diffeomorphisms Gy between
the ¢g; and the identity diffeomorphism.

Finally, we note that the shape of the geodesics in £V (Q) must clearly
depend on the initial choice of the Hilbert space V < C}(Q,RY), i.e. on its
kernel; some examples will be seen later. We refer the reader to [42] for a
study of the geometry (in particular, of the sectional curvature) of £V (R?)
equipped with the metric (67) in the case of scalar kernels, i.e. of the
form K (2,y) = k(& — yl|) L.
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5.4. Hamiltonian dynamics

In the previous section we derived the Hamiltonian induced by the matching
problem for landmark sets. We shall now develop Hamilton’s equations,
i.e. the geodesic equations in £V (£2) with respect to the metric tensor (67).
Also, we will consider the particular case of TRI kernels.

Proposition 5.5. Let V — C}(Q,RY), with Q@ C RY open and connected,
be a RKHS with kernel K. Hamilton’s equations for the manifold LN (R%)
equipped with the metric tensor (67) are given by:

N
(702) "= K(q“d") p
b=1
N d
(70b) Pai = — Z Z 01K k(0% 4°) Dajpun
b=1 j,k=1

fora=1,..., N andi=1,...,d.

As in section 4, 0, ;K in (70b) indicates the partial derivative of the
map (z1,...,%4,Y1,---,Yq) — K(x,y) with respect to the i-th component
(¢ =1,...,d) of the n-th variable (n = 1,2).

Proof. Computing ¢* = % yields the first equation immediately. Also:

%Kjk(qbl’ P )
= S0 (01K k(b 0°) 5 + a0 Kjn(db, ¢°) 5L7)
=300 (010K (", 4°) 656¢ + 9.0 K jii(°, ¢°) 656Y)
= 01K (a" 4°) O + D2, K ji(a", 4°) 0.

Since Kji(x,y) = Ki;(y, ) we also have 0z ; Kji(z,y) = 01, Ky;(y, x), thus

Pai = =28 = =5 3 pemt S (01 K(a%, ¢°) 85 +01 i Kij(4°, 4°) 65) Do ek
= —%ka:1( SN 0Kk (g%, 49 Pajper + > opy O1iKki (4% 4")Pyjpar)
=- ka:1 SN 01K (a4 PajPen

where, in the last step, we have simply relabeled the indices. O

We now assume that Q@ = R? and that the kernel of V is translation-
invariant, i.e. K (z,y) = k(x — %), for some function k : R? — R%*9, In this
case Hamilton’s equations obviously become:
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N
(71a) " = k(g —q¢")po
b=1
N
. ok
(71b) Pai = — Zpa : T(qa - qb) Db
b=1 i
witha=1,...,Nandi=1,...,d. In the translation- and rotation-invariant

case (TRI kernels) the equations take a form that is determined by differ-
entiating the general expression (10).

Proposition 5.6. Consider a Hilbert space V. < C3(R% RY) with a TRI
kernel. Then

xX; | L1
1) et = o Gl P + G el Pr )
= eia:T 1‘6T ZT;
Rl [ — 2 )]

fori=1,...,d, where k is given by (11).

Proof. We differentiate the generic matrix element (12) with respect to ;:

Ok
5k (1)
Zg
:ij,; - [l (=) — &+ (l=1D] + [ (=) =k~ ()] 52 ﬁx:ﬁ'SJrax k() 05k
dk TiT; T 2 51]1‘k+61k2?J 2$ix]‘$k ko-
= [ — G T el (P = ) b G o,

where d;; is Kronecker’s delta. We note that we have (e;2T) jk = xp0;; and
(zel) jk = T;0ii, SO we can rewrite the above in matrix form as follows:

ok z; rdkl
(@) = T2 ol - 2 ] 225
Oz; =] L dr HJJH2
~ e;x —i—a:e-T 2x; zxl dkt
+ e kel (e = S )+ (el o L
[z [EAINEAR H H
the proof is completed by using the the projection operators (8). O

Corollary 5.7. Under the assumptions of Proposition 5.6, if V is diver-
gence-free, i.e. if condition (35) also holds, the partial derivatives (72) be-
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Figure 9: Plots of the vector field v(z) = Y23 _ k(z—¢%)ay, for three different
kernels, with the same landmarks ¢* and momenta «a,, a =1, 2, 3.

come

ok T [d + 1 dkl

1
@) = 1[G g el el @) + Sl P (o)

1 dkl eix’ + zel
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Corollary 5.8. Under the assumptions of Proposition 5.6, if V' is curl-free,
i.e. if condition (38) also holds, the partial derivatives (72) become

ok T dkll dkt
5z @ = T | (G (el = 275 lel) ) Pul ()

dkt dk+ eixt + xel
- Prt - A Nt 2
+ B ol P @)] + 2 )

For any given choice of differentiable coefficients (k”,kL), the expres-
sion (72) can be inserted into (71b), and Hamilton’s equations may be
solved numerically to yield the landmark trajectories. Once these are known,
the time dependent velocity field (63) can be computed (with z, = ¢
and o, = pg); integrating numerically the differential equation Oy, (t,z) =
v(t, pg,(x)), with initial condition yfy(z) = z, yields the diffeomorphisms ¢f); .
This is shown in the next section for different choices of the TRI kernel k.

6. Numerical results
Figure 9 shows the vector field u(z) = 22:1 k(x — ¢*)ag, which is of the

type (63), with landmarks given by ¢' = (—1,0), ¢*> = (—1/2,1), ¢ = (1,0)
in £3(R?), and momenta oy = (1/v/2,1/v2), aa = (=2/v/5,1//5), a3z =
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(—2/v/5,—1//5) (so in this case ||aq|lr: = 1 for a = 1,2,3), but for three
different choices of the TRI kernel k. The first one is the Gaussian scalar
kernel k(z) = k(||z|)I2 where k(r) = exp(—3r?/o?), with 20% = 1, the
second one is the kernel (31) from Example 2, and the third one is the
kernel (30) from Example 1; in the last two cases, a = 2, b = 1, 20% = 1
and d = 2, so that the two kernels are, respectively, curl-free and divegence-
free. It should be apparent that given the completely different nature of
the kernels and the corresponding vector fields, so should be the landmark
trajectories obtained by integrating Hamilton’s equation (71a) and (71b) as
well as the corresponding diffeomorphisms of the ambient space. Here we
shall give examples of such trajectories and diffeomorphisms for the above
choices of the kernel.

6.1. Landmarks shooting

Figure 10 shows the landmark trajectories that result from shooting land-
marks, i.e. from solving Hamilton’s equations (71a) and (71b) as an ini-
tial value problem, namely with specified initial landmark sets in £2(R?)
and initial momenta. The grid in each graph represent the corresponding
diffeomorphism ¢f;, which is obtained from the landmark trajectories by
integrating numerically the differential equation Oppf,(t,x) = v(t, pg(z))
with initial condition ¢f,(z) = =, where v is given by equation (63). This is
done for the above three choices of Gaussian kernels (scalar, curl-free, and
divergence-free), with parameters 0> = 1/32, b = 0%, a = bo? and obvi-
ously d = 2 since we are working in two dimensions. Specifically, the first
column shows the numerical solution of the above problem when the initial
landmark set is (¢*,¢%) = ((0,0),(0,0.15)) and the momenta are parallel
and both oriented to the right, namely (p1,p2) = ((15,0), (15,0)).

The geodesics in the scalar case had already been examined in [42];
we note that their behavior in the curl-free case is qualitatively similar.
By Liouville’s Theorem [3] a time-dependent divergence-free vector field v
generates a flow ¢f, that preserves volume; such preservation shows clearly
for the diffeomorphism in the last figure on the right, which is distinctly
different from the previous two in the shape of the landmark geodesics as
well. On the other hand, the second column illustrates the geodesic curves
resulting from shooting landmarks in parallel but opposite directions: that is,
with initial configuration (¢!, ¢?) = ((—0.4, —0.125), (0.4,0.125)) and initial
momenta (pi,p2) = ((20,0),(—20,0)). Once again, we notice that volume
is preserved in the diffeomorphism induced by the divergence-free kernel,
the path followed by the landmarks in this case is also characteristically
different, in that in order to avoid compression the two landmarks do not
spiral but tend to steer away from each other.
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Figure 10: Landmark trajectories in £2(R?) for three different kernels (scalar,
curl-free, and div-free); bullets (o) and stars (x) are the initial and final
configurations, respectively, and the arrows are the initial momenta. The
grid illustrates the diffeomorphism g, of the ambient space. The length of
the bar at the bottom left of each graph shows the width v/2¢ of each kernel.

6.2. Exponential map for landmarks

Figure 11 shows exponential maps [36] exp,(t(0)) in £2(R?) for the above
choices of the Gaussian kernel (scalar, curl-free, and divergence-free); with

the same choice of parameters as in the landmark shooting examples. In
all three cases, the initial landmark positions are fixed at ¢ = (¢%,¢%) =



Matrix-valued kernels for shape deformation analysis 123

varying
initial momenta

I'y
% ,, ‘9‘ Z
& //;5,,,,,4,,,,'
& \ S
\\\ A

(N
||l\\\\\§ i\\\\\\
i

0%

N
N e
\ Sy

R
AN
NN
R
TR
AT

\ \
TR
ik ittt
\ N
VAT
IR
“‘“\\\\“ scalar
eSS

RO

divergence-free
kernel

kernel

Figure 11: Exponential maps exp,(tg(0)) in £*(R?) for scalar, curl-free,
and div-free Gaussian-type kernels; the initial landmark configuration ¢ =
(¢',¢?) is shown in the first graph. The black grids (bottom halves) and
red grids (top halves) illustrate the geodesic trajectories initiating from ¢
and ¢? respectively, for different choices of initial momenta (py, ps are chosen
symmetrically with respect to the horizontal axis), and sampled in t € [0, 1].

((0,—0.125), (0,0.125)), whereas the initial momenta are of the type p =
(p1,p2) = (50(cos @,sinf),50(cos 8, —sin@)) with 6 € [-F, F] (the first of
Hamilton’s equations (71a) relates the momenta p and the landmark ve-
locities), and the paramenter t is sampled in [0,1]. We observe that the
exponential maps for the Gaussian scalar and curl-free kernels are qualita-
tively similar, in that they have one “folding”: this illustrates the existence
of conjugate points, i.e. landmark sets in £2(R?) that are connected to the
initial configuration ¢ = (¢!, ¢®) by distinct geodesic paths. The situation be-
comes considerably more complex in the divergence-free kernel case, where
we observe multiple foldings: the exponential map keeps adding extra folds
as t increases, and the existence of several distinct trajectories connecting
landmark sets to the initial configuration is apparent.

Figure 12 shows a detail of the same exponential map in the region where
most foldings occur, and a single trajectory of landmarks in the divergence-
free case (with initial horizontal momenta, 8 = 0), at different spatial scales;
note that the latter trajectory exhibits an apparent “periodic” behavior. Our
interpretation of this phenomenon, that only appears in the divergence-free
case, is that for two landmarks to move in the same direction in an incom-
pressible fluid, they have to “swim” in such fashion so that the fluid gets out
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Figure 12: (A) Detail of the exponential map and (B) a landmark trajectory
in the divergence-free case.

of the way as they proceed along their paths. This qualitative behavior and
the related differential geometry of £V (R?), equipped with the metric (67)
for TRI kernels, should be investigated further. Regarding the computational
complexity for both the shooting trajectories and the exponential maps, the
running time for our code is just a few seconds on a Macbook Pro laptop
computer equipped with a 2.66 GHz Intel Core i7 processor.

6.3. Application to real data

Finally, Figure 13 shows the high-resolution deformation of a template for
planum temporale [55, 56, 57| to a target using the currents approach for
surface matching [28, 66] and using three different deformation kernels. The
first one is a scalar the Gaussian kernel k(z) = k(||z|), € R3, where k is
given by (17); the second one and third one are, respectively, the Gaussian-
type curl-free and divergence-free matrix-valued TRI kernels of Example 2
and Example 1, in three dimensions. The diameter of the planum temporale
template is 44mm, while the length parameter of the Gaussian kernels is o =
Tmm. The deformation is sampled and shown at four different times: t = 0
(no deformation), t = 1/3, ¢t = 2/3, and t = 1 (template matched to target).
A cubic grid is also shown to illustrate, for each kernel and at each sampled
time instant, the corresponding deformation of the ambient space.

The code was written in C++ and run on on a Macbook Pro laptop com-
puter equipped with a 2.66 GHz Intel Core i7 processor: each of the three
computations took approximately one and a half hours (it was about 25%
faster in the scalar case). The template surface has 854 vertices and 1,532
triangles, while the target surface has 662 vertices and 1,160 triangles: there-
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Figure 13: Deformation of a template (in purple) for planum temporale to a
target (in red) using three different Gaussian kernels: scalar (first column),
curl-free (second column), and divergence free (third column). The diameter
of the planum temporale template is 44mm, while the length parameter of the
Gaussian kernels is ¢ = Tmm. The deformation is sampled at four different
times along the geodesic flow: t =0, ¢t =1/3, t =2/3, and ¢t = 1, and each
sample is shown in the first, second, third, and fourth rows, respectively.
The deformed template is plotted in green in each figure. A cubic grid is
also shown to illustrate, for each type of kernel and at each time instant,
the corresponding deformation of the ambient space.
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fore we have 854 moving points, which is also the number of momentum vec-
tors. Thus, at each step of the energy minimization process we integrate a
system of 854 x 3 = 2,562 differential equations in order to evaluate the func-
tional and compute its gradient. Moreover, for the scalar kernel we coded
the matching algorithm in the CUDA language (Compute Unified Device
Architecture) for Nvidia graphics processing units, which allows developers
to access the parallel throughput architecture of such devices: the resulting
computational time for the matching in the scalar case was just around one
minute (as opposed to one and a half hours!). While we have not yet followed
the same procedure for the matrix-valued (curl-free and divergence-free) ker-
nels, we are confident that the computing time in these two instances would
be comparable to the scalar case.

Curl-free vs. divergence-free. Finally, we should note that we chose
the planum temporale just to demonstrate that data of this nature can be
handled in a computationally efficient manner with TRI kernels of the above
type. However, for specific applications certain kernels are more appropriate
than others. For example, as we recalled previously, by Liouville’s Theo-
rem [3] divergence-free vector fields produce volume-preserving diffeomor-
phisms, therefore divergence-free kernels are more suitable for applications
where the deformations involved are a priori known to preserve volume;
this is a property e.g. of the contractions of the muscular tissues of the
heart [9, 40]. On the other hand, curl-free kernels may be used for the lon-
gitudinal studies of deformations that are “purely” caused by the growth or
loss of matter; in neuroscience the former instance typically occurs during
the development of the brain, while the latter is either caused by aging or by
neurodegenerative diseases such as Alzheimer’s. Regarding the latter case,
we should mention a recent paper by Lorenzi et al. [39], where the authors
use the irrotational (curl-free) component of the deformation and the corre-
sponding potential to identify areas of maximal volume change in patients
affected by the disease, and quantify longitudinal atrophy in such regions.

7. Conclusions

In this paper we have provided a thorough and systematic study of matrix-
valued definite positive kernels that induce translation- and rotation-invari-
ant metrics in the corresponding Reproducing Kernel Hilbert Spaces. We
have conducted a novel analysis of such kernels in the Fourier domain: here
the classification of spaces of curl-free and divergence free vector fields is very
natural, in that each corresponds to one of the two coefficients of the Fourier
transform of the kernel being equal to zero. This allows one to perform the
Hodge decomposition in RKHS via the computation of Hankel transforms
(which may be done analytically or numerically). We have also devised a
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method for building curl-free and divergence-free kernels via an appropriate
differentiation of scalar kernels; we have also proven that this constructive
procedure is general, in that any TRI kernel (more precisely, the terms of
its Hodge decomposition) may be obtained this way. Such a method may
thus be used to design a large class of positive kernels. We have given a
summary of the application of the LDDMM approach to the interpolation
of vector fields and the matching of landmark points, together with the
differential geometric interpretation and the derivation of the corresponding
Hamiltonian. Finally, we have given numerical examples of the dynamics of
landmark points and the corresponding flow of diffeomorphisms for different
choices of TRI kernels, as well as the illustration of an application of such
kernels to the surface matching of planum temporale.

Future work should focus on the design of kernels that are appropriate
for different applications, especially in computational anatomy and related
fields. As mentioned in the previous section, divergence-free kernels are suit-
able for volume-preserving transformations, therefore such kernels should be
suitable for applications where shapes are known to deform in such manner
(for example, the muscular tissues of the human heart have this property).
On the other hand, curl-free kernels are more appropriate for the longitudinal
studies of deformations that are mostly due to the growth or loss of matter.
More in general, given a parameter-dependent family of kernels (where the
parameters may determine e.g. the size of the kernel, or the weights in a com-
bination of curl-free and divergence-free terms), for a specific application one
has the interest of determining, or learning, the parameters that are optimal
for a dataset of deformed anatomical shapes, i.e. those that best describe
the deformations. Developing a comprehensive collection of TRI kernels with
different properties, such as differing degrees of regularity at the origin and
varying rates of convergence to zero at infinity, would also be useful.

The shape of geodesics should be studied in relation to the choice of the
TRI kernel; in particular, note that all the kernels that we have considered in
the examples have a length constant (e.g. the parameter o > 0 for Gaussian-
and Bessel-type kernels), so that the induced dynamics in the space of land-
marks (and, for that matter, in the group of diffeomorphisms itself) is not
scale invariant; furthermore, the regularity of the kernels at zero and the
heaviness of their tails are significant in determining both the qualitative
dynamics and the complexity of numerical implementations. Last, but not
least, the visualization of the exponential map in the previous section (es-
pecially in the case of divergence-free TRI kernels) reveals the presence of
several conjugate points, i.e. landmark configurations that are connected by
distinct geodesics; the study of the dynamics of £V (R?) induced by the ac-
tion of diffeomorphism groups should be furthered, and the investigation of
the differential geometry of the space of landmarks that was started in [42]
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in the case of scalar kernels, which is useful for the goal of performing statis-
tics on such manifold (e.g. for determining the uniqueness of the Karcher
mean [54]), should be extended to the case of TRI kernels.
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Appendix A. Relevant properties of Hankel transforms
and Bessel functions

e Fourier-Bessel integral [20, Chapter 2] [52, Chapter 1]: this is also
known as Hankel’s integral formula, or the inversion formula for Hankel
transforms:

(73) /000 { /000 f(r) Ju(2mor) rdr}JH(meg) odo = /) t>0.

e Recurrence relations for Bessel functions of the 1st kind [1, §9.1.7]:

(74) Tea() 4 Ja(2) = 2 a2)
(75) Jom1(2) = Z0(2) = J(2)
(76) —Jy1(2) + gJu(z) = J,(2)

e A result on modified Bessel functions of the 2nd kind:

Lemma A.1. For fired 0 > 0 and arbitrary v the function f,(r) =
(LYK, (%), r >0, is such that:

s =——(5) K (L),

o

2Ly,

£ = 3 fulr) +

Proof. We have f)(r) = %(

)”_1K,,(§) + %(E)VKL(E), using the property
K} (z) = —Ky-1(2) — 2K, (2

of modified Bessel functions [1, §9.6.26] yields

Q=

~—
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the first of (77). Differentiating the latter gives

d 1/r ryv—1 r
" _ Gl _ (N (T r
v(r) dr{ 0(0) (0) V_l(cr>}
* 1 /r\v-1 T 1 /r\v T
LR S )
o2 \o o o2 \o o
where in (*) we have used the first of equations (77) with v — 1 instead
of v. At this point we use the property K, o(z) = K, (z) — 221K, _1(z) of

modified Bessel functions [1, §9.6.26], and elementary manipulations lead to
the second of equations (77). O

e Asymptotic expansion for large arguments of the modified Bessel
function K, [1, §9.7.2]:

(78)
T .. A—1 (A=DA=9) (A=1)(A—9)(A—25)
K”(Z>N\/;e [H 8 oz 31(82)°

valid for fixed v and |arg z| < %77; in the above expression, A\ = 412,
Appendix B. Bochner’s Theorem and consequences

We shall reformulate the generalized version of Bochner’s theorem as follows:

Bochner’s Theorem. Consider a matriz-valued functionk € L*(R™, R%*%)

whose Fourier transform k is also L', and let K(z,y) :=k(z—y), z,y € R™.
The following facts are equivalent:

i. K is a positive definite function;
ii. for all f € C°(R™,C%) it is the case that Jm F5(E) 1A<(§) f(&)d¢ >0;

iii. for all £ € R™, it is the case that E({) s a self-adjoint positive definite
matriz.

Proof. We have that k(z) = [, k(£)e2™ @4 d¢, 2 € R™ so we first note that
for fixed N € N, & = (z1,...,25) € (R™Y and o = (v, ..., an) € (RHN

we may write
(79) Z Oéa-k _mb /m fa:a fma(g)dg,

where fz o(§) := Zivzl e~ 2™%a8, We now proceed with the proof.
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(i.=ii.) Fix f € C°(R™,C%) and € > 0. By the continuity of integra-
tion, there exists A > 0 such that C'4 := [—A, A]"™ verifies me\CA ||E(§)||d§ <
€. We can choose A large enough such that suppf C Cy4. Consider now the
periodic extension of f in R™ and its Fourier series expansion:

fper Z f §— Ap Z cpe iif: §eR™,

peZ™ pEZ™

with ¢, ::/]R f(&)e* a5t de, p e z™

The above Fourier series converges uniformly, whence there exist M € N,
points p1,...,py € Z™ such that | f(§) — Zivzl exp(—2midy - §)a, [< € for
all £ € C4, where we have set o, := ¢, for a = 1,. M In other words,
there exist @ = (z1,...,z)) and a = (a, .. .,aM) such that

SUPgecr, {’f(f) - Zflvzl exp (—2miz, - {)aa|} <e.

Since ||f - fw,ozHC'A,OO < ¢ we have ||fper - fa:,a”oo <eg, whence ||fa:,a||oo <
| fperlloo +€ = || flloo + €. Now,

Rm

] / 1 () R(E) fr.a(€) dE f*<f>l?<§>f<s>df‘

<

/ £ &) R(E) fa(€) de ‘
R™\Cs

‘ / Foal K foa(@) de = [ FOKOSE)

~~

I

with

2 - 2
e [ RO ma@Rde<(slote) [ @ < (11 v)*
and

1© K(E)(faal&)— () dE

[ (el HO) RO fua(6) e ‘+

/waa QI1C3] [N ||d£+/ LF R f,(€) = ()] dE

<ellklz (I1flloo + ) + 1/ ool 21 <,
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where HEHL1 = Jam |E(§)||d§ Therefore it must be the case that
L+ I3 < (I flloo + )% + Ikl L (Il flloo + €)e + Ikl 2]l fllo e,
which concludes this part of the proof.

(ii. =iii.) The matrix E(g) is self-adjoint for all £ by the arbitrariness
of f € C®(R™,C%). Assume that for a & € R™ the matrix /12(50) has an
eigenvalue )y < 0, with eigenvector vy € C™. By the continuity of k there
exists a neighborhood Qg of & such that 'y(*jﬁ(f)yo < 01in Qo; let f(&) =
()0, & € R™, where ¢ € C°(R™,R), with supp C Qy. Then we must
have [p., rkfde = Ja, wQWSE'yO d¢ < 0, which is a contradiction.

(iii. =1.) If E(f) is self-adjoint with nonnegative eigenvalues for all £ €
R™ then the right-hand side of (79) is nonnegative for all  and a; whence
the function K (z,y) is positive definite. O

We now proceed with the proof of Proposition 3.13, that states that
translation- and rotation-invariant kernels k of the type (10) are strictly
positive definite as long as at least one of the two coefficients hll, At : RT —
R of the Fourier transform of k is positive somewhere.

Proof of Proposition 3.13. In the TRI kernel setting m = d. Note that for
any ® = (71,...,7x) € (R)Y and a = (ay,...,ay) € (RHY (where at
least one of the s is nonzero), and for any ¢ € R?, the vector fy o(£) € C™
introduced in the previous proof is neither parallel nor perpendicular to &.

First assume that there exists o > 0 such that hl(rg) > 0 or h*(rg) >
0. Choose & € R? such that ||&]|| = ro, and arbitrary & = (21,...,7N)
and a = (aq,...,ay). We shall write:

foal€o) = u +ug, with ul =Pt} foa(€) and uf = Prf foa(é);
by the remark above, we have u(‘)‘ # 0, ug # 0. It is immediate to verify that
I3, (60)Pry, fo.a(60) = llug]> > 0 and £ o(60)Prg, fr.a(éo) = lug | > 0,
o

while f;,a(é)Prgfm,a(f) > 0 and f;,a(f)Pré_ fz,a(§) > 0 for generic § € R<.

In conclusion

| Faal@K(© faal)de
= /R BIE]) £ 0 (E)PrL fr () + hL(HgH)f;,a(g)Prgfm,a(g)}dg >0,

and by (79) the kernel is strictly definite positive. Vice versa, by (79) if k
is strictly definite positive then the above strict inequality holds for all & =
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(z1,...,2x) € RHY and a = (aq,...,an) € (RY)N where at least one of
the ay’s is nonzero. Therefore either hll or At must be strictly positive
somewhere in (0, 00). This completes the proof. O

Appendix C. Proof of Proposition 3.9

Note that since f is symmetric so must be its Fourier transform, i.e. f({) =
f(=¢). We now prove that it is actually radially symmetric. Using polar
coordinates in R? [26] we can write, for any ¢ € R%:

(80) f&) = J(=0) = | fla)e’™tdw = /0 () /S LT ds

where we use the symbol S” for the unit n-sphere. Fix £, and let n be such
that H77H = ||€||; in other words n = R¢ for some R € O(d,R). We have that

f(77) = [*pdlg (1) fga_s €2™75ds dr, but

. . T —
eers Mds = 6271'7//‘8 RE ds = e27rz7"(R s)-€ ds = 6271'17’8 I3 dS/,
Sd—1 Sd—1 Sd—1 Sd—1

since |det R| = 1. Whence f(n) = f(£), ie. f(€) = G(||€])), for some func-
tion G : RT — R. Without loss of generality in (80) we can choose £ to be
parallel to the standard basis vector e;. Letting o = ||£]| and cosp = s - €1
we can write £ - s = pcos ¢ (note that ||s|| = 1 on S1). This yields:

e?mr s-€ ds = e?mgr COSP Jg
§d—1 §d—1

_ O_(Sd72) /ﬂ- e27rigrcosgo(sin (p)d72 d(p
0

1 3
(:*) O_(Sd—Q)/ e27rigru(1 _ UQ)% du

-1

1
(81) = 25(S%2) /O (1—u2)*5 cos(2moru) du,

where o(S™) = 27rnT+1/F("‘2"1) is the surface area of the unit n-sphere; in (%)
we have performed the substitution u = cosy. We now use the integral
representation of Bessel functions [1, §9.1.20]

J o 2(%”2)” ! 2\v—1 id f 1
W(2) = ) (1 —u®)""2cos(zu)du, valid for Rv > —3,

ViT(v+1) Jo
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to get

1 us T d—1
/ (1—u?)"7 cos(2moru) du = ﬁ—( Ja_1(2mor);
0

2(mor)a—t

inserting the above into (81) and the latter into (80) completes the proof.

1]
2]

3]

References

M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions.
Dover Publications, New York, 1964.

V. L. Arnold. Sur la géometrie différentielle des groupes de Lie de
dimension infinie et ses applications a I’hydrodynamique des fluides
parfaits. Annales de ’Institut Fourier, 16(1):319-361, 1966. MR0202082

V. 1. Arnold. Mathematical Methods of Classical Mechanics, volume 60
of Graduate Texts in Mathematics. Springer, New York, second edition,

1989. MR0997295

N. Aronszajn. La théorie des noyaux reproduisants et ses applications,
I. Mathematical Proceedings of the Cambridge Philosophical Society,
39(03):133-153, 1943. MR0008639

N. Aronszajn. Theory of reproducing kernels. Transactions of the
American Mathematical Society, 68(3):337-404, May 1950. MR0051437

M. F. Beg, M. I. Miller, A. Trouvé, and L. Younes. Computing large
deformation metric mappings via geodesic flows of diffeomorphisms.
Int. Journal on Computer Vision, 61(2):139-157, 2005.

S. Bergman. Functions satisfying certain partial differential equations
of elliptic type and their representation. Duke Mathematical Journal,
14:349-366, 1947. MR0022262

S. Bergman. The Kernel Function and Conformal Mapping. American
Mathematical Society, Providence, Rhode Island, second edition, 1950.
MR0038439

A. Bistoquet and J. Oshinski. Myocardial deformation recovery from
cine MRI using a nearly incompressible biventricular model. Medical
Image Analysis, 12(1):69-85, 2008.

S. Bochner. Monotone funktionen, stieltjessche integrale und har-
monische analyse.  Mathematische Annalen, 108(1):378-410, 1933.
MR1512856


http://www.ams.org/mathscinet-getitem?mr=0202082
http://www.ams.org/mathscinet-getitem?mr=0997295
http://www.ams.org/mathscinet-getitem?mr=0008639
http://www.ams.org/mathscinet-getitem?mr=0051437
http://www.ams.org/mathscinet-getitem?mr=0022262
http://www.ams.org/mathscinet-getitem?mr=0038439
http://www.ams.org/mathscinet-getitem?mr=1512856

134

[11]

[12]

[13]

[14]

[17]

[18]

[19]

Mario Micheli and Joan A. Glauneés

L. Bonaventura, A. Iske, and E. Miglio. Kernel-based vector field recon-

struction in computational fluid dynamic models. International Journal
for Numerical Methods in Fluids, 66(6):714-729, 2011. MR2839797

R. N. Bracewell. The Fourier Transform and its Applications. McGraw-
Hill, New York, third edition, 1999. MR0924577

P. Cachier and N. Ayache. Isotropic energies, filters and splines for vec-
tor field regularization. Journal of Mathematical Imaging and Vision,
20(3):251-265, 2004. MR2060147

Y. Cao, M. 1. Miller, S. Mori, R. L. Winslow, and L. Younes. Dif-
feomorphic matching of diffusion tensor images. In Proc. of the IEEE
Conf. on Computer Vision and Pattern Recognition (CVPR ’06), New
York, June 2006.

Y. Cao, M. I. Miller, R. L. Winslow, and L. Younes. Large deformation
diffeomorphic metric mapping of vector fields. IEEE Transactions on
Medical Imaging, 24(9):1216-1230, 2005.

C. Carmeli, E. De Vito, A. Toigo, and V. Umanita. Vector-valued
Reproducing Kernel Hilbert Spaces and Universality. Analysis and Ap-
plications, 08(01):19, 2010.

A. J. Chorin and J. E. Marsden. A Mathematical Introduction to Fluid
Mechanics. Springer-Verlag, New York, 1993. MR1218879

G. Christensen, R. Rabbitt, and M. Miller. Deformable templates using
large deformation kinematics. Image Processing, IEEE Transactions
on, 5(10):1435-1447, 1996.

E. De Vito, V. Umanita, and S. Villa. An extension of Mercer theo-
rem to matrix-valued measurable kernels. Applied and Computational
Harmonic Analysis, 34(3):339-351, May 2013. MR3027907

V. A. Ditkin and A. P. Prudnikov. Integral Transforms and Operational
Calculus, volume 78 of International Series of Monographs in Pure and
Applied Mathematics. Pergamon Press, Oxford, 1965. MR0196422

F. Dodu and C. Rabut. Irrotational or divergence-free interpolation.
Numerische Mathematik, 98(3):477-498, 2004. MR2088924

P. Dupuis, U. Grenander, and M. I. Miller. Variational problems on
flows of diffeomorphisms for image matching. Quarterly of Applied
Mathematics, 56(3):587-600, Sept. 1998. MR 1632326

A. Erdélyi. Tables of Integral Transforms, volume 2. McGraw Hill, Jan.
1954.


http://www.ams.org/mathscinet-getitem?mr=2839797
http://www.ams.org/mathscinet-getitem?mr=0924577
http://www.ams.org/mathscinet-getitem?mr=2060147
http://www.ams.org/mathscinet-getitem?mr=1218879
http://www.ams.org/mathscinet-getitem?mr=3027907
http://www.ams.org/mathscinet-getitem?mr=0196422
http://www.ams.org/mathscinet-getitem?mr=2088924
http://www.ams.org/mathscinet-getitem?mr=1632326

[24]

[25]

[30]

[31]

[32]

Matrix-valued kernels for shape deformation analysis 135

L. C. Evans. Partial Differential Equations, volume 19 of Graduate
Studies in Mathematics. American Mathematical Society, Providence,
Rhode Island, 1998. MR1625845

P. T. Fletcher, S. Venkatasubramanian, and S. Joshi. The geometric
median on Riemannian manifolds with application to robust atlas esti-
mation. Neurolmage, 45:5143-152, Mar. 2009.

G. B. Folland. Real Analysis: Modern Techniques and Their Applica-
tions. John Wiley & Sons, second edition, 1999. MR 1681462

J. A. Glaunes. Transport par difféomorphismes de points, de mesures
et de courants pour la comparaison de formes et I’anatomie numérique.
PhD thesis, Université Paris 13, France, Sept. 2005.

J. A. Glaunes and S. Joshi. Template estimation from unlabeled point
set data and surfaces for computational anatomy. In X. Pennec and
S. Joshi, editors, Proc. of the International Workshop on the Mathe-
matical Foundations of Computational Anatomy (MFCA), pages 29-39,
October 2006.

J. A. Glaunes, A. Qiu, M. I. Miller, and L. Younes. Large deformation
diffeomorphic metric curve mapping. International Journal of Com-
puter Vision, 80(3):317-336, Dec. 2008.

J. A. Glaunes, M. Vaillant, and M. 1. Miller. Landmark matching via
large deformation diffeomorphisms on the sphere. Journal of Mathe-
matical Imaging and Vision, 20:170-200, 2004. MR2049789

U. Grenander and M. I. Miller. Computational anatomy: an emerg-
ing discipline. Quarterly of Applied Mathematics, 56(3):617-694, Sept.
1998. MR 1668732

M. Hein and O. Bousquet. Kernels, associated structures and gener-
alizations. Technical Report 127, Max Planck Institute for Biological
Cybernetics, 2004.

K. Ito, editor. Encyclopedic Dictionary of Mathematics. MIT Press,
Cambridge, Massachusetts, USA, second edition, 1993. Prepared by
the Mathematical Society of Japan.

K. Jénich. Vector Analysis. Undergraduate Texts in Mathematics.
Springer-Verlag, New York, 2001. MR1811820

S. C. Joshi and M. I. Miller. Landmark matching via large deformation
diffeomorphisms. IEEE Transactions on Image Processing, 9(8):1357—
1370, Aug. 2000. MR1808275


http://www.ams.org/mathscinet-getitem?mr=1625845
http://www.ams.org/mathscinet-getitem?mr=1681462
http://www.ams.org/mathscinet-getitem?mr=2049789
http://www.ams.org/mathscinet-getitem?mr=1668732
http://www.ams.org/mathscinet-getitem?mr=1811820
http://www.ams.org/mathscinet-getitem?mr=1808275

136
[36]

[37]

[38]

[39]

[41]

[42]

[44]

[45]

[46]

Mario Micheli and Joan A. Glauneés

J. Jost. Riemannian Geometry and Geometric Analysis. Springer-
Verlag, New York, third edition, 2002. MR1871261

J. M. Lee. Riemannian Manifolds: an Introduction to Curvature, vol-
ume 176 of Graduate Texts in Mathematics. Springer, New York, 1997.
MR1468735

J. M. Lee. Introduction to Smooth Manifolds, volume 218 of Graduate
Texts in Mathematics. Springer, New York, 2003. MR1930091

M. Lorenzi, N. Ayache, and X. Pennec. Regional flux analy-
sis of longitudinal atrophy in alzheimer’s disease. In N. Ayache,
H. Delingette, P. Golland, and K. Mori, editors, Medical Image
Computing and Computer-Assisted Intervention (MICCAI), volume
7510 of Lecture Notes in Computer Science, pages 739-746. Springer,
Jan. 2012.

T. Mansi, X. Pennec, M. Sermesant, H. Delingette, and N. Ayache.
iLogDemons: a Demons-based registration algorithm for tracking in-

compressible elastic biological tissues. International Journal of Com-
puter Vision, 92(1):92-111, Mar. 2011.

C. A. Micchelli and M. Pontil. On learning vector-valued functions.
Neural Computation, 17(1):177-204, Jan. 2005. MR2175914

M. Micheli, P. W. Michor, and D. Mumford. Sectional curvature in
terms of the cometric, with applications to the Riemannian manifolds
of landmarks. SIAM Journal on Imaging Sciences, 5(1):394-433, 2012.
MR2902666

M. Micheli, P. W. Michor, and D. Mumford. Sobolev metrics on diffeo-
morphism groups and the derived geometry on spaces of submanifolds.
Izvestiya of the Russian Academy of Sciences, Math. Series, 77(3):109—
138, 2013. MR3098790

P. W. Michor and D. Mumford. Riemannian geometries on spaces of
plane curves. Journal of the European Mathematical Society, 8:1-48,
2006. MR2201275

P. W. Michor and D. Mumford. An overview of the Riemannian met-
rics on spaces of curves using the Hamiltonian approach. Applied and
Computational Harmonic Analysis, 23:74-113, 2007. MR2333829

M. I. Miller, A. Trouvé, and L. Younes. On the metrics and Euler-
Lagrange equations of computational anatomy. Annual Review of
Biomedical Engineering, 4:375-405, 2002.


http://www.ams.org/mathscinet-getitem?mr=1871261
http://www.ams.org/mathscinet-getitem?mr=1468735
http://www.ams.org/mathscinet-getitem?mr=1930091
http://www.ams.org/mathscinet-getitem?mr=2175914
http://www.ams.org/mathscinet-getitem?mr=2902666
http://www.ams.org/mathscinet-getitem?mr=3098790
http://www.ams.org/mathscinet-getitem?mr=2201275
http://www.ams.org/mathscinet-getitem?mr=2333829

[47]

(48]

[56]

[58]

Matrix-valued kernels for shape deformation analysis 137

M. I. Miller and L. Younes. Group actions, homeomorphisms, and
matching: a general framework. International Journal of Computer
Vision, 41(1/2):61-84, 2001.

D. Mumford. The geometry and curvature of shape spaces. In
U. Zannier, editor, Colloquium De Giorgi 2009, volume 3 of Collo-
quia of the Scuola Normale Superiore di Pisa, pages 43-53. Springer,
Jan. 2012.

D. Mumford and A. Desolneux. Pattern Theory: The Stochastic Anal-
ysis of Real-World Signals. CRC Press, 2010. MR2723182

D. Mumford and P. W. Michor. On Euler’s equation and ‘EPDiff’.
Journal of Geometric Mechanics, 5(3):319-344, September 2013.
MR3110104

K. P. Murphy. Machine Learning: A Probabilistic Perspective. MIT
Press, Cambridge, Mass., 2012.

F. Oberhettinger. Tables of Bessel Transforms. Springer-Verlag, New
York, 1972. MR0352888

A. Papoulis. Systems and Transforms with Applications in Optics.
McGraw-Hill, New York, 1968.

X. Pennec. Probabilities and Statistics on Riemannian Manifolds: a Ge-
ometric Approach. Research Report 5093, INRIA, January 2004.

A. Qiu, M. Vaillant, P. Barta, J. T. Ratnanather, and M. I. Miller.
Region-of-interest-based analysis with application of cortical thickness
variation of left planum temporale in schizophrenia and psychotic bipo-
lar disorder. Human Brain Mapping, 29(8):973-985, Aug. 2008.

J. T. Ratnanather, P. E. Barta, N. A. Honeycutt, N. Lee, H. M. Mor-
ris, A. C. Dziorny, M. K. Hurdal, G. D. Pearlson, and M. I. Miller.
Dynamic programming generation of boundaries of local coordinatized
submanifolds in the neocortex: application to the planum temporale.
Neurolmage, 20:359-377, Sept. 2003.

J. T. Ratnanather, C. B. Poynton, D. V. Pisano, B. Crocker, E. Postell,
S. Cebron, E. Ceyhan, N. A. Honeycutt, P. B. Mahon, and P. E. Barta.
Morphometry of superior temporal gyrus and planum temporale in
schizophrenia and psychotic bipolar disorder. Schizophrenia Research,
150:476-483, Nov. 2013.

W. Rudin. Principles of Mathematical Analysis. McGraw-Hill, 3rd
edition, Jan. 1976. MR0385023


http://www.ams.org/mathscinet-getitem?mr=2723182
http://www.ams.org/mathscinet-getitem?mr=3110104
http://www.ams.org/mathscinet-getitem?mr=0352888
http://www.ams.org/mathscinet-getitem?mr=0385023

138
[59]

[60]

[63]
[64]

[65]

Mario Micheli and Joan A. Glauneés

1. J. Schoenberg. Metric spaces and completely monotone functions.
The Annals of Mathematics, 39(4):811-841, Oct. 1938. MR1503439

1. J. Schoenberg. Metric spaces and positive definite functions. Transac-
tions of the American Mathematical Society, 44(3):522-536, Nov. 1938.
MR1501980

B. Scholkopf and A. J. Smola. Learning with Kernels: Support Vec-
tor Machines, Regularization, Optimization, and Beyond. MIT Press,
Cambridge, MA, USA, 2001.

L. Schwartz. Sous-espaces hilbertiens d’espaces vectoriels topologiques
et noyaux associés (noyaux reproduisants). Journal d’Analyse
Mathématique, 13(1):115-256, 1964. MR0179587

I. N. Sneddon. Fourier Transforms. McGraw-Hill, New York, 1951.
MR0041963

E. M. Stein and G. Weiss. Introduction to Fourier Analysis on Fuclidean
Spaces. Princeton University Press, Nov. 1971. MR0304972

A. Trouvé. Infinite Dimensional Group Action and Pattern Recognition.

Technical report, DMI, Ecole Nationale Supérieure, Paris, May 1995.
MR1360567

M. Vaillant and J. A. Glauneés. Surface matching via currents. In
G. Christensen and M. Sonka, editors, Information Processing in Medi-
cal Imaging (IPMI), volume 3565 of Lecture Notes in Computer Science,
pages 1-5. Springer, 2005.

G. Wahba. Spline Models for Observational Data, volume 59 of CBMS-
NSF Regional Conference Series in Applied Mathematics. STAM,
Philadelphia, PA, 1990. MR1045442

L. Younes. Jacobi fields in groups of diffeomorphisms and applications.
Quarterly of Applied Mathematics, 65(1):113-134, 2007. MR2313151

L. Younes. Shapes and Diffeomorphisms, volume 171 of Applied Math-
ematical Sciences. Springer, 2010. MR2656312

L. Younes, P. W. Michor, J. Shah, and D. Mumford. A metric on
shape space with explicit geodesics. Rendiconti Lincer — Matematica e
Applicazioni, 9:25-57, 2008. MR2383560

S. Zhang, L. Younes, J. Zweck, and J. T. Ratnanather. Diffeomorphic
surface flows: A novel method of surface evolution. SIAM Journal on
Applied Mathematics, 68(3):806-824, Jan. 2008. MR2375296


http://www.ams.org/mathscinet-getitem?mr=1503439
http://www.ams.org/mathscinet-getitem?mr=1501980
http://www.ams.org/mathscinet-getitem?mr=0179587
http://www.ams.org/mathscinet-getitem?mr=0041963
http://www.ams.org/mathscinet-getitem?mr=0304972
http://www.ams.org/mathscinet-getitem?mr=1360567
http://www.ams.org/mathscinet-getitem?mr=1045442
http://www.ams.org/mathscinet-getitem?mr=2313151
http://www.ams.org/mathscinet-getitem?mr=2656312
http://www.ams.org/mathscinet-getitem?mr=2383560
http://www.ams.org/mathscinet-getitem?mr=2375296

Matrix-valued kernels for shape deformation analysis

MARIO MICHELI

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF WASHINGTON
Box 354350

SEATTLE, WA 98195

USA

E-mail address: micheli@uw.edu

JoAN A. GLAUNES

LABORATOIRE MAP5H

UNIVERSITE PARIS DESCARTES AND CNRS

SORBONNE PaARIS CITE

45 RUE DES SAINTS-PERES

75006 PARIS

FRANCE

E-mail address: alexis.glaunes@mi.parisdescartes.fr

RECEIVED Aucust 30, 2013

139


mailto:micheli@uw.edu
mailto:alexis.glaunes@mi.parisdescartes.fr

	Introduction
	RKHS of vector-valued functions
	Translation- and rotation-invariant metrics in RKHS
	TRI kernels
	Characterization of TRI kernels
	Inversion formulae
	Divergence-free and curl-free kernels

	Construction of matrix-valued kernels from scalar kernels
	Curl-free component
	Divergence-free component*4pt

	Application: matching of landmark points
	ODEs and groups of diffeomorphisms
	Interpolation of vector fields
	Landmark matching via diffeomorphisms,with differential geometric interpretation
	Hamiltonian dynamics

	Numerical results
	Landmarks shooting
	Exponential map for landmarks
	Application to real data

	Conclusions
	Acknowledgements
	Relevant properties of Hankel transforms and Bessel functions
	Bochner's Theorem and consequences
	Proof of Proposition 3.9
	References

