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The main purpose of this paper is providing a systematic study
and classification of non-scalar positive definite kernels for Repro-
ducing Kernel Hilbert Spaces (RKHS), to be used in the analysis
of deformations in shape spaces endowed with metrics induced by
the action of groups of diffeomorphisms. After providing an in-
troduction to matrix-valued kernels and their relevant differential
properties, we explore extensively those, that we call TRI kernels,
that induce a metric on the corresponding Hilbert spaces of vector
fields that is both translation- and rotation-invariant. These are an-
alyzed in a very effective manner in the Fourier domain, where the
characterization of RKHS of curl-free and divergence-free vector
fields is particularly natural. A technique for constructing generic
matrix-valued kernels from scalar kernels is also developed. The
exposition of the theory is supported by several examples. We also
provide numerical results that show the dynamics induced by dif-
ferent choices of TRI kernels on the manifold of labeled landmark
points, and illustrate one application in computational anatomy.
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1. Introduction

Recent years have seen the rapid development of acquisition techniques for
medical data, such as magnetic resonance imaging, that allow the identifica-
tion and very detailed visualization of anatomical structures in vivo and the
quantitative description of their shape. The key challenge for researchers is
to devise statistical methods that assess normal and abnormal variations of
such shapes across subjects, with the goal of gaining understanding of several
pathologies and ultimately providing practitioners with shape-based diag-
nostic tools. The problems of comparing geometrical objects of the same
nature, establishing correspondences that are anatomically justified, and
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quantifying deformation (i.e. computing distances between shapes, so to be
able to perform, for example, shape classification) are central in addressing
the above issues. The emerging discipline of computational anatomy thus
lies at the interface of geometry, imaging science, statistics, and numerical
analysis.

The group action approach. It was Ulf Grenander [31] that intro-
duced the notion of group action in this field. The main idea is to compare
anatomical objects through the estimation and the analysis of a deformation
of their entire space where such objects are located. The theoretical model
thus consists in defining (i) the mathematical space of the observed ob-
jects (e.g. the images, surfaces, curves, point sets—in one word, the shapes),
(ii) an appropriate group of transformations, and (iii) a group action on
the objects. This approach stems from the observation that the visual com-
parison of medical images coming from different individuals suggests the
existence of an underlying deformation of the ambient space.

The formulation of precise registration algorithms requires rigorous math-
ematical modeling of the deformations of such space. Rigid or affine trans-
formations alone are insufficient to describe the complexity of the observed
deformations, and it is in fact appropriate to consider functional spaces of
infinite dimension. In the diffeomorphic approach introduced in [18, 22] the
transformations are obtained by the temporal integration of a family of vec-
tor fields—this was partly inspired by Vladimir Arnold’s seminal paper [2],
in which he proved that incompressible fluid dynamics can be characterized
as geodesic flow in the group of volume preserving diffeomorphisms, with
respect to the kinetic energy metric (i.e. the L2 norm of the fluid velocity).
A rigorous mathematical foundation for this new model and the construc-
tion of invariant metrics for the groups of diffeomorphisms was established
by Alain Trouvé [65]: in this approach one chooses a Hilbert space V of
vector fields whose norm ‖·‖V defines the cost of infinitesimal deformations,
and time-dependent diffeomorphisms ϕt : Ω → Ω, with Ω ⊆ Rd, are ob-
tained by the integration of a family of vector fields v(t, ·) : Ω → Rd in V ,
t ∈ [0, 1], via the differential equation ∂tϕt(x) = v(t, ϕt(x)), with ϕ0(x) = x.
Given two shapes (geometric objects or images), among all diffeomorphisms
of such type that perform the registration, the one that is generated by a

time-dependent vector field that minimizes the kinetic energy
∫ 1
0 ‖v(t, ·)‖2V dt

is chosen, and the square root of the minimal energy is in fact a distance
between the two shapes.

There are several advantages to this group action-based approach. First
of all, it fits into the shape space idea which views shapes as points in a
infinite dimensional curved manifold, and the estimated deformations, when
restricted to the shapes themselves, correspond to geodesics in this shape
space. Therefore the method generates smooth transitions between shapes
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which are in fact all plausible shapes of the considered population, at least
from a geometrical point of view. This also enables one to employ mathe-
matical notions and algorithms provided by Riemannian geometry [36, 37],
such as Fréchet means or medians [25] or parallel translation [68]. Secondly,
the generated diffeomorphisms can be applied to any geometrical structure
in the ambient space. Whence one may estimate a deformation induced by
a particular anatomical structure, for instance the cortical surface of the
brain, and then apply this deformation to inner brain structures. Thirdly,
the group action-based approach gives a unified framework for shape analysis
based on various geometrical objects: deformations estimated from the raw
images, or from segmented anatomical structures such as landmarks points
or surfaces, all belong to the same space and can be compared; moreover,
deformations may be estimated from combinations of such different struc-
tures. This is of course of primary importance for statistical purposes, as it
allows one to detach the deformation analysis from the particular modality
which was used to estimate the deformations.

This framework, often referred to as Large Deformation Diffeomorphic
Metric Mapping (LDDMM), has received considerable interest and is now
popular in the fields of computational anatomy, morphometry, and shape
analysis. The method may be applied for performing registration and com-
puting distances in different kinds of “shape spaces”, such as the manifolds
curves [29, 45], surfaces [71], images [6, 46, 47], vector fields [15], diffusion
tensor images [14], measures [27], currents [28, 66], and labeled landmark
points [30, 35, 42, 47]. We should note that in this context the formula-
tion of the registration problem requires the vector fields to be L1 or L2

in the time parameter t ; these and other notions, that deviate from the
classical theory of dynamical systems, have been expanded in a book by
L. Younes [69].

David Mumford, to whom this work is dedicated, and his collaborators
have given considerable contributions to the understanding of the differen-
tial geometry of shape spaces endowed with a Riemannian metric, including
several instances of metrics induced by the group action of diffeomorphisms.
The knowledge of such geometry (and in particular, of curvature) is fun-
damental as it allows one to infer, for example, about the uniqueness of
geodesics between shapes, the existence of conjugate points, and the well-
posedness of the problem of computing the intrinsic (or Karcher’s) mean [54]
of a database of shapes. See, for example, the papers [42, 43, 44, 45, 48, 70]
and references therein.

Reproducing Kernel Hilbert Spaces. In LDDMM the Hilbert space
of vector fields V has a reproducing kernel, whose choice uniquely deter-
mines the model in use and the properties of the deformation maps; more-
over, from a computational point of view, the most demanding operations
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in registration algorithms usually consist in convolutions of data points with
these kernels or their derivatives. For example, when dealing with the shape
manifold LN (Rd) of N labeled landmarks in Rd (typically, d = 2 or 3),
the registration constraints are described in terms of the displacements of
such points. The mathematical object of interest is the reproducing ker-
nel K : Rd × Rd → Rd×d of the space V of deformation fields. One can in
fact show that the vector fields that minimize the kinetic energy for such reg-
istration constraints are sums of spline functions centered on the landmark
trajectories xa(t), a = 1, . . . , N , t ∈ [0, 1], i.e.

(1) v(t, x) =

N∑
a=1

K
(
x, xa(t)

)
αa(t), x ∈ R

d, t ∈ [0, 1],

and that the associated cost of the infinitesimal deformation for vector fields
of this type (i.e. their norm in the Hilbert space V ) is also expressed in terms
of the reproducing kernel, as follows:

‖v(t, ·)‖2V =

N∑
a,b=1

αa(t) ·K
(
xa(t), xb(t)

)
αb(t), t ∈ [0, 1];

the vectors αa : [0, 1] → Rd, a = 1, . . . , N , are called momenta, in analogy
with analytical mechanics [3], and they completely parametrize the search
space of an optimal (i.e. energy-minimizing) solution.

In this framework it is therefore natural to consider the kernel as the
starting point for modeling the linear deformation space V and the group
of diffeomorphisms that it generates. The theory of Reproducing Kernel
Hilbert Spaces (RKHS) was developed starting in the 1940s, mostly by Aron-
szajn [4, 5] and Schwartz [62], who built on previous studies by Bergman [7,
8], Bochner [10], Schoenberg [59, 60], and others. Such a theory is mostly
used in complex and functional analysis, and in more recent years it has
found numerous applications and developments in statistics and machine
learning [51, 61]. Reproducing kernels are also used as spline functions for
performing data interpolation [67]; their interest in this framework stems
from the fact that functions expressed in terms of kernels solve the min-
imal norm interpolation problem in the corresponding Hilbert space. Ker-
nels are also commonly used to interpolate data with values in the Euclidean
space Rd (mostly with d = 2 or 3), such as vector fields in fluid dynamics (see
[11] and references therein).

The kernels that are most commonly used in applications are either
scalar-valued functions or (in the case of RKHS of Rd-valued functions)
they are given by a scalar-valued function multiplied by the d × d identity
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matrix Id. However, employing kernels that are truly non-scalar allows one
to obtain desirable properties of the vector fields that are not achievable
otherwise. To our knowledge a systematic study and classification of such
kernels have not yet taken place. Here we focus our attention on kernels
that induce translation- and rotation-invariant norms in the corresponding
RKHS, since this a common requirement for the interpolation of geometric
data. We shall examine in detail the ties between the properties of the ker-
nels and the corresponding deformation spaces, with the goal of providing a
large class of kernels that may be used to perform shape analysis. In particu-
lar, matrix-valued kernels that induce divergence-free vector fields are desir-
able in analyzing volume-preserving transformations, and those that induce
divergence-free vector fields can be used for deformations that are caused
by the pure growth or loss of mass. However, curl-free and divergence-free
vector fields are only achievable with non-scalar reproducing kernels.

Additional related work. As we said, it was Laurent Schwartz in his
seminal work [62] that built the foundations of the theory of (non-scalar)
reproducing kernels. Much more recently, Carmeli et al. [16] derived regu-
larity results of vector-valued RKHS and analyzed some of their properties
from the point of view of the machine learning community. De Vito et al. [19]
extend Mercer’s theorem to matrix-valued measurable kernels, whereas Mic-
chelli and Pontil [41] use such kernels for learning vector-valued functions.
Cachier and Ayache [13] consider a class of matrix-valued kernels that gener-
alize thin-plate splines for the interpolation of dense and sparse vector fields,
for the purposes of image registration. The work by Dodu and Rabut [21] is
related to ours in that it introduces a class of irrotational and divergence-
free kernels that minimize Beppo Levi-type seminorms, for the interpolation
of vector fields in two and three dimensions; our study is restricted to the
case of positive definite kernels but is more general in that it characterizes
the entire class of kernels that induce translation- and rotation-invariant
norms. Last, but not least, we should certainly mention a very recent paper
by Mumford and Michor [50], where they study an approximation to Euler’s
equation with EPDiff, i.e. the geodesic equation in the group of diffeomor-
phisms [49], by choosing kernels that are Green’s functions of a specific class
of differential operators. The latter depend on two positive parameters, and
their limit behavior yields precisely Euler’s equation for fluid flow; such ker-
nels, as well as their limit cases, fall within our study.

Paper organization. In section 2 we introduce notation and definitions
for Reproducing Kernel Hilbert Spaces of vector-valued functions, state and
prove existence and uniqueness theorems for such spaces, and investigate
relevant differential properties of the corresponding matrix-valued kernels.
Section 3 explores the characterization of what we call TRI kernels , i.e. those
that induce a translation- and rotation-invariant metric on the corresponding
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RKHS. This is also performed in the Fourier domain, and constitutes the core
of the present contribution: in fact, it turns out that the characterization of
kernels Hilbert spaces of curl-free or divergence-free vector fields is described
in a more natural manner in the Fourier domain than it is in the spatial
domain. Section 4 details methods for building TRI kernels from the more
commonly used scalar kernels, which is of course crucial for applications; in
fact we also show that all matrix-valued kernels may be obtained with such
constructive procedures. Section 5 develops the equations of the dynamics
induced by the LDDMM approach on the manifold of landmark points, such
as equation (1) introduced eariler. In section 6 we illustrate numerical results
for both landmarks and anatomical surfaces, comparing results for different
choices of TRI kernels. We summarize conclusions and describe directions
of potential future research developments of our research in section 7.

We would like to point out that the length of our paper is justified by
our desire to make it self-contained, exhaustive, and accessible to the largest
possible audience—in the hope to attract more researchers (mathematicians,
engineers, statisticians, computer scientists) to this interdisciplinary field.

2. Reproducing Kernel Hilbert Spaces of vector-valued
functions

The theory of Reproducing Kernel Hilbert Spaces of scalar-valued func-
tions [4, 5, 67] may be extended to vector-valued functions [16, 32, 62] and
has recently been adapted to the study of deformation [69]. Here we provide
notions and extensions of results that are relevant precisely for this purpose.

Notation. If S is a subset of a vector space then span(S) denotes the set
of finite linear combinations of elements of S. If (X, ‖ · ‖X), (Y, ‖ · ‖Y ) are
two normed spaces with X continuously embedded in Y (i.e. X ⊆ Y and
there there is a constant C > 0 such that ‖x‖Y ≤ C‖x‖X for all x ∈ X) we
write X ↪→ Y . If (H, 〈·, ·〉H) is an inner product space and U is a subspace
of H we indicate its orthogonal complement with U⊥. If H is a Hilbert space
its dual space is written as H∗; if a sequence {un} in H converges weakly
to some u ∈ H, i.e. 〈un − u, h〉H → 0 for all h ∈ H, we write un ⇀ u in H.
The dot product of two vectors a, b ∈ Rd is denoted with 〈a, b〉Rd or a · b.
Vectors in Rd are normally treated as column vectors, and T indicates the
transpose of a vector or a matrix.

Definition 2.1. Let (H, 〈·, ·〉H) be a Hilbert space of Rd-valued functions
defined on a set Ω. We call H a Reproducing Kernel Hilbert Space (RKHS)
if the evaluation functionals δαx : u 
→ α · u(x) are linear and continuous for
all x ∈ Ω and α ∈ Rd; that is, if δαx ∈ H∗.
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By the Riesz Representation Theorem [26], in a Reproducing Kernel
Hilbert Space H, for all x ∈ Ω and α ∈ Rd there exists a unique func-
tion Kα

x (·) ∈ H such that

(2)
〈
Kα

x , u
〉
H

= α · u(x)

for all u ∈ H. Such function is called the representer of the evaluation
functional δαx , and relation (2) is referred to as the reproducing property

of Kα
x . The map α 
→ Kα

x (·) is linear in α, i.e. Kaα+bβ
x = aKα

x + bKβ
x for

all x ∈ Ω, α, β ∈ Rd, and a, b ∈ R, by the uniqueness of the representer.
So for any pair of points x, y ∈ Ω there exists a matrix K(y, x) ∈ Rd×d

such that Kα
x (y) = K(y, x)α for all α ∈ Rd; the matrix-valued function

K : Ω×Ω → Rd×d is called the reproducing kernel , or simply the kernel , of
the space H.

For any pair of points x, y ∈ Ω and any pair of vectors α, β ∈ Rd we have

that, by the reproducing property (2), 〈Kα
x ,K

β
y 〉H = α·Kβ

y (x) = α·K(x, y)β

but also 〈Kβ
y ,Kα

x 〉H = β ·Kα
x (y) = β ·K(y, x)α = α ·K(y, x)Tβ, so that the

symmetry K(x, y) = K(y, x)T holds for all x, y ∈ Ω.

Definition 2.2. A Reproducing Kernel Hilbert Space with kernel K is called
non-degenerate when it has the following property: for any N ∈ N and any
distinct points x1, . . . , xN ∈ Ω, if the vectors α1, . . . , αN ∈ Rd are such that∑N

a=1 αa · u(xa) = 0 for all u ∈ H, then α1 = · · · = αN = 0.

Non-degeneracy establishes a certain richness of functions in Reproduc-
ing Kernel Hilbert Spaces. Rather obviously, we will call a RKHS degenerate
if it is not non-degenarate.

Definition 2.3. A generic matrix-valued function K : Ω × Ω → Rd×d is
positive definite if for abitrary N ∈ N, vectors α1, . . . , αN ∈ Rd and points
x1, . . . , xN ∈ Ω, it is the case that

(3)

N∑
a,b=1

αa ·K(xa, xb)αb ≥ 0.

Moreover, K is strictly positive definite if for abitrary N ∈ N, vectors
α1, . . . , αN ∈ Rd, and distinct points x1, . . . , xN ∈ Ω the above inequality
holds, with equality if and only if α1 = · · · = αN = 0.

Proposition 2.4. The kernel K of a RKHS is a positive definite matrix-
valued function. Moreover, the RKHS is non-degenerate if and only if its
kernel is strictly positive definite.
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Proof. By the reproducing property (2) of the representer function we have

0 ≤
∥∥∑N

i=aK
αa
xa

∥∥2
H

=
〈∑N

a=1K
αa
xa

,
∑M

b=1K
αb
xb

〉
H

=
∑M

a,b=1

〈
Kαa

xa
,Kαb

xb

〉
H

=
∑M

a,b=1 αa ·K(xa, xb)αb.

Assuming that the RKHS is non-degenerate, if for x1, . . . , xN ∈ Ω (distinct),
α1, . . . , αN ∈ Rd we have ‖

∑
aK

αa
xa

‖2H =
∑

a,b αa · K(xa, xb)αb = 0, then∑N
a=1K

αa
xa

= 0, i.e. 〈
∑N

a=1K
αa
xa

, u〉H = 0 for all u ∈ H; this is equivalent
to

∑
a αa · u(xa) = 0 for all u ∈ H, therefore α1 = · · · = αN = 0 by

Definition 2.2. On the other hand, assuming that the kernel K is strictly
positive definite, if at least one of the vectors α1, . . . , αN ∈ Rd is non-zero
take u :=

∑
aK

αa
xa

, with distinct points x1, . . . , xN ∈ Ω; it is the case that∑
a αa ·u(xa) =

∑
a,b αa ·K(xa, xb)αb > 0 by strict positive definiteness.

Example. All finite-dimensional Reproducing Kernel Hilbert Spaces are
degenerate. To see this, consider a finite-dimensional space H of Rd-valued
functions with a given inner product 〈·, ·〉H . We may assume without loss
of generality that H = span{f1, . . . , fM} with 〈fi, fj〉H = δij , where δij is
Kronecker’s delta. The reproducing kernel ofH is the matrix-valued function
K(x, y) =

∑
i=1,...,M fi(x)fi(y)

T . Now fix arbitrarily N ∈ N and the distinct
points x1, . . . , xN ∈ Ω. Define:

α :=

⎡⎢⎣ α1
...

αN

⎤⎥⎦ ∈ R
Nd and fi(x) :=

⎡⎢⎣ fi(x1)
...

fi(xN )

⎤⎥⎦ ∈ R
Nd, i = 1, . . . ,M,

all intended as column vectors. Having
∑N

i=1 αi · u(xi) = 0 for all u ∈ H is
equivalent to α being orthogonal to U := span{f1(x), . . . , fM (x)}, i.e. we
have α ∈ U⊥. But dimU ≤ M , therefore dimU⊥ ≥ max{Nd −M, 0}. So,
if N was chosen large enough, α is not necessarily zero.

We have seen above that Reproducing Kernel Hilbert Spaces have a
unique reproducing kernel. The next definition of “kernel” is justified by the
theorem that immediately follows.

Definition 2.5. A positive definite function K : Ω × Ω → Rd×d such that
K(y, x) = K(x, y)T for all x, y ∈ Ω is called a positive kernel, or simply
a kernel, of dimension d. If, in addition, K is a strictly positive definite
function, then we shall call it a strictly positive kernel of dimension d.

Theorem 2.6. Given a positive kernel K : Ω× Ω → Rd×d of dimension d,
there exists a unique RKHS of Rd-valued functions defined on Ω that has K
as its reproducing kernel.
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Proof. For arbitrary x ∈ Ω and α ∈ Rd we define the function Kα
x (·) :=

K(·, x)α and the linear space H0 := span{Kα
x |x ∈ Ω, α ∈ Rd}. We also

define the inner product 〈Kα
x ,K

β
y 〉H0

:= α ·K(x, y)β. In order to extend it
to all of H0 by bilinearity it is sufficient to show that if

f =

n∑
i=1

Kαi
xi

=

n′∑
i=1

K
α′

i

x′
i

(i.e. there are two different representations of f ∈ H0) then for all g =

Kβ
y ∈ H0 we have 〈f, g〉H0

:=
∑n

i=1〈Kαi
xi
,Kβ

y 〉H0
=

∑n′

i=1〈K
α′

i

x′
i
,Kβ

y 〉H0
. To

see this take m := n + n′, γi := αi for 1 ≤ i ≤ n and γi := −α′
i for

n + 1 ≤ i ≤ n + n′; now observe that since
∑m

i=1K
γi
zi = 0 we also have∑m

j=1〈K
γj
zj ,K

β
y 〉H0

=
∑m

j=1 γj ·K(zj , y)β = (
∑m

j=1K
γj
zj (y))β = 0.

It is immediate to verify that the inner product 〈·, ·〉H0
is symmetric; also,

if u ∈ H0 then it is the case that 〈u, u〉H0
≥ 0 by the positive definiteness

of K. By construction 〈Kα
x , u〉H0

= α · u(x) for all u ∈ H0, so by Cauchy-
Schwarz we have |α·u(x)| ≤ ‖Kα

x ‖H0
‖u‖H0

for all u ∈ H0, x ∈ Ω and α ∈ Rd;
whence if 〈u, u〉H0

= 0 then u = 0. Whence H0 is an inner product space.

Now one can follow the standard procedure for the completion of metric
spaces [58] with some modifications. Letting C be the set of Cauchy sequences
in H0, one first partitions it into equivalence classes (we call {un}, {vn} ∈ C
equivalent and write {un} ∼ {vn} if limn→∞ ‖un − vn‖H0

= 0). We denote
with He := C/∼ the set of equivalence classes, and with [{un}] the generic
element of He. Then one defines the inner product between U ,V ∈ He as
〈U ,V〉He

:= limn→∞〈un, vn〉H0
, where {un} ∈ U and {vn} ∈ V. The map ϕ :

H0 → He given by ϕ(u) = [{u, u, u, . . .}] is an isometry, and ϕ(H0) is in
fact dense in He. Any Cauchy sequence in ϕ(H0) converges to some U ∈ He

(in fact if {ϕ(un)} is Cauchy in He then by isometry {un} is Cauchy in H0,
therefore {un} belongs to some U ∈ He; one can prove that ϕ(un) → U in
He). Together with the density of ϕ(H0) in He, this can be used to show
that He is complete. As we mentioned above, this procedure was rather
standard; what follows is specific to our setting.

It is in fact the case that any Cauchy sequence in H0 converges pointwise
to some function Ω → Rd. To see this, if {un} ∈ C then it is the case that

|(um(x)− un(x)) · α| = |〈um − un,K
α
x 〉H0

| ≤ ‖um − un‖H0

√
α ·K(x, x)α for

all x ∈ Ω, α ∈ Rd, and m,n ∈ N, by the Cauchy-Schwarz inequality. Whence
{un(x)} is Cauchy in Rd for all x ∈ Ω and there exists a function u : Ω → Rd

such that un → u pointwise.

On the other hand Cauchy sequences in H0 from distinct equivalence
classes converge, pointwise, to distinct functions. In fact, if {un}, {vn} ∈ C
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converge pointwise to the same u : Ω → Rd then the sequence {hn}, with
hn := un−vn, is also Cauchy inH0 and it converges to 0 pointwise. Therefore,
since 〈hn,Kα

x 〉H0
= hn(x) · α for all x ∈ Ω and α ∈ Rd, we have that

hn ⇀ 0 in H0. By the Cauchy property of {hn} there exists an integer M
such that ‖hn‖2H0

− 2〈hn, hM 〉H0
≤ ‖hn − hM‖2H0

≤ ε for all n ≥ M . But we
have lim〈hn, hM 〉H0

= 0 by weak convergence, whence for sufficiently large n
we have ‖hn‖2H0

= ‖un − vn‖2H0
≤ 2ε. So it is the case that {un} ∼ {vn}.

This suggests that we may realize the completion H0 as follows: we as-
sociate to each equivalence class in C/∼ of Cauchy sequences in H0 the
function u : Ω → Rd to which they converge pointwise, and let H be the
space of such functions. If {un}, {vn} ∈ C and un → u, vn → v point-
wise, we say that u = limn un in H and set 〈u, v〉H := limn→∞〈un, vn〉H0

,
so H is isometric to He. By construction the function space H is com-
plete, H0 is embedded in H, and H = H0. Moreover K is a reproduc-
ing kernel for H, since if {un} ∈ C and un → u ∈ H pointwise then
〈Kα

x , u〉H = limn〈Kα
x , un〉H0

= limn α · un(x) = α · u(x), for all x ∈ Ω
and α ∈ Rd.

Finally, assume that H1 is another RKHS with the same kernel K. So it
must be the case that H0 ⊆ H1, and the inner products 〈·, ·〉H and 〈·, ·〉H1

must coincide on H0. If {un} ∈ C is such that un → u ∈ H pointwise, by
the completeness of H1 there exists v ∈ H1 with un → v in H1, and

|(u(x)− v(x)) · α| = lim
n

|(un(x)− v(x)) · α| = lim
n

|〈un − v,Kα
x 〉H1

|

≤ lim
n

‖un − v‖H1
‖Kα

x ‖H0
= 0,

for all x ∈ Ω and α ∈ Rd, so it is the case that u = v. ThereforeH ⊆ H1. Also
〈·, ·〉H1

= 〈·, ·〉H on H, whence H is a closed subset of H1 and H1 = H⊕H⊥.
If u ∈ H1 is orthogonal to H then α · u(x) = 〈u,Kα

x 〉H1
= 0 for all x ∈ Ω

and α ∈ Rd, whence u = 0. In conclusion H = H1.

Corollary 2.7. Let H be a RKHS of Rd-valued functions that are defined
on Ω, with reproducing kernel K. It is the case that H = H0, where H0 =
span{K(·, x)α |x ∈ Ω, α ∈ Rd}.
Corollary 2.8. Let H be a RKHS, and {un} a sequence in H. If un ⇀ u
in H (weak convergence) then it converges pointwise to u. On the other
hand, if {un} is bounded in H and it converges pointwise to some function u,
then u ∈ H and un ⇀ u in H.

Proof. Let x ∈ Ω and α ∈ Rd be arbitrary. If un ⇀ u in H then limn α ·
un(x) = limn〈Kα

x , un〉H = 〈Kα
x , u〉H = α · u(x). Vice versa, if the sequence

{un} is bounded in H then it has a subsequence {uψ(n)} that converges
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weakly to some w ∈ H; however, α·w(x) = 〈Kα
x , w〉H = limn〈Kα

x , uψ(n)〉H =
limn α · uψ(n)(x) = α · u(x), whence u = w and u ∈ H. Now, we have that
limn〈Kα

x , un〉H = limn α · un(x) = α · u(x) = 〈Kα
x , u〉H , so it is also the case

that limn〈un, h0〉H = 〈u, h0〉H for all h0 ∈ H0. If M := supn ‖un−u‖H then,
since H = H0, for arbitrary ε > 0 and h ∈ H we can choose h0 ∈ H0 such
that ‖h− h0‖ < ε/M , and we have |〈un − u, h〉H | ≤ |〈un − u, h0〉H |+ ‖un −
u‖H‖h− h0‖H < 2ε for sufficiently large n.

Proposition 2.9 (Kernel of separable RKHS). Let H be a separable RKHS,
K its kernel and {ui}i∈N an orthonormal basis of H. Then K(x, y) =
limn→∞

∑n
i=1 ui(x)ui(y)

T pointwise, for all x, y ∈ Ω.

Proof. For all y ∈ Ω and α ∈ Rd we have Kα
y = limn→∞

∑n
i=1〈Kα

y , ui〉Hui
(limit in H and therefore pointwise), whence it must be the case that:
K(x, y)α = limn→∞

∑n
i=1〈Kα

y , ui〉Hui(x) = limn→∞
∑n

i=1 α·ui(y)ui(x).

We now introduce notions of regularity of Rd-valued functions in RKHS,
for which we assume that Ω is an open, connected subset of Rm. Denote
with C0(Ω,R

d) the space of continuous functions u : Ω → Rd that vanish
at infinity (i.e. such that for every ε > 0 the set {x ∈ Ω : ‖u(x)‖Rd ≥ ε}
is compact) which is Banach with the norm ‖u‖∞ := supx∈Ω ‖u(x)‖Rd . For
any integer s ≥ 0 we define

Cs
0(Ω,R

d) :=
{
u ∈ Cs(Ω,Rd) : ∂pu ∈ C0(Ω,R

d) for |p| ≤ s
}
,

where Cs(Ω,Rd) is the space of functions that are continuously differen-
tiable s times. (We have used multi-index notation [24] for partial deriva-
tives ∂p = ∂p1

1 ∂p2

2 . . . ∂pm
m : i.e. if p = (p1, . . . , pm) then we set |p| := p1+ · · ·+

pm. Also, we have used the symbol s instead of the more customary k to
avoid confusion with a symbol that we will use later for kernels). The space
Cs
0(Ω,R

d) is Banach with the W s,∞ (Sobolev) norm

‖u‖s,∞ :=
∑
|p|≤s

sup
x∈Ω

‖∂pu(x)‖Rd ,

and Cs
0(Ω,R

d) ↪→ Cs−1
0 (Ω,Rd) for any s ≥ 1. Also, C(Ω,Rd) and Cs(Ω,Rd),

respectively, have the topology induced by the convergence with respect to
the norms ‖ · ‖∞ and ‖ · ‖s,∞ on compact sets.

Definition 2.10. Let s ≥ 0 be an integer. A Hilbert space H of Rd-valued
functions defined on a set Ω is called s-admissible if H ↪→ Cs

0(Ω,R
d).

Given a s-admissible space H, for a fixed point x ∈ Ω and a fixed
vector α ∈ Rd the evaluation functional δαx : H → R : u 
→ α · u(x) is
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obviously linear in u but also bounded: in fact, for all u ∈ H,

|δαx (u)| = |α · u(x)| ≤ ‖α‖Rd‖u(x)‖Rd ≤ ‖α‖Rd‖u‖s,∞ ≤ C‖α‖Rd‖u‖H ;

we have used the Cauchy-Schwarz inequality, the definition of ‖ · ‖s,∞, and
Definition 2.10. Therefore if H is a s-admissible Hilbert space then it is also
a Reproducing Kernel Hilbert Space, and admits a reproducing kernel such
that K(·, x)α ∈ Cs

0(Ω,R
d) for all x ∈ Ω, α ∈ Rd.

Remark. By the symmetry K(x, y) = K(y, x)T it is the case that if K is
continuous (respectively, differentiable) in one of the two variables then it is
continuous (differentiable) in the other one too.

If the kernel K : Ω× Ω → Rd×d is smooth enough and p = (p1, . . . , pm)
and q = (p1, . . . , pm) are multi-indices, we indicate with ∂p

1∂
q
2K(·, ·) the

partial derivative of K where ∂p and ∂q are taken with respect to the first
and second sets of variables of K(·, ·), respectively.
Theorem 2.11. Let H be a RKHS with kernel K : Ω × Ω → Rd×d, and
s ≥ 0 be an integer. The following two statements are equivalent:

a. H ↪→ Cs(Ω,Rd);

b. the function ∂p
1∂

p
2K exists for all multi-indices p with 0 ≤ |p| ≤ s, it is

continuous in each of the two variables (separately), and it is locally
bounded.

Under the above assumptions, the following also holds:

c. for all x ∈ Ω, α ∈ Rd, and multi-index p such that 0 ≤ |p| ≤ s, we
have ∂p

2K(·, x)α ∈ H and

(4)
〈
∂p
2K(·, x)α, u

〉
H

= α · ∂pu(x), for all u ∈ H.

If, furthermore, we have K(·, x)α ∈ Cs
0(Ω,R

d) for all x ∈ Ω and α ∈ Rd,
then H ↪→ Cs

0(Ω,R
d).

Proof. We shall prove that (a⇒b&c) and (b⇒a&c); in particular, this
will imply that (a⇔b).

• (a⇒b&c). We will prove by induction on |p| that for all multi-
indices p with 0 ≤ |p| ≤ s, the function ∂p

2K(·, x)α, with fixed x ∈ Ω
and α ∈ Rd, is in H and (4) holds, and that the function ∂p

1∂
p
2K exists and

is continuous in each of its two variables (its local boundedness is proven
separately). If |p| = 0 then ∂p

2K(·, x)α = K(·, x)α ∈ H and (4) is sim-
ply the reproducing property (2); also, since H ⊂ Cs(Ω,Rd) we have that
∂p
1∂

p
2K(·, x) = K(·, x) is continuous in its first variable: the continuity in the

second one derives from the symmetry K(x, y) = K(y, x)T , x, y ∈ Ω.
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We now fix |p| and assume that for any multi-index r with 0 ≤ |r| ≤ |p|
we have that ∂r

1∂
r
2K exists and it is continuous in each of its two variables;

also, ∂r
2K(·, x)α ∈ H and 〈∂r

2K(·, x)α, u〉H = α · ∂ru(x), for all u ∈ H. For
fixed |p| take p = (p1, . . . , pm) and q = p + e� = (p1, . . . , p� + 1, . . . , pm) for
some arbitrary index � ∈ {1, . . . ,m}. For any x ∈ Ω and α ∈ Rd we have
that K(·, x)α ∈ H ⊂ Cs(Ω,Rd); by the symmetry K(x, y) = K(y, x)T we
also have that K(x, ·)α is in Cs(Ω,Rd). Whence for any sequence {εn} in R

with |εn| → 0, the sequence Δn(·) := (∂p
2K(·, x+ εne�)α− ∂p

2K(·, x)α)/εn ∈
H converges pointwise to ∂q

2K(·, x)α. For all u ∈ H we have 〈Δn, u〉H =
α · (∂pu(x+ εne�)− ∂pu(x))/εn, which converges to α · ∂qu(x) because H ⊂
Cs(Ω,Rd). Therefore, for a fixed u ∈ H, we have supn |〈Δn, u〉H | < ∞, so
by the Uniform Boundedness Principle [26] the sequence ‖Δn‖H is bounded.
Together with the pointwise convergence of Δn, by Corollary 2.8 this implies:

(i) ∂q
2K(·, x)α ∈ H. Since H ⊂ Cs(Ω,Rd), ∂q

1∂
q
2K(·, x) exists and it is

continuous in its first variable; by the symmetry K(x, y) = K(y, x)T

it is also continuous in the second variable.

(ii) for all u ∈ H the sequence 〈Δn, u〉H converges to 〈∂q
2K(·, x)α, u〉H .

But we saw above that it also converges to α · ∂qu(x), whence we
have 〈∂q

2K(·, x)α, u〉H = α · ∂qu(x).

By the arbitrariness of � ∈ {1, . . . ,m}, this concludes the induction
argument. To prove local boundedness of ∂p

1∂
p
2K for an arbitrary multi-

index p with 0 ≤ |p| ≤ s, fix a compact subset D ⊂ Ω. For an arbitrary α ∈
Rd consider the maps {Λx : H → R : u 
→ 〈∂p

2K(·, x)α, u〉H |x ∈ D} ⊂ H∗,
parameterized by x ∈ D. For a fixed u ∈ H it is the case that supx∈D |Λxu| =
supx∈D |〈∂p

2K(·, x)α, u〉H | = supx∈D |α · ∂pu(x)| < ∞, by the continuity of
the derivative ∂pu. Whence supx∈D ‖Λx‖2H∗ = supx∈D α·∂p

1∂
p
2K(x, x)α < ∞,

again by the Uniform Boundedness Principle; i.e., x 
→ α · ∂p
1∂

p
2K(x, x)α is

locally bounded. Therefore ∂p
1∂

p
2K is locally bounded, since for all x, y ∈ Ω

and α, β ∈ Rd we have

α · ∂p
1∂

p
2K(x, y)β =

〈
∂p
2K(·, x)α, ∂p

2K(·, y)β
〉
H

≤
∥∥∂p

2K(·, x)α
∥∥
H

∥∥∂p
2K(·, y)β

∥∥
H
=
√

α · ∂p
1∂

p
2K(x, x)α

√
β · ∂p

1∂
p
2K(y, y)β.

• (b⇒a&c). Similarly, we will prove by induction on |p| that for all
multi-indices p with 0 ≤ |p| ≤ s we have that H ⊂ C |p|(Ω,Rd), that the
function ∂p

2K(·, x)α, with fixed x ∈ Ω and α ∈ Rd, is in H and that (4) holds
(the continuity of the inclusion, H ↪→ Cs(Ω,Rd), will be proven separately).
If |p| = 0 then ∂p

2K(·, x)α = K(·, x)α ∈ H and (4) is simply the reproducing
property (2). To prove the continuity of the functions in H, fix x0 ∈ Ω ⊂ Rm

and let {xn} be a sequence in Ω with xn → x0. Let α ∈ Rd be arbitrary and
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define vn := K(·, xn)α ∈ H. It is the case that (i) ‖vn‖2H = α ·K(xn, xn)α
is bounded, by the local boundedness of K, and (ii) vn(y) = K(y, xn)α →
K(y, x0)α, for all y ∈ Ω, by the continuity of K in each of its variables.
Since vn is bounded and it converges pointwise, by Corollary 2.8 it converges
weakly to the same function: for any u ∈ H we have 〈K(·, xN )α, u〉H →
〈K(·, x0)α, u〉H , that is α · u(xn) → α · u(x0). Therefore H ⊂ C(Ω,Rd) by
the arbitrariness of u.

We now fix |p| and assume that H ⊂ C |p|(Ω,Rd) and that for any multi-
index r with 0 ≤ |r| ≤ |p| we have ∂r

2K(·, x)α ∈ H and 〈∂rK(·, x)α, u〉H =
α · ∂ru(x), for all u ∈ H. So, for fixed |p|, assume that p = (p1, . . . , pm)
and q = p + e� = (p1, . . . , p� + 1, . . . , pm), for some � ∈ {1, . . . ,m}. Take
an arbitrary u ∈ H and a sequence {εn} in R, with |εn| → 0. By (4), for
all x ∈ Ω and α ∈ Rd we have

ψn := α · ∂
pu(x+ εne�)− ∂pu(x)

εn
=
〈∂p

2K(·, x+ εne�)α− ∂p
2K(·, x)α

εn
, u
〉
H
.

(5)

For fixed x ∈ Ω and α ∈ Rd the sequence of functions Δn(·) := (∂p
2K(·, x+

εne�)α− ∂p
2K(·, x)α)/εn converges pointwise to ∂q

2K(·, x)α. Again by (4),

‖Δn‖2H =
1

ε2n

{
α · ∂p

1∂
p
2K(x+ εne�, x+ εne�)α

− 2α · ∂p
1∂

p
2K(x, x+ εne�)α+ α · ∂p

1∂
p
2K(x, x)α

}
,

which converges to α·∂q
1∂

q
2K(x, x)α as n → ∞, with q as above. Therefore Δn

is bounded in H. By Corollary 2.8 it converges weakly in H to ∂q
2K(·, x)α,

which must be an element of H. Whence ψn = 〈Δn, u〉H converges, i.e. the
derivative ∂qu(x) exists and α · ∂qu(x) = 〈∂q

2K(·, x)α, u〉H .
To prove the continuity of ∂qu, we proceed as in the case |p| = 0.

Fix x0 ∈ Ω ⊂ Rm and let {xn} be a sequence in Ω with xn → x0. Let α ∈ Rd

be arbitrary and define wn := ∂q
2K(·, xn)α ∈ H. It is the case that (i)

‖wn‖2H = α · ∂q
1∂

q
2K(xn, xn)α is a bounded sequence, by the local bound-

edness of K, and (ii) wn(y) = ∂q
2K(y, xn)α → ∂q

1K(y, x0)α, for all y ∈ Ω,
by the continuity of ∂q

2K in each of its variables. By Corollary 2.8, wn con-
verges weakly to ∂q

2K(·, x)α, i.e. for all u ∈ H we have 〈∂q
2K(·, xN )α, u〉H →

〈∂q
2K(·, x0)α, u〉H , or α · ∂qu(xn) → α · ∂qu(x0); whence ∂qu ∈ C(Ω,Rd). By

the arbitrariness of u and index � we haveH ⊂ C |p|+1(Ω,Rd). This concludes
the induction.

Consider now the map ι : H → Cs(Ω,Rd) : v 
→ v, let {vn} be a sequence
in H and assume that (vn, vn) → (u, v) in H×Cs(Ω,Rd). Since vn → u in H
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it converges to it pointwise (by Corollary 2.8) and since vn → v in Cs(Ω,Rd)
it also converges to it pointwise: whence u = v. So the graph of ι is a closed
subspace of H×Cs(Ω,Rd), and by the Closed Graph Theorem [26] the map ι
is bounded. Whence the inclusion is continuous, i.e. H ↪→ Cs(Ω,Rd).

• We have thus proven that (a⇔b). We now introduce the further as-
sumption thatKα

x ∈ Cs
0(Ω,R

d). Let {un} be a sequence inH0 that converges,
in the H norm, to an arbitrary u ∈ H; therefore un ⇀ u in H. For any multi-
index p such that 0 ≤ |p| ≤ s we have 〈∂p

2K(·, x)α, un〉H → 〈∂p
2K(·, x)α, u〉H

i.e. α ·∂pun(x) → α ·∂pu(x). Therefore un → u in the topology of Cs(Ω,Rd);
but Cs

0(Ω,R
d) is closed in Cs(Ω,Rd), whence u ∈ Cs

0(Ω,R
d). In conclusion,

H ↪→ Cs
0(Ω,R

d).

Example. An example of non-degenerate, s-admissible RKHS that is used
in applications [69] is the Sobolev space of vector fields H := W �,2(Rd,Rd) =
H�(Rd,Rd) with the inner product:

(6) 〈u, v〉H :=

∫
Rd

Lu(x) · v(x) dx =

∫
Rd

�∑
j=0

(
�

j

)
σ2j

∑
|p|=j

∂pu · ∂pv dx.

In (6) the differential operator L := (1 − σ2Δ)� (where σ > 0 is a scaling
factor, � ≥ 0 is an integer, and Δ is the Laplace operator) is applied to each
component of the vector field u = (u1, . . . , ud); if � > s + d/2 then H ↪→
Cs
0(R

d,Rd) by the Sobolev Embedding Theorem [26], i.e. H is s-admissible.
Regarding its reproducing kernel, first note that for any u ∈ H and x, α ∈ Rd

we must have

α · u(x) = 〈Kα
x , u〉H =

∫
Rd

Kα
x (y) · Lu(y) dy

=

∫
Rd

(
K(y, x)α

)T
Lu(y) dy = α ·

∫
Rd

K(x, y)Lu(y) dy,

therefore u(x) =
∫
Rd K(x, y)Lu(y) dy for all u ∈ H. Since L is applied to

each component of the vector field u (i.e. the differential operator does not
mix the components of u) we must have K(x, y) = G(x, y)Id, where G is
the Green’s function of L and Id is the d × d identity matrix. As reported
in [33], since L = (1− σ2Δ)� we have that K(x, y)α = k(‖x− y‖Rd)Id, with

(7) k(r) = C(σ, d, �)
( r

σ

)�− d

2

K�− d

2

( r

σ

)
, r ≥ 0,

where C(σ, d, �) :=
(
2�+

d

2
−1π

d

2 Γ(�)σd)−1 and Kν , with ν = � − d
2 , is a

modified Bessel function [1] of order ν (this should not be confused with the
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symbolK that we use for kernels). Kernels of the typeK(x, y) = k(‖x−y‖)Id
with k given by (7) are in fact referred to as Bessel kernels .

We have just seen an example of a RKHS with a “scalar” kernel, in
thatK is given by a scalar-valued function multiplied by the identity matrix.
In the next section we shall explore a large class of (non-scalar) reproducing
kernels, study their properties, and provide some significant examples.

3. Translation- and rotation-invariant metrics in RKHS

In the current and following sections we shall restrict our attention to RKHS
whose kernel induces an inner product that is translation- and rotation-
invariant; we shall call these TRI kernels. In this case it is natural to assume
that Ω = Rd, so that the representer functions Kα

x (·) are in fact vector fields
in Rd. From now on, unless otherwise specified, we shall assume that d ≥ 2.

3.1. TRI kernels

In Ω = Rd we indicate the generic translation with the symbol τ : x 
→ x+ t,
for some fixed t ∈ Rd, and the generic rotation with ρ : x 
→ Rx, for some
fixed R ∈ O(d,R) (the orthogonal group over R of dimension d).

Theorem 3.1 (translation invariance). Let H be a RKHS with kernel K :
Ω×Ω → Rd×d. The map u 
→ u ◦ τ is an isometry in H for any translation τ
if and only if there exists a function k : Rd → Rd×d such that K(x, y) =
k(x− y) for all x, y ∈ Rd.

Proof. Assume first that u 
→ u◦τ is an isometry for all translations τ : x 
→
x + t. Let f := Kα

x and g := Kβ
y ; their product is 〈f, g〉H = α · K(x, y)β,

while 〈f ◦ τ, g ◦ τ〉H = 〈K(·, x+ t)α,K(·, y + t)β〉H = α ·K(x+ t, y + t)β.
Therefore it must be the case that K(x, y) = K(x + t, y + t) for all x, y
and t ∈ Rd; in particular K(x, y) = K(x− y, 0) = k(x− y) for all x, y ∈ Rd,
where k(z) := K(z, 0), z ∈ Rd. Conversely if K(x, y) = k(x−y) for all x, y ∈
Rd then it must be the case that 〈Kα

x+t,K
β
y+t〉H = α · K(x + t, y + t)β =

α ·k(x+ t−y− t)β = α ·k(x−y)β = α ·K(x, y)β = 〈Kα
x ,K

β
y 〉H for all t ∈ Ω.

Defining the set H0 := span{Kα
x |x, α ∈ Rd} we have proven that the linear

map T : H0 → H0 : u 
→ u ◦ τ , with τ : x 
→ x+ t, is an isometry in H0 for
arbitrary translations τ .

This can be extended to an isometry T in H as follows. If u ∈ H,
let {un} be a Cauchy sequence such that un → u in H and therefore point-
wise. The map T is an isometry, whence {Tun} is also Cauchy in H0 and
therefore it converges to some element of H which we call Tu. If {un}, {vn}
are Cauchy in H0 and respectively converge to u, v ∈ H then 〈Tu, Tv〉H =



74 Mario Micheli and Joan A. Glaunès

limn〈Tun, T vn〉H0
= limn〈un, vn〉H0

= 〈u, v〉H , so T : H → H is also an
isometry. Finally,

α · Tu(x) = 〈Kα
x , Tu〉H = limn〈Kα

x , Tun〉H0

= limn α · Tun(x) = limn α · un(x+ t) = α · u(x+ t),

for all x, α ∈ Rd, therefore Tu = u ◦ τ . This completes the proof.

We call a kernel with the properties described in Theorem 3.1 translation
invariant ; with a small abuse of terminology we shall also call k “kernel”.
We now introduce the following matrices in Rd×d:

(8) Pr‖x :=
xxT

‖x‖2 and Pr⊥x := Id −
xxT

‖x‖2 , x ∈ R
d \ {0},

which are, respectively, the projection operators onto vector x and onto the
plane that is perpendicular to x (again, we indicate with Id the d×d identity
matrix). In (8) we have indicated with ‖x‖ the Euclidean norm of a point
in x ∈ Rd, as we shall do, for simplicity, throughout the rest of the paper.
The following lemma does not require k to be the kernel of a RKHS.

Lemma 3.2. Let k : Rd → Rd×d be a generic matrix-valued function. The
following are equivalent:

i. for any x ∈ Rd and R ∈ O(d,R) it is the case that k(−x) = k(x)T and

(9) k(Rx) = Rk(x)R−1;

ii. there exist a scalar k0 ∈ R such that k(0) = k0Id and two scalar
functions k‖, k⊥ : R+ → R such that for all x ∈ Rd, x �= 0, we have

(10) k(x) = k‖(‖x‖) Pr‖x + k⊥(‖x‖) Pr⊥x .

Proof. (i.⇒ ii.) By choosing R = −Id in (9) we have k(x) = k(−x) for all x ∈
Rd; combining the latter with k(−x) = k(x)T yields the symmetry k(x) =
k(x)T . So k(x) can be diagonalized, i.e. there exist matrices U(x) ∈ O(d,R)
and Σ(x) = diag(σ1(x), . . . , σd(x)) such that k(x)U(x) = U(x)Σ(x). Since
k(0)R = Rk(0) for all R ∈ O(d,R) by (9), we have k(0) = Σ(0) (diagonal
matrix). If R ∈ O(d,R) is such that Rei = ej (for fixed indices i �= j) then
σj(0)ej = k(0)ej = k(0)Rei = Rk(0)ei=Rσi(0)ei=σi(0)ej , so σj(0)=σi(0)
(all eigenvalues are the same). Therefore k(0) = k0Id, for some k0 ∈ R.

Now fix x ∈ Rd, x �= 0, and R ∈ O(d,R) such that Rx = x and
dim {v ∈ Rd |Rv = v} = 1. By (9) we have k(x)R = Rk(x) for such
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choice of R, so Rk(x)x = k(x)Rx = k(x)x, i.e. both k(x)x and x are
eigenvectors of R with eigenvalue 1. Whence they k(x)x = λ‖(x)x for some
scalar λ‖(x). Therefore λ‖(x) is an eigenvalue of k(x); without loss of gen-
erality we assume that σ1(x) = λ‖(x). We now claim that σi(x) = σj(x) for
i, j ≥ 2. Denoting the orthonormal columns of U(x), i.e. the eigenvectors
of k(x), with u1(x), . . . , ud(x), for any pair of indices i, j ≥ 2 with i �= j
there exists a matrix R ∈ O(d,R) such that x = Rx and ui(x) = Ruj(x).
By equation (9), k(Rx)Ruj(x) = Rk(Rx)uj(x), whence k(Rx)ui(x) =
Rk(Rx)uj(x), that is σi(x)ui(x) = Rσj(x)uj(x) = σj(x)ui(x); therefore
σi(x) = σj(x). So there is a scalar λ⊥(x) such that k(x)β = λ⊥(x)β for all
vectors β ⊥ x.

We claim that λ‖ and λ⊥ only depend on ‖x‖. For all x ∈ Rd and
R ∈ O(d,R) we have, by (9), that k(Rx)Rx = Rk(x)x, whence λ‖(Rx)Rx =
Rλ‖(x)x, i.e. λ‖(Rx) = λ‖(x) for all x and R, which implies that λ‖(x) =
k‖(‖x‖) for some k‖ : R+ → R. Similarly for any α ∈ Rd we have, again
by (9), that k(Rx)Rα = Rk(x)α; if α ⊥ x then also Rα ⊥ Rx, whence
λ⊥(Rx)Rα = Rλ⊥(x)α and in fact λ‖(Rx) = λ‖(x) for all x and R. This
again implies that λ⊥(x) = k⊥(‖x‖) for some k⊥ : R+ → R.

(ii.⇒ i.) The implication is obvious in the case x = 0. When x �= 0,

for any R ∈ O(d,R) it is the case that Pr
‖
Rx = RPr

‖
xR−1 and Pr⊥Rx =

RPr⊥xR
−1, and we conclude immediately.

Definition 3.3. When a function k : Rd → Rd×d may be written in the
form (10), we call the functions k‖, k⊥ : R+ → R the coefficients of k.

Corollary 3.4. If the function k : Rd → Rd×d is such that (10) holds,
then for x �= 0 the eigenvalues of k(x) are k‖(‖x‖), with multiplicity 1 and
eigenvector x, and k⊥(‖x‖), with multiplicity d− 1.

Theorem 3.5 (rotation invariance). Let H be a RKHS with a translation-
invariant reproducing kernel, i.e. K(x, y) = k(x− y) for all x, y ∈ Rd. The
map v 
→ ρv ◦ ρ−1 is an isometry in H for any rotation ρ : x 
→ Rx, with
R ∈ O(d,R), if and only if (9) holds for all R ∈ O(d,R).

Proof. Assume that v 
→ ρv ◦ ρ−1 is an isometry in H for any rotation
ρ : x 
→ Rx, with R ∈ O(d,R). For fixed x, y, α, β ∈ Rd and R ∈ O(d,R),

define the functions f := R−1KRα
Rx ◦R and g := Kβ

y ∈ H; then we have

〈f, g〉H =
〈
R−1K(R · , Rx)Rα,K( · , y)β

〉
H

= βTR−1K(Ry,Rx)Rα,

by the reproducing property of the second factor. But for all α, β ∈ Rd this
must be equal to
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〈Rf ◦R−1, Rg ◦R−1〉H =
〈
K( · , Rx)Rα,RK(R−1 · , y)β

〉
H

(∗)
= (Rα)TRK(R−1Rx, y)β = αTK(x, y)β = βTK(x, y)Tα = βTK(y, x)α

in (∗) we have used the reproducing property of the first factor. Whence we
have R−1K(Ry,Rx)R = K(y, x) for all x, y ∈ Rd and R ∈ O(d,R), and (9)
follows from translation invariance (Proposition 3.1).

Now assume that (9) holds for all R ∈ O(d,R). Take f := Kα
x and

g := Kβ
y , for arbitrary points x, y and and vectors α, β. For any R ∈ O(d,R)

we have (Rf◦R−1)(·) = Rk(R−1·−x)α = Rk(R−1(·−Rx))α = k(·−Rx)Rα
by (9), and a similar expression holds for Rg ◦R−1; therefore〈

Rf ◦R−1, Rg ◦R−1
〉
H

=
〈
k(· −Rx)Rα,k(· −Ry)Rβ

〉
H

= βTRTk(R(y − x))Rα
(∗∗)
= βTRTRk(y − x)α

= βTk(y − x)α =
〈
k( · − x)α,k( · − y)β

〉
H

=
〈
f, g

〉
H
,

where we have used (9) in (∗∗). Whence rotations are isometries H0 =
span{Kα

x |x, α ∈ Rd}. An argument that is in all similar to the last part
of the proof of Theorem 3.1 can be employed to prove that the rotations
ρ : x 
→ Rx, with R ∈ O(d,R), are in fact isometries on all of H = H0.

Note that by “rotations” we intend all the elements of O(d,R) and
not just the special orthogonal group SO(d,R); therefore we also include
e.g. all permutations of the coordinates and reflections. By Definition 2.5,
translation-invariant kernels K(x, y) = k(x − y) have the property that
k(−x) = k(x)T for all x ∈ Rd, whence they may be written in the
form (10).

Definition 3.6 (TRI kernels). The kernels of RKHS with translation- and
rotation-invariant inner products, that may therefore be written in the form
(10), are called TRI kernels.

Not all matrix-valued functions k of the form (10) are positive definite,
i.e. kernels. In the next section we will characterize the functions (k‖, k⊥)
that give rise to TRI kernels, and later in the paper we shall provide a
method to construct such coefficients. Introducing the auxiliary function

(11) k̃(r) :=
k‖(r)− k⊥(r)

r2
, r > 0,

we may write the generic element of a matrix-valued function k=(kij)i,j=1,...,d

of the type (10) as follows, for x �= 0:
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kij(x) =
[
k‖(‖x‖)− k⊥(‖x‖)

] xixj
‖x‖2 + k⊥(‖x‖) δij(12)

= k̃(‖x‖)xixj + k⊥(‖x‖) δij , i, j = 1, . . . , d.

If k(0) = k0Id we may define k‖ and k⊥ at zero by setting k‖(0) = k⊥(0) = k0;
in fact, when k is continuous, limr→0+ k‖(r) = limr→0+ k⊥(r) = k0, thus this
choice is justified.

The result that follows states a property of TRI kernels that is a gen-
eralization of a well-known property of scalar-valued positive definite func-
tions.

Proposition 3.7. Let H be a RKHS with a TRI kernel k. Its coefficients k‖,
k⊥ and the number k0, introduced in Lemma 3.2, have the properties: k0 ≥ 0,
k0 ≥ |k‖(r)| and k0 ≥ |k⊥(r)| for all r > 0. If H is non-degenerate then such
inequalities are strict.

Proof. By Proposition 2.4, when expression (10) holds we must have, for
all N ∈ N, points x1, . . . , xN ∈ Rd and vectors α1, . . . , αN ∈ Rd,

2
∑

1≤a<b≤N

{
k‖(‖xa−xb‖)αT

aPr
‖(xa−xb)αb + k⊥(‖xa−xb‖)αT

aPr
⊥(xa−xb)αb

}
+ k0

N∑
a=1

‖αa‖2 ≥ 0.

For now we shall not assume the non-degeneracy of H. By choosing N = 1
we have k0‖α1‖2 ≥ 0 for all α1 ∈ Rd; therefore k0 ≥ 0. We now fix N = 2.
If we take α1 = α2 ⊥ (x1 − x2) then the above expression yields 2[k⊥(‖x1 −
x2‖) + k0]‖α1‖2 ≥ 0 for all x1 �= x2 and α1, so that k0 ≥ −k⊥(r) for
all r > 0; similarly, if we take α1 = −α2 ⊥ (x1−x2) then we get 2[−k⊥(‖x1−
x2‖) + k0]‖α1‖2 ≥ 0 for all x1 �= x2 and α1, which implies k0 ≥ k⊥(r)
for all r > 0. Combining the two results yields k0 ≥ |k⊥(r)|. To prove
that k0 ≥ |k‖(r)| one follows an analogous argument, by choosing α1 = α2

parallel to (x1 − x2) first, and α1 = −α2 parallel to (x1 − x2) later. It is
immediate to see that when H is non-degenerate the inequalities (≥) become
strict (>).

Remark. So far in this section we have not made any assumption of reg-
ularity. For now we shall limit ourselves to observing that if H is a RKHS
with a translation-invariant kernel k and we also have H ↪→ Cs(Ω,Rd),
then by Theorem 2.11 it is the case that k ∈ C2s(Ω,Rd×d); that is, the
kernel is “twice as smooth” as the functions of the space Cs

0(Ω,R
d) into

which H is embedded. Also, since ∂q
2K(·, x)α = (−1)|q|∂qk(· − x)α and
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∂p
1∂

q
2K(·, x)α = (−1)|q|∂p+qk(· − x)α, property (4) implies that

(13) α · ∂p+qk(x− y)β = (−1)|p|
〈
∂pk(· − x)α, ∂qk(· − y)β

〉
H
,

for all x, y, α, β ∈ Rd and multi-indices p and q with 0 ≤ |p| ≤ s, 0 ≤ |q| ≤
s.

3.2. Characterization of TRI kernels

We shall now find conditions on k‖ and k⊥ for a function k for the type (10)
to be positive definite, whence a kernel. The following auxiliary result does
not require k to be of the type (10).

Theorem 3.8 (Bochner’s theorem). Consider a matrix-valued function k ∈
L1(Rd,Rd×d), such that its Fourier transform k̂ is also in L1(Rd,Rd×d).

Then K(x, y) := k(x − y) is positive definite if and only if k̂(ξ) is a self-
adjoint positive definite matrix for all ξ ∈ Rd.

The classical version of the above theorem holds for d = 1 and states
that a function is positive definite if and only if its Fourier transform is non-
negative [10]. The proof of Theorem 3.8 is reported in Appendix B, and the
result can be extended to L2 functions with the usual density arguments [64].

In the particular case k‖ = k⊥ =: k we have the class of kernels that
are simply referred to as scalar : k(x) = k(‖x‖)Id, x ∈ Rd. In such a case
positive definiteness (Definition 2.3) is obviously equivalent to the following:
for abitrary N ∈ N, x1, . . . , xN ∈ Rd and r1, . . . , rN ∈ R,

(14)

N∑
a,b=1

rarb k(‖xa − xb‖) ≥ 0;

whence the scalar-valued function k(‖ ·‖) must be positive definite; to apply
Bochner’s theorem we must compute its Fourier transform. We shall employ
the next proposition (see Appendix C for a simple proof).

Theorem 3.9. If f ∈ L1(Rd) is a radial function, i.e. f(x) = g(‖x‖) for

some g : R+ → R, then so is its Fourier transform f̂ . It is in fact that case

that f̂(ξ) = G(‖ξ‖) with

G(�) =
2π

�μ

∫ ∞

0
rμ+1g(r) Jμ(2π�r) dr , � > 0,

where μ := d
2 − 1.
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We remind the reader that the Hankel transform [12, 53, 63] of order ν
of a function f : R+ → R is defined as Hν [f ](�) :=

∫∞
0 rf(r) Jν(�r) dr,

where Jν is the Bessel function of the first kind [1] of order ν (references [20,
23, 52] provide tables of Hankel transforms); in Appendix A we list relevant
properties of Jν that we will be using throughout the rest of the paper. Here
we note that if the function f : Rd → R is radial, i.e. f(x) = g(‖x‖) for
some g : R+ → R, then∫

Rd

|f(x)|p dx = σ(Sd−1)

∫ ∞

0
|g(r)|p rd−1dr,

where σ(Sn) is the surface area of the unit n-sphere; therefore f ∈ Lp(Rd)
if and only if g ∈ Lp(R+, rd−1), i.e. g is pth-power integrable with respect to
the measure rd−1dr.

An immediate consequence of the above proposition and of Bochner’s
theorem is that a scalar kernel k(·) = k(‖ · ‖)Id ∈ L1(Rd,Rd×d) is positive
definite if and only if the function

(15) h(�) :=
2π

�μ

∫ ∞

0
rμ+1k(r) Jμ(2π�r) dr, defined for � > 0,

is nonnegative, where we have set μ := d
2 −1. Also, we will have that k̂(ξ) =

h(‖ξ‖)Id, with ξ ∈ Rd. We should note that if k is in L1(Rd,Rd×d) then the
function h is (uniformly) continuous and vanishes at infinity, by the well-
known properties of Fourier transforms [26, 64]. Also, by applying Hankel’s
integral formula (73) in Appendix A to (15), it is immediate to verify that

(16) k(r) =
2π

rμ

∫ ∞

0
�μ+1h(�) Jμ(2π�r) dr, r > 0,

i.e. the map L1(R+, rd−1) → C0(R
+) : k 
→ h given by formula (15) is in fact

an involution (it is equal to its inverse, when inversion makes sense); here we
have used the symbol C0(R

+) to indicate the set of real-valued continuous
functions defined on R+ that vanish at +∞.

Examples of scalar kernels. For a fixed σ > 0, three scalar kernels k(x) =
k(‖x‖)Id, x ∈ Rd, that are popular in applications are the following:

Gaussian kernels:

k(r) = exp
(
− 1

2

r2

σ2

)
, h(�) =

(
2πσ2

)μ+1
e−2π2σ2
2

;(17)
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Cauchy kernels:

k(r) =
1

1 + r2/σ2
, h(�) = 2πσ2

(σ
�

)μ
Kμ(2πσ�);(18)

Bessel kernels:

k(r) = C(σ, d, �)
( r

σ

)�− d

2

K�− d

2

( r

σ

)
, h(�) =

1

(1 + 4σ2π2�2)�
,(19)

where Kν is a modified Bessel function of order ν. In cases (17) and (18),
we have μ := d/2 − 1 and the functions h defined by (15) are computed
using [52, §1.5.9] and [52, §1.4.13], respectively. In (19), which we had al-

ready seen at the end of section 2, C(σ, d, �) := (2�+
d

2
−1π

d

2 Γ(�)σd)−1, with
� ≥ s + d/2 (for the RKHS to be s-admissible). To compute h in (19)
we observe that since k(‖ · ‖) is the Green’s function of the differential

operator L = (1− σ2Δ)�, then its Fourier transform h(‖ · ‖) is 1/L̂; here

L̂(ξ) = (1 + 4σ2π2‖ξ‖2)�, ξ ∈ Rd, is the Fourier transform of L, intended as
a distribution. Note that in all three cases above we have h ≥ 0. We refer the
reader to [69] for further examples and techniques to build scalar kernels.

To generalize the above result we first compute the Fourier transform of
matrix-valued functions k of the type (10), that are not necessarily kernels.
First note that for all R ∈ O(d,R) we have

k̂(Rξ) =

∫
Rd

k(x) e−2πix·Rξ dx =

∫
Rd

k(Ry) e−2πiy·ξ dy

(∗)
=

∫
Rd

Rk(y)RT e−2πiy·ξ dy = R k̂(ξ)RT ;

in (∗) we have used the property (9), which therefore also holds for k̂.

Whence we may write k̂ as

(20) k̂(ξ) = h‖(‖ξ‖) Pr‖ξ + h⊥(‖ξ‖) Pr⊥ξ , ξ ∈ R
d \ {0},

for some functions h‖, h⊥ : R+ → R, by Lemma 3.2. When k ∈ L1(Rd,Rd×d)
is of the type (10) we have that the coefficients k‖, k⊥ are in L1(R+, rd−1)
whereas, once again by the properties of Fourier transforms, the functions h‖

and h⊥ are continuous and vanish at infinity.

Definition 3.10. We call the functions h‖, h⊥ : R+ → R in expression (20)

the coefficients of k̂.
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The above definition is in line with Definition 3.3; while this may be a bit
redundant, we want to associate the symbols (k‖, k⊥) with k and (h‖, h⊥)
with its Fourier transform k̂. The coefficients of k̂ are expressed in terms of
those of k by the following result, which generalizes formula (15).

Theorem 3.11. Consider a function k ∈ L1(Rd,Rd×d) of the type (10).

Its Fourier transform k̂ is a matrix-valued function of the form (20), where
h‖, h⊥ : R+ → R are the scalar functions:

h‖(�) =
2π

�μ

∫ ∞

0
rμ+1 k‖(r)Jμ(2π�r) dr(21a)

− 2μ+ 1

�μ+1

∫ ∞

0
rμ
(
k‖(r)− k⊥(r)

)
Jμ+1(2π�r) dr,

h⊥(�) =
2π

�μ

∫ ∞

0
rμ+1 k⊥(r)Jμ(2π�r) dr(21b)

+
1

�μ+1

∫ ∞

0
rμ
(
k‖(r)− k⊥(r)

)
Jμ+1(2π�r) dr,

both defined for � > 0, where μ := d
2 − 1.

Proof. Define k̃ as in (11). The Fourier transform of the element (12) of
k is

k̂j�(ξ) =

∫
Rd

kj�(x)e
−2πix·ξdx

=

∫
Rd

k̃(‖x‖)xjx� e−2πix·ξdx+ δj�

∫
Rd

k⊥(‖x‖) e−2πix·ξdx

= − 1

(2π)2
∂2

∂ξ�∂ξj
F̃ (ξ) + δj�F

⊥(ξ), ξ ∈ R
d,(22)

where F̃ , F⊥ : Rd → C are, respectively, the Fourier transforms of
k̃(‖ · ‖) and k⊥(‖ · ‖). It is convenient at this point to introduce the auxiliary

function J̃ν(z) := z−νJν(z), which has the property d
dz J̃ν(z) = −zJ̃ν+1(z)

(see [1, §9.1.30]). By Theorem 3.9 we have

F̃ (ξ)=
2π

‖ξ‖μ
∫ ∞

0
rμ+1k̃(r)Jμ(2πr‖ξ‖) dr=(2π)μ+1

∫ ∞

0
r2μ+1k̃(r)J̃μ(2πr‖ξ‖) dr,
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so that

∂F̃

∂ξj
(ξ) = (2π)μ+2 ξj

‖ξ‖

∫ ∞

0
r2μ+2k̃(r)J̃ ′

μ(2πr‖ξ‖) dr

= −(2π)μ+3ξj

∫ ∞

0
r2μ+3k̃(r)J̃μ+1(2πr‖ξ‖) dr.

Therefore the second partial derivatives of F̃ are given by:

∂2F̃

∂ξ�∂ξj
(ξ) = − δj�(2π)

μ+3

∫ ∞

0
r2μ+3k̃(r)J̃μ+1(2πr‖ξ‖) dr

− (2π)μ+4 ξjξ�
‖ξ‖

∫ ∞

0
r2μ+4k̃(r)J̃ ′

μ+1(2πr‖ξ‖) dr

= − δj�(2π)
μ+3

∫ ∞

0
r2μ+3k̃(r)J̃μ+1(2πr‖ξ‖) dr

+ (2π)μ+5ξjξ�

∫ ∞

0
r2μ+5k̃(r)J̃μ+2(2πr‖ξ‖) dr,

which, inserting J̃ν(z) = z−νJν(z), may be rewritten as

∂2F̃

∂ξ�∂ξj
(ξ) = − δj�

(2π)2

‖ξ‖μ+1

∫ ∞

0
rμ+2 k̃(r)Jμ+1(2πr‖ξ‖) dr

+
(2π)3

‖ξ‖μ
ξjξ�
‖ξ‖2

∫ ∞

0
rμ+3 k̃(r)Jμ+2(2πr‖ξ‖) dr.

Computing F⊥ via Proposition 3.9 and inserting it into (22) yields:

k̂j�(ξ) = C(‖ξ‖) ξjξ�‖ξ‖2 +D(‖ξ‖)δj�

=
(
C(‖ξ‖) +D(‖ξ‖)

) ξjξ�
‖ξ‖2 +D(‖ξ‖)

(
δj� −

ξjξ�
‖ξ‖2

)
,(23)

with C(�) := −2π

�μ

∫ ∞

0
rμ+3 k̃(r)Jμ+2(2πr�) dr, and D(�) := h⊥(�), i.e. ex-
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pression (21b). Finally,

C(�) +D(�)

(∗∗)
= − 2π

�μ

∫ ∞

0
rμ+1

(
k‖(r)− k⊥(r)

){2(μ+ 1)

2πr�
Jμ+1(2πr�)− Jμ(2πr�)

}
dr

+
2π

�μ

∫ ∞

0
rμ+1k⊥(r)Jμ(2π�r) dr +

1

�μ+1

∫ ∞

0
rμ
(
k‖(r)−k⊥(r)

)
Jμ+1(2π�r) dr

=
2π

�μ

∫ ∞

0
rμ+1 k‖(r)Jμ(2π�r) dr−

2μ+ 1

�μ+1

∫ ∞

0
rμ
(
k‖(r)−k⊥(r)

)
Jμ+1(2π�r) dr,

which is h‖(�) by (21a); in (∗∗) we have used the property (74), reported in
Appendix A, of Bessel functions of the first kind. Rewriting equation (23)
in matrix form using definitions (8) completes the proof.

Corollary 3.12. Under the assumptions of Theorem 3.11, by Bochner’s
theorem we have that k is positive definite, i.e. it is a kernel, if and only if
h‖ and h⊥ are nonnegative functions.

As we said above, formulae (21a) and (21b) generalize (15): in fact
the three coincide when k‖ = k⊥, i.e. for scalar kernels, in which case
we also have h‖ = h⊥. By the form of equation (20), we have that, for
a fixed ξ ∈ Rd \{0}, the numbers h‖(‖ξ‖) and h⊥(‖ξ‖) are the eigenvalues of
the matrix k̂(ξ); the former has multiplicity 1 and eigenvector ξ, while the
latter has multiplicity d− 1. While the Fourier transform of a kernel k may
be written in the form (20) it is not itself a “kernel”, in that it is not positive
definite (but just the Fourier transform of a positive definite function).

The two functions h‖ and h⊥ may be expressed in terms of Hankel
transforms, as it is the case for formula (15) in the scalar case. In fact in the
examples that we shall work out we will write:

(24) h‖(�) =
2π

�μ
H‖(2π�), and h⊥(�) =

2π

�μ
H⊥(2π�),

where:

H‖(�) :=

∫ ∞

0
rμ+1k‖(r)Jμ(�r) dr −

2μ+ 1

�

∫ ∞

0
rμ+2k̃(r)Jμ+1(�r) dr,(25a)

H⊥(�) :=

∫ ∞

0
rμ+1k⊥(r)Jμ(�r) dr +

1

�

∫ ∞

0
rμ+2k̃(r)Jμ+1(�r) dr.(25b)

The following proposition, proven in Appendix B, ensures that for any
given TRI kernel k we have that as long as either h‖ or h⊥ are strictly
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positive somewhere (i.e. we are not dealing with the trivial case k = 0) the
corresponding RKHS is in fact non-degenerate (see Definition 2.2).

Proposition 3.13. Let k ∈ L1(Rd,Rd×d) be a TRI kernel such that k̂ ∈
L1(Rd,Rd×d). Then k is strictly positive definite if and only if there exists
r0 > 0 such that either h‖(r0) > 0 or h⊥(r0) > 0.

A non-example: Gaussian k‖ and k⊥. One may ask whether we can
construct a positive definite translation- and rotation-invariant kernel k of
the type (10) with coefficients given by k‖(r) = exp(−1

2 r
2/σ2

1) and k⊥(r) =
exp(−1

2 r
2/σ2

2), where σ1 > 0 and σ2 > 0. The answer is that a kernel of
this type is positive definite if an only if σ1 = σ2 =: σ, which makes it of
the form k(x) = exp(−1

2‖x‖/σ2)Id, x ∈ Rd, i.e. scalar and of the type (17).

To see this, we compute h‖, h⊥ and impose their nonnegativity.
We shall use the following Hankel transforms [52, §1.5.9 & §1.5.10]:∫ ∞

0
rν+1e−cr2Jν(�r) dr =

�ν

(2c)ν+1
exp

(
− �2

4c

)
, for �ν > −1, �c > 0,(26) ∫ ∞

0
rν−1e−cr2Jν(�r) dr =

2ν−1

�ν
γ
(
ν,

�2

4c

)
, for �ν > 0, �c > 0,(27)

where γ(ν, x) :=
∫ x
0 e−t tν−1dt, �ν > 0, is the lower incomplete gamma func-

tion [1, §6.5.2]. Therefore when the coefficients are k‖(r) = exp(−1
2 r

2/σ2
1)

and k⊥(r) = exp(−1
2 r

2/σ2
2) the expressions (25a) and (25b) become

H‖(�)=(σ2
1)

μ+1�μ exp
(
− σ2

1

2

2

)
− 2μ(2μ+1)


μ+2

[
γ
(
μ+ 1,σ

2
1


2

2

)
−γ

(
μ+ 1,σ

2
2


2

2

)]
,

H⊥(�)=(σ2
2)

μ+1�μ exp
(
− σ2

2

2

2

)
+ 2μ


μ+2

[
γ
(
μ+ 1,σ

2
1


2

2

)
−γ

(
μ+ 1,σ

2
2


2

2

)]
.

Using formulae (24) and introducing for later convenience the upper incom-
plete gamma function Γ(ν, x) := Γ(ν)−γ(ν, x) =

∫∞
x e−ttν−1dt, �ν > 0 (see

[1, §6.5.3]), we finally get:

h‖(�) = (2πσ2
1)

μ+1 exp
(
−2π2σ2

1�
2
)

(28a)

− 2μ+ 1

2πμ+1�2μ+2

[
Γ
(
μ+ 1, 2π2σ2

2�
2
)
− Γ

(
μ+ 1, 2π2σ2

1�
2
)]
,

h⊥(�) = (2πσ2
2)

μ+1 exp
(
−2π2σ2

2�
2
)

(28b)

+
1

2πμ+1�2μ+2

[
Γ
(
μ+ 1, 2π2σ2

2�
2
)
− Γ

(
μ+ 1, 2π2σ2

1�
2
)]
.

We first consider the case d = 2 (i.e. μ = 0) since it is particularly simple.
In fact Γ(1, x) = e−x and elementary manipulations lead to the following
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expressions for h‖ and h⊥:

h‖(�) = 1
2π
2

[(
4π2σ2

1�
2 + 1

)
exp

(
−2σ2

1π
2�2

)
− exp

(
−2σ2

2π
2�2

)]
,

h⊥(�) = 1
2π
2

[(
4π2σ2

2�
2 + 1

)
exp

(
−2σ2

2π
2�2

)
− exp

(
−2σ2

1π
2�2

)]
,

i.e. each is obtained from the other by exchanging σ1 and σ2. The condi-
tion h‖ ≥ 0 is equivalent to

(29) 4π2σ2
1�

2 + 1 ≥ exp
(
2π2(σ2

1 − σ2
2)�

2
)

for all � ≥ 0.

This is certainly true if σ1 ≤ σ2 (in which case the graph of the function of �
on the right-hand side of the above inequality is a Gaussian curve); in fact
this is also necessary for (29) to hold, since if σ1 > σ2 then the condition
breaks down for large values of �. Similarly, h⊥ ≥ 0 if and only if σ2 ≤ σ1,
so the functions h‖ and h⊥ are both nonnegative if and only if σ1 = σ2.

To prove that this is also true in higher dimensions (d > 2, or μ > 0) we
rewrite (28a) as follows:

h‖(�) = (2πσ2
1)

μ+1 exp
(
−2π2σ2

1�
2
)
− 2μ+ 1

2
πμ+1

∫ 2σ2
1

2σ2
2

τμe−τ(π
)2dτ,

which is obviously nonnegative if σ1 ≤ σ2. The latter condition is in fact
also necessary for the nonnegativity of h‖. To see this, we use the asymptotic
expansion of the upper incomplete gamma function:

Γ(ν, x) ∼ xν−1e−x
[
1 +

ν − 1

x
+

(ν − 1)(ν − 2)

x2
+ · · ·

]
, as x → ∞,

(see [1, §6.5.31]) so that for any σ > 0 it is the case that

1

2πμ+1�2μ+2
Γ
(
μ+ 1, 2π2σ2�2

)
∼ (2σ2)μπμ+1

2�2
exp

(
−2π2σ2�2

)[
1 +

μ

2π2σ2�2
+

μ(μ− 1)

(2π2σ2�2)2
+ · · ·

]
as � → ∞ (incidentally, note that if the dimension d is even then μ is integer
and the asymptotic expansion on the right-hand side has a finite number of
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terms), so (28a) can be expanded at infinity as follows:

h‖(�) ∼ (2μ+ 1)
(2σ2

1)
μπμ−1

2�2
exp

(
−2π2σ2

1�
2
){[4π2σ2

1�
2

2μ+ 1
+1+

μ

2π2σ2
1�

2
+· · ·

]
−
(σ2

2

σ2
1

)μ
exp

(
2π2(σ2

1 − σ2
2)�

2
)[
1 +

μ

2π2σ2
2�

2
+ · · ·

]}
, as � → ∞.

If σ1 > σ2 the second exponential function diverges faster than �2, implying
that h‖ is negative for large values of �. Therefore h‖ ≥ 0 if and only if
σ1 ≤ σ2. Manipulating (28b) in a similar manner proves that h⊥ ≥ 0 if and
only if σ2 ≤ σ1. In conclusion, a kernel k with Gaussian k‖ and k⊥ is positive
definite if and only if σ1 = σ2, i.e. if and only if it is scalar.

Example 1. We now try a different route and verify for which values
of (a, b) ∈ R2 the functions

(30) k‖(r) = b exp
(
− 1

2

r2

σ2

)
and k⊥(r) = (b− ar2) exp

(
− 1

2

r2

σ2

)
, r > 0,

with σ > 0, define a positive definite k of the type (10), i.e. a TRI ker-

nel. In other words we assume that the function (11) is given by k̃(r) =

a exp(−1
2r

2/σ2), so that both k̃ and k‖ are Gaussian with the same vari-

ance, but different values at r = 0 (on the other hand k‖ and k⊥ must have
the same value at 0 by Proposition 3.7). In this example we have that

H‖(�) = (σ2)μ+1�μ
[
b− (2μ+ 1)aσ2

]
exp

(
−σ2�2

2

)
,

H⊥(�) = (σ2)μ+1�μ
[
b− (2μ+ 1)aσ2 + a(σ2�)2

]
exp

(
−σ2�2

2

)
.

In order to obtain the above expressions we have used the Hankel transform:∫ ∞

0
rμ+3e−cr2Jμ(�r) dr =

�μ

(2c)μ+3

[
4c(μ+ 1)− �2

]
exp

(
− �2

4c

)
,

valid for �μ > −2 and �c > 0 (it is computed by inserting in the left-hand
side the relation Jμ(z) = 2(μ + 1)Jμ+1(z)/z − Jμ+2(z), given by (74), and
applying (26) twice, with ν = μ+ 1 and ν = μ+ 2 respectively). By (24),

h‖(�) = (2πσ2)μ+1
[
b− (2μ+ 1)aσ2

]
exp

(
−2π2σ2�2

)
,

h⊥(�) = (2πσ2)μ+1
[
b− (2μ+ 1)aσ2 + a(2πσ2�)2

]
exp

(
−2π2σ2�2

)
.
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Figure 1: Domains D1 and D2 of positive definiteness for the kernels in
Examples 1 and 2.

So h‖ ≥ 0 if and only if b − (2μ + 1)aσ2 ≥ 0, and h⊥ ≥ 0 if and only if
a(2πσ2�)2 ≥ −[b− (2μ+ 1)aσ2] for all �. Whence h‖ and h⊥ are simultane-
ously nonnegative, i.e. k is positive definite, if and only if (a, b) is in

D1 :=
{
(a, b) ∈ R2

∣∣ b ≥ (d− 1)aσ2, a ≥ 0
}

(since 2μ + 1 = d − 1) which is the wedge-shaped domain illustrated in
Figure 1(a). Note that the slope of the slanted boundary depends on the
dimension d. The vertical boundary (a = 0) corresponds to scalar kernels,
while the meaning of the other one shall be explored in later sections.

The graphs k‖, k⊥, h‖ and h⊥ (symmetrized with respect to r = 0
for clarity) are shown in Figure 2 for d = 2, a = 1.5 and b = 2σ2 = 1.
Note that h‖ ≥ 0 and h⊥ ≥ 0. The same figure shows the corresponding
vector field x 
→ k(x)α, x ∈ R2, with k given by (10) and α = e1 ∈ R2,
also shown in the figure (the importance of vector fields of the type x 
→
k(x)α is apparent from equation (1), on which we shall return in section 5).
For α = e1 the two “vortices” of the vector field x 
→ k(x)α are located

at points (0,±
√

b/a); so for positive definite k with coefficients (30) their
distance is at least 2σ.

Example 2. We now modify the previous example and switch the roles
of k‖ and k⊥. In other words we want to find conditions on (a, b) ∈ R2 such
that the functions

(31) k‖(r) = (b−ar2) exp
(
− 1

2

r2

σ2

)
and k⊥(r) = b exp

(
− 1

2

r2

σ2

)
, r > 0,

with fixed σ > 0, define a positive definite k of the type (10), i.e. a TRI

kernel. So we assume that k̃(r) = −a exp(−1
2r

2/σ2), hence both k̃ and k⊥

are Gaussian, with the same variance. Calculations that are similar to those
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Figure 2: Graphs of k‖, k⊥, h‖, h⊥ for Example 1 as well as the vector field
x 
→ k(x)α, with α = e1 (also shown). Note that h‖ ≥ 0 and h⊥ ≥ 0.

of the previous example lead to the following expressions for h‖ and h⊥:

h‖(�) = (2πσ2)μ+1[b− aσ2 + a(2πσ2�)2] exp
(
−2π2σ2�2

)
,

h⊥(�) = (2πσ2)μ+1(b− aσ2) exp
(
−2π2σ2�2

)
.

The above are simultaneously nonnegative �, i.e. k is a TRI kernel, if
and only if (a, b) is in

D2 :=
{
(a, b) ∈ R2

∣∣ b ≥ aσ2, a ≥ 0
}

which is the wedge-shaped domain shown in Figure 1(b). The vertical bound-
ary (a = 0) again corresponds to scalar kernels, while the meaning of the
other boundary (whose slope this time does not depend on the dimension d
of the domain) will be explored later.

The graphs of the functions k‖, k⊥, h‖ and h⊥ (again, symmetrized with
respect to r = 0) are shown in Figure 3 for d = 2, a = 1.5 and b = 2σ2 = 1,
as well as the corresponding vector field x 
→ k(x)α, with α = e1 ∈ R2.
For such α the apparent “sink” and “source” of the vector field (i.e. where

k(x)α = 0) are located at points (±
√

b/a, 0); that is, their mutual distance
is at least 2σ for a positive definite k with coefficients (31).

3.3. Inversion formulae

Let M be the functional that maps the coefficients (k‖, k⊥) of a matrix-
valued function k ∈ L1(Rd,Rd×d) of the type (10) to the coefficients (h‖, h⊥)
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Figure 3: Graphs of k‖, k⊥, h‖, h⊥ for Example 2 as well as the vector field
x 
→ k(x)α, with α = e1 (also shown). Again, h‖ ≥ 0 and h⊥ ≥ 0.

of its Fourier transform. That is,

(32)
M : L1(R+, rd−1)× L1(R+, rd−1) −→ C0(R

+)× C0(R
+),

with M(k‖, k⊥) = (h‖, h⊥),

where (h‖, h⊥) are expressed in terms of (k‖, k⊥) precisely by formulae (21a)
and (21b). The symbol C0(R

+) indicates the set of real-valued continuous
functions defined on R+ that vanish at +∞. The map M is linear and it is
an involution, i.e. M−1 = M , in the sense that is specified by the following
proposition (this generalizes the fact that (15) is an involution).

Proposition 3.14. Let k ∈ L1(Rd,Rd×d) be of the type (10), and also

assume k̂ ∈ L1(Rd,Rd×d). Then the functions (k‖, k⊥) can be computed
from the pair (h‖, h⊥) as follows:

k‖(r) =
2π

rμ

∫ ∞

0
�μ+1 h‖(�)Jμ(2π�r) d�(33a)

− 2μ+ 1

rμ+1

∫ ∞

0
�μ
(
h‖(�)− h⊥(�)

)
Jμ+1(2π�r) d�,

k⊥(r) =
2π

rμ

∫ ∞

0
�μ+1 h⊥(�)Jμ(2π�r) d�(33b)

+
1

rμ+1

∫ ∞

0
�μ
(
h‖(�)− h⊥(�)

)
Jμ+1(2π�r) d�;

i.e. (k‖, k⊥) are obtained from (h‖, h⊥) by applying formulae (21a) and (21b).
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Proof. The claim may be proven by direct computation, i.e. by manip-
ulating formulae (21a)–(21b) and by inverting Hankel transforms (using
formula (73) in Appendix A). However, one can simply observe that the
Fourier transform, when restricted to functions that are symmetric in their
argument, i.e. k(x) = k(−x) for all x (and TRI kernels belong to this class),
is an involution. But M computes the functions (h‖, h⊥), which provide

the eigenvalues of k̂ in terms of those of k, therefore it must be itself an
involution.

The above proposition allows one to construct positive kernels by choos-
ing nonnegative functions h‖ and h⊥ in L1(R+, rd−1) and applying the inver-
sion formulae (33a) and (33b). This involves computing Hankel transforms,
which may be done either by employing tables of transforms [20, 23, 52],
or numerically. However, in section 4 we shall illustrate a very simple,
constructive method for building arbitrary TRI kernels from scalar ker-
nels.

Remark: L1 vs. L2. While it is well known that the Fourier transform is
an isometry between L2 and itself, we have assumed that the kernels are
in L1 (and that, sometimes, so are their Fourier transforms) to be able to
use and manipulate the integral formulas in the definitions and proofs. We
should note that one could employ the usual argument that L1 is dense
in L2 [64] and extend the results, mutatis mutandis , to square integrable
kernels. However, for computational convenience, we will keep assuming that
the kernels are in L1 when Fourier transforms are needed throughout the
rest of the paper.

3.4. Divergence-free and curl-free kernels

In this section we explore some properties of the vector fields x 
→ k(x)α
generated by the kernels k of RKHS. In particular we shall compute the
functions div(k(·)α) and curl(k(·)α), and relate them to the coefficients h‖

and h⊥ of the Fourier transform of the kernel k.

Proposition 3.15. Let k ∈ C1(Rd,Rd×d) be a TRI kernel. We have that

div
(
k(x)α

)
=

α · x
‖x‖

(
(d− 1)

k‖(‖x‖)− k⊥(‖x‖)
‖x‖ +

dk‖

dr
(‖x‖)

)
, x ∈ R

d \ {0}.

Proof. For x �= 0 define α‖(x) := Pr
‖
x α and α⊥(x) := Pr⊥x α = α−α‖(x), so

that α = α‖(x) + α⊥(x). It is the case that:
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div
(
k(x)α

)
= div

(
k‖(‖x‖)α‖(x)

)
+ div

(
k⊥(‖x‖)α⊥(x)

)
= ∇

(
k‖(‖x‖)

)
· α‖(x) + k‖(‖x‖) div

(
α‖(x)

)
+∇

(
k⊥(‖x‖)

)
· α⊥(x) + k⊥(‖x‖) div

(
α⊥(x)

)
=

dk‖

dr
(‖x‖) x

‖x‖ ·α
‖(x) + k‖(‖x‖) div

(
α‖(x)

)
+ k⊥(‖x‖) div

(
α⊥(x)

)
,(34)

where we have used x
‖x‖ · α⊥(x) = 0. Also, x

‖x‖ · α‖(x) = x
‖x‖ · α and

div
(
α‖(x)

)
= div

(α · x
‖x‖2 x

)
=

1

‖x‖2
(
∇(α · x)

)
· x+ (α · x)

(
∇ 1

‖x‖2
)
· x+

α · x
‖x‖2 divx

=
α · x
‖x‖2 + (α · x)

( −2

‖x‖3
x

‖x‖
)
· x+

α · x
‖x‖2 d = (d− 1)

α · x
‖x‖2 .

Moreover, div(α⊥(x)) = −div(α‖(x)). Inserting these expressions into (34)
completes the proof.

Corollary 3.16. Let k ∈ C1(Rd,Rd×d) be a TRI kernel. The vector field
x 
→ k(x)α is divergence-free if and only if

(35) (d− 1)
k‖(r)− k⊥(r)

r
+

dk‖

dr
(r) = 0, for all r > 0.

We want to find a similar result for the curl of the vector field x 
→
k(x)α. Indicating with ΩkRd the space of differential k-forms in Rd [38], it
is convenient to identify a vector field (v1, . . . , vd) in Rd with the 1-form v =∑

vi d0x
i, where d0 is the differential of a function. In fact indicating with dk

the exterior (Cartan) derivative of a k-form we may write the de Rahm
complex for Rd as follows:

Ω0
R
d

d0

−−−→ Ω1
R
d

d1

−−−→ Ω2
R
d

d2

−−−→ · · ·
dd−2

−−−→ Ωd−1
R
d

dd−1

−−−→ Ωd
R
d.

We define curl := d1 (it corresponds to the classical “curl” when d = 3).

Proposition 3.17. Let k ∈ C1(Rd,Rd×d) be a TRI kernel. We have
(36)

curl
(
k(x)α

)
=

α ∧ x

‖x‖

(
k‖(‖x‖)− k⊥(‖x‖)

‖x‖ − dk⊥

dr
(‖x‖)

)
, x ∈ R

d \ {0},

where ∧ indicates the wedge product between differential forms.
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Proof. As in the previous proof, let α‖(x) := Pr
‖
x α and α⊥(x) := Pr⊥x α =

α−α‖(x). We consider them 1-forms, i.e. let us write α‖(x) =
∑

i α
‖(x)i d0xi

and α⊥(x) =
∑

i α
⊥(x)i d0xi. It is the case that

curl
(
k(x)α

)
= d1

(
k(x)α

)
= d0

(
k‖(‖x‖)

)
∧ α‖(x) + k‖(‖x‖) d1

(
α‖(x)

)
+ d0

(
k⊥(‖x‖)

)
∧ α⊥(x) + k⊥(‖x‖) d1

(
α⊥(x)

)
.(37)

The first term is zero since d0(k
‖(‖x‖)) = dk‖

dr (‖x‖)
x

‖x‖ and x ∧ α‖(x) = 0.

We also have

d1
(
α‖(x)

)
= d1

(α · x
‖x‖2 x

)
= d0

(α · x
‖x‖2

)
∧ x+

α · x
‖x‖2 d1x,

where d1x = d1
(∑

i x
id0x

i
)
=
∑

i d0x
i ∧ d0x

i = 0 and

d0

(α · x
‖x‖2

)
=

1

‖x‖2 d0(α · x) + (α · x) d0
1

‖x‖2 =
α

‖x‖2 − 2
α · x
‖x‖4 x.

Since x ∧ x = 0 we conclude that d1
(
α‖(x)

)
= α∧x

‖x‖2 . Moreover x ∧ α⊥(x) =
x ∧ α = −α ∧ x, whence

d0
(
k⊥(‖x‖)

)
∧ α⊥(x) =

dk⊥

dr
(‖x‖) x

‖x‖ ∧ α⊥(x) = −dk⊥

dr
(‖x‖) α ∧ x

‖x‖ .

Finally, d1(α
⊥(x)) = −d1

(
α‖(x)

)
. Insertion of such expressions into (37)

completes the proof.

Corollary 3.18. Let k ∈ C1(Rd,Rd×d) be a TRI kernel. The vector field
x 
→ k(x)α is curl-free in Rd if and only if

(38)
k‖(r)− k⊥(r)

r
− dk⊥

dr
(r) = 0, for all r > 0.

Note that while condition (35) depends on the dimension d of the space,
condition (38) does not. The following fundamental theorem relates the in-
compressibility and irrotationality of vector fields of the type x 
→ k(x)α
with the coefficients h‖ and h⊥ of the Fourier transform of the kernel k.

Theorem 3.19. Let k ∈ C1(Rd,Rd×d)∩L1(Rd,Rd×d) be a TRI kernel with

Fourier transform k̂ that is also in L1(Rd,Rd×d). Then the vector field x 
→
k(x)α is divergence-free for all α ∈ Rd if and only if h‖ = 0. On the other
hand, x 
→ k(x)α is curl-free for all α ∈ Rd if and only if h⊥ = 0.
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Proof. It is the case that h‖(�) = 2πH‖(2π�)/�μ and h⊥(�) = 2πH‖(2π�)/�μ,
with H‖ and H⊥ respectively given by (25a) and (25b), and with μ = d

2 −1.
Inserting (35) into (25a) yields

H‖(�) =

∫ ∞

0
rμ+1k‖(r)Jμ(�r) dr +

1

�

∫ ∞

0
rμ+1 dk

‖

dr
(r)Jμ+1(�r) dr

(note that 2μ + 1 = d − 1). We use integration by parts to compute the
second term on the right:∫ ∞

0
rμ+1dk

‖

dr
(r)Jμ+1(�r) dr

=
[
rμ+1k‖(r)Jμ+1(�r)

]∞
r=0

−
∫ ∞

0
k‖(r)

d

dr

{
rμ+1Jμ+1(�r)

}
dr

= −�

∫ ∞

0
rμ+1k‖(r)

{μ+ 1

�r
Jμ+1(�r) + J ′

μ+1(�r)
}
dr

= −�

∫ ∞

0
rμ+1k‖(r)Jμ(�r) dr,(39)

where we have used the property (75) of Bessel functions. Therefore if (35)
holds then h‖ = 0. Similarly, inserting (38) into (25b) gives

H⊥(�) =

∫ ∞

0
rμ+1k⊥(r)Jμ(�r) dr +

1

�

∫ ∞

0
rμ+1 dk

⊥

dr
(r)Jμ+1(�r) dr.

and an identical integration by parts allows us to conclude that if (38) holds
then h⊥ = 0.

Assume now h‖ = 0. In this case k‖ and k⊥, given by (33a), (33b), are

k‖(r) =
2μ+ 1

rμ+1

∫ ∞

0
�μh⊥(�)Jμ+1(2π�r) d�,

k⊥(r) =
2π

rμ

∫ ∞

0
�μ+1 h⊥(�)Jμ(2π�r) d�−

1

rμ+1

∫ ∞

0
�μh⊥(�)Jμ+1(2π�r) d�,

therefore the auxiliary function (11) is given by

k̃(r) =
2π

rμ+2

∫ ∞

0
�μ+1h⊥(�)

{
2
μ+ 1

2π�r
Jμ+1(2π�r)− Jμ(2π�r)

}
d�

=
2π

rμ+2

∫ ∞

0
�μ+1h⊥(�)Jμ+2(2π�r) d�,
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where we have used property (74) in Appendix A. On the other hand,

1

r

dk‖

dr
(r) = −(2μ+ 1)

μ+ 1

rμ+3

∫ ∞

0
�μh⊥(�)Jμ+1(2π�r) d�

+
2μ+ 1

rμ+2

∫ ∞

0
2π�μ+1h⊥(�)J ′

μ+1(2π�r) d�

= −2π
2μ+ 1

rμ+2

∫ ∞

0
�μ+1h⊥(�)

{μ+ 1

2π�r
Jμ+2(2π�r)−J ′

μ+1(2π�r)
}
d�

= −2π
2μ+ 1

rμ+2

∫ ∞

0
�μ+1h⊥(�)Jμ+2(2π�r)d�,

where we have used property (76) in Appendix A. Since 2μ + 1 = d − 1
we have that (35) holds and the vector field x 
→ k(x)α is divergence-free.
Similarly, when h⊥ = 0 it is the case that

k‖(r) =
2π

rμ

∫ ∞

0
�μ+1 h‖(�)Jμ(2π�r) d�−

2μ+ 1

rμ+1

∫ ∞

0
�μh‖(�)Jμ+1(2π�r) d�,

k⊥(r) =
1

rμ+1

∫ ∞

0
�μh‖(�)Jμ+1(2π�r) d�,

so that k̃(r) =
2π

rμ+2

∫ ∞

0
�μ+1h‖(�)

{
Jμ(2π�r)− 2

μ+ 1

2π�r
Jμ+1(2π�r)

}
d�

= − 2π

rμ+2

∫ ∞

0
�μ+1h⊥(�)Jμ+2(2π�r) d�,

by property (74) in Appendix A. On the other hand,

1

r

dk⊥

dr
(r)

= −μ+1

rμ+3

∫ ∞

0
�μh‖(�)Jμ+1(2π�r) d�+

1

rμ+2

∫ ∞

0
2π�μ+1h‖(�)J ′

μ+1(2π�r) d�

=
2π

rμ+2

∫ ∞

0
�μ+1h‖(�)

{
− μ+1

2π�r
Jμ+2(2π�r)+ J ′

μ+1(2π�r)
}
d�

= − 2π

rμ+2

∫ ∞

0
�μ+1h‖(�)Jμ+2(2π�r) d�,

again by (76). Whence (38) holds and x 
→ k(x)α is curl-free.

Proposition 3.20. Let H ↪→ C1(Rd,Rd) be a RKHS with a given TRI
kernel k. It is the case that div(k(·)α) = 0 for all α ∈ Rd if and only
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Table 1: Conditions on the coefficients k and k̂ for the kernel to be
divergence-free or curl-free

Conditions Conditions

on (k‖, k⊥) on (h‖, h⊥)

k is div-free (d− 1)
k‖(r)− k⊥(r)

r
+

dk‖

dr
(r) = 0 h‖ = 0

k is curl-free
k‖(r)− k⊥(r)

r
− dk⊥

dr
(r) = 0 h⊥ = 0

if div u = 0 for all u ∈ H. On the other hand, we have that curl(k(·)α) = 0
for all α ∈ Rd if and only if curlu = 0 for all u ∈ H.

Proof. The “if” part is obvious. Conversely, let H0 := span{k(·−x)α |x, α ∈
Rd}. Take any u ∈ H and a sequence {un} in H0 with un → u. For all
indices i, j ∈ {1, . . . , d}, by formula (13) it is the case that ei · ∂jun(x) =
〈−∂jk(· − x)ei, un〉V , which converges to 〈−∂jk(· − x)ei, u〉V = ei · ∂ju(x).
That is, the sequence of functions ∂jun converges to ∂ju pointwise. Therefore
we have div un → div u and curlun → curlu pointwise. Since un ∈ H0 for
all n, if div(k(·)α) = 0 for all α ∈ Rd then div un = 0, whence div u = 0.
A similar argument holds in the case curl(k(·)α) = 0.

The above results justify the following definition.

Definition 3.21. Let H ↪→ C1(RdRd) be a RKHS with a TRI kernel k. We
call the space H and its kernel k divergence-free (or curl-free) if div u = 0
(respectively, if curlu = 0) for all u ∈ H.

Table 1 summarizes the conditions on the coefficients (k‖, k⊥) of k and on
the coefficients (h‖, h⊥) of its Fourier transform for a Reproducing Kernel
Hilbert Space H with a TRI kernel to be either divergence-free or curl-
free. We should note that if k is scalar , i.e. of the type k(x) = k(‖x‖)Id,
then k‖ = k⊥ and h‖ = h⊥; therefore by Corollaries 3.16 and 3.18 the
corresponding RKHS can be neither divergence-free nor curl-free (unless we
are dealing with the trivial case k = 0).

Examples 1 and 2, revisited. In light of the above results, the boundaries
of the domains D1 and D2 of Examples 1 and 2 in this section have an
interesting interpretation. We already noted that in both cases choosing a =
0 (vertical boundary of the domains) yields scalar kernels, i.e. of the type
k(x) = k(‖x‖)I2 with k(r) = b exp(−1

2r
2/σ2) (Gaussian).

In Example 1, when b = (d − 1)aσ2 we have k̃(r) = a exp(−1
2r

2/σ2),

k‖(r) = (d − 1)aσ2 exp(−1
2r

2/σ2); therefore equation (35) holds and the
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Figure 4: Interpretation of the domain boundaries in Examples 1 and 2.

Figure 5: Transition from a scalar kernel to divergence-free (Example 1)
and curl-free (Example 2) kernels by changing the parameter a in the
range [0, 2], with b = 2σ2 = 1, in d = 2 dimensions. The vector fields x 
→
k(x)α are illustrated for α = e1, which in also shown in each graph.

kernel is divergence-free. Similarly, in the case of Example 2 when b = aσ2 we
have k̃(r) = −a exp(−1

2r
2/σ2) and k⊥(r) = aσ2 exp(−1

2r
2/σ2); whence (38)

holds and the kernel is curl-free. Thus the boundaries of the two domains
may be interpreted as illustrated in Figure 4.

In the case d = 2 we have that D1 = D2. Figure 5 shows the vector
field x 
→ k(x)α, α = e1, for both Example 1 and Example 2, with b =
2σ2 = 1 and different choices of the parameter a. In particular, for a =
0 the point (a, b) is on the vertical part of the boundary of D1 and D2;
this corresponds, in both cases, to a scalar kernel. As we move along the
line b = 1 towards higher values of a, we note that we transition to a vector
field x 
→ k(x)α that is divergence-free (Example 1) or curl-free (Example 2);
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this occurs when (a, b) hits the slanted part of the boundaries of D1 and D2,
i.e. the line b = aσ2.

Hodge decomposition. Let k ∈ L1(Rd,Rd×d) be a TRI kernel with coef-
ficients (k‖, k⊥), and let (h‖, h⊥) be the coefficients of its Fourier transform,
which we also assume integrable. Using the functional M introduced in (32),
we have (k‖, k⊥) = M−1(h‖, h⊥). By the linearity of M−1 we also have

(40) (k‖, k⊥) = (k
‖
cf , k

⊥
cf) + (k

‖
df , k

⊥
df), where:

{
(k

‖
cf , k

⊥
cf) := M−1(h‖, 0)

(k
‖
df , k

⊥
df) := M−1(0, h⊥)

(subscripts “cf” and “df” will be justified soon). With the above definitions,
we let k = kcf + kdf , where

(41) kcf(x) :=k
‖
cf(x) Pr

‖
x+k⊥cf(x) Pr

‖
x and kdf(x) :=k

‖
df(x) Pr

‖
x+k⊥df(x) Pr

‖
x;

by Theorem 3.19 we have that for all α ∈ Rd we may write k(x)α =
kcf(x)α+kdf(x)α, x ∈ Rd, where the first term is a curl-free vector field and
the second term is instead div-free. In other words, for any integrable TRI
kernel k and any α ∈ Rd this procedure allows one to perform the Hodge
decomposition [17, 34] of the vector field x 
→ k(x)α: the two terms, curl-free
and divergence-free, may be respectively computed from the coefficients h‖

and h⊥ of the Fourier transform of k precisely by using the inversion for-
mulae (33a) and (33b) twice, the first time with h⊥ = 0 (to compute kcf)
and then with h‖ = 0 (to compute kdf); note that since k vanishes at infin-
ity there is no harmonic component in the Hodge decomposition. We shall
call kcf and kdf the curl-free and divergence-free components of the kernel k.

Incidentally, we note that if k ∈ L1 ∩ L2 then for any α ∈ Rd the
orthogonality in L2(Rd,Rd) of the Hodge components kcf(·)α and kdf(·)α
may be immediately verified via Plancherel’s theorem as follows:

〈
kcfα,kdfα

〉
L2 =

〈
k̂cfα, k̂dfα

〉
L2 =

∫
Rd

(
h‖(‖ξ‖)Pr‖ξα

)
·
(
h⊥(‖ξ‖)Pr⊥ξ α

)
dξ = 0.

The computation of kcf and kdf from k via formulae (40) and (41) may be
viewed as an orthogonal projection (in the L2 sense) of k onto the spaces of
curl-free and divergence-free kernels, respectively.

Example 3. We consider the Gaussian scalar kernel k(x) = k(‖x‖)Id, x ∈
Rd, with k(r) = exp(−1

2r
2/σ2) for some σ > 0, and compute its Hodge

decomposition. We saw earlier (17) that its Fourier transform is

(42) k̂(ξ) = h(‖ξ‖)Id, ξ ∈ R
d with h(�) =

(
2πσ2

)μ+1
exp

(
−2π2σ2�2

)
,
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where as usual μ = d
2 −1. We let k = kcf+kdf , with k̂cf(ξ) = h(‖ξ‖) Pr‖ξ and

k̂df(ξ) = h(‖ξ‖) Pr⊥ξ . The coefficients (k
‖
cf , k

⊥
cf) of kcf are given by inversion

formulae (33a) and (33b) with h‖ = h and h⊥ = 0, i.e.

k
‖
cf(r) =

2π

rμ

∫ ∞

0
�μ+1 h(�) Jμ(2π�r) d�(43a)

− 2μ+ 1

rμ+1

∫ ∞

0
�μ h(�) Jμ+1(2π�r) d�,

k⊥cf(r) =
1

rμ+1

∫ ∞

0
�μ h(�) Jμ+1(2π�r) d�,(43b)

We compute the integral (43b) with h as in (42) using the Hankel trans-
form (27), which yields

(44) k⊥cf(r) =

(
2σ2

)μ+1

2r2μ+2
γ
(
μ+ 1,

1

2

r2

σ2

)
, r > 0,

where γ(ν, x) =
∫ x
0 e−t tν−1dt, �ν > 0, is the lower incomplete gamma func-

tion [1, §6.5.2]. The other coefficients of the kernels kcf and kdf are obtained
from (44) simply as follows:

k
‖
cf = k − (2μ+ 1)k⊥cf , k

‖
df = k − k

‖
cf = (2μ+ 1)k⊥cf , k⊥df = k − k⊥cf ;(45)

the first one is derived from (43a), while the other two follow from k =

k
‖
cf+k

‖
df and k = k⊥cf+k⊥df (which, in turn, are a consequence of k = kcf+kdf

and the fact that k is scalar).
When d = 2 (i.e. μ = 0), since γ(1, x) = 1 − e−x we simply have

k⊥cf(r) =
σ2

r2 [1− exp(−1
2r

2/σ2)], and the other coefficients are again derived
from formulae (45) with μ = 0. It is interesting to note that kcf and kdf are
not Gaussian like the curl-free and divergence-free kernels that we derived
in Examples 2 and 1, respectively—in fact they have much heavier “tails”
(they go to zero like 1/r2 as r → ∞) than the original scalar and Gaussian
kernel k; however, these heavy tails cancel each other when added. In the
case 2σ2 = 1 and d = 2 the Hodge decomposition of x 
→ k(x)e1 into its
curl-free and divergence-free terms is illustrated in Figure 6; as observed
above, the two vector fields are orthogonal in the L2 sense.

The discussion above also suggests that a seemingly simple way to gen-
erate curl-free (or divergence-free) kernels is to choose functions h‖ (respec-
tively, h⊥) in L1(R+, rd−1) and apply formulae (33a) and (33b) with h⊥ = 0
(respectively, h‖ = 0). This is rather cumbersome because it involves the
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Figure 6: Hodge decomposition of x 
→ k(x)e1, for k scalar and Gaussian.

computation of Hankel transforms, analytically or numerically; in the next
section we shall introduce a simple technique for generating all TRI kernels
of interest while avoiding such tedious calculations.

4. Construction of matrix-valued kernels from scalar kernels

In this section we illustrate a method for constructing matrix-valued kernels
from scalar kernels—in fact, it will turn out that all matrix-valued kernels
of interest can be built this way. We remind the reader that a s-admissible
Hilbert space of Rd-valued functions defined in Ω is also a RKHS, and its
kernel is such thatK(·, x)α ∈ Cs

0(Ω,R
d) for all x ∈ Ω, α ∈ Rd (see section 2).

4.1. Curl-free component

Given a s-admissible Hilbert space H of scalar -valued differentiable func-
tions defined on Rd, one can define the space V := {∇f | f ∈ H}. Note that
(i) if s ≥ 2 all the elements of V are curl-free and (ii) for all v ∈ V there is a
unique f ∈ H such that v = ∇f (in fact if v = ∇f1 = ∇f2 then f1− f2 ∈ H
is a constant that must be zero because H ⊂ Cs

0(R
d,R), i.e. it vanishes at

infinity). The proposition that follows shows that the kernel of H induces a
reproducing kernel on V .

Notation. Given a scalar -valued differentiable function F : Rd × Rd → R

we indicate with ∂n,iF , n ∈ {1, 2}, i ∈ {1, . . . , d} the derivative of F with
respect to the i th variable of the nth set of variables; with ∇nF , where
n ∈ {1, 2}, the gradient of F with respect to the nth set of variables; and
with ∇1∇T

2 F the matrix-valued function whose (i, j)th entry is ∂1,i∂2,jF ,
for 1 ≤ i, j ≤ d. Finally, for a vector-valued function f : Rd → Rd, we
indicate with ∇f the matrix whose (i, j)th entry is ∂ifj , for 1 ≤ i, j ≤ d.

Proposition 4.1. For fixed s ≥ 1, consider a Hilbert space H ↪→ Cs
0(R

d,R)
of scalar-valued functions, with kernel KH : Rd × Rd → R. Let the space
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V := {∇f | f ∈ H} be endowed with the inner product 〈v1, v2〉V := 〈f1, f2〉H ,
where v1 = ∇f1 and v2 = ∇f2. Then V ↪→ Cs−1

0 (Rd,Rd), i.e. it is a (s− 1)-
admissible Hilbert space of Rd-valued functions, and its kernel is given by
KV = ∇1∇T

2 KH .

Proof. One can easily verify that 〈·, ·〉V is an inner product, that V is com-
plete and continuously embedded in Cs−1

0 (Rd,Rd). So V is a RKHS, and for
all x, α ∈ Rd and v = ∇f ∈ V , its kernel KV must satisfy〈
KV (·, x)α, v

〉
V
=α · v(x)=α · ∇f(x)=

∑d
i=1 αi ∂if(x)=(by Theorem 2.11)

=
∑d

i=1αi

〈
∂2,iKH(·, x), f

〉
H
=
〈
α·∇2KH(·, x), f

〉
H

=
〈
∇
(
α·∇2KH(·, x)

)
, v
〉
V
,

therefore KV (·, x)α = ∇(∇2KH(·, x) ·α) = (∇1∇T
2 KH(·, x))α; we have used

the the property that ∇(f · α) = (∇f)α for any differentiable vector-valued
function f : Rd → Rd. By the arbitrariness of α ∈ Rd we conclude that we
must have KV (y, x) = ∇1∇T

2 KH(y, x), for y, x ∈ Rd.

Remark. Before proceeding to the case of translation- and rotation-invari-
ant kernels we note that if the kernel K of a s-admissible Hilbert space is
translation-invariant, i.e. K(x, y) = k(x−y), then k is differentiable 2s times
(see the remark at the end of section 3.1).

Proposition 4.2. Under the assumptions of Proposition 4.1, if KH(x, y) =
kH(x−y) for some function kH : Rd → R, then KV (x, y) = kV (x−y), with

kV = −HesskH (i.e. kij
V = −∂i∂jkH).

Proof. We have that ∂2,jKH(x, y) = −∂jkH(x − y) and ∂1,i∂2,jKH(x, y) =
−∂i∂jkH(x − y), for all x, y ∈ Rd. The result follows by applying Proposi-
tion 4.1.

Corollary 4.3. Under the assumptions of Propositions 4.1 with s ≥ 2 and
4.2, for any α ∈ Rd the vector field x 
→ kV (x)α is curl-free.

Proof. Using the fact that (∇f)α = ∇(f · α) for any differentiable vector-
valued function f : Rd → Rd, it is the case that kV (x)α = (−HesskH(x))α =
−(∇∇TkH(x))α = −∇(∇kH(x) · α), and we conclude immediately.

Proposition 4.4. Under the assumptions of Propositions 4.1 and 4.2, if
kH(x) = kH(‖x‖) for some kH : R+ → R then the kernel of V is TRI,

i.e. kV (x) = k
‖
V (‖x‖) Pr

‖
x + k⊥V (‖x‖) Pr⊥x with

k
‖
V (r) = −d2kH

dr2
(r) and k⊥V (r) = −1

r

dkH
dr

(r), r > 0.(46)
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Proof. First note that we have ∂jkH(x) = k′H(‖x‖)xj/‖x‖ and

−∂i∂jkH(x) = −k′′H(‖x‖) xixj‖x‖2 − k′H(‖x‖) ∂

∂xi
xj
‖x‖

= −k′′H(‖x‖) xixj‖x‖2 − k′H(‖x‖)
( δij
‖x‖ − xixj

‖x‖3
)
,

where δij is Kronecker’s symbol. By Proposition 4.2 it must be the case that

kV (x) = −k′′H(‖x‖)xx
T

‖x‖ − k′H(‖x‖)
‖x‖

(
Id−

xxT

‖x‖2
)

= −k′′H(‖x‖) Pr‖x−
k′H(‖x‖)

‖x‖ Pr⊥x .

Corollary 4.5. Under the assumptions of Proposition 4.4, kV is curl-free.

When s ≥ 2, the above follows from Corollary 4.3. However, one can ver-

ify that k
‖
V and k⊥V , given by (46), satisfy equation (38), and that the latter

operation only involves two derivatives of kH (and kH is twice differentiable
when s = 1, by Theorem 2.11 and the remark at the end of section 3.1).
Therefore Corollary 4.5 also holds when s = 1. The curl-free property may
be seen in the Fourier domain as follows.

Proposition 4.6. Under the assumptions of Proposition 4.4, if kH is inte-

grable then k̂H(ξ) = hH(‖ξ‖) and k̂V (ξ) = h
‖
V (‖ξ‖) Pr

‖
ξ+h

⊥
V (‖ξ‖) Pr⊥ξ , where

h⊥V = 0 and

(47) h
‖
V (�) = (2π�)2 hH(�), with hH(�) =

2π

�μ

∫ ∞

0
rμ+1 kH(r) Jμ(2π�r) dr

and, as usual, μ = d
2 − 1.

Proof. Assuming just translation invariance, the (j, �)th element of k̂V (ξ) is

(k̂V )j�(ξ) = −
∫
Rd

∂j∂�kH(x) e−2πiξ·xdx

= −(2πiξj)(2πiξ�)

∫
Rd

kH(x) e−2πiξ·xdx = (2π)2ξjξ� k̂H(ξ),

from which we have k̂V (ξ) = (2π‖ξ‖)2 k̂H(ξ) Pr
‖
ξ . When kH is also rotation-

invariant, by Proposition 3.9 we must have k̂H(ξ) = hH(‖ξ‖) with hH(�) as
in (47), and we conclude immediately.
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Figure 7: Commutative diagram illustrating the construction, from the
scalar-valued kernel kH : Rd → R, of the matrix-valued, curl-free ker-
nel kV : Rd → Rd×d, with interpretation in the Fourier domain. Note that
while H ↪→ Cs

0(R
d,R), we have V ↪→ Cs−1

0 (Rd,Rd).

The construction of the curl-free kernel kV from the scalar-valued ker-

nel kH is summarized in Figure 7. We have used the notation (k
‖
V , k

⊥
V ) to

compactly represent the coefficients of kV and (h
‖
V , h

⊥
V ) to represent those

of its Fourier transform k̂V . The dual operator of the negative Hessian in
the Fourier domain is the map hH 
→ ((2π�)2hH , 0). Under the assumptions
of Proposition 4.6 we may actually compute the corresponding “initial” ker-

nel kH in terms of the non-zero coefficient h
‖
V of k̂V ; in fact, using the

inversion formula (16) and the fact that hH(�) = (2π�)−2h
‖
V (�) yields:

(48) kH(x) = kH(‖x‖), with kH(r) =
1

2πrμ

∫ ∞

0
�μ−1 h

‖
V (�) Jμ(2πr�) d�,

defined for r > 0, where as usual μ = d
2 − 1.

We conclude that any integrable, TRI, curl-free kernel kV (i.e. with

nonnegative h
‖
V , and h⊥V = 0) of a (s − 1)-admissible Hilbert space V may

be derived with the procedure described in Propositions 4.1 and 4.4 (ulti-
mately, by applying formulae (46)) from the kernel kH(x) = kH(‖x‖) of a
s-admissible Hilbert space of scalar-valued functions, where kH is given by
formula (48). This proves the generality of the above method for construct-
ing RKHS of curl-free vector fields with TRI kernels.

Example 2, revisited again. Consider a RKHS of scalar valued functions
defined in Rd, denoted by H, with kernel kH(x) = kH(‖x‖), where kH(r) =
bσ2 exp(−1

2r
2/σ2). As long as b > 0 it is the case that the Hilbert space

is s-admissible, for all s. Formulae (46) yield

(49) k
‖
V (r) =

(
b− b

σ2
r2
)
exp

(
− 1

2

r2

σ2

)
and k⊥V (r) = b exp

(
− 1

2

r2

σ2

)
,
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which are precisely the equations of the coefficients (31) of the kernel in
Example 2 with a = b/σ2; that is, along the diagonal line of the domain D2,
which corresponds to curl-free kernels. See Figure 4(b).

Example 4 (Bessel-type curl-free kernels). Consider the scalar-valued ker-
nel kH(x) = kH(‖x‖), with kH given by

(50) kH(r) = C0

( r

σ

)�− d

2

K�− d

2

( r

σ

)
, r ≥ 0,

where Kν is a modified Bessel function of order ν. When C0 = C(σ, d, �) :=

(2�+
d

2
−1π

d

2 Γ(�)σd)−1, as in (7) and (19), it is the Green’s function of the
differential operator L = (1− σ2Δ)�. The corresponding Hilbert space H is
s-admissible, i.e. H ↪→ Cs

0(R
d,R), if � ≥ s + d/2. To apply our procedure,

we must have at least s ≥ 1. By Lemma A.1 in Appendix A, applying (46)
to the kernel (50) yields

k
‖
V (r) =

C0

σ2

( r

σ

)ν−1{
(2ν − 1)Kν−1

( r

σ

)
− r

σ
Kν

( r

σ

)}
,(51a)

k⊥V (r) =
C0

σ2

( r

σ

)ν−1
Kν−1

( r

σ

)
,(51b)

where ν = �− d
2 . From the asymptotic expansion for large arguments of Kν ,

given by (78) in Appendix A, one sees that the kernel with coefficients (51a)
and (51b) has heavier tails than the Gaussian case (49).

4.2. Divergence-free component

We have seen how one can create the matrix-valued kernel a curl-free RKHS
by taking the “double gradient” of a scalar-valued kernel. We will now illus-
trate how a the kernel of a divergence-free RKHS may be created by taking
the “double curl” of a matrix-valued scalar kernel (i.e. with equal diagonal
entries). Initially we shall limit ourselves to the case d = 3, which is the
most relevant in applications.

Lemma 4.7. A 1-admissible Hilbert space W ↪→ C1
0 (R

3,R3) is divergence-
free if and only if the linear map curl : W → C0(R

3,R3) is injective.

Proof. First assume thatW is divergence-free. If curlw = 0 then w = ∇f for
some scalar function f ; therefore Δf = divw = 0 because W is divergence-
free, and in fact f must be zero because it is harmonic and it vanishes at
infinity. Vice versa, assume that curl is injective onW . Take an arbitrary w ∈
W and let w = w1 + w2 be its Hodge decomposition (i.e. curlw1 = 0 and
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divw2 = 0). We have curlw = curlw2, so by the injectivity assumption
w = w2, whence w1 = 0. Therefore divw = divw1 = 0.

Let s ≥ 1 and consider a s-admissible Hilbert space W ↪→ Cs
0(R

3,R3),
and the space of vector fields V := {curlw |w ∈ W}. By Lemma (4.7)
the “primitive” w ∈ W of v = curlw ∈ V is unique if and only if W is
divergence-free. With this condition, we can certainly follow a path that is
similar to the one described in the previous section and endow V with a
reproducing kernel induced by the kernel of W .

Notation. Given a differentiable matrix-valued function G : R3 × R3 →
R3×3 we indicate with curlCnG the matrix-valued funcion whose i th column
(with i = 1, 2, 3) is the curl of the i th column of G; the curl is computed with
respect to the nth set of variables of G (with n = 1 or 2). The definition
of curlRn G is obtained by substituting the word “column” with the word
“row”. If the matrix-valued functions of only three variables g : R3 → R3×3

is differentiable, curlCg (respectively, curlRg) simply indicates the matrix
whose i th column (row) is the curl of the i th column (row) of g, for i = 1, 2, 3.

Proposition 4.8. For fixed s ≥ 1, consider a Hilbert space W ↪→ Cs
0(R

3,R3)
of divergence-free vector fields, with kernel KW : R3 × R3 → R3. Let V :=
{curlw |w ∈ W} be endowed with the inner product 〈v1, v2〉V := 〈w1, w2〉W ,
where v1 = curlw1 and v2 = curlw2. Then V ↪→ Cs−1

0 (R3,R3), i.e. it is
a (s − 1)-admissible Hilbert space of R3-valued functions, and its kernel is
given by KV = curlC1 curlR2 KW .

Proof. We indicate with Ki,·
W and K ·,j

W the ith row and the jth column of K,
respectively. One can easily verify that 〈·, ·〉V is an inner product, V is
complete, and V ↪→ Cs−1

0 (R3,R3); therefore V is a RKHS. For arbitrary w ∈
W let v = curlw; for all x, α ∈ R3 the kernel KV must be such that〈
KV (·, x)α, v

〉
V
= α · v(x) = α · curlw(x)

= α1

(
∂2w3(x)−∂3w2(x)

)
+ α2

(
∂3w1(x)−∂1w3(x)

)
+ α3

(
∂1w2(x)−∂2w1(x)

)
(∗)
=

〈
α1

(
∂2,2K

·,3
W (·, x)− ∂2,3K

·,2
W (·, x)

)
+ α2

(
∂2,3K

·,1
W (·, x)− ∂2,1K

·,3
W (·, x)

)
+ α3

(
∂2,1K

·,2
W (·, x)− ∂2,2K

·,1
W (·, x)

)
, w

〉
W

=
〈(
curlR2 KW (·, x)

)
α,w

〉
W

=
〈
curl

[(
curlR2 KW (·, x)

)
α
]
, v
〉
V

(∗∗)
=

〈[
curlC1 curlR2 KW (·, x)

]
α, v

〉
V
,

where in step (∗) we have used Theorem 2.11, while in (∗∗) the fact that
curl(gα) = (curlCg)α for any differentiable function g : R3 → R3×3 and any
α ∈ R3. This concludes the proof.

In the translation-invariant case we have an immediate consequence.
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Proposition 4.9. Under the assumptions of Proposition 4.8, if KW (x, y) =
kW (x− y) for some function kW : R3 → R3×3, then KV (x, y) = kV (x− y)
with kV = −curlCcurlR kW .

Corollary 4.10. Under the assumptions of Propositions 4.8 with r ≥ 2
and 4.9, for any α ∈ Rd the vector field x 
→ kV (x)α is divergence-free.

Proof. Since (curlCg)α = curl(gα) for any differentiable matrix-valued func-
tion g : R3 → R3×3, it is the case that kV (x)α = (−curlCcurlRkW (x))α =
−curl[(curlRkW (x))α], and we conclude immediately.

Lemma 4.11. For any matrix-valued function g = [gij ]1≤i,j≤3 : R
3 → R3×3

that is twice differentiable we have:

curlCcurlR g = curlRcurlC g

=

[
∂2
2g33 − ∂2∂3(g23 + g32) + ∂2

3g22 −∂1∂2g33 + ∂1∂3g23 + ∂2∂3g31 − ∂2
3g21

−∂1∂2g33 + ∂1∂3g32 + ∂2∂3g13 − ∂2
3g12 ∂2

1g33 − ∂1∂3(g13 + g31) + ∂2
3g11

∂1∂2g23 − ∂1∂3g22 − ∂2
2g13 + ∂2∂3g12 −∂2

1g23 + ∂1∂2g13 + ∂1∂3g21 − ∂2∂3g11

∂1∂2g32 − ∂1∂3g22 − ∂2
2g31 + ∂2∂3g21

−∂2
1g32 + ∂1∂2g31 + ∂1∂3g12 − ∂2∂3g11
∂2
1g22 − ∂1∂2(g12 + g21) + ∂2

2g11

]
.

The above lemma may be proven by direct computation. We note that
curlR and curlC commute, and if g is symmetric (i.e. gij = gji for 1 ≤ i, j ≤ 3)

then so is the matrix-valued function curlCcurlR g.

Remark. Before proceeding further we should note that the above proce-
dure and results require the s-admissible space of vector fields W (that we
use to build the new space V ) to be divergence-free. This sounds like a se-
vere limitation because, as we said at the beginning of the section, our goal
here is to formulate a procedure that generates RKHS of divergence-free
vector fields. Having to start from such a space does not seem very useful.
The next results, that refer to the TRI case, solve this problem. In order to
interpret the results in the Fourier domain, we shall assume that the kernels
are integrable.

Proposition 4.12. Let k1, k2 : R3 → R3×3 be the TRI, integrable kernels
of two s-admissible Hilbert spaces, with s ≥ 2. If their Fourier transforms
have the the same divergence-free coefficient h⊥, i.e.

k̂1(ξ) = h
‖
1(‖ξ‖) Pr

‖
ξ+h⊥1 (‖ξ‖) Pr⊥ξ and k̂2(ξ) = h

‖
2(‖ξ‖) Pr

‖
ξ+h⊥2 (‖ξ‖) Pr⊥ξ ,

with h⊥1 = h⊥2 := h⊥, then −curlCcurlRk1 = −curlCcurlRk2 =: k, and k is
a divergence-free kernel.
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Proof. We first observe that if the Fourier transform a kernel k has coef-
ficient h⊥ = 0 then, for all α ∈ R3, it is the case that curl(kα) = 0; but
curl(kα) = (curlCk)α, therefore curlCk = 0 and curlCcurlRk = 0 (by the
commutativity of curlC and curlR, see Lemma 4.11). By the linearity of the
operator M (and its inverse), introduced by (32), for i = 1, 2 we have

ki(x) = k
‖
i (‖x‖)Pr

‖
ξ + k⊥i (‖x‖)Pr⊥x , with

(k
‖
i , k

⊥
i ) = M−1(h

‖
i , h

⊥) = M−1(h
‖
i , 0) +M−1(0, h⊥);

(52)

note that h⊥1 = h⊥2 = h⊥. We now apply curlCcurlR to both k1 and k2 and,
by the first part of the proof, we have that the component that corresponds
to the first term on the right-hand side of (52) vanishes for both k1 and k2;
what remains is the second component, which is the same for both kernels.
Therefore curlCcurlRk1 = curlCcurlRk2. The resulting kernel is divergence-
free because, for i = 1, 2, we have (curlCcurlRki)α = curl[(curlRki)α], for
all α ∈ Rd.

Consequently, if the coefficients of the Fourier transform k̂ of a kernel k
are (h‖, h⊥), then the coefficients of the Fourier transform of curlCcurlRk
must be of the type (0, h∗), where h∗ only depends on h⊥. Going back to
our original problem of inducing a RKHS structure on V := {curlw |w ∈ W}
from the one on W (Propositions 4.8 and 4.9), this suggests an alternative
way of computing the kernel kV .

Namely, we build a new auxiliary Hilbert space W0 ↪→ Cs
0(R

3,R3), with
a scalar kernel, i.e. of the form kW0

(x) = kW0
(‖x‖)I3, x ∈ R3. Assuming kW

is integrable and divergence-free, the coefficients of its Fourier transform k̂W

are (h
‖
W , h⊥W ) = (0, h), for some nonegative function h : R+ → R. We define

the scalar kernel kW0
via its Fourier transform, as

(53) k̂W0
(ξ) := hW0

(‖ξ‖)I3, ξ ∈ R
3, with hW0

:= h;

in other words, the coefficients of kW0
and k̂W0

are respectively k
‖
W0

=

k⊥W0
= kW0

and h
‖
W0

= h⊥W0
= hW0

, where we have set hW0
= h, i.e. equal to

the non-zero coefficient of the Fourier transform of kW . Equivalently, and
perhaps more interestingly, kW0

is the only scalar kernel whose divergence-
free component is precisely kW . The next proposition relates the kernels kW

and kW0
explicitly in the spatial domain (as opposed to the Fourier domain);

this is summarized by the first and third rows of the diagram of Figure 8.

Proposition 4.13. Under the assumptions of Proposition 4.8, if the kernel

of W is TRI and integrable, with Fourier transform k̂W = h(‖ξ‖) Pr⊥ξ , ξ ∈
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Figure 8: Construction of the divergence-free kernel kV from the divergence-
free kernel kW , and (equivalently) from the auxiliary scalar kernel kW0

, with
interpretation in the Fourier domain. Note that while W ↪→ Cs

0(R
3,R3) and

W0 ↪→ Cs
0(R

3,R3), we have V ↪→ Cs−1
0 (R3,R3).

Rd, then the kernel kW0
, defined in the Fourier domain by (53), has the

form kW0
= kW0

(‖x‖)I3, x ∈ R3, with

kW0
=

1

2
k
‖
W + k⊥W .

Proof. We have kW0
(r) = 2π

rμ

∫∞
0 �μ+1 h(�) Jμ(2π�r) d�, with μ = d

2 − 1 = 1
2

(since d = 3). In addition, since (h
‖
W , h⊥W ) = (0, h), by Proposition 3.14

k
‖
W (r) =

2μ+ 1

rμ+1

∫ ∞

0
�μ h(�) Jμ+1(2π�r) d� (where 2μ+1=d−1=2)

and k⊥W (r) =
2π

rμ

∫ ∞

0
�μ+1 h(�) Jμ(2π�r) d�

− 1

rμ+1

∫ ∞

0
�μ h(�) Jμ+1(2π�r) d� = kW0

(r)− 1

2
k
‖
W (r).

By Proposition 4.12, since kW and kW0
have the same coefficient h⊥ in

the Fourier domain, we must have curlCcurlRkW = curlCcurlRkW0
; the right-

hand side is simpler to compute because kW0
is characterized by only one

coefficient (i.e. the function kW0
) in the spatial domain. This is done next.

Proposition 4.14. If W0 ↪→ Cs
0(R

3,R3), with s ≥ 1, has scalar kernel of the

type kW0
(x) = kW0

(‖x‖)I3, x ∈ R3, and we define kV := −curlCcurlRkW0
,

then kV (x) = k
‖
V (‖x‖)Pr

‖
x + k⊥V (‖x‖)Pr⊥x with

(54) k
‖
V (r) = −2

r

dkW0

dr
(r) and k⊥V (r) = −1

r

dkW0

dr
(r)− d2kW0

dr2
(r), r > 0.
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Proof. We first compute the curl “by rows” of kW0
:

curlR kW0
(x) =

k′W (‖x‖)
‖x‖

⎡⎣ 0 x3 −x2
−x3 0 x1
x2 −x1 0

⎤⎦ = f(x)
[
v1(x)

∣∣∣ v2(x) ∣∣∣ v3(x) ],
where f(x) := k′W0

(‖x‖)/‖x‖, and the vi’s are the columns of the above
matrix. Now we have

∇f(x) =
(k′′W0

(‖x‖)
‖x‖2 −

k′W0
(‖x‖)

‖x‖3
)
x and curl vi(x) = 2ei, for i = 1, 2, 3,

so that

curl(fv1) = ∇f × v1 + f curl v1

=
(k′′W0

(‖x‖)
‖x‖2 −

k′W0
(‖x‖)

‖x‖3
)⎡⎣ x22 + x23

−x1x2
−x1x3

⎤⎦+ 2
k′W0

(‖x‖)
‖x‖ e1.

Similar computations hold for curl(fv2) and curl(fv3), which lead to

kV (x) = −curlC curlR kW0

= −
(k′′W0

(‖x‖)
‖x‖2 −

k′W0
(‖x‖)

‖x‖3
)(

‖x‖2I3 − xxT
)
− 2

k′W0
(‖x‖)
‖x‖ I3

= −2
k′W0

(‖x‖)
‖x‖ Pr‖x −

(
k′′W0

(‖x‖) +
k′W0

(‖x‖)
‖x‖

)
Pr⊥x .

Corollary 4.15. Under the assumptions of Proposition 4.14, the elements
of V are divergence-free.

When s ≥ 2, we already knew that the above was true from Corol-
lary 4.10. However (similarly to what happens in the construction of curl-

free kernel, described in section 4.1) one can easily verify that k
‖
V and k⊥V ,

given by (54), satisfy equation (35) for d = 3, and that once again the latter
operation only involves two derivatives of kW0

, which is twice differentiable
when s = 1. Therefore Corollary 4.15 also holds when s = 1. The proposition
that follows characterizes the kernel kV in the Fourier domain.

Lemma 4.16. If g : R3 → R is a twice-differentiable scalar-valued function
and we define g = gI3, then it is the case that curlCcurlRg = (ΔI3−Hess)g.
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Proof. By Lemma 4.11, with gij = gδij , we see immediately that

curlCcurlRg =

⎡⎣ (∂2
2+∂2

3)g −∂1∂2g −∂1∂3g
−∂1∂2g (∂2

1+∂2
3)g −∂2∂3g

−∂1∂3g −∂2∂3g (∂2
1+∂2

2)g

⎤⎦ =
(
ΔI3 −Hess

)
g.

Proposition 4.17. Under the assumptions of Proposition 4.14, if kW0
is

integrable and k̂W0
(ξ) = h(‖ξ‖)I3, ξ ∈ R3, then k̂V (ξ) = h

‖
V (‖ξ‖) Pr

‖
ξ +

h⊥V (‖ξ‖) Pr⊥ξ , with h
‖
V = 0 and h⊥V (�) = (2π�)2h(�).

Proof. We have kW0
(x) = g(x)I3 with g(x) := kW0

(‖x‖), x ∈ R3; by
Lemma 4.16, it is the case that kV = −curlCcurlR kW0

= (Hess − ΔI3)g.
Now, since

∫
Rd ∂j∂�g(x) e

−2πiξ·xdx = −(2π)2ξjξ� ĝ(ξ) and ĝ(ξ) = h(‖ξ‖), we
compute

k̂V (ξ) = (2π)2
(
‖ξ‖2I3 − ξξT

)
h(‖ξ‖) = (2π‖ξ‖)2 h(‖ξ‖) Pr⊥ξ .

The situation is completely illustrated by the commutative diagram in
Figure 8. In summary, given an arbitrary s-admissible Hilbert space W of
divergence-free vector fields with kernel kW (i.e. given the corresponding
coefficient in the frequency domain h⊥W = h), we can always build another

spaceW0 with a scalar kernel kW0
such that curlCcurlRkW = curlCcurlRkW0

.
Then by Proposition 4.9 the kernel of the space V := {curlw |w ∈ W} may
simply be computed as kV = −curlCcurlRkW0

, i.e. by equations (54).
In fact, given the arbitrariness of h⊥W = h, we may start from any Hilbert

space W0 ↪→ Cs
0(R

3,R3) with a scalar kernel, compute the new coefficients
via (54) and these will correspond to the kernel of V := {curlw |w ∈ W}
for some s-admissible space W of divergence-free vector fields, whose ker-
nel kW we do not need to make explicit . This provides us with a practical
procedure for building kernels of divergence-free vector fields. Since h(�) =

(2π�)−2h
‖
V (�), we finally note that by formula (16) we have

(55) kW0
(x)=kW0

(‖x‖)I3, with kW0
(r)=

1

2πrμ

∫ ∞

0
�μ−1 h

‖
V (�) Jμ(2πr�) d�

for r > 0 (μ = d
2 − 1 = 1

2). So the procedure is general, in the sense that
any integrable, TRI, divergence-free kernel kV of a (s−1)-admissible Hilbert
space V may be derived by applying formulae (54) to the a scalar kernel kW0

of a certain Hilbert space W0 ↪→ Cs
0(R

3,R3), in fact given by formula (55).

Generalization to arbitrary dimensions. Thanks to the interpretation
of the differential operator −curlCcurlR in the Fourier domain provided by
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Proposition 4.17, we may actually extend the above procedure, and for-
mulae (54), to Rd×d-valued TRI kernels, with arbitrary d. The following
holds:

Proposition 4.18. Let kW0
↪→ Cs

0(R
d,Rd) be integrable and of the form

kW0
(x) = kW0

(‖x‖)Id, with Fourier transform given by k̂W0
(ξ) = h(‖ξ‖)Id. If

we define kV via its Fourier transform as k̂V (ξ) = h⊥V (‖ξ‖)Pr⊥ξ with h⊥V (�) =

(2π�)2h(�), � > 0, then the coefficients of kV are given, for r > 0, by

(56) k
‖
V (r) = −d− 1

r

dkW0

dr
(r) and k⊥V (r) = −d− 2

r

dkW0

dr
(r)− d2kW0

dr2
(r),

Proof. By (33a) we have k
‖
V (r) = 2μ+1

rμ+1 (2π)2
∫∞
0 �μ+2h(�)Jμ+1(2π�r) d�,

since h‖ = 0. We note that

2π

�μ+1

∫ ∞

0
rμ+2

(1
r

dkW0

dr
(r)

)
Jμ+1(2π�r) d�

(∗)
= −(2π)2

�μ

∫ ∞

0
rμ+1kW0

(r) Jμ(2π�r) d� = −2πh(�);

in step (∗) one uses an argument that is in all similar to the computation
in (39). Since the transformation (15), with μ+1 instead of μ, is an involu-
tion, it must be the case that

1

r

dkW0

dr
(r) =

2π

rμ+1

∫ ∞

0
�μ+2

(
−2πh(�)

)
Jμ+1(2π�r) d�,

which allows us to complete the computation of k
‖
V (note that 2μ+1 = d−1).

To calculate k⊥V we simply use formula (35), which is valid for divergence-free

kernels, rewritten as k⊥V = k
‖
V + r

d−1 dk
‖
V /dr.

By considerations that are in all similar to those above, we conclude that
all divergence-free kernels, in arbitrary dimensions, may be obtained from
scalar ones via formulae (56), which generalize (54).

Example 1, revisited again. Let W0 ↪→ Cs
0(R

d,Rd) be a RKHS and

kW0
(x) = kW0

(‖x‖)Id, where kW0
(r) = bσ2

d−1 exp(−
1
2
r2

σ2 ), with b > 0; W0 is
s-admissible, for all s. Formulae (56) yield

(57) k
‖
V (r)=b exp

(
− 1

2

r2

σ2

)
and k⊥V (r)=

(
b− b

(d− 1)σ2
r2
)
exp

(
− 1

2

r2

σ2

)
,
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which are precisely the equations of the coefficients (30) of the kernel in
Example 1 with a = b [(d−1)σ2]−1, which is the line on the boundary of D1

that corresponds to divergence-free kernels. See Figure 4(a).

Example 5 (Bessel-type divergence-free kernels). Consider the scalar kernel
kW0

(x) = kW0
(‖x‖)Id, with kW0

given by the right-hand side of (50); if � >
s+d/2 then W0 ↪→ Cs

0(R
d,Rd). Using Lemma A.1, if we apply formulae (56)

to such kernel kW0
we get:

k
‖
V (r) =

C0

σ2
(d− 1)

( r

σ

)ν−1
Kν−1

( r

σ

)
,(58a)

k⊥V (r) =
C0

σ2

( r

σ

)ν−1{
(2ν + d− 3)Kν−1

( r

σ

)
− r

σ
Kν

( r

σ

)}
,(58b)

where ν = � − d
2 . Once again, the kernel with coefficients (58a) and (58b)

has heavier tails than the Gaussian case (57).

5. Application: matching of landmark points

To illustrate an application of the tools that we developed thus far, in this
section we shall study the problem of matching feature points, or “land-
marks” [30, 35, 42, 69]. Let Ω be an open subset of Rm. The set of N labeled
landmark points in Ω is defined as:

(59) LN (Ω) :=
{
(P1, . . . , PN ) : Pa ∈ Ω, Pa �= Pb for a �= b

}
,

which is in fact a manifold of dimension n = Nm. The generic element
of LN (Ω) is called landmark set . For any pair of elements of LN (Ω) we will
look for a time-dependent velocity field of “minimal energy” (to be defined)
that deforms the first landmark set into the other; we shall consider velocity
fields in RKHS of the type described in this paper. This will result in the
formulation of a Riemannian distance in LN (Ω). Before proceeding, we first
review some some known results.

5.1. Ordinary differential equations and groups
of diffeomorphisms

We briefly summarize some facts on ordinary differential equations where
the time-dependent velocity fields take their values in RKHS of the type de-
scribed in this paper, and on the deformations that such dynamical systems
generate. The reader is referred to [69] for further details and results.

Consider a 1-admissible Hilbert space V ↪→ C1
0 (Ω,R

d), where Ω is an
open subset of Rm; for now we shall not introduce further assumptions of
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invariance. We indicate with X p
V := Lp([0, 1], V ) the space of V -valued time-

dependent vector fields t 
→ v(t, ·) ∈ V such that

‖v‖X p
V
:=

(∫ 1

0
‖v(t, ·)‖pV dt

)1

p

< ∞.

In particular, X 2
V is a subset of X 1

V and is Hilbert itself with the inner product

〈u, v〉X 2
V
:=

∫ 1
0 〈u, v〉V dt.

If V ↪→ C1
0 (Ω,R

d) then it is the case [69, §8.2] that for any v ∈ X 1
V ,

t0 ∈ [0, 1] and x0 ∈ Ω the initial value problem ż = v(t, z), z(t0) = x0 has
a unique solution of the type z(t) = ψ(t, t0, x), for t ∈ [0, 1]. We define the
function ϕv

st(x) := ψ(t, s, x) and call it the flow associated to v; it has the
group property ϕv

st = ϕv
rt ◦ ϕv

sr for all r, s, t ∈ [0, 1] and v ∈ X 1
V . In fact,

under the assumption that V ↪→ C1
0 (Ω,R

d), we have that for all v ∈ X 1
V and

s, t ∈ [0, 1] the map ϕv
st : Ω → Ω is a diffeomorphism of Ω.

If V ↪→ C1
0 (Ω,R

d), we denote with GV := {ϕv
01 : v ∈ X 1

V } the set of
diffeomorphisms provided by flows associated to elements of v ∈ X 1

V at
time 1. For any ψ1, ψ2 ∈ GV we define

dV (ψ1, ψ2) := inf
v∈X 1

V

{
‖v‖X 1

V
: ψ2 = ψ1 ◦ ϕv

01

}
;

it was proven by A. Trouvé [69, Theorem 8.15] that the function dV is
a distance on GV , and that (GV , dV ) is a complete metric space. For any
ψ1, ψ2 ∈ GV , their distance may in fact be computed as follows: dV (ψ1, ψ2) =
infv∈X 2

V
{‖v‖X 2

V
: ψ2 = ψ1 ◦ ϕv

01}; that is, the search of v may be restricted

to the set X 2
V ⊂ X 1

V . The infimum attained in X 2
V : more precisely, for all

ψ1, ψ2 ∈ GV there exists a time-dependent vector field v ∈ X 2
V such that

dV (ψ1, ψ2) = ‖v‖X 1
V
= ‖v‖X 2

V
, and it is such that ‖v(t, ·)‖V is constant with

respect to t ∈ [0, 1]. See [69, Chapter 8] for details.

5.2. Interpolation of vector fields

Let V be a non-degenerate RKHS with kernel K : Ω× Ω → Rd×d, where Ω
is an open subset of Rm; for now we shall introduce no further assumption
of translation- and rotation-invariance, or differentiability, of the kernel. We
consider the following problem.

Interpolation Problem 1 (IP1). For any landmark set S = (x1, . . . , xN ) ∈
LN (Ω) and any N -tuple of vectors (β1, . . . , βN ) ∈ (Rd)N , find a vector field
u ∈ V such that
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{
u(xa) = βa for 1 ≤ a ≤ N, and
‖u‖V is minimal.

For this purpose, for a fixed S = (x1, . . . , xN ) ∈ LN (Ω) we define the
linear subspace of V :

VS :=
{
u ∈ V

∣∣u(xa) = 0 for all a = 1, . . . , N
}
.

Its orthogonal complement with respect to the inner product 〈·, ·〉V is given
by the following result.

Lemma 5.1. If S = (x1, . . . , xN ) ∈ LN (Ω), then V ⊥
S = span{K(·, xa)α |

a = 1, . . . , N, α ∈ Rd}.
Proof. We have that u ∈ VS if and only if∑N

a=1 αa · u(xa) =
〈∑N

a=1K(·, xa)αa, u
〉
V
= 0

for all α1, . . . , αN ∈ Rd. So VS = span{K(·, xa)α | a = 1, . . . , N, α ∈ Rd}⊥.
But {K(·, xa)α | a = 1, . . . , N, α ∈ Rd} has finite dimension (and whence
it is closed), so the claim follows immediately.

Proposition 5.2. Fix S = (x1, . . . , xN ) ∈ LN (Ω). For any u ∈ V , there
exists a unique u∗ ∈ V ⊥

S such that u∗(xi) = u(xi) for all i = 1, . . . , N ; it is
given by the orthogonal projection of u onto V ⊥

S .

Proof. Let u∗ be the orthogonal projection of u onto V ⊥
S ; then u− u∗ ∈ VS ,

i.e. u(xa) = u∗(xa) for a = 1, . . . , N . On the other hand, if u∗ ∈ V ⊥
S is such

that u(xa) = u∗(xa) for a = 1, . . . , N , then it is the case that u − u∗ ∈ VS ,
i.e. u∗ is the orthogonal projection of u onto V ⊥

S .

Corollary 5.3. Let V be a RKHS. If a solution u to IP1 exists, then u ∈ V ⊥
S .

If u ∈ V ⊥
S is a solution to IP1 restricted to V ⊥

S , then it is a solution to IP1

on all of V .

Therefore if the solution to IP1 exists then it must be in V ⊥
S , i.e. of the

form

(60) u(·) =
N∑
b=1

K(·, xb)αb,

for some choice of vectors α1, . . . , αN ∈ Rd. The squared norm of such
vector fields may be written as ‖u‖2V =

∑N
a,b=1 αa · K(xa, xb)αb. Insert-

ing x1, . . . , xN in the above expression and imposing the conditions u(xa) =
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βa, a = 1, . . . , N , we see that we are looking for vectors α1, . . . , αN such that

(61) βa =

N∑
b=1

K(xa, xb)αb, a = 1, . . . , N.

Introducing now the vectors in RNd and the matrix in RNd×Nd

(62)

α :=

⎡⎢⎣α1
...

αN

⎤⎥⎦, β :=

⎡⎢⎣β1
...

βN

⎤⎥⎦, K(x) :=

⎡⎢⎢⎣
K(x1, x1) K(x1, x2) · · · K(x1, xN )
K(x2, x1) K(x2, x2) · · · K(x2, xN )

...
...

. . .
...

K(xN , x1) K(xN , x2) · · · K(xN , xN )

⎤⎥⎥⎦,
we may rewrite (61) simply as β = K(x)α, while ‖u‖2V = α ·K(x)α. Note
that the matrix K(x) is invertible (in fact if K(x)α = 0 for some α ∈ RNd

then α ·K(x)α = 0; but α ·K(x)α is the left-hand side of (3), so if V is non-
degenerate we must have α = 0). Therefore the only solution to β = K(x)α
is α = K(x)−1β. In conclusion, there exists a unique solution to IP1 when
this is restricted to V ⊥

S , which is the vector field (60) with α = K(x)−1β.
By Corollary 5.3 this is the only solution to IP1 (on all of V ).

5.3. Landmark matching via diffeomorphisms, with differential
geometric interpretation

We will now formulate and provide a method for solving the more difficult
problem of matching landmark sets with flows of diffeomorphisms. For Ω ⊆
Rd open and connected, we introduce the further assumption that the non-
degenerate RKHS is 1-admissible, i.e. V ↪→ C1

0 (Ω,R
d).

Interpolation Problem 2 (IP2). For any two sets I = (x1, . . . , xN ) and
J = (y1, . . . , yN ) in LN (Ω), find a time-dependent vector field v ∈ X 2

V such
that {

ϕv
01(xa) = ya for 1 ≤ a ≤ N, and

‖v‖X 2
V
is minimal.

For v ∈ X 2
V , S = (x1, . . . , xN ) ∈ LN (Ω) and s, t ∈ [0, 1], we let ϕv

st(S) :=
(ϕv

st(x1), . . . , ϕ
v
st(xN )), where ϕv

st is the flow associated to v. Since ϕv
st is

a diffeomorphism we have ϕv
st(xa) �= ϕv

st(xb) for a �= b, whence ϕv
st(S) ∈

LN (Ω). We also introduce the subset of X 2
V :

X 2
V (S) :=

{
v ∈ X 2

V

∣∣ v(t, ·) ∈ V ⊥
ϕv

0t(S)
, for all t ∈ [0, 1]

}
.
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Theorem 5.4. Assume that V is a 1-admissible Hilbert space, and let S =
(x1, . . . , xN ) ∈ LN (Ω). For any v ∈ X 2

V there exists a vector field v∗ ∈ X 2
V (S)

such that ϕv∗
0t (xa) = ϕv

0t(xa) for all t ∈ [0, 1] and a = 1 . . . , N , and it is such
that ‖v∗(t, ·)‖V ≤ ‖v(t, ·)‖V for all t ∈ [0, 1].

Proof. Fix v ∈ X 2
V , and for all t ∈ [0, 1] let v∗(t, ·) be the projection

of v(t, ·) ∈ V onto V ⊥
ϕv

0t(S)
; by Corollary 5.3 it is in fact the vector field of min-

imal norm ‖·‖V such that, for all a = 1, . . . , N , v∗(t, ϕv
0t(xa)) = v(t, ϕv

0t(xa)).
Therefore, by the uniqueness of solutions to ordinary differential equations
(discussed in §5.1), it must be the case that ϕv∗

0t (xa) = ϕv
0t(xa), for all t ∈

[0, 1] and a = 1, . . . , N . This also implies that Vϕv∗
0t (S)

= Vϕv
0t(S)

, therefore

v∗(t, ·) ∈ Vϕv∗
0t (S)

for all t ∈ [0, 1], i.e. v∗ ∈ X 2
V (S). Also, by construction we

have that ‖v∗(t, ·)‖V ≤ ‖v(t, ·)‖V for all t ∈ [0, 1].

Whence the solutions of the problem IP2 must be searched among the
vector fields of the form

(63) v(t, ·) =
N∑
b=1

K
(
· , xb(t)

)
αb(t), t ∈ [0, 1],

for some set of functions αa : [0, 1] → Rd, a = 1, . . . , N , where we have intro-
duced for simplicity the notation xa(t) := ϕv

0t(xa), a = 1, . . . , N (the above
equation is precisely expression (1) in the introduction). Note therefore that
expression (63) for v is implicit, in that the trajectories xa, a = 1, . . . , N ,
also depend on v. We can parametrize the search space X 2

V (S) of the solution
to IP2 by the functions αa, a = 1, . . . , N . Similarly to what was done earlier,
for all t ∈ [0, 1] we introduce the vectors in RNd and matrix in RNd×Nd:

α(t) :=

⎡⎢⎣ α1(t)
...

αN (t)

⎤⎥⎦, x(t) :=

⎡⎢⎣x1(t)
...

xN (t)

⎤⎥⎦,

K
(
x(t)

)
:=

⎡⎢⎢⎢⎣
K
(
x1(t), x1(t)

)
· · · K

(
x1(t), xN (t)

)
K
(
x2(t), x1(t)

)
· · · K

(
x2(t), xN (t)

)
...

. . .
...

K
(
xN (t), x1(t)

)
· · · K

(
xN (t), xN (t)

)
⎤⎥⎥⎥⎦.

(64)

Note that since we assumed that V ↪→ C1
0 (Ω,R

d) is non-degenerate,
the matrix K(x(t)) is invertible for all t ∈ [0, 1]. Note also that the norm
of the vector fields of the type (63) may be written as ‖v(t, ·)‖V = α(t) ·
K(x(t))α(t), by the reproducing property of K. Therefore the solutions
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to IP2 must be searched in the space X 2
V (S), whose elements have norm

that may also be parametrized by the functions αa, a = 1, . . . , N , as follows:
(65)

‖v‖2X 2
V
=

∫ 1

0

N∑
a,b=1

αa(t) ·K
(
xa(t), xb(t)

)
αb(t) dt =

∫ 1

0
α(t) ·K(x(t))α(t) dt,

where, we remind the reader, xa(t) := ϕv
0t(xa), for t ∈ [0, 1] and a = 1, . . . , N .

Therefore, by definition, it must be the case that ẋa(t) = v(t, xa(t)); by
expression (63), we must have

ẋa(t) =

N∑
b=1

K
(
xa(t), xb(t)

)
αb(t), t ∈ [0, 1], a = 1, . . . , N,

or, with the compact notation introduced in (64), ẋ(t) = K(x(t))α(t),
for t ∈ [0, 1]. We conclude that the squared norm (65) of vector fields in X 2

V
of the type (63) may be rewritten as:

(66) ‖v‖2X 2
V
=

∫ 1

0
ẋ(t) ·K(x(t))−1ẋ(t) dt,

where xa : [0, 1] → LN (Ω), and a = 1, . . . , N , are the trajectories determined
by the vector field v.

We note that the right-hand side of (66) may be interpreted in dif-
ferential geometric terms [36, 37] as the energy of a curve t 
→ x(t) on
the Nd-dimensional manifold LN (Ω) with respect to a Riemannian metric
(remember that Ω ⊆ Rd, as specified earlier). In the coordinates of the land-
mark points, which we indicate here generically as (q1, . . . , qN ) ∈ LN (Ω)
with qa = (qa1, . . . , qad) ∈ Rd for a = 1, . . . , N , the corresponding metric
tensor is written as the Nm×Nm matrix-valued function:

(67) g(q1, . . . , qN ) :=

⎡⎢⎢⎢⎣
K(q1, q1) K(q1, q2) · · · K(q1, qN )
K(q2, q1) K(q2, q2) · · · K(q2, qN )

...
...

. . .
...

K(qN , q1) K(qN , q2) · · · K(qN , qN )

⎤⎥⎥⎥⎦
−1

.

We now introduce notation from mechanics [3], namely qa(t) := xa(t) ∈ RNd

and pa(t) := αa(t) ∈ RNd, with t ∈ [0, 1] and a = 1, . . . , N , for land-
mark positions and momenta, respectively; also, we shall write q(t) := x(t)
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and p(t) := α(t), t ∈ [0, 1]. Whence ẋ(t) = K(x(t))α(t) translates into

(68) q̇a(t) =

N∑
b=1

K
(
qa(t), qb(t)

)
pb(t), t ∈ [0, 1], a = 1, . . . , N,

which is nothing but the “sharp” isomorphism of differential geometry (rais-
ing of the indices) with respect to the metric tensor (67), that maps cotan-
gent vectors into tangent vectors (this justifies the upper location of the
indices in qa, a = 1, . . . , N). From the energy of the curve (66) we deduce
immediately the form of the Lagrangian function [3, 36] for landmarks, that
is L(q, q̇) = 1

2 q̇ · g(q)q̇, and the Hamiltonian function which we may write
as:

H(p, q) =
1

2
p ·

(
g(q)

)−1
p =

1

2

N∑
a,b=1

pa ·K(qa, qb)pb(69)

=
1

2

N∑
a,b=1

d∑
i,j=1

Kij(q
a, qb)paipbj ,

where we have explicitly written the components of the momenta pa =
(pa1, . . . , pad), a = 1, . . . , N , and we have indicated with Kij the (i, j)th el-
ement of the matrix-valued kernel K. We shall use (69) in the next section
to study the dynamics induced by the landmark matching problem.

Discussion. In light of the above, the landmark trajectories resulting from
vector fields v ∈ X 2

V that solve IP2 will be length-minimizing geodesics in
LN (Ω), with respect to the metric tensor (67), that connect the landmark
sets I = (x1, . . . , xN ) and J = (y1, . . . , yN ). Once such length-minimizing
geodesics q : [0, 1] → LN (Ω) are known, the momenta are computed via the
inversion of the equations (68) (i.e. by p(t) = K(q(t))−1q̇(t), t ∈ [0, 1]), while
the corresponding v ∈ X 2

V is obtained via formula (63). We also have, by
the results summarized in §5.1, that the resulting geodesic distance between
the landmark sets I = (x1, . . . , xN ) and J = (y1, . . . , yN ) in LN (Ω) is equal
to dV (ϕ

v
01, id), i.e. the distance in the group of diffeomorphisms GV between

the ϕv
01 and the identity diffeomorphism.

Finally, we note that the shape of the geodesics in LN (Ω) must clearly
depend on the initial choice of the Hilbert space V ↪→ C1

0 (Ω,R
d), i.e. on its

kernel; some examples will be seen later. We refer the reader to [42] for a
study of the geometry (in particular, of the sectional curvature) of LN (Rd)
equipped with the metric (67) in the case of scalar kernels, i.e. of the
form K(x, y) = k(‖x− y‖)Id.
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5.4. Hamiltonian dynamics

In the previous section we derived the Hamiltonian induced by the matching
problem for landmark sets. We shall now develop Hamilton’s equations,
i.e. the geodesic equations in LN (Ω) with respect to the metric tensor (67).
Also, we will consider the particular case of TRI kernels.

Proposition 5.5. Let V ↪→ C1
0 (Ω,R

d), with Ω ⊆ Rd open and connected,
be a RKHS with kernel K. Hamilton’s equations for the manifold LN (Rd)
equipped with the metric tensor (67) are given by:

q̇a =

N∑
b=1

K(qa, qb) pb(70a)

ṗai = −
N∑
b=1

d∑
j,k=1

∂1,iKjk(q
a, qb) pajpbk(70b)

for a = 1, . . . , N and i = 1, . . . , d.

As in section 4, ∂n,iK in (70b) indicates the partial derivative of the
map (x1, . . . , xd, y1, . . . , yd) 
→ K(x, y) with respect to the i-th component
(i = 1, . . . , d) of the n-th variable (n = 1, 2).

Proof. Computing q̇ai = ∂H
∂pai

yields the first equation immediately. Also:

∂
∂qai Kjk

(
qb1, . . . , qbD, qc1, . . . , qcD

)
=
∑D

�=1

(
∂1,�Kjk(q

b, qc) ∂qb�

∂qai + ∂2,�Kjk(q
b, qc) ∂qc�

∂qai

)
=
∑D

�=1

(
∂1,�Kjk(q

b, qc) δbaδ
�
i + ∂2,�Kjk(q

b, qc) δcaδ
�
i

)
= ∂1,iKjk(q

b, qc) δba + ∂2,iKjk(q
b, qc) δca.

Since Kjk(x, y) = Kkj(y, x) we also have ∂2,iKjk(x, y) = ∂1,iKkj(y, x), thus

ṗai = − ∂H
∂qck = −1

2

∑N
b,c=1

∑D
j,k=1

(
∂1,iKjk(q

b, qc) δba+∂1,iKkj(q
c, qb) δca

)
pbjpck

= −1
2

∑D
j,k=1

(∑N
c=1 ∂1,iKjk(q

a, qc)pajpck +
∑N

b=1 ∂1,iKkj(q
a, qb)pbjpak

)
= −

∑D
j,k=1

∑N
c=1 ∂1,iKjk(q

a, qc)pajpck

where, in the last step, we have simply relabeled the indices.

We now assume that Ω = Rd and that the kernel of V is translation-
invariant, i.e. K(x, y) = k(x− y), for some function k : Rd → Rd×d. In this
case Hamilton’s equations obviously become:
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q̇a =

N∑
b=1

k(qa − qb) pb(71a)

ṗai = −
N∑
b=1

pa ·
∂k

∂xi
(qa − qb) pb(71b)

with a = 1, . . . , N and i = 1, . . . , d. In the translation- and rotation-invariant
case (TRI kernels) the equations take a form that is determined by differ-
entiating the general expression (10).

Proposition 5.6. Consider a Hilbert space V ↪→ C1
0 (R

d,Rd) with a TRI
kernel. Then

∂k

∂xi
(x) =

xi
‖x‖

[dk‖
dr

(‖x‖) Pr‖(x) + dk⊥

dr
(‖x‖) Pr⊥(x)

]
(72)

+ ‖x‖ k̃(‖x‖)
[eixT + xeTi

‖x‖ − 2
xi
‖x‖Pr

‖(x)
]
,

for i = 1, . . . , d, where k̃ is given by (11).

Proof. We differentiate the generic matrix element (12) with respect to xi:

∂kjk

∂xi
(x)

= xjxk

‖x‖2
∂
∂xi

[
k‖(‖x‖)−k⊥(‖x‖)

]
+
[
k‖(‖x‖)−k⊥(‖x‖)

]
∂
∂xi

xjxk

‖x‖2 +
∂
∂xi

k⊥(‖x‖) δjk

=
[
dk‖

dr − dk⊥

dr

]xixjxk

‖x‖3 + ‖x‖2
( δijxk+δikxj

‖x‖2 − 2xixjxk

‖x‖4

)
k̃ + dk⊥

dr
xi

‖x‖δjk,

where δij is Kronecker’s delta. We note that we have (eix
T )jk = xkδij and

(xeTi )jk = xjδik, so we can rewrite the above in matrix form as follows:

∂k

∂xi
(x) =

xi
‖x‖

[dk‖
dr

(‖x‖)− dk⊥

dr
(‖x‖)

] xxT
‖x‖2

+ ‖x‖ k̃(‖x‖)
(eixT + xeTi

‖x‖ − 2xi
‖x‖

xxT

‖x‖2
)
+
dk⊥

dr
(‖x‖) xi

‖x‖ Id;

the proof is completed by using the the projection operators (8).

Corollary 5.7. Under the assumptions of Proposition 5.6, if V is diver-
gence-free, i.e. if condition (35) also holds, the partial derivatives (72) be-
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Figure 9: Plots of the vector field v(x) =
∑3

a=1k(x−qa)αa for three different
kernels, with the same landmarks qa and momenta αa, a = 1, 2, 3.

come

∂k

∂xi
(x) =

xi
‖x‖

[d+ 1

d− 1

dk‖

dr
(‖x‖) Pr‖(x) + dk⊥

dr
(‖x‖) Pr⊥(x)

]
− 1

d− 1

dk‖

dr
(‖x‖) eix

T + xeTi
‖x‖ .

Corollary 5.8. Under the assumptions of Proposition 5.6, if V is curl-free,
i.e. if condition (38) also holds, the partial derivatives (72) become

∂k

∂xi
(x) =

xi
‖x‖

[(dk‖
dr

(‖x‖)− 2
dk⊥

dr
(‖x‖)

)
Pr‖(x)

+
dk⊥

dr
(‖x‖) Pr⊥(x)

]
+

dk⊥

dr
(‖x‖) eix

T + xeTi
‖x‖ .

For any given choice of differentiable coefficients (k‖, k⊥), the expres-
sion (72) can be inserted into (71b), and Hamilton’s equations may be
solved numerically to yield the landmark trajectories. Once these are known,
the time dependent velocity field (63) can be computed (with xa = qa

and αa = pa); integrating numerically the differential equation ∂tϕ
v
0t(t, x) =

v(t, ϕv
0t(x)), with initial condition ϕv

00(x) = x, yields the diffeomorphisms ϕv
01.

This is shown in the next section for different choices of the TRI kernel k.

6. Numerical results

Figure 9 shows the vector field u(x) =
∑3

a=1 k(x − qa)αa, which is of the
type (63), with landmarks given by q1 = (−1, 0), q2 = (−1/2, 1), q3 = (1, 0)
in L3(R2), and momenta α1 = (1/

√
2, 1/

√
2), α2 = (−2/

√
5, 1/

√
5), α3 =
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(−2/
√
5,−1/

√
5) (so in this case ‖αa‖R2 = 1 for a = 1, 2, 3), but for three

different choices of the TRI kernel k. The first one is the Gaussian scalar
kernel k(x) = k(‖x‖)I2 where k(r) = exp(−1

2r
2/σ2), with 2σ2 = 1, the

second one is the kernel (31) from Example 2, and the third one is the
kernel (30) from Example 1; in the last two cases, a = 2, b = 1, 2σ2 = 1
and d = 2, so that the two kernels are, respectively, curl-free and divegence-
free. It should be apparent that given the completely different nature of
the kernels and the corresponding vector fields, so should be the landmark
trajectories obtained by integrating Hamilton’s equation (71a) and (71b) as
well as the corresponding diffeomorphisms of the ambient space. Here we
shall give examples of such trajectories and diffeomorphisms for the above
choices of the kernel.

6.1. Landmarks shooting

Figure 10 shows the landmark trajectories that result from shooting land-
marks, i.e. from solving Hamilton’s equations (71a) and (71b) as an ini-
tial value problem, namely with specified initial landmark sets in L2(R2)
and initial momenta. The grid in each graph represent the corresponding
diffeomorphism ϕv

01, which is obtained from the landmark trajectories by
integrating numerically the differential equation ∂tϕ

v
0t(t, x) = v(t, ϕv

0t(x))
with initial condition ϕv

00(x) = x, where v is given by equation (63). This is
done for the above three choices of Gaussian kernels (scalar, curl-free, and
divergence-free), with parameters σ2 = 1/32, b = σ2, a = bσ2 and obvi-
ously d = 2 since we are working in two dimensions. Specifically, the first
column shows the numerical solution of the above problem when the initial
landmark set is (q1, q2) = ((0, 0), (0, 0.15)) and the momenta are parallel
and both oriented to the right, namely (p1, p2) = ((15, 0), (15, 0)).

The geodesics in the scalar case had already been examined in [42];
we note that their behavior in the curl-free case is qualitatively similar.
By Liouville’s Theorem [3] a time-dependent divergence-free vector field v
generates a flow ϕv

0t that preserves volume; such preservation shows clearly
for the diffeomorphism in the last figure on the right, which is distinctly
different from the previous two in the shape of the landmark geodesics as
well. On the other hand, the second column illustrates the geodesic curves
resulting from shooting landmarks in parallel but opposite directions: that is,
with initial configuration (q1, q2) = ((−0.4,−0.125), (0.4, 0.125)) and initial
momenta (p1, p2) = ((20, 0), (−20, 0)). Once again, we notice that volume
is preserved in the diffeomorphism induced by the divergence-free kernel;
the path followed by the landmarks in this case is also characteristically
different, in that in order to avoid compression the two landmarks do not
spiral but tend to steer away from each other.
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Figure 10: Landmark trajectories in L2(R2) for three different kernels (scalar,
curl-free, and div-free); bullets (•) and stars (�) are the initial and final
configurations, respectively, and the arrows are the initial momenta. The
grid illustrates the diffeomorphism ϕv

01 of the ambient space. The length of
the bar at the bottom left of each graph shows the width

√
2σ of each kernel.

6.2. Exponential map for landmarks

Figure 11 shows exponential maps [36] expq(tq̇(0)) in L2(R2) for the above
choices of the Gaussian kernel (scalar, curl-free, and divergence-free); with
the same choice of parameters as in the landmark shooting examples. In
all three cases, the initial landmark positions are fixed at q = (q1, q2) =



Matrix-valued kernels for shape deformation analysis 123

Figure 11: Exponential maps expq(tq̇(0)) in L2(R2) for scalar, curl-free,
and div-free Gaussian-type kernels; the initial landmark configuration q =
(q1, q2) is shown in the first graph. The black grids (bottom halves) and
red grids (top halves) illustrate the geodesic trajectories initiating from q1

and q2 respectively, for different choices of initial momenta (p1, p2 are chosen
symmetrically with respect to the horizontal axis), and sampled in t ∈ [0, 1].

((0,−0.125), (0, 0.125)), whereas the initial momenta are of the type p =
(p1, p2) = (50(cos θ, sin θ), 50(cos θ,− sin θ)) with θ ∈ [−π

2 ,
π
2 ] (the first of

Hamilton’s equations (71a) relates the momenta p and the landmark ve-
locities), and the paramenter t is sampled in [0,1]. We observe that the
exponential maps for the Gaussian scalar and curl-free kernels are qualita-
tively similar, in that they have one “folding”: this illustrates the existence
of conjugate points , i.e. landmark sets in L2(R2) that are connected to the
initial configuration q = (q1, q2) by distinct geodesic paths. The situation be-
comes considerably more complex in the divergence-free kernel case, where
we observe multiple foldings: the exponential map keeps adding extra folds
as t increases, and the existence of several distinct trajectories connecting
landmark sets to the initial configuration is apparent.

Figure 12 shows a detail of the same exponential map in the region where
most foldings occur, and a single trajectory of landmarks in the divergence-
free case (with initial horizontal momenta, θ = 0), at different spatial scales;
note that the latter trajectory exhibits an apparent “periodic” behavior. Our
interpretation of this phenomenon, that only appears in the divergence-free
case, is that for two landmarks to move in the same direction in an incom-
pressible fluid, they have to “swim” in such fashion so that the fluid gets out
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Figure 12: (A) Detail of the exponential map and (B) a landmark trajectory
in the divergence-free case.

of the way as they proceed along their paths. This qualitative behavior and
the related differential geometry of LN (Rd), equipped with the metric (67)
for TRI kernels, should be investigated further. Regarding the computational
complexity for both the shooting trajectories and the exponential maps, the
running time for our code is just a few seconds on a Macbook Pro laptop
computer equipped with a 2.66 GHz Intel Core i7 processor.

6.3. Application to real data

Finally, Figure 13 shows the high-resolution deformation of a template for
planum temporale [55, 56, 57] to a target using the currents approach for
surface matching [28, 66] and using three different deformation kernels. The
first one is a scalar the Gaussian kernel k(x) = k(‖x‖), x ∈ R3, where k is
given by (17); the second one and third one are, respectively, the Gaussian-
type curl-free and divergence-free matrix-valued TRI kernels of Example 2
and Example 1, in three dimensions. The diameter of the planum temporale
template is 44mm, while the length parameter of the Gaussian kernels is σ =
7mm. The deformation is sampled and shown at four different times: t = 0
(no deformation), t = 1/3, t = 2/3, and t = 1 (template matched to target).
A cubic grid is also shown to illustrate, for each kernel and at each sampled
time instant, the corresponding deformation of the ambient space.

The code was written in C++ and run on on a Macbook Pro laptop com-
puter equipped with a 2.66 GHz Intel Core i7 processor: each of the three
computations took approximately one and a half hours (it was about 25%
faster in the scalar case). The template surface has 854 vertices and 1,532
triangles, while the target surface has 662 vertices and 1,160 triangles: there-
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Figure 13: Deformation of a template (in purple) for planum temporale to a
target (in red) using three different Gaussian kernels: scalar (first column),
curl-free (second column), and divergence free (third column). The diameter
of the planum temporale template is 44mm, while the length parameter of the
Gaussian kernels is σ = 7mm. The deformation is sampled at four different
times along the geodesic flow: t = 0, t = 1/3, t = 2/3, and t = 1, and each
sample is shown in the first, second, third, and fourth rows, respectively.
The deformed template is plotted in green in each figure. A cubic grid is
also shown to illustrate, for each type of kernel and at each time instant,
the corresponding deformation of the ambient space.
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fore we have 854 moving points, which is also the number of momentum vec-
tors. Thus, at each step of the energy minimization process we integrate a
system of 854×3 = 2,562 differential equations in order to evaluate the func-
tional and compute its gradient. Moreover, for the scalar kernel we coded
the matching algorithm in the CUDA language (Compute Unified Device
Architecture) for Nvidia graphics processing units, which allows developers
to access the parallel throughput architecture of such devices: the resulting
computational time for the matching in the scalar case was just around one
minute (as opposed to one and a half hours!). While we have not yet followed
the same procedure for the matrix-valued (curl-free and divergence-free) ker-
nels, we are confident that the computing time in these two instances would
be comparable to the scalar case.

Curl-free vs. divergence-free. Finally, we should note that we chose
the planum temporale just to demonstrate that data of this nature can be
handled in a computationally efficient manner with TRI kernels of the above
type. However, for specific applications certain kernels are more appropriate
than others. For example, as we recalled previously, by Liouville’s Theo-
rem [3] divergence-free vector fields produce volume-preserving diffeomor-
phisms, therefore divergence-free kernels are more suitable for applications
where the deformations involved are a priori known to preserve volume;
this is a property e.g. of the contractions of the muscular tissues of the
heart [9, 40]. On the other hand, curl-free kernels may be used for the lon-
gitudinal studies of deformations that are “purely” caused by the growth or
loss of matter; in neuroscience the former instance typically occurs during
the development of the brain, while the latter is either caused by aging or by
neurodegenerative diseases such as Alzheimer’s. Regarding the latter case,
we should mention a recent paper by Lorenzi et al. [39], where the authors
use the irrotational (curl-free) component of the deformation and the corre-
sponding potential to identify areas of maximal volume change in patients
affected by the disease, and quantify longitudinal atrophy in such regions.

7. Conclusions

In this paper we have provided a thorough and systematic study of matrix-
valued definite positive kernels that induce translation- and rotation-invari-
ant metrics in the corresponding Reproducing Kernel Hilbert Spaces. We
have conducted a novel analysis of such kernels in the Fourier domain: here
the classification of spaces of curl-free and divergence free vector fields is very
natural, in that each corresponds to one of the two coefficients of the Fourier
transform of the kernel being equal to zero. This allows one to perform the
Hodge decomposition in RKHS via the computation of Hankel transforms
(which may be done analytically or numerically). We have also devised a
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method for building curl-free and divergence-free kernels via an appropriate
differentiation of scalar kernels; we have also proven that this constructive
procedure is general, in that any TRI kernel (more precisely, the terms of
its Hodge decomposition) may be obtained this way. Such a method may
thus be used to design a large class of positive kernels. We have given a
summary of the application of the LDDMM approach to the interpolation
of vector fields and the matching of landmark points, together with the
differential geometric interpretation and the derivation of the corresponding
Hamiltonian. Finally, we have given numerical examples of the dynamics of
landmark points and the corresponding flow of diffeomorphisms for different
choices of TRI kernels, as well as the illustration of an application of such
kernels to the surface matching of planum temporale.

Future work should focus on the design of kernels that are appropriate
for different applications, especially in computational anatomy and related
fields. As mentioned in the previous section, divergence-free kernels are suit-
able for volume-preserving transformations, therefore such kernels should be
suitable for applications where shapes are known to deform in such manner
(for example, the muscular tissues of the human heart have this property).
On the other hand, curl-free kernels are more appropriate for the longitudinal
studies of deformations that are mostly due to the growth or loss of matter.
More in general, given a parameter-dependent family of kernels (where the
parameters may determine e.g. the size of the kernel, or the weights in a com-
bination of curl-free and divergence-free terms), for a specific application one
has the interest of determining, or learning , the parameters that are optimal
for a dataset of deformed anatomical shapes, i.e. those that best describe
the deformations. Developing a comprehensive collection of TRI kernels with
different properties, such as differing degrees of regularity at the origin and
varying rates of convergence to zero at infinity, would also be useful.

The shape of geodesics should be studied in relation to the choice of the
TRI kernel; in particular, note that all the kernels that we have considered in
the examples have a length constant (e.g. the parameter σ > 0 for Gaussian-
and Bessel-type kernels), so that the induced dynamics in the space of land-
marks (and, for that matter, in the group of diffeomorphisms itself) is not
scale invariant; furthermore, the regularity of the kernels at zero and the
heaviness of their tails are significant in determining both the qualitative
dynamics and the complexity of numerical implementations. Last, but not
least, the visualization of the exponential map in the previous section (es-
pecially in the case of divergence-free TRI kernels) reveals the presence of
several conjugate points, i.e. landmark configurations that are connected by
distinct geodesics; the study of the dynamics of LN (Rd) induced by the ac-
tion of diffeomorphism groups should be furthered, and the investigation of
the differential geometry of the space of landmarks that was started in [42]
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in the case of scalar kernels, which is useful for the goal of performing statis-
tics on such manifold (e.g. for determining the uniqueness of the Karcher
mean [54]), should be extended to the case of TRI kernels.
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Appendix A. Relevant properties of Hankel transforms
and Bessel functions

• Fourier-Bessel integral [20, Chapter 2] [52, Chapter 1]: this is also
known as Hankel’s integral formula, or the inversion formula for Hankel
transforms:

(73)

∫ ∞

0

{∫ ∞

0
f(r) Jμ(2π�r) r dr

}
Jμ(2πt�) � d� =

f(t)

(2π)2
, t > 0.

• Recurrence relations for Bessel functions of the 1st kind [1, §9.1.7]:

Jν−1(z) + Jν+1(z) =
2ν

z
Jν(z)(74)

Jν−1(z)−
ν

z
Jν(z) = J ′

ν(z)(75)

−Jν+1(z) +
ν

z
Jν(z) = J ′

ν(z)(76)

• A result on modified Bessel functions of the 2nd kind:

Lemma A.1. For fixed σ > 0 and arbitrary ν the function fν(r) :=
( rσ )

νKν(
r
σ ), r > 0, is such that:

f ′
ν(r) = − 1

σ

( r

σ

)ν
Kν−1

( r

σ

)
, f ′′

ν (r) =
1

σ2
fν(r) +

2ν − 1

r
f ′
ν(r) .(77)

Proof. We have f ′
ν(r) =

ν
σ (

r
σ )

ν−1Kν(
r
σ ) +

1
σ (

r
σ )

νK ′
ν(

r
σ ); using the property

K ′
ν(z) = −Kν−1(z)− ν

zKν(z) of modified Bessel functions [1, §9.6.26] yields
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the first of (77). Differentiating the latter gives

f ′′
ν (r) =

d

dr

{
− 1

σ

( r

σ

)
·
( r

σ

)ν−1
Kν−1(

r

σ

)}
(∗)
= − 1

σ2

( r

σ

)ν−1
Kν−1

( r

σ

)
+

1

σ2

( r

σ

)ν
Kν−2

( r

σ

)
,

where in (∗) we have used the first of equations (77) with ν − 1 instead
of ν. At this point we use the property Kν−2(z) = Kν(z)− 2ν−1

z Kν−1(z) of
modified Bessel functions [1, §9.6.26], and elementary manipulations lead to
the second of equations (77).

• Asymptotic expansion for large arguments of the modified Bessel
function Kν [1, §9.7.2]:
(78)

Kν(z) ∼
√

π

2z
e−z

[
1 +

λ−1

8z
+

(λ−1)(λ− 9)

2!(8z)2
+

(λ−1)(λ−9)(λ−25)

3!(8z)3
+ · · ·

]
valid for fixed ν and | arg z| < 3

2π; in the above expression, λ = 4ν2.

Appendix B. Bochner’s Theorem and consequences

We shall reformulate the generalized version of Bochner’s theorem as follows:

Bochner’s Theorem. Consider a matrix-valued function k ∈ L1(Rm,Rd×d)

whose Fourier transform k̂ is also L1, and let K(x, y) := k(x−y), x, y ∈ Rm.
The following facts are equivalent:

i. K is a positive definite function;

ii. for all f ∈ C∞
c (Rm,Cd) it is the case that

∫
Rm f∗(ξ) k̂(ξ) f(ξ) dξ ≥ 0;

iii. for all ξ ∈ Rm, it is the case that k̂(ξ) is a self-adjoint positive definite
matrix.

Proof. We have that k(x) =
∫
Rm k̂(ξ)e2πi〈x,ξ〉dξ, x ∈ Rm so we first note that

for fixed N ∈ N, x = (x1, . . . , xN ) ∈ (Rm)N and α = (α1, . . . , αN ) ∈ (Rd)N

we may write

(79)

N∑
a,b=1

αa · k(xa − xb)αb =

∫
Rm

f∗
x,α(ξ) k̂(ξ)fx,α(ξ) dξ,

where fx,α(ξ) :=
∑N

a=1 e
−2πixa·ξαa. We now proceed with the proof.
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(i.⇒ ii.) Fix f ∈ C∞
c (Rm,Cd) and ε > 0. By the continuity of integra-

tion, there existsA > 0 such that CA := [−A,A]m verifies
∫
Rm\CA

‖k̂(ξ)‖dξ <

ε. We can choose A large enough such that suppf ⊆ CA. Consider now the
periodic extension of f in Rm and its Fourier series expansion:

fper(ξ) :=
∑
p∈Zm

f(ξ −Ap) =
∑
p∈Zm

cpe
−2πi p

2A
·ξ, ξ ∈ R

m,

with cp :=

∫
Rm

f(ξ) e2πi
p

2A
·ξ dξ, p ∈ Z

m.

The above Fourier series converges uniformly, whence there exist M ∈ N,
points p1, . . . , pM ∈ Zm such that | f(ξ)−

∑N
a=1 exp(−2πi pa

2A · ξ)αa |< ε for
all ξ ∈ CA, where we have set αa := cpa

, for a = 1, . . . ,M . In other words,
there exist x = (x1, . . . , xM ) and α = (α1, . . . , αM ) such that

supξ∈CA

{∣∣f(ξ)−∑N
a=1 exp

(
−2πixa · ξ

)
αa

∣∣} < ε.

Since ‖f − fx,α‖CA,∞ < ε we have ‖fper − fx,α‖∞ < ε, whence ‖fx,α‖∞ <
‖fper‖∞ + ε = ‖f‖∞ + ε. Now,∣∣∣∣ ∫

Rm

f∗
x,α(ξ) k̂(ξ)fx,α(ξ) dξ −

∫
Rm

f∗(ξ) k̂(ξ)f(ξ) dξ

∣∣∣∣
≤
∣∣∣∣ ∫

Rm\CA

f∗
x,α(ξ) k̂(ξ)fx,α(ξ) dξ

∣∣∣∣︸ ︷︷ ︸
I1

+

∣∣∣∣ ∫
CA

f∗
x,α(ξ) k̂(ξ)fx,α(ξ) dξ −

∫
CA

f∗(ξ) k̂(ξ)f(ξ) dξ

∣∣∣∣︸ ︷︷ ︸
I2

,

with

I1≤
∫
Rm\CA

∥∥k̂(ξ)∥∥‖fx,α(ξ)‖2dξ<(‖f‖∞+ε
)2 ∫

Rm\CA

∥∥k̂(ξ)∥∥dξ <
(
‖f‖∞+ε

)2
ε

and

I2≤
∣∣∣∣ ∫

CA

(fx,α(ξ)−f(ξ))∗ k̂(ξ)fx,α(ξ) dξ

∣∣∣∣+∣∣∣∣ ∫
CA

f∗(ξ) k̂(ξ)(fx,α(ξ)−f(ξ)) dξ

∣∣∣∣
≤
∫
CA

‖fx,α(ξ)−f(ξ)‖
∥∥k̂(ξ)∥∥‖fx,α(ξ)‖ dξ+∫

CA

‖f(ξ)‖
∥∥k̂(ξ)∥∥‖fx,α(ξ)−f(ξ)‖ dξ

< ε‖k̂‖L1

(
‖f‖∞ + ε

)
+ ‖f‖∞‖k̂‖L1 ε,
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where ‖k̂‖L1
=
∫
Rm ‖k̂(ξ)‖dξ. Therefore it must be the case that

I1 + I2 ≤ (‖f‖∞ + ε)2ε+ ‖k̂‖L1(‖f‖∞ + ε)ε+ ‖k̂‖L1‖f‖∞ ε,
which concludes this part of the proof.

(ii.⇒ iii.) The matrix k̂(ξ) is self-adjoint for all ξ by the arbitrariness

of f ∈ C∞
c (Rm,Cd). Assume that for a ξ0 ∈ Rm the matrix k̂(ξ0) has an

eigenvalue λ0 < 0, with eigenvector γ0 ∈ Cm. By the continuity of k̂ there

exists a neighborhood Ω0 of ξ0 such that γ∗0 k̂(ξ)γ0 < 0 in Ω0; let f(ξ) :=
ψ(ξ)γ0, ξ ∈ Rm, where ψ ∈ C∞

c (Rm,R), with suppψ ⊆ Ω0. Then we must

have
∫
Rm f∗k̂f dξ =

∫
Ω0

ψ2γ∗0 k̂γ0 dξ < 0, which is a contradiction.

(iii.⇒ i.) If k̂(ξ) is self-adjoint with nonnegative eigenvalues for all ξ ∈
Rm then the right-hand side of (79) is nonnegative for all x and α; whence
the function K(x, y) is positive definite.

We now proceed with the proof of Proposition 3.13, that states that
translation- and rotation-invariant kernels k of the type (10) are strictly
positive definite as long as at least one of the two coefficients h‖, h⊥ : R+ →
R of the Fourier transform of k is positive somewhere.

Proof of Proposition 3.13. In the TRI kernel setting m = d. Note that for
any x = (x1, . . . , xN ) ∈ (Rd)N and α = (α1, . . . , αN ) ∈ (Rd)N (where at
least one of the αa’s is nonzero), and for any ξ ∈ Rd, the vector fx,α(ξ) ∈ Cm

introduced in the previous proof is neither parallel nor perpendicular to ξ.
First assume that there exists r0 ≥ 0 such that h‖(r0) > 0 or h⊥(r0) >

0. Choose ξ0 ∈ Rd such that ‖ξ0‖ = r0, and arbitrary x = (x1, . . . , xN )
and α = (α1, . . . , αN ). We shall write:

fx,α(ξ0) = u
‖
0 + u⊥0 , with u

‖
0 := Pr

‖
ξ0
fx,α(ξ0) and u⊥0 := Pr⊥ξ0fx,α(ξ0);

by the remark above, we have u
‖
0 �= 0, u⊥0 �= 0. It is immediate to verify that

f∗
x,α(ξ0)Pr

‖
ξ0
fx,α(ξ0) = ‖u‖0‖2 > 0 and f∗

x,α(ξ0)Pr
⊥
ξ0fx,α(ξ0) = ‖u⊥0 ‖2 > 0,

while f∗
x,α(ξ)Pr

‖
ξfx,α(ξ) ≥ 0 and f∗

x,α(ξ)Pr
⊥
ξ fx,α(ξ) ≥ 0 for generic ξ ∈ Rd.

In conclusion∫
Rd

f∗
x,α(ξ) k̂(ξ)fx,α(ξ) dξ

=

∫
Rd

{
h‖(‖ξ‖)f∗

x,α(ξ)Pr
‖
ξfx,α(ξ) + h⊥(‖ξ‖)f∗

x,α(ξ)Pr
⊥
ξ fx,α(ξ)

}
dξ > 0,

and by (79) the kernel is strictly definite positive. Vice versa, by (79) if k
is strictly definite positive then the above strict inequality holds for all x =
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(x1, . . . , xN ) ∈ (Rd)N and α = (α1, . . . , αN ) ∈ (Rd)N where at least one of
the αa’s is nonzero. Therefore either h‖ or h⊥ must be strictly positive
somewhere in (0,∞). This completes the proof.

Appendix C. Proof of Proposition 3.9

Note that since f is symmetric so must be its Fourier transform, i.e. f̂(ξ) =

f̂(−ξ). We now prove that it is actually radially symmetric. Using polar
coordinates in Rd [26] we can write, for any ξ ∈ Rd:

(80) f̂(ξ) = f̂(−ξ) :=

∫
Rd

f(x)e2πix·ξdx =

∫ ∞

0
rd−1g(r)

∫
Sd−1

e2πirs·ξ ds dr,

where we use the symbol Sn for the unit n-sphere. Fix ξ, and let η be such
that ‖η‖ = ‖ξ‖; in other words η = Rξ for some R ∈ O(d,R). We have that

f̂(η) =
∫∞
0 rd−1g(r)

∫
Sd−1 e

2πirs·ηds dr, but∫
Sd−1

e2πir s·η ds =

∫
Sd−1

e2πir s·Rξ ds =

∫
Sd−1

e2πir(R
Ts)·ξ ds =

∫
Sd−1

e2πir s
′·ξ ds′,

since |detR| = 1. Whence f̂(η) = f̂(ξ), i.e. f̂(ξ) = G(‖ξ‖), for some func-
tion G : R+ → R. Without loss of generality in (80) we can choose ξ to be
parallel to the standard basis vector e1. Letting � = ‖ξ‖ and cosϕ = s · e1
we can write ξ · s = � cosϕ (note that ‖s‖ = 1 on Sd−1). This yields:∫

Sd−1

e2πir s·ξ ds =

∫
Sd−1

e2πi
r cosϕ ds

= σ(Sd−2)

∫ π

0
e2πi
r cosϕ(sinϕ)d−2 dϕ

(∗)
= σ(Sd−2)

∫ 1

−1
e2πi
ru(1− u2)

d−3

2 du

= 2σ(Sd−2)

∫ 1

0
(1− u2)

d−3

2 cos(2π�ru) du,(81)

where σ(Sn) = 2π
n+1

2 /Γ(n+1
2 ) is the surface area of the unit n-sphere; in (∗)

we have performed the substitution u = cosϕ. We now use the integral
representation of Bessel functions [1, §9.1.20]

Jν(z) =
2(12z)

ν

√
π Γ(ν + 1

2)

∫ 1

0
(1− u2)ν−

1

2 cos(zu) du , valid for �ν > −1
2 ,
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to get ∫ 1

0
(1− u2)

d−3

2 cos(2π�ru) du =

√
π Γ(d−1

2 )

2(π�r)
d

2
−1

J d

2
−1(2π�r);

inserting the above into (81) and the latter into (80) completes the proof.
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